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PERTURBATION METHODS FOR THE SOLUTION OF LINEAR PROBLEMS
L. B. Rall

Mathematics Rescarch Center
University of Wisconsin-Madison

Dedicated to Professor Arvid T. lLonseth on his 65th Birthday

Abstract. DLincar problems of central interest in numerical analysis are the solution

of lincar equations, the construction of the inverse or a gencralized inverse of a
linear operator, finding the eigenvalues and eigenvectors of a lincar operator, and
lincar praogramming. A survey is made of methods which apply if the data of a solved
linear problem is perturbed by operators and vectors of small norm (analytic pertur-
bation), or by cperators of finite rank and vectors belonging toe a finite-dimensional
subspace (algebraijc perturbation). Ferturbation methods may be used to extend the
theory of linear problems, to estimate errors due to inaccurate data and computation,
and to solve perturbed problems with economy of effort.

1. Lincar problens. In the abstract framework of functional analysis, a linear
problem is one which can be formulated in terms of lincar spaces and operators [38 ,
Chapter 1). Raturally, many problems of theorctical and practical intercst in nuner-
ica) analysis belong to this general class. Among these problens, some are important
enough to be the subjects of extensive investigations, and also appear in the daily
workload of most. computing centers devoted to general scientific computation. Of
these significant problems, the ones singled out for discussion here arc: (a) solu-
tion of lincar cquations, (b) inversion of linear operators, (c¢) finding the eigerni-
eigenvalues and eigenvectors of a linecar operator, and (d) lincar programming. These

problems will now be defined in appropriate generality.

a. Solution of lincar equations.

Let' X,Y denpte complete normed linear spaces over a common scalar field A. In

most applications, one has A = R, the real numbers, or A = C, the complex num-
bers. The notation L(X,Y) will be used for the set of continuous linecar operators
from X idinto Y . Given an operator A ¢ L(X,Y) and a vector y € Y as data, the

problem is to find a solution x ¢ X of the linear cquation

(1.1) AX =y .
Yor practical as well as abstract treatment of this problem, it is important to
be in possession of a theory of equation (1.1), which provides information as to

which of the following alternatives holds:
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(i) For cach y ¢ ¥, equation (1.1) has a uwnique solution x € X

i
or

(1.1a)

. (ii) for some y ¢ Y, equation (1.1) has no solution or several
solutions,

The choice between (i) existence and uniqueness or (ii) nonexistence or nonunigue-

ness or solutions exhausts the logical possibilities, and thus the alternative struc-

ture (l.la) will be characteristic of the theory of any cquation, lincar or nonlincar.

In case (i), the operator A is said to be nonsingular; othervise (case (ii)), it

is called a singular operator.

b. Inversien of lincar operators.
This problem is closely related to the solution of linear equations. In the
nonsingular case (i), equation (1.1) defines the linear (right) Jnverse ojporator R

which gives the unique solution x as

(1.2) x =2ty .

In many applications, one has Y = X and A-l satisfies
-1 =

(1.3) Aa=wt ey,

where I denotes the identity operator in X , that is, Ix = x for all xeX.

In the singular case (ii), the alternatives are nonexistence or nonuniquencss
of solutions x of (1.1). The inverse operator A—l of A does not exist in this
casc, bul one may scek a generalized inverse A* of A vwhich has some properties
which are desirable for the application at hand. For example, in connection with the
problem of solving the linear eguation (1.1), one might want
(1.4) i = A+y
to be a solution if the equation is consistent, and thus is satisfied by onc or
more clements of X. It turns out that this is equivalent to the condition that A
satisfies the operator equation .

, (1) KA - A,
Any operator }\.t for which (1) holds will be called an inner inverse of A [25, pp.
7-11). The more formal term {1}-inverse of a (3, rp. 7-8] has also been applied
speceifically to operators A+ satisfying condition (L) s

If cquation (1.1) is consistent and h+ is an imner inversec of A , then all
solutions x may be represented in the form i
(1.5) _ X = A*y + (I - A*A)z
for z ¢ X. With 2 arbitrary, formula ().5) is callcd the gencral solution of

equation (1.1), as in the elementary theory of linear differential equations.
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. Generalized inversces may also be usceful in case eguation (1.1) has no sclutions,
and thus is said to be Jinconsistent, or overdetermined. lere, the possibility of

choosing a generalized solution x to minimige the norm of the residual vecter

(1.6) r= AX -~ Yy

in Y is considered. Supposc that the set

(1.7) G(r,y) = {x | " hx—y” = minl]hz—y” }
zZ€eX

of generalized solutions x  is nonempty, as will certainly be the case if cquation
(1.1) is consistent. JI{ Y is a Hilbert space, then clewments x € G(A,y) are ordi
narily called least-sguarcs solutions of the lincar equation (1.1). Thus, one
might reguire that A1y € G(p,y) for all y c Y in addition to property (1). Fur-
thermore, the subset

(1.8) S(a,y) = {xl X € G(Ah,y), " X " = min " z ||}
zeG(A,y)
of G(A,y) may be noncmpty, and would then consist of the generalized (or lecast-

squarc&)_solutions % of (1.1) of min}mum norm. The requirement that A+y € S(A,v’
for all y ¢ Y would then also be a possible additional restriction on the set of
generalized inverses of A . If S(A,y) consists of a single point for cach y € V¥
then the cerrcsponding gencralized inverse A is uniquely determined. In casc X
and Y 'are finite-dimensional Fuclidean spaces, this generalized inverse 7\~|L exict
and is the MNoore-Penrose inverse of A [3, pp. 7, 103-121), which, in addition to
(1), satisfies the condition ;

(2) AT
that is, Af is also an outer inverse of A [25, pp. 12-14), and the symretry con-
ditions

3 aah)* = mal,
and

(4) an® = afa,
vhere M‘ denotes the conjugate transypose of the matrix M . )

The problem of finding generalized solutions can become delicate in more gencral
spaces, as the set S(A,y) hay consist of more than onc element or be empty [20,25);
in fact, G(A,y) will be empty if the infimum of the norm of the residual vector is
not attained. Of course, therc are also many applications of gencralized inverses in
addition to the solution of lincar equations in the singular case [3,21], and this

fairly rccent subject alrcady has a vast literature [24).
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c. The ecigenvalue-ciaenvector problem.

_ This problem is posed most naturally in the case Y = X is a Hilbert space with
inner product < , > . Onec looks for scalars {real or complex numbers) A and vec-
tors x ¥ 0 such that
(1.9) Ax = X x.
Solutions A of this problem are called eigenvalues of the lincar operator A; fo
each eigenyalue X , nonzero solutions x of (1.9) are said to be the corresponding
eigenvectors of A.  As equation (1.9) is homogencous in x , the condition x # 0
may be replaced, for example, by
(1.10) <x,%x> = 1, s
or some other normalization condition.

From a standpoint of functional analysis, the determination of the eigenvilues
of A is a special case of the more gencral problem of finding the spoectrum ¢ (R)
of A. In a complex Hilbert space X , the set
(1.11) pm = ] - A7t e Loun )
of complex numbers A is called the resolvent of A . Thus, A ¢ p(A) if and
only if the operator A - AI has a continuous inverse. The spcctrum of A is sin-
ply the yomp)cm?nt of the resolvent,
(1.12) o(p) = C - p(n) ,

and hence contains any eigenvalues of A

d. Linear programning.

In order to formulate this problem, suppose that X,Y "are rcal spaces with
partial orderirg relationships denoted by < . For most applications, X and Y
are taken to be finite-dimensional, in which case the partial ordering is the usual
componcntwise comparison of vectors [26, pp. 155-158]. Also needed is the dual
srace x* = L(X,R) of X; that is, the space of continuous linear functionals de-
fined on X-. It is convenient to use the bracket notation of Dirac [7, pp. 18-28;
for lincar functionals. If{ c¢ € X* . then define :
(1.13) <e,x 2 := c(x) ,
which will be consistent with the notation for the inner product if X is a Hilbert
space [7, pp. 6-8]. :

One formulation of the (primal) linear programming problcem (26, pp. 156-157)

L 3
is, giVOn_ Ac L(X,Y), yeY, ce X, find x € X to maximize

(1.14) g f(x) =<c,x>+
subject to
(1.15) Ax Ly, x2>0.
-4~
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The function £(x) defined by (1.14) is called the objective function of the prob-
lem, and conditions (1.15) are known as constraints.

Instcad of the primal problem (1.14)-(1.15), onc may wish to consider the dual
problem  [26, pp. 188-190) which is to find =z € Y‘ to minimize
(1.16) glz) = <z,y> -1

subjecct to
*

(1.17) : &2 >, z >0 .

In (1.17), the operator A* € L(Y*,x‘) is the adjoint of A , defined by
(1.18) <h‘y‘,x> = < y*,?\x 5 :
for all y* c Y*, x € X . It will also be convenient to write

(1.19) y*A 1= A*y*, y* € Y* ;

that is, y*A is the linear functional on X defined by
(1.20) (y‘h)x 3= y‘(hx) =< y*,hx>>, x € X .
This is analogous to the notation frequently used in elcementary matrix algebra, with
X being considered to be a column vector, and y* a row vector. The scalar quan-
tity (1.20) will also be denoted by
(1.21) R e S

The subject of perturbation methods and theory has a long history, and there is
a vast literature devoted to this topic and its applications. The bibliccraphy at
the ¢nd of this paper, rather than attempting to ke co:npre?;c-nsi\'e, lists only refer-
ences cited in the text, doubtless at the cost of omitting a nurber of significant

contributions.

2. Perturbed lincar problems.  Perturbation theory, as applied to the linear prob-

lems listed in §1, starts from the assumption that their solutions are known for the
given reference data A € L(X,Y), yc Y, c ¢ X*. The object is to study the be-
havior of these solutions for various classes of perturbed data.

(2.1) B=A+AMM, z=y+Ay, d=c+ b, .
where the perturbations AAa € L(X,Y), Ay e Y, Ac € X* or appropriate information

about them are given. One then desires to calculate or estimate the corrcesponding

changes Bx € X, AA-l € L(Y,X), AA* € L(Y,X), OX € A in the solutions x € X, h-l €
L(Y,N), A+ € L(Y,X), A e A "of the original problems. Here ;
(2.2) D S e

denotes’ the difference between the inverse, if it exists, of the perturbed operator
i : -1 .
B and the jnverse of the unperturbed operator A , and not (AA) 7, which may also

exist. A similar observation applies to the notation Ahi.




As an example, the perturbed lincar systen
(2.3) Bw = z
can be solved for
(2.4) w = x4+ Ax
if Ax can be obtained in terms of AA and Ay, the solution x of the uvaperturbed
system (1.1) with reference data A, y being assumed to be known.

The motivation behind perturbation methods is that if the perturbations in the
data are "small" in some sense, then one might expect the changés in the sclutions to
be correspondingly small, at least under suitable conditions. What is referred to
here as "small" may vary widely, depending on the specific problem, the type of por-
turpvation considered, the computing power available, and perhaps other factors. In
the next section, a framework will be developed to characterize the concept of small
perturbation§ more prcc;soly.

The goals of perturbation thecory may be either practical or theoretical. Two
uses of perturbation methods in actual computation are to find solutions of perturbed
problems with economy of effort, and to obtain error estimates. In the first case,
computing the solution of a given lincar problem might be extremely laborious, but a
large amount of information could be gonora&od‘in the process. One woulé then hope
to be able to use this information to solve perturbations of the reference problem
with less work than required when starting from scratch, as indicated in connection
with the illustration (2.3)-(2.4) cited above. In the case of error estimation, the
perturbations are considered to arise from inaccuracics in the data and from trunca-
tion and roundoff errors in the computation. Usually, these‘pcrturbations can only
be cstimated, and one sccks some kind of information about the possible error in the
solution. One approach, called forward error estimation, starts from assumptions

about the perturbations in the data, and obtains a comparison of the solution actual-

ly obtained with that of the reference problem if exact data and computation were

enployed. For Dbackward error estimation, as developed by Wilkinson ([34]), the sclu-
tion actually obtained is taken to be the exact solution of some perturbation of the
reference problem, and estimates are made of the corresponding changes in the data.
With the forward method, the computed solution is considered to be acceptable if it
can be shown to be "close" to the (unknown) solution of the refercnce problem, while
in the backwafd procedure, the criterion of acceptability is that the problem actual-
ly solved is "close" to the reference problem in some sense. More precise concepts
of “closcncss".will be introduced in the next scction.

Perturbation mcthods can also be used for theorctical purpeses. If a conceptual
framework can be developed in which the problems considered can be viewed as portur-

bations of problems with known theory, then it may be possible to extend this thecory
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from onc class to the other. This is .thc basis, for cxample, of the classical tech-
nique of rhard Schmidt for obtaining the thceory of lincar Fredholm integral cqua-
tions of sccond kind from the theory of finite lincar algcebraic systems [4, p. 155).
A more general situation will be described in a later scction. Another theoretical
usc of perturbation methods, closely rclated to error estimation, is to determine
the sensitivity of the solution of a linear problem to changes in the data. For
exanple, one may wish to know which components of the solution are affected most
strongly by a small change in one of the coefficients of the input data, and which
are relatively undisturbed. This kind of analysis can also be used to pursue cuause-

and-effect relationchips in mathematical models of various natural systems and jroc-

3. MAnalytic and alcebraic perturbations. For the present purposes, it will be con-
venicent to classify perturbations into two nonexclusive categories; analytic and
algebraic. This classification arises from the information available in cach case
and the methodology used to solve the perturbation pl'oblem; as well as an atterpt teo
clarify what is meant by a "small" pcrtufbation. In general, analytic perturbation
theory uses metric information, and obtains solutions to perturbation problens in
texms of series expansions, or by iterative methods. An objective criterion for a
perturbation to be small in this case is that the required scrics or iterations con-
verge. A more subjective condition is that the convergence be raepid cnough to tbe
useful in practice. The satisfaction 6f this restriction will depend, among otlor
things, on the computing power available and whether the transformations involved
can be carried out explicitly, or have to be appréxina(rd.

The idea of smallness for algebraic perturbations also dcpends more or less on
outside factors. Here, the perturbations of operators arc operators with finitc-
dimensional range, and vectors and functionals are perturbed by elements belonging
to finite-dimensional subspaces of the corresponding spaces. The solution of alge-
braic perturbation problems will require solving finite algebraic problems of similar
type, with the judgment as to what constitutes a "small" finite algebraic problem be-
ing again tied up with the resources available for computing. For cxample, carly
workers in the theory of linéar integral equations knew that replacing them by a cor-
responding finite linear algebraic system would yield good approximate solutions,
but despaired of being able to solve systoms of order 10 or 20, as might be required
to attain the desired accuracy [18, p. 242). By contrast, today most computing con-
texrs are able to furnish the solutions of well-conditioned lincar algebraic systens

of ordex 100 or 200 at nominal cost.
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Moxe precise formulations will now be made of the type of information given and

cxpcétod with each type of perturbation.

a. Analytic perturbations.

The fundamental metric information about vectors in Ranach spaces X,Y,... is
given, of course, by the respective norms Illk, lllk,... . As confusion is un-
likely, the subscripts will usually be dropped. If A is a continuous lincar oper-
ator from , X into Y , that is, if A ¢ L(X,Y), then the numbers

(3.1) M(A) = sup |hx]l, wn) = inf Il ax]|,

x |IF1 E x{|=1
exist and are finite [2, p. 54; 16, p. 194) . M(A) and m(A) arc called the uppor
and lower bound of A, respectively. With the naturai.dvfinitions of addition and
scalar multiplication of linear operators, it is well known (38, p. 163] that L({X,Y
is a Banach spacc for the operator norm ”A” = M(A). 7TIn some spaces, this norm is
easy to compute, but in others, finding M(A) might require more effort than solvin.
the problem of interest. For numerical purposecs, it is often convenient to assign a
norm to the linear operator space L(X,Y) which is casief to compute than the oper-
ator norm, and is consistent with it in the scnse that
(3.2) Al > moy .
For example, if X = Y = En, (complex) n-dimensional Euclidean space, thken A = (a,.®
is represented by an nxn . matrix with eigenvalues Al,lz,...,ln. Cne has
(3.3) M(R)= max{]xll,lle,...,l,\nl},
which requires finding the eigenvalue of largest modulus of A. On the other hand,
the FEuclidean norm of A , g -

n n 1
(3.4) Bali= (1 Fla,l" )
i=1 j=1
is consistent and may be found by a straightforward calculation.

* *

In the case of the adjoint spaces X ,Y , ... of continuous linear functionals
on X,Y,..., the norm will always be defined analogously to the operator norm, that
is,

(3.5) lell=  sup | <e,x>|
Il {1
*®
for c € X .

Thus, in the perturbed lincar system (2.3), one would wanl a convergent process

to calculate Ax, or an estimate for ||Ax]|| in terms of bounds for laa ]l ana

||Ay" ; and pgrhaps also the known quantities " All, " xll, Ily" .

b. Algebraic perturbations.

An algebraic perturbation Ay of a vector y € Y is defined to be an clcment

of a finite-dimensional subspace




(3.6) Yn = s;un[yl,y2,...,yn) ]

of Y consisting of all lincar combinations of given independent basis vectors
yl,yz,...,yn in Y . A similar definition applics to algcebraic portnrbutions.of
linecar functionals. Ordinarily, algebraic perturbations will be restricted to sub-
spacces wath small dimension (in the sense described above). However, if the oricinal
spaces are finite-dimensional, it is of course possible to represent an arbitrary
perturbation as an algebraic perturbation.

In the case of lincar operators, algehraic perturbations are represented by
lincar operators with finite-dimensional ranges. Sucﬁ operators are said to be of
finite rank, ox degencerate (in infinitce-dimensional spaces). Here, the dyadic
notation -of Dirac |7, pp. 26-28) will be adopted; for we Y, vc X‘, the syrbol

u ><v will represent an operator of rank one from X into Y , with

(3.7) (U =<vlix =u<Sv,x 2= Svix>uec Y
* *

for x € X. NAlso, for y € Y , the transposed opcration will be denoted by
* * "

(3.8) y (u><v) =<y ,u> veix ,

again consistent with the notation introduced in 81. In these terms, a general

algebraic perturbation AA € L(X,Y) of renk n will be written as
n

t3.9) -+ A= ) ow B,

2 i i

=1 =
where the vectors ui € Y and functionals Vi € X p &= 1:2,...,.0n, form Xincarly
independent sets. The range of the operator (3.9) is Yn = Spnn(ul,uz,...,un}. In

the finite-dimensional case, Yn could coincide with Y , and arbitrary perturba-
tions of linear opecrators could be written in the form (3.9).

Algebraic perturbations of vectors and linear operators are sometimes referred
to as [finite rank modifications. This terminology is useful if a clear distinction
between analytic and algebraic methods is intended. By the use of algebreic pertur-
bation thecory, one would expect to obtain the perturbations in solutions 6f linear
problems in the same form as the perturbations in the data. For example, one would
21

want to express Ax as a linecar combination of vectors x ,..,,xn to be deter-

1" 2

mined, that is, Ax ¢ span{xl,x ,...,xn) = xn' a finite-dimensional subspace of X.

Similarly, expressions of the firm (3.9) for Ah‘l and AJ’\-r would be sought. In
other words, algebraic perturbations in the data of lincar problems are expected to
give rise to finite rank modifications of their solutions.

Iﬁ contrast to analytic perturbation theory, the use of algebraic methods does
not involve xcstriétions on the norms of the perturbations in the data. However, it
is possible that algebrajc pertwrbations can be small in the analytic sense, so that

either technigue could bie employed. Also, as i)lustrated in the next section, cex-

tain problems lend themselves to a conbination of algebraic and analytic nmethods.




4. _(_'t_‘ﬁ‘_l)_-'js}_-_,ﬁ’_lT“_‘;-‘?_‘__f‘_";";_i‘_“_“_‘l__‘\_(‘__L'l'“‘mf’_ll‘tl.__ﬂ‘}‘_‘?}j)f;_ A theoretical application of pertur-
bation methods, which also has implications for numerical computation, is the exten-
sion of the thcory of finite lincar algebraic systems of n equations in n unkinowns
to certain types of lincar equa:ions (1.1) in infinite-dimcensional spaces. An exten-
sion of this kind will be obtained here by the use of both analytic and algebraic
techniques. First, the alternative structure (1.la) of the thcory of equation (1.1)
will be given an explicit formulation for the class of operators to ke

Definition 4.1. Linear operators belonging to a class & © L(x,Y) arve said to
have a Fredholm theory if for each A ¢?, cither (i) the homogenceus eguation
(4.1) mx = 0 g
has the unique solution x = 0, in which case the jinhomogeneous equation (1.1) has a
uniqgue solution x for cach y € ¥, or (ii) equation (4.1) has nonzero solutions,
each of which can be expressed as a linear conbination of a finite nurber @ 1linecarl:

independent solutions € X , in which case the transposed homogencous

X rXgeee iy
equation
(4.2) zh = 0

*
likewise has d 1lincarly independent solutions ZyeZoeee iz €Y ., in terms of

which all its nonzero solutions are expressible as linear combinations, and the in-
homogonoaus equation (1.1) has no solutions unless

(4.3) < zi,y>> =00 o2 = 0,2, 00,0

If (4.3) is satisfied and X, is any solution of (1.1) (sometimes called a parti-
cular solution), then the general solutien of the inhomogencous equation can be

written as

d
b =x_ 4+ ) a, x,
(4.4) = 0 .) S
i=l
with arbitrary scalars ul,uz,...,ad .n
For the algebraic case X = Y = R, rcal n-dimensional spacc, the class &Z of
lincar operators with Fredholm theory consists of all nxn real matrices A = (aij)'

that is, 4 = L(Rn,Rn), and the alternatives in Definition 4.1 were known to hold
long before 1903, when the Norwegian mathematician Ivar Fredholm [6] established the
correspondence between the theories of finite linear algebraic systems and linear
integral equations of the form

4.5) - %(s) - A JIK(s,6) x(0)dt = y(s), 0<s <1,

S 0
giving rise to the present name for the theory.

KA

s

Pefinition 4.2. A linear operator K € L(X,Y) is said to be compact if, given

any € > 0 , therc exists a positive integer n = n(€) such that
(4.6) K=S5+VF,

wvhere " S" < ¢ and ¥ is of finite rank n.-

-10-=
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A compact coperator may thus be regarded as a small analytic pertuibation of an
opcx.'u!.or of finite rank, or as a finitec rank modification of an opcrator which is
small in the analytic sense. It will be shown that the Fredholm theory can be ox-
tended to operators which can be expressed as the sum of a lincar eopcrator having a
continuous inverse and a compact operator. That is, if 2 € L(X,Y) denotes the
class of lincar operators J such that J—l € L(Y,X) exists, X € n(x,¥) the class
of compact operators, and @ =G € the class of lincar cperators of the form
(4.7) A=J+K, Jc2 ,KeX .
then cach A ¢ @ has a Fredholm theory. This assertion will be proved in the next
section by combining results from both analytic and algebraic perturbation theory.
First, it will be shown that if J € J , then one has the well known result that
J+ ANe) for ”AJ ” sufficiently small. Later, the Fredholm alternative given
in befinition 4.1 will be established fm--o;:\orutcn's which are the sum of invertible
lincar operators and lincaxr opcrators of finite rank. The statement that operetors

of the form (4.7) have a Fredholm theory will then follow from Definition 4.2.

5. NRNonsingular lincar equations and operators. In this section, the problens of

solving lincar systems and the inversion of lincar operators will be considered for

-1

the nonsingular case. Here, alternative (1.la(i)) holds, and the inverse A of
the operator A  exists.
a. MAnalytic perturbation of well-posed problems.
Definition 5.1. A problem is said to be well-posed if it has a unique solu-

tion which depends continuously on the data.

As a general rule, analytic perturbation mr‘.th.ods are only successful vwhen ap-
plied to well-posed py¥oblems. This can require the imposition of additional condi-
tions on the data to insure uniqueness and continuous dependence of the solution, at
least in some neighborhood of the solution of the reference problem. For the linear
problems considered in this section to be well-posed, the continuity (and hence
bo;m(’.cdnoss) of I\—l is required in addition to its existcnce. Consequently, It
will be assumced that 7\-l ¢ L(Y,X) in the following discussion of the application of
analytic perturbation thcory. If A maps X onto Y , then it is well known {nat
A’l € L(Y,X) if and only if m(A) > 0 [2, pp. 145-150]). Lonseth [16, p. 194] bhas
dexived the rclationship
(5.1) m(aM (A"
between the upper and lower bounds of a lincar operator A with the continuous in-

verse A—l. Furthermore, (A + /.\I\)-1 exists if M(AR) < m(n). Using (5.1), this

M(A)m(h-l) =1

i

result may be stated in teims of consistent norms.
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Theorem 5.1, If " Ah” < et then  (A+AA) Y exists and is given by
E
) B 1, \n -1
(5.2) )t = Y AT AT
n=0
Proof: The hypothesis guarantces the convergence of the Neuwwann series

on the right side of (5.2). Denoting this series by S , one finds by dircct manip-

ulation that (AtAA)S = Iy, the identity operator in Y , and S(AtAn) = Ix; hence,
-1

S = (A+dh) 7. QED

Although the Neumann series expansion (5.2) is useful for theoretical purposes, it i«

likely to be too slowly convergent for practical computation. The partial sums

X =) n -1
(5.3) s. = ) (-A""Am)"A
) S
n=0
of the Neumann serics (5.2) may be obtained by the simple iteration
=y =
(5.4) Sg = A 7, Sk = SO ~ (A /‘M"kq' e [P PR

From (5.2), for 0 = || a~1lAa|l ,
: k41

] ‘ 6" -1
= 5 I < “i:ﬁ"” n N

(5.5) | (raon) ™

In order to find a more cfficicent method, the Hotelling-Lonseth algorithm [17) may

be adapted to this purpose. In this special case, the iteration process is

: v - 2);%1
(5.6) Bo = A , Bk = [1 + (-A “An) ]B)'.—l' k = 1,2,
It is casy to show by mathematical induction thlzlt Bk =S . hence, from (5.5),
2 -1
- -1 ¢
(5.7) eaian) ™" - Bk” g A .

so that the sequence {Bk) defined by (5.6) converges quadratically to (A!Aa)~1,
The only additional labor required over the more slowly convergent algorithm (5.4) is
the repeated squaring of the small operator —A—IAA . :

Attention will now be devoted to the estimation of the perturbations AA—I “and
Ax in the inverse of the perturbed operator and the solution of the perturbed linear
equation (2.3), respectively a4, 15, 16). It will be helpful to introduce the no-
tion of the condition number of a bounded linear operator. For A ¢ L(X,Y), the
exact condition number K(A) of A is defincd to be

(5.8) -~ K(A) = —%:—g:% i

and is a measurce of the distortion of the image in ¥ of the unit ball in X as

transformed by the operatoxr A . If A has a continuous inverse, then K(A) =

M(I\)M(:\-l) by (5.1). For computational purposes, it may be expedient to use

=12~




consistent norms for L(X,Y) and L(Y,X), and the approximate condition nunber
(5.9) ke = fall - a7

which is an upper bound for ¥(A). The inecqualities given below will be stated in
terms of consistent norms and approximate condition nunbers, but remain valid if
these upper bounds are replaced by their exact values.

First, from (5.2),

(5.10) e o™ -2 I o™,
and thus, n=1

s 2
(5.11) o) < O W 1 %Y | I

N [Pl P TS|

Dividing (5.11) by ” A—ln and multiplying and dividing ” AA” on the right hand

k(h)LH{:Hy”
oy BATl

daff

I a |l

which expresses the relative change in the inverse in terms of the relative perturba-

side by " hll gives

(5.12) a7y
a7 °

tion of the reference operator and its (approximate) condition number. A similar

expression will now be obtained for the perturbation Ax in the solution of (2.3).

Theorem 5.2. If " Ahn < ];ﬁﬁ]f-, then the perturbed lincar equation (2.3)

has a unique solution w = x + Ax for cach 2z =y + Ay, and

(5.13) ._”*éfﬂl. < MUTEINe . .. JATIRT ,.”_Afﬂ[_4 _JLQ)JL
Ixll © ) gl | Ia o dyl

I » i
provided, of course, that y 7 0. €
Proof: By Theorem 5.1, the hypothesis guarantees that Bul = (A+AA)—1 = A~1+AA—]

exists, which implies the unique solvability of (2.3) for each =z . Writing (2.3) as

(5.14) (A + AN (x + Bx) =y + By ,
one obtains ;
(5.15) Bx = BA Yy + (arAn) YAy .
As y = Ax, from (5.10),

0 &%
(5.16) Ml 3 0%,

n=1

-13-




e

so that

=) :
(5.17) fanty) <t laad el ll,  xey oMl
. s el L

SimiJarly, from (5.2) and the fact that II)JI = " Ax” < llAll-l]le

(5.18) || (nam Ty < N 1778 1Y 11 [
-l a7 -l Al Iyl

Incquality (5.13) now follows directly from (5.15), (5.17), and (5.18). QED

b. Algebraic perturbation of nonsinqular linecar eounations and operators.

The simplest type of algebraic perturbation (2.3) of the linear system (1.1) is

with AA = 0 and Ay restricted to belong to a finite-dimensional subspace Yn of
Y. Given a basis {yl,yz,.. . ,yn} for Yn' onc nced only find the corresponding
basis vectors

(5.19) X, = A Y. , A Lt IR, N

of the subspace Xn C X which will then cont ai‘n all possible perturbations Ax.

Thus, given

c = Fy 4 y wve ’
(5 20.) Ay “1)1 u2)2 + + (Inyn
it follows that

. =X, FOX, F ... ¥R
(5.21) Ax ulx] uzxz ann

In actual computation, it may be more cfficient to solve the n  systems Axi =¥ o
2= Y,2,.0.07, foxr the basislvcctors for xn, even if X ‘is finitc—dimc.nsional [5,
p. 77), than to calculate A .

To introduce the study of the effect of a finite-rank modificatio;x of an opecra-
tor upon its inverse, the caso of rank one perturbition will be considered first, as
all the indicated operations can be displayed explici ly. For AR = u><V with
une Y, Ve X‘t nonzero, the solvability of the perturbed system (2.3), that is
(5.22) A+u><v)w = 2,
will be investigated for arbitrary z . As is i;ssumcd to exist, thc equations
A = u, Az = z can be solved uniquely for G = A-]u, z = A-lz, respectively. In
terus of these solutions, (5.22)aay be written as

(5.23) w= 2 -~ 0<v,v>,

-14~




The key to the solvability of (5.23), and hence of (5.22), is the determination of

the nunber £ = < v,w > . Trom (5.23),

(5.24) <vw> + Sv,u><v,w> = < vy,z>
Jf the dcterminant
(5.25) B 3 Sl s Tty
ddos not vanish, then (5.24) has the unique solution
(5.26) <y,w> = .,<\_"{f\'>_ = 5\1_7\__?12. .

6 1+<v A Tu>

where the notation (1.21) has been uscd in (5.25) and (5:26). Substitution of (5. 2G)

into (5.23) yiclds

-1 -3 -3
- -1 < z > - > <y
(5.27) w=RA'z-2a ]“"_V*A‘g““" v lfat o B EERML Y .
1+<vA u>
so that
1 g s g
(5.28) (A + u><v) R T e, GG

1 +<va lu>
provided & # 0. llence, the inverse of a rank one modification of an invertible opeo:
operator, if it exists, is a rank one modification of the inverse of the refercence
opcrat,or; The symmetry of (5.28), sometimes called the Sheriaan-Morrison-Woodibury
formula [11, pp. 123-124; 35, 46), is appealing.

Using (5.28), the solution w = x + Ax of (5.22) is

=1
(5.29) X 4+ BAx = x 4 A—]'Ay - —-SV—'-?—‘;*?—I—- o Aty '
1+<vA "u >
orx
-1 <v >HA-1 > -1
(5.30) AX = A Ay - ...__.!..._:1._)’_. A .
) 1+<vA "u >

. 3 s . -1
Thus, the perturbation Ax is a lincar combination of A "Ay and the vector
u = )\-lu. If Ay is an algebraic perturbation of the form (5.20), and u is inde-
-1 & ; o
pendent of the vectors xi = A yj, i=1,2,...,m,, then Ax will lie in the (ntl)-

. , 5 g ~
dimensional subspace X = span {u.x X

ntl 2
span {xl,xz,...,xn}. %

peeaeX ) Of X ; oltharwise Ax e X =
n n

Before going to the general case, two applications of algebraic perturbation

theory will be given which involve rank one modifications. The first is to the

Fredholm integral equation (4.5) in which the kernel X(s,t) has the special form
ult)v(s), 0gt<s <,
(5.31) : K(s,t) =
u(s)v(t), 0 : s E t< X .
=
e T T—— e — - -




This type of kernel arises in applications; for example, as a Green's function deter-
mined by a two-point boundary value problem [32).  Given the representation (5.31)

for K(s,t), the intcgral cquation (4.5) may be written as

(5.32) x(s) - A [% L(s,1) x(L)at - A fln(:'.)\'(t)x(t)dt = y(s) ,
wl_xcre ° 0
(5.33) L(s,t) = u(t)v(s) ~ u(s)v(t), 0st<ss 1.

Equation (5.32) is of the form (A - Xu><v)x =y, where A= I-AL is a Yinear
Volterra integral operator of second kind with kernel (5.33), and wu ><v s a
Fredholm integral operator of first kind and vank one with kernel u(s)v(t). The in-
R A~1 = (1 - AL)-l of the Volterra operator of second kind exists for all A
(30, pp. 52-53], and thus the lincar Volterra integral cguation

(5.34) f(s) - 2 [T L(s,t) G(Lat = w(s)

0
can be solved for arbitrary w(s) ; 3n particular, one obtains &(s) = G(s) foxr
w(s) = u{s), and (s) = §(s) for w(s) = y(s). Corresponding to (5.25), if the

Fredholm doterminant

(5.35) §=1-2<v,d> = 1 -2 [lvrfa
docs not vanish, then, from (5.27), £
)
(5.306) : x(s) = §(s) 4-2 Q(s) f’v(t)?(t)dt
0

is the uniqgue solution of (5.32). Hence, the solution of the Fredholn integral cgua
tion (4.5) with the kernel (5.31) can be obtained by solving the Volteira integral
equation (5.34) with right—hnnd sides w(s) = u(s) and w(s) = y(s), followed by th.
calculation of the inner product integrals in (5.35) and (5.306).

The scecond application to be considered for rank one modification of a linear
operator is to backward error analysis in the solution of lincar cquations. Suppose
that one attempts to solve the lincar equation (1.1) and obtains, instead of x , an

approximate solution w such that

(5.37) - Aw=y-+rx,
with nonzero residval y , The Mahn-Panach thcorem [38, p. 186) guarantees the
existence of a lincar functional w ¢ X such that ” w II =1 and <w ,w> = [[wl.

Thus, w is the exact solution of the linear eguation

*
(5.38) fae Ro g uy

Il

with pertwrbed operator and desired right-hand side. An analytic bound for the
perturbation of A is thus g

(5.39) e [t (3
vl vl

1




~Returning to the study of general algebraic perturbations, note that the cqguiv-
alence of (5.22) and the single scalar cquation (5.24) establishes that (5.22) has o
Fredholm theory, because (5.24) does. In the case § = 0, the homogencous cquation
(A + u><v)w = 0 is satisfied by (and only by) vectors w = ai with a arbitra:

The inhomogencous equations (5.22) and (5.24) then have solutions only if

(5.40) <v,2> = Soh Tz B w <$,z2> =0 ,
wvhere € = v/‘\_l satisfics the transposed homogencous equation
(5.41) (A +u ><v) =0 .

Theorem 5.3. If S C L(X,Y) denotes the class of all invertible lincar opora-
tors, and F € L(X,Y) the class of all linear operators of finite rank, then all
linear operators belonging to the class ¢ =48 @ F have a Fredholm theory.

Proof: .1f Be@ = & @JF ,then there is an ivertible lincar operator A ¢

for which B can be written as

n
(5.42) Bek4 ) w ><w, ,
s J J
* 3=1 ’
where uj € Y; v:i €eX, j3=1,2,...,n, are lincarly independent sets of vectors
and functionals, respectively. Equation (2.3) in this case is equivalent to
n :
(5.43) w= 2 - ) 8, <o, .w >,
‘ R 2 J
”~ "] ~ "] - J'_ .
vhexre z =1 2z , uj = A uj, 3 = X;2,...;0n- Applying the functionals \'l,\'?,. . -
to(5.42) in turn gives the cguivalent finite linear algebraic system of cguations
n
(5.44) £, % 3 a..k =% , g m 22,
i =1 i3 73 i
for €. = Sy, M > , where [, =< v.,2> and a,.= <vwv,,08,>, §,5=1,2,...,n.
i i i i i) i' ) :

As the Fredholm alternative applies to (5.44), it follows that operators of the fori
(5.42) have a Fredholm theory. QED

In the nonsingular case, an expression can be obtained for B‘l as a finite
rank modification of I\-]'. let
(5.45) M = (Sij + “ij)
debite the matrix of coefficients of the linear system (5.44), where Gij is the

Kronecker delta: Gij =0 if i# 3, &..=1. BAs the determinant & of M is

ii
assumed to be nonzero, the inverse of M may be written
L ¢ 1

(5.406) Ny (Bij) '

and thus

. 1 n
(5.47) Ci = < vi,\s'> gt - y B

T, = 3 § B Cw 25
i I ® 5 Tag C e

i=1,2,...,n. Using (5.43) and the fact that < vj,$§> = < \'jh—lz> = < '\")..‘-: > for

[,y




oj - th~1, i=1,2,...,n, onc obtains the solution w of (2.3) in this case as
‘ n n

(5.48) w=(ad- %— PR A"]ui 8.5 vanl) 2.
i=l 5=l B
By taking appropriate lincav combinations CNAPYERERA N of ul'uz"';i"n and ViV
.‘.,vn of vl,v2,...,vn (for example, by an ILU-deccomposition of M (5, pp. 27-
32]), (5.48) may be put in the form
n
(5.49) we P2 % a7 <37 ),
¢ = b)
=1
from which
n -1 n
(5.50) (A + ¥ ou, >< v, ) L I %— ) h:]G_ >< v, At '
j=1 J ? 3=1 ) J

which is analogous to (5.28).
Another way to find the inverse of the perturbed operator (5.42) is the mochod
: Syt ] ; " . =X .
of successive rank onc modifications, which does not require obtaining M explic:

itly. Sect

(5.51) BO = A, Bo = A ’
and then the algorithm
3 = + > <
N et T % it T
(5.52) -1 1
A . T Tl T
k k-1 y

EK=1,2;.0+:n WwWill give R_l = B;] if none of the Intermediate determinants
G -

(5.53) Gk =1 4+ < vy Bk»] v, D) e (e

vanish.

Jt should be noted again that it is not nccessary to obtain A—l to solve the

equation (2.3) for

. n
(5.54) v=g.- 3} E @ ,
- v j =) J J <
as given by (5.43). Wwhat is required is to solve cquation (1.1) for the n+l right-
hand sides y = z, LA YRR for x = E,Gl,ﬁz,...,ﬁn, calculate the coefficients

of the system (5.44) of n  equations for the n  unknowns EJ,CZ....,ED, solve this
system, and then form the linear combination (5.54). ;

An important application of the above technique of algebraic perturbation is to
the numerical solution of partial differential equations by what is called the capi-
citance matrix method (36, 42). The basic problem is to solve, for cxample, the
Poisson or Helmholtz equation on a region f, " with information given on its bhoundary

M (sce Figure 5.1). 7The use of finite-difference methods will lead to a lincarx
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Figure 5.1

algebraic system B w = z which may be very laborious to solve. On the other hand,
rapid and effective methods may be available for the algebraic systemr 2x = y corres-
ponding to the same finite-differcence approximation to the preblem posed on an en-
closing rectangle R with boundary OJR. PRy regarding the algebraic system obtazined

for 2 as a finite rank perturbation of the casily solved system arising from the

[

appxuximnyo problem on R , a considerable reduction in effort may be possible. Ty
cally, if the oxrder of the systems (1.1) and (2.3) is about ”2' then the rank of the
perturbations AA and Ay will be approximately n .

The Fredholm theory will now be shown to apply to operators which are the sum
of a continuously invertible operator and a compact operator.

jﬁpgrcm 5.4. Operators A belonging to the class 2 aefinca by (4.7) have a
Fredholm thcory.

Proof: Choose € < l/“ J—ln . According to Definition 4.2, the compact opera-

tio X may be written as

n
(5.55) K=sg+ Y u><v ,
551 J )
whexe u = n(e) is finite. Thus,
. : n
(5.56) A=J+S+ ) wu ><v, ,
3=1 J J

and Theorem 5.1 guarantces the existence of the inverse operatox (JiS)-l € LY, X).
It follows from Theorem 5.3 that A has a Fredholm Lﬁpory. QED

Theorem 5.4 provides a basis for the "kernel splitting" method due to Erhard
Schmidt [4, p. 155) for proving the Fredholm Alternative Theorem [6) fox the lincar
integral cquation (4.5). Suppose that K(s,t) is continuwus, or at lcast can he

approximated sufficiently well by a kernel of finite rank so that one can write
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2 n

(5.57) K(s,t) = S(s,t) + ) u.(s)v (1) ,
jzl J J
where S(s,t) is the kernel of a lincar integral operator S with " S " <.“{4_ in
the appropriate norm. Then, the linear integral operator I - AK in (4.5) has the
form
n
(5.58) I-XX=I-X8=-}2 ) u ><yv, ,
P j=1 J J

=)

vhera (1 - AS) = T(X) exists by Theorem 5.1. Applying this operator to the cgua-

tion (I - AX)x =y, the integral cquation (4.5) is seen to be cauivalent to the

lincar cquation .
B

(5.59) (r-2 )Y TMu, >< v))x = TNy,
3=1 J J

and thus I - AKX has a Frcdholm theory by Theorem 5.3. This approach regards I-AK
as an algebraic perturbation of the invertible operator I-)S.

On the other hand, suppose that

‘ p e s
(5.60) (-2 } v>2<vi =34+ F } & <9, =2
(o 3 3 Sep el j
J 3=
exists, where the notation (5.50) has been used. Then, I - AK is an analvtic por-

turbation of an invertible operator, and (4.5) is cquivalent to the equation
(5.61) (I - AZ2(N)8)x = 2(N)y

: =L : =
From Theorem 5.1, if (I - XK) exists ang ” lS” < 1/”(T— AK) l”, then 2Z(N)
exists, so al) sufficiently good finite rank approximations (5.57) to K(s,t) will
lead to a solveble perturbed cquation

3l

(5.62) (-2 } ug >< vj)w =y

3=l
which is cquivalent to a finite lincar algebraic system of the foim (5.44). Convers-
ly, if the inverse operator 2()\) exists and || A2())s Il <1, then it follows from
= .
the same theorem that (I - AK) exists. If v %, TR
e 2 n
chosen 50 that all the inner products required can be calculated explicitly, then

,...,un and vl,v are
this gives a method for concluding the existence and uniqueness of the solution of
the integral equation (4.5) on the basis of a finite set of algebraic computations,
as well as a technique to obfain approximate solutions. An crror analysis for (5.62)
may be carried out by the analytic methods of U5a with AA = -AS, Oy = 0. A similar

approach can be used on (5.59) with T(A) replaced by

(5.63) \ _ 'rk()\) T Y g G "
Setting z = Tk(l)y, the perturbed equation
n
(5.64) (-2 ) My > viwez
- IS J J
3=
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may be analyzed by the same technique, with

: e x41
(5.65) AR =X § (As) A, >< v, ,;
321 3 )
and =
(5.66) APy = -8 ey .
as | 70| < 1/ 03~ Il As]l ), ana for
n
(5.67) =3 } wu Pt e, .
o 3
one has
RN 3e! ' o k)
(5.08) B g o< L2077 poaep, parouyl ¢ 2SI gy
= a-fas] = a-psl
with ; ’
’?
(5.69) el < D1 Y ol - livli

J=1
fryom (5.67).

Another analytic approach to the approximate solution of (4.5) which also vields

error bounds is to solve (5.61) by iteration, as || ).'/,().)S” <X [29]) .

6. :)_'n_(:«s;_vi_nﬂr;\_ﬂ_u»r 7(7'_0';7:(_\_nm‘l_gpn_ri-;'_.j‘)izf_»fi dnverses. M tention will now be devoted to
linear problems which are ill-posed because the lincar operator involved doas not
have a bounded inverse. As the solutions, if any, of ill-posed problems do not de-
pend on the data in a continuous fashion, it might be expected in this situvaticn that
analytic perturbation methods will be of little utility, or can be applied only unde:
very restrictive conditions. For example, there is an inherent limitation as to how
well an operator B ¢ L(X,Y) without a continuous inverse can be approximated by an
operator A belonging to the class g C L(X,Y) of operators with continuous in-

=% .
verses A~ C L(Y.X). From Theorem 5.1,

(6.1) fis~all = |l aal] 2 TFX:TH .
otheawise, the assumption that B ¢ g would be contradicted. Also, from (6.1),
(6.2) N 3! VL TP 13-

bl n-al) I anl

-1 s S et
so0 that " A " and the approximate condition number

(6.3) X (0) >_ _"_ML > _H.“_.[L = Y
Tl T aadl

grow without limit as “ AA" + 0. Clearly, computational difficulties can b2 expce-

pected in the caleulation of A—l or in the solution of the linecar eqguation (1.1) if
A is very close in the analytic sense to an operator B which does not have a con-

tinuous inverse.
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. Theorem 6.1, If {l\n) C g is any scquence of lincar operators such that

lim Hnn-n ” = 0, then B ¢ g2 if and only if (6.2) holds for each A=A , n =
n > n

B0 o f

Proof: If B ¢ 92, then it has alrcady been shown that (6.2) holds for cach ;\“
To show the converse, suppose that R ¢ @ , and choose n  sufficiently large so tho
" N\n” = ” I\n—-h ” < 1/2” 13—1” . It then follows from (5.2) that

-
(6.4) ] ” A_] ” ; ''''' " 'n"" Jl "_‘:]“' < ‘”‘1'\'1:\—"” '3
" N | | n

a contradiction of (6.2) which proves the theorem. QED

An evident drawvback of analytic perturbation H\OOLS'" is that, in gencral, no
conclusions can be drawn from 1the existence of I\-l € L(Y,X) about the invertibilitw
or noninvertibility of any operator B for which ineqguality (6.1) holds. The alge-

braic theory, on the other hand, states that if B is the finite rank modi fication

3 : . =1 5 . ;
(5.42) of an invertible lincar opcérator A ¢ &, then B exists if and only 3f

: -1
(6.5) 8w det(l, . +%vk Ta, >)FO.
ij i j
of coumrse, onc would still expcect computational difficulty if B  is nearly sincula
; ’ ; = s
especially if the inner products Qij = S v].A uj R et [ (N ony be

calculated approximately.
The algebraic approach also provides information in the singular case. $u: Doe-
ing that & = 0, censider the transposed homogencous eguation
n s
(6.6) ¢(a+t § u 2< v)=0
. i 1
i=1

*
for t ¢ X . Using the technigue of §5b, this is equivalent to the finite linear

algcbraic system

n

(6.7) Tj + izl Tiqij = 0, =12, Lo,

for Tj = < t,u, > . The system of equations (6.7) is the transposed homogcneous
J

system corresponding to (5.44). If 6 = 0, then (6.7) has 4 1lincarly independent

solutions

(x)

(6.8) £ et e

g tig eeser Yo K= 1250008y

and, corresponding to these, cquation (6.6) also has d linearly independent solu-

T(k)
n

tions
n n
" - % o <) A
(6.9) . Rl ’ vl ] e TR
: : i=1 i=l 7
X =11,2,...,4. Likewise, the homogencous system
a .
(6.10) £ + ) nijcj = 0, g T 7 ERR
i=1
-20~




has @ lincarly independent solutions

< 2 3 03
(6.11) L T R LR R U S S
1 2 n :
from vhich are obtained the corresponding lincarly independent solutions
: n T n o8
(6.12) i ) L T ) gi¥le
§=1 J J 3=1 J J
X =1,2,...,d, of the homogcncous equation
n
(6.13) e § u, P wiw=0,
55 T i |
Representing the right-hand sides of the system (5.44) as the vector ‘
T =] -1 -1 ¥ i
6.14) = il el = (el 22NN 2P DN Tz
(6 L= (L.t W) e vy v : S

it is seen immediately that the conditions for the solvability of the finite inhomo-

geneous system (5.44) and the equivalent inhomagencous cguation (2.3) for the case

S = 0 are &
= X s 2 <
(6.15) <T(}'),(,>:~< ; <'l_( )vj,:z> = <t0),z>- [ .
P,
X =1,2,...,38; that is, 2z must be orthogonal to all solutions of the homogeneous

equation (6.6). If (6.15) is satisfied, then the gceneral sclution of (2.3) may b.

written as
ad

(6.16) W= oW ) (!).\-.'()') ,.
: k=1
vhere W€ is some particular solution of (2.3), and the complcwsntary vectors
d
o ; X
(6.17) S ow = w((l],(tz,.. .,(\k) = )-:);] ﬂkw( )

satisfy the hoimogeneous cguation (6.13) for arbitrary ul,uz,...,ﬁk -

.Usually, in actual computational solution of lincar equations, the distinction
bctwéon the singular and nonsingular cascs is not as clear-cut as in the alternative
(1.1a) or the Fredholm theory. In practice, an objective or subjective standard is
set for what constitutes an "acceptable" (approximate) solution, and one of the fol-
lowing situations is observed: k

(i) An acceptable solution is obtained,
or
(6.18)

(ii) either no solution at all is found, or the computed

solution is unacceptable.

In the computationally sipgglar case (6.18ii), the method used to solve (1.1) or

invert A may break dowh because A doces not have n"bounded inverse, or is analyti-

cally close to an operator B ¢ J. On the other hand, the algorithm cmployed may

actually be trying to solve the system (5.44) with & = 0 and vithout (6.15) holdina

to the desired degree of accuracy. This will be called an algebraic catastrophe of 1

type I . In the sccond situation described in (6.18ii), the acceptable particular

“-23-
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5 ~ . v X
solution w may be contaminated by a complementary vector (6.17) to the extend that
the resulting solution is unacceptable. Thic algebraic catastrophe of tupe 11 can
occur in the numerical solution of diffcrential cquations by the use of appmoximating

difference equations. For cxample, the diffcerence equation

(6.19) 3u + Bu - 3u =0
. nil n n-1
with the initial conditions
1

6. 20 s = =~

( ) Y 1, u, %
has the bounded solutions

In
(6.21) Un = (3’) ] n=0,Y%,2,.,.4

which may be the ones considered to be acceptable. However, a slight perturbation of

(6.20), such as rounding % to eight decimal places,

(6.22) wo =1, wl = 0.33333333

gives the corresponding solutions W of 3wn+l + 8wn = 3wn_1.= 0 as

(6.23) w = (0.999995999) ()™ + (0.000000001) (-3)" ,
>

n=1,2,..., and the second term on the right-hand side of (6.23) will cventually
wrcak havoc with the accuracy of the approximation of u by w

n n
As indicated in §)b, if the operator A is singular, then a gencralized invers

1,

A of A having certain useful properties may be sought, for cxample, to give a

solution of (1.1) in the form (1.4) if (1.1) is consistent. hAs (1.5) indicates, the,
T : s : > : T

vector x = A'y will be a particular solution of (1.)) for any inner inverse & o

A. An algcebraic perturbation method may be used to obtain inner inverses of sinoular

operators which have a Fredholm theory, under the technical assumption that the space
* & .

Y is reflexive, that is, Y

(6.24) u* = {u

Y (38, p.192]. In this case, if

* * *
],“2,...,ud} Coy
is a set of lincarly independent functionals on Y , then the Hahn-Eanach theorem

* 1l

guarantces the existence of a set of @ 1lincarly independent vectors in Y to which
the Gram-Schmidt orthonormalization process [38, p. 116] may be applicd, if ncces-

sary, to obtain the set

(6.25) U =~ {ul,uzp...,ud) C X
for which
* *
(6.26) < ui'“j > = <\)i,u:j > = Gij 5 £¢3 = 1200 v i@

where -Gij < again denotes the Kronecker delta. Similarly, given a sct of lincarly
independent vectors j
(6.27) V= v,

a set of functionals

2,...,vd) G X,

*

* *
{6.28) vV = {vl,v

* *
2....,vd) Cx
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exists such that

*
(6.29) o vi,vj P = 6ij' 1o = Y, 2000060
whether X is reflexive or not.

Theorem 6.2, Suppose that A ¢ L(X,Y) has a Fredholm theory, and

*
(G.30) uih=Av=0
*

. % * * * :
if and only if u ¢ span {n],n?,...,nd) Cy and v ¢ span{v ,v?,.. .,\'d) C X, where

1
the defect @d of A is positive. Then, for uk ¢ U and v; € V¥V ; k= 3,2,

. “
vhere U and V. are defined by (6.24)-(6.29), the operator

(} :
(6.31) B=A - ) \lk >< v
‘ N k
k=1 B
is invertible, and
(6.32) - AR = A -
so that /\+ = B_l» is an inncy inverse of A . >

Proof: To show that B is invertible, consider the homogencous eguation Bz =

0, which is equivalent to

a *
(6.33) Az = ) u <N oz 2

: X | 3

X=1
As this cquation is solvable if and only if the right-hand side is orthegonal to
* * *
ul,uz,...,ud because A has a Fredholm theory, it follows from (6.26) that

. *

(G. 34) <\')’,7.> = Ol e =Y ed
and thus Az = 0. This means that, 2z 4ds of the form z =a v, L av_ % (.. + QN
: ' 3 3 2 2 aa
where the coefficients &k are given by (6.34), and hence z = 0 is the unique
solution of the homogencous cquation Bz = 0, which implics the existerce of B

To prove (6.32), note that from (6,29), (6.30}, and (6.31) ;

4
~ *
53 ’ = - < v oD = - 1 = SLi e T
(6.35) B\i ) uk \):'\i ui, 1 {5 a
k=1
hence
(6. 36) i‘luk = -vi, o k=124,
and
a n
=1 -1 : * "
(6.37) B A=B (B+ | w L}t - 1 w2>< v,
k=1 * . k=1 X .

and (6.32) follows directly from (6.30). QED

Instead of (6.3G), one could also usce the relationships

* _1 *
(6. 38) vk B = —uk " b B (% RN, 8

-‘.

to ecstablish (6.32). The opexrator B % - A obtained from (6.31) is called MNurwit:z

pscudo.invcrso- of A [31, pp. 165-168; 12), which goes back to 1912,
By the same yeasoning as above, any operatox of the form
4 :
‘o
(6. 39) Meta=- ] w>p ser
kel X k I8
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for R.,R.,....,B such that R.B_...A. ¥ 0 will be an inner inversce of A . How-
=2 d 12 d

ever, as these operators are invertible, they cannot satisfy condition (2) of §1b

which characterizes outer inverses; consequently, the constiuction (6.39), while usc-

ful for some purposes, only gives a partial solution to the problem of finding gener-

alized inverscs.

Another matter of cemputational importance relates to the calculation of gencer-
alized inverses of perturbations of operators with known gencralized inverses.  Sup-
pose, fox o%amplc, that one has an cfficient technigque to obtain the Moore-Penrose
generalized inverse A+ of A [27), and then would like to use the resul { to obtain
the generalized inverses of perturbed operators B = A 4 AA with less effort than

¥ i

calculating B* ab initio , or error bounds for the approximation of B by A .
As A+ is not a continuous function of A in general, it would be expected that
analytic perturbation methods apply only under restrictive conditions, as even for

" AA” arbitrarily small, onc of the algebraic catastrophes that the rank of B is
greater or less than the rank of A could occur. Most applications of analytic pcr-
turbation theory to the above problems are cznrrﬁod out under assumptions that cnsure
rank(B) = rank(A), or that the change in rank is Xnown (23, pp. 333-351). Algebraic
perturbation methods, on the other hand, are nol necessarily subject to this kind of
limitation. For rank one modifications of A , C. D. Keyer  Jx. EXS: 23, ppa 35)-
352) has obtained formulas of the type

(G.40) (A 4+ u>< v)"‘ = A-“ + (‘:

for all six jpossible cases, where G d-opcnds on J\..t and the data. More general
finite-rank modifications (5.42) of A can then be handled by the method of succes-
sive rank one modifications corresponding to (5.51)-(5.52). This latter algorithm
was originated by Greville [9) for the recursive calculation of the Moore-Penrose
generalized inverse of a matrix. Formula (6.40) reduces to (5.28) in the special

oo Ak ; . : 1 e |
case that A is invertible, as for any generalized inverse of A, A = A

for
all A c J‘. This suggests the computational struivgy of using a method for gener-
alized inversion on an operator which is suspected of being singular oxr nearly singu-
lar. If the operator or the perturbzad operator actually involved in the calculation
is nonsingular, then this tughniquo will yield its inverse, whereas a straightfonvard
inversion method might fail.

Another approach to ill-posecd brob]cms is to approximate them by a perturbed
prub]om'which is well conditioned. An example is the technique of regularization,
due to A. N. Tihonov [39, 40]), which has close connections with the subject of gencr-
alized inverses [22). If the operator A in (1.1) does not have a bounded inverse,

then the smallest perturbation Ay in the data can cause an cnormous change Ax in
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the solution of the perturbed problem (2.3) as compared to the solution of the refer-
ence problem. A typical situation in which problems of this type arise in applica-
tions is that X and Y are Hilbert spaces, and A = K is a compact operator. Th
prototype of the resulting equation

(6.41) Kx =y K cX,

is the lincar Fredholm integral equation of the first kind ,

(6.42) . fl K(s,t)x(t)at = y(s), BErgd .

As pcrturbatiogs in (6.42) in actual practice are inevitable, due to errors of meas-
urement, discretization, and computation, direct numerical solution of (€.42) by
standard techniques that work well for the integral equation (4.5) of secend xind a
rarely successful. The same observation may be made for (6.41) as compared to

(6.43) (@I - K)x =y i

for a # 0. In order to find an acceptable approximate solution of the perturbed
version of (G.41), the method of regularization consists of finding an element

w(a) ¢ X which minimizes the functional

(6.44) £0wso) = e - 2} ® + 0%l % .

Thus, (6.44) represcents a trade-off between the fidelity with which the perturbed
equation Kw = z is satisfied, and the size of the norm of the corresponding solu-
tion. The paramcter a (or sometimes ﬁz) in (6.44) is called the regularization
parameter . The crucial problem in this field is the determination of the oplimal
regularization paramcter, for which the value of f(w;q) is minimum, or at least a
method for obtaining good approximations to the optimal value. A significant recent
advance in this area is the application by Grace Wahba [41) of the method of weighted
cross-validation to the case that the perturbation is due to discretization of the

data with random errors of the type known as “"white noise".

7. The eigenvalue-cigenvector problem.  As stated in §lc, this problem is to find
eigenvalues A and right eigenvectors x # 0 satisfying (1.9), where A € L(X,x),

X a Hilbert space. It follows that one is interested in the values of A for which
the linecar opcrator :

(7.1) T(A) = A - XX

is singular, and one may also want to find the left eigenvectors y # 0 of A
corresponding to the eigenvalue A which satisfy the homogcneous equation

(7.2) . y(dA - A1) =0 . b

The additional assumption will be made that the values of X considered arxe re-
stricted to those for which T(A) has a Fredholm thcory. This condition does not
exclude any X in the finite-dimensional algebraic case; however, for Fredholm inte-

gral operators of the first kind or compact operators in general, it is customary

)=
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to formulate the cigenvalue~-cigenvector problem in toryms of the reciprocal eigenvaluc
= 1/X, as the operator ;

(7.3) S(M) =1 - 1K, K&,

will bhave a Fredholm theory for all gcalars H.( A by Theorem 5.3. This is cquiva-
lent to excluding A = 0 from consideration in (7.1) if A is cowpact.

In order to contemplate the application of analytic perturbation methods to the
cigenvalue-eigenvector problem, it is escential to determine conditions under which
this problem is well-posed, as the operator T(X) will be singular if X is an cigoe:
value. One way to do this is to convert ecquation (1.9) and the normalization condi-

tion (1.10) into the npnlincar system

AX ~ Ax
(7.4) P(q) := b =0
1 1° .
= - =< X,x 2
2 b T
in the product space @ = X X A of vectors g= (x,A) , xe€e X, Xe A . Suppose
T . s :
that q, = (xl,).]) is a solution of (7.4); that is, Al is an cigenvalue of A ,
and X is a corresponding normalized cigenvector. Then, the implicit function

X

theorem [10) guarantees continuous dependence af the solution of (7.4) on the cdata i
the lincar operator p' ((3)) € L{0,0) has a bounded inverse, where P'(qg) is the rFréch:
derivat ive A - X -x >

(7.5) Piiq) =
- <x 0

~of the operator P at q (30, pp. 97-100). fThe formulation (7.4), while not the

+*
most general [1), has the advantage that if A is Hermitien (A = A [38, pp. 324-

327)), then so is P'(g). The following theorem gives an explicit formulation of the
inverse operator (P! (ql)]—l in this case if the defect of T(A) is cqgual to one,
that is, if all solutions x of the honegencous eguatlion T()\i)x = 0 are scalar
multiples of the normalized eigenvector Xy making use of the fact that the right
and left eigenvectors of an Hermitian operator can be identificd. :

Theorem 7.1. If A is llermitian, & > (xl')‘])T satisfies (7.4), "f"d the
defect of T(Al) is equal to one, then

~1
- X - >
% Bl xl >< )sl xl

(7.6) ll"(ql)l =

- <5xl .0
where

' R . oo T R

(7.7) . BJ. (A 7&1 Xy "1)

is the Nurwitz pseudoinverse of A - XII.
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Proof: It follows by dircct calculation and the use of (6.36) and (G.38) that
|

B." - x. 2% X -x, > B~ = x. ><x -x >
1
(7.8) P'(g)) : gare ST 1% B 3 1 . Piig,) =
e el
Xy 0 Xy 0
I 0
= '
0 1
the identity operator in Q@ = X X A . QED

By the usc of Theorem 6.2, formula (7.6) can be extended immediately to thie non-
Hermitian case le(ll) = T(Al)x1 = 0, provided the defect of T(Xl) remains cgual
to one [1, §3). Under these circumstances, results are available by the methods of
analytic perturbation theory similar to those for nonsingular lincar equations (1;1)
[x, §5].

For the finite-dimensional case, perturbation methods and error analyvsis for
the algcbraic eigenvalue problem have been presented in great detail in the compre-

hensive work by J. H. Wilkinson [44, pp. 62-188). Just one of these resulis will be

cited here, which fits into the framework of algebraic perturbation theory. Suppose
that w is a unit vector, and p = (w,u)T is an approximate solution of (7.4), so
that :

(7.9) (A - PD)w = r ,

with residual vector r . From eguation (5.38f, it follows that

(7.10) (A - r >< w*—-vlhv= o ,

so that w is an exact eigenvector of the perturbed operator

(7.11) = A -1 >< w*

corresponding to the cigenvalue W [44, pp. 170-171). The perturbed 6yexator B is
simply a rank one modification of the reference operator A .

Another application of algebraic perturbation theory to the cigenvalue-cigen-
vector problem has been given by W. Stenger [37]) to find incgualitices between eigen-

values of perturbed and reference integral operators.

8. Lincar programming. The solution of lincar progranmming problens as formulated

in §1d is one of the primafy tools for decision making in government and commerce at
the present time [(8). The number of variables involved is typically large, and a lot
of computer time is expended for this purpose. Thus,-an application of perturbation
theory which would increase efficiency could result in substantial savings. Once
again, the fact that the solutions do not depend continuously on the data in general

limits the applicability of analytic perturbation techniques. A necessary and
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sufficient condition for continuous dependence of the solution of the primal and dual
lincar programming problems in a neighborhood of solvable reference problems has been
given recently by S. M. Robinson [34). Studies of what is called parametric pro-
gramming  give conditions under which the solution of the reference problem remains
unchanged under perturbation of the data (8, pp. 144-154). On the subject of crror
estimation, P. Wolfe [45) has contributed a method for error analysis and control in
the solution of linear programming problems.

Although changes in the objective function (1.14) are not usually difficult to
deal with, perturbations in the constraints (1.15%5), as would result, for example, by
the introduction of a new technology in an industry, may require the complete rc-
starting of the solution method used. Conscequently, the following problem may be of
practical interest.

Problem 8.1. Given the solutien x of (1.14)-(1.15) and the associated infox-
mation, suvch as the choice of pivots in the simplex algorithm [45), find an efficient
method for solving
(8.1) minimize f(w) := <.d,w >+
subject to
(8.2) Bw<z, w2>0,
vhere all perturbations in the reference data arce of finite rank which is small com-

pared to the size of the reference problem.

9. Ronlincax problems. Although this survey has been concerned mainly with lincar
problems, it should be mentioned that perturbation methods are widely applied to the
solution of nonlinear opecrator cquations

(9.1) P(x) =0,

where P maps X into Y , and also fixed point problems in X of the form

(9.2) x = H(x) . .

(It is evident that (9.2) is a special case of (9.1); conversely, there are many ways
to convert (9.1) into an equivalent fixed point problem.)

These problems are well-poscd in the neighborhood of a solution xo if, for cx-
ample, H is continuous and cbntractive [30, Chapter 2), or, more restrictively, if
P is differentiable and
9.3) Ty = IP'(xy))”

0
pepending on the smoolliness of P , in this case one can base analytic perturbation

. ¢ L(Y,X).

techniques on the implicit function theorcem [10), Newton's method and its variants,
Taylor series expansions, inversion of power series, and so on [30, Chapter 4).
These methods are all essentially derived from the corresponding ideas of elemontary

scalar calculus,
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kcévntly. W. Rheinboldt has given generalizations of the condition nurbors (5.8)
and (5.9) for nonlincar operators for which (9.3) holds, and a correcponding gener-
alization of the perturbation formula (5.13) for crror estimation §33).

Algebraic perturbation methods for nonlincar operator cquations are less well

investigated. A nonlincar operator F with range belonging to the finite-dimensiona’

space
9.4 -' = S pd ' oo s
(9.4) . span {yl 5 yn)
will be of the form
n
(9.5) Pl = ) g LY,

where fl(‘),fy(‘),...,fn(°) are (generally nonlincar) functionals on X . The per-
turbed operator equation
(9.6) o(x) =0 ,

where Q = P - F, is equivalent to the equation

(9.7) P(x) = § Ev.

where =1 o

(9.8) : Cj = fj(x) ' =, 2 LN

Suppose, and this is the big assumption, that the cquation P(x) =y 1is solvable for

y ¢ ¥ ., that is, an operator G is known vhich gives
(9.9) x = G(€]'£2""f€n)

if P(x)=1y is of the foxrw (9.7). Then, applying fl,f .,fn in tura to (9.9)

e
yields the nonlinear system §
(9.10) Ci = hi(£1,€2,...,€n) 7 I G (1 (R, ,

where h] = flc, h2 = fZG""'hn = (nG ., which is a finite-dimensional fixcd-point
problem in A" of the form (9.2). On the basis of the additional assuimption that
(9.10) is solvable, the substitution of its solutions El,ﬁz,...,ﬁn into (9.9) pro-
vides a solution x of the nonlincar operator equation (9.6). As an examnple of Fhiﬁ
approach, the Hammerstein integral cquation with kernel (5.31) )

(9.11) x(s) = J* K(s,00(t,x())at = 0
0

is a rank one modification of the nonlinear Volterra integral eguation

(9.12) x(s) - [° Ls, )¢ (t,x(t))at = 0
0

with Xernel (5.33). Thus, if one can solve

1

(9.13) xts) - [% L(s,)0(t,x(t))at = Euls) ,
0 :
vherxe
(9.14) £= 1 vioexae .
0]
-31-
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for x(s) = g(s;£), then fiom (9.14), -the system (9.10) is cquivalent to the scalar
fixed point problem

1

(9.15) e n(l) = [0 vld(t, gl 0)0ae ,
0

vhich is one nonlincar cquation in onc wnknown [32, §9).

Although guite a bit is known about nonlincar systems (9.10) in finite-dimen-
sional spaces [28), the theory and practice of their solution is far from the highls
developed technology available for finite lincar systems (5.44). There is alse the
ever-present big assumption. Even though (2.9) is not obtainable explicitly, the

v . : . . (0) . (0)
form of the problem (9.7) suggests iteration: Selve (9.7) for given 5,1 't"2 B

l,xgo), substitute into (9.10) to obtain

(9.16) Al S Cim 1—.1({.10)3;2(0),...,!;l(]m), N RO

and so on. In the casc that (9.6) is a boundary-value problem for a nonldinear diffc

ential cquation, this is called “shooting" [13, Chapter2, also £6.1]. Of course, this

iterationnay not converge,and some other method for solving (9.6) may be more approyric’
This section will also conclude with an important problem, as much more work

needs to be done.

Problem 9.1, For differcntiable P , develop existence theory and find effcc-

tive technicues for computing solutions %0 of the nonlinear operator eguation (9.1

in the case that P'(,\:O) does not have a bounded inverse.
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