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ABSTRACT

Softly defined problems are problems in which constraints and
objectives are imprecise and fuzzy in the sense of the concepts of
fuzzy set theory. A concept of fuzzy worth is formulated. An
algorithm is presented which extracts the “most worthy" alternatives.
A method is developed for obtaining all efficient solutions in the
neighborhood of several most worthy alternatives. The approach is
interpreted in terms of utility theory. An example of the selection of

performance measures of a mobile communication system is given.

..




1. Introduction

There has been an increasing interest in situations where objectives
and constraints are not precisely defined. Asimov [1] and Hall [13] have
indicated the shortcomings of some existing approaches. The relation between
system complexity and high system cost has been pointed out by Augustine [2]
[3] for weapons systems. Directives of the Department of Defense have re-
flected this concern for complexity and cost. Cost has been emphasized as
being of equal importance to performance [24].

Several approaches have been developed to deal with imprecise situations.
One is based on concepts of utility theory. Several papers by Fishburn [7],
(81, [9], [10] consider different aspects of the problem. Fishburn has
provided an interesting summary [11] . Another approach is multiattribute
decision making (see for example Raiffa [19], Huber, et al [44], Fisher [12],
and Winterfeldt and Fisher [24]). A third approach which we will pursue here
is based on fuzzy sets (Zadeh [25]). There are several shortcomings of many
currently used approaches. These include some or all of the following:
1) difficulty in dealing with imprecision, 2) excessive effort to quantify
problems, 3) algonthms which are too complex or unrealistic, 4) methods
which find a unique optimal solutions rather than yield several good solutions,
5) methods which require excessive interaction with a decision maker.

The approach here is aimed at the concept definition phase in dealing
with a problem. We will first develop several definitions of worth and classes of

solutions. Secondly, we will develop an algorithm for extracting a subset of




efficient solutions (Section 2). An example is given of a communications
system (Section 3). Implementation is discussed in remarks (Section 4).

A problem will be termed softly defined if parameters of the problem
vary around a value with a non-defined interval of variation. Examples of
statements such as: "a Budget should be approximately $100,000." A hard,
precisely defined version is that the budget cannot exceed $100,000. This
is analogous to definitions in Zadeh [26] Bellman and Zadeh [4], and Lientz
[16].

It is useful at this point to contrast approaches based on utility
theory and fuzzy set theory. With regard to basic assumptions utility theory
is based on the existence of preference among elements of a set. Fuzzy set
theory is based on a gradual belonging to a set. The approaches are similar
if we say that the more an object belongs to a set, the more it is preferred.
However, even then utility theory assigns a single value while fuzzy set theory
allows assignment of a range of values. In order to perform multiattribute
optimization both require similar conditions (e.g.--transitivity and order,

independence, monotonicity, convexity and/or concavity, differentiability).




2. Approach

In this section we develop the methodology and algorithm for extracting
a subset of the efficient set of solutions which we will term most worthy.
Worth is often defined as being approximately equal to the maximum price the
customer is willing to pay for a system. More formally let a problem defined
as having n attributes with the i-th attribute denoted by xi and having
levels of performance Xi], xiZ’ s Xiki‘ Let My denote the fuzzy membership
function (see Zadeh [27]). Worth in fuzzy set terms is a time dependent fuzzy
relation between the attributes and E] (see Lientz [16]).

The assumptions are similar to those employed in utility theory and are

as follows:

o the {xij] are ordered increasingly. That is, jsm implies “w(xij) Suw(Xim)
for all i. (A problem can be transformed here by ordering indices using
the maximum operator).

© The attributes (denoted i=1, ...,n) are independent and separable. This
has been discussed in Fishburn [6], Pollak [18], and Stork [22]. Given
independence and a vector §_= (Xi) there are two ways to form uw(g)

(see for example Bellman and Zadeh [4]). We will use the product
operator (i.e.-uw (x) = B_]“w(xi)) rather than a maximizing operator.
The maximizing operator }; less sensitive to membership function values.

This assumption can be weakened in situations where dependent attributes

are merged.




° The worth membership function will be assumed to be concave and a
cost function c will be assumed to be convex. These assumptions have
been discussed in Rowe and Bahr [20], Stork [22], and Rowe [21].

The following definitions will be employed.

Definition 1: Define the inclination Iw as the ratio

(X

Uw l.]) ™ Uw(x

AT Mg

ij-1) (1)

Iw(Xij) =

Similarly define for C the inclinations IC with ¢ (cost function) replacing
M in (1). From the assumptions Iw is monotone. This can be generalized

in time by letting wi(xit) be fw(xi’T(xi)) where T is the time contribution
factor for attribute i. Taking partial derivatives we have

il g B e g 180 % 1) (2)
Here fw is a fuzzy relation in X x T and Ifw is the inclination of the J
shadow of the fuzzy relation fw with respect to X. |
Definition 2: An efficient alternative is one which has a higher worth
membership function than others at the same cost.

Definition 3: The most worthy alternatives are a subset of the set of

efficient alternatives such that every member lies on the frontier of the

lowest rate of diminishing ratio of worth to cost.

With the above setting the method can be defined in stages as 1) defining
the problem, 2) employing the algorithm, and 3) performing sensitivity analysis.
To define the problem we determine in sequence 1) the factors-attributes to
be considered, 2) the ideal performance of each attribute by a customer,

3) estimated worth of the ideal performance level (lower, average, and upper

bounds).
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The algorithm is defined as follows:

Step 1: Start at the highest level of performance for each attribute

A
1 n

R |
Step 2: The ratios Riki given by Ic (Xiki) / Iw (Xik.) are computed.
(1) (1)

: (1) s y
7k1 is found, say Rmkm' The ratio Rmkm-l is computed.

Step 3: The largest R

(km-l replaces km in step 2). Return to step 2 and the super scripts
of ratio Ri are incremented.
The algorithm proceeds until there are no ratios remaining (R11= 0 for all i).
We wish to develop properties of the algorithm under the assumptions stated
earlier in the section.

n
Theorem 1: The algorithm extracts Z(ki-l) vectors (Xij)'
i 3=

Proof: This follows easily from steps 2 and 3 of the algorithm.

Note that if all ki=k, then the number of solutions is nk-n (n(k-1)).

Theorem 2: The algorithm yields the set of most worthy solutions.

Proof: We proceed by induction. At the initial stage we have
(o). (o)y .
X' = (X]ki,...,xnkn). Now My (Xx**7) =1
and
C(}ﬁo)) = max C(X)
X
Therefore, the first vector Zﬁo) is efficient and with the highest worth

is most worthy.

At the next stage let gﬁ]) be the vector extracted by the algorithm. Then

1(]) maximizes

() e (3)

1 - ,(%

for all X such that n-1 of the indices of the components are k..




For any solution X; to be most worthy and not gﬁ]) we have

and

(M)

I(X)"']'“ [WASAS

ey i - gy

But these combined violate (3). Hence, 5‘1) is most worthy.
Consider now the general step. Suppose we have m most worthy

solutions. We assume that X‘mt])

,extracted by the algorithm, is not efficient.
Then we proceed by proof by contradiction as in the first step above.

The proof is concluded by using a similar argument to show that all most
worthy solutions are reachable by the algorithm.
The method can be extended in two ways. First, if u, is imprecise,

\% A
bounds can be set--u (lower) and u, (upper). We could use the algorithm

with an average value ﬁw and then refine it by using :w and :w'

A second way is for a further search. The set of most worthy
solutions can be shown to be a fuzzy set. The image of the most worthy
solution with maximal (minimal) admissible cost to the decision maker is
a fuzzy set which gives an upper (lower) bound on space for a second
stage search. We can extend the algorithm to extract all efficient solutions
in the neighborhood of several most worthy solutions. We will employ a
dynamic programming model with c as the state variable, i as the stage,

*
u (d;) as the worth function for decision variable d; and f,_; as the

maximizing worth function.




The relational equation is
= * =
fi(c) max{(ui(di) fi-] (c di)} (4)

4 1
RE . €€ %€
with C.in m

and LR i
Hmin g

aX max

Here c s U ., and M

e ® Bty ay e obtained by the algorithii and chosen by the

decision maker. It follows from dynamic programming that

Theorem 3: The dynamic programming method based on (4) extracts all

“min’ %me
Combining the above results we have a two stage method which extracts

efficient solutions in the neighborhood (c_. , c ) X (

min’ “max
first the most worthy solutions and second the efficient solutions in a
neighborhood of several most worthy solutions. This takes fewer steps than
several past methods of utility theory. For example Ting [22] has given

the number of steps as kn+2"-1 for the utility theory method of Keeney [14].
There are several alternative search procedures to dynamic programming.

Several are to adopt the method of Markowitz [16] for the portfolio selection
problem and the use of interactive search of an undonominated set (Zeleny [27],
Evans and Steuer [4]). The next section gives an example of the algorithm

and extraction of efficient solutions.




3. Example

This section provides a simplified example in using the algorithm.
The more general real example is discussed in the next section. The problem
involves a mobile communications system. There are three attributes (n=3).
The user (customer) is unsure of the relations between performance and cost.
The statement of the problem is as follows. The budget should be about $170,000. The
range should be approximately 150 nautical miles; the mean time between
failures (MTBF) approximately 400 to 600 hours; mobility according to MIL-STD-"XYZ."
Through user interviews the intermediate levels of performance are given in
Table 1 along with costs (in thousands). Applying the algorithm we obtain
the iterations (v) shown in Table 2. In this Table S denotes the system
performance and seven iterations are needed to extract all of the most worthy
solutions (7= (3-1) + (4-1) + (3-1)).

Now the customer indicated a cost of approximately $170,000. The cost
of the performance levels at iteration 2 (3) is $180,300 ($168,900).
A logical next step is to apply the dynamic programming method to extract
all efficient solutions in this cost interval and between .595 and .665 in

worth. This procedure yields an efficient solution of (X] o1 X

G T390
with worth .599 and cost $172,800 (see Table 3). Tne most worthy solutions are
shown in Figure 1.

We could now allow for different membership functions. In this example

x and ﬂ are defined as in Table 4. A similar approach can be used to extract

efficient solutions in the larger region.




4. Remarks

The algorithm presented in Section 2 has been programmed in FORTRAN
on an IBM 1130 with 16kmemory. A flowchart of the program is shown in
figure 2. The program utilizes three subroutines : report, order/to obtain
an associative pointer in linking cost-worth ratios), and withdraw (to select the
highest ratio from associative 1ist, retain attribute pointer and performance
level).

A larger problem was analyzed using the methods outlined above for a
complex radar system. The system had 12 attributes (weight, range, mean
time between failure (MTBF), mean time to repair (MTTR), subclutter visability,
electronic countermeasures (ECCM), range resolution, range accuracy, angular
accuracy, angular resolution, human factors and mobility). Each was allowed
three performance levels. The method was applied in the concept phase to
delineate user requirements. The method was applied successfully. However,
several not totally expected events occurred. First, the user (government
agency personnel) expressed the opinion that the method more clearly showed
the trade-offs in performance levels. Second, the method was repeatedly used
as the system was built to perform additional trade-offs as costs and perfor-

mance levels became more precise.

5. Conclusions

A method has been presented for extracting the subset of efficient
solutions which are most worthy in terms of a fuzzy set membership function
for worth. The rate of convergence has been developed along with a method
for extracting the set of efficient solutions in the neighborhood of several

most worthy solutions.
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Figure 2: Flowchart of Algorithm

11




e e ———— R . Sy 3 e

--- == 0°8¢€ 00°T 008 e g

0°6¢ 001 € ss®e1d 8°'2¢ G6°0 009 Al ¢ 0'1 002
S 74 06°0 Z Ss®e1d 11 G8°0 00% A A L0 0S1
€ LT G9°0 1 sse1d s 0L°0 002 G L8 il ¢ 001
(E‘g)o (C¢g)n | ais-1IN {t*T)a (C'z)n] sanog | ("1 (‘D | "W'N
A3TTTqONH J9IN 23uey
€ 2 1 ¥

WILSAS NOILVOINWAHI0D FIIEOW ¥0d
SLSO0O WALSAS ONIANOdSHYIO0D ANV SNOILONNA JdIHSYITAIN HILYOM

"L 378yl




e

§'2IT | 9eron 1 (D T 0§ a0 9z 0
" " n

g1t | esrel z T F B i e 9z 0
1" " (9) "
1 : "m
n " [

vezl | 62z 0n ¢ z (1 i Amwm i 82 9z S /8
(1] " "
" [T} "

wget | cegron  (2) z R U T 9z 18
" " (%) "
1L 1l 1]
H " "

6°89T | ses0i € (2) A Amwm P S0t $11 /8
; e
11 1

cogt | coonl % € @ & i® 3 01 $11 9°9/1
i "m 1
1 1 I

€ 26e 6701 € (€) M sot | 979L1
" n L}

S 842 s s A Y € m -- m -- -- --
" {] = o
wm % 2 £'1 m w
" X X X " €. A ] 3
{1

@ | @k : @ @t @ | @
" < " n

NOILVYILI HOVA NI QINIVLIEO SV SIATLVNIILIV AHLEOM LSOW A0 13S JHL

EARCELAAR




N—

8°CLT| 665°0 4 € ¢
S'G6T| 00L°0 € Y 4
7 112 | S9L°0 4 4 €
6°12Z| 05870 € 4 €
g'q%cy S%8°0 4 € €
‘ H.- hn

5 " e | Frog | Fiy

3S3123U] JO uoI3day
UT S9ATIEBUIDITY 3IUSTIOTIFIFA

ISTIILNI 40 NOIOTY JIADYVINI

————— - ——

S ZIT| 9€1°0 1 1 1
= %911 [ 99T1°0 1 z 1
7°€71 | 622°0 z z 1
7°8ST | SE€5°0 z z 4
6891 | $65°0 € z 4
—
€08T | $99°0 € 3 z
—
€°2€2 | 0$6°0 € € €
¢g7z | 0001 € Y €
ﬂ. Hn. h-
5 : et Vs VL

S9ATIJRUIS]TY AYU3aoM 1ISOW

JHL NI SNOILITOS AHILYOM LSOW ANV INJIOIJdd

‘¢ 378Vl




- 00°1 = Y ~ 00°1 - Y
00°1 06°0 00°T € Cex 00°1 66°0 00°1 €
(7 x)n
98°0 08°0 GS'0 z S6°0 06°0 G8°0 4
09°0 09°0 G1°0 1 0L°0 08°0 S%'0 1
AITTTQOW| J9IW 23uey € AITTTQOW| JEIN a3uey C
3 74 1 T € Z 1 T

dSVO INIWSSESSV HLYOM FSIDTUAWI IHL ¥0d JIHSYIIWIN HLIOM A0 SIONWA

v 379vL




10.

11.

12,

13.

.

16

References

Asimov, M. Introduction to Design. Englewood Cliffs, N.J.: Prentice-Hall,
1962.

Augustine, N. "An R & D Perspective on Land Warfare." Journal of Defense
Research 3B, no. 3 (1971): 19-28.

“Statement of Principles for DOD Research and Development."

Aero-épace and Electronic Systems Society Newsletter 10, no. 2

(February 1975): T15.

Evans, J.P., and Steuer, R. E. "Generating Efficient Extreme Points in
Linear Multiobjective Programming." In Multiple Criteria Decision Making,
pp. 349-65. Edited by J. L. Cochrane and M. Zeleny. Columbia:
University of South Carolina Press, 1973.

Fishburn, P.C. "Additive Utilities: Applications to Priorities and
Assignments." Operational Research 15 (1967): 537-42.

. "Additivity in Utility Theory with Denumerable Product Sets."

Econometrica 34 (1966): 500-3.

"Independence, Trade-offs, and Transformations in Bivariate

Uti]it& Functions." Management Science 11 (1969): 792-801.

"Methods of Estimating Additive Utilities." Management

Science 13 (1967): 435-53.

. "Utility Theory." Management Science 13 (1967): 435-53.

"Utility Theory." Management Science 14, no. 5 (January 1968):

Fisher, G.W. Four Methods for Assessing Multi-Attribute Utilities: An
Experimental Validation. Technical Report 037230-6-T, Engineering Psychology
Laboratory. Ann Arbor: University of Michigan, 1972.

Hall, A.D. A Methodology for Systems Engineers. New York, Toronto, London:
Van Nostrand Reinhold, 1962.

Huber, G.P., et al. "An Empirical Comparison of Five Utility Models for
Predicting Job Preference." Organizational Behavior and Human Performance 6
(1971): 267-82.




14.

15.

16.

V7.

18.
L2

20.

2].

22,

23.

24.

26.
7 4

17

Keeney, R.L. Multidimensional Utility Functions: Theory Assessment and
Applications. Technical Report No. 43, Operations Research Center.
Cambridge: Massachusetts Institute of Technology, October 1969.

Lientz, B. P. "On Time Dependent Fuzzy Sets." Information Sciences 4
(1972): 367-76.

Markowitz, H. "Portfolio Selection." Journal of Finance 7, no. 1
(March 1952): 77-91.

Pollak, R.A. "Additive Von Neumann-Morgenstern Utility Functions."
Econometrica 33 (July-October 1967?: 485-572.

Raiffa, H. Decision Analysis. Boston: Addison-Wesley, 1970.

Rowe, A.J., and Bahr, F.R. "A Heuristic Approach to Managerial Problem
Solving." Journal of Economics and Business 6 (1970): 22-33.

Rowe, A.J. Heuristic Methods for Scheduling. Office of Executive Programs,
School of Business Administration. Los Angeles: University of Southern
California, April 1970.

Stork, W. "The Cost Effectiveness of International Vehicle Regulations."
Automotive Engineering 81, no. 3 (March 1973): 32-37.

Ting, H.M. Aggregation of Attributes for Multi-Attributed Utility
Assessment. Technical Report No. 66, Operations Research Center,
Cambridge, Massachusetts Institute of Technology, August 1971.

U.S. Department of Defense. Acquisition of Major Defense Systems.
Directive No. 5000.1. Washington, D.C.: Government Printing Office,
July, 1971.

Winterfeldt, D.V., and Fisher, G.W. Multi-Attribute Utility Theory Models
and Assessment Procedures. Technical Report 011313-7-T, Engineering
Psychology Laboratory. Ann Arbor: University of Michigan, November 1973.

Zadeh, L.A. "Fuzzy Algorithms." Information Control 12 (1968): 94-102.

"Fuzzy Sets." Information Control 8 (1965): 338-53.

Zeleny, M. "Compromise Programming." In Multiple Criteria Decision Making,
pp. 262-301. Edited by J.L. Cochrane and M. Zeleny. Columbia: University
of South Carolina Press, 1973.




SECURITY CLASSIFICATION OF THiS PAGT (Whan Nate Fntered)

REPORT DOCUMENTATION PAGE L il T s SO

1. REFURT NUMBLEK 2. GOVY ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMLER

unclassified . )
3
3
i

Tecinical Report

4. TITLE (and Subtitie) S. TYPE OF REPORT 8 PERIOD COVERED
. Technical
On The Aualy.is of Com-lex,
Softly vefined Problems ; 6. PERFORMING ORG. REPORT NUMBER
7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(s)
Bennet P. Lientz < N00014-75-C-0266
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. ::giRAA:OERLKE:SrTT-N‘:JRMOBJEEF?ST' TASK
Grqduat¢ School of Manqgcment y NK 049-345
University of ‘California, Los Angeles
1. CONTROLLING OFFICE NAME AND ADDRESS 3 12. REPORT DATE
- September 1977
Information Systems Program 13. NUMBER OF PAGES
Office of Naval Research, Arlington, Virginia 17 pages
14. MONITORING AGENCY NAME & ADDRESS(If difterent from Controlling Of’i;e;-— 1S. SECURITY CLASS. (of this report)
unclassified
15a. DECL ASSIFICATION/ DGWNGRADING
SCHEDULE

6. DISTRIBUTION STATEMENT (of this Report)

distribution of this document is unlimited

-
~

. DISTRIBUTION STATEMENT (of the abetract entered in Block 20, il different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse aide if necessary and Identily by block number)

Utility theory
Mobile communication system

N .
N -
40. ABSTRACT (Continue on reverse aide il necessary and Identity by block number)

Sof?ly defined problems .are problems in which constraints and objectives are

: mmprecise and fuzzy in the sense of the concepts of fuzzv set theory. A

| concept of fuzzy worth is formulated. An algorithm is presented which
extracts the*™most worthy*’alternatives. A method is developed for

E obtaining all efficient solutions in the neighborhood of several most worthy
alternatives. The approach is interpreted in terms of utility theory.  An

examp]e_of the selection of pertormance measurcs of 1 mobile communication
system is given.

DD , :2:.‘7! 1473 ‘D”j""’&;"ov o
S/N 0102-014-6601 |

b SECURITY CLASSIFICATION OF THIS PAGE (When Dete Entered)

- | —




