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1. INTRODUCTION

1.1 BACKGROUND

Instruments to measure the spatial gradient of the

earth’ s gravity field from a moving p l a t f o r m  have been under
consideration for over 10 years  ( R e f .  1). In t ha t  time g r a v i t y
gradiometer development has progressed to a technical  m a t u r i t y
level where instruments suitable for operating in a moving-base

environment may be only a few years away . The Bell Aerospace

Division of Textron is currently planning moving—base tests

for their gradiometer on a linear laboratory track (Ref. 2).

The Charles Stark Draper Laboratory is in the process of

building a complete three—axis gradiometric triad with compen-

sation for the jitter motion induced by platform stabilization

control loops (Ref. 3). Hughes Aircraft Company is establish-

ing moving-base platform requirements for their gradiometer

(Ref. 4). In addition to these efforts the Navy Strategic

Systems Project Office is sponsoring a gradiometer feasibility

demonstrat ion which is expected to lead to an advanced develop-

ment gradiometer model suitable for at-sea testing in late

1981 (Ref. 5).

This report provides preliminary moving—base gradi-

ometer error models appropriate for the analysis and design of

survey/navigation systems employing gradiometers. The models

herein are also intended to be used in algorithms for the

optimal estimation of gravimetric quantities from gradiometer

measurements. For example , when planning an airborne gradio-

metric survey , such as conceptualized in Fig. 1.1-1 , key

1—1
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Figure 1, 1—1 Moving—Ba se Gradiometric Recovery of the
Grav i ty  Vector

mission parameters such as t rack spac ing ,  a i r c r a f t  speed and
altitude may be determined by analyses which have as inputs

the gradiometer error models of this report . (Other inputs

are statistical characterizations of the gravity field and

accuracy models for other gravimetric sensors.)
-

When the survey is actually conducted , the same gra—

diometer error models are used again for the data processing.

The models , when used in conjunction with optimal estimation
algorithms and data from other gravimetric sensors , provide a

basis for weighting the gradiometer measurements. Note that

the optimal weight for gradiometer measurements vis-a-vis other
gravimetric data are different at each gravity field wavelength.

Gradiometers will provide the greatest quality of information

in the short wavelength portion of the gravity field spectrum .

1-2
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1 .2  \P~RP0SE OF THI S REPORT

In order to adequatel y understand the advantages

and limitations of gradiometers in relation to other gravi-

metric sensors, some characterization (i.e. , a model) of

gradiometer sensor errors is required. In past analyses

white noise , first-order Markov or bias gradiometer models

have be en assum ed (-Re4 h~~~~g%-~ ))~~ Such models  have been
useful for providing insight into navigation , weapon system

and gravity survey performance as a function of broad classes

of gradiometer errors. In this role the generalized parame-

tric models have provided indications of the benefits and

limitations of gravity gradiometers. Now , as attention turns

toward the app1~ -n of specific gradiometer instruments

(e.g. , Bell , (‘ d Hughes) to particular survey and navi-

gation miss li ~~e is a need to assess the efficacy of

different ;r~~ u:~~tric sensors across all gravity field wave-

lengths which requires more than parametric representations

of the effects of gradiometer error sources. The purpose of

this report is to develop preliminary error models for each

of the three gradiometers consistent with the current state

of their technology .~~~The utility of refined error models ex-

tends to other gradi~~ eter applications as well. The models

presented in this repo~ t are also suitable for studies of

gradiometer-aided inert~j.al navigation systems , gradiometric

map matching and real-ti~ie gravity vector recovery using

gradiometers. Another u~~ envisioned for the models herein

is the direct linking of gr~adiometer errors to the performance

of particularly critical mi~~sions (e.g. , launch area mapping).

Such li r~~s offer an avenue o~’~ application—oriented feedback

to the manufacturers by spotli~ hting the most serious gradio—

meter error sources.

1—3
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1.3 PERSPECTIVE

Error mode l development for instruments whose de—

sign is still incomplete creates a t race—o ff between spec~~ i—

city and update frequency (greater model detail requirus more

frequent model changes as the gradiometer design s evolve).

For this reason , error model formulations have been chosen

for simplicity while preserving essential error elements

and reflect only such basic considerations as sensor orienta-

tion with respect to vertical and output noise correlation.

Thus as instruments are improved and more detailed data be-

comes available , updating the models should be a straight-

forward procedure . The extrapolation of laboratory data to

possible future performance in the field is another area

requiring careful attention . In this report it is assumed

that results demonstrated in the laboratory will be capable

of replication by operational moving—base gradiometers. This

somewhat optimistic view is offset by restricting consider-

ation oniy to demonstrated laboratory data; i.e. , no allowance

is made for the improvements expected by the manufacturers

in the course of further development work .

It is also appropriate to distinguish the analysis

error models of this report from the dynamic error models

developed by the manufacturers and others (Refs. 10 through

12) primarily for purposes of instrument balance and compen-

sation. While important to ongoing development , such detailed

models are too specific at present for gradiometer system

application analysis. The rationale for selecting an appro-

priate middle ground between simplicity and fine detail is

presented in the previous paragraph. Of course when a

gradiometer-carrying platform becomes well-defined and the

effects of environmental factors such as angular and linear

vibration , temperature , magnetic fiels , etc. are known , future

1-4 
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exten~ jon~ ot such detailed models may he u s e iu l  f o r  g r a d i o —
metric performance projections at  t h e  s y s t e m  and r~u l t is y st en
l e v e l .

I n Chapters  2 through 4 , &~r r or ~~~~ is  f or each of
the three gradiometer prototypes art- presente .i. Chapter

nresen t s  sum~ arr ob st r v a t  i ons  and c- nc! odin~ rtt o~ r~enda~ i o n s .
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2 . ERROl-! .\IOPE ~~. i ’Oh ml HLL L o~ACC EL ERO~I1ETER (lk~ V 1 TY GRA :I O~TTL i-.

2.1 BRIEF REVIEW OF THE BELL (; IQ LTiH.

The H~-~1l gradionieter (F: i~ . 2 . 1 — i ) u s e - s  f~~ ir  n~~t c h t ~d
accelerome ters mounted on a S i O \~~~~~~y r i - ~~~~~iii g (0.25 Hz) tab i~~.

The sum~~ed o u t p u t  of a p a l  r 01 aecel -~r in t .-rs i n  ‘ .p~ :si e

sides of t h e  t a b le  prov i ~its the ~n c a r~i .-nt al cracn cut rr.~ a- i r e - —

ment  * Two su c h  a c c e l e r o m et er  p a i r s  - or1~~n1 i’u at i’igLt ~ng ~~~~~

*
perm it signal rroct. ssirg wh ich great iy r ’-uac ~~s s~ :;si t v i t y

to angular a c ’- leration . A l t h n a ~~h the f l o 1 S e.~ level o:

good’ acc• I i - F  meter near the 0.25 liz rot a t  on I rt~ juencv is

s e v e r al  .arci’-r~ of ma~~ni tude too I ar~te for he r at i :

:Lcce~~er(m ‘~ t ~ r i ome ti 1 applicat ion . B~-li nas .tensxv ~~l y

rcwork-~ed ‘:-~~ ~1c de l  V I I  a c c e l e r o m e ter  to  ri d u ce  t h e r m a l  an d

e l e c t r o n i c  n c :s e .

In ad dit~ on t acct -le ro~ t e r  mo d i  f i c a t i o n  they  have

i nc r) r p . . r a t e d  cori t i r iu o u s-t  i r m ’ ~i e o o , i ck  ba la nc e loo ps to stab-
i l i z e  sca le  f a c t o r - ~ o f  t h e  a r - ~c c o l i r c u~et e r s .  O the r  feed-

back  n o t  w o r k  w h i c h  cc.ml e n s a  ~r .ous  or d i . - r  n o n l  i nea r
r e s pt n s e s  ot  t h e  ace ~~~~~~~~~~~~ a r e -  ,~l so  i m p l e m e n t d .  The

outputs of t nt- ac~~. l . r- - no ’t’ ~-s a re- - m~ ~o-~ , preamp i i f i e d , band

i i rn i  t t ’d  and  demod~ 1 a t ~~~ t i a t  w~~c ’ r - at  i f l  r e q u e n c  v . the

c a r r i e r  f r e q u e n cy  or t h e  g r a v i  t ~~~~~ C’r t  i n  o r t n a t  i o n .  As

a resu~~t ol eh ~~s pr oc e s s i ng  ~~~~ ~~~~~~~~~~~~~~~~~~~~ mt ~s,~1 t - r n ~~n t S  a re

produced , one at 0 di- ’ g p h a s e  and th e. ii’ r at  90 deg . One

measu remen t  consists of the diff ’ -rt nce’ e t . - - e f l  t o  two inline

*Tht p r o c e -- - ss i n g  ( o f l s  i st s of  b ra~ i n g  the -~umn ’- d out  put  of
each  a cce lr ’~ . m e r~~~r p a i r .  

- -~~~~~~~~~~~
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Figure 2.1—1 Idealization cf the Bell Gradiometer

gradients l y i n g  in  the plane of rotation . The second measure-

ment is the rotation plane cross gradient . Because of the

90 deg phase difference between the two signals , inline grad-

ients are demodulated in phase with the spatial axis reference

(sine domodulator) and cross gradients are demodulated in

quadra tu re  (cos ine  demodu la to r ) .  Since the g r a v i t y  g r ad i en t
s ignal  is band—cente red  at twice the ro ta t ion  f r e q u e n c y ,  the
only error sources affecting the output are those with frequency

components at or near 0.5 Hz (twice per r e v o l u t i o n ) .

2.2 SUMMARY OF CURRENT BELL GRAD I OMETER ERROR DATA

In Ref . 2 , recent performance of the Bell gradiom—
eter was summarized in the following areas :

2—2



• L e r o  e.) i f s e t  and d r i  It

• Output noise

• Nc I Se power spect rum act wee- ri ~~~~ r a d/ s ec
and 10 1 r ad/ sec

Ea ch ca tegory  is no ’~, d iscussed .

2.2.1 O ut p u t  O f f s e t  and D r i f t

Data given in Ret , 2 o n l y  aaplv ii t u e  cas  - in
wh ich the grad iometer is or~ enied with the S~~ i f l  u xcs verti-

c a l .  In t h i s  o r i e n t a t i o n  DC o u t pu t s  of t h e  o rd e r o~ 50 EU *

are r e p o r t e d .  Recen t  c o n v e r s a t i o n s  wit h Bel l personnel in-
d ica t e t h a t  zero o i f s e t s  measured w i t h  the gr ad i o met e r  sp in
axis horizontal are under 1500 EU. In Ref. 2 offset trends

of 0 .1  E U / h r  are observed on bo th  t h e  sine  and cos ine  c h a n n e l s

w i t h  the sptn  ax i s  v e r t i c a l .  Trend  d a t a  w i t h  t h e  spin  axis
h o r i z o n t a l  a r e  r e p o r t e d  at  0 . 4  E U / o r  f o r  cross g r a d i e n t s  and

at 0.6 EU/hr for inline difference gradients.

2.2.2 Output Noise

R a n d o m n e s s  f i g u r e s  f o r  t h e  d o ll  g ra d i o m e t e r  h a v e

been compute- u dv avt- rag ing data t:iroi.gh a 10 second , doub le
l a g — f i l t e r  (two cascaded 10 second , fi rst—order lags). The

Bell data shows pei ’~ c e r m a n . i -  i n  a l  i otiannels on the order of

1.8 EU rms.  dii tneugh the~ e d~Lta -~~~~1 d be used as the basis
f o r  a whitc- n o i - e ’  e r ror  m ,u t -1  102’  t h e  Bell gradiometer , the

availabilit y ot error power spectra data permi ts more deta iled

modeling.

*On e EU i0 9 sec 2.

For wh i  e n o i s e  l u p u t s  , a 10 sec doiib ~e l a g  f i l t e r  is equi-
v a l e n t  t o  a 41) sec m o v i n g  w i n d o w  a v t i r a g o r .

2— 3
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2.2.3 Noise Power Spectrum

The power spectrum of the Bell gradiometer noise is
shown by the solid lines in  F i g s .  2 . 3 - 1 .  The data presenteu
in the  f igu res  are taken  f r o m  pages 33 and 35 of Eto . 2 .  In
the following section an error model which consists of white
noise driving third—order filters is used to characterize these
data.

2.3 ERROR EQUATIONS

All error quantities described in this section apply
to gradiometer instrument outputs , namely measurements of
cross gradients and differenced pairs of inline gradients.
A transformation which relates these quantities to elements

of the gravity gradient tensor in an orthogonal , local-level
coordinate frame is presented in Appendix A

2.3.1 Output Offset and Drift

Offset and drift magnitude measurements for the Bell
gradiometer are summarized in Table 2.3-1. A gradiometer
triad with the three spin axes orthogonally oriented in the
x , y and z directions defines the coordinate convent ion . The ;-
axis coincides ’x ith the local vertical.

The model for the zero offset of gradiometer measure-
ments is a random constant given by the state equation set

= 0 ( 2 . 3 — 1 )
—0

where the elements of are arranged in t h e  same order as i n
Table 2.3—1. The error covariance , P~0, is defined as

2—4

—-. -. —



— - - 

~~~
-
~~n’- 

- — —------ -

~~ 28 i4
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_

0.0001 0.001 0.01 0.1 0.0001 0.001 0.01 0.1
FREQUENCY (rad /se c ) FREQUENCY (rad/sec )

(xx .zz ) AND (y y -z z ~ GRADIENT COMPON ENTS
3.2

\

• O RDINATE SCALE IS
2.6 . 

LOG 10 PSD

LOG 
DATA

PSD -

U PSD UNITS ARE EU2 
— sec

0.000 1 0.001 0.01 0.1

FREQUENCY ( rad /s ec )

Fi gu re  2 . 3 — I  E r r o r  P~ ~i.ei’ Spoct r.e for the Bell Gradiome t or
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TABLE 2.3- 1
OFFSET AND D RIFT DATA FOR THE

BELL GRADIOMET ER

~~ ASURE D GRADIEN T OFFSET DRIFT SPIN AXIS
CO~~ ONENT ( E U )  ( E U / S E C )  ORIEN TATION

xx — yy 50 2 .8 x 1o~~ Ver t i c a l
vv - zz 1500 1.7 x Horizonta l .
x~ — zz 1500 1.7 ~ 1O~~ H o r i z o n t a l

.8 10 V e rt i c a l
y z 1500 1. 1 x ~~~ Ho r i z o n t a l
xz 1500 1.1 ~ 10~~ Horizontal

r 
~~T1P = E~ 6z oz I (2.3—2)zo —0 —0J

where the expectation operator , E , is taken over an ensemble

of s imilar  gradiometer  i n s t rumen t s  and the  superscr ip t  ( )T

indicates the matrix transpose .

Note t ha t  the sine and cosine ou tpu t s  of the  Bell
gradiometer are derived from the  same s ignal . As a result ,
the  on ly  d i f f e r e n c e  between errors on the  i n li n e  and cross
gradient channels occurs beca use of demod u la to r erro rs . Be-
cause demodulator offset (and offset drift) is a small portion

of th e to ta l  gradiometer  o f f s e t , the sine and cosine channe l
errors for a particular gradiometer are modeled to be fully

correlated. -

In the f o l l o w i n g ,  zero o f f s e t  ( a n d  o f f s e t  d r i f t )
errors in different gradiometers of a triad ar~ modeled as

independent . Of course , future triad—level testing will

identify platform—related error sources which will drive all

three gradiometers. As such error sources are identified ,

the appropriate cross-covariance error terms can be updated

accordingly. Using the data in the first column of Table

2.3-1 , the offset error covariance P , iszo

2-6 
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a . ~ 0. 25 0

() 230 0 230 0
o 2:0 0 23()

P . 10 T2zo U .21~ 0 a 0.25 a c j
o 230 0 0 230 0 J (2 3 3)
O 0 230 0 0 230J

Because the data in Ref. 2 do not ind icat e the sion
of zero o f f s e t s , b o t h  c h a n n e l s  ot  a gradiometer are assumed to

have  t h e  same s i g n . As a r e s u l t  a l l  of the cross c< va r i a nce s

in  E q .  2 . 3 — 3  a re  positive. Appropri ate s i g n  c n an g e s  to  t h e s e

cross te rms  can  be r rade when s i g ned  zero o f i s et  d at a  is  a v ai l -

ab le  f o r  t he  B e l l  g r a d i o m e t e r .

The mode l  f o r  o f f s e t  d r i f t  i s  g i v e n  by t h e  s t a t e

e q u a t i o n  set

= ci (2.3—4 )

where d is the vector of drift coefficients . Dr,ift is modeled

i n t he  same f a s h i o n  as zero o f f s e t .  The covariance ,

of d . d e f i n e d  as in Eq .  2 . 3 . 2 , is comp u ted  f rom the
second column of numbers in Table 2.3-1.

r7 .8 a 7 .8  0 0

0 290 190 0

~zd 
= 

7:8 
~~~ 

290 

7:8 
~~~ 

190 
x 1O~~°EU 2/sec2

L 
o o 190 o 120 

( 2 . 3 -5)
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2.3.2 Output Noise

Noise power spectra for  var ious ou tput s  of the Bell
gradiometer are presented as solid lines in Fig. 2.3-1. The

power spectral density S(w), plotted in Fig. 2.3—1 , and its

transform , the autocorrelation function R(t), are related by

S(w) = 

~ J R(T) e JWT dT (2.3-Ga )

R(T) = f S(w) e3~~
T dw (2.3-6b)

where ~ is the angular frequency in radians/sec and t is the
shift of the autocorrelation . Note that according to the
definitions of Eqs. 2.3—6 the total power , R(0) (i.e., the
variance), is the unscaled area under S(w) for positive fre-
quency .

Rational functions of the form

F(~~) 2 2 2 2 2 2 (2.3—7)
(~ 

+
~~~
4

) ( ~
jj +~~5

) ( w  
~~~~

have been fitted to the gradiometer error spectra data of

Fig. 2.3—1. Plots of the resulting analytic spectral

densities are shown by the dashed lines in that figure.

Note that Eq. 2.3—7 may be modeled by a white noise driven

process in which the white noise of spectral density, Q, is
given by

2 2 2 2

~4~~~5~~ 6

and the transfer function it drives is
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: j ~~ ~ (~ ~3
+ 1 )~~~~

H(jc) = 

~ l ~2 i ( ~~~~+ J W ) ( ~~~~+J(~~) ( + 1~~~) 
(2 . 3 -9 )

The process noise c o r r u p t  i rig each gradionie~ or me asure ment  is

modeled as uncorrelated across o u t p u t  c h a n n e l s  ol d i f f e re n t

gradiometers. However , as indicated in the d i s c u s s i o n  f o l l o w -
ing  Eq. 2 . 3 — 2  it is necessary to model t~~ e noise on both
outputs of the same gradiometer as fully correlated.

Since spectral data for the Bell gradiometer are not
available at frequencies higher than 0.1 rad/sec , some form

of band limiting is appropriate. In ~iew of the intended

uses of the error models herein , namely optimal least squares

data  p r o c e s s i n g ,  r e d u c t i o n  and s i m u l a t i o n , i t  i s  desirable
t h a t  any h i g h  t r e q u e n c y  a t t e n u a t i o n  w h i c h  is incorporated
solely to bound error mode l response oe d o m i n a t e d  by the  op-
t i m a l  e s t i m a t o r ’ s h igh  f r e q u e n c y  characteristics. For most

gravimetric and navigation—related applications a high fre-

quency cutoff for the model will suffice which is one decade

higher than the highest break frequency in the transfer func-

tion , H (ja ).

A f o r m  of band l i m i t i n g  p a r t i c u l a r l y  su i ted  to both
analysis in the t ime domain as well as the frequency domain

is obtained by adding a third-order pole to H0(jw). With

this addition , the transfer function for the final mode l is

B 7H ( j w )
= ° 3 ( 2 . 3—10)

(~~7+ j w )

The v a l u e s  of K and ~~
. . ( 1= 1 , . . .  7) are summarized in Table

2.3-2. The complete model for a single Bell gradiometer

instrument is presented in state space form in Fig. 2.3—2.

2—9
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TABLE 2.3-2

SPECTRAL DENSITY ERR OR MODEL PARAMETERS FOR
THE BELL GRAD IOMETER

MEASURED . . S i t  N AX IS

~RADhI-7 ~T f K 1f 2~ 
r 1 2 1 ~~~~~ ~~~1 

- 

~~~1COMPONENT ~EU-SEC I (S} C ) (SEC ) (SEC ) (S EC ) SEC ) ( SEC ) (SL( 1 L~~~ _ _ _

—4 —3 — “ -4 -1 -2
x x  - vv 5 .63 6 .3 ~ 1O 2. R~ 1O 1. 6~~1fl I . 8~~IO 2 . O ~ 1O 10

- 5 . 2 7  6 3 ~~10~~ I . 1 O ~~ 1. S~ 10
2 

2 i~~io
4 2 ~~~~~~ lo

_ 2 
o II’ r

- ~~
.‘ 5 . 2 7  6 .3 ~ 10~~ 1. 0 . I 0~~ I . 8~ I0 ’

~ 2 . t ~~1O~~ 2 . 1 ~~10 ”
~ I0~

2 
fl 1$ ii”r

5 .63  6 3~~10~~ 2 , R~~t 0 3 
1 i ~~~~~~~ 2 O~ lO~~ 1fl 2 

o V
1 51  J O~~ 1. 0 ’ I f l~~ 5 . O ~ IO

_ 2  
2 .~~~IO~~ 2 . 6~ 10~~ 2 . f010 2 n

1 54 ~,,..3 
I . 6~ 1O~~ 5 . O ~ 10

2 2 . 0 ~ 10~~ 2 . 6 ~~10~~ 2 . s~~1o ’2 n ~ Il ,r

“

i~~
’
~~ I ~~~~~~~ I

WHITE —
NOISE

~~~~~~~~~~~~~7J~~~~~FT

• CROSS

L ‘

~

““ 
~~ 

L ‘°‘ 1 L~
°” 

~-‘~C)-—’- c.~PAD i ENT 

--~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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e

Figure 2.3-2 Bell Gradiometer Error Model (Per Axis)
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The models presented in this section apply to the
outputs of the Bell gradiometer. Since these measurements do
not necessarily correspond to elements of the gravity gradient

tensor , certain trans format ions are r e qu  1 r OO t o  c o n v e r t

t h e  e r ro r  models  h e r e i n  to ‘ t e n s o r  l e v e l  er iu r models .
detailed discussion is presented in Appendi ces A and B.

Before concluding this section , it is w o r t h w h i l e  t o
dwell br iefly on the transform definitions of Eqs. 2.3—6.

O f t e n  in a n a ly t i c a l  work t h e  a l t e r n at i v e  “ t w o — s i d e d ”  t r a n s f o r m
pa ir

S1( o )  = 

~ 
R (t) e

_jcT 
dT (2.3-h a)

R (T) = S1( r )  e~~~
T d~ (2.3—h ib)

is employed. In an analysis system based on Eqs. 2.3—11 note
that the spectral density , Si, is defined such that

S1(w) = ‘IT S (w) (2.3—12)

The spectral model given by Eqs. 2.3—7 thro~igh 2.3—10 uses

Eqs. 2.3—6 to define the transform pair.

2—11 
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3. ERROR MODEL FOR THE CSDL* FLOATED
GRAVITY GRADIOMETER

3.1 BRIEF REVIEW OF THE CSDL GRADIOMETER

The CSDL gradiometer (Fig. 3.1—1 ) employs a floated ,

elec trostatically-suspended sphere with dense material packed

symmetr ically about opposite poles of the sphere. Gravity

gradients induce a torque on the sphere that is sensed through

t h e  e l e c t r i c a l  c u r r e n t s  needed to hold t h e  sphere in its

nom inal att~~tude. The sensor is not rotated; hence param-

eters a f f e c t i n g  t h e  low frequency and DC performance of the
sensor are critical and must be held to close tolerances.

The f i n a l  ba l a n c i n g  of t h e  f l o a t  is c o n t r o l l e d  by an in ternal
electrostatic discharge (sputtering) system which transports

small amounts of gold across electrode gaps inside the

sphere .

The floa tation chamber interior is temperature stab-

ilized to one microdegree Fahrenheit to achieve neutral buoy-

ancy and prevent thermally induced shear motion of the fluid.

CSDL personnel also believe t h a t  a very h igh  degree of f loat -
at ion fluid (Freon ) purity may be required as well to pre-

vent fluid shears. Impurity—induced shears may result from

the gravity—induced pressure field causing settling of

different density components of the fluid.

Other si gnilicant error sources affecting the CSDL

gradiometer are the thermal noise limit associated with

*Charles Stark Draper Laboratory .

~Trademarked product of }-~. i. duPont de Nemours Co.
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Figure 3.1-1 CSDL Gradiometer Float Element

Brownian motion of the  f l o a t a t i o n  f lu i d  molecules and small
changes in the  mass balance of the sensor. These small mass
variations , believed due to minute deformations or “creep” of
the float by the fluid pressure field , mani fest themselves as
changes in the long—period (many days) drift rate of the
gradiometer.

3.2 SUMMARY OF CURRENT FLOATED GRAVITY GRADIOMETER
ERROR DATA

In Ref. 3, data is provided on zero offset , drift

and output noise . Because the axis of weights of the floated

gradiometer  is  a l igned  at an angle of 35.2644 deg with the
vertical , the data reported by CSDL is a superposition of

3—2
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“vertical” and “horizontal” grav ity gradients. The reduction

of the gradiometer measurements to elements of the gravity

gradient tensor expressed in an orthogonal reference frame

requires a suitable transformation (Appendix C). For this

reason it is incorrect to view the data and models w h i ch

fo l low as r ep re sen t i ng  e i t he r  “ h o r i z o n t a l ”  or “ ve r t i c a l ”
gradient  errors .

3.2.1 Output Offset and Drift

Zero o f f s e t  and o f fs e t  d r i f t  da t a  fo r  t he  cross
gradients ag /~ x and ~g /~ y* are summarized in Table 3.2-1.z z **The data comes from R e f .  3 (pages 47 through 101).

TABLE 3.2-1

OFFSET AND DRIFT DATA FOR CSDL GRADIOMETER

ZERO OFFSET
DRIFT ( E U / H R )

CSDL TEST
NUMBER ~g~ /~x 

+ 

~~~~~ ~ ~g~ /ax ~~~~~~

0035 —224.7 997.7 2.199 0.983

0042 351.2 —757.2 1.012 0.379

0050 652.9 —647.3 0.480 0.212

0054 727.3 -617.4 0.168 0.126

0055 752.7 -595.6 —0.075 0.139

rss of above 582.2 738 .2  1.11 0 .488
da t a

t Corresponds to CSDL ML torque measurements
t Corresponds to CSDL Mz torque measurements

*The float body coordinate frame for these measurements is
presented in Fig. 3.1-1.

**As updated by CSDL.
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3.2.2 Output Noise

Two forms of noise data are available for the CSDL
gradiometer. In Re f . 3 both fifteen minute iverages of gradiom-
eter output and twenty minute noise records are presen ted . The
gradiometer dynamics  and f i l t e r i n g  associated with the 20
minute noise data as given in Ref. 3 are reproduced in Fig. 3.2-1.
The noise output of the filter is 0.36 EU rms for ~g~~/ax and
0 .49 EU rms for ?g~~/~~v .

3 .3 ERROR EQUATIONS

To account  f o r  t h e  d i f f e r e n t  set of body axis coordi—
*

nates for each sensor of a gra~ iometer triad subscripts one

through three are used to identify the measurements provided

by the individual gradiometers . Hence the full measurement

set provided by the sensor triad is

-
~~ii

~
yl

~~z2

= + Sz(errors) (3.3~ l)

~~z2

3
- ~x3

I 
~~z3 

-

______________________  

[aY 3 j
*To recover a l l  of the elements of the grav ity z:adient tensor
the axe s of weights of CSDL sensor triad must be skew aligned.
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3.3.1 Output Offset and Drift

The error model for zero offset is a vector of
random constants

= 0 ( 3 . 3 — 2 )

where the elements of the error vector , 5~~~, are arranged in

the same order as in Eq. 3.3—1. The offset error covariance ,
is defined by Eq. 2.3—2.

The zero offset (and offset drift) errors in differ-

ent CSDL grad iometers of a triad are modeled as independent

random constants . The rationale is the same as for rotating

gradiometers (i.e., Bell and Hughes), namely that the chief

cause of any correlation between errors in different gradiorn—

eter instruments will be platform—related sources . Such

sources are not  yet  wel l  defined . However significant corre-

lation is expected between errors in the two cross gradient

outputs of each CSDL sensor. This correlation should not be
as strong as the correlation between errors of a single Bell

or Hughes gradiometer since the two CSDL sensor outputs are

derived from two distinct electrical signals. The electri—

cal signals , in turn , are genera ted to nul l  torques about
orthogonal float element axes . To model this correlation

the sample covariance , p.
3

, of the 1th and out put mea-
surements (i=1 ,2 , j=l ,2) is computed using the equation

P.
3 

= 
~
Zik I

~Z.k 
(3.3—3)

where n is the number of data samples and z. is the k th

zero offset (or drift) error measurement of the i gradiom—

eter output channel . Equation 3.3-3 provides an unbiased ,

maximum likelihood estimate of 
~~~ 

for independent measure-

ments of normally distrib uted zero offsets (or offset drifts).
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Using  Eq. 3.3-3 and the da ta  in Table 3.2-1 , t h e ou tpu t  offset

error covariance is

r ~~~~~~~~~~~ —3.62 0 0 0 0
— 3 . 6 2  5 .45 0 0 0 0

= 
0 0 3 .39 — 3 . 6 2  0 0 

~ 1o~ EU 2
0 0 — 3.62 5 .45  0 0
0 0 0 0 3 .39 -3.62~

L 0 0 0 0 — 3 . 6 2  5.45J
(3.3—4 .~

The error model for drift is

= d (3.3—5)

where the elements of d are the drift coefficients ordered in

the same fashion as in Eq. 3.3—1 . The covariance P , ofzd
d , defined as in Eq. 2.3-2 is computed from Table 3.2—1 and

Eq.  3.3-3 in the same manner  as the offset error covariance .

~~~ 
4.10 o 0 0 0

4.10 1.84 0 0 0 0

0 0 9 .45  4.10 0 0 —8 2 2
zd x 10 EU/sec

O 0 4.10 1.84 0 0

0 0 0 0 9 .45  4.10

L 0 0 0 0 4.10 1.84

(3.3—6)

Note that the very high correlation between the offset and

drift errors of the gradiometer ’s two outputs tend to con-

firm the CSDL contention that these error sources originate

in t h e  senso r , r a the r  t h a n  in the  e lectronic  processing and
control systems .
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3 . 3 . 2  Output  No ise

The output noise of the CSDL gradiometer is appro-
priately modeled by white noise driving the filter depicted
in Fig .  3 .2-1.  The mode l fo r  each pai r  of sensor o u t p u t s  i s
illustrated in Fig. 3.3—1.

~~~ 
_
~fH(iu) ~ xz channel error output

w
~~
.___

*~~~~ 
-~~~~~ yz channel error output

Figure 3.3-1 Noise Error Model for CSDL
Cra diometer Sensor

In Fig.  3.3-1 the  t r a n s f e r  fun c t i o n  H ( j w )  represents
the gradionie’ter dynamics and filter shown in Fig. 3.2-1 . The

quantities Wxz and W ,z are white noise errors referred to the
inputs of the 3g~/~ x an d 

~~~~~~ channels respectively. Note

that , in terms o. Fig. 3.2-1 , the transfer function H(jw) for

an ideal gradiometer (noise—free) is

H - — Fil tered Gradiometer Output (3 3 7 )— 

Value of the Gravi ty Gradient

The filter parame ters curren tly used by CSDL are

= 11 ,717 gm—cm 2

C = 1080 dyn-cm-sec

= 0.1066 sec~~

= 11 sec

= 4.47 sec

13 5.78 sec

= 0.65
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The inertia efficiency of the float , ~. , is given here for
reference purposes onl y as it cancels out of H(j~~). With the
parameters given on the previous page the gradiomett’r and
filter transfer function corresponding to Fig. 3.2-1 is:

— 4  
.,

— ________ 
4 . 509  1 0  ( , j —  ) + (i , 091 ( ) U . 011 3~~

~~~~~~ 
) 

~~j - . )+ O .1~~~~~~~- ) 2 4(~ 2~~7 ( j  )4 0 .~~U36] [( . l .. )2+O. 0Rr~~~( I,. ~+0.0fl3~]

( 3 . 3 — 8 )

Using the transform pair definition of Eqs. 2.3—11 the rela-
tion between the spectral density, Q, of white noise driving

H(ju) and the variance , 2, of the output is found to be

Q = 53.1 2 
(3.3-9)

From Eq. 3.3—9 and the rms noise values given in Section 3.2
the white noise spectral densities for the model are

Q
~~

(5pectral density of w,~~)= 6.88 EU
2-sec - (3.3—lOa )

~yz 
(spectral density of w

~~
) = 12.75 EU2—sec (3.3—lOb )

Current CSDL data is in a format which makes the determination
of cross correlation between ~~~ and w difficult. It is
anticipated that the model will be updated to include such
cross correlation as suitable data becomes available .

3—9
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4.  ERROR MODEL FOR THE HUGHES ROTATING
GRAVITY GRADIOMETER (RGG)

4.1 BRIEF REVIEW OF THE HUGHES GRADIOMETER

The Hughes gradiometer (Fig. 4.1—1) employs two sets

of sensor arms with dense masses at the ends which are torqued

by the earth’s gravity gradient fie~..d. The sensor arms are

maintained at right angles to each other by torsion pivots

which link the arm centers and the case. This assembly is

rotated at a frequency * such that the differential mode of

arm—pivot system is excited by the gravity gradient torque .

The high Q’ associated with the system provides mechanical

resonant amplification of the differential mode gradient

signal by approximately 40 dB. In addition the rotation

separates , in frequency , gravity gradient signals and much

of the accompanying measurement noise . The differential

mode motion is sensed by a ~.iezoelectric transducer , amplified ,

filtered , frequency modulated and transmitted from the

rotating assembly to electronics mounted on the case of the

grad iometer .

In the RGG , as in the Bell gradiometer , the signal

is demodulated at twice rotation frequency into sine and

cosine channels to provide two gradient measurements - the

cross gradient defined by the plane of rotation of the

*The rotation frequency most recently used by Hughes is
17.55 Hz (RGG #2).

~i.e. , the mode in which the sensor arms are deflected oppo-
sitely.

4Q is energy stored divided by energy dissipated in one
oscillatory cycle.
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gradiometer and the difference between the two inline grad-

ients corresponding to the plane of rotation (illustrated in

Fig. 4.1—1). Coordinate axes of a suitable earth-fixed

reference frame are selected by phase shifting the sine and

cosine demodulators to the appropriate initial angular refer-

ence. Because the gravity gradient signal is encoded at a

small bandwidth centered at twice the rotation frequency,

the on~~v error sources which propagate through the instrument
are those at or near twice spin frequency. Note that , in

this regard , the frequency characteristics of ‘the Hughes

instrument are similar to those of the Bell gradiometer.
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SPIN AXIS
( z )

N
5 i n

\ _

~~~~~~~~~~~~~~

m
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Figure 4.1-1 Idealization of Hughes Gradiometer
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4.2 SUMMARY OF CURRENT GRADIOMETER ERROR DATA

In Ref. 4, current test data for the Hughes gradi-

ometer are given for output offset and short term randomness .

No long term drift data are available since neither of two

operating Hughes gradiometers have been groomed for long term

operation. Since the gradiometer instrument outputs must be

transformed to express the individu~.l gravity gradient tensor

elements , Hughes has approximated the effects of the t ransfor-

mation by dividing their gradiometer measurements by two . In

the sequel it will be more convenient to use the actual instru-

ment outputs as a data reference.

4 . 2 . 1  Output O f f s e t

The output magnitude of the gradiometer while operating

in the laboratory has been measured to be as low as 52.5 EU

(Ref. 13) with the spin axis vertical and 30.5K EU with the

spin axis horizontal . Although these values will probably be

reduced significantly in the near future , they represent the

instrument ’s present performance. The trend of this offset

data is not available from test results reported to date.

4.2.2 Output Noise

Random variation of the Hughes gradiometer output is

reported as 2 EU rms for  the vertical spin axis orientation and

25 EU rms for the horizontal spin axis orientation . Hughes in—
*dicates that these values correspond to a 20 sec averaging time

when referred to a white noise driven moving window avcrager

approximately representing the gradiometer and signal processing

dynamics . Of course , after demodulation , actuai gradiorneter

errors are band limited rather than white . Nonetheless , in the
absence of power spectral density data or long time—history rec-

ords of gradiometer operation , white noise offers a convenient

means for representing random errors in the Hughes instrument.

*Equivalent to a 10 sec first—order lag .
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The noise model for the RGG treats t h e  s i n e  and

cosine channel errors as fulls’ correlated error sources . The modei
is similar to the Bell gradiometer error model in this regard .

Further testing of the instrument w i ll  def ine the extent of

actual correlation between output errors of the same RGG .

It is anticipated that such data will be incorporated into

the models as it becomes available.

4.3 ERROR EQUATIONS

The data given in Section 4.2 has been scaled by the

factor 1/2. It is convenient to rescale by that factor

so that the data corresponds to the measured gradiometer

outputs. In the tabulations which follow the distinction

between data provided by Hughes and the corresponding re-

sealed data is clearly delineated .

4.3.1 Output Offset

RGG offset measurements are summarized in Table 4.3.-i.

TABLE 4.3-1

RGG OUTPUT OFFSET DATA
___________________ 

________________ ___________________ 
T- 1 154

MEASUI~E1) GRAD IENT PROVIDED RFFFRENCF:D TO 
SPIN A X I S

cOMPONENT BY HUGHES - 
GRAD~OMETl-.R ORIENTATION

xx — ~~~~ 105 V e r t i c a l
yy - 7,Z 3 0 . 5  K 71 K H o r i z o n t a l
xx - z7. 30 . 5 K 71 K H o r i z o n t a l

X V  5 2 . 5  1 05  V ,~r t ~~cal
vz 30 . 5 K  71  K Ho r i z o n t a l

xz 3 0 . 5 K  71 K H o r i z o n t a l

The model for grad iometer offset is a random constant given by
the state equation set

= 0 ( 4 . 3—1)
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where the elements of ~5z are defined in the same fashion

as ~z. The zero offset model has the same correlation struc-

ture as that of the Bell gradiometer , namely offsets in the

sine and cosine channels are modeled to be fully correlated

and offsets for different gradiometer instruments in the

triad are modeled to be independent . The more detailed

explanation in Section 2.3.1 also applies to the Hughes

gradiometer. The covariance , P~ 0. def ined by E q .  2 . 3 — 2 ,

is computed from the second column of numbers in Table 4.3-1.

The va lue  of is

r0. 011 0 0 0.011 0 0

0 ~~~~~~~~~~~~~~ 0 5 0 ~~]0~ 0

0 0 5 , 0~~ 10~~ 0 0 5. o . I o ~ - -p = 10° F~~ZO 
~~~~ 

0 1) 0 .0 11  0 U

o 5 , 0~~ i0~~ 0 0 5 , 0 ’ l f l”

L o 0 5 ,O~~10~ 0 U 5 n ,~~l
3 (4.3—2 )

O n y  the uns ..gned offset magnitudes have been provided by Hughes.
Thus a l l  of t h e  cross covar i ances  in Eq .  ( 4 . 3 - 2 )  are pos it ive . *

4.3.2 Output Noise

The RGG noise  meaE u r eme nt s  g iven in Sec t ion  4 . 2  are
summarized in Table 4.3—2. The spectral density of white noise
which models the RGG randomness error is given by the third
column of numbers. Units of spectral density are defined by
t h e  t r a n s f o r m  p~~ir of Eqs .  2 . 3 — 1 1.  The noise which models
errors on the sine and cosine channel of a single gradiometer
is taken to be fully correlated (as discussed in the paragraph
proceeding Eq. 4.3-2).

*
The discussion in the paragraph following Eq. 2.3-3 also
applies to Eq. 4.3—2.
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TABLE 4 . 3 - 2

RGG RAN DOMNESS DATA

___________________________________ T-1155

ME AS L ’RED GRAD ! ENT BY
P D

EU TO GRADJOM E T E R SPEC’TRAL P E N S I  TV SP 1~. A X I S

xx - vv 2 4 320 1 V e r t i c a l
v v  - zz 25 50 5 io ’l H o r i z o n t a l
xx — z;~ 25 50 5 ‘ 1 0~ H o r i z o n t a l

xy 2 4 320 Ver t  i ca l
yz 

- 25 50 5 1O 4 H o r iz o n t i
xz 25 J 50 5 ‘ 1 O 4 J H o r i z o n t a l

M ov ing  W i n d o w  Av erage

Note  t h a t  t h e  error models provided in this section

correspond t o  measured outputs of the  RGG . Models  f o r  the
e f f e c t  of RG~ e r ro r s  at t h e  g r ad i e n t  tensor element level
are found  f rom t h e  models  h er e i n  and  a p p l i c a t i o n  of equa t i ons
presented in Appendices A and B.

4-6
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5. CONCLUSIONS AND RECOMMENDATIONS

This report describes new , data—derived error models

fo r th e Bell , CSDL and Hughes gradiometers .  The models are
useful for evaluating the effects of gradiometer errors on

mul t i sensor  g rav imet ric  surveys which  incorpora te  moving—base
measurements of the earth’s gravity gradient field. The mathe-

matical structure of these error models has been chosen so

they are also useful for optimally estimating gravimetric

quantities from gradiometer data. The models are preliminary

because gradiometer instrument development is still incomplete.

Although only a very limited set of missions could gainfully

employ gradiometer technology at its current level , it is

aapropriate to note that progress in the development of

moving—base instruments by all three manufacturers has been

rap id .  Advantage  should be taken of these results by continu-
ing current programs of development and analysis. Specific

recommendations directed toward the ongoing gradiometer de-

velopment effort include maintaining and updating the error

models in this report , applying the models to processing

laboratory gradiometer data and exercising a posture which

assures that the gradiometer is developed as a broadly appli-

cable , multi—mission instrument .

Finally, attention is drawn to a technical area

which  deserves i nves t i ga t i on , namely opt ima l es t imat ion  of
*gravity gradien t tensor elements from gradiometer output

measurements. In addition , the potential benefits associated

with a nonorthogonal choice of gradiomet.er instrument axis

directions (to maximize gradient information output from a

tPresent gradiometer prototypes do not provide all of the
gravity gradient tensor elements directly.

5—1
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t r iad of the  nex t  g e n e r a t i o n  of sensors ) m e r i t  c o n s i d e r a t i o n .
An analysis of gradiometer performance improvements asso-

ciated w i t h  such  design m o d i f i c a t i o n s  shou ld  address t h e

following important issues :

• What is the optimal alignment for the
axes of each gradiometE-r in a triad
based on current error models?

• How much is the  er ror reduced at  t he
g r a d i e n t  t enso r  level  and in e s t i m a t e s
of the gravity disturbance v e c t o r
associa ted  w i t h  o p t i m a l  g r a d i o m e t e r
axis alignment in t he tr i ad?

• What is the design cost and the impact
of additional data reduction comp lexity
a s so c i a ted  with a d o p t i n g  an optima1
triad alignment configuration?

The resolution of these issues will provide an assessment of the

advantages and disadvantages of non-orthogonal gradiometric

sensor triad designs.

5-2
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APPENDI X A

LEAST SQUARES REDUCTION OF INLINE GRAVITY
GRADIENT MEASURE~~NTS

The Bell and the Hughes gradiometers do not measure

the i n l i n e  grad ien ts  ‘~ , ~ and ‘
~ d i r e c t ly .  I n s t e a d  t h exx vv zz

quantities provided by a rotating gradiometer are

z1 = — + “
~~ 

( A — i a )

= 1zz + v
2 ( A — l b )

z3 = 
~~~~~~~~ 

— + v
3 

(A— ic)

where v . is noise en the ~
th measurement . With the use of

1

Laplace ’ s equation

1xx + + = 0 ( A — 2 )

the augmented measurement  set is given by

z = H x + v  (A—3)

where

I Z
2 )

\Z:J
ix = ( y~~ 3 (A—5)

\‘~~ /

A—i
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-l

H = 
0 1 —l 

(A— 6)
1 0 —1

Li iJ

rv i~
V = ~2 ( :~~7 )

L”
If v is independent  of x the least squares estimate o~ x is
given by

= H z  (A-8 )

where H is the  o p t i ma l  e s t i m a t o r  ( R e f .  14) g iven by

= (H TR
_ l

H )
_ 1

H TR
_ l 

(A - 9 )

and R is the  cov a r i ance  of V .

Note that if the elements of v are not independent ,

an appropriate “whitening ” transformation must be applied to

Eq.  A — 3 before  compu t ing  !i . Because the order of the equa-

tion sets associated with gradiometer measurements seldom ex-

ceeds seven , computation of the necessary whitening trans-

formation is not difficult. For the matrix H , as given by

Eq. A—6 and the same noise variance in each channel , H has

the value

ri o i. 11
= ~ I_ i 1 0 1 (A—b )

Lo —l -1 iJ

A-2

_ _ _ _



Since the f o u r t h  element of z is zero , the  t r a n s f o r m a t i o n
between the gradiometer measurements and elements of the gra-

dient tensor is effectively given’ by deleting the fourth

column of H .  In  t h i s  case  t h e  l~--ast ~~~~ ros ostima i e of t h e
grad ien t  te nsor e lements  can be w r i t t e n

/~ \ r l  0 1 rz
I~~xx \ I I 1

~yy ) = ‘
~~ 1 0 I Z 2 ( A — t i )

L 0 -i -1 LZ~

Note that , in add it ion to introducing the scale facto. of 1/3
between measured gradient  da ta  and the actual tensor elements ,
Eq.  A—li  defines correlation between estimates of the inline
grav ity  gradients .  Equa t ion  A-3 su b s t i t u t e d  in to  E q .  A— il
shows that the same correlation structure also applies to
the error in the estimated gradients.

A— 3 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



- -  

~

— - •-

~~~~~~~~~ 

-

~~~

—

~~~~~~

.. -

~~~~~~~~~

- -

APPENDIX B

TRANSFORMATION OF GRADIOMETER MEASURE:~EN T ELRLIH
MODELS INT O TENSOR ELEMENT ERROR M O D E L S

The o u tp ut equa t ion  fo r  t h e  Bell  and Hughes gra d lom -
ete r is of the  fo rm

= sin 2Pt + ~~~~ cos 2~Tt ( B — i )

where ~ is the rotation rate and t is t ime . Bt~~ause  i t  i s  o f t e n
t h e  practice of the manufacturers t o  s c ai e  n o i s e  mea~-u r e m e n t s
to th e s ine and cosine terms of Eq.  B-i ( i . e .  , ~n n e  chan nel
and cosine channel output), t r a n s f o r m i n g  from gradior3eter out-

put to the gravity gradient ~~nsor involves

• A p p l y i n g  Eq. .A— l0 to the  i n l i n e  d i f fe r e n c e
terms

• Scaling the cross terms by 1/2.

Extending the notation of Appendix A to cross gradients in-

dicated by mixed subscripts , the relation between a full triad

of grad iomete-f measurements , z , co n t a i n i n g  w h i t e  noise errors
of the same spectral density and estimates of the elements of

the gravity gradient tensor , f , is

F = T z  ( B -2 )

where

B-i

_ _ _ _ _ _ _ _  -- . -  ~- . - - -~~- -~~~~~~~~~~
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‘Y xx I

~
yy

= ( B — 3 )

T xz

‘_ zl 
-.

Z 2 I
z.,

z =  ~~~~~ (B—4 )
‘xy
z

y ~
z

- xz
L J

1/3 0 1/3 0 0 0
-1/3 1/3 0 0 0 0

T = 
0 -1/3 -1/3 0 0 0 ( B — 5 )
O 0 0 1/2 0 0
o o 0 0 1/2 0
‘0 0 0 0 0 1/2

The covariance relation corresponding to Eq. B—2 is

E[F rT] = T E [z ~T] TT (B-6)

As an example , when Eqs.  B-2 and B—6 are applied to
the Hughes gradiometer , the tensor leve l randomness model de-
picted by Fig. B-i is obtained. In Fig. B—i the quantity v
is white noise .

B-2
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GRADIOMETER
MEASUREMENT G R A D I E N I

E L E M E N T
______________  

____________________  
E R R O R S(xx-yy)  V 1

(yy .~~) V 2 

_ _

_ bLTh~~~
X X

_ _  I
(xx -zz)  V 3 - ______ ____________________________

XV

yz V Z

Figure B-i Randomness  Error Model for Hughes
Gradiomet er  Triad
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APPENDIX C

TRANSFO RMA T I ON BETWEEN CSDL GRA DI OMETER MEASUREMENTS
(AND MEASURE ME NT ERRORS ) AND ELEMENTS OF THE GRAViTY

GRADIENT TENSOR E~~~RE SSE D IN AN ORT HO GONA L REFERENC E FR A M E

A com p l e t e  CSDL g rad iometer  emp1oys :t n~~oIr1ho -

gona l  sensor t r i a d  as shown in F i g .  C — i  t o  produce measurement s

which span the entire space of the earth’ s gravity gradient

t e n s o r .  To reduce these  measurements to elements of the  gray -
i ty  g r a d i e n t  t en so r  expressed in c l u s t e r — c e n t e r e d  c o o r d i n a t e s

z ’ , a set of l i nea r  rela t ions  between the  (x ’ ,y ’ . z ’ )

coord ina ted  g rad i en t s  and the body axis measurements (xi. y±.
z . ,  i=l , 2 , 3) is required. Noting that the axis of weights ,

z1 of each of the three gradiometer sensors is i n c l i n e d  at
the same angle with respect to z’ and that they are equally

spaced in azimuth * about z’ , the following relations can be

shown to app ly .

- 0 . 4 7 i 4- ,~~~~, .  -0 ~~~~~~~~ +o,~ 333~~, ,  (C—ia)

~~~~~~~~~ ( C — l b )
.,~~
;

1 O . 1 t 7 B -
~~

.
~~

. • f 
~~~~~~~~ 

- 0. 47 4~~~.7 . - 0 40R2~~~,~~, — ‘
~~~~~~~~~~~ v 7 ’ 4 0 . 2R87~~~ , .  (C—i c)

~~~~~ ~~~~~~25 00’~~~~~ - 0 2500~~~~~~ , - ~~~~~~~~~~~~~~~ 
~~
°70

~~~
’ V 7  

_ 0 . 4 0 8 2 ~~~~ 7 . ( C — i d)
— 0 . 1 1 7 8 ,  - - + (‘ . 3 53 6 y  - - - 0 .4 7 1- 1 -, , , • 0 .4 0 8 2 - . , — o .l6~7~ . — n .2 R 8 7 ~~ - ((‘—le)

~~~~ 0• 2 5 OO ~~~~~• 4 0.2500 

z 7 

- 0 .2 S 87 - , ,  ~ O 7071~~ .~~~~ . - 0.4082~ , .  (C—if)

where the  e lements  and are the  body axis coordinated
measurements of the 1 th sensor and ~~~, 

- , , , 
‘
~ , ,, , ‘y , , , ‘r’ ,z z  x y

*No1 e t h a t  CSDL h~t~ d - s i  gne c. t h e  d u s te r  to  operate w i t h  the
t ’ a x i s  v~- r~ ~ ‘a1 .

C-].
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Figure C-i Three Axis Floated Gradiometer Triad

are the six elements required to specify the
gravity gradient tensor. (Only five are independent).

The system of Eq. C-i is not of full rank and hence
not invertable. However , by use of the Laplace relat ion as
a pseudo measurement , an i nve r t ab l e  system can be formula ted .
The set of Eqs .  C-i is augmented by

0 = + + , ,  (C—2)

In mat r ix  no ta t ion  the augmented system is represented by

z = H F + error ( C-3 )

C-2
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where - 1( 1)-Yxz
(l)

0)

xz
z = ( 2 )  er ror  (C - - I )

~yz
I

, (3)
~
‘xz -

L (3)
L o  J

X

= ~z ’ Z ’ (C -5)
1x ’y ’

~
,
Y y ’ z ’ I

L~ x
’ z’J

an d H is t h e  7~ 6 coefficient matrix. In  s i m i l a r  f as h i o n  to
Eq.  A-8 , the least squares solution to Eq. C-3 (when the

measurement error  vector e lements  are independent  w i t h
equal variance ) can be written as

z (C— 6)

where
H = (HTH)~~ HT (C-7)

Single  prec is ion compu ta t i on  of H~ gives

C- 3 
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I
[ 1 . 17 9  0 - 0 .2 3 (  0. 333 - 0 .2 3 0  _ 0 . 3 3 3  ( 3 3

— 0 . 707 0 0 . 7 0 7  — 0 . 3 3 3  0 . 7 07  0 . 3 3 3  0 . 33 :4

= 
— 0 . 1 7 2  (1 ‘ — 0 . 4 7 1  1) — 0 . 4 7 ~ 0 1 , 3 3 4 .  

( C — 8 )
0 0 . 3 8 5  - 0 . 8 1 7  - 0 . 1 9 2  0 . 8 1 7  - 0 . 2 9 2  0

0 . 067 C — 0 .3 33  — 0 . . 17 1  — 0 . 3 3 3  0 . 4 7 1  0

L 0 0 .5 44  0.577 -0.272 — 0 .577 - 0 .2 7 2  (1

Equation C-6 with H~ as given by Eq.  C— 8 provides the  trans-
formation between gradiometer measurements and the elements
of the g rav i ty  gradient  tensor .  I t  is usefu l  to simp l i fy
Eq. C— 6 by recogniz ing  that  the  f i n a l  element of z is zero
and deleting t he  last column of H#. Defining the new q u a n t i —
ties z ’ and T as

T’(6x6) = H with last column deleted (C-9a )

z ’(6>i. ) = z with last (zero) element deleted (C—9b ’~

The transformation between the six gradiometer measurements

and the  tensor  element  es t imates  is

= T’z’ (C-b )

The corresponding transformation for covariance quantities is

E ( F FT) = T~E(z~zt T)T~T (C-il)

C’- 4

_ _ _ _



- 

7

REFE RENCE S

1. Forward . R . L .  . et al . , “Resea rch  Toward F e a s i b i l i t y
of an Instri.iment for Measuring Vertical Gradients O t
Gravity , ” Report No. AF l9(628)—6134 , Hughes Research
L a b o r a t o r ie s ,  M a l i b u , CA , Octobe r 1967 .

2. Bell A~-rospacv , Textron Day . “Grav ity Gradiomet .er
Review , ” I-~- ! 1  Report No. 532-I—9270j1 . Fi fth Mn’~ing—Base G r a v i ty  G r a di o r n et e r  C o n f e r e n c t - ’  (USAF Academy )
January 1977•

3 . Cha ri e .z: S t a r k  Dr ap er  Laboratory , Inc Gradiometer
D e v e l o p m e nt  Pr~~~ram I n t e r i m  Report , ” CSDL Report  N o .
R—i064 , Apr al 1977.

4. Forwara , R .F . and Ame s , C.B. , “Prototype Moving Base
Rotating Gra vity Gradiometer , ” Fifth Mov ing—Base
Gravity Gradiometer Conference, (USAF Academy )
January 1977.

5. E p st e i n , B . ,  “ U . S .  N a v y  Gradiometer  Program , ” F i f t h
Movi ng-Base G r a v i t y  Gradiometer  Conference,  (USAF
.Academy ) January  1977.

6. Tho mas , S . W .  and H e lt e r , W . G .  , “Efficient Estimation
Techn iques  f o r  I n t e g r a t e d  G r a v i t y  Da ta  Process ing ,”
The Analytic Sciences Corp. , Report  No. AFGL-TR-76—0232.
September 1976.

7. H e l le r , W .G. , “Gradiometer-Aided Inertial Navigation , ”
The Analytic Sciences Corporation , Report No. TR—312—5 ,
.Januarv 1975.

Gibbons , J .E. , Baumgartner , S.L. , and Ki tahara , R . T .
“Air-Mobile Cruise Navigation System Performance Poten-
tial (U), Vol. II . Deta i led  Studies , ” The A n a ly t i c
Sciences Corporation , Report No. TR-.573—2, Januar y 1977
(SECRET).

9. Gerber . M .A. . “Propagation of Gravity Gradiometer Errors
in an A i rbo rne  Inertial Navigation Systems ,” AIAA
Guidance and Con t rol  Confe r ence ,  (Boston), August 1975.

R-1



10. Ames , C.B. et a].. , “ R o t a t i ng G r a v i ty  Grad iometer , ”
Hughes Research Laboratories , R&D Design Evaluation
Report . March 1976.

i i .  Metzger , E . H .  , ~‘Summary  E r ro r  M o d e l — R o t a t i n g  A c c e l € ’ r~-meter  G r a v i t y  Grad iometer , ” Bell Aerospace Company
Report  ~o. 6420-927006 , January 1976.

12. Peters ,  R . C .  , “Preliminary Gravity Gradiometer Error
Models , ” The Aerospace Corporat ion , Report No.
TOR—0074(4113)—2 , June 1974.

13. Lahue , P.M . , “Letter ~ e s c r i b in g  Recen t  RGG Test Re-
sults,” Hughes Research Laboratories , April 1977.

14 . Geib , A. , Ed., Applied Optimal Estimation , MIT Press ,
Cambridge , 1974.

R— 2 


