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PE) )RnAT1O~ MET }IODS FOR THE SOhUTX O~4 OF LlNEM~ PJ~)1~J.EMS

L. IL P~~1~

Mathemat ics  h~’ c a  ich  Center
Un ivc-n~i ty  of Wisconsi n— ~~adi  son

Dccli cat ccl ~~ Profe~~~or i~rvid T. Lon~ eth on hi 65th  1~i r lhday

~~~~~~~ 
1~~~c’~~ p~-ohl ,~ “c of c-ent.ral m t  cre1;t i n  num e r i c a l  ana l y s l s  are the so] u t ion

of i i  n ear  cqu.i t. ion s , the  consi r uct ion  of the inver se  or a genera l ized  i n ve l se  of a
l inear  opei~ t t o r , f in d i u q  the ei genva] .ucs and ci genvectors  of a l i n e a r  operator , and
l inea r  px~~jr~ . r~i n g .  l~ survey  in  made of methods ‘~h i~~h apj)l y i f  the d~i ta  of a ~~~
13 near  i~ ~‘ ‘ ~ I S p er t  U~~ l ) (~~~ 1I~ 0 C ~~at Or S  t~Ud vec tors  of s~ial 1 norm (a n a ly t i c  pe it  UI~ —
ba t i en)  , 01 Ly oper~it o r s  of f i n i t e  rank and vectors belonqi  ng to a f~ n i t e — d i m e n ~;iona]

~~~~ (a)  gebi i c ~‘i ~ m bat  ion)  . Fer tt i rbat  ion methods  may be te~ec] to ext  end the
theo .y  of I in e a r  prob)cr .~s , to e s t ima te  c r i er s  due to i n a c c u r a t e  data  and computa t ion ,
and to  solve p c r t ur b~ d problems w i t h  economy of e f f o r t .

1. J . i n  a r j ~i c~ ’]ems . In the abst ract  framework of f u n c t i o na l  a na ly s i s , a l inear

probi cm is  one ~h ich  can be f o rmu l at e d  in  t e rms  of 1 i ne a r  spacer ~nd operators  [38

Chapter  1] . N a t u r a l l y ,  many prob l ems of t .hcorc ti  cal and  p r a c t i c a l  in t e re st  i n  n u : i e r —

ica)  anal  y si  )~cion~ to th in  genera l  c1a~ s. 1ui~ong thc~~e j i rob] e:~s , sor~c are i mport it

enough to he the sub jec t s  of e x te nsi v e  inves t iga t ions , and also appear 11) the d a i ly

work icaci  of m ’nt. con~’uf i t i g  cen ters  devoted to genera l s c i e n t if i c  c ’t a t I o ~~. Of

these si 9n i f i can t  probl ems , the one s sin~ lcd out  for  d iscu ssion  here ar t . : (a)  solu-

tion of l i n e a r  cquat  )of lS , (b) i nversion of l inear operators , (c) f i nd i ng  the ci ge;~—

eicjenv~J ]ues  and cigenvectors of a l inear operator , and Cd )  l i ne ar  pr o ir a rmm ing . These

prob) cr~~; w il l .  now be d c f in ~ d in appropriate ge n e r a l i t y .

a. Solut i on of l i n e a r  eq u a t i o ns .

Let’ X , ’Y denot .e complete nonned li nea r  spaces over a coira~on s r a] a r  f i e l d  f t .  In

siost app1ic~ t ions , one has It R , the real nutd vr s , or It C , the complex num—

bers . The no t a t i on  L (X , ’i’) w i l)  be used for the set of continuous l inear  operator s

f rom X into Y . Given an operator A c L ( X , Y) and a vector y Y as data , the

problem is to f ind a solution x X of the linear equation

(1.1) 
. 

Ax y

For pract ical as well as abstract treatment of this problem , it is in~portzint to

be in possession of a theory of ecju ntion ( 1 . 1) ,  which provides info rma tion .~l5 to

which of the following a l ternat ives  holds:

!ponsorcd by the United Stat es /urmy under Contract No.:  DMt~ 2 9— 7 5- C OO 24 .



(1) For each y C Y , equation (1.1) has a n ique  so lu t i on  x C X

(l.la) 
or

(j j )  for some y ~ Y , equation (1.1) has no solution or several

solutions.

The choice between Ci) e Xi st  enco and un i queness or (ii) nonexistence or n on u n i q u e —

ness or sol ut ions  exhausts  t h e  log i cal ponni  bi ii t ies, and thus  the al f erma t I y e  t ~~ —

t u r e (L ia)  wi l l  he c h a r a c t e r ist i c  of the  theory of any equat ion , l i n e a r  or n o n l i n e a r .

In case ( i )  the opera tor  it is sa id  to be nonsing u lar ;  otherwise (case ( i i ))  , it.

is called a s i n g u l a r  opera t or.

b. Invers ion  of linear oper a tors .

This problem ~s closel y rd ated to  the solut ion of linea r equa t i ons .  In t h e

n o n sin g u l a r  case (i) , equat ion (1.1) defines  the  l inear  ( r igh t)  inverse opera tor  it

which g ives the uni que so lu t ion  x as

(1.2) x it 1y

In man y appl i c a t i o ns , one h ì a s  ? X and s a t i s f i e s

v . 3) = -.
. 

I

where I denotes t h e  id e n ti t y  opar aior in x , that is , Ix x for all X E  X .

In the s i n g u l a r  case (ii) the alternatives are nonex~. st.ence or no: iqueness

of solut ion s  x of (1.1) . The inve rse  operator it ’ of A does not exis t  in  t h i s

case , but  one may scek a g e; : cr alire d invcrr ~ of A which has som e p r o pe rt i e s

which a re  clesirab]e for the app l icat ion  at hand . For c>:ampl e , in  connection ~ i t h  t~’

problcm of solving the l inear  equation (1.1) , one migh t want

(1 .4)  x = itt y

to be a so) ution if the equa t ion  is consistent , and thus is sa ti sf i ed by one or

more elements  of X. It turns ou t that  t h i s  is equivalent  to the condi t ion tha t

sati sf i es the ope ra tor equa tion
(1) 7tA~ i t = A .

Any c~;’erator for which (I) holds wil l  be called an inner inverse of A [ 2 5 , pp.

7 — l i ] .  The more formal  t e rm 11) —inverse  of A (3 , pp. 7—8] has also been applied

spec i f ical ly  to operators A satisfying condit i on (1).

If equat ion (1.1) is consistent and is an inner inverse of it , then all

&o1utj c ’ns  x may be represented ir~ the form

(1.5) X 7t~y + (I — Jt ti t) ? .

for z C X. With z a rb i t r a ry ,  formul a ( 3 . 5) is called the general solution of

equation (1.1), as in the elementary theory of l inear  d i f fe re n t ia l  equations.
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Gencralised inverses nay also be u s e f u l  i n  case equa t ion (1 . 1)  has no solut ions ,

and thus is said to he i ncons is t en t , or ovorclc’t~~,zn ,in.~ d. h ere , the p os s i b i l it y  of

choosing a ges:cra li:~e~ so lu t ion  x to m i , i im i~~c the norm of the rc ’sidu.a J vector

P (1.6)  r l t x -y

in Y is considered . suppose that  the set

(1.7)  G( l t , y )  = {x I II itx-. y~ = win Il i t z — y I I  )
z€ X

of genera l ized  solution s x is nonempt .y,  as w i l l  ce r t a in l y be the case i f  eq ua t ion

0 . 1)  is consistent. If I’ is a hhilhert space , then elements x C G (A ,y )  a re  ord i

narily called l e a s t — sq u a r e s  s o) u t .ions of the ) inear equation (1 .1) . Thus , one

mi gh t requi re that A~ y C C; ( lt ,y)  for a ll  y c Y in addition to property 0). Fur-

thermore, the subset

(1.8) S(A ,y )  = {x I x C G(it , y)  , x II tam 
~ 
z ~ 

)
Z E G (A , y)

of G (lt ,y )  may be nctne ;rpt y ,  and would t h e n  con r i  st of the genera l  lied (or leas t—

squa re s) solutions x of (1 .1 )  of minimum no, in. The r equ i remen t .  that lt
1
y C S (it ,v

for all y c Y would then also he a poss ible  ~d c h i t i o n a l  rest  r i c t i on  on the set of

generalized i.nverse~; of it . I f  ~;(lt,y) consists of a single  p o i n t  for each y C

then the corrcsjxndinq enaral i ice) i n v e rse  A is  uniq ~ì oI  y delers i  n od . In case X

and Y are f in i  t c-d i :n eits ion al.  Pod i ~ sas sj ces, this generalized invci so A~ exir ~
and is the Moore —Von rose inver se of it [3 , pp. 7 , 103— )  21) , which , in adcl i t an to

(1) , s a t i s f i e s  t he  c o ndit i o n

(2) it1 A1t~ A
1

• 1 .that is , it is also an outer anverse of A [25 , pp. 12—14), and the syir ~setry con-

dit ionc

~1•(3) (Alt ) = itA ,

and
t *  1~(4) (A lt) = l t A,

*where N denotes the  conju gate trans pose of the matri x 11

The problem of f i nding generalized soli~t ions can become deli cate  in more gener a)

spaces , as the set S(A ,y)  may consist of more than one element or be empty (20 , 2 5 ] ;

in fact , C (lt ,y)  wil l  be empty if the infi muta of the norm of the residual vector is

not attaine d. Of cour se , there are also many applications of generalized inverses i t

additio n to the solution of linea r equ ation s in the singular case (3 , 2 1) ,  and this

f a irl y recent subject a lread y has a vast literature [2 4 ) .  



. . c. The e wahie-e canv ctorf’robh rn.

This proble m is posed most na tur a l ly  in  the  case I’ X is a Hi lbej- t space w i t  ~
-

inner product < , > . One looks for scala rs (real 01- comp lex number s ) A and vec-

tors x ~ 0 such th ut

(1 .9)  Ax = A x.
Solutions A of this prob lem .ire called eige:it ’alues of the linear operator A; fc ’~

each eiqeuy a lu e A , nonzero solut ions x of ( 1 . 9 )  are said to be the corres~a~ d ine

e~ gent ’ectors of A. its equat ion ( 1 . 9 )  is homogeneous i n  x , the condi t ion  :~ p’ 0

m a y  be replaced , for exampl e , by

(1 .10)  < x , x >  = 1

o t ome o t h e r  norma lizat ion condi t ion .

From a stand~oint of functional anal)’nis, the determination of the eicjenv~ lues

of It is a special case of the more general probl em of f i n d i ng the spec tru m e (it )

of it. In a comp lex H u bert space X , the set

(1 . 11)  p( i t )  = { Aj  (it — A i)
1 c L ( X ,X) ~

of co~tp) cx numbers  A is ca l led  the resol vent of it . Thus , A c pUt ) if and

only i f  t he  operator  it — XI has a continuous i nve r se. The sj~ dt r om of it is  si::-

ply the cempi ep ’~ m i t  of the resolvent ,

( 1 . 1 2 )  0 ( A )  C — pUt )

an d hence conta in s  any eigenv a lues of A

d. Linea r  m r oq rar iun inq .

in order to formulate this problem , suppose that X , Y are real spaces w i t h

par t i a l  oith’r iz :g r e lat ionsh ips  denoted by < . For most app l i ca t ions , X and Y

are taken to be f i n i t e— d i m e n s i o n a l , in which case t h e  par t ial  order ing  is the tm-ua l

componerttwise comparison o vectors [26 , pp. 1 5 5— 1 5 8 ] .  Also needed is the dua l
*

~/acc’ X = L ( X ,R) of X; that is, the space of continuous l inear f u n c t io n a ls  do—

fined on X . It is convenient to use the bracket notatio n of Di rac [7 , p~~. l 8 -2~~
*for linca r fun ctiona ls.  if C C X , then def ine

( 1 .13)  < c ,x > := c (x)

which w i l l  be consistent with the notation for the inner product if X is a ihilbert

space 17 , pp. 6-0) .

One for mulation of the (pr i ma l )  l inear progr ant-m ing problem (26 , pp. 156-15?)
*is, giVen A C L(X ,Y), y C Y , C C X , find x C X to maximize

(1.14) f(x) = c,x > + ~
subject to

(1.15) A x < y ,  x > O .

—4—
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The f u n c t i o n  f(x) d e f i n e d  by (1 .  14) is ca l led  the obj ec t ive  f u nction of the prob—

loin , and condi t ions  ( 1 . 1 5 )  are known as c o nst rai n t s .  -

Instead of the pri m.-ml problem (1. l4)— (l . ~ 5)  , one may wish to consider the dua l
*

problem [26 , pp. 168—19 0) wh ich is to find z C Y to 3)I1IuJflt ~~ZO

( 1 .16 )  g ( z )  = < z ,y > —

subject to
*

(1.17) it z > C , z > 0
* * *In (1.17) , the operator A ~ L ( Y  ,x ) is the a d join t :  of It , d e f i ned  by

* *  *(1 . 18)  <A  y , x> = < y ,Ax >
* *for all y C Y , x C X . it wil]. also he conven ien t  to w r i t e

* * *  * *(1.19) y A A y , y C Y
*that is , y A is the l i n e a r  f u n ct i o n a l  on X defined by 

-

* *(1.20) (y it)x : y (itx ) = < y , Itx >  , x € X

This is ana logous  to the notat ion  f r e q u e n tly  used in e l em en t a r y  m a t  six aiqebr a , w i t h
*

x being considered to be a column vector , and y a row vector. The scalar quan-

tity (1.20) will also be denoted by
* *( 1 .21 )  < y Ax > : < y , Ax >.

The subject of pe r tu rba t i on  methods and theory has  a long h i s L o r y ,  ~ sd t h er e  is

a vast  l i t e ra tu re  dovat ed  t o  t h i s  topi c and i t s  aj p) i c a ti on s .  The h ib l i  e~~r~~phy at

the end of t h is  paper, rat:hc~ than a tt empt ing  t o  La comprehc-nsive , l i s t- s  enly  refer-

ences ci ted in the text , doubtless at the cost of omi t t ing a nu t r ~’er of si gn i f i c a n t

cont r ibut ions .

2. ~~~~ um c c ri i ~~~~~~~~. Perturbat ion theory , as app) ied to the l i near  prob—

lems l i s t ed  in  ~l , s ta r t s  from the assumption tha t  t h e i r  so lu t i ons  are known for the
*

given reference data A C L ( x , Y ) ,  y c Y , c C X The object is to stud y the  be-

havior of these solut ions  for ~‘ar ious classes of per turb ed da ta .

(2. 1) 1 3 = A + M , z r ’ y -I~~y ,  d = c + ~~ c ,
*where the perturbations ~It c L ( X ,Y ) ,  ~ y c Y , ~ c £ X or appropriate informat ion

about them are given . One then desires to calculate  or es t imate  the corresponding

changes I~X C X , M 1 c L (Y , X ) ,  Mt C L ( Y , X ) ,  EtA c It in the solutions X C X , it 1 c

L(Y,X), A~ C L(Y ,X) , A c /t of the ori ginal probl ems . Here

(2.2) B 1 
— A 1

denotes the differe nco between the inverse , if it exists, of the perturbed operator

B and the inverse of the unperturbed operator A , and not (M) 1, which may also
t

exist. A s imi la r  observation app1~ es to the notation ttit

—5—
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its an examp le , the per turbed l i ne a r  sy stem

(2.3) Bw ’-~~z

can he solved for 
-

(2.4) w ’~~x + A x

if ttx can be obtained in terms of Ait and Ay ,  the so) tution x of the unp er turbed

system (1 .1) with  re fe rence  data  it , y being assumed t o  be known .

The mot iva t ion  behind p~ r tw  ba lion ~iotho~1s is  t -h a t  i f the pe r tu rbat ions  in th e

data are “small” in soii~ sense , then one might: expect t h e  changes in the s ol u t i o n s  to

be correspondingly r m a ) l , at-  least under  su i tab le  condi (ions. t~’h:~t is referred to

here as “sinaI 1” may vary w i d e l y ,  depending on t h e  spc-ci f i c  probl em , the type of pe r—

turuat ion  considered , the computing power a v a i lab l e , cad perhaps other fac tors . In

the next section , a f ramework w i l l  be developed to chOract e r i ? . e t h e  concept of small

perturbat ions more precisely .

The g o a l s  of p e r t u r bat i on  theory may be either pr c c t -r ca l  or theore t ica l .  P~o

uses of p e r t u r b a t i o n  method s  i n  ac tua l  computat ion are  t o  f i n d  solut ions of per turbed

problems with economy of effort , and to o b t a i n  error estimates. in the first Cas e ,

comput ing the so lu t i o n  of a g i v e n  l i n e a r  problem mi ght he ex t r em e l y laborious , hut  a

larg e amount of i i i fo rmat ion  could be g e n e r a t e d  in the process. One would then  hope

to he able to use t h i s  i n f o r m a t i o n  to solve per turba t i OSS of t h e  re ference  problem

with less work than r equ i red  when s t a r t  ing  from scratch , as i n d i c a t e d  in connec t ion

with the i llu s t r a t i o n  ( 2 . 3 ) — ( 2 . 4 )  c i ted above . In the case of en -o r e s tim a t i o n , t h e

perturbations are considered to arise from inaccuracies in the data and from trunca-

tion and roun cloff errors in the computation . U s u a l l y ,  these per turbat ions  can only

be e s t im a t e d , and one seeks some kind of i nf o n na t io n  about the possible error i n  t h e

solution . One approach , caf led f ona -22 -d cr2-or estai:ia t J o n , s t ut s  from assumptions

about the p e r t u r b a t i o n s  in the data , and ob ta in s  a comparison of the solution ac tua l—

ly obtained with that of the reference problem if cxact d ata and computation were

empl oyed. F~or bac ooard error cs t ir .ution, as developed by Wi lk inson  ( 3 4 ) ,  the sol u-

tion actual l y obtained is taken to he the exact solution of some per turbat ion of the

reference problem , and estimates are m ade of the corresponding changes in the data.

With the forward method , the compute d solution is considered to be accept able if it

can be shown to be “close ” to the (unknown ) solution of the r efer ence probl em , while

in the bac kward procedure , the criterion of accept abi) ity is that the proble m actual-

ly solved is “close ” to the re ferenc e probl em in some sense . More precise concepts

of “ closeness ” will  be introduced in the next section .

Perturbation methods can also be used for theoretical puzposes. If a conceptual

fr amework can be developed in which the  proble ms considered can be viewed as pertur-

bation s of problems with known theory , then it may he possible to extend t h is  theory

-6-



fr om one class to the o ther .  This is  the has is , for exampl e , of the classica l t cc - h—

ni que of Pr h a r d Schmidt for ob ta i n in g  the theory of l i nea r  Fr edho lm I nt c c j i -.tl cqti~~~

tions of second k in d from the theory of f in i t e  l inea r algebraic  syste ms (4 , p. 1 5 5 )

~ more general situation will be described in a l at e r  sec t ion .  i tnothcr  th e or e t  i c~il

use of pe r tu rbat ion  methods , closely r e lat ed  to er ror  e s t i m a t i o n , is  to d e te r m i  no

the sen ; i t i v i t y  of the solution of a l i n ear  problem to changes in the  d a t a .  For

example , of ~e nay wi sh to know which con~ oncnt s of the s o l ut i on  are a f f e ct e d  moz ;t

strongly by a small  change in one of the co~~f f 1  ci ents of the input.  dat a , and wh i c h

ax-c r e l a t i v e l y  un d i s tur b e d .  This k ind  of a na ly s i s  can also be used t o  p u rsu e  c.e~~e-

a f ld - e f fec t  re l a t ion :  hips in mathemat ical  models  of v ar i o u s  n a tur a l  sys tems and proc-

esses. -

3. i t n a ly t ic  ~nd a lcehra i  c p e r t u r b a t i o n s .  For the present  purposes , i t  w i l l  be con—

vcn icnt to  clasr i  iy perturbations into two non exclu a ivc c r t t c q o r i es ;  an a ly t i c  an~
algcb aic. This c l a s s i f i c a t i o n  arises from the i n f or m a t i o n  av a i l a b l e  i n  each ~~~~
and the inetho~ o)ogy u:;e cl to solve the pe~~tu r b at i o n  probl em , as wel l as an at  t e i pt to

d a n  f y what  is m~ ant  by a “smal l”  1) c rtu rb at  ion.  In gcr i c’ral , an a l  yt  ic pc i t  unis~t i o r i

theory u ses metr ic  i n f o r mat i o n , and o b t a i n s  so lu t  ions to p e r t u x b - t t i n n  ; y~~~ i c s ~ - i n

terms of sen cs expansions , or by i t - c - r a t  ive mc - t  buds . iuu object i v~ Cr i t  e’ ion  ~or a

p er tu r lua tion  to he sn a il  i n  th is  case is that  the  requi  ~~ ci s e r i e s  or i te~~~t i  cs~s Con-

verge , it more subject ive c o n d i t i o n  is tha t the  C O f l\ ’e r y(r f l e e  ho r ap id  enre r - h  t o  he

use fu l  in p rac t i ce .  The s a t i s f a c t i o n  of th i s  n c-st  n i c : t i on  w i l l  cic’~~en~~, a~ anq d ) ~ L -:- r

t h ings , on the  computing power avail abl e and whether  the t r on sf or m at  ions invol  vt -h

can be ca r r i ed  out exp l i c i t l y ,  or have to be a p p r o x i r a t c c l .

The idea of smallness  for algebra ic  p e r t u r b a t i on s  also de~~~nds more or less on

outs ide  factors .  Here , the per turbat ions  of operators arc  operators w i t h  f i n i t L —

dimensional  ange , and vec tors  and f un c t i onals  are perturbed by element s  b e l on g in g

to f in i t e— c l i men s i o n a l  subapaces of the corresponding spaces. The so lu t i on  of alge-

braic per turba t ion  problems will require solving f i n i t e  a lgebra ic  problcm~ of s i m i l a r

type , wi t-h the jud gment as to what consti tutes a “ small” f i n i t e  a lgeb rai c  prc4~lc- rn be-

ing aga in  t ied up wi th the r esources available for computing . For exar .ple , ea r ly

workers in the theory of linear in tegral  equations knew that replacing them by a cor-

responding f inite linear algebraic system would yield good approximate solutions,

but despoi~ ed of being able to solve systems of order 10 or 20 , as mi ght  be recju i red

to attain the desired accuracy 110 , p. 2423 . l~y contrast , today most coirput ing C

ters are able to furnish the solutions of well—conditioned linear algebrai c systems

of order 100 or 200 at nominal cost.
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More precise formul at ions will now be made of the type of i n f o r ma l. ion q iv e n  and

expected wi th  each type of per turbat ion .

a. hnal )ftic per turb3 t3ons.

The fundamental  met r ic  i nfor m at i o n  about vec tors  in Banach spaces X , Y , .. .  is

given , of course , by th e respective norms II lIz ’ II ~ As c o n f u s i o n  is un-

likel y, the subscripts w i ll  usua l ly  be dropped. If It is a cont im:mus l i n e a r  oper-

ator from . X into 1’ , that  is , if A c L ( X , Y ) ,  then the numbers

(3.1) M (A )  -- sup flAx~ , m(A )  in! Ii i tx l l ,
li x ~-~i ikiHi

exist and arc f i n i te  (2 , p. 54; 16 , p. 194) . M(lt ) and m ( A )  are c al led  thc- upper

and Jos’or bound of A , resl ect ively.  With the n a t u r a l  d e fin i t i on s  of a d d i t i on  and

scalar itulti plic-ation of linear operators , it i s  wel l  known (38 , p . 163) t hat  L ( X ,~
is a Banach space for the opera tor norm llit l~ = M ( A ) . in some spaces , this nor m i s

easy to compute , but in others , f i n d i n g  1.1(A) nui ght r cqui  so more e f f o r t  tha n sel vlrL

the problem of i n t e r e s t .  For numerical  purposes , it is o f t en convenient  to ass i gn a

norm to the l i n e a r  operator space L ( X , Y) which i s  eas ie r  t o  compute than the  oper-

ator norm , and is consistent wi th  i t  in the sense that :

(3 .2)  fl Ail > 11(A)

For example , if X Y E~~, (compl ex) n - d i m en s i o na l  E u c l i d r an space , then A (a . . ’

is represented by an nxn m a t r i x  w i t h  eiqcnva .l  nes A
’

, , .  . . , A .  One )ua ~;

(3. 3) M (A ) = m ax {J A 11 , J A 2 j , . . . , I A I ) ,
which requires f i n d i n g  the cigenvaluc of la rgest  m odulu : ;  of A. On th e  other hand ,

the Eec) idean norm of it , -
(3 .4)  Il itll = U ~ l a . . 1 2 )

2

i=1 j=l 13

is consistent and may be found by a s t ra ight - forward  ca lc u l a t i o n .
* *In the case of the acijoint spaces X , Y , ... of con t inuous  l i n e a r  f u nc t . ion z t l s

on X , Y , ..., th e norm wi l l  always be def ined  analogously to the operator norm , that

is,

(3.5) lie U = sup < c x>

* 
f i x  1k

for c E X .  -

Thus , in the perturbed linear system (2. 3 ) ,  one would want  a convergent process

to calculate ~x , or an estimate for fl ax fi in terms of bounds for IIM II and

and pcrhaps also the known quantities II it f l ,  ~ x 
~~~~~ li~ fl

b. Mgthrz~j~~ pcrturhations.

An al gebraic perturbation Ay of a vector y c Y is defined to be an clement

of a Li n i t  c—dimensiona l suhspace
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(3 .6 )  Y sJ Vmnt Y 1 , Y2
, . .. ,y)

of Y consist i ng of all linear cos~b in at  i ons  of g i ven  indep endent  ban is vectors
y1 ,y 2 , . . . ,y in Y . A s i m i l a r  d e f i n i t  ion appl icc .  to a lqebr a i c  p e r t u r bat i o n s  of

linear ftinct i o nal ’~ Oi-d in ar i  ly a l g eb r a ic  perturbations will be rcstrict~’d to rub—

spaces w i t h  s m a l l  dimension (in the s en s e  dc~ cri  bed above) . However , if the  On ~ i na]

spaces arc f i n i t e — d i r ; c - m ; i o n a l  , i t  is of course possible to represent  an a rb i t r a r y

perturba t ion as an al geb -a ic  p er tur b a t i o n .

In the case of l i ne a r  operators , a) g c h aic p er t u r bat i o n s  are r epresented  by

linear operators w it h  fini tc—di riensional ranges. Such operators are said to he of

f inite rank , or dege ner a t e  ( i s .  i n f i n i t c - - d im en s i o n a l  spac:es) . Here , the d!Ja~iic
*J) otat - wn -of Dirac 17 , pp. 26—28) will he adopted; for u C Y , v c X , the symbol

u >< V w il l  represent an operat or of rank one from X into Y , with
(3.7) Cu > < v ) x  = u < v , x > < v , x > u  c V

* *for x C X . Also , for y Y , the t-ransposed op erat ion ~:ill b~ deno t ed by
* *(3. 8) y (u > < v )  = < y , u> v c x

again  consi st-exit  w i th  the not cx t i  on int:roduccd in  ~) . in these t -c ri -m , a eener ;a l

algebraic pertu~1’:it on Alt C L (X , Y) of r ank z~ w i l l  be w r i t t e n  as
n

(3 .9)  Alt n . >< v .
*where the vector s u . E Y and fun c t i on a l s  v . c X , i 1 , 2 , . . .  , n , for ~ I m e a sl y

independent se t s .  The ral ige of the oporat:or (3 .9)  is Y . c p a z I (u
1 “~2 ’’  . ,U ) .  In

the f in i t e — d i m e n s i o n a l  case , I could coincide  wi th  V , and ar b i t r a r y  ;-~- r t -u rha—

tions of l i n e a r  operators could he w r i t t e n  in the form (3 .9 ) .

Algebra ic  p er tu rba t ions  of vectors  and linear operators are sometimes referred

to as f i n i te a-ank inadif ica t ions. Thi ~; t er m i n o l ogy  i s  u s e f ul  if a c lear  d in t  in ct io n

between anal yti c  and algeb ra i c  methods in  in tended.  By the use of alg~biaic pertur-

bation theory , one would expect to obtain the p er t u r b a t i o n s  in solut ions of linear

problems in the same form as the perttu:hauIons in the data. For example , one would

want to express Ax as a l i near  conthcnat ic -)n of vectors x
1
,x
2
,...,x to be deter—

mined , that  is , Ax c ~pa, {x
1

,x
2
, ..  .,x )  X , a f i n i t e — d im e n s i o na l  subspa ce of X .

Similar ly , expressions of the form (3 .9)  for  M 1 and M~ would be souqht. In

other words, algebraic perturba tions in the data of l inear  probl ems are expected to

give rise to f in i te  rank m od i f i cat i o n s  of their  solutions.

In contrast to an al y t i c  perturbation theory, the use of algebr a ic methods does

not involve rest riction s on the norms of the p e r t u rb a t ion s  in the data .  1lowe~’er , it

is possible that : alg ebr aic p e- stui b a tions can be small  in  the a n aly t i c  sense , so that

eith er techn i que could lie e :niiloyed . Also , as I) lu s t-r at e d  in  the next  sect Ion , cer-

tain problems 3 end t h e m - a l  von to a con~~ i na t ion of al gebraic  and ann ] yt Ic net beds.

1 _______________________________ 
________________ 
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4• c~~~ - I c  ~~t ci )- s  an d t he  rredhc,ln I It t heo re t i cal  app) icat i on of p e ) t u r —

batic ’n methods , wh i ch a) no has.  imp i ica t i  ens- for numer ica l  comput.ati on , is t he  ex t  en—

sion of the theory  of fi i i i  t.e l inea r  a lgeb ra ic  systems of a equat ions in n un ’;nowns

to cer t am t ypes of linear equ~~. ion s (1 .) )  in i n f i n i t e — d i men s i o n al  spaces. An e x t e n -

sion of thi s k i n d  w i ll  he ob t- ai ned here  by the use of both a na l y t ic  and a) gebr a ic

t echn iques .  Fi a t , the a l t e r na t i v e  st r u c t u r e  ( l . l a)  of the theory of equ a t ion ( 1 . 1 )

w i l l  he g i ~‘en an expi ~~- it  f o rmu l a t i o n  for  the c lass  of operators to he

~~~~i n t  i r S  4.1. Linear operators heioxmjincj to a class ~ C L (X ,Y) a i r  r i i d  to

have a urcc7h ~~1ni hooi ’~ if for each A C 0 , either ( i )  the  ho:a jeneous t , t ~~z t  ion

(4. 1)

has t he ui ’i  qs solut ion x = 0 , in which case the i nhomoqc-neous equ a t i o n  ( 1. 1)  has a

uniqu e  r - o lu t  ion x for each y I , or ( i i )  equat ic ’n ( 4 . 1)  hii S nonzero so) ~ t io ns ,

each of wh i ch can be c - xj x e s s e d  as a l in ea r  combina t ion  of a f i n i t e  numb er  d I i nc a s)

indcpc-ndent  so lut ions  x
1
,x2, . . . ,X~ C X , i n  wh ich  case the tr .inspasc-d honoqc-ncous

equa t ion  . -

(4.2) z l t = 0  -

l ih ewi  s-c has  d l i n ear l y  independent  solut i ons z
1 ,z2, . . . , E ~ in ters.r of

which a l l  i t s  nonzero so) ut ions are  express ib le  as l i n e a r  cosbin a t  ons , and t h e  i n—

homogeneous equa t i o n  (1 . 1)  has no so lu t ions  un less

(4.3) < z~ ,y > = 0 , 3 = 1,2 , . . .  ,d.

if (4.3) is s a t is f ie d  and x
0 

is any so lu t ion  of (1.1) (somet i mes ca l le d  a p~ r t i —

cular s o l u t io n)  , then the  general solut ion of the inhomoqcneous c-~~ n:i t i on can be

wri t t e n  ~ S
a

(4.4) x = x
0 

4 cx • x .
1=1 1 1

wIth arb i t rar y  scalars  ~~~~~~~~
For the al gebraic eas e X = V RIi , real n-dimensiona1 spacc-, the class ~ of

l in Nir  opc r .x t  ors wi th  Frcdho]m theo ry consist - s of all  nxn real mat i-ices It ( a . . )

that is , Q ~ (Rn,Rn), rn-id the a l t e rna t ives  in Def in i tion 4.1 were known to ho ld

long be fore 1903 , when t u e  No rweg ian  m a t h e m a t i c ian  Ivar Fredholm [6) establ ished the

correspondence between the theories of f i n i t e  linear  algebraic  systems and l inear

integral equations of the form

- 

. 

- x(s) — A f~K( s , t) x(t)dt y(s), 0 < s < 3. , -

giving r ise to the present name for the theory .

D e !i n it i c m  4 . 2 .  it l inear  operator )~ c L(X ,Y) is said to be compact if , given

any c > 0 , there exists a posit -lye integer a n (c) such that

(4.~’) K S ~
wheze H ~H C and I ’ is of finite, rank a.

-10—
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A compact. oper ato r  m a y  t h -n  be rec j ai -d -d an a sneill an a l  yt I c  pc’ r t_ w bat Ofl ( if  an

oper ato r of f i n i t e  r ank , or ae a f i  n i t  e i ank mudi 1.1 cat i on  of an ope rat or  wh i ch is

small in the  anal y t i c  sense .  It w i l l  he showi . t h ~it the  Fradholni  t in-w y can he cx—

tended t o  opal at o r s  which can be expressed as the sum of a l i n e a r  o~~ v a l o r  h a v i n~j a

cont inuous i n v e r s e  and a compact opei- a to r .  That is , i f  2 C L (X , Y ) dei iot  es t h e

class of l i n ear  operators 3 such t h a t  3~~ c L ( Y ,X) exists , ~ C J.(X ,Y) the  c lass

of compact oj-~’r.itern , and 0 
~ ~ ~~

‘ t h e  clan s of l inear  c’~~~r a t ol  s of the foi in

(4.7) A ’ = J I K , 3 C ~~ , K C N ’

then cach It c 0 has a Fred 1-~~) in theory . This- a ss er t i o n  w i l l  be proved in  t h e  n e xt

sect ion by - e  i un g  ness I t s f rom both an a l y t i c  and  al c y -)  re  i c p er t  w b at  ion t hc.a Fy

First , it wi 1. 1 h e  shown t bat.  i 1 3 ~ , t h e n  one has the we l l  ~own r e s u l t  t hat

3 4 C 2 for f l A-~ ~I s - u f f i c i c m i t .l y s sn]  1. Lat ar , the r rc .- i l J J o ) ; :  a)  t ’ei not i~ ’e gives

in I n -  u in i  t i en - 1 wi  11 In -  est oh) i shed fo r  O J f  roto rs  which a i e  the sui;i of i n v e r t  i ~ 1e

Ii i ieor c p c i a  I e and I neon opCra t .Or s of f i n  i t o  r ank . The st e  t e s e e t  t h a t  opera t ors

of t h e  foi-n ( 4 . 7 )  have  a F rdho l ni th eory  w i l l  th en  fol lo-.~’ f r o m  D e f i i i ~ on .1 . 2 .

5. Nou n n qu l  as I i  u n - a r  - g n a t  i ens ~ nd epc- iat  o re  . in t h i s  sect ion , t he probi ess. of

solv ng I i n  - - sy~- t esa and th e  i n ve r s i o n  of l ir a ~ar  O~’cra to!~ ; ~:i l J . be c o ns i d e r e d  for

the n ons . in~ u ) ; i r  c r;’ . h ere , a lt . e ru ia t  ive (I  . in ( i )  ) holds , ~nd t h e inv c-r ’.e A 1 
of

th e- operator A ( x i S t  r .

a. An a l yt  i c pert  ur~ at  i en of wc-~ 3 —~~as.ed n a b)  ens;

Def ~ n i  t i o n  5 .] .  /t pr ob lem is  said to be we) J — p n . .~-d if i t  has a uni que solu-

tion whi ch depends c o n t i n u o u s l y  on (is-  da ta .  -

As a general  r u l e , an al y t i c  p er t u r b a t i o n  i .ct i i ods  arc only succcr-s fu l  when ap-

pl i ed to well--posed p~oh3rra ; . ~ h i n  can requi re  the i m po s i t i o n  of ad d i t i o n a l  condi-

tions on the  data  to in su re  un i~j nence s and con t inuous  depcncierLce of the so lu t ion , at

least in ncn ~~ neiqhborhoo d of the so lut ion  of the re fe rence  problem. For the l inear

problems con~ idercd in t h is  sect ion t o  be we] 1—posed , the c o n t i n u i t y  (and hence

bourucied ness) of it
1 is requi red in  ad ’u i t i on  to its ex istence . Consequent ly , it

w i l l  be assumed that  c L ( Y ,X) in the f o l l ow i n g  discuss ion  of the app1ica t~ ~n of

analytic perturbat ion t heory . If  it maps x onto Y then it is well  known t not

A 1 
C L ( Y , X) if and only if m(it ) > 0 [2 , pp . 1 4 5 — 1 5 0 ) .  Lonseth [16 , p. 194 ) has

der ived the r e l at i on s h ip

(5 . 1)  m (A D h Ut 1) = ? i ( A ) m ( i t~~~) = 1 -

between the upper and lower bounds of a l i n ea r operator It w i t h  the continuous in-

verse it
3 . Fur the rmore , (it + A7~)

1 
exi~ ts . if 14(M) < inCA ) . Using (5 .1 ) ,  this

result nny In - stated in t erms of consi s ten t  norn~’ .
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________ 
I f  

~ 
M~ < -- --- -\

~

-. t h en  (M-M) 1 e x is t s  a mid is given  b y
- h A  JJ -

(5.2)  (MM)~~~ ~~ (-/t 1M)~ /t ’ . 
-

~ rr0

Proof : Th e  hypothesis  euct I antees  the (-Oiive) cnce of t h e  K en ; ;  nun i i - ~;

on the  r i gh t  s -i d e  of ( 5 . 2 )  . Dc-not m g  t h i s  ser ies  by S , one f i n d’; by d i i  ccl i - s t i p-

u l a t i o n  t hat  ( A I M )  S I~~, (he  1d i i t  it y  operator  j~ y 
, an d S (7~I ‘e ’~) I ;  h i e u i ~ c-

s (it4ATt ) 1
. QED

Although the Ness ~~ ~~-i-ies expansion ( 5 . 2 )  in u s ef u l  Ic - i th eoret  i :il ~ U 5 j ’ ’  as , i t

l ikely to be too slowl y convergent  fo r  p r a ct i ca l  c :cenputatinn . The p a r t ia l  at : :
k

(5 .3)  Sk n~ 0
o t h e  Neumann nc - s i  en (5. 2) may bet obtained by the  s-i~~p I e i t  r~~t i c - u i

(5.4) S0 /t 3 , ~~ = 5
~ 

(/t l /~7~)/ ~~ k = 1 , 2 

From (5.2) , for 0 ~ A~~-AA l1

(5 .~~) 
~ 

(MM) 3 
— S

k II ~ II.
In order to f i n d  a more e f f i  c-i c-nt method , the H o t  e 1 J i ~~ç- Le’n~’ ;c t ) i  O J ~j e 1  5 t imu  [ 17 )  may

be adapt e td  to  t h i s  purpose . In t is s p ’ c i  al case , the  i I c - r a t  i on  j )  eec-sn is

- ~k 4 i
(s.c~) B0 

= /t 1~ 5k 
= ~~ + (—7t 1 I\/t ) 2 

~~;;-•- i ’ k 1 

It i s c-any to s-how by mat heu -xn t I cal induct  iou -i t hat  S ; hence , f rom (S 5 )
2 ~“l

hl(MM) 1 — l3k h I ~ ~~ ~~‘

so that the sequence {B } ) definc-d by (5 .6)  conveJ:ges q ua d rat i c a ll y to (MA~t) 1
.

The only a d d i t i o na l  l abor required over the store slowl y conver gent_  rulqori t i m  (5. ‘1) is

the repea ted squar ing  of the small  operator

Attention will now be devoted to the es t imat ion  of the pe r tu rba t i ons  M 1 - and

~x in the inverse of the perturbed operator one) the so lu t ion  of t h e  p er tu rbed l inen ’

equation (2.3), respect ivel y [14 . 15 , 16) . It wi l l  be helpful  to in t roduce  the no—

tion of the condition ntnuui’er of a bounded l inear  operator. For it C L(X , Y ) ,  the

exact condition nuir~~er K ( A )  of it is def in cd  to be

(5.6) - K (A) —-
~{~+ • 

-

and is a measure of the distortion of the image in Y of the un it ball in X as

trans-formed by the operator /t . If A has  a continuous inverse , then ~~(It)

by (Sd) . Lor computational purposes, it many be expedient to use

—12- 
- 

-



cons-i steu t norms for L (N , Y) ~ nd 1, (Y , N )  , ouch t he  ap j) iox ivma  (C ’ c on d i t i on  ntsnbcr

( 5 . 9)  k (
~~~ ) ~ itht 111t ’ Ii

whi ch is an tippe r bound for *Z (It ) . The in c - q ua i l  t i es  g iven  be low v i i i  be st .utcd in

ter ms of consis ten t  nones and approx ima te  condition mnn:’be~ s- , hut. rem -u n ~‘.ilid if

these upper bounds arc ’ rcp lac- -d by th ei r  exact values.

Firs t , from (5.2),

(5.10) (/t+ AA ) 1 
- ~~ (-/t 1M)~~A 1 

, 
-

and thus , 
n=l -

( 5 . 1) )  ~ < _1Lit1~i1~~. il~~I E -:
1 —~ 1% • 

~ 
ttit~j

Dividing ( 5 . 1 1)  by 
~ /t l 

~ 
and mul t iply i nq and di~’idi  nq II AA II  Oil t h a  x i y h t  b au d

side by ~ 
it 

~ 
g ives

f lM~[ -

(5. 12) JL~~ iL k 
~L11~1L ,

/t
) 

1-k (A) J1’~JL
it

whi ch exp r e s se s  the r e la t i v e  (-h ia l i ne  in the- i n ver s e  in t e rm s  of the- r e lat i v e  r e st ~~
)
~

t ion of the r e f e re n ce  operato)  are~ its ( ; j ; - i c ’ x i n u t  C )  c-cssi i lion flu ;  d~er.  it s i m i lar

ex~-rcssiof l  v i ) ) .  now be ob i n i u t e t )  f o r  the  p er tu rb at i o n  Ax i n  the s-olutio~ of ( 2 .  3)

Theore m 5 . 2 .  If fl M~ < —~~-
—-— , then t h e  p c -r t u t-bed l i ne - a r  equ a t i o n  (2 . 3)

— —— flit~
ill -

has a un iq ia -  sol ution w X -I Ax for each 7. y + Ay,  and

(5 . 1 3 )  JL~xi! < 
k ( ~~) [JLA~iL4 1!~~J[

li x )! - 
1 — it (J~) ll ~1L L Ii ‘~ it II ~‘iI -

II ii
provided , of course , tha t  y f 0. -

)‘roof: 1y Theorem 5.]., the hypothesis gu ar a n t e e s  tha t  13 1 (MM) 1 It 
14f \  ~

exists , wh ich implies the un i que s o l vab i l i t y  of ( 2 .3)  for  each z . ~-~riting (2.3) as

( 5.14) (A + Alt ) Cs + t tx)  y + Ay

one obtains

(5.15) A x =  M 3y + (MM )  1Ay

As y ~ Ax , f rom ( 5 . 10) ,

(5.16) M~~ y )
~ 

(—iC ~~!~it) ”x

— 1 3— - -



so tl at -

(5.17) II Ait 1 )) < i!~~~IL~ ll~~L1l~ IL ~~~~~ ~~~~~~~~~~~

. LA~1L i i x  ii
i— JJ it Jj •

~
j MI! ~~ k~~ll~~ flit I)

Simi) an y, from ( 5 . 2 )  ~ nd the fact  that  fi y f i  fi Ax < it )~ x ) l ,

(5.18) ) J (M AA)~~~~yI!  ~ ~~~~~~~~~ . L l l ~iL
i— Il zt~’ ~ LI A - t fl ll ~

‘ II 
-

_
~~~~L~~ . J~~ !L. -; - 

-

1LMII
- 1- it (it ) - --

~~~ 
- ii y

— H ~ H
Inequality (5.13) now follows directly frets (5.15) , ( 5 . 1 7 ) ,  ari d ( 5 . l f l )  .

b. /t ] -h a le 1 - ~ rt ur ic - i t  ion  of nou si emil  or ii nc- ar  eciuat j oin; and O; d’ r a t  or-s .

The siu~~~ ent  type of al geb r a i c  p c ) t 5 u ’ i - t ion  ( 2 . 3 )  of the l i n e a r  sys tem ( 1.1) i i

wi th ttii 0 and Ay rcr~t r i c U- d  to b - l on g  to a f i n i  t o — d i m e n s io n a l  subsp :icci Y of

Y . Given a has-in 
~~~~~~ 

‘~
‘2 ’ , y )  fo r Y , one need onl y f i n d  the coi-rcspo:riii ;q

basis vectors

(5 .19)  x.  A ’y .  , I 1 , 2 , . . .  , n ,

of the-  subepace X C X wh i ch w i l l  tu e-n c on t a i n  a l l  possible  p er t t u rb a t  ions  Ax.

Thus, given -

(5.20) A~’ ci
1~’1 

-l + + a~_~Y3 ,

it follows tha t

(5.21) A x = ~~~ x 1 - a x  + ... - i - a x  .1 1  2 2 n n
In actual computation , it may be more ef f i c i e n t  to solve the n systems Ax. = y .

i = 1, 2 , . . . , n , for the basis v e c to r s  for X , eve-r i if X is f i n i t e — d i m e n si o n a l  [5 ,

p. 77) , than to ca l cul at e  /t
3 . 

-

To in troduce the stud y of the c f f ~ ct of a f i n i t e — r a n k  modificat ion of an opei-a—

tôr upon its inverse , the Cane of rank one perturb :itio’ will be considered f i r s t , as

a ll the indicated operations can be disp layed explici ; - y . For M u><V with
*u c Y , v c X nonzero , the solvabi l it y  of the perturbed system ( 2 . 3) , that  is

(5.22) (A + u >< v)w , 
-

will be investigated for arbit r ary z . its it
1 

is - ~ussumed to exist , the equa tion s
,. —3 ~ — 1

u, Az z can be solved uni quel y for u A u, z A z , respectively. In

terms of these solutions, (5.22)a”ay be written as

(5.23) w £ - G < v ,w> .

-14- -
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The key to the solvThi  b t y  of (5. 2 3 ) ,  and hence of (5. 22) , is  t he  d e t e i i nj n . , t  ion of

the nuuu ~~e-r ( < v ,w > . Fro m (5.23),

(5.24) v ,w > + < v ,~i > <v , w > < v ,~ >

if  the deterrni n a,a t

( 5 . 2 5 )  6 1 1- < v ,~ > I + < vlt 1u >
does not v a n ish , t In -n  (5 .  24)  has the  un I que nol u lion

(5.26 )  
- 

<v ,w’> = -
<‘

~
“

~~~~~
—

6 1+<v it u>

wh ere’ the not at ion ( 1 . 2 1 )  has been used in (5. 25) and ( 5 . 2 6 )  . ~;u P st i tu t  ion  of (5 .  2(- )

into (5.23)  y ie ld s

( 5 . 2 7 )  w = A 1z - ~~~~~~~~~~~~~ = ( A l 
- 

A~~~~~~~< V It . )  2,

1+ <v /t u >

so that  -

-.]_ — ]
(5 .28)  (~ + u 5-< v ) 1 1 

—

- 3. + < v h ’u>
provided 6 / 0. fleece , the  inverse  of a rank  one nio~~i f ic at i o u ~ of an j n v~~r t i b l e  epa: -

operator , i f  it cxi!-ts , is a rani ; one m o d i f i cat i o n  of the- l 5 ’ S - i  of the ) ( - f e ~ c - r a e

operator. The synr : r - t  ry of (5 . 28) , 5c ,ri ~-t imc- s cal l ed  t h e  Sl s - o ‘ . - -‘-~o r r3ro : — : - , c) d) ~P ~~!J

formula  l U , pp. 123—124; 35, 46), is - opjx’aliuicj.

Using (5.28), the solution w x + tlx of (5 .2 2 )  is

(5. 29) x + Ax = x I It~~ Ay - -‘
~~~~~~

-
~~~~~~~~~~~~~

--- ~~u >
or

(5.30) ~x = - 
< V  ‘~L~~_y_?_ It~~~u
1+<v A u >

Thus , the p er t u r bat i o n  Ax is a l inear  coi thin a tion  of Jt 1Ay and t h e  vector

U A
1
u. if Ay is an a lgebraic  pe r turba t i on of the’ form (5.20) , and u is inde-

pendent of t he vec tors x . = /t 1
y . , I = 1,2, . . . ,n ,, then Ax w i l l  lie ii~ the (nil)—

dimens iona l suhspace X spa n {~~, x ,x ,... , x 3 of X ; o the rwise  Ax c x =n-I l 1 2  n n
spa n {x 1,x .,. - . ,x ) .

Before going to the ge ne ral case , two applications of a l g e b r a i c  perturbation

tlu ory - w ih l  be g iven wh i ch involve rank one modificat ions.  Thc f i r s t  is to the

Fredholnu i n t e g r a l  equation (4 .5 )  in which the kern el K(s , t)  has the si-eciOl foim

( u (t)v(s), 0 < t <  s < 1 ,
(5.31) - K(s ,t ) (

1~ u ( n ) v ( t ) ,  0 < s < t < l .

1 
_________ 
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This tYP O ii! kernel  .i i i  t.e S .i ii appi I r a t  i out; f o r  examp le at ; a Green ’ s fu n ~~t .i on de t c i  —

mined by a two—point  hoiinda 
~ y v a l u e  j n -ob) em 1 3~~) . Given t he  r (~preti1tfll atiO1i ( 5 .  3h

for K Cs , t) , the in tctjra 1 eqtsi t ion (4 .  5) may be w r i t  t e n  as 
-

(5 . 32)  x ( s )  — A fS  L ( n , t )  x (t)dt — A f
1u ( t ; ) v ( t i x ( t ) d t  = y C s )

where 0 0

(5.33) L(s ,t) = u ( t ) v ( s )  — u ( n ) v ( t ) , 0 t S I

Equation (5. 32) is of t he  fona it — Au >< v )x  = Y~ t~h CT&~ It I — AL, IS a I

Volterra iiit ~ g ral ope~-ator of second k i n d  w i t h  k e r n e l  ( 5 . 3 3 ) , and u >< v is a

Fieuuioliii nit (ejral operator of first kind and i a . nk one w i t h  ke rne l  u (s)  v ( t )  . The’ i n--

it 1 
(1 — AL) 1 of the Volt er r a  operator of s-econd k i n d  e xi st s  for  a l l  A

130 , pp. 52 — 53) , and thus  t h e  l i ne a l  Vol t erra i nt ccji al equatiol)

(5.34) a ( s)  — A f~ L(s,t) ~ (t)dt w(e)
0 -

can be so] ‘-~-~i for a i b j  t rary w (  n )  ; i n  1-ash en] as , one obtains  ~ ( n )  = ~ (s ) for

w ( s )  t~~s ) ,  and a ( s)  9( s)  for w ( s - )  y ( s ) .  Corr csponding to (5.25), i f  t h e

} r cdho 1 t~ dOt: ( :J mj  nan t -

( 5 . 3 5 )  6 1 - A < v , G > 1 — A J
1 v ( t ) ~~ ( t ) d t

dOeS not ~‘ai ~~ s];, t he -r i , froni ( c ) - 77)  0 
-

( 5 . 3 6 )  
- 

x ( s)  = 9( n )  4 -
~~ C~( s - )  f

1v ( t ) 9 ( t ) d t

is the U!) I (21)e’  so l u t ion  of (5 . ~2) . I~ejice’, the no] ut.ion of t h e ’  I r : c l h n l fl i~ .t (‘~~l Y  a l ea~~’-

ti Of) ( 4 . 5 )  
~

- ‘~~~(~~~ he kerne l (5. 31) can be obtained by so] v i n g  the Vol (~~i ~ a i i it e~~ a]

equat ion (5. 34) w i t h  r iy ht  —hand  s ides t: (n )  u ( s )  and t / ( s )  = y ( s)  , fo1lot:e~ y t -

calcul at i o n  of the inner  product i n te gr a l s  I i ~ (5 . 35) afld (5 . 36) -

The noc-onch app ] i cat ion to be cont ;i  de~ ed for  rank one mccl i f i cat ion o’ a I i  neai -

Operator is to becki -a ed error a r t a l y r  i t -  in  the  so] u t  ion ( ‘1 l in e a r  equal i 0:15.

that one atteopt s to solve the linear equation (1. 3) and Obt i f l ns, In s t  cad of x , an

appr oxiiuat e solut ion w such thzi t -

(5.37) - i t w = y + r , 
-

wit)) nonzero J ~~~idV.l l r , The J iahu—Panacl i  tht:orem 138 , p. 386) qu ar an tees  the

existence of a linear ftmetjonal w c X such th a t  w I. and <w ,w>  11w II
Thus, W is the exact solution of the l inear  equ at ion

*
,~~~ ~~~ t r > < w  ~it — - --- ) W y -

- 
- 

l l w I !
with per tm-becl operator and desired r i g ht—han d side. Zu.n a n a l y t i c  bound for the

per turbat ion of A is thus

(5 .39)  II Mfl -
~~ 

r~fl~
l iw H f l w fi 

—



- 
)~et tn- n I 11I~ to tire ~ t t idy of ye t i r i - a l  a I yt-h~ a i c c ’ i t  u r  bat. 1 oiri ; , not e tha I ti ic c~pli v—

alence of (5. 2 2 )  and the  sin ej i c  s-cal a r equsit  ion  ( 5 . 24 )  est .d ’l  ic ier ;  t h a t  (5 .  2’) has a

Fi-edliolnu theory , because- ( 5 . 2 4 )  does. In  th e -  cane 6 = 0 , t h e 110111 1c’flc~0U3 (clu.)t 101)

(A 4 u >< V )w ‘-~ 0 is sa t i s f ied  by (and only by)  v e c t o rs  w ciCi w i t h  et a; b i t  in;

The iiihci rnoijeiieotis equat ionS (5 .  22)  and (5 .  2-] ) then have sol ut. i OIIS only if

(5 . 40 )  < v , 2> <v A 1z. > <~~, z >  0

where. ~ vA
1 

s a t in  l i es  the t i an ;.~‘o;;c ~ i )iomo~~c;iCOUt ; ec2ua t  i Cr )

(5 .  41) ~~(A + u > < v) 0 -

Theorem ¶~~. t . i f  ~~ C L ( X , Y )  deirot  e n the  c ) C 5 n  of all i n v e r t  )l) ic ’ 1 i n c u r  epe r a-

torn , and 3 C L ( X , Y) the  class of a l l  l i near  ope r at o r t ;  of f i n i t e  rank , t ’ a n  a l l

linea r ope r a t  c . s s  bc- I any i ny to t ircr c l as t ;  0 ~ 6 3 h ave  a Frt-dho] in theory .

I roof :  I f  It ( 0 3 • t h en  t h c - i e  is an iv o rt i bi  c I i n c - a r  ooeratcr  A C

for viii ci It can be u~ r i t ten  e n

( 5 . 4 2 )  13 = It I U . >< v .

whore  U . C Y , v . C X , j  = I , 7 , - . - , ii , a t  - 
~ i i  a r ]  y I iici - -~ nd~-nt  set s c - f  v ec t or

and f u : ~ t i o n a l ; ; , r : - p -c t  i\ ’L- ] y .  Eq u a t i o n  ( 2 . 3 )  i n  ( i i i ; -  -a cc - in  e q u iv a i e a ’~ tO

( 5 . 4 3 )  w ’ ~~~~ - 
~- 

3 
j=l ~

)\ z , Ci . A u . , j  I , 2 , - . - , n - ly-ply ini  t i r e  f ’~:nct i c -c a in  , v , 

to (5 .4 3 )  in  t u r n  g i van the  - c~u i  Va) c-nt . f i  u I  t o  l i i i  - ‘ i -  a I y~ -br-a ic  n y :  1. c- rn c f  cc : c i i t  i ~cs

(5.44) + 
•
~~~~~ ~~~~~j ~i ‘ 

1 , 2 , . . . , n

foi- ~~~. < v ,w > , where ~~~. < v . , ~~> and ~~~~~~. = < v . , ~~ . > , i , j
1 1 1 1 1) 3~ 3

~s the 1-1(-cfl a l r n  a l t e r n a t i v e  app ] ics to (5 . 44 )  , i t  follows th~it  op e t a t o r  of the  foi

( 5 . 4 2 )  have a Fredhoirn t heo ry . ~ED

in the n on s in g u l a r  case , an expression can be- obt a in ed  for I3~~ as a f i ni t e

ran k nodi f i  cat  ion of )u~~~. Let

(5 .45 )  ( 6 . - -I- U . .)
1) 1)

debi t e the m a t r i x  of co~~f f i c i c - n t s -  of the- linear system (5.44), where 6 . .  is the

Kroneck er de l t a :  6 . - 0 if I ~ j ,  6 .. = 1. its the  de t erminan t  6 of 11 is
1) ii

assumed to be nonzero, the inverse of N may be t~-i
- itt-en

(5 .4 6)  ~4~1 
?~
;- (~~~~)

and thus - -

(5 .47)  
- 

r~~< ~ ‘ ,W >  

~~ 

= 

~~~ ~~~~~~~ ~~~ 
< v ,2>

j  l,2,...,n. Using (5 .43) and the fac t  t i s it  < v ,~~> < v A~~~z>  < ~~~~~~~~~~ > for

— 17- 
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0 . v .it~~ , 1 1 , 2 , .  . . , n , one obtai ns - UIC soluti on w of (2.3) in thi s c~ts~ ers-

( 5.48) w — ~~
- 

~~ ~ it~~~u . > (~~ < vj C~ ) z
i 1  )~~l

By tak i ng app -opr i  ate l i near  COinh i n at i  OIl S u
1

, i1
2 1 - 

~n 
of U

1
, U
2
, - - . , U and v 1 , 

~
- . ,

~~ 

of v
1 
, v

2
, - . . ,v ( for  examp le , by an LU- deconl~\csi t ion  of N t S , pp. 27—

3 2 ) )  , (5 .  48) stay be put in  the  form

( 5.49) w ( iC’ - 
~
- ~ A 1ii >< ~~. A 1 ) z

j =1
from which  -

(5 .50)  ( it 4- u~ >< v’ ) - ~~ >< ~~~ . iC 1
- j=1 ~ 5=1 )

which i cc ana l ogous to (5 . 7R) -

Another way to f i n d  the inverce  of the r -~ t uc ~ I a - d  ope r a t o r  (5 .  42)  is the ~ - -c  hod

of successive ra nA~ onc- , n a d if ic- a  ions , u-~h ich  does  u t a t  r equ i r e  obt~i i n i n g  ~i ~ exp i i  c

i t iy .  Set

( 5 .51 )  B0 ~ ~ — l

and ti i c-n t h e  a l go r i t h m

+ U
k 
> <

( 5 . 5 2 )  - 

13 1 p  >< v B 1
— 1 —1 k — i  I; k k — IJ3
~ 

— B~~~1 1 + < vk
B

~
’
l u~ >

3 ,2,.. . , n will  give = B 3 if none of the inter mediate dctcrz ui ir :e r n ts

( 5 . 5 3 )  6k = 1 -i- < V~ 13k )  u1 > :~ k = 1, 2 , . .  ., n

vanish .

it shoul d bcu noted again t h a t  i t  is not necessary to ob ta in  A ’ to solve the

cqu:ttion (2.3) for 
-

( 5 . 54 )  w — ) ~~~ . G .
-
- j r - i  ~~~~ 

- -

as given by (5.43) . What is rcqu .ir-ed is to c-olve equat ion ( 1 . ] )  for the ni-I i-ight —

hand sides  y z , u
11 u7

,...,u for x = ~ , G1
,G2 , . .. , CI , c a l c u lat e  the c oef f i c i e n t s

of the :.ystcm ( 5 . 4 4 )  of ii e q u a t i o ns  for the ii unknowns 
~1’~~2 ’~~ 

- ,

~~~~~~~

, solve th i s

system , and th ou form the l i n e a r  cornhina t ion ( 5 . 5 4 ) . -

An imj~~r ta nL appl ica t ion of t h ~ above techni que of ctlcj ebraic pcrtuib~ tion is to

the nuetcij eal  solut ion of partial d i f fc rcs -t i~~l equations by what is ca lled the caj u—

citauce imat r ix  ,.uethod 136 , 4 2 ) .  The basic problem is to solve , for example, the

I’oisson or )Ie )mh oitz eq na t ic rn on a r eq ion ~
), wi th  inferura t ion  g1~-cn on its b o u n d ary

~ Z (see P1gw-c 5.1). The use of finit e -diff erenc e inc’t:bocj s will lead to a linear

— 18—
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Figure 5.1 -

algeb ra i C nyst ~-nr 13 w = z Whl icli may be \‘ery I aborious to So) \ •C - On l h o  other .‘

rapid and e f f e c t i v e  m i t h ~~-P; m ay be av a i l a b l e for the a] y c - b r a i c  cy st  c-in I~x = y corren-

poncu i ny to the same f i  n i t  c—c l i f fe ic-sce approrc I i su t ion to the pr c- b]  cm —c~ - a c I  on nt ;  c-n—

clon i ng  rec tangle  R w i t h  boun dn -y ~R. fl y ~- qeu r c3 iny  (h i  a ]  ~~~~~~ e cy st  a c t  oPt i ccci

for Il an a finite -ank I e r - t u r h a t  ion of t h e  easi l y  solved r-y  St (cc c u r i  c i  sq froc ;  i he

appr-ox cute problem on 1< , a consi d c -  m ile r cd t ic t : ion  i n  e f f or t  may i-c- -n~ s ib ]  C’ .

cally, if the order of tic ’ sys tems  (1.1) and ( 2 . 3 )  is ab aut  ~~ the - r i  ( I r e .  r a t h  of t i -

per turbat ions  Mt and /ty wil l be app roxim~n tc- i y it -

The Fr edhomm theory ‘ci] 1 now be shown to apply to opera ic-c s u-:hi ch are  tic- t u r n

of a con t inuously  i n v e r t i b l e  operator and a compact opc r at o r .

Theorem_ 5 . 4 .  Op - i a t c . i  ci it belong ing to the class ~ d~-f i ~~r3 by ( 4 . 7 )  have a

Fre dhcil in t heory.

Proof: Choose C < 1/~ J ~~~~~~~~ j - A c c o rd i n g  to D e f i n i t i o n  4 . 7 , the cot;poct o~-c- ra—

tio K may he w r i t t e n  as -

xi
(5.55) K S + ~ uL > < V .

5=1 ~ 3
where I i  = n ( C )  is f i n i t e .  Thus , -

xi
(5.56) A 3 + S + u . >< ~~~.

5=1 3 
1

and Theore m 5.1  gua r a ntees the ex steu - uce of t ue  inverse oper ato r (u s)  € L ( Y ,X).

It fo]lovs- from Theorem 5 .3  that  it has a Freclholm theory . ~M~D

Thc-orem 5.1  p iovides- a basis for the “k erne l  s p l it t i n g s’ method due to Erhard

Schmidt 11 , p. 155) for pro \ ’ing the Frcdhol m A lt e rnat ive Theorem 16) for the linear

integ ral equatIon (4.5) . Supix se that  K ( s , t)  is coutinnous , or at least can be

apprc~x in .it.ed sufficient II ’ w a l l  by a kernel of fini te rank so that one can write

-19-



- it
(5 .57) K ( s , t )  S (s , i )  + u - ( s) v  - C t )

5=1
where S(n , t ) is tire k er n e l  of a l i n e a r  i n t e gr a l  operator S w i t h  II S II < —

~~
- - - —  in
lx i

the appr o p r i at e  norm .  Their , tire 1 inear i ntc -g ral  opera tor -  I — AK in ( 4 . 5)  hat ;  t i r e

form
n

(5.58) I — A K = J — A s -. A 
~— 

—l 5=1 ~
wher e (1 — A S) T( A ) e x ist s  by Theorem 5.1. A p p ly i n g  Ibis operator to the e~ ucr-

t ion  (1 — AK) x y ,  tire i n t e g r a l  equat ic ’r t  ( 4 . 5 )  is seen to h e  c u u i v i i] e i tt  to t1re

l inear  cquci t - ion
it

(5.59) (1 — A ) T~~t) u .  > <  v .) x  = T ( X ) y ,
5=1

- and thus  I — AK h as -- a Frc- dlro lm theory by Thcorc-m 5 . 3 .  This approach r egards  I—AK

as an a lg eb r a i c  p c-i t~t r r ba t ro : i  of t i r e  in v er t i b l e  operator  I— A S .

On t h e  o th e r  ui ;t nc l , c ;t ;~~~-c~.t .~ t h at .  -

(5.6 0) 
- 

- A u . >< v ) 1 I + ~ ~~~~. >< ~~~~. z ( A )
5 —1 ~ o j~ 3 ~ 3

-> : h - ( s , t I c - i c  t i r t -  i c> t c I i o n  (5 . 50) be - c -  bc-en us-ed .  Then , I — AK is an an a ] v t i c  I t —

ttr i h:rt i oa of an i ; c ~~t - i t i b] e d cc; c l o r , a nd (4 .5)  i t ;  ec ] u i va ] - c t t  t o  (h i  - e v c c t  ion

(5.61 ) (1 — A~~( A )  ~;) x ~ - 7. ( X ) y -

From Theorem 5 .) , i f ( I  — AK ) 1 cxi sin and j~ AS I~ < 1/~~( T -  AK) j~~ , tics Z ( X )

exists , so a l l  s u f f i  c - i c - n t ] y good f i n i t e  r ank  itpp1O X~ r ’-;~t i it t ; (‘ - . 57) to K (c , t )  ~ i 11

lead to a sol ve-b) c pert  uil~~ 1 c-quat  ion
3-I

(5 .62)  (1 - A u .  >< v . ) w  = y
5-4 ~

which is e q u i v al  c -n t  to a f i  r i t e  l i n e a r  a] gebr - - I c  c y ; . t a r c  of’ thi c- Loin  ( S .  4 1) - Convc-r s —

ly ,  if  ( I i - i r r v  opc- i-ator z ( A )  e x i s t s  and J~ 
A z ( A )  S < 1 , thei r S t .  follows  f r-em

the cct ln r -  t h cor c- a t h a t  (I — A K)  
1 ex is ts  - I f  u 1 1 t1

7
1 . . . , u and “1’ ‘2~ 

- - V are

d uo s -cu so tha i  a l l  the  inner  prcr cmuct- ; rc- c ju i red can be c-al cu la t  ed e x p l i c i tl y ,  t hor-i

this ij ivic  a rr ~cthod for  c o i t c i u d i r t y  the c-xistence and un i q uen e s s  of the so lu tion  of

the in tc~cj ra1 c -qr tcc t  ion ( 4 .  5) on t in e  h a s - i s  of a f i n i t e  set of a lgebraic  co ;-iputat  ion s ,

as well as a techn ique to ob t a i n  ap pr o x i m a te  s olu t i o n s .  An error analy sis for (5.6’)

xu~ y be carried out l-’y the ana lytic methods- of ~5a wi th  Mt = — As , Ay = 0. it si m i l a r

approach can be used on ( 5 . 5 9 )  ~-~ith T ( X )  rep laced by
— 

2~~~~~ k k
(5.63) Tk

(A ) i + As + A s + ... + A s
Setting z = T

K
(A) y ,  the rccrturbed c-quat iorn  - -

(5.6 4) (1 — A ) T~~(A ) tx . >< v .) w z
5=1

— .0-



m a y  be anal y ’.ed by the  same Icehiri quc , w i t h

(5 . 65)  Mt A ~ (A S) k 4 1  T ( A ) u . >< v .
5=1and

(5 .66)  
- 

~T ( A ) y  — ( A S ) ~~~
1T ( A ) y

As ~ T ( A ) l l  < 1/ ( 1 —  II A s h ) ,  and for

( 5 . 6 7 )  Ar = A ~ u . >< v .

- 5= 1 ~ -

one has

(5.68) II Mt < ]L~~i 1_  fl Ar J J .  H A T ( A ) y j j  < f l y  I )
— 

1— 1 1  As H i — h A sH
w t t h  -

( 5 . 6 9)  H ~‘H ~ I ~l II ~ - II l i v . 11
5=1 ~

fro m ( 5 . 6 7 ) .

Another  anal yt  ic ;ip~ ru ; ch t - t in e ap p r o x im at e  so) ut ict n of (4 - 5) tIn e) 1 a lso  vi  c~I I - ~

er -ror )~aunds is to  ro lve  (5.6 1 ) by i t e r c u t i o r i , as- 
~ 

A~~) - ) S h l  < 1 (2 9 ) .

6. ‘Pt - t i n ~ t t l ir -  cci ; c’ ci: ’] c t c - ; i r - r i 1  i - r e d  ) t ; ’ r - r c e s - .  At t e nt i on  w i l l  rics -- he devot ed to

l i ne a r  pr ou i l i - : - :-  t - i c i ~~~n a r e  i )  l—psr .od  I i  c~~u - c- t he  l i r c - e - i  cy at or  i n v o l ved locs- n o t

have a 1 .oru t  ~ -d S nv - r - -c. . A s- tic- c o t s  t i o r; : ;  , S f any , of i l l  ~~~Os- c-Ci ~~ eit l L -rac do not  ic- —

pcnd c’s the  d~~t - n in  a i c it  i m r -j un fcrs l r  I on , it might . lie expi-c -t  cd i n  t i i c .  c c i  t e at  I~ -n the-

anal y t  I c  pert  u n -I - -c t i e ;  ic - t I e d : ;  w i l l  be 0 l i t t l e  tit  i)  j t y ,  or car) be .cpp ) id 05l~ undc

~‘c- y c ;- t  ic -  ( i vy  -o :ir3 i t ion s- . For cxcrmp ) e , t ic-re is an i ur i c - re n t .  ii n i t  a ti  on as to how

well an opcret r B c L (X ,Y) without a continuola; in v er s e  cart  be ‘~ roxicstt .ed by an

operator it bc-lorrgincj to the class-  C L (X , Y) of oper a tors w i t h  con t i ne-~~us- in-

verse s C L ( Y . X ) . From Thc’oi-crr 5.1 ,

(6 . 1)  II ~ 
- itt! II Mil 

~- liit~ II
ot)e--n-’iSc - , tic- assum pt i on that. B 

~

‘ 2 would be contradicted. Also , from ( 6 . 1 ) ,

( 6 . 2 )  ii it ’H >~ —~~-— —~~ -—
,

— 1) 13— it)) II Ml!
so that H A 111 and t)rc approxinvr t:c condit:ion number

(6 .3) k (It) 
-

> .IL~]L > iL~JL - 1
ii ttitll II tt.rtil

gow without lim it arc II 1~i~~ ~ 0. Clearly, coarputational difficulties can b~ expec—

pcctc -d S n  the c a lculation of It 1 or in the solut ion of the l inear  equation ( 1.1) if

it is very cl ose in  the an a l y t i c  sense to an oper ator B which does not have a con—

tit uuouit Snv er r- o.

=2).— 
- 

- 
-

I 
__________________________ 

____________________________ 
_______________________________________________________________ ________



- Thecn c’m 6 . l .  j f  {i t )  C is  any sequel-Ice of I inc -ar op er a t o r ; -  such t h at

J i m  h i t — B  ~ 0 , then ~ f’ ~ 
if and onl y i f  ((‘ . 2) holds f o r  each It it , n

3, 2 

l i o of :  II 13 f ~ 
, then it has - a~ ready been shown t ira t. (6 .  2) holds for ee-~- li it -

To show the contvc -rse , s-up~vrs -e t h ~ t }~ ( 
~ , and choose n s t i f f S  ci c-oily I :u r-qc ’ c O

ii Mt H = 

~hI i t — ~ Ii < 1/ 2 ~ }3 1 H . It t ) r&ciu  fol l ows  fm -on ( 5 .  2) t hat

( 6 . 4)  H ~~~~~~~~~~~~~~~~~~~ - - < 1T~~~~~ 1T
— 1 ~_ i 1 M H - H  i~ ~

, A
n Il

a Conr t  c u d i c t i  on of (6 . 2 )  whi cit proves- tho t h n c - o r c m n .  QED

its ev ident  dt - -i- .-]-ecrk of a na : t yt i c  p e rt ur -ba t i . on  t heory is  that , in genera)  , so

conc lusions-  c-an he dra t ~’n from ~the  e x i s t  ence of ~ C L ( V ,X ) about the i m m v e r t  l i - i  l i t’.

or n e - n i  nnvei - t - ib i  i i  ty of any opela t or B for whi cit i ne cj u a l i ty  (6. 1) holds .  The alge-

b r a i c  t heory ,  on t h e  ot her Ire -nc ], t c t  e - t ( ; s that  i f  Ii is the f i n i t e  r an k nodS L i  c -a t  ion

(5 .4 7)  of aru  i n ve r t  i b le  l in e a r  op~ r a t o r it C ~~~~, then 13 1 ex i s t s  i I and o n l y  ~~‘

( 6 . 5 )  
- 6 ~

- dc-t (6 . - + < vj t  1
u . > ) / 0

1 3
Of c:ou se , one ~ccu]d st i l l  c - r i - ’ ct c n c ) n r t — : t orral d i f f i c u l t y  i f  B ir ; n e a r l y  s - i : - - : c ] :n t

et~~~c i c i l y  i f  t h ( -  i ~~~ - - odo -t  < ~~~~~~~ ~~~~~~ > , i , 5 1 2 , - . n , 
~~~~~~~ ~~~~~~ v

ca l c u l a t e d  ;~ - c u  ot-*;uat e l y .

Time c u l  C~~~ i 3  a i c ; cpi u ‘cci c l  so r av i  dc-s I ,  fe . ion in ( i ce  si 11c c : )  ci- c a — c -  - ~ c

ing t hot  6 0, cc- au c i-r  1:},c t r z - n - - -pce-ed ho:nogencou;; c-quat ion

( 6 . 6 )  t (  It I u . >< v .)  (I

* 
i—i

for t c X . U sing  t ine t c-clnnid lue of !5b , t i l t -  i s -  equival  c-nt to t h e  f i n S  ‘. e 11 sear

al gc-b raic system

(6.7) T . + 
~~~~~~~~~~~ 

= 0 , j

for T . ~~ < t , u . > . The sy st em of cquot io rr s  ( ( ‘ .7 )  is- the t rans-p osed )lcuc og :lcetms
3 J

syst (:m corresponding to (5 . 4 4 )  . If 6 0 , then  ( 6 . 7)  has d l inear ly  iurdepencient

!;olut ions
(6.8) 10c) 

= ~~~~~~~~~~~~~~~~~~~~~~~~ k

and , corresponding to  these , equa t ion  (6 .6)  al so has d linearl y indepen dent solu—

t ioiis

(6.~i) : )
~ 

-r~~ v . it
1 ~ .r (k) c~.1=1 i=1

k 1 , ? , . . .  , d . Li1~c~wir c~, the homogeneous syster-c

(6.10) 4 ) C~~i~ 0 , i
5=1



has d - I i  nh-a r )  y S i~ l~-i -.- n n d c n  t s-el itt I e r rs
( 6 . 1 ) )  

- 

1 (k) ( E ~~ ’~ ,~~~k) 
- - 

~~~~~ 
)~ ; k ~

- 1 , 2 , .  - .

f r o m  ~-hich a r e  obte-i m a d  the  con respond i r ig I i  n e a r )  y inrdepc ’mucl cnt sol tn t  ionS - 

-

(6.12) w~~~ = ) ~~
( k ) ,~

_ ]
~~ — ~~

~ ~
k 1 ,2 , . . , d , of the  hosrogcn~— nuc ~ c- qu it .1 on

n
( 6 . 13 )  (it + u . >< v . ) w  0

5 - 1  ~ 3

Rep csc n r t i m n q  t i u c  r i g h t — i r e - n d  si It - : of the s-yc ;tem (5 .  4 4 )  as t Sc- vect ol-

(6 . 14)  
1’~~2 ’~~~~ ’~~n~

” = (<v it i
~~~,< v it l.,> , .. . ,< v A l u~~)~

it. i s  seen im m ed i at e l y  t ha t  t i n e  cc - su i t  io n s, fo r  t i n e  c :olval ’j  l i t  v of t i r e  f i n i t o  I

qencouc; syu~ cur (5 .  4 -
~ 

) and t ic -  - q u i  vau nt imn ) r o naogen -orrs equ ;r t  ion (7 .  ?~ ) f o r  tic ’ case

~~~~~0 a r c

(6. 15) ~~~~~~~~~ = <  ~~~~~~~~~~~~~~~~~~~~~~~~~~ = < ~°~~,Z> 0

k 1, 2 , .  — - , d tha t  is , z mu s t  i ;e o t t  i o;; ne - i  t ’ ’  a l l  ;~o l u n t i c e - c -  ~t t h e  Lt :- :; :c ou~

equ a t ion  (6 .6 ) . If (6 . 15 )  ) , 1 :  f i n  d , t i - o r  t I e  ycn~-r c 2  ~-~- J n f  1 ’: ; of  ( 2 . 3 )  : :y I -

w n it t -nn as
d 

- 

-

( 6 . 16 )  ~ )
where  w i s  c-o:: cj pci ( i c - r c l e - r  ~ - ‘ ? r i  ion of (2 . 3 ) , ~mnd t i r e  c- os .j ) 1 c c: . : - i ; f ~i u ; . t - - - f  c- c s

(I
( 6 . 1 7 )  

- 

= ~~(o
3 l (1

7~~~
. = 

-

s a t i s f y  the luo :rocjeneons e q uat i on  (1- . 13) for a r b i tr ary u
11 e~~, . . - , (r~ -

Usua l l y ,  i nu ac t  se-I  cornput~u t 1 onal eel ut i  on of I i  nc ’ar - equat ions - , t im e  di  st i  tic t ion

between the s- i  n r q t r L n r  e - r r d  no unS  mu ~r r l a r  ce-sc-s i s iro t: an c i t - a r — c u t  as i n  t i r e  al te i-nat iv- :  -

U. I a )  or the Fredho ]ru t i e - o r y .  I n n  p rac t1ca- , an ob ject ive  or subject  ive  s t e -n~d e - i d  is

set for what . c o nst i t u t e; ;  an “ cuec~ -~~t nmb 1e ” ( a pp r o x i m a te)  so lut i on , and one of the fol-

lowing s ituat S ens- is ohri c’rved :

(i)  Arm acceptal)) c- sol utc i Or) S s obte- S nc -c],

(6.18) 
ii either no solut ion at. a l l  is found , or t h e  computed

1. solution is unacceptable ..

In the co r n j ’u t a t - i on a l) tj  si~~~ r 1ar case (G.lCii), the icrethod used to solve (1.1) or

invert it stay break down because it doe-s- not have ~i bounded mnver - se , or is anal yti-

cally close to an operator B 
~~ 

p . On the other h and , the alg ori thm cmployed nay

ac tu al ly  be try ing to solve the system ( 5 . 4 4)  w i t h  6 0 antI wi t h o u t  (6 . 15)  ho ldin t i

to the de s i re d  degree of accuracy . This- will be called an al gebraic cat a.st rc’pjrc’ of

tsjpc~ I . In tire second situation dcsc-ribc-d in ((. .l$i i) the accept able p ar t i cul ar

23



s-o]u t  ion is’ 7~~)’ be cost a n m n i n r a t e d  by a conr~p) c - m t - r u t  .-t ry  Vc -Ct01  (6 . 17) to t i r e ex t  e n d  t h a t

the ~-csul t ing so) ~ut j~~m~ Sn tmacCCl)t cu b i c - .  This -  :~.?qrb 2v?Jc (~Qt e- c; I ,oj ’S ’ of  t - i
~~j  -c- 1) c-air

occur in t i r e  nume -e r i cal so lu t ion  of di f f c r - ent . i al 
- 
c-gnat  ioni c ; by t ime nc-ce of a l-pm o x i ; -  u t  no

d i ff o r e nc e  eqimat ions. For example , thc’ di f f c n c n c - c  equat ion

(6.19) 3u + Ru - 3u = 0
fl U ri n—i

with  the  i n i t ia l  cond i t ions

(6. 20) - = 1, u
1

has the bounded ico) ut. I orr s

(6 .2 1)  ( 1 ) fl 
, n = 0~ 1 , 2 , . .

wh i ch may icc t i re  ones considcred to be acceptable - Uowever , a s- I  i tj lnt .  j~ert tnm b e -~ i ca

- 1( 6 . 2 0 ) ,  such as rocm n cIincj  -
~~ to c ght decimal p lace s-,

( 6 . 2 2 )  w0 
= 1, w1 

0.33333333

gives the corr esponding so lu t i ons  w of 3w + 8w — 3w 0 as
n n+1 n m r — I

(6 .23)  (0 990t 19c 199 c-; ) ( 1 ) 1) -f (0. 00000000)) ( _ 3 ) 5

31 1 , 2 , . . . , and the  second tern on t:he r i  q h t .— l r a n d  s - i d e  of (6 . 23) wi 11 c-vcru t s.d l y

~-c r c-a.lc havoc ~ci th  t i r e  ~rc cur acy  of the  apnn - oxi  - - ci t  ion of u by w
fl I)

Its in d i c a t ed  in ~) b , i I the  o ;o-rator It is s in qu l  as - , t ic-n  a e u - n r c - r i c  1 :cc-I i : ‘~c r 5 -

of it hav .i sq c-er t a in ~mr ;e fu l  p m n ~e-r t i  c-c ; stay be souqirt , for  -xcsc;~1 c , to  y iv~
s o]u t u o n  of (L i)  i n  t i r e -  fô rnn  ( 1.4 )  if ( 1. 1)  is c-o n s - S s-t e n t .  /ts ( 1.5)  in ~~~c-at n , t i l L .

vector  x wi l l  be a p ar t i c s l a r  s-em !;1 on of (3 .1- ) fo i  any i mil l er  S r rVe rSc .~ ’ 0

A . An a) yc - i ) r a n  c pc -r t u r bzmt: i onr  r ;e-tho zi marcy be irs-ed to obt. cuir i I mimi c - i i n c v t -rs-c5: of  s- i  c u r t ]  ;
~

operators s-ci n ch have a Yrc ’cllno lm theory , under  the technica l . e-~~s- -t ;i r~’t ion t hat  t ic- sparL

Y is i cf ] e x i v c,  that  i s , Y = Y [38 , p . l~~2 3 .  Iii  th is  case , if

( 6 . 2 4)  U = {u , u , .  .. ,u~ ) C

is it set of l inear ly indc-pen cIent f t mn c t i on a l s  on ? , t h er m t ime ) !zr i ic - r — 1~anach t ic -cc -c-mn

g u a r a n t e e s  t ine.  ex i st cncc  of a set of d l i n e a r l y  independent  vector s- in V to s-drSc ~-

the Gram —f ~curn n i d t  o r thon orn nrm )  iza t i  on process (38 , p. 1163 may be app) icc], i f  n c - c - e s -—

sary , to obta in the set

(6.25) U tu~~,u
2 , . .  ., ud

) C y

for which
(6.26) < u1,u~ > ~ u ,u , > = 6 , .  , i , j  = 1 , 2 , . . .  ,ci

where 
‘
6 ij  ‘ again denotes- the }~ronc-c3~e.r delta . S i m il a rl y ,  g iven a set of l i near l y

inacpcndeflt vectors

(6.27) V (v
i
,v
2
,... ?vd

) C x , - -

a set of function-rls- 
-

* * * *
(6.26) V {v

1
,v
2
,.. .,v~) C x 

-
~~~~~ 

~~~~~~~ -— — “ f l - - - — - - - - - 



(‘~i r ~t 5 s- uch t inat  -

(6 .29) < v ., v . > 6 , . ,  i ,j  1 , 2 , . . .

wh e - t i n er  X i s - .  r e f j c xj v s  or no t .

Thcom c-m (c . ? .  ~ mmppose t h i t  A c i~ (x  , Y ) ) u~r s - ci }~reciho) n- i t i r eo ry ,  a m rd

(6.30) u A 1w — 0
t * * *if and only  i f u c s -j  - r n  { U

1 
, im

7 , - - - , C V and v C sj~~ ix1 t 
~ 1 ‘ ‘2 ’ ‘ . , V~~~) 

C X ,

the d ef t -c t d of It i t ;  p c s i t iv e . Then , for : u~ C U am i d v c V , 1 , 2 , . .  -

where LI and V arc  dc- f S m r L -d by t6 . 2 4 )  — ((- . 29) , t h e  op c r at  or

*
(6. 31) 13 it — ) U

)~ > < -

is i n v e r t ib l e , and

(6.32) - 

- 

1IB 1
A It

so th a t 1~ = 13 1 
is- an insci  i m r v e r s - c  of A -

Proof: To cd;c,;~ that  It is 3 r iven  i bI C , c on si der  t ine  icc- ; :. duJe m n - d - e - c- e c t t r rmt .  l o in  ~::

0 , wI n cit is- - ec n c valc-nt  to -

(6 33)  it?. = 
~ . < t~1;~~z

A c t h i s -  ( - : J s - r t  i -n icc c o i v u i l r i f  , c n 3  on ly  i f  t i r e  i i ; l i t - - i e - n r d  r ;r i d e  i s  ( l : ~~(3 t o
* * *

ii , u~~, - -  . , u i c - c a n s - c  It h - s  ii F r c c I i r o ] r z m  t h eo r y ,  i t  f o l i o - -c-- f t c - c  ( 6 . 7 6)  th ;-:t

( G . 3 ~~) 
d 

< > 0 , k 1, 2 , . .  . , d ,

and t ~; u :  I tz  = 0. T h i s -  uric -a ss t ) ~~ t z i c c  of the for r e- z (X~ v
1 

-1 (1
2

v~ -I- - . . +

wh et  Ic t ine -o e ff i  ci c - m i t t ;  arc- g iven  by (6.  34) , and h e - m I d - c  z 0 i s t i r e  t inS es-c

solut i on of tmm ~ ice o j c - l  - - cu : ;  - i s - - c t  c-n Bz 0, which  S n:tp l ies tire cxi  st € s-cc  of B

To prove (6 . 32) , note  t h a t  f ;o - - ( (p 79)  , ( 6 .  30) , and (6 .  31)
d 

*
(6.3’ ) lIv . — ) u V , v . > -~ — u , ,  i i ,~~~ , . . .

1: 1 1.

hence

( 6 . 36 )  ~~— 1 —v ~~, I:

and

(6.37 ) B~~A 111
(B - ‘ ) ar~ > <v ~~) I 

~ 
V
k~~

< 
~

‘k ‘

and (6. 32) fol lows di  i c- f ly f t o r t  (6 .  30) . QEI)

~ns-1 cad of (6.  36) , one could a) so use the re la t lom) s-h l 1) s
* —l *(~~.38) 13 -u.k k 1, 2 , . .  ., d ,

to es-tab ) t i l  (6 . 3 2 ) .  The o ; - ; - r r t t  or 13
_ l 

7t
’
~ obt a in r e d  fr on  (6 .  3 1)  is- c- a i l ed  f l u r m c - i tz

psctidoi~ti’et~ e of it 13 1 , jp . ) ( Y — 1 6 8 ;  1 1) ,  which qaccc ; back t o  19 1 2 .

By the same ecs- on i m ug  a--c aI.ov. - , any o; tcra t -or  of t ire fc ,rm

(6 .39)  (
~ 

- ~ > <

‘-25- -  

-

p - - - - - - -  --~~~~ — - 

-- - - -—---- ~~~~~~ - - - - -



fOr , 
-. . . , such t h at  

~~~~~~~~ 
, / 0 w I l l  bc- an inn er .invc -~~~e- of it . flaw —

ever , as t ire-sc oper a to rs  are i nyc- i- lu ) c’ , t lu cy cannot  r ;r~ t i r ;f y condi t ion ( 2 )  of ~ lb

which c-imaracterizcs outer imrverses~ cons - i-C lu e-nt ]  y ,  t he  con s-t  nc - f ion (( - . 30 )  , wh i l e -  use-

ful  for sonic pUn 1~~sct; , on ly  yl yes ci pa i l l  cml so) tn t  i ou  to t i r e pr -obl c-r n of f .i n d i  ng q c m r e r —

alized inverses.

Another  c-tat  t c-i of cenipu tat - S on:i 1 i m y s r t - l f l C C  ic-I  ;nt. cc ; to t ii ’ ’ cal c u n i  cut  i c - tm  of q~-n i c -  i- —

al ized i nve i-ses of PC r -tu r -b :ut -  i o t r e -  of ojx- r a t  c-ri ; s-c S t i m  };nownr q’ SL n ~n l  I zcci i r i v e r  s-es. ~tni -t—

pose , foi ex a r ip ic , t hat  one l ir e ;  air c f f h - i n- i t t ;  t CCh S S  (
~ tn . to ci d a in  t h e  ?,  i or c - P c m u r  os - c-

gen era l i zed  in~-c-r se of It 127)  , and t h e i r  woul d  l ike  t.o icc tire result to c-bt -m i ni

the general  i ned inve rt -es of p e r t ur b e d  opc ’;a tor s  13 A -i ItA w i t h  I c - s - c c  i - f  f o rt .  t h c n

calcula t  i sq 13’~ cub in i tl o  , or error  host s-dc ; for tine - c r y p m - o x i n - . m t  Sen of B1 by

As 1t
’
~ is not a c o n t i nu o u s  f u n c t i o n  of it in  gen ;ccr al  , i t  would be expect cd t i c  it .

anal y t i c  j ) e r tAmnba t i o>r  metho ds  apply oniy t m t ; s - e r  rc- t t i i  CtS ye CO 1)dii l ion s , as eve n for

II trA~ ci ri-titra n i I y s- n rc-ill , one- of the al c - c - b r r n i c c  c-at  as t rophec ;  t h a t  t ine  r a n r ~c of Is i s

greater  or icr-s  t i t a n  t ) z -  r crr nk of A cou ld  occur,  l-~ost a;>i)) .i cat Sort s of as-eü y L ic pc- i -

turiat: ionr t hc-oi- y 1:0 the above 1)101>] c::c-; ~I 1 c -  cci r r r ie-d out  t n n tdc - i- as-sut s -pt -  i car s  t h at  c-t i c nrc

rank ( i i )  -~ rank (I t ) , or t h at  t i n e  change  in  i-ask ~ $ k n i ~ wir 173 , j ’c .  3 3 3 — 3 ~--1 ) . Al qci.- rc n i c
per t i rrI- t ru t Son r t - c t ! i c idc ;  , on the O t i c (  i han d , c i �( -  ncr !  n r c - c e n t s - i  r -i ly su inj  ect to ti is  I; i mid of

l imit  at  cii. For- nc1n }~ (tn -ne mtnodi f S .c -at ioi is -  ~mf It , C .  1). ?- d -y c -r  , Jr .  ( 19;  23 , pp 35 1—

352) has  obtained I c - i c - c - t i  in s of I i ce  I ype -

(6. 40) ( It 4 u >< v)~ 1t
’
~ 4 G

for al l  six J-us c ; u I  c cases , where C depends on Ic~ and tine d a t a .  ~:~ i-e qc-n cn al

f i n i t e— r a n i ;  mnodi f i c :c n t ions -  (5.  4 2 )  of A can the-ri be h a n d l e d  by t ir e  r t c . t  hod of s-uc c -  - - n —

sive rank c-c-n e m o di f i c a t i o n s  -e ir c -spo ndiny  to (5. 5 1)— (5.  52) . This  ]att en a l go r i  t i r n c u

was or .i~j ; i - cc i t cd  by Crevi l le  (9)  for  the r -cursivc c a l cu l at i on  of t h e  !1ocre--Pcnr-o:;e

genera lS  c-c -d i ur\ ’cr se Of a n - : a tr ix . Formula  ( 6 . 4 0 )  reduces  to (5 .  28) in  t i r e  special

case t i t ;n t  it is i nt ’er t iblc-, as for any ge ner a l i z e d  h ive -n rc  of A , Is ’s A 1 for

all A c 3 . This- suggest s-  t h e  cc i rnpu t . -t t  -ic)cs] . s t r a t  egy of u si ng  a c-ce! lc- c~ for  cre n er—

alizc-d inversion on an operator s-~imic )r is s-u spectcd of b c i n y  s - i n m g u l a r  or ne ar l y  s i n q u —

lcn . i f  the operator or the pc ’rturbad operator ac t u al l y in rvo)~~ed i t t  t ic-  c -a ) c u la t  ion

it ;  f lOSs-)  sqular , then t ) u i  s- t c -c imn qu c~ wi l l  y i e l d  i ts-  inve rt-ce , whereas a s-t i at  q ht f o t ~ca rd

inversion m e t h o d  n:m i cj in t  fa i l .

Another app roach to ill-- ;.osed prob lems is to nj ’pr ox irnat e them )—‘y a pc-i-tur l-- c’d

probl em which  is well conditioned . Fin c-x.implc is tine t echni que of ~-e~’u)aricat r i - a ,

ciu~ to  /t . N. Tih or r ov (39 , 40) , which  has ci or-a conmnee tci ens- w i t h  t im e -  sub ject  of gen e-i--

a) ized i mci - t i  s-cc - . ( 2 2 )  . If  the o)xnr-citor it in (1 .1) ct-s -c-s not have a l n o ; r n r - i c -~1 j ur v e r s e ,

t i u c u u  t ine  s-ir a) I en t j ’er turb a t i c-ni tty iii the  data  cc ii t.ciu !;e an enormou s change  A~ i n

-26-

-I



-th e solution of time pc -i ttmrbej problc’m ( 2 . 3 )  as connnpaicd to t he  so) tnt ion of tire r e f - n  -

circe prolml cnn . it typ ic -a l  s-i t  inaf ion in win ic -h  pi obl curs of t i>S type a ri s-c iii cup ) i cci—

tions is t hc mt X a r id V are h u b e r t  c _ I _ _ ices , arid it K is a compa ct o~ er at : o r .  Tis-

prototype of time - resulting equation

(6.4 1) K~ y , K cK
is the linear Fredholnni iirtegral equation of t ime fir s t A- lad

( 6 . 4 2 )  - j
l K ( s , t ix ( t ) d t  = y ( s ) ,  0 < s ~ I.

As pert.unbat.io~s in ( 6 . 4 2 )  in ac tua l  p r act i ce  are inevi tab l e , due to  e r ro r s  of nc-as-

urement , d i s c i ct i z at i o n , and c on i p u t a t i on m , d i r e c t  nu m e r i c a l  s o l ut io n  of (~ - . - 2 )  by

standard techni ques that  work wel l  for  the in t egra l  equa t ion  (4.5) of sc-conch >- i s - c t  i t t

rarel y successful . Tire same observation c-may be made for (6. 41) as compared t o

(6 . 4 3 )  Cal — K) x  = y 
-

for ci ~ 0. In or der to f i n d  an acceptable approximate so lut ion  of t ime p e r t t n m l . cc-d

version of (6.4)), the method of rt- cg u ] ;n r i z at i o n  c on s i s t s  of f i n d i n g  an elemen t

w (ci) c X which n t smnimi : : ( - t ;  the f u n c t i o n a l  -

2 2 2( 6 . 4 4)  f (s-.’;a) 
~ 

lZs-’ — z i l  + a

Thus , ( 6 . 4 4 )  represent s a t r a d e — o f f  i :-c-twc-cn the f i d e l i ty  w i t h  s-:]ricii t he  j -c - r - t t t r  h- -d

equa t ion  Kw = z is s-cit 5 usf i -c! , and thc- s- in c  of the not -nt  of the  c o rr e s p o nd i n g  - c r - l u - -

tioni . The par en-et er  ci (or sonrce t ircie s Ci
2

) in (6 . 4 4 )  is cafled the r cgu lar .i c - o t  ~c - r r

p a~-imc ’ter - The c r u c i a l  pioblciin i n  t h i n  f i e l d  is  (h e  det e r n n i n t n t  ion of t ine opt f m n J

r e g u l a r i c - at i o c i  par ;nnclcr , for ss’i ;ich tb’: v a lu e  of f (w ;a )  is m i n i m u m , or at least  a

inuethod for o bt a i n i n g  good appr ox imat ions -  to the opt imal  value . it si g n i f i c a n t  r -ecern t

advance in th i s  ar( -a is time app l iec t i i ’ :A by Grace i- a)iba [41) of the method of sceicj h t ec

c r o s s — v a l i d a t i o n  to tire care t h a t  t ire i - c - r t > ~n ; 1 c a t i O n 1  is due- to d i sc re -t iza t ion  of tlrc

data wi th  random errors of the type- knr owr i as- “wir i t e  noise ” .

7. The e ic i en va i u e - ei c - -nvc- ct or  j robl ~- : i .  As s tated in §lc , this  prob l c-rr is to fi n d

elgeniwnlucs A and ri9 imt ei yccn t ’ectors x ~ 0 sat isf y ing (1.9), where A c L ( X ,X ) ,

X a Hu bert space . It follows that one is interested in the values of A for which

the ]incar opera tor 
- 

-

( 7.1)  T(X)  = it — Al

is singular , and one may alsb scant to f ind the l e f t  t—iqons ’ectoi-s y ~! 0 of A

corresponding to the eigenvalue A which sa t i sfy  the homogeneous equation

(7.2)  
- 

y(A — Al) = 0 . 
-

The additi6na ]. as-summnpt:ion wi ll he incude that the values of A considered are re-

stric ted to those for which T(X) hias a FrecTholm theory. This condition &mes riot

exclude any A in the fini t e-dlrrc n sionmal algebr a ic case; however , for Fi edho)mts inte-

gral operators- of thc first kind or compact operators in general, it is customary
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to foi-mu l ate (hue ci geniva] smc — e i  c -un v c - c t or  probl em i n  I u - -i’-m~ of t in e  zcci ; ’ r oca l  ci q -nn \ ’ a l  ts--

I /A , as the ol-er a tor

(7.3) s(p )  I — i lK , K ~~ 
-

wil l  h as-c- a Fredhol urn theory for ;i] I ~;ca I ars 3! C A by ‘Ilmeor em 5. 3. Tin is is cqtn I

lent, to  e x cl u d i ng  A = 0 f r oc~ (-oas- m d e l c i t j c - n m  in (~7 . 1) i f  it is compact.

In n order  to contemp i at t - the ii ~p i I cat ic -c m 0 .  an~i I yt  i c re) t - t u i  bat i e m  r ’ t  e~ c; t ’  (I -

cigcilva I m n - — e -  I qc-nvect or  p~ o1~1 Cc-n , i t  is est c - n t l. i~~l t o  d e t & -  n n i l  is- cc-mid i t t  ens unde r  \S i c - l i

t iu i s- proi.) -nd icr “~-l 1 i-s- c-cl , as t im e  vi - - n~ u t  a T ( A )  s i  I I he s-i n u ~; t n l  ar i f A is ~m n  ci c--

value .  (inc way to  d o  t h u S  is to c-i -~t \ - - rt  n- ~~m c .  ~ ion ( 1 . 9)  ar id t ime r i o t -n -c a l  i ~:at j our c~~- c h i— 
-

tic-n (1 - 10) i~ nt o tire nrici 1 1 nr c - a r  r-y t -m - --

(itx - Ax

( 7 . 4)  P ( q )  
- 

- 0

~~~ 1 1 .
‘ - I

in the  prodtnc -t  r i - ce Q X X A c-f v t c ~~ = (x ,X) , x c X , A c A .

tha t = 
1 ’~~]~ 

in a s-ol m r t i i ’ :  ~- f  (7~~4 )  ; h i n t  i s , A 1 i n- an e i c j e n v a l t c c  of it

and x
1 

is a cor -c -p -:r~~ n mg t I ( ~ t - i id  ~- i  ‘; c ; . Y - (  t o  - T~ m c - ~ i , t i n ( -  imp l ici t  f u n c t i on

theorc -ucm 10) ~ eru i r a ri - c ~ c - c - r ; t  S c-s - - c - c  1 , : c : - n t ~~ - -  c - s i  ut. i e n r  of (7 . -I )  on (he  c~;ct  a i -

t ir e l i t - c a r  c-p c- rat er  p ’ (~~~) l ( i c ç~) s-~~~t~~~~r ’ c .  - ~c-~ i .vc - c c - c- , s:i c - r - r -  P’ ( a)  is t he- 1~~CCJ c c

dc-ri t — r I ~‘e ( it — 
~ _ )  — ,-; >

( 7 .5)  P’ (q)
\_ - <c  0

- 
of the- opera tor  l~ at q 130 , pp. 97— 100) . The- f o r m u lat i o n  (7 . 4)  , whi l  c- not t Ice

*most genera l  [ I )  , has t i n e -  ad v a n ta g e  tha t-~~~f it is t i c - n c - I  f l a i r  (It  - it ( 3~~, pp. 3 2 4 —

3 2 7 ) )  , the -nm so is I’’ (q) - The fol lo-cinq (inc-ore-n gives  ar m e x p l i c i t  ~~ n~ c] tt ic-tm of tic -

inverse operator [P’  (q
1

) ]~~ in t - lm i  c; c-as-c- i f  Lire d ef c - c t  of T ( A )  i s  equal t o  c -n rc ,

that is , if a l l  so lu t ions  x of the homogeneous e q u a t i o n  T ( A
1

)x  0 ar E- s ca la r

mult ip les  of time n o r n E m l i z e d  ei yenvc -ctc - r  x
1

, m a k i ng  use of t ine fac t  that  the r i gh t

and le f t  ei gens’cctors of an f l e nc r i t i cmrn  operator  can be id e n t i f i e d. 
-

Theorem 7.] . . If  A is Herr -titian , q
1 

= (x 1, A1
) ’1’ satisfies (7.4), and the

defect. of T (X
1

) is equal to one , tine-u
~~~

. 
() 3 1 

- x
1 
>< X

1 —x
1 
>

(7.6) ~P ’ (q
1

) )  =

- 
\ -  — < x 1_ ~~~0

where
(7. 7) 

- 

. 11—1 
(71 - X)~I - ><

is the J3urw it:z pceudoir-u ver se of it — A 11.
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Proof ; It. f o l l u w n ;  by d i r e c t  c-al curl  a l i e n  crud t in e  use of (6 .  36) ari d (6.  30) is-m t

(7 .8)  ~“ ~q1~ (i t

_I 

~ :: ~ ~ >) 
~~~~~ 

:: ~ ~~~~

i >) ~ (q
1

)

0 1

the i d e n t i t y  operator in Q x x A . QEl)

By tire use of Timeore nn 6 . 2 , formu l  a (7 6) c-an be ext c-n , c led  icn ns--~i i  m t  el y to t i c  nmo n -

)ier mi t ia n  case y
1

T ( A
1

) T ( A
1

)x
1 

= 0 , provided t i c .- d e fec t of T ( X
1

) re t -t ai nts e-~c-j a I

to one Ii , ~3) - Under ( i n c - s - c c  c i r cums tances , r e -n - s r I  t c ; arc- ctvrm i l csble by t he  n-cc-their of

anal yt- Ic per t anrha t i onr  theory ~; in S  I ar t o  those  for nmonsin ’;ul a r i i  nr ea r  cqua t ions  ( L I )

U ,  h;) .

For the f in S  te ~d i nc-irs ioni ,i 1 cane , pc ~ tu ri-s-u t  i on ins thcnds cued en n c -  r a nra ly s i n -  fo r

the a l ge br a i c  ei gc -nr v a]u e  problem icmns ’c - be- c -n i  p res en ted in  gin -a t  d e t a i l  m r  ( i ce  c-o:.~- t c - —

hc-n s-ive w o n k  by 3. H .  1- i l k i n m n - o n  [4- 1 , pp. 62-- ] 88) . Just  c-nrc of t i mes - c  r e t - - a l  ( . t ;  w i l l  );t -

cited ic -re , which f i t s  in to  t ine  f r a m es -mo nk of iu i q c - i - t ci i c pc- i t  u ’ bat . ion ( h r - c - m y .  S s - . -:

that w i s a u n i t  vect o r , and p (w , 3 1) 
T is cuni apmroc- : I rca ( e no] Ut i c - n m of (7 . -1) , so

that

(7 .9)  (it — )1 T)w = r

with rc-niclenal vector r . From cgua t i c -nr  (5. 30) , it folios- -s t h a t
*

( 7 .10 )  (A — r >< w — 3i1 )w 0

so that  w is an exact eicje-nvcctor  of the por t tmn ixcd  op c -r c t o r
*(7 ) l )  B -r — ><

corr csjxrndin-r g t o  (icc- ei gcnv a luc  ii [44 , pp. 170—171).  Tire pe r tumis - -d oj - cr  ~ tc-i B in

simply  a r ank one modification of tire reference- operat:or It -

Another  app) icat i .on  of algebraic ~ c- r tu mr b a t i e -n  t inc -oL y  to  the ci ri -n is-a l u e — c i g en i —

vector problem incus be-err given by W. Ste-niger (37) to  find ine~ smciu it ics between e-i~ cn—

values of perturbed and re fe rence  int e-gral  operators . -

8. Lhiea yroqr -cic--cn m i n q .  The solution of l i nm ear  ~mrog ra r tlm in 1q pm-chI c-s-:- as foi mu lat ed

in ~1d is one of the p r im a r y  tools for decision making  in government  arid co~icme rcc at

the present time (8) . The nun~~er of var iables  involved is t y p i cal l y  large , and a lot

of computer time is expended for this purpose. Tir u r s , arm applicatic-ir of pei-turbatiorr

theory which would increase ef f i c i e n c y  cotild i-er-silt in substant ia l  savings. Once

again , the fact that the solutions- do not depend cc.nt inu ons-]y on tire data in general

limits the appl i cabi lity  of analyt ic per -ttrrha t ion techni ques. A necessary and
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sum !! IC i c - n i t  coin -i  i t i n m (c i  coun t  i u n u n o a c ;  dt - pc-nidt -nu r c  of t he so) ut  ion of t ine pr S ncal ~ nd dua l

• 
- l i ne a r  J - r o - ; n  u cs - m i im ~ 1u i ~~! 1~ c- . i nn a n~~- i n ; ~nho n I s - - o - l  of n o lv ;nh Ie  i-e fe i - u- nu c c pn o t i l c c - t s  i ran ;  i , c - e - n ;

g iv enu i ( - ( - ( - n i t  I y by S . M. - -b i n -ecm 1-i )  . ~ ( t n d j  en ;  of wh a t is ca l l ed J \i n~~nr:c-tri c pr - c—

qJac ’ :- : i  i ;  q i ss-- c c -n t i  t u i - n c -  u n t i e  n s - l n i c i m  ti .o n - e l  ut  j our  of tire r e f e re n ce  pi -cirl i-Id rena ir i s

un n cic c n c t~ d u n H -  i 1 - c t  c i t i - i  i t - n m  of t h -  data (6 , l i p. 1 - 14 — 1 5 4 ) .  On t ime subject  of ci n o r

(-s- t t e n t  ion , I .  U - . ] ’ , 1 - ~~5) ~~~~~
- - - . t i i i - . u m t  ed a rcc - t i m od  for error  an ra l y r i n -  and c o n t r o l  m r

the  n - o i u r t  r c  ( if  I i t ; . -  i n  ~ - n . - q z . - I . c i n c  ;~~~ b) -: - .

A l t  m i r e  5 h t c ~~~- c -  ~~c t i . - (b j~- ( t j s s - - l i m i t  j e l l  (1. 14) are riot usually difficult to

dc -m ’ l u s c t !c , j - - n t u n i . .t i c-in n iii t~ - - n- . t r c , i n ; t c  O . ) ~~) ,  ~e; would  result , for -x amp lc , by

the u n i t  i -  I s - c c  (~f .i t i  w t . -  i ; :~~~ -~;y i l l  . i n i  i n n d u n r t  r y ,  •-ry  i-ec~u) . i e the  conrp lc -t . e i c —

St an ( i t -  of • - - - ( i l  i t i  tO n I -  I nod n -~~d - Cc-i eqsm enr t  I y , t i n e -  fo l lowing  pm-oh) em may be of

j i r  i t  i c - c l  t nt - .rc -~~t - 
-

I- i c  ~- Ic  ncc R 1  . ( iven l i i i - n : ( . l c i t  i snm x of (1 I 4 ) — ( l . 15) and tice a sso c iat e d  in r f o --

fl c : c t i ( - : c , ~. c ’ c - in as t i e  c - i n c - i c e  e! ~• i s o t n ; i i i  t ii s - .i n c p ) c-x ~n 1gor -ithm ( 4 5 ) ,  f i nd  ccn l efficient

r c - ti~~~t I c -n  ‘ e l V j n v ;  
—

( 0 1 )  J n i I n i , c c i r c ’  1 (w) < cl , s- ’ > + 11

n - c;~ jc-ct to

(8.:’) B w < z , w > 0 , 
-

‘~l n c  i i. - i l l - c i t  urn n~~t i c c i -  - i n  t i c  n c  f -n - erm c e da t  a ar e- of f i n i t e  ran); wh ich is n -mai l  corn—

pci r ci t o  ti~~- si ccc-  of ( i s - -  i - e l i  t i  - n r c - c -  pm oh) cnn.

9. t~c i c l~~~t i c s - t  
- 

p it -c  l(~~ci I t )  thoutji n ( h i s -  survey i nc u s  b e -cur con cerured m a i n l y  wi t h  1 ine~~m

J.r(.bl -t: ; c ; , I t should h ) (  ccc . n t  ionc- cl th at  p e r t u r b a t i o n  methods are wide ly  zipp l icc] to the

so) u~t ion o 1 nioni I y t i - a s -  operator  cquat ic-irs

( 9 .] )  P (x )  -
~ 0

whE re P maps X into Y • and also f i x e d  p o i nf  prob l c-ms in  X of tire form

(9 2) H ( x )  . 
-

( I t  is ev iden t  that  (9 2) is a r j - r c ia l  case of ( 9 . 1)  conversel y,  t ime -re are many ways

to convert (9.1) into an equivale -irt fixed point prob lem.)

These j r obicm~n are wel l—posed  in the ne ig hborhoo d of a solutioni if , for ex-

ample , H is conitinunoun; and cointractive 130, Cirapter 2), or , more restrictivel y ,  if

P is cii f f eren r t iable and

(9.3) = [1~’(x
0fl 1 c L (Y , X ) .

Depending on the- sni-coolhuness of P , in this case one c~in base anal ytic perturhzction

t echniques  on the impl ici t  func t ion  theoi-cn-c [10) • New ton ’s method arid its var i a n t s ,

Tay lor series expansions , inversion of power se ries , and so on [30, Ci m a~’ter 4).

These methods at-c all e s s e n t i a lly  der ived fr-cm tire corresponding ide-ac of el emen tary

scal, ,r ca l c- n] us .  -
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Rccvirtly, h’. J~}nc1,nbo 1 ~1L has ~ I s~-n gencu .ci ii  s-at  i o n s -  of tine condi t ic - in n i t: - - -i s- (5 . 8)

iund (5 .9)  for non ] incas  c-per - a to m s for w h i c h  (9 .  3) h o ]  ds , an d a c-c n n  e - e’nmni j u t ’ )  iJ l i e u

al iz.- rti onr of the p c -n t s n i b a t ionm for  n ;cnl a  ( 5. 13) for er r -or c - s t i u n a t ion

Alcjebn-a ic p er t  sirbat j ou r  nnccth od s fom - nc -mi ) S im e :n r o~ - - n . n  (o r equn ~n t j e t , -  ~r c- 1. -s n- s,~c~i ~
in v e s t iga t ed .  A r m c - n l  inc-ar  01-c- r cmtor  F w i t h  r ange  i c e l o n n ij i u c - ~ t o  t i ne  I i n t i t  c ~d i  n - - n -  - i o n m a ~
space

(9.4) span {y
1

, y
2

, . . - , y)

will be of tine for m

(9.5) F ( )  = y .  > f ( )
j~ 1

where f
1 

( •  ) , f ( •  ) , . . . , f ( •  ) are (generally iron] i nc -a r )  f u n i m c t i o n a l t  c - n m X . Tine- ~-c-~~—

turn-bed operator equation 
-

( 9 . 6)  Q (x )  0 , 

-

where 9 P — F , i.s equrivalent to the e qu a t i o n

(9~~7) P ( x )  — ~ ~~.y , 
-

where 3-

(9.8)  - 
~~~. = f . ( x )  • j  1, 2 g . .  . , n -

Suppose , and th i n ; i s  th te  bi g a~ c~; cc -- :p t ion , t hat  the- equ.nt i o n  1’ (x )  y is iai s z ~~’lc fec

y C ‘r’ , tha t  i s , an opc r oto r  C is known n- -hi c- in g S ~‘cs

(9 . 9) x

if P ( x ) =  y i~ of the for -r u (0 7 ) .  Th e- rn , app ly iurg  f
J

I f
2

S • • • S f i nn t u r n  to ( 0 . 9 )

yields tine n o n l i n e a r  system

(9.10) = ~~~~~~~~~~~~~ ~‘Sr ~ 
i = 1, 2 , . . .  , n ,

when -c hr = f C , hr f C , . . .  , h [ C , which  is ci f i n i t c — d i r c r r m n i c : n a l  f i c c c - d — ~~c in t
1 1 2 2 n n

prob) cm in A’~ of time form ( 9 . 2 )  . On the ba s i s  of the ed;~ i t  i c - n .j  i r s - u  -- ; .f f c - n  t h a t

(9.10) i n .  solvable , tire su bst i t u t i o n  of it s  s-olut louis  C1, C2 , - . - , 
~ 

tht 0 ( 9 . 9 )  pro—

vides a sc-I snt ion x of tire nonlinear operator c-quat. ion ( 9 .6)  . /ts air ~ x~ :.p ) e of tin

approach , the - I!a c-amnej- stc-in integra l equation with ice-m el (5.31)

(9 .11)  x( s)  — } Z(s ,t)l~(t ,x(tfldt — 0

- 0
is a rank onr e modification of the smonl inear Voi tci-ra integr a l  equat ion

(9.12) x(s) — J ’  L(s , t ) 4 m ( t , x ( t ) ) d t  = 0
0

with kernel (5.  33) . Thu s , if one can solve

(9.13) ‘ 
, x(s )  — r L(s , t )4’ (t , x ( t ) ) d t  eu (s)

where 0 - -

(9.14) v ( t ) t u ( t , x ( t ) ) d t
0 

- - _ _  

_ _ _ _ _ _ _ _ _



fcnr x ( s )  cj ( . ; ; f )  , ( ) n ,~ n f it- c c , (9 .14), -(1,0 sy n c t elt i (9 .  10) i n ;  ( c ( f l h i V i ] c - i n t ,  to t i n e -  n c . n ] u i

f i ~t-d poin t  pi’obl cm

( 9 . 1 5 )  h n ( C )  ~‘( t ) ~ - ( t  ,q ( t  ; - ‘ )  ) d t  -

0
t:bi 1 c-hr i s  one nc-ni  i n rc -a r  ( -q u n a t  i c - n c  in  c-no nnud ; imou-: r n I 3~ , !~ 5)

7t1th onn ~jh qu n i t e  ci b i t  is- kn io~sin • n b c c c n t  n n o n i ] i r r c ’ a r  s y n :t  c- - -~ (9 .  ]O)  i n n  I 1 ic ~~~e - — d i c - c n n —

s i o n n a l  s.paces [2 8 ) ,  t i m e  theory  cinch p m - ac t  i ce  of ( h i - i n  e u l i n t  ion i - c  Iii f t ~~~ ( i t t -  h i i . ; ~~~

developc-i I - c - b : n n e ] o c ~y nv ~i i  l a b l e  Ic-n m - f i u r i t e  I i  u c - cn r  n y c - t e n - (5 .  ‘- i ) . Thc- ie  i c c  ~i I  c - c  I l i e

(~V - i ’ — ) ’ l  c s - c - c i t  1-c ig c i c - r t c : :c~ ct i c - u n .  Ev e -n i  t h c c u q ir ( ‘‘ .9)  i n ;  i n - I  c ’P _ c i i i t c t - ~~c -  • : - j - i  ~~- - - - :  t l y , I t n

f o n n n c  of t h n c -  pr -ol -nl cn ( 9 . 7 )  n:ct ~p ; t - n - t c ;  j t t - i at i o n : 5e- l\ - e- ( 9 . 7 )  fo n  q i v - c r  ~~~0) ~~( O )

~ (0)  
m ulccct  i i  u n t o  l i n t  o (9 .  10) to oht a i n n  - - -

(v .16)  
- - 

h . ( L ~
°
~ ,

~~~0)
, ~~~~~~~~~~~ i 1 , 2 , . . .  , n r

and so onr.  h r  the  c c r s - : tha t :  ( 0 . 6 )  i n —  a b . c t c I ~c i y — v c . 1 u - - i ’ c c - ~e1 , c I ce  •i n ; c - c : ~ 1: - a n -  i i n l c ~
( ‘u r t i a l  e c p i c i t i n n , t h i s  i s  c ; - n I I e d  “ s-hoa t i n q ” [ 3 3 , Chccnp ~~- i 2 , a l — u  ~6 ) )  - Of c - n c  c cc- , t e s t

~ t en- a l :  i c - i n  n a y  irot cc-ny c- i qe , a imd n ; c c : :c: -  ot h i s - i  i n i r t  hoi fo r  ncc ’ i v i i  (9 .6) n ; a y  1:c n. - n  C .~~ -~ ‘ c c - :  - 
-
- -

Tin s sec -t ie -j r  w i f l  a l co  cönc l t t dc -  w i t h  cnn .i t c J - o t  t a c i t  l c t ( i c ) C i ) , c c - - n: t c - h ;  - n e  ~-:c n 1;
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