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OPTIMAL SELLING WHEN THE PRICE DISTRIBUTION IS UNKNOWN (*)

C. Derman , Columbia Univers ity
C. •J. Lieberman , Stanford Un iversi ty

S. M. Ross, University of California , Berkeley

0. Introduction

This paper reconsiders the classical model for selling an

asse t in which of f e r s  come in dail y and a decision mus t then be

made as to whether or not to sell. For each day the item remains

unsold a continuation (or maintenance cost) c is incurred . The

successive offers are assumed to be independent and identically

distributed random variables having an unknown distribution F.

The model is considered bo th in the case where c ~n offer is

rejected it may not be recalled at a later ti; ‘ in the case

where such recall of previous offers is allowed .

In Sect ion 1 we show how bounds on the op timal poli cy may

be obtained when some partial information about F is available .

In par ticular , we show that if F, the distribu tion of o f f ers ,

satisfies the NWUE (new worse than used in expection) property

def ined as

E
FEX - a i x  > a] > E

F EX I for all a > 0,

(*)
This research was suppor ted in par t b y the Of f i ce  of Naval Resear ch
under contracts N00014—75--C—O620 with Columbia University , N000l4—75—
C—056l wi th S tanford Univers it y,  and N00014—68—A—0200—l036 with the
Universi ty of Calif orn ia , and by the U.S. Army Hesearch Office—Durham
under contract 1)AIICO4—74—C—,Ø

’O226 with the University of California. 

- ‘-~~--- --~~~~ --•~~~ 
• ‘.-- - - - --—



r ~~~~~
—

~~
--

~
- “

~~~~~

— 
-=-~~

—- ---
-
-

~~~~~ ~~~-.=~~~~~~~~~~~~~ ---~~~~~~ 
- — -  - - -

t i ,  r i ~ ~pt ima I o I i  cy has a 111(1(10 L ( r n j  t~ r e la tior i sh  I p wi t~ t 11t

opt ima l p o l i c y  in 1111/ C~ lS~~ wIlc rt th~ d i s t r i b u t i o n  ot o f f ~~rn is

e x p o n e n t i a l  w i t h  t h ~ sa m&~ mean as F.

I i i  Sect ions 2 and 3 we consider a Bayesian vers ion  ot th i s

model by suppo sin g  that  F is known to be one of the distributions

F1, F2, ..., F with given initial prior probabilities. In

Section 2 we do ilo t allow , and in 5cc Lion 3 we do all ow , ih~ r L c . - I 11

of old offers. In both cases we provide bounds on the optim a l pol icy

in terms of the optimal policies in the case where it is known

which of the F. is equal to F. This B a y e s i an  forma t has previously

been considered in [ 2 ] which assumed that F was a normal random

var iable with known var iance and imposed a normal prior distribution

on the mean of F. As our model imposes no parametric condition

on F in the prior distribution , the type of results we obtain are

somewhat different than those in [ 2 1.

1. Ind ependent a lId T~~~ ~c~~Jy_D’istributç~~OJfe~rs I rorn an Unknown

)int ~ i 1 c t  i o n  ~ i t li I ’ n i ’ t  lid I n f o r m a t i o n

~f the s u cce s s i v e  o f f e r s  were independent- and i d e nt i c a l l y  d i s—

r ihut ed random ‘~~r j ab l o s  hav ing  known d i s t r i b u t i o n  F , t hen ii is

~~~~~~
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well—known (see I L I ) that tho pOli cy that na :i i - i  ZIs the t , i  ii eXl~e~ I

r e t u rn , both  w i t h  and w i th o u t  r e c ’ n L l ,  is to a c - ~~l I  n ~ I L r  x i t aol

only if x > XF~ ~l~~re is the smal l ent value aut h t L~~l

xdF(x) - 
c] /

/(1 - F(x ~ ))

If F is continuous , th is reduces to

c f (x — x 1
.) dF (x)

X
F

The optimal expected return is X
F 
+ C .

We shall start out by comparing the optimal critical nu tber for

two different distributions . To begin we need the following definition .

Def inition :

For any two probability distributions F and C wi say that

F < C  if
V

f f ( x )  d F ( x )  f f ( x )  d G ( x )

for all increasing convex functions t .

if F and C have the  sa;nc ocans , Lhe n F C’, in tu it ivt ’l~
V

‘le;lr IS t I it  F has i c ; ;  v~tr iahl l i t y  t h a n  C .

3
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1’ roji~a ;) t I (lfl l

i d  F ~ C then X
F 

X
C’

.

V

roe

xl, is thc smallest , value satisfy ing

c E
~~

E ( X  —

Now

- X
C

) ]  2 EF E ( X  —

since f(x) = (x — x~~)
+ 

is an increasing coavex function.

Hence ,

+
C 

- 
I
F~~~ 

— x ,) I

I m~ ly i ‘‘C t hat X .,

P r o p o s i t i o n  ~ i s  concerned w i t h  the r e t ur n  f r o m  a non opt  ima l

~~‘ 
I icy .

‘4
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ropes it t m  2

I x - x . then tlit ~ return i ron the p o l i cy  t h a t  i i  ‘epts  th .

L u s t  t~ I I r  tha t i s  k t  l e a s t  c; l ; ,r Ct ’ ;ts x has :i return that is at

I , e, t X ÷

I’ r a ’  I

To prove c thove , cons ider  I lte expec ted  d i f i  c r e ; i c  between

the opt imal  p o l i c y  t h a t  uses the critical number x 1, and the above

pol icy that uses the cr it ictI number x. By conditioning on whether

an offer between x and X
F 

occurs before or a f t e r  an o f f e r  greater

than xi,, we see that t h e  expec ted  d i f f e r e n c e  is at  most  X
F 

— x in

the former case ~,ince the expected return from t i t e  opt imal  policy

starting at the t ime of this of fer between x and X
F 

i s  equal to

+ C — c = x~ ) and it  i s  0 in the latter caSe . Hence , t1ie result

follows .

Definition:

We say that the d i s t r i b u t  i en  F , w i t h ,  F( O— ) = 0, is NWUE if

I ~~~~~~~ • ‘ F (x )  dx f or  a l l  a 0
a F(a) 0

a lien F(’:) = 1. — F(x) . (if “ 1 -  a random v i r iable hav ing d i s t r i b u t i o n

I - , thi n t i , ah vt is &qt , L V ; l  I. I ) t  I c  X — a X ~ ~i ]  ~ V E X ]  .)

C
,

~~~~~~~ -- 
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Cro1 osit ian 3:

i f  F is NWU L w ft i t  mean ‘ , ti e ;;

< F
V

~ l ’ere  E(fi) is au e x po n e n t i a l  dis i r ihu ti an S i  L i i  e m

P r o o f :

it  is cn n- v to show t ha t  F > C is equivalent to

J ~
(
~

) (IX j  C (x) dx fe  il l  a -

Thus , we have to show that

~(x) (lx >

a~; mieve r F is ~‘UE . By L~ ;c d~~l m i  t ion 01- NW liL Sc

ix a)

or • q u m c ; i L ; i t l v ,

~~~ ( a )  ; ; 
1 ( a ) 

~ ~; i (a)
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where

- ~~i~(x) d F  (a)
F (a) = f dx and f

e(a) 
= —

are the equilibrium distribution corresponding to F. Hence ,

I (a)
e j

thereby imply ing, upon integrating , that

—log F (a) < a/p

which proves the result.

We are now ready for the main theorem of t h i s  sect ion .

Theorem 1:

If the unknown distribution F is known to be NWUE and to have

mean p then

and the policy which accepts the first offer of at least x has

:e tur n  of at least  x + c ;  where

x = — p log(c/p)

7

~~~~- — - ~~~~~~~~~~~~ ‘~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --- -~~~~~~~~ ---~~~~~ ---- 
_ _ _ _ _ _ _



Ire ,
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S~~~ ce x wh it E in n i l  i x~~lni( u11j a l d m s t r i h u t i 1 ; ,  wi t - I i i i
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2. A i~~y es i an  M o d e l  Without Recid l of Past Offers

ln this sc -tfO fl we suppose that if an offer is rejected then

it can never be accepted jut the future, in addition , we suppose t h a t

although, the distcibution F is not known with certainty , we do

know that is is acm e of the distributions F1, F2, . . . , F , with given

prior  probabiliti es . We say that the state of the n y n t e i r !  is (x, P)

when x is the presen t  o f f e r  under  cons idera t ion  and P = (P 1, ... , P )

is the posterior probability vector , given all the information tha t

we have accumulated up to that point (including the present offer x),

as to which of the F. is the actual distribution .
1

Also def ine  V(x , P) to equal the expected r e t u r n  f rom this  day

onward given that the state today is (x, 1’) anti we employ an optima l

policy . (If we assume , as we do , tha t  each of the F’. has a finite

variance and c > 0 then it run be shown as in ~1j that an op t imal

policy ex i s t s ) .

The optiniaUty equation thus takes the fo l lowing  form

V( x , P) = Max ~~x , V ( P )  - ci ,

1
where V ( P ) ,  which represents the best you can do when the distribution

is chosen by the p r i o r  p r o b a b i l i t y  vec tor  P = (P 1, ..., P), satisfies

V ( P )  = Y~P~ f V ( y ,  T P) dF~~(y)

- 
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I P — ((1’ P) • CT 1’ )
N y i i

- ii

(! I’) . = ‘rob[F . 1 , y I
N i :1

— 

P. dl~ (y)
— 

I J h . (y)

F u r c m m e n i t s rc , ti~- ~pti ;r:i l pulicv aceci tS the offer i ,  SI ,t (x 1’)

I i j n r ~ ; t i  I y 1

x > V(i’) _

‘r c i p & si r ien 4:

is c ii i  ~eX I un  t an ii P .

Proof

Recall ti;: V (P) repre sents tIm .: best we c;u do ;•2~~~ the di s—

t :ii bu t i i ;  in choa n ;mnroci ~ ng to P. Now si m p l a r .  I = ‘ ÷ ( I  — ~) I~~,

t : r  ‘ ,ii . i )  ~ - I , Ilie 5 1  15 :50 Li;at t in  dj~~L rllj& i. 0! ia ~ ta,. 2 i s  10

he choe n accur~1i ;,’ to t h e  oflos i np ~wU— 5t .zI:t cap . rim it . Vi rst we

flip a coin h;jvin :’ pr ohab il Icy ci o n  i m p  up  I lu l t i S .  jf , c o in

it;; ;; up  I l l - O L I S I i n  a, I i , .  . ii d istribution a r~~ r d . i i m g  t i  cb~ p ri ci

) r h i h i ] i t v  P~~, whi le i f it c ’r:s . UI) tails ti m i we 1St 0 . No~ if

I I) 

~~~ 

— 
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we are not told the outcome of the coin flip then the problem is

exactly the same a; if the distribution was chosen according to P

and thus , the best we can do is V(P). On the other hand , if we are

to be told about the outcome of the coin flip then by conditioning

on the outccrn e we see that our expected return if we play optimally

is A V(P ’) + (1 — A ) V(P ~ ) .  Hence , as addi tional information can

not lower our expected return we see that

V(P)  < ~ V(P 1) + (1 — A) v(P 2 )

arid the result is proven. I!
Let x~ 

= xi ,, i = 1, ..., n.

corollary l:

V(P)  < EP . x. ± c— — 1 1

Proof:

Th is follows d irec tly from Proposition 4 since V ( O ,0,0,l ,0. ..0)

= x. + c (whe re the 1 is in the ith place).

~~~~~~ ition 5:

If the present state is (x, P) then

(1) if x > EP . x . t hen it is optimal to accept x ,

11

_ _
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( I i )  i f

J y dI .(y) - c1

x < E P . ~~ 
...

,
. .  - -

-— F . i x )

then it is op t i m a l  I c  ma j O L  t i c  CI  f € r

(iii) if

~ P . f y dF . (y)  —

then it  is op t i . n a I  ti ’ re~~ect x .

P r o o f:

( i )  If x > ~;P .;r , the ;, using Corollary I , we h a v e

x V (i) -- r

and (i) is established .

(ii) :- uppose tIm l~~~~’~m mt state ~~ ( < , F) ari d - i f l S  ~dci l i i :  p o l iiv

tha t  accept;;  t h e  first o f f e r  p m a - a t e c  than x.

r e tu rn  froni this  po~~icv is

y d F ( y )

1-F . ( x )  
- 

1- 1 (x)

wh .i cli lol l o ~~~~‘.‘ noting that , g i en that tim e distr ib m , t i o r m  i

• , then lii , - ~~j~~~t t d  n m n h e r  of addition tI oflero t h a t w i l l  he
1

12
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made until, one is accepted is l/(l_F~ (x)). Clearly if x

is less than this value , then it cannot be optimal to accept

the present offer of x.

(iii) The proof of (iii) is similar to that of (ii) in that it con-

siders the return when in state (x, P) if you accep t the

next offec, and notes that if this return is greater than x

then x n hould clearly not be accepted . H

Remark:

It follows from part (ii) of the above proposition that if

x < min(x 1, ... , x )  then it is always optimal to reject x. H
Let us now consider the special case where there are only two

possible distrib utions , i .e., and F
2 

and suppose x
1 

x
2
.

In this case the state can be represented as the pair (x, P) where

x is the present offer and P is the present probability (given all

informa tion, includ ing ,c, accumulated up to this point) that F
2 

is

the true distribution. In this case we have

Theorem_2:

V(P) is an increasing function of P, 0 < P < 1.

Proof :

Since V(P) is a convex function of P(Proposition 4) the

result would follow if we could show that

i i

_ _ _  -- .-- - -
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equaL i n  I im ~~ .

(I — 0 I a r a 1~i P

which proves the O Sil i t .  I
Th us , wIte : a = 2 and x ,, it is o p t  1 1.111 1 . ~~~~~• :1 t I m , -

o f f e r  when i n  s t al e  (s , P) ;f I t ; ; 5r i ;v  i t ~: 
• h ( P )  Y I I o f c  h u h  V m i ~ —

is In inctea. ;iri g liVeS fi m itc tl omt of P with l m ( O )  = a~~~. I~(1) 
= X .

Fur Li ernu r e  , bounds cii Ii ( P ) are p.1 ien by ‘ropes I t t on i

t e m  irk:

I 1 i t 1 t  dot : ’: n t  •mppe;i1 to c atm a i m  i l i pu e  ~io I~~- o r o ; i i  2 -h e n  th ,r d

a re c c - - tI m e 2 pI!SS1 ’I L L dist rLh ;m t i. u;;• . Par I S  OLd , S tm p ; e s c  ti ct ttm o

di:; rib t ions F . F , • . . , F or e  s toch ia st i : a .~ I c  i~ m o r L : s 1 n~ in t i m e
P n

~ clm : : . e  ta . 1  F . (t) s - , ; t ; i ; i : r e d ; ; irip in  i for e l - I ,  t. i t  S o  ( l O t  100 L imo

prohabiii t~ yr t ar  P ta: bi or a tot than or d u l l t the pi ’ l~~b ii I it

;rct nr Q,  w r i ti e r  P ‘~~. if

a t’ or n~~ j 1 . ... a
I ’ I

tImer: we might un i t ru r ove th at V IP) > \~~çi) . I s i s , th is i~~~.I not is

J



the case as is indicated by the following example . Suppose F
1 

pu ts

all its weight on the value .9, F
2 

puts all its weight on the value 1, :
and F

3 
is the distributi~ r of a random variable timat takes on the value -

1 with probability .99 and (10)
6 

with probability .01, and suppose

= 1. Now , P P It ) , .9 , .1) >~~~~ E ( .9 , 0 , .1), but it turns out that

< V(fly the reason being that under ~ it only takes a sing le ob—

serva tion to de term ine the true F ., whereas this is not so under P.

15 
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0 0 0 1  Ott 1.
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\ Y i ; C t Or ( : 1 - e l i  l i i  offer. ; up t i , that ‘o:s , ‘ ; n c i i : m . ’ i ;  a ny  i i ~~~L 5 - t ’ i O )

he t rue  d i-t r iLtit lou . i:-  opt i rml itv - m i t  i on  r . - a  Ii f~ -

‘ ( 1 , I” Pa:-:~ c:, i’~ 
~~ V ( n .  ‘ p P) dV .(v) + f V I - , I ! )  I F . ( )] ‘- .1
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w ;ier e

‘F P ~~ ((‘I I’) • (1 1) )
- ,r -  I v ii

l . dF . ( y)
(T p ’  =

y j  PP .JF .(~~)

While it ~nllows f r o m  ts d e f i n i t i o n  tha t V(n., Fl is an in—

creosing function of in for fixed P it is not immediately evident

from the opti: ’c-ii Lv equation that if the offer m is accepted when

iii state (m, P) then the  o f f e r  in’ is also aco-optio d w h e n  in state

(in
1
, P) whenever m’ > in. We now prove this .

Pr~pos it ion 6:

For f ixed P , V (m, P) — lii is a nonincreasing fun- - t i n of m.

P r o ’f :

Fuppose to, < m
2
. ~~ t ii r I o t  the distribut i on of tiit- sequence of future

o f f e r s  is r h o  S h O t  rio m a t t e r  w h e th e r  the in it i a l  s t a t e  i~ (in1, P) or

(m
2
. P) (since i t  on ly  depends  iou (x , P) through F) . We can tim iat conclude

that  if the i n i t i al  state is (in1, h) then by ‘Mllowing throughout

the o p t i ;n u ( p r l i ~:v f o r  t I € ~ i n i t ial  s ta r e  (‘o , ,  P) t h a t  our re turn

wh en we s t o p  is w i t h i n  t~ 1 
- nm

1 
of chat i t  would  have been i f  the

i n i t i a l  s t a t e  was r p a l i ’, 
~~ 2 ’  

1’ ) .  Theref ore ,

I ’
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“ ( - t i , F) + 111
2 

- 
~ \‘(ni1, F) .

Corol~~~y 2:

If it is optima l to ac c ep t  ni~ when i n  s l a t e  ( in 1, i ’~ therm

it is optimal to :orept n1 when in state (m2, I’) c i I t l i t ; t i

m
2

> m
1
.

Proof:

If V(m1, P) = in
1 

then from Proposition 6

V(m 7, P) - m
2 

< 0

This imp lies , from the optimality t 1 uo ion , t h at

V( m 2, P) ni . I I

Proposition 7:

For fixed in , V (m, I) is a .‘m -mv e x funct I a i m  it 1’ .

Proof:

The proof m idei, ! t O  1 to th e proof of l’rup os  i t  I e l i  -t i n

in Section 2.
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Corollary 3:

V ( m , F )  < ? P . Max(ri , x~)

where x . r x
F
.

i

Proof:

Letting e. be the vector of zero ’s with a one ~n the ith

pLace  then

m if in > x .
1V(m , e .)  =

x .  if m < x .
1 1

ijence, from convexity

V(m, P) < EP . V(n1 , e .) = ~~~ Max{m , ~~. }

Proposition 8:

If the present state is (m, P~ then

(1) if in > iP . ~ax (rn, x .)  then i t  is optiraa l t- ’~ acro~ t in .

( i i)  if

~ I 
ydF . ( y )  - c

a m < ~~~ P I - ~------ - ‘

~ L ~ — F .(m)

then it is optimal to look at another offer

1 ci

a

~~~~~~~~~~~~~~~~~~
i-

~~-- ~~~~~~~~~~ -- - -  
_ _ _ _
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( i i i )  i f

in ~~~~~~~~ (m) + I ‘di- (Y)] — c

t h u r i  i t  is o p t i m a l  to  1 111k II another offer.

‘ roe I~ 

I i r t  ( i )  follow s d i r e c t l y  t r ol im h o r o l l a r y  ‘3 , sal Ic t h e proofs

of p a r t s ( i i )  and ( ( i t )  are  i d e n t i c a l  to t he i r  c o r r e s p o n d i n a , r e su lt s

in P r o p o s i t i o n  5 oh Se c t i o n  1.

Suppose now t h a t  n = 2 and x 1 
< x,1 . in th i s  e ta ;; ‘~~e rc—

present t h e  state by (m, F) when  P is the p o s t e r i o r  i i r oh ab i l  ( L V

that  F 2 is t he t r u e  d i s t r i b m i t i o n .

Theorem 3:

V (in , F) i s  I ncreas i m p  a 1’ fo r  f ly o d  nm

l’r o o f .

As in the cor’-esponding proof of the  p r e v i o u s  sec t  I en ~~ iìet d o

show t h a t

V( m , 0) ~‘(m , F)

V(m , 0) = Max(m , x1)

I)

_ _ _  - -
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However ,

V(m , F) in ,

and as it follows from Part (Ii) of Proposition 8 that it I S  [lever

optimal to accept an offer less than x1, we hav e

V(n , P) >

That is ,

m > -= V(m , F) > x 1

in < x
1 ~ V(m , P) = V(x1, F) > x

1 
,

and the proof is comp lete.

Hence , when n 2 and x
1 

< x2 ,  it is opt imal  to accep t m

onien in s t a t e  (in , I )  if and o n l y  if m > m ( P ) ,  ,s1;t r c ‘~ ( P )  is an

increasing convex f unction of P with m(O )  = x1, m ( l )  =

21
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The model is considi m o d  f o t h i  t he l:,, - . o w 1 1 t u r - u t i  ~
- 

~~ii o t i ~ r i~

r - ,; ~eo t:ed it n;av not be r t - ; a I i ~-d at a ].o or t ’i ;t t - , ant; i a t he c ase

where such recall of p r e v it ea off -c;; I. -~~ ‘. we~I

Iii Sect ion 1 ~ e sh ow how l ’ i m 1 i ~d~ ~-a t he  o p t  I U L  ~ i i i

h~- obtained when some ’ p a r ti . .- l  l n f u r n m a t i c - n  abut ;I . r I S  /O/~ i i  t i C .

Th p ar t ~~c u l - ; r , we s i - w  t h a t  t i  i- , toe di - ;tr , ibu ti- - ;m vi  o i l e r s ,

satisfies the NWU E (n ew ~orse thaim used j i m a x ; o c t  L - , ’~~i ) p rr 1’ i - r ~~
’- .

de f ined  as

EF [X — a~ X > a] 
~ 

E
F
IX] t ot all ii - - 0,

then the optimal policy has a , .- ; - , t u i I - .- c c l  a t i e n r ] i ip  si ti, the

optima l po l i cy  in toe  case c’hei’~ t l i O  i t i s t r i b u t i o n  ci o f f e r s  is

exponential  w i t h  rho same mean as F.

In Sections 2 and 3 we cen t  i d er a Bayes ian  v rsiot ; al this

model by supposing t h a t  F i s  known to be one of t ’ .e d i st r~J - r i ons

T’
~~
, F , • . • , F vit ii civ en a] t i a i  p r i or  p r o b r I T i i i L i e~, .  1~1

Sec t i on  2 we do not allow , ;ina i n  1 Oi ’ t l O ! ’ m  3 we do i ,l l . , -,~ , the m e - c o i l

c f  old o f t  er s  - In ac’t.l’m ‘ :mses we pr wide bounds on t h e  - , 
5 t J j , i l  p h i  icy

in  terms of the optinal pul~ c it .-;.  in t i m e  case w h e r e  i t  is k’o~~r.

~~~~~ of tim e F . is  t - a u ; i j  ~‘o F. [‘hi s ;Pm\’ c : 100 ( ‘ i i u i t  hie -~ I - V i , ; I o  k y

been ,rirm. 1; ;l lered w h em I L  so;; ass mrnt ’ - j  t h a t  F was ;i nor - ia 1 -c i i ’;

v a r i a b l e  w i t h  Pii iwt ;  .‘ i t i .- o m n -  and imposed a O L - r i u , - t( ; r i , ’i  d i s t r t u u t  h ’ -~

on the  mean of F. A~ our model imposes no par ar1 - L ;  i~ i S a I l  l u ; ;  v i

in  t h e  p r i ’r r ]j ~.t r i S i t j o n  t h e  L ’ p t  of r e s u l t s  se Iub ’ I ~~~ j i i  r i- s- ’ i ; , t - ~~;; m t

dj f ; ’~~i ’ e - u i t .
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