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0, Non-Technical Summary

In this paper, a single device shock model is considered. The
model we study consists of a single device which is subject to shocks
from the outside envirQnment. An example is an electrical device which
occasionally experiences a large electrical surge due to a malfunction
in the electrical system,

These shocks will eventually render the device inoperable, We
consider the class of devices which will almost certainly be able to
endure large numbers of shocks before failing, We find conditions on
the shocking précessés and on the ability of the devices to survive
shocks so that the time to failure distribution of the device is asymp-

totically an Increasing Failure Rate Distribution,

-~

1, Introduction
The shock wmodel discussed in this paper is rather simple, It

consists of a single device and a shocking proecess which acts inde-

pendently of the device, As time goes on,‘chu cumulative damage done

to the device by the shocking process increases and the probability
that the device is still surviving deereases.

Ve let Zt reprosent the cuwnulative domage at time ¢, we let

T be the lifutime of the device and we let H(t) = P(T >t), Then

(1 > clzt) s E(Zt), where 1§ is some nown-incredsing Borvel measurable
Euuction-mapping tho veals into [0,1}.. Sou the probability of the event.

(T >t} s conditionally lndgpendunt-pff_c"giVun ZL.
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In [6], [1] and [8], Z

¢ was taken to be a renewal process,

Symbolicaly, Zr = Nt where Nt is an ordinary renewal process.

Letting P = f(k), k >0, the problem is now fully described if we

know the sequence (P and the interarrival distribution of Nt'

K
In this paper, we will consider the cases where Zt is an ordinary
renewal process, a generalized renewal process or the sum of Brownian

motion with drift and an ordinary renewal process.

2. Distribution Classes in Reliability Theory

In reliability theory it is often important to classify H,
where H is some failure distribution, Knowing which class H belongs
to can tell us about its shape or about the form of the optimal wain-

tenance policy,

Definition: A probability distribution H on [0,) is Increasing

ﬁ(t+xl

Failure Rate (IFR) if D)

is non-increasing in t for x >0,

| where fi(e) = 1 - n(e).

1f N has a density, the above definition is equivalent to -%%E% :
t

non-decroasing in t for & some version of the density, A distribu-

tion M 1is LFR if and only tf H is log concave,

“Definition: A sequence (Pklr is a probability scquence if P20,

all k>0, P

0.5 1 aund Pk none increasing.

r




Definition: A probability sequence (P

k} is discrete IFR if Pk+1/Pk

15 non-increasing in k.

Definition: A distribution H on [O,m) is Increasing Failure Rate

on the Average (IFRA) if l'rl(t:)]'/c is non-increasing in t, A proba-

Vk

is discrete IFRA if Pk

bility sequence {P is non-increasing in

i)
ko

In [6] and [1], Nt was assumed to be a Poisson Process, The

authors showed that if {Pk} was a discrete IFR(IFRA) probability

sequence, then for

w ! k
Be) = (T>0) = 5 M p
ks0 A N
I \
= kgo B(N, = k) P, - BBy

R is LFR(IFRA),
In [8], weaker conditions on N, were found so that if (Pk]

is a discrete 1FR(IFRA) probability sequence, then W is IFR(IFRA),

).' Summary.of Results
| The conditions on N, in (8], while more general than those of
[A) or (1), are still vestrietive. The readex wtil-uqte that for any
qrdinaty renewal procass Nt ‘with interurrtvu; t;mes [xk], with

X, ~ Fl and sxl = u <w and var X = og < w, that'-_




Nt - t/u

V (12 t/ ;15

N(0,1) is a random variable with the standard normal distribution and

d

> N(0,1) .

~--(i-—> represents convergence in distribution,

This result, the Central Limit Theorem for renewal processes,
tells us that the one-dimensional distributions of many renewal processes,
including the Poisson, begun in some sense to resemble each other as t
gets large, As the pertinent theorems of [6], [1] and [8] make use of
only the one-dimensional distributions of Nt’ ic seems possible that
limiting results, of the nature of the results which made assertions
about H given the form of the (Pk] sequence, can be derived,

Now, in practice, it is often the case that we will be considering
a device which will almost certainly sustain teans or hundreds of shocks
before it will even be remotely possible that the device will fail, 14
this is the case, we would be justified in considering the shape of H
for values of t which are large compared to the expected interarvival

times, Indeed, this is primarily what we do in this paper,

Definition: A function § - is asymptotically log evncave if theve

. 3 L
exists a4 log comcave Lunction ¢ with the property chat  lim T 1,
’ ° t [ YY)

A distribution M  is asymptotically 1FR «v R is asywploiically log
coneave,

We will find conditions oa N, oand (Pk} so that  H{v) «'HPN
t

is asywptotically log concave, We will more gonerally tind conditivns




on f and Zt' where Zt is either a generalized renewal process or
the sum of 4 renewal process and Brownian motion with drift so that

H(e) = Ef(Zt) vis asymptotically log concave, In all cases, we will

find explicitly, the asymptotic form of fi(t). The major results of

this paper are found in Section 11, We will first consider how dif{ferent
functions f arise naturally, where we assume that Pn+1/Pn «»e'Y,

v 20 and f£(n) = Pn' In order to do this, we must first study regularly

varying functions,

k., Regularly Vacying Functions

Definition: A positive function L defined on [0,~] varies slowly

L{tx
Lt

function U varies regularly at infinity if and only if it is of the

at infiaity if and only if -1 as t -+« for every x>0, A

form U(x) = %" L(x) with L varying slowly at infinity and -« < p < «,

Lewma 4,1i 1f L varies slowly at infinity, then  x°° < L(x) < x", for

any fixed ¢ > 0 and all = sufticiently large.

Proof: The pronf is in {7], p. G

I

£ : - : ,
Lawma b, 2 LE-;-S‘J- a b as & o« unifovaly in finite intervals

O<a<gaxkb,

Proof. The proof is in (7], ». 7.




To show that L 1s slowly varying at infinity, it is enough to
Lt -1 as t »w for 0<x <1
L(xt) ’ ’

We will be considering functions which are slowly or regularly

show

varying at infinity and functions of the form f(x) = U(x) e T*  where

’
U is regularly varying at infinity, A reference for regularly varying
functions is {7].

When do such functions arise in the context of our model? Speci-
fically, when is f{(n) = P of the form, £(n) = Un) e with U

regularly varying at infinity? We deal with this question in the next

section,

5. The {Pk} Scquence and Regularly Varying Functions

If any function 1 that we are considering is only defined on
the non-negative integers, extend it to R" in the following wamer,
Let P(n) « log t(n). Extend P to r* by linear interpolation, Lot
t(e) = ep(t). So if ¢ is log concave on the non-negative integers,

p ¥
then cthe extension of 1 to R" s log concave on IR,

) o e C L elec
Theorem i Suppose P /P o {1+ a), and a - ofa™""%), soume
e ael’ Tn w? n a
N,
P“ _— 1) BRI (lpak)
7 kol

>0, I @y > -1, all . n, then g(a) = e

is slowly varying at infinity and

0< lim plo) & UHu gn) <,
o T e

I '%‘ {s decveasing, g{n) is log concave,

)




Proof: Note that

w xl\ 1 k1
log(l+x) = 2 ’k , for x > -1,
k=1

So for M sufficiently large, n > M,

M n

Al Ll ]. n [ A 2 n 5
Y log( 1+ak) v Loa -3 5 8 - 35 5 Iakl
k=1 k=M+1 k=M+1 kaM+ 1
M n
< log g{n) < ¥ log( 1+ak) + a .
k+l k=M+1
As
(L) 7] o
- ' a -
Polad <o, Y el <e, ¥ o |? <w
k=M+1 k=M+1 k=M+1

it follows inmediately that

Tim  g(n) <w, lim gn) >0.

a4 e n =

Letting M = xa, 0 < x < 1, wu have

u : .
) ] R v 1 D 1 ;)
flog gin) = log gla)| = ¥ ot e dacl o2 lal] « oon
) B ke[ UL L
L2 ¥ luk]  tor [xn] suffictently lavge,

© So..

L8
6 -

lim |log g(n) - log g(xn)l L2 lim 3 I“k! 4 0

) ?
N w noew kalxn)




we have that

lim |log g(n) - log g(xn)| = 0 ,

n-w

or

3(xn
lim .g%x-ﬁl:l’ for any x ¢ (0,1) .

n -

8o, g 1is slowly varying at infinity. If a is decreasing, so is
M s0 g is log concave,

g(n)
¥ w al‘-p'
3 3 a - 5 & ] |3 S-‘ ———— L
Theovem ,2: Suppose that Pm-l./Pn =e'(1+ay/n) wvhere R | <o,

p >0, and an/n > -1, all n, Then g(n) = e f(n) = e P o= 0 L(n)

where L(n) is slowly varying at infinity and

0< lim L{n) < lin kL{n) <,

Y N e

1f @ >0, g is asymptotically log concave, and if. ain is non~ increasing,

g is log concave,
"Proof, Let

n o
SP(n) = 1 () +'E) .
kel K




s e s G e

We will first show that g(n) . @(n) £L(n), where ¢ is slowly varying

at infinity. For 0 < x < 1,

it lpmkl |p] lﬁxﬁ 1 N N o [l
- v - - = 7 . Ay S n
k=[xnj+l k [xn] [xa]® 2 k [xn} k- 2 % [xn]} K’

< [log B(n) - log P(xn)] - [log g(n) - log g(xn))

B e T T Lo U BN OE S WY
S J L f +3 5 t3 _ |-3| e 0 |
k={xn]+} k:[xu] k k={xn] k

Letting n - o, each of the terwms on the leit and vight-most sides of

rhe string of inequalities goes to zerw, 8o,

lim [log P¥(n) - log P(xn)] - [log g{n) - log g{xa)f O

fl Y
or E
lim L > i RETN O ot O sox WL
nos Plxn)/g(xm) ~ 7
Letting  5(n) - B{n); a(n), we see that o - {
Lim f}%lw S, ' BN ORI B
B oas SLEW) ; _ o - :

This suiblces Lo show that § ts slowly varying at intinity.

Replacing an by N in the above stving - of inequalities gives




-K <10gM<K. with 0 <K, <o, 0 <K, < cw,
- - <

&2 1 ’
So

-Ky K,
oM) e "< 8(n) S pM) e

b

$0

0< lim g(n) < Tim Hn) <ew |

n -»w Nn -0

We will now show that b(n) = np Q(u), where Q is slowly varying

at infinity, Yor 0 < x <1, n sufficiently large,

f .
R R N LI B
oL 5} L o v T Y
ke[ax]+l k2 ke [nx] k7 7 kelux] K’ Lox
2 log O log P(nx) = Soa el g e, L
= 1o () - Low Blwe) = [ux Jel " Tax] = “ Tux] ' Tox]
or,
' log sl . Ipl .:_L. e“ _}_ . ‘E"}! &“‘ _l_
PRI " Tw] 7 5 ] 3

Keef e K-

I
A ) R R I
< [log P(n) « log plux) ] « {log at . logt,nx)'! x-,'-:;h .
. . Ay
Letting n >, W see that

A FPaAY -
plo)/in) 1 : qor 0 %

P nx), {nx) :

10




Letting Q(n) = ¢(n)/np, we see that Q 1is slowly varying at infinity

and it is easy to sece that

0 < lim Q(n). < lim Q(n) <o .

o —-w n - w

So ﬁ(n) - Q{n} n" and g(n) = H(n) £(n) = Q(n) gn) nP - L(n) np,

where L is slowly varying at infinity and

0 < lim L(n) < lm L{n) <o .

n -w n =~

Tf an/n is decreasing, g(t) 1is trivially log concave, For the case

of p >0, we omit the proof that g is asymptotically log concave,

(. Preliminaries

In this section, we veview the notation and list the assumptions
we will make, Especially in the next section, we may not wake specific
note of the assumptions that are being made.

al N t >0} Is an ovdinary venewal process with lnter-avrival

o L
’ times le;'Xl ~ F, EXl 2o S, Var X1 o e B ds = lattice,
o SR i albarlaad of :
by Ele F1 exists in some neighborhood of the origin,

N,
Ll then we will assume thore exists a aumber

. , =7
¢) When we consider Blc .
v

P(r) with the property that o J Uﬂ\r)s F(ds) 1.
s 0




@)

)

SN is a generalized renewal process with
L
N : n 1“ ’ NL 20
=
S, -
Nt
o, NL 0.

sYq

The [Yk] sequence is i,i.d., with Y ~K, K(0-) = 0, and E(e ")

b4

1

exists in some open neighborhood of che origin,

. -vSy . .
When we consider Efe t], we will assume there exists & number

*
o(y ) such that

% o X X "
el eﬂ(Y )s F(ds) = 1, where o7 ST K(dy)
§.0 v:=0

Our probability spacc (u,g,?) will be of vhe Tollowing forw,

I

; 3 | .
Mg »oe xR oo where R s the set ol non-

negative veal numbers, 5 @it cee Xdx o cee where

o is the Borel -algebra on R,

n
Fov Ak v ko o,y P(Al . Ap s s An) k“l PO(Ak),
whete B, iy che probablility measure on B' associated with F,

0

P I8 then uniquely extended to i Any w6 is ef the Lorm,

(O (*\, Wy weey By oeae), Where vach w

i 1
n? "k

-

and X o)
n




Finally, define a shift operator ¢ : © » O so that

w = (w,, Wy weny O, ...). So in particular,

N (@) = Nt-Xl(m)(aD)+ 1 on (Xl(w)‘f t} .

ol

. g) B, is Brownian motion with B, ~ N(O, o).

h) If we consider N, + B +ct, then we always assume that

)_,g.oz Vp+¢ >0,

i) L will always be a slowly varying function at infinity on R'. L

is extended to all of R by letting L(x) = 1 for x <0,

7. Large Deviations
n
=] v 4
Let Sn s 1?1 Ki, {XiJ i.i.d.:“fx
.= ) 3]
P be the distribution of {Sn—ng)/fn*“ .

&

(o] < Uiy Let

e

) <cc, Var X

1'-'—': 13

g

H ..

Theovem 7.1t If x(&) = [ o % F(dx) oxists for all ¢ 1in some
i

interval Igl <‘§0, and 1f = varies with n  in such a way that

as 0 =

, %= o(nl/b), then (I-Fn(x))j(l-R(x)) - 1, where

R(x) = = [ «T gy

- Proof:  The proot is in (7], p. ©49,

b5




8, Technical Lemmas

Lt -»» n=M

Let X, = -X
et i8N \

o . 55(1
all 1, and (X ) are {.i.d. Also, Ele™}]

neighborhood containing the origin, Let Sn

1%

any

b d

s

Yo Wt >

n

s

1zl

€ >0, by Lemma 4,1

Lemma 8.1: lim E[L(Nt)/L(L)] = 1,
t »m
n
Proof: Choose M > 1/u+ 1,8 = b X,.
i=1
L(N,)
A) lim E[‘IT(?)—} Nt‘. z Mt]
t »>w
< Tim E(N; 55 N > M,
t - {Q
< Tim E[N_; N_ > Mt]
t »w
o
< 1im > E((nil)t; 4
=t 5o neM Yes ]'NtG[nL,(ml)t])
[<4)
S Tm % (nel)t BN > nt)
t -~ n=M
— [+ +]
L "}" < "
£ Mmoo (mi 1)t P(&tm:] Xu)

for atl

my 11,2, ..., So B0, all i, Var§,

8

x . ‘Then

i




(o]
Tim ¥ (n+l)t P(S
t - w n=M [nt]

< t)

—

1

< Tim 5 (n+l) tp(§[nt] > (nu-1)t - u)

t - n=M

P
S
o
- lim S‘: (ni—l)t P( [nt] > (nli-l)t = |4

- ATel = @/mt

t - o n=M
PAS

—

8} ‘S ) ,
< lim T (n+l)t p(_ﬁ‘_'i_> cnl/7 L1/7>, c>0 .
a

t <o =M nt !

We can now apply Theorem 7.1, For nt > No(b),

Sae] o GVT T

1—55 Oi[n] T 51;5 s
P(N(0,1) > cu Ty ()

% arbitrarily small, 8o

lm 7 (nsl)t P( (nt fcnl/‘f £1/7>
t - w n=M QY nt

7]

S (b)) lim ¥ (nel)e (N(O,1) > et/ t;l/?) .

t =ew peM

For x sufficiently large, P(N(0,1) > x) - e, So,




(1+9) Tim 7 (m+l)t P(N(O, 1) chl/? tl/'()
t oo u=M

< (149) Tim t ) exp(-cnl/7 t1/7)
t »o n=M

< (o) Tm t] exp(-en T €7y au
t s p:M-l

= (1i-b) T{;\ t f v, -y
o ey YT M

axp(-cv Tt t v6) dv

4)

-ev v6 dv

in

g T/ .
. ¢ o va(ued) YT

Clearly,

——— N P -~ Tt . N
tm - BN, S e) £ tlifnm t P(Se; = 0) .

L -+ %

# o e
o F P - ) . \ \ .
Lee X, < X - wy S, o X, Then,

10

PO s 1 e oSt LD E I

. fLN) — .
lim l‘{mtr, N, 2 ?:t] 4 lm L BN, 5 Ht) by Lenma bl .

R T




1A
—
o
8
[

=
W

[5t] >ct) , For some ¢ >0

w

< T & p-ltl ctl/Y)
t s 5t

< (1W8) Tim ¢° p(N(0,1) > cc1/7), by Theorem 7.1
t »ow
et M7

< () lim t* e
£ =

So

L(Nt)
lim E[-ﬁ)—,‘ {Nt <o) U[Nt > Mt)] =0,

£ -»m0

)

€C) On {Br < N, < Mt); L(Nt)/L(t) = 1 uniformly by Lewma 4,2, So

LN
: G eminima s {(Ep S Meil . o 5t & & -
Lim L[L( vy {&t \ Nt < M_L)] s lim Plot < NL SML) = 1,

£ -3 00 € s

- Combining 4, B, and C gives the desired vesule,

iy




Lemma 8.2,

(N, + B_ + ct)
lim E[ ] - 1.
£t »w L(t)
Proof:
A) Choose M >0 so that l—%—‘-:->-l,
7y

L(N, +B +ct)
lim E[———-;— N + B +ct>Mt]
t o L(t

S Tim (BN, + 1B + ce); N+ B, >H otl, My = Mec
Lt =
— | Myt Myt
< Tim [E(Nt + 1B+ )i N >0 0 dB, > - ]
t 2w
— Mt Myt
< lim EN;N >=5~) + lim E{N ; B > ==
- t 2 t’ "t 2
£ »w t »w
M.L M.t
+ lim E(|B |,N >—Q-)+ Tin E(IB |,' B >-9->
t t 2
£t ~w - € 2w

Hot Hot
+ lim ctp N D - )+ Tim ctp B >—— .
i t LY S L =m

From Lemma 8,1,

Mt M
T gn; N >—9—)=o, as 2>21
L o t e H

Then

18




- Myt
lim E Nti Bt >—2-‘-
£t

M.t M.t
= lim E(N,) P(B >-—92—>< Tim (—+])P( —-g—)

t Do L -2 00

— Moﬁ
= lim <‘u—+-i) P{N(0,1) 25— ]2 Tim (- +1) exp(-M, Vt/20)
—o !

t—)oo

= 0 .
Mot
lim IB I,B >—2—~ = lim o t exp(-M t/80)
t 2 t - o0 2
2o t
Moc
lim ctP(N >=—x-) =0 from Lemma 8.1 .
t a
{ -
o MOL'
lim ccPiB >"'é" = 0 from above .
£ = w t

So

LN +B rct:)
: >
lim E[ L(—T— N + !5 + ct Mt] .

L =%

B) Yor Q<LE 2 ¢ ¢ 1/;;-'&;,

o (BN B et) —_—
o L{t t t - t _‘t
. Tim t‘y(nt N n = (bee );) Tim P(uL A -fét) v LP(N < (" - a)t)
o w ) Aot . '

19




Each of the above limits is zero from A) or the second part of Lemma 8.1,

C) So,

L(N_+B_+ct)
lim g[__t_t___]
t 5o L( t)

L(Nt+Bt+ct)
lim it ;ﬁtSNt+Bt+ct§Mt]

t 9o

!}

1

lim P(dt <N, + B, + ct <Mt) |
t 2w

as L(Nt+Bt+ct)/L( t) »1 uniformly in t on (bt < N, + B, +ct <Mt),

Now,
N B
£ 1 ct t
T --)—‘I a's,’ t = (.’ and t -0 a,s,
So,
Nc + Bt +et
T ———————— ), — ,’, c a.s.
t’ R
Now
. 1
& <‘; + ¢ <M N
S0

lim Dot SN+ B+ 6t $M) =1

L »a

proviag the lowma,




Lemma 8.%: For k > 0, k an integer;

ka\ é
(L‘{t) i
lim E % = 1 3
t o t/ 1) i

Proof. Using the notation ot Section 6, on {Xl(w) <t} ‘

I u k N \
N;(w) = (Nt_xl(w)(dw) + 1) k,O NL x],( ) '«“))'(E) ’

on (X, (w) >t), N(a) = o.

The proof will be by induction, It is well known that the lemma
is true for k = 1, Suppose it is true for k <n, ’
_—y e ‘*
Let k = n+l, Let p)“') = }:.mt],
o+l n+l nelo,
ENYTT) = BN Xy > o]« EINCT hl:'t}
n+l nel
: 1 o Gk n+1 ]
=04 7 E[I'.[ SN ( O} ( < elx ]] i
k0 L e l'Xl(g\)) 1 i
vl o n+1 ' ;
k , m-l i
s 5 5[1 . 5N (6w )lx ]]
ka0 Xl(u)_:t kO C-Alfu)) ;j
nel oL I ml. :
* P af i + i
« YO[B )00 P(da) )
l\a 0 8=0 :
ox
: n | t | “m‘l. |
(‘*ﬁ) m!.( () 5“0 f ( & ) 9k( Les) dF( *') * )’ Q 1\‘ -s) dl(s)
,‘- 3?1! ‘;—10
&
E




(>3
Recognizing that this is a renewal equation, and letting R(t) = J, F(n)(t),

(n) th n=0
where F is the n fold convolution of F, we have,

P n+l
Poa(®) =1 S T £l B (v-s) F(ds) dr(E-v)
-
Bo1(D) ("t ¢
l_.IH-]. 5 k§0 tn+l {zo ﬂk( V) dR( C“V)
P .,(t) n-2 t )
lim “n+l 1 nel. Px
lim % 2/ dR( t-v
t >o 0+l t-)mmk-_-o V::O(k) : (t-v)

k

n t
+ lim ¥ Ly (MI) P (v) dR(t-v) , for any ¢ >0 .
€

Now

" ¢ v) - o
o = i ™ by rorany N>0

o2




< Tim L / (1:0) n-1 dR( t-) some d > 0

- n+l n-1 ’ f

t »» t v=M .

< Tim Ll*t{) lg t{Lye) s some ¢ »> Q ;

t »w p.n- t H

=0 .

,?

Finally, ‘

€
lim nil / ﬂn(v) dR( t~v) .
t Do L v=0 1 ;

t H(v) .n
= lim '% f L ~ X; dR( t=y)

t »» V=0 \ t :

oyt p(v) .o ,

- T 2 B a(ev)

£ »w " vzM v L :

S T g0 g ged

t = vaM H t ' ',

where M is chosen arbitravily large and ® and ¢ ave
L

arbitrarily close to 0. We can bound [ vpztﬁ dR{t-v) by
' t ) _ _ Covel .
(lec) [ ant' dv/u because R(t+h) - R{t) -» bo as U ese, So,- ;
t . u L n 3
Tin -}p u——;‘l (L) 2 & T ‘: AL (e 3‘-;;‘—’-‘— :
tew L =a= yal) 38 ! L u

Lt -« E, | e £

S0,




_— pm-l( t) n+l npl
i 2 < ("1 ) -
nyl - n+1 1 n+l
t »0 K ¥
’ n n n f
As N/t - 1l/n as., Nt/t =+ (1/u)" a.s. So by Fatou's Lemma
E(N, ™)
lim —— > (= )
£t »w t
So
n
E(N)
Un — o (3P,
t »w H
Lemma 8,4: For any p >0,
E(N)
lim s 1l .

t - (t/u)"

Proof:
E(NY) Ty
Ilm .> E{ lim = 1
Coe (60" t~w<um
— E()
lirm < (lw) Tim P(N < L/.. (lsc))

t vux(ﬁ,“)“ Lvréco _ : ’

- - of - - ' -

4 lim E( '.t =5 N L‘:"(lﬂa ,
O ww (L/,.)- " ‘ '

for any - >0 ad u > p,'n an integer,

R C R LTI BT W L Vg WS\ PO

| TS

o 1 ¥ (l'l“‘-)“ - (l"‘n)p o -




Since ¢ > 0 1is arbitrarily small the lemma is proved.

Lemma 8.3: Let f be regularly varying at infinity with exponent §,

Then

L

Ly
e, () - 6

Proof: By Fatou's Lemma,

| £(N.) NNy Lo
e () 2 (= 3) -

" By Holders Inequality,

L BN\ E(pr) Y2 1) Y2
lim  E{ ——— )< lim | ~m7— lim E .

b o \Y /7 tow ¢=P £ o Le(t)

From Lemma 8,4,

A\
o | ~—55 =",
t =w £ P H

and from Lemma 8,1,

2

i T e e A R et SV L . o RO i -
. dul AR W " AT L Ty P T e W e, - e i L
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Lemma 8.6.

E(N’t + Bt + ct)n
1im =1
] n
t 2w (t/p.o)

1
her = (= + ¢) >0,
w e P'O /(P'+ )

Proof:
E(N, + B+ ct)" n E(NY  E(Bsct)™ K
t t t t n
lim - < lm n = (k
t =0 (t/po) t »o k=0 (t/po) (t/p.o)
n K
0 n"k n\
= L -—*) (eny)  (y)
k=0\ M 0 k
" n
0
(u ¥ °“0> =L
Lemma 8,7:
E((N, + B, + ct:)VO)p
lim =1, P20 .

t - (t/po)p

Proof: The proof is a simple extension of the previous lemma in the
same way that Lemma 8.4 is used to prove Lemma 8.5, If we are willing
to consider complex numbers, we could just as well show that

E(N + B +ct)”
lim L t = ] o

Ee (bng)”




9. Asymptotic Limits of E[e"YNt]

*YNt]

We will now consider the behavior of Efe

Lemma 9.1: 1If E[esx] <« for |s| <y/u, v > 0, then there exists a

number ¢(y) with the property that

-7 © -
e | eQ(Y)S F(ds) = 1
s=0

1f v <0, o(y) always exists,

o0

Proof: Let a(r,v) = eV e’s F(ds), y >0, Fer y >0, [v] < Y/H,
§=0

a(r,v) 1is increasing in v and continuous (possibly only left-continuous

at v = y/p)s

eV Ele

k]

VX] s e—r evl:‘.K

a(y,v) by Jensen's inequality

. Q-Y*VM

S0 aly, r/u) > 1. Also, a(r,0) = e”’ <1, So there must exist a

number  q{y)  with 0 < g(y) X v/ with the'proparty thac  a(y, @(yv)) = 1,

11 F s non-degenerate, eV E[evx] > ! avnx, so in fact ¢(r) < y/u.

If v <0, @ly) always exists unless F(0) = 1,

Theorsm 9,80 Under the conditions of Lemma 3,1, liw E{u'rNt] e@(f)t
£ =re0 .
exists and Is some pesitive constaut CY'

$y-s
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Proof; On {X1_<_ t},

e TNe(0) exp[-r(Nt_xl(w)(ew) + 11,

on (X, >t}

e"YNt(w) =1

Letting ¥(t) = E[e'mt] , we have

il

W(t) = (X, > ¢) v €T E[E[exp(-‘,‘Nt_xl(w)(au)) 1“‘1(‘”) <c)|"1”

= F(t) + &7 E[lixl(m)_ﬂt} E[exp(-rNt_x1<w)(s¢p)|X1]]

B

B(e) + &7 ft Y(t-8) F(ds)
8=0

Letting G(ds) = yF(ds) ecp(r)s’ and noting that G is a probability
measure, we get
t ‘
we) M F(t) STt e ] ltes) e@_(?)(t'b) G(ds)
8=
Let

wie) « wey o1

L T TN OATASS NI Lt TN Ay
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B R BT

i

o TSR

P

Assuming for the moment that F(t) e(P(Y)t is Directly Riemann
Integrable (PRI), then by the Basic Renewal Theorem (9], p. 191,

fw F(s) )8 4q

=0
CY‘ = tlim \Vo(t) = = .
= /] sG(ds)
8=0
Now,
[ sG(ds) = e™7 E[X e(P(r)x]

< const, + e-Y E[QCP(Y)-Q-G)K]

Now, o(y) < v/n, so we can choose ¢ sufficiently small so that
0

o(y) + € <y/u, Therefore, e’ E[e(cp(r)+e)x] <w, s0o f 8G(ds) <,

8=0
This sort of renewal argument is found in for example (2] or {7]

or [9].

Showing that F(t) QW(Y)C is DRI is not hard, If o(y) <0
(r £0), it is trivial,

Suppose that ¢(y) >0,

o</ B(r) KO HNE LT gpy ae
A ,

t=0 - ust

woou :
= [ [ ecp(r)-c dt dF(u)

u=0 t=0

- L )
R L T e

1 r "
KB o ol 2 e ‘ .
q‘z( ) ((. ) N oW

29
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Using Feller s notation [7], p, 361, it suffices to show that

. 0 o0
o(h) - o(h) »0 as h -0, where g(h) = h L o(h) = h ¥ x'nk,
k=0 k=0

where b (fnk) is the inf (sup) of F(t) e'(Y)t on [(k-1)h, kh), So

o(h) = h :‘) F((k-1)h) HY)kh ,
k=0
a(h) = h ;"O F(kh) S(r)}(k-1)h ,
k=0
Lim [3(h) - g(h)| = lim |5(h) - o(h) eXT)B
hito L 0
< lm h ; [ F(kh)-F((k-1)h) | H(r)kh
ht0 k0
= lim h ;" F(kh) e‘P(Y’)kh (eh-l)
hi0 k=0
= um (N SRy KOt g
§ - hio t=0

= 0

as

lim eh - 1a0 and I F(r) erp()")t dt <w
hi 0 t=0

1]

So R(t) MM DRI.
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Lemma g, Let g = ) . s dG(s). For y >0,
Lt oy) o1
p'G M Y 3]
For y <0,
-l->-l- s SP_(.Tl>_1 .
Mg v H

Proof: Choose y >0, eV E[e¢(r)x] = 1, By Jensen's inequality, and

noting that g(¢) = et is strictly convex, and that X is non-degenerate,

we have

oY OT)EX . TR oy

or
or ¢(v)/y < Yu,

ug = e"Y gX eCP(Y)x] 2 e-Y EX E[G‘D(Y)xl 2 "

The above inequality follows as X and GGKY)X cre associated, See [3]

for a proof and definition of associated random variables. Actually,

the inequality is strict but we will omit the proof,

10..;{e@(r)t E{c’fﬂtl) and Uniform Intograbilivy

We know that e¢(r)t E[e'rNtl u’cY as t ~w, We will show that

~ the above family of random variables ave not unitormly jutegrable,

Further, we will find a sequence of sets lAEJ, with P(At) =0 . uas

, 5

B



t -« with the property that

Lemma 10,1:
— NN
lim E[e'YNt e@(r)t —-——L;, -tﬁ > -—1-] =0 .
t S (t/u) H
Proof:
n
N N
E[e-rNt e‘P(Y)t t n; _tE > ﬁ]
(t/w)
N®
< e-Yt/uW(Y)t E[ t n] )
(t/n)

As ¢(y) - v/u <0, lim TN 6 gince  Lim E[N?/(t/u)n] a1,

L =9 L »reo
the lemma follows,
Theorem 10.2:
n ‘-)“Nt
N @ ¢
tim E( S ) eq)(r)t . for n>»0 ,
n n ? : -
t m»w -t : “G .

Provf: Note that the constant term on the right-hand side is .cyj,;g,
not c"“/,an.

on  (X,(w) 3 ),

Mo N Ty n , \
:\t(ﬂ. [H ] = G ‘(Nt-xl(-h)(“n) [3 1) pr(-»)Nt‘xl(m)(Ulq)} .




e v ST SIS I‘?“‘ﬁ

on (X (w) >t}

So for n > l,

n
N:(UO) e“YNt(w) = e‘r 2

k
z () Ve, () () explrlly_y (o(69)]
on {X,(w) <t}

on {xl(w) >t} .

i

Letting ¢k( t) E[N‘: e-mt], k>0,

-
-
T
~—

u

©
1
x

AR k
n éo (i) E{E[Nx:-xl(m)(a‘”) exp(“fN:;-xl(w)(e‘”)) (o) s t)lxln

n
-y
=e Z, k) ':[ (X {w) < t)

I.k
7. l{Nt-xl(m)(m’) ex?[-rﬂt_xl(m)(&u)]h{].]]

, n
eV ¥ ) f E)k( t-s) F(ds) .
) k=0 8= -

Letting 9‘5{:(_&) = c:f”f'(r)c bk( t) for k>0, the above equation reduces to

ot -1

V'r' B -8). G(d .
O k)! Allees) olas)

3




This renewal equation is very similar to equation (¥) found in

the proof of Lemma 8.%. We can mimic that proof as the result we wish

to prove for n = 0 is true by Lemma 9,3,

Theorem 10,3: Let At: cq,

N
t 1
At={a). t.-l‘%'<}

where 0 <e< |l/u - l/pGl. Then

lim e':p(r)t E[e'rut; At]
£t —»w

(e}
.

Proof: First note that P(At) -0 as t-w, For t>0,a>0, let

“c(a) = —L. (P(T)t E[e'mt; N < a]
Cr € -

a

L)ty T8 PN ¢ ds) .

c t
Y‘ 'S:O . . )

He know that lim I{c(m) = 1 by Theorem 9,2, Think of Ht(o)
t w
as a measure on RY Just 9s we can interprot a probability distribution
as a wmeasure on. R,

Specifically, for A a Borel measurable subsct of ’IR+, we have

n,(4) - -(-}- KOO LI & BN, - ds) .
L Y sil_\ -

S
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Define a new sequence of measures {Mt} on R" with

where A 1is any Borel measurable subset of ]R+, and tA = {x ER : x/t € A},

t >0, It is also the case that lim Mt[o,w) = 1,

t s
From Lemma 10,2,
-Ln E[N: e'YNt] eq)hﬁ)t-_»--l-—n forany n>0 a8 t -,
t “'G

This is equivalent in our new notation to

0
-li-f s“}l'(ds) —-»-1- forany n>0 as t ~w,
tn 8=0 t ' ]J.n -
G
By Lemma 10,1, we can assert that
L IN ® oy (d | >1
- $ c( s)_-ao, as t e, 02 .
t s=t/u .
Now,
t/u i/u '
—-};)’ s 1 (ds) = -13 [Vt e A (ev)
-t ¢ . l'.v ve( :

W n ,
= [ vie dit{ev)
“y=0 .

- Yu
I a

&

vz

b3

s v AT m]

- i et nlss 40w ey tetes s o P eaAmtain e et a et i et -

L3
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So

Vu n 1
lim [ v (V) ==, n>1,
t 2o v=0 Ha
and
® n
lim | v M (v) =0, n>1 .
t » o v=l/p

- Now, the sequence of measures {Mt] has a subsequential limit
measure M from for instance [5], p. 83, and M must be a probability
measure as M [0, 1/u] -1 as t -a,

So, Mtk =M for [tk] some increasing sequence going to infinity,

where = represents weak convergence. So,

(4]
= lm [ W a4, (V)
~—» e V=0 k

Yu
m [ V0 an, (V)
tk =w V20 k
Ve o
J o oviau(v)
v=0 :

[H

u

%

1

] W dM{v) ,
v=0 '

‘where the next to last equality follows frum '[ul, p. 11, the second
~ equality follows Lrom Lenma 10.1, and the last equality follows as

MW, @) 0,

Let lYt] ‘be u gequonce of vandum variables with probabilicy

meaguve ¢ M., wheve. e (",,{‘_’.-‘“))‘,l' Let Y be a vandow variable

30




so it is easy

with measure M. Now, Mt M and . -1 as t o,

k
to see that ¢ M =M, So, Y —-(-1—->Y
t, t L ’
k 'k k
1
EY = E[Y; Y < =]
)
1
= lim E[Y ; Y, <=1
t, 2w k k¥
k
.
He
_ 2 2
Similarly, EY = V“G' Therefore,
o s
Var ¥ = EY* - (EY)® =-3§ - (H*ao0 .
Mo
He G

So, ¥ = l/uG a,s,, or H([l/pcl) = 1, That is, any subsequential limit
measure of the sequence of measures (Mt} is simply a unit measure at
lfpc. This implies that

‘u(c(-l--c-:) t(-!'-+é)) -_—31 ' as t mw

but this is identical to

" lim ecp(r)l: E[e'w'?; At] = ¢

£ w0 . v
Thoorem 1Q.4:
. : . N;)
tm o t{-‘-}- G.YNC] 5 ¢ (“L)V ’ w0 .,
Loy : cp - v He ’ =

Jt




NP
< T Nt l?.[—£ e'mt,‘ A ]
- cp t

L T Nt E{-YNt._<_,€]

pg t = “G
N N
+ lim or)t E[-,'f;i ‘Et‘z-l- ¥ t..] ’
t M

vhere a2 p, n an integer,

The first term is bounded above by (( 1-.&{3)/}&6)9 €pr The second

and third terms are zero by Theorem 10,3, So the result is proved,




Theorem 1Q_.2 :

, N
1im emkr)tﬁ{

t = t

L(Nt)

— "YNt _ _l-_ p
It e }_CY(HG) s for p >0,

'O""‘ T

where L is slowly varying at infinity and lim L(t) <« lim L(t) >0,
t »w t —»w

Proof: The proof is almost identical to the above proof,

Theorem 10.6:

P(r) ¢ | i
lim E[-E-—-' (Nt + B+ 'ct)n e YNE] = (-—l— + c)n . c

n
£t —»x t

.1
where n > 0, and E+c>0.

Proof:
oY)t .
lim E[E-——— (N, + B, +ct)"e TNC]
t t
£t - t
k nek
n N E( 8, _+ct)
= 2 (,) lim E Ok e'YNt-—ﬁ +  lim tn-k
k=0 t —-w t L -w t
SO 1.k n-k
= g, (k) c:T(--—) ¢
k=0 Hg
1 n
= C (‘—‘ + C) .
Y MG

9




Lemma 10.1:

£t o t

e(v)e
i e P -TNe) _ (L P
lim E( S ((N, + B, + ct) VO)~ e >_(“ +¢c) ¢
for p >0 and l/p.G+c>0,
Proof: We omit the proof.

Theorem 10.8;

n L
N +B_+ct L(N +B_+ct SRR
lim g[eq)(l’)t (Ne+Byret)  L(N,+By+et) e-*rNt] o
Lt »w tn L t) GO
1 n 1 »
=CY(T+C) for '“—'+C>O,n_>_:0,
: G G
“- and
0< lim L(t) < Tim L(t) <w
t »w t ww
g Also,
| P
- N +B, +ct 0 L(N _+B_+ct
| lin i[e“’(r)c ((yBeret) VO) - Ly Bget) e-rN:]
e (L), 020 .
M6
‘ Proof: We omit the proof,
| w0




11, Asymptotic IFR Distributions

Theorem 11,1: Let Pk+l/Pk i ¢V as in either Theorem 5.1 or 5,2, If

E[J/“Xl] < w, then for H(t) = B(T >t) = E H is asymptotically

O
IFR.
Y

Further, if P —»e ! as in Theorem 5.2 and p >0 (see

k+1/Pk
Theorem 5.2), H is asymptotically IRF,

Proof: In the case of Theorem 5.1, Pn = f(n) = e L(n). Extend f

and L to R’ in the previously specified manner,

B(t) = ER(N) = E[e 7L L(y)1 .

]
(=

From Theorem 10.2, with n

fi(e) = E[e'mt L(Nt)] ~ L(t) e-(p(r)t .

which is log concave, so H is asymptotically IFR,
In the case of Theorem 5.2, f(n) = P = "™ WP L(n) with 20
Extend f to RY, By Theorem 10,5,
St ~g(r)Ney o )L P 9
E(N, L(N,) e J~ e t” L(t) C/pc
11 . ~ p “N -g{y)t p . (Y
and H(t) = ERy = h[Nt L(Nt:) e TNE, So, fi(t) ~ ¢ or) t L{t) cr/'“G'

t

Wi




P

1f Pk+1/Pk ' e-r, L is log concave, and e"cP(Y)t and t are

log concave, so H is asymptotically log concave,

If we only assume that P if >0, B is still

Y
k+1/Pk —e s,
asymptotically log concave. In either case, we have H asymptotically
1FR,
Theorem 11,2, Let P v

e as in either Theorem 5,1 or 5.2,

kel Fie
Let f(n) = L and extend f to R' in the prescribed mamnner. If
&M < o) then H(t) = EE((B, + N, + ct) V 0)) 1is asymptotically
log concave for c¢ + 1/u > 0,

-Y‘ -
Further, if Pk+1/Pk - e as in Theorem 5.2 and p > 0, H 1is

asymptotically log concave,

Proof, The proof is almost identical to the proof of Theorem 11.1,

Simply use Lemma 10,7 instead of Theoreuw 10.4.

12, Generalized Renewal Processes

We can prove the same sort of results found in Section 11 for
the case where fi(t) = Bf(SNt) and f is as in Theorem 11,1,

We will list some of the lewmmas and theorems needed to get the
same sort of results, The details ars messy and closely resemble those

of previous sections, so we omit all the proofs,

Recall that,




yox o N >1
kel k t

S. =

Nt
o, Nt =0

where the [Yk] sequence is i,i.d., Y1 ~ K, K(0-) = 0, and E[eSY}']

exists for all s in some neighborhood of the origin, Let y = EYl'

Lemma 12,1: p
SEEE LS. S
Nt “Y [V
lim E[-—p-] = (—r) for p>0.
t 9w t o

y Proof: Omitted,

;‘ v

Lemma 12,2:

Lenna 12,2 LSy )

lin u[—7—5L ] 21 .
L ow b ME

Proof; Omitted,

[V

o
Let ¢ s ] o V% K({ds), We will assume that o(y*) eoxists,
80 o

Lempa 12, 5:
' 1 M YNy Ly >0 .

[JREY )

Proof: Omitted,

h3 '




Theorem 12,4: For f as in Theorem 11.1, H(t) = EE(Sy )
t

is asymptotically

log concave,

Proof: Omitted,

So, in the case of our shock model, where the total damage can
be represented as a generalized renewal process, the time te failure
distribution H {s asymptotically IFR under the appropriate conditions,
We have not considered the case of X(t) = Sy + ct + B, with

t
H(t) = Ef(X(t)), but it is not hard to see that similar results hold

for X of this form,

15, The Sub-Exponential Class

This section is based on [2], Chapter &,

Definition: The sub-exponential class § consists of all distribution

v it + e

functions F with F(0-) = O and

(3
1 -F t p
e CubLE

t 9w

F(Q) is the convolution of F with its density,

Examples of F include

L

A A IR e




k

1-Ft) ~¢ k>0,
-tB
1-F(t) ~e s 0<B<1,
2
L - F(t) ~ omt/1ost .

Roughly speaking, a distribution F 1is sub-exponential if

1 - F(t) goes to zero slower than any exponential distribution, Let

R(t) = 5 R (g & .

[1=0

1f we let F &, we get the following theorem,

Theorem 15.1: If F €, and 0< £ <1, then

(1-5)"' - R ()
1-F(t) = (1-8)°

lim
t Q9w

Proof: In (2], p. 150,

Theorem 15.2: Suppose Pk = gk, k 2 0. Suppose Nt is a renewal

process with F € {., Then fi(t) = EPN(:) ~ (1-F(t))/(1-2).

Proof: Ii(t) = Rg(c). Simple arithmetic and Theorem 13.1 yield the

theorem,

W
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