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On Selecting an Optimal Subset of Regression Variables
by
Shanti S. Gupta, Purdue University
and

D. Y. Huang, Academia Sinica, Taipei

ABSTRACT

In the past decade a number of methods have been developed for
selecting the "best" or at least a "good" subset of variables in regression
analysis. For various reasons, we may be interested in including only a

subset say, of size r < p, the number of independent variables. Various

authors have considered this problem and a variety of techniques are
presently being used to construct such subsets. Most of ™~ . seem to
lack justification in terms of statistical theory.

In this paper, we are interested in deriving a selection procedure

to select a random size optimal subset such that all inferior independent

variables are excluded. Some results on the efficiency of the procedure

e i 2k

are also discussed.




On Selecting an Optimal Subset of Regression Variables

by

Shanti S. Gupta, Purdue University
and

D. Y. Huang, Academia Sinita, Taipei

In the past decade a number of methods have been developed for
selecting the "best" or at least a "good" subset of variables in re-
gression analysis. For various reasons, we may be interested in including
only a subset say, of size r < p, the number of independent variables. Various
authors have considered this problem and a variety of techniques are
presently being used to construct such subsets. They seem to lack just-
ification by statistical theory (see e.g. [2], [6]).

Arvesen and McCabe [1] propose a procedure for selecting a subset
within a class of subsets with t (fixed) independent variables, taking
into account the statistical variation of the residual sum of squares.

An algorithm for determining the necessary constant c given the
design matrix X is presented in [4].

In this paper, we are interested in deriving a selection procedure
to select a random size subset excluding all inferior independent var-
iables (defined later). Some results on the efficiency of the procedure

are also discussed. It should pe pointed out that our approach is different

*This research was supported by the Office of Naval Research contract
NO0014-75-C-0455 at Purdue University. Reproduction in whole or in
part is permitted for any purpose of the United States Government.




from Arvesen and McCabe [1] and the approaches used by others.
Let Tgs Mpeee sy denote k+1 normal populations with variances
og. af....,oﬁ. Let a%]] o c%k] denote the ordered variances.

A population s is said to be

superior (or good) if cg 3_6?0?.
inferfor (or bad)  if o < &%0°,

where 6{, 55 are specified constants such that 0 < 65 < 6? € L.

We are interested in devising a procedure which selects a random
size subset, that excludes all the inferior populations with a
probability not less that P*, a specified constant.

Let @ be the parameter space which is the collection of all possible
paramater vecotor 6 = (og. o%,...,oi). Let t; and t, denote, respectively,
the unknown number of inferior and superior popualtions in the given
collection of k+1 populations. We have 4 >0, ¢, > 1 and tytt, < k+l.

For specified 5? and 55, let

Q
onN

Jiratii g g sl
Q(t‘l’tz) o {6. U[]]i eee < o[tz] b

A

< 02
1 [tz“'].l
2
< cz < 20 < 02 < < 02 }
¢ - [k't]] Eg b [k-t]+]] s 0 [k] i

1A

Then

Q= tu stz(t1 ,tz).
12

Let CD stand for a correct decision which is defined to be selection

of the subset which excludes all the inferior populations.

Assume the following standard linear model

(RO 14




(]) !" X§ i €_ P (1'!]""’![’-])’ §' - (BO'B]""’BD-])’

where X is an Nxp known matrix of rank p<N, B is a px] parameter
vector, and € - "(0’°SIN)' and 1= L1, 1...00500s

In what follows, (1) which has k(=p-1) independent variables, will
be viewed as the "true" model.

Consider the models

e ! = XipBey * &

where x(if (ToXpsenesXs 1oXigqoe--aX) and g(ﬂ= (BsBysevvsBi_qo-nvsBiyps---

and € ; - N(O,oglk), i=21,. .00k, Xﬁ)associated with model (2) is called
population ¥ (1<i<k). The goal is to reject L i.e. to reject Xi,
associated with °€jj’ J = k-t]+l,...,k, for any fixed t].

Note that
- (] 2 (] ‘] [} = (]

1 -

where Q; = [1-K ;) (X'1)X(4)) 7' X;1, then following Searle [5, p. 571,
55,795~ X2 (r(Q), (Xg)'Q(X8)/(203)),

where r(Qi) = N-k=v. Note that the noncentrality parameter, in

general, is not zero and that

(3) o = b + (X8)'Q;(Xg)/v.

1
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Assume that og is known. Since the problem is invariant with respect

to the scaling by ag > 0, we assume without loss of generality that
2

9 = I.
To obtain the joint distribution of SS],...,SSk. we can write
1oy = v,
where
(4) Ui = Bix and BiB{ = I, BiBi = Qi

Bi is an vxN matrix.

The joint distribution of U' (Ui,...,Uk) is multivariate

normal in kv dimensions with mean vector n' = (51,...,gk), gy

B;X8, and covariance matrix I = (zij) where I = °i°j8183' Note that
the kvxkv covariance matrix £ is possibly singular. Let I =

FF' where F is of full column rank r (r = rank(z)), and let U = n + FA
where A - N(0,I). Thus, the joint characteristic function of

SS] SSk
R is (since SSi = UiU%),

k
¢(t],...,tk) = E{exp(i jzl tj(Uj) Uj/2}

= |1 - iF'TF|"*
. expiln' (iT-TF(I-1F'TF) " TF' Tin]

= |1-92T| %explin'T(I-izT) 'n},




where T = diag(t],...,tk) ®l,.

We propose the rejection rule of the form:

R: Reject ¥ (or reject Xi) is and only if

where 65 8 o

Note that SSi is associated with Ui or, equivalently, with
population m and degrees of freedom v, whereas SS[i] is the
i-th smallest sum of squares and SS(i) is the sum of squares
corresponding to the (unknown) i-th smallest expected sum of

squares o%i] and degrees of freedom v. Thus

inf P_(CD|R) = inf P.{  min 8, > 254
: e ket Mcick ) T8

SS
inf P.{ min e s IR T W

8 AR 2

(4)

g%
= min  inf P( min —) 5 ey
O<t, <k B k-t +1<i<k i1

It is clear that the bound in (4) approaches a minimum value

as the parameters o%i], k-t]+1§j5k for any ts approach %; . Since

this limiting probability does not depend on the value of 0%1],

k-t]+1§j§} for any t,, we can assume that they are all equal to 3%.
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Thus

inf P(CD|R)

= P{ min SS, > 3.
1<i<k 2

= AR b iy V)2
Let Z, = k(SSj v - nins)/(3)# Then

j 3%
SS.
P( 2] 2?2—2 s ]<'I<k)
2
1 Ding
= P(Z, > s (3)2 - 2, <<k
/?35 (2v)=
2, g (5’)%9 T<j<k}
*
/263

That is, the worst configuration (asymptotically) is when g = 0.
From the multivariate central 1imit theorem, it follows that for
large v, the joint distribution of Z],...,Zk does not depend on
Dys---s0 (see [1]). Now the problem is the same as to compute

the joint distribution of SS],...,SS Note that here ¢ = (zij)‘

K
2 -1 ¢ 5 . ¢ a1
zij = 65 BiBj is vxv as given in (4), and Ly =65 1.
Following the discussion in [1], we have the joint cumulant
SS

generating function of —7; 1<j<k, is (see [5]).

(5) log|I-icT| = 2 ¥ i"tr(zT)"/r
r=1

J v r
. krzl i cr(t],...,tk)/r.
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Thus, the joint cumulant Krl‘rZ""'rk

r» can be obtained from the rth term of (5) by multiplying the
coefficient of ir(t;i)...(t:k) by r !...rk! Note that for r = 1,2,3,

1
k
n
€y =% t.
y12 LY
(6) k
n 2 -2 ' '
C,= 3 (Z]tj + zizj t;t;03 tr(BiBijB,)}
J: <

and

k
Zn 3

t2t.s 5'2tr(e B'B.B!)}
i#j ivj

=)

'3 (] ] ]
£6 3 thtitj6§ tr(BhBiBiBijBh)}'
h<i1<j

Expression (6) would determine an Edgeworth approximation of order
o

v “[3]. To compute some constant C to satisfy

.. _ rhe Ty
(7) inf P(CD|R) = P{Zj s Ziig- (Z)A, 1<j<k} = P*,
where Zj s (SSj-v), 1<j<k, and the covaraince matrix of the
2y
: A 2= L
{Z;) is given by r = (pij), pyj = v tr(zjizij), iti.

The Fortran program as in [4] can be modifed to compute (7).

Note that when og is unknown, we can use the same method

as above to construct a rule as follows:

E33

R': Reject =, (or reject X;) if and only if ‘\71‘?-

w
w
o

No’tl o
&

of total order r = " + ry bl

+




where 65 <c <1 and

SS. = !0{1 = X(X'X)-]X'}! = !.00!'

0

e g
Here SS, is XN-p.

Expected number of inferior populations included in the selected subset
and its supremum.

For the proposed procedure the number T] of inferior populations
that enter into the selected subset is a random variable. For fixed
values of k and P*, the expected value of T, is a function of 6.

For 8 € Q(t1’t2)’ and large v,

k
E_(T,|R) = ] B }
ST - st SIS

k SS,.
& Z P(-——gl)- < vc}

izk‘t]+] U[i]

k
y PISS, .y < 25}
i=k-t,+] Wi 5

u

k ;
D gy < i Hul

i=k-£,41 25% (2v)%
K
e Vi3 .
5 vy oPilpgy s = k)R hedk)
k-t () gy 2

where Z(i) and n(4) are associated with () l<i<k. Thus the worst

configuration is g = 0. Hence




sup EO(T]]R) = max sup sup EH(TIIR)
- tety 8 eca(t,ty)) -
= sup sup E.(T{|R)
g oe€a(k,1) g
k Vo N
IE st
i=1 J /25‘5

Expected number of superior populations that enter the selected subset
and its infimum.

Let T2 denote the random number of superior populations that enter

the selected subset. For g € Q(t],tz) and for large v,

t
2
= vC
t g6 ]

L L
=T T
2 ss 4

> P{ < vc}

i .

Hence




10

, inf E (T,|R) = min inf inf E.(T,|R)
i 0" 2 : 6'' 2
G tpty 8 gedtty) -
) Ac vy
: = P{Z] _<_ 6] = (2‘)‘},
where
S %, * £
Z] = e (SS] V), G]SS] has chi-square

with v degrees of freedom.
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