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OPTIMAL SELLING WHEN THE PRICE DISTRIBUTION IS UNKNOWN(*)

by
C. Derman, Columbia University

C. J. Lieberman, Stanford University
S. M. Ross, University of California, Berkeley

0. Introduction

This paper reconsiders the classical model for selling an
asset in which offers come in daily and a decision must then be
made as to whether or not to sell. For each day the item remains
unsold a continuation (or maintenance cost) ¢ is incurred. The
successive offers are assumed to be independent and identically
distributed random variables having an unknown distribution F.
The model is considered both in the case where c an offer is
rejected it may not be recalled at a later ti: * in the case
where such recall of previous offers is allowed.

In Section 1 we show how bounds on the optimal policy may
be obtained when some partial information about F is available.
In particular, we show that if F, the distribution of offers,
satisfies the NWUE (new worse than used in expection) property

defined as

EF[X - a|X > al] > EF[X] for all a > 0,

(*) 5

This research was supported in part by the Office of Naval Research
under contracts N00014-75~C-0620 with Columbia University, N0O001l4-75-
C-0561 with Stanford University, and N00014-68-A-0200-1036 with the
University of California, and by the U.S. Army Research Office-Durham
under contract DAHC04-74-C~@0226 with the University of California.
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then the optimal policy has a monotenic relationship with the
optimal policy in the case where the distribution of offers is
exponential with the same mean as F.

In Sections 2 and 3 we consider a Bayesian version of this
model by supposing that F is known to be one of the distributions
Fl’ F2, ety Fn with given initial prior probabilities. In
Section 2 we do not allow, and in Section 3 we do allow, the recall
of old offers. In both cases we provide bounds on the optimal policy
in terms of the optimal policies in the case where it is known
which of the Fi is equal to F. This Bayesian format has previously
been considered in [ 2 ] which assumed that F was a normal random
variable with known variance and imposed a normal prior distribution
on the mean of F. As our model imposes no parametric condition
on F in the prior distribution, the type of results we obtain are

somewhat different than those in [ 2].

L. Independent and Identically Distributed Offers from an Unknown
Distribution with Partial TInformation
If the successive offers were independent and identically dis-

tributed random variables having known distribution F, then it is

|
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well-known (see |1]) that the policy that maximizes the total expected

return, both with and without recall, is to accept an ofler x if and

only if x > xp, where xg is the smallest value such that

r 0
X 2 [ xdF(x) - ¢ ///(1 - F(x))
*F

If F 1is continuous, this reduces to

c=f x- xp) dF(x) .

Xp

The optimal expected return is Xp + c.
We shall start out by comparing the optimal critical nuuber for

two different distributions. 7To begin we need the following definition.

Definition:
For any two probability distributions F and G we say that

F G it

<|a

[ f(x) dF(x) = [ £(x) dG(x)

for all increasing convex functions f.

If F and G have the same wmeans, then F < G intuitively
Vv

means that F has less variability than G.




Proposition 1:
Let F < G then Xp < Xqg-
v
Proof :

x,, is the smallest value satisfying

G
o +
@ hG[(X %) s e

Now

3 e . +

E (X -x)'] > Epl(X = x.) |

’ 2ot a s : :

since f(x) = (x ~ xC) is an increasing convex function.
Hence,

: +
c > EF[(X - x“) ]
implying that X © X, |

G

Proposition 2 is concerned with the return from a nonoptimal

policy.

&~




Proposition 2:
IE x < X then the return from the policy that dccepts the
first offer that is at least as large as x has a return that is at

least x + c.

Proof :

To prove the above, consider the expected difference between
the optimal policy that uses the critical number Xp and the above
policy that uses the critical number x. By conditioning on whether

an offer between x and Xp occurs before or after an offer greater

than x we see that the expected difference is at most Xp = X in

F’
the former case (since the expected return from the optimal policy

starting at the time of this offer between x and Xp is equal to

Xp + e -c = xF) and it is 0 1in the latter case. Hence, the result

follows. [

Definition:

We say that the distribution F, with F(0-) = 0, is NWUE if

0 ‘—? d ’\1) -
,f¥l~_5 > P OFR) dx for all a = 0 ,
a F(a) 0
where F(x) = 1 - F(x). (if X 1is a random variable having distribution
F, then the above is equivalent to E[X - n]X > a] > E[X].)




Proposition 3:

If F is NWUE with mean 4, then

Biu) s E

where E(u) 1is an exponential distribution with mean

Proof:

It is easy to show that F > G is equivalent

v

o o0
r

I F(x) dx :»f G(x) dx for all
a a

Thus, we have to show that

[ ¥(x) dx > ue—d/u

J
a

whenever F is NWUE. By the definition of NWUE

f F(x) dx > F(a) ,
a o
or equivalently,
- F(: ;
F (a) > u (a) . ut((ﬂ) ,
e H >

6

to

a

we have




where

calficy d F (a)
= F
¥ (a) = f “iﬁl-dx and f (a) = - L
e 2 H e da
are the equilibrium distribution corresponding to F. Hence,

s B e

= =
- (a) U

thereby implying, upon integrating, that

-log Fe(a) < alp ,

which proves the result.

We are now ready for the main theorem of this section.

Theorem 1:

If the unknown distribution F is known to be NWUE and to have

mean I then

e
|
{

and the policy which accepts the first offer of at least X has

return of at least x + c; where

x = = u log(c/u) .




P}}) urﬁb :
The result follows immediately from Propositions 1, 2, and 3

since x = Xp when E is an exponential distribution with mean p. |

One instance in which the distribution of offers would be NWUE
is if there were many classes of potential customers and offers from
each class followed an exponential distribution. Thus the distribution
of offers would be a mixture of exponential distributions and the
degenerate distribution at 0 (indicating no offer), and would thus

|
|
i
|
|
g

be NWUE.

i
|
'
|
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2. A Bayesian Modcl Without Recall of Past Offers

In this section we suppose that if an offer is rejected then
it can never be accepted in the future. In addition, we suppose that
although the distribution F is not known with certainty, we do
know that is is one of the distributions Fl’ FZ’ areds Fn’ with given
prior probabilities. We say that the state of the system is (%, P)

when x is the present offer under consideration and P = (Pl, O 0 (e Pn)

is the posterior probability vector, given all the information that
we have accumulated up to that point (including the present offer x),
as to which of the Fi is the actual distribution.

Also define V(x, P) to equal the expected return from this day
onward given that the state today is (x, P) and we employ an optimal
policy. (If we assume, as we do, that each of the Fi has a finite
variance and ¢ > 0 then it can be shown as in [1] that an optimal
policy exists).

The optimality equation thus takes the following form

V(x, P) = Max{x, V(P) - c},

where V(P), which represents the best you can do when the distribution

is chosen by the prior probability vector P = (Pl’ ey Pn)’ satisfies

= 1P
VB = 5Py [ VG, T B) dF ()




where

P = O0E Py R T Ry Y
v 1 J n
ind
(T P), = Prob{F,|P, y!
i

Furthermore, the optimal policy accepts the offer in state

if and only if
> SR

Proposition 4:

V(P) is convex function of P.

Proof:

Recall that V(P) represents the best we can do when

. P 3 3. = e
tribution is chosen according to P. Now suppose P = I

for some 0 A I, and suppose that the distribution tc

be chosen according to the following two-stage experiment.

flip a coin having probability X of coming up heads. If

comes up heads then we choose the

Y R4 L R i .
probability P, while if it comes up tails then we use P

1O

(xy P)

the dis-

+ (1 - A)

e used 1is

First we

the coin

distribution according to the prior

Now if

to




we are not told the outcome of the coin flip then the problem is
exactly the same as if the distribution was chosen according to P
and thus, the best we can do is V(P). On the other hand, if we are
to be told about the outcome of the coin flip then by conditioning
on the outceme we see that our expected return if we play optimally

is AV(gl) + (1 - X)) V(gé). Hence, as additional information can

not lower our expected return we see that
5 1 2 ,
V() < & VCR )+ (Ll = X) V(E) |

and the result is proven. | |

Corollary 1:

-
V(R) < ZP, x, *c,
Proof:
This follows directly from Proposition 4 since V(0,0,0,1,0...0)
= x, + ¢ (where the 1 1is in the ith place).

i

Proposition 5:

I1f the present state is (x, P) then

(G0 B8 i ZPi X, then it is optimal to accept X

L1

T T T T T T




(ii)

(iii)

(1)

(ii)

e

Proof:

if
f Y dF.- (Y) = C.-l
X
< )‘ B ————
. IECS v I - ¥, (x) J
i i

then it is optimal to reject the offer x,
if
X

X < Pi f ydbi(y) - e

i —on

then it is optimal to reject x.

EE >_XPixi then, using Corollary 1, we have
X =2 V(@) — ¢

and (i) is established.
Suppose the present state is (x, P) and consider the policy
that accepts the first offer greater than x. The expected

return from this policy is

, ydF (y)

[=s

iP, |
X

(=
I-Fi(x) ]—hi(x)

which follows by noting that, given that the distribution is

Fi’ then the expected number of additional offers chat will be




rmy—

made until one is accepted is l/(l—Fi(x)). Clearly if x
is less than this value, then it cannot be optimal to accept
the present offer of «x.

(iii) The proof of (iii) is similar to that of (ii) in that it con-
siders the return when in state (x, P) 1if you accept the
next offer, and notes that if this return is greater than x

then x should clearly not be accepted. [

Remark:
It follows from part (ii) of the above proposition that if
x < min(x;, ..., x ) then it is always optimal to reject x. I
Let us now consider the special case where there are only two
possible distributions, i.e., Fl and F2 and suppose X < Xye
In this case the state can be represented as the pair (x, P) where
x 1is the present offer and P 1is the present probability (given all
information, including x, accumulated up to this point) that F2 is

the true distribution. 1In this case we have

Theorem 2:

V(P) is an increasing function of P, 0 < P < 1.

Proof:

Since V(P) 1is a convex function of P(Proposition 4) the

result would follow if we could show that

13




L0 < V(P) Eor atl O =P < 1 .

Now V(0) = Xp F.ic Xy + ¢. Also, as it is always optimal to reject
1
3 an offer less than min(xl‘ X,) = x, it follows from the optimality
“ .

equation that

V(P) - ¢ > s Fox all @ P
which proves the result. ;
Thus, when n = 2 and Xy < X,, it is optimal to accept the
offer when in state (x, P) if and only if x > h(P) where h(P) V(E) — ¢
is an increasing convex function of P with h(0) = X h(1l) = X, -

=

Furthermore, bounds on h(P) are given by Proposition 5.

Remark:

There does not appear to be an analogue to Theorem 2 when there
are more than 2 possible distributions. For instance, suppose that the
distributions F R Fn are stochastically increasing in the
sense that Fi(t} is nonincreasing in i for each t. If we define the

probability vector P to be greater thamn or equal to the probability

vector Q, writtem P -~ Q, if

J }
LB s ) q for each J = 1, «cun 4 f
L ] i

thern we might hope to prove that V(P) > V(Q). However, this need not be




the case as is indicated by the following example. Suppose Fl puts

all its weight on the value .9, F2 puts all its weight on the value 1,

and F3 is the distribution of a random variable that takes on the value

1 with probability .99 and (lO)6 with probability .01, and suppose
¢ = 1. Now, P = (0, 9, 1) > Q= (.9, 0, 1), but 4t turns' out that

v ; the reason being that under Q it only takes a single ob-

@ VW

servation to determine the true F,, whereas this is not so under P. Il

15
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3. Independent and Identically Distributed Offers i{rom an Unknown

Distribution with Recall of Past Offers

In the previous section we assumed that once an offer was rejected

by the decision maker, then that offer immediately disappears. In chi

section, however, we con:oider the same model as in Section 2 but

the exception that an offer remaiuns good indefinitely and may be accepted

at any time.

1

[t turns out that when the distribution of offers is known, then

the optimal policy in this case is identical to the one where recalling

past offers is not allowed. That is, the optimal policy is to accept

the first offer that is at least as large as x and the expected re-

tcurn under the optimal policy is x_. + c, when x_ 1is as defined in
I b : s R

Section 1.
Consider now the case where the distribution of offers is one

of the distributions Fl, S the F is chosen according

to some initial probability vector. The state of the system at any
time can be defined by (m, P) where m is the maximum offer that has
been received up to that time and P is the posterior probability

vector (given all offers up to that time, including any just made) ol

the true distribution. The optimality equation takes the fora

- :
Vi{m, P) = Max{m, % P [ Vilm, £.RB) dF . (y) + ViCy, T P) dF,(y)}} = ¢l
— 3 J e i )

0 m %

€
|




where
e o T op e T P <
lyg ((Iy&)l, . (ly_)n)
and

P.dF. (y)
O [ D
i ZP dF (y)

While it follows from its definition that V(m, P) 1is an in-
creasing function of m for fixed P it is not immediately evident

from the optimality equation that if the offer m 1is accepted when

1

A . Loy :
in state (m, P) then the offer m is also accepted when in state

(ml, P) whenever m1 > m. We now prove this.

Proposition 6:

For fixed P, V(m, P) - m 1is a nonincreasing function of m.

Proof:

Suppose my < m,. Note that the distribution of the sequence of future
offers is the same no matter whether the initial state is (ml, P) or
(m2, P) (since it only depends on (x, P) through P). We can then conclude
that if the initial state is (ml, P) then by following throughout
the optimal pelicy for the initial state (mz, P) that our return
when we stop is within my = my of what it would have been if the

initial state was really (mz, P). Therefore,

17
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V(m], P) + m, - m, > V(mZ’ B ll

2

Corollary 2:

If it is optimal to accept m when in state (ml’ P) then

1
it is optimal to accept m, when in state (m,, P) whenever |
m, > m,.
Proof:

1152 V(ml, P) = m, then from Proposition 6

1

This implies, from the optimality equation, that

V(mz, Ej=m, |

Proposition 7:

For fixed m, V(m, P) is a convex function of T.

Proof:
E The proof is identical to the proof of Proposition 4 in

in Section 2. |




Corollary 3:
V(m, P) < EPi Max (m, x,)
where X, = X

Proof:
Letting ey be the vector of zero's with a one in the
place then
T ETE T T
it

V(m, ei) =

x, if m < x,
i i

Hence, from convexity

V(m, P) < IP, V(m, ei) = IP, Max{m, xik
-— i L
Proposition 8:
If the present state is (m, P) then
(1) £ m> EPi Max(m, xi) then it is optimal to accept m

(i1) if =
ff dei(y) - c

m=< L P, L
g 4 [ 1- Fi(m)

then it is optimal to look at another offer

&
19
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Gty af
m < %Pi[ﬁFi(m) + f dei(y)] - cC
£ T il

then it is optimal to look at another offer.

Proof: %
Part (i) follows directly from Corollary 3, while the proofs
of parts(ii) and (iii) are identical to their corresponding results
in Proposition 5 of Section 1. | |
Suppose now that n = 2 and erg Xye In this case we re-
present the state by (m, P) when P is the posterior probability
that F2 is the true distribution.
Theorem 3:

V(m, P) 1is increasing in P for fixed m.
el

Proof.
As in the corresponding proof of the previous section we need to

show that

Now,

V(m, 0) = Max(m, xl) ‘

20
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However,

V(m, P) > m ,

and as it follows from Part (ii) of Proposition 8 that it is never

optimal to accept an offer less than Xy, we have

V(m, P)

lv
X
.

That is,

m > X = V(m, P)

| v

X

1 il

m<x, = V(m, P) = V(xl, P) > %

1 1=

and the proof is complete. [
Hence, when n = 2 and x, < X

1

when in state (m, P) if and only if m > m(P), where m(P) is an

29 it is optimal to accept m

increasing convex function of P with m(0) = Xy m(l) = x,

21
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