
AD—A044 696 STANFORD UNIV cALIF DEPT OF OPERATIONS RESEARCH F/S 12/2 NJ
ON REJCWM. DECISIONS. (U )
AUS 77 C DERMAN. 6 .1 LIESERMAN, S ROSS N00011 75 C—OMI

UNCLASSIFIED TR—l6* *1.
I~~~I

~ LU_ END

S.
OATE

— 
— — F IL N E

0—77



©



~~~~ JL~

h i

: 1  }

-— ——
, C . .j  :.:~~~ l ~~~. ~~H dfL ~ ‘1fl (~ S ~

/ / 1  ,- /
~ ‘t~~

T
~~~L kF )P “ 1  • ib~:

~> ~~ .~~~US~1 8~ 197 ,
I

- - 0 -
~~~~~~~

~~~~~~~1L: L

~ ~_~I ~J’(
~ ~ (~~~— ‘ :--~~~2

— ~i ~~ 
~~~~~~ I I

~ er~ Lc] J. Lieb~~rn •ii, Pr~~I e~~ 1~~~~~~~ c~r

~ ei~r~)( i t  on i n  h o l  or i~ :~~~ • t d
~~~~ .~v . ’; Pu’ n:  T i C  ~n~’ ~ed a t : s  c v or n

~ p p r v d  f i r  n d ] ~ j : r e J~~~’~~c ; d i s c : i h t ~ t :j i  j

~ ‘dR!~i i~~~S R~ ~‘~LA l ~
( .f ~

‘ i :  U S S
S f.Y .~~i~~fl ~iN III

I F ‘~~~~ I A

~~ 
1/ /

~~~~~~~~~ -.--~~~~~~~~~~~~



(
/ ,‘‘l 

~~~/

t~~ l 
/ 

I

St 1

L\ 3 V S t T . t L  Li 1 L~1 I L L T S  L)~ ~~~~~ t .  ~ i~ ] 1~ I~~~~~~~’~~ L~

~~S ( 5 ; ~ ; 1~~~~~~~:~~ ~~L) L  ~~~~~~~~~~~~ ~) . i ~T .ç~2 rat i v~~. ~~~~ L t ~ f lLS _ •) t

re~,~~~c~ - J . I. ~~~ ~~~ ~~~~~ ~ 
r~~ ,~

~~~~~~ ~ y n ~~ i .i ’ L~ I~~ u t c r d  L i 1a .~ .. 1 m~~ i : I icr i ~ ~~ L

h i t  ar ~ t j t  ~~~~~~~ h O  ~~~~ ~~

dhE ~~~~~~~~ ! i r ) D~~L~ ’ is 1 a s s 1 g ~ : I~ I.i L~H[1~
_ ’ Ln~1~~~ n. :  I ‘~‘i~

~~~~ - ; i i b s i ~~~ i~~.~~ . L  ~~~~ T C~~l ’ r  0 r~~~~~~ o~ ’ ii ~J1’: ~~ )e~~ ed 0~~h o t  ,r~’ —

‘ t o ”  i n i-~r t  fn~ ~:e rh~ sv ~~t~~~

• it ~ c~~ r i’snl~~ •~~~ u ~ t i t ip S  :s  ~ii  i~~~ ~ ii d~. ru ~tni~~~h u~~

t i ~~L . t , t ) i : nr~ I Llfl l : • . ~~ i i ti~~~~ t~~L~ ~ i t L ( ~ry .  A • :~~:~. r  D l ~~~~~~i 0

‘1 . ~~~~~ i ~~~s batt d~ s c ,~~; nn~~ • I-~~~

I i 0 ~ e~ L I C - ‘- ~ r ~ rdi

; a t O r y  0 ~~~~~ th~ P1 ~~~~~~~~ 1 po i t  L~~rY - ‘ !.ls ~ - ds 0

- i t  1 t i1 t~~~~ij  i i t s~~~~ ~ t h o  c~
-
~ o ~~ cor  r~~~d wj t i ~ o~~~~ d L i r .~

r o j i  ~~~~( . :0~ ~~i ,~~~r t . i.i ~ t h~ Li  ~~~

~n’ r n .  ~ ( ( i  
~ ih t u  L L ’ L) I 1 ~i i -~~~ r~ ~ y , N000 I - i-  ( -~~~~~~‘ 1

t I~ ~ t ~~. - y ~~~ ~ Q(~~L .A— Q/Q (  • ~ :j~ t o e  I r t ~~ r s i  t~
o 1 i - i d  ~~~ i~~ , r~v I ~, ~~ t i ~ ~ U n~~i~ und~~r

~n i’.- . / ~ oj  r h .Ji& I .~ i - ’ cr ~ i t .  C i i i  L . t f l  1 0 •



- -  
- - -

co . ( s . I t  v t  I I  I .  S i L O  I i i  t i l  l i i i  U j t l I i ’ L t  l i ~~) I ~~l I .  I t  ( l i0 _ i S I ~~ ’ 1l ’ I~~il~~
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o po l a t o r) .  Ilowovi i , lot LI In  
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~i 1 V  h.- v ry I i i i

f l i l i l i t l i ’  ~ o i u i Id  i u ~
-
~~i s t  t h u  - i l . ,  i i .  s~~ ; L t I  i i ~ t o  L u t  i v o l y  i v ~~

arid a r o p l a . e m . n i . i s  n i . L ~~- a t y  i t  -~~-~~Ld be i~~~’ i . o i i l t o  i s t -  i i

t~~ p prov id i n~’ t t i ~ a d d i t i o i i o i l  ~~~.~‘oin i . t  l i i i -  h i / i l l  i - ~~~ i i i  t i e .

pr i e ;  sinu i la ly ‘.~I i c l u  t l i e  ;y s t c m  s old , ~i i i  i : i .~ t t ~~ Sj  \ t y p o  sl ime id b1

us - U . Coo s id i  r i  i ; n  .1 i i i  i s  pr b m e i n  is  h i t  l i i i t o  ‘ ;k e  t h i s  i n t u it i  ri

inure  p On  i .- . -  J lT d I i .  o>~p l..re a i i i . r  \~~ i , t  . t id i t i on r  i t  is , in f a c t , va l  Cd .

[ t i n  p r - h  l i :i n o r  C 
~~. i - n i  as - u i - i i ’  d i s r r -  .- h r.. h~~r a 1 e t  or

u l / I h i v i  h y t i d r u l u  - r u L l i u n  u g .  I L  st ~ i t r  of  t b .  sy ~~t t  i s  i t s  ag. ‘ I ~~• i a

- . - ; u l : i . i I n i I t  i s  i i  i-o, i r v . [ j o  . u ,s i b l .  L I O C I S ~~~I s : o i , -  t he d i f f e r e n t  t ’ ;p n s

i; c u m poL len i  S Li lii. . ft C u~~ L S  i r ~ I h cc ~ I s oil t he t yp .  used . Liiws

> 1  ‘rI ~~~i i l  x r ’~ t h n i~ n i n ~~d iy t h e  i j L  S t j D u i l  i i i  l O e t h o i T , 0 1 t h u  d j i i ~~r oh

‘ . I u I ) ’I I . - f l L  I l i c  l i t  n of t I e .  ~V S  t o n -  is T .

Lh ~ p a p~~r by St r a u c h [ j  t i r s  l i U n I t  t i n - . An o o t i m a l p o l i c y

n o i s t s :  i t  w i l l  hi  non— i a n d o i n i u ~nU and t i t  i oui .i~~~ t h e  o pt i m a l v a l u e  f u n c —

t io n  u-i i i  - ; u i  t I s I ~ t h e  op I i m a l i  ty e q u a  L i  or and  ~n u , r’o I o f u n c t i o n  c H re—

i p i d i n g  t o  o ~ o I  ~~ t b - i t  s at i ~~t i u s  t he  - ) p L i m a t L I y  q~ a t i o u  w i l l  be ito

op t i m a l . :i l ue f u n c t i o n .

2

—



- ~~~~~~~~~~~~ ~~ — 
~~~

~~. F ix e d  h u t  i ‘ t i

~ 
1L 5 5U I i r  h i m  1101 ~ t is  i t - c o  u r n  t o o l  - b i n t i e  - I’ : i I t-  ~~~~~~~~~

lie le r’ii j nzil ii~ irt eod i t  i o ~~n g i he  ~u u  .1 H R  - y : - H r  i t is i - n —

r . e u t o n t  to l i t  le ~ L i t : -  t i t i L i  s y s t e u c  t~ r : l I n J t : u - - I  No t I .  t a te  .ij hi-

r y s t e u n  when a ro~ k a o t r n . i~l CS o :~ o n a r y

We a ; s l o e , :  L i r u v t , l t i o t I t t L t ~~ t h e  d i s t r i d  i i i  of l i i i -  .~~ a lYpe i

compon ent  is  c~: 0cL ciu L i a 1  w it h  :o :uu i  -~~ ~. i i i  t o - h  C C ~~ O 5  t h u  -u i s n , t  a

r e a l i s t i c  a s s ump i  ion . Ho i~.oVnr , as i i  t he u s u a l  j i u t i i o - ~t 10n , co ns i a . :

u lue assumption L i  ic a f ii - s t  a p p r o x i m a t i o n .

Let C . d c i i i i  o the c o s t  of a t y p e  i rep lu et. . en t u t  and V ( t)

denote t h e  expected cost  of all  r ema inb~ ’ rm ’ p lo :o i rn t . s  g iver :  t u n i ts  of

time until termination and an op t ima l  rep laceir o tu t  p o l i c y  is used . Assume

that the types are indexed so thaL 7i1
C
1 

> .~ c ., ;~,c 1 .

The main r e s u l t  thui t ap p i ar s  i o i  { 1] is as 1: 0 : UI-OS : t) i s

piece-wise l inear  and con cave . Aoi op t i m a l p u t i c y  car be c h a r a c t e r in e d

-3s  n i n t e r i o i l s  ~~i O i O  0 1  w i L ~ ui t 1~~ N u O O U u ; ~ O 0 0 0 u  a L y n n -  t

i s  used I oir rL ’ p l e i n c m en r  ~ h u i.t t a n I s  remain  u n t i i  I •~~u : n : n n o ti o n  and I

is in t I e  i n L e ~ • 1 r r,u h u e  o r J . g j n .

INc ~r on ’ 1 U :  t i e  t b n o i  u - n :  J O p i l i ’ S t I m  - ~ t ‘~ u e I i t y  i a 1u i t  si

~ I )  V~~L )  ~~~~~ V~~1- x )  
~ i ~~~~~ > 0

O t t - n i t  i s  e s t a b l i o l od ‘ l i t  V ( t) i s  c . ’ n t i u :  - .s - i t  a U  > 0 , t h e

exp r e s s i o n  ~~~( t j  , s o ’ ~ S I ~~~b u i i u  t h e  b r a c ke t s  oil ( I )  i s  e~~s i  Iv i 1 u ’ W fl t o

be d i i f - r  n u i i u h l i  for cacti I . Titu s, ii I is u p i  i i i  a t  t , on

d i f i e t -  i i i  j o t  j -j il I i  iS  r 2 : - ’ T  thot

)
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If I is un i qu i b opt lina l o i l  t h u ~~ I r ifle ( 
~~ 

: u u ; l c u l t j n u j  t y  i i  i s

o p ti ma l in t h e  ite t -ro a l (1 , 1 ) t~~~t SUI tS  c — ~~ . I i  i n d

b o t h  oiptima l at U then rune (1) and theo abov i  d e r i v a t  ly e  i L t o i l  I us ’ s

t h a t  w n i l u i n  ( t , t i . ) ,  f o r  ~;on: - - 0, the  type  u-~i L h  the  nra1li ~~5t - c

is  o t  final . Ilir s t a t e d  Si  r o c t u r n  0 . t h c  opt ima l p o l i c y  foil L

Au al g o r i t h m  for  o b t a i n i n g  the  values or t where the  op t ima l

r ep l a c . m 0 n t  type changes is a c o r o l l a r y  oil the opL i tnO l p o l i C y  s t r u c t u r e .

The v a lu e s  are obtainnd recursivel y. Let ‘k 
dcn.,te th e  op t ima l p o l i c y

when o m u l y L v p e s  I , . . . , k are avai  table ; a
1 

is ob v i ou : - ; . L 1t V
k

( t) he the

va l e : .  f u n c t i o n  u s i ng  it , . Sinct :  Lhe op t ima l  i ’oi iue f i e n c t i : u n  is nontinuous : -

the  v a lu e  t s a t i s f y i n g

( 2) v (  t )  = C k l  S \T~~~ t~ -x )  
~~ ~ 

ex p(
~~/ k l x

~ 
0 :-:

i s  c h a t  v a l u e  o l  r~~m~ u n t i l  t e r n u ! :a t i o n  such  tha t a I n n ’S t yp c  k~-lk f i

c . ~ a l l  t > t ; or  I K t c~~~ :-jd es with I f  n 2 ,

C 1 
(~ , : C 1 

-‘ c ,

- C ) .
C A i - C ’  - t- L ’ l ]  

-

Jh~ algot i t h i m  at~ti:t.uoth.~lLy exi l edi s th an L u p e .5 - it ich ~- oui ld never

ho i i  . l i - n - r i  t a p :  n i  i n :  m i t t  c r va  is  wuu Cd rn ;u .  (10th • 11 Cl . > C .- 1~~~ 1

> A . ( o r (I . > C . ~ N.) t l a  i as c  w h e n  a l a rani i i o - ,L p u r t l u a s i s
J 1. J I ’ J —  I ’

~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~
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a sh o r t e n  n’xp i .~n ’_ n d  [ t I c , t i n  L I p’ .’ 3 I I  il. ;vr tu : n I . f l i t s  i s

for in a  f ly  in 1] nv  . : 1 ar ii  g t i e .  po I I :; . ’ i u l i r s  t c u r i a  v P —  j  : : i : t i

r ep l a c i n g  o p t i m a l l y  L i  m i i i  or :~‘ i t I t  t i x  p o l i c y  ‘~ ul  f io- t u s i ng  type

and replac ing opt imal l y t i n - r e a l  n . r . I f  V and V a r t  t h e  resper ctiv .-

‘,‘~~1ur f u n c t i o n s  t t i c n  I o r  a Cl i ; 0,

(
~

) V ( t )  - V  ( t )  = (C u _ C )  V~~t - x l  (
~ . a o[ - t ~~~~~ - ! . oxp l-~~ x J )  U : : ,

a .  
~~~ 0 - i 1

The first term on the  right of (5) is n o n - n e g a t i v e  ( p o s i t i v e) .  Because the

exponential di stribu tion wi th r i m e  g r e a t e r  mean d i a n h r a t c s , and since

V (t_x ) is decreasing in x the second term is also positive (non-negative ) ,

Thus V - V > 0 and it is never optima l to rep lace with type j.
fin i

The case of n = 2 suggest s  the conjecture made in [Ii that a

sufficient condition for type never to be used is t h at  C . — C. and
~J 1

C .7~. > C .7.~. (o r C . > C , and C l ~ > C A .). The comparison (
~

) f a i l s
3 ~ 

11  3~~~ 
I ~ C I

to be conclusive because the condition A , > A . is n o t  ini pli;d and a
.1 1

u s e f u l  e s t ima te  of  the  in tegra l in (j )  is nor  available . Smith ~2J uses

an ingenious comparison to avoid the n i ces sa ry  e v a l u a t i o n  o t  i t . ’ i n t e g r al

involving the f :n: tion V . Considering the c ar e  i d i c r o  C . A .  > C l - . but
I ] I I

A < A .  ( hence  C . > C . ) .  Sm i t h  cor ip are :  ~t . t-i ith - i s p e c i u l u d
3 1 ‘ J 1 3 I ’

randomized policy. it . initially uses type 1 . At each rep lacement a

chance e x p e r im e r  is c a r r ied  out so t h a t  ty ~~u i i i s  used aga in  w i t h

probab ility ( ‘~ . - 
~ / ~~~~ , When fo r  the  f i r s t  t i n .  the  c h a r t : - ’ e.xp eri .mc: r’ t

indicates tha t type i is not to- be used then the:u t : u L l Ioc:oent and all

subsequen t  ones are made o p t i m a  i ly . The u t s e t n ’ J n e . - s  i f  h i .s d i ”  ice a p p e ar s  

— -~~~-_ -- ,-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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ui ~ht~ ta~ t t hat  l~~ t c n p t  hi a t  I k e n  i i i  111 a rep I j c - i : e n - n L  o L i n - n  than type

is made has an : . i u e n u u : - u L  j a l  d i  a t  i i but I t~~ w i t  hi i n c o i u i  A he s ine as

wou ld  be the  d i s t  u i b u t i o n  o t  t b  l e u p, : Ii oil I 1 ” . - w i t  1. t I~~- u t c o ~ d c u n i p u h t e l e t

is in t ro h u u c nl s i t - I  ‘ p u ]  i c y  1 . t i u o ~ , i n  the  c 1 m p h  i o n  S it  wee  oi V
I it .

and V= aflaiu 1:~- u s  to  ( ~~
‘i t h e  ru - C i  a I van~ a l m a  and

v~~( t )  - v~~ ( r )  (c~~ C~) -
j  -I

where N . is the expected cost oil using type i L ’npu au .- n t s  as a result

of the  chance exper imen t s . N . can be c a l c u l a ted , ; u i i . l  i n t hen  fo l l o v s

tha t

V
~~~

( t ) _ V
~~~

( L )
~~~~

0 , for a l l  t~~: . 0 .

Given  the  foregoing  i t  is then possible to asoert , without loss of

lz-en ’ :r s  C i t y ,  t ha t  the  type - a i - - i ndexed so cha t C
1 

C, • -  -
~~ C and

c 1 .\ 1 > C ,~~ ., > • - ~~ > C ’- , for otherwise some types c o u l d  hn .- xcluded in

adva mee , Given thu s ordering, it is easil y a r eu . . d  1I :.: L ii  L i S  snail

u n o ug h , t y pe  1 ~}:ou ld be used as a r e p l a c n  r u e n t  . Thus , if  a v a l u e  of t

s a t i s f i e s  (2) , ui : - c e o  co n c lo :u l c  induc t i ’ e ly  t h a t  ty p e  k .  I i .s never us ed

and i t s  interval u l  a p L i m a l i t y  is  vacuous .

thu opt imoi l policy structure seems it  :einlo rce intuition . However ,

it is nit  dii ticui t to produce coun ler— exie n i t lcs , dcv i-s t. ing f r o m  the assump—

1 0 . 1 1  u exponent ioi  1 C a n p o n n lif e , where i nch i st rite I cr-: is not - opt m l  -

In ~oct , t h i n c a l - i c l u e n t  1 1 1  d i  s ’ rii,t:l ions nay b c l in ~ I o- a m i n o r i t y  ot

P . -  -—— -.
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d j s t i  i ’o.: u u u e~~ t o  - : I t i t h  r h u ~ si n u m c t e m c  h t u l - 2 , . 1 J L . L I  i t - .  ex1 - u  r i  jal

.I S S : i : e ’.pt  i o I i~ f l at ’ . h i t . - - a - . , i e-~~~t n S t - e t i .  3 i J s i  t c i  I i  r a  .i u p :  . x i r - t : i l  i t ’ l l  m c u t - i m f l s

t o  IC i .i1 V (- . a  I ~~. t t  ‘ ‘ -

5. toa r u d  u i c:- ‘ n i

One - ‘-ri. - .; L i ’ u i L , t L e n I :  c c  t h e  t ; u ~~ L I  C~ m i s ~~u~ er i t i I i  t l t i u ;  p m ~~~ t is

the : I s s t u u ’ : O L  L r~ t h at  the - muti re sI’ stnm (of w h im , it  ‘ i i  c - a r t  .11 m m  rest

is o t ar t  ) will ‘ i t  d i  s cu r d e d  t t  t I 1:-led t l ine , h i s  ass e r t  i :ai r a y  ho ld

when a strict U i ai , :-a i. p o l i c y  i s in cl  t e c t  u - h u h k iL t C :  u S  a t  w ha t  L i n e

the s y s t e m  w i l l  .‘.. ;u h a n d c r t . d , i .heu . ’ evcr , .- ven  t J I I e i t  a . c i u  a u r h i c y  i s  in

e f i ~~c t  L i l t  re is L l : ;u a i i y a :) ro ;I sion Lor u h i S p - a s I f l~~ :t ~ t i c  y . te i. i f  i t

-; p r i o r  to t h e  m a n d at o r y  t i  ac- of  disposal . h-l i Ittn t h l s  c o n t a - I t t h e

h o r i z o n  mo del  is e,~i ended in 1]

It  is assur ed t h a t  the y s t e m  w i l l  he d i sp o s a d  a t  a f i x e d  t~ n e  or

b e l  rn - i f  ~m fa i ia’: , a m o u r : ; , i de- I a O 2 t l t  01 t ime : n u i l  t n r ~~t u c - _ ’ is e x t  a l t - i l l  n l i y

ch i str ih uncd t~i ttm mean -A 
I sci~’) . Thu s t he  l e n g t h ,  of tu tu :: u n t i l  d i s po sa l

is a t r u n c a t e d  e .-: . : : n .. : m u t i a l  d i s t r i b u t i o n . W i t h i n  : i : i s u i - ~~dcl  i t  is s t i l l

c oaven i~~n t  to  ic- i the  state of h i :  sys tem be d e s i o i u a t  ed .us  t he  nio:- inr t n.

amoui-,t ai  t ime c - -na t  i t -.ire g u n t i l  L F ; i ’  sy s t e m  l e r i r i r i a t e s . An a l o g o u s  t o  ( i~

t n t e r p r . - t i n ~- 1 )  as befo re , s . h a t - :  t h e  o p t  i ::a l i t y  m - t 1 t e : . t  i on

1
( l ~~) \ T (  t )  m~n C , r f e ’ X 

V :’ t-x ) I ‘ d~; 1 
, L > 0

0 

-- -—--- .—--~~~~~ -.‘---- —--- -~~~~~ . ---- — -- --- - ---—- _ -- - . --- — —  - -._ - - -. ___
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Emp loying the same .h i ~ iii of i c - a I m i n g  its i n  t h e  I m x i ii h i , m r i z r m n

case, the c X l u i’e s s i .m i t , ~t . i t )  • w i t h i n  l i i i -  i r i u o - k u t . s  oi (i) h i~ s

derivative which is given by

~!( t~ = (c~~7 . ) c . — N( t )

i~ i is optima L at t. The interval structure o f an optima l policy

still holds. V is still a concave function . However , the piecewise

linearity gives way to the appropriate solution of the differential

equa tion

v ’ ( t )  = ( cz÷~ .)C . - aV( t)

over the interval for which type i is the optimal rep lacement ,

It should be remarked that this model is mathematically identical

to the fixed horixon case with discounted cost criLerion . Hence, the

interval structure for arm optimal policy hold s when cosLs are discounted .

It is to be expected that the assumptions regarding the distribution

of T, the system life, can be further weakened . To this end suppose F

is the distribution function of T. It is necessary , now, to def ine the

s ta te  of the system as , s, t h m t  l en g t l t  of t ime the  system has  oeen o p e r a t i n g ,

rather than the time remaining until termination . Let U(s) denote the

expected future cost of supp lying the needed component gia-cn the system

has been opera ting for s units of time, a rep lacemen t is necessary ,

--
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( i  - I - n) iS t I n  u::: : F C S t i o f l  t J i L h I  ii t h i n  d i  : j n i n - L s  o r  ( 7 ) .

b rev e l ire  c t u i - ; s  a m  F j a u n t  dtt  - e p o a c - u t  I I n c  a ’ -  i i t t u t r V j i

s t t t i n t e r t C  f o r  :ce , - u L i r t a l p o l l C V as r r - t a l u i c d  to :  I lie f i x e d  h e r i r o n  case

is to  p r e - .=u i 1. 1; Cit~~ e J S i  ly c ou st  r~ et  exar : p leo -.~t F w a - c r c  L I I n ’  o p t i m a !

policy viii not h u e  the  i n l e r ia l  St . r u c t u r n - , H O S e -n c r , i i  F has an

t r uc r ees1 n ~ f a l i r t :  -. - _ t c  ( I F R )  t h e  p m p o t t y  s h ’ u i  : h e .  Id . t 1 i t ~ i s  a ~31(~~L t h

of t j l n  p t u o f t l t - i~ t h is is , .tr : Ju e J , t rot f u r  t h e  C i e s m .  r h a r r -  n = ii a i m - i  F

i s u r r  i Ll .y IFR.  II a ddit i on  to F h u - i ng i l - K it  is a l s o  a s s u m ed tha t  F

1. :; c- on inuous  - : . ( e p t , - - c a c t i , ~~~ a t a t u  i~~~~~~ y 
1.

-~~~~ b e f o r e . t t  e o n , w i t I r i — u t  l t ’ ;~ o f g e n e : m . u l i t  -
- , be :. ;rsc m med L S i t

C~ > C. , C
1 

-
~ C , . h J I i i t ~~: t I i ~ J s S U t i ip t i O i l  03  C~~u 1t i l l ’i1 L t ’  i t  is st  r ai p t t _

fo rward  i i prove riu ~ t i~ - s) s ~ - r e t  j i u : .i ’j s  -at  al l  a K 
~~~~

. - l h u a i r  -
, ( s)

I. r 1, 2 is :hi I i7 :,-nti ab le an d  i f  I is o p t i m a l a t  $

c - !  a)  r (  ~~~ U( s) -- ui _
i 

i~ s)) C .

where  r: 
~
) t n t  I i i  it i t  rate f u n  t in o f  1’. Si em a is in-: rt as ing

;: t e u - e  is a v a l u e  s t o u c h  I mj t  d I l l Y

__________ 

-~~~ - -,.- ,- -- ~~~~ - -~~~~~~ . - - - -~~~~~,~~~ _ _ _ _ _ _  _ _ _
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~ N 1 - c
r (~~)

- (say)

or r ( s ) < r  , ,r  r ( s ! >~~ fu r a l i  s > Q . Ii r~ s ) < ~~ fo r a l l  s — ’ O

take  ~ . ;  if c ( s )  > ~ f o r  a l l  > 0 take  s 0 . ~.ow i f  b oth

types  1 arid 2 ar t -  u p t i m a l a t  s y s t e m  t u e  s t h a i ,

(6) ‘( s )  > c~~( s )  , i f  s K

if s - - s

By c o n L in u i t y , i f  5 ui is an age where  the  op t ima l r ep l a c e m n - n t  ty pe

swi tches ,  then b o t h  t ypes  are o p t i m a l at  s~ . Howev - r , by ( t t )  in the

interval s K s only a switch f r o m  type  2 to t y p e  I is p o s s i b l e  and in

the interval s > s only  a swi tch  f rom t y p e  I t n m  t y p e  2 is possible . In

the latter case Lype 2 would he optimal for all system ages  s > a -  where

s* > ~ and s- is the age at which the swi tch  from t y p e  1 to type 2

takes p lace . Ho e- -er , a direc t comparison with the poli cy of always

using type 1 for all s > s~ showF tha t. alway s r m p l a n  in ~: w i t h type  2

for s > s* C a i n u t  be opt imal . h ence, a s w i t c h  f r uit t.vpe I to t v j c  2

for any s > s cannot be optima l . The remaining p e ssib il it ic-s are

consistent with what was to be proved .

Recently , De m on and Smith have extended t h i s  result to n > 2.

An al g o r i t h m  is a l so  scm g g c s t e d  f o r  o b t a i m . i . n: , s w it c h i n g  p o i n t s .
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0~~e v ari rur i on assumes t h m a t  Uie e i r e  L w r r - p i .  m e a n : -  ‘ t  y I n - S . Aim

i n f i n i t e  number  of  t ype  I c o mp i i u c n L s  i r e  :lv .i  t a b l e ;  I i  r s - ~ ‘ ‘ a ; , ~~~ 1~ one type 1

componen t  is avdi  l i b l e . i t  is shown t h a t  t h i n  an t - t m - t i  i u u t e i v a l  s t r u c t u r e

i s  opt ima l . Thc awi  t c h i u i g  p o i n t  i s  e v a l u a t e d  b u t  i s  l Imi t t h ~~ seine as

the  o r i g in a l  n -i p r o b l e m . O p t  inca l s t o p p i n g  t !u e i r y  I I t u . _ me th io d

used t o  e s t a b l i s lt  t l i r’ r e s u lt . T h e  me t h o d , a l i h u m i u g lt L i n t  t h e  c - i  t n h i n g

point , is free at thn nc ::ponentiai componen t  l i l -  d S s i : n i p t i  - u i  a l  lowing  one

to o b t a i n  the i n t e r v a l  s t r u c t u re  fo r  an op t ima l  p o l i t y  ui d - c i  weaker

assumpt io~is.

The reverse situation where an infinite number oil type 1 components

are available and only one of t y p e  2 also has the same optima l policy

structure. The switching point , as would be expected , is the same as in

the orig inal prob l em. The method , here , is to guess that the optima l

policy is of this form and verify that value function satisfies the

optimality equation .

The probl ent  wi th  the r e b a t e  t h a t  y i e l d s  the  low e r bound discusa~ d

in the previous suction assumes, except for at least one type , that

there  are only a finite number of rep lacements . That is, on ly one lapt-

must have an infinite supply in order that a rep lacement is always

ava i lab l e. The horizon can be of random length as well as fixed . TIit

opt imal policy is to a lways  use the  type av a i l ab i t -  t h a t  has the smallest

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~ ,- - -  ~~ -.
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ON RE N E WA l.  D E C I S I O N S

by

C. Do rma n , C . J . I - ii- tue  rniaii and S . Ross

A system must operat i- for  1 uni t s  of L ime . A cert .- s i u i  u a . : : t ~t on e I lt  is

essential for the syst em to be operat ive . Whe n it f a i l s  i t  not- i to -  r i - p laced .

However , there are n t t - -pes  of comp oner ~ts that can be used ; SOFIa t~~~ ’t- s a rt-

more costl y but tend to last  longer —— others a r e ch eap er but ar e I li kel y

to last as long.

The general problem is to assign the init ial  component type and all

subsequent replacements so as to minimize the expected c a n t  of providing

an operative component tot the life of the system.

Intuition would suggest that when the system is re la t ive l y new and

a replacement is necessary it would be rational to use an expensive type

- 
providing t h e  additional component life bought is worth the extra price;

similarl y when the sys tem is old , an inexpensive type should he i;sed .

Consideration of this problem is intended to make this intuition more precise

and to expl ore under what conditions it is , in fact , valid .

The problem can be viewed as one in discrete Lime parameter negative

dynamic programming. ~ Lstate of the system is its age when a replacement

is necessary . The possible decisions are the different types of components

to use. The costs are the costs of the types used . Laws of motion are

de termined by the life distribution functions of the different component

types. The life of the system is T.

This problem was orig inally considered by the aut hor s in “A Renewal
Decision Problem”. This paper summarizes these results and considers

I various extensions .
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