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Ah st rr~ t second—order Kuhn—Tucket’ cond itions are assumed to

This  paper discusses two algorithms for non— be satisfied at x~ , so that there exists a vector

l inc .rriy constrained optimization. These alga— 1* of non—negative Lagrange multipliers , corre—

r f t h m s  — —  t he  penalty and barrier trajectory algo— sponding to the active constraints at x~ , satisfy—

r t t h~’~ —— ~irc based on an examina t ion  of the  t ra— ing

~~- t . r i c ~ of approach to the so lu t ion  t h a t  charac—

:er i’., t h e  q u a d r a t i c  pena l t y  f u n c t i o n  and the g(x *) — A(x *)A * — 0 (1)

l o g . i r t t h m i c  b a r r i e r  [u n c t i o n , r e spec t ive ly .  Al—

L I r u . a g ’~ ~ l . t c l v  r e l a t e d  in p r i n c i p le , the two algo— where g ( )  is the gradient  of F , and the column s

r i t i m s  dl~i p l a y  impor tan t  d i f f e r e n c e s  in t h e i r  of A ( )  are the gradients  of the  constraints

i. wel l  as in the proper t ies  of the active at x~~.

r d  I ~~~~~~ The discussion wi l l  emp hasize It is customary to s ta te  problem P1 w i t h  two

n~~~.- r i  1 aspec t s  of implement at ion  of the kinds of cons t ra in t s  .. l i t y  c o n s t r a i n t s  (of

j .~~r o r y  •ilgori t ’-is, w i t h  pa r t i cu l a r  a t tent ion the form c
1

(x) C’ I as the inequali t ies

t i  ~he choice of re l iable methods f o r  ca r ry ing  given above in P1. . .~~~ i t inc t ion  wi l l  not be

out •h~ required computa t ions , made during the present discussion , in order to

avoid the in t roduc t ion  of addi t iona l  no t a t i on .  The

treatment of inequality constraints is typically

1.  In t i n - t ion more complicated than that of equality constraints.

rhe problem to be considered in th is  paper and the algorithms to be discussed can deal in  an

Is the following: obvious way with equality constraints.

Because the problem P 1 can not , in  general ,

P1: min imize F(x), x E E~
’ be solved explicitly, a popul a r  approach d u r i n g

the past decode has been to transferm P1 into a

subject to c
1(x)>o , i — 1,2,... ,m, sequence of unconstrained minimization problems .

The most common such t r an s fo rma t ion  has been

where F(x) and {c
i
(x) } are prescribed non— effec ted by the use of penalty and harrier function

linear functions. The function F(x) Is usually methods , which are discussed at len gt h In , for

termed the “objective function” and the set example , Fiacco  and McCormick (1968) and Ry an

is the set of ~‘constraint functions” . It (1974).  This  paper will not review these met l , r da ,

will be assumed fur simplicity that  F and (c 1
} but their properties are critical In the d~’r i v a—

are twice continuously differentiable , although tion of the algorithms to be discussed.

the methods to be discussed will cope with aces— The quadratic penalty function corresponding

slonat disc ontinuit lea . to the problem P1 Is defined by

The solution of P1 will be denoted by x~~.

In all problems to be eousldored , the first— and P(x,;) F(x) + ~ (c 1 ( x )) 2 
, (2a)

jEl

1
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where I is a subset of the indices (1,2,... ,m } discussion , only a brief descript ion of the

(usually, the set of constraints whose values are underlying motivation will be stated,

less than a small positive number), and p is a The trajectory algorithms are based on using

positive scalar termed the “penalty parameter”. the properties of the t rajectories to generate a

The quadratic penalty function may also be wtitten sequence of iterates that lie in a neighborhood

as: of the appropriate trajectory, In order to mimic

the approach to x~ of the iterates from a penalty

P(x,r) : F(x) + ~~
- r”1 ~ (c1(x)) 2 , (2b) or barrier function method . Because it Is possible

lET to characterize a step toward the penalty or barrier

where r — i/p . Let x~(r) denote an unconstrained trajectory without assuming that the current iterate

minimum of P(x,r). is in a close neighborhood of x*, the derivation

The logarithmic barrier function corresponding of the trajectory methods does not display a

to the problem P1 is given by: stringent dependence on properties that hold only

in such a neighborhood. Moreover, it is not neces—

B(x,r) S F(x) — r 
~ 

tn(ci(x)) , (3) sary for any of the iterates to lie exactly on the
i—I trajectory (as in a penalty or barrier function

where r Is a positive scalar termed the “barrier method).

parameter”. The logarithmic barrier function is At each iteration of a trajectory method , the

defined only at points that strictly satisfy all search direction is computed as a step toward some

of the problem constraints. Let x~(r) denote point on the desired trajectory. The particular

an unc onstrained minimum of S(x,r). point to be aimed for depends on the current value

Under certain mild conditions, there exists of the penalty or barrier parameter. The solution

r > 0 such that for r < r, x~~(r )  and x~~(r) x* is also on the trajectories, and the target

art’ continuous functions of r, and: point will ultimately become arbitrarily close to

x* as the algorithms converge. The penalty or

u r n  x~(r) — x* ; barrier parameter may be adjusted at each iteration
r * 0 of the trajectory methods; however, the choice of

u r n  x~(r) — xc . the parameter value is not critical , since a step
r 0 to a neighborhood of a point on the trajectory

Although pena l ty  and barrier function methods corresponding to ~ is also in the neighborhood

diSplay  several good features, they su f fe r  from of a point  corresponding to (1+t) , where is

certain theoretical and numer ica l  defects  —— in small .  The numerica l  procedure for  d e t e r m i n i n g

particular , both require the solution of a the search direction in both algorithms is well—

theoretical ly infinite sequence of unconstrained posed, and the approach to the limit of the penalty

problems. Furthermore , in practice each sue— or harrier parameter does not cause any ill—condi—

‘-t ,ssive unconstrained sub—problem is more dif— tioning.

fIcul t to so l ve , because the  Hessian matrices of Thi s paper will emphasize some numerical

the penalty and barrier functions become increas— aspects of implementation of the trajectory methods ,

ingly lil — c onditimcd as r approaches zero, and with particular attention to the choice of reliabl e

are s i n g u la r  In  the limit (see Murray, 1969a). procedures for carrying out the  requi red  computa—

The continuous lines of minima In En tions. The emphasis on the details of imp lvmt’nta—

defined by ,c~(r) and x~(r) are tt ’nne d the tion is deliberate; even within an algorithm that

“penalty trajortory ” and “barrier trajectory” of has been designed from the outset to be roh~ st ,

approach to x*, respectively . The analysis of additional safeguards arc necessary to protect

these trajectories , and a detailed description of against failure or illogical results when the under—

the trajectory algorithms, have been given el8e— lying assumptions are not satisfied.

where (Murray, l969a,h; WrIght, 1976; Murray and

Wrig ht , 1976b); for the purposes of the present

2
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2. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ for the quadratic penalty function ; the step to
Only certain key aspects of implementation of be taken along the search direction is then chosen

thit’  trajectory methods have been selected for di.— to achieve an acceptable  decrease in the penalty

cusslon In Section 3. Accordingly ,  the deacrip— funct ion .

t tons given here of the penalty and barrier trajec-

tory algorithms are slightly abbreviated , and do 2.1.2. Calculation of the search direction

not contain all the computational details. A At the beginning ef’ the k—tb iteration of the
complete description of both algorithms is given penalty trajectory algorithm, the following vectore

in Murray and Wri ght (l976b). and matrices are assumed to be available:

— ~~~~ an approximation to x*;

2.1. P e n a l t y  Trajectory Al gorithm — ~
(k) the vector of values of (c 1(x) }

2.1 .1 . Pr ~~~~ rties of the search direction evaluated at x~~~;

For t h e  penalty trajectory algorithm , at — g(k) the gradient vector of P(x)

each it-ration the search direction , p, is evaluated at x (k) ;

(ideally) constructed as the solution of the follow— — ~~~~ the matrix whose columns are the

Ing quadratic program: gradients of {c (x)} evaluated
(k)

mm ~ ~
T Sp + ~T8 — s~~ , an approximation to the Hessian

matrix of the Lagrangian function
T I (k)subject to A —c — , at x
p p

wiicrt’ e denotes the  vector of constraints cur— The procedures followed during the k—tb

rcnti y considered “acti ve”; A is a matrix whose iteration to compute the next iterate are:

columns are the gradients of the active constraints; (1) An “active set” of constraints is deter—

is an estimate of the Lagrange multiplier vactor; mined, containing < n elements (see Section 3.1

is the current value of the penalty parameter; for a discussion of the case where the active set

g is the gradient of F; and S is a matrix that contains more than n elements). The vector of

approximates the Hessian of the Lagrangian function, active constraint values will be denoted by c,

Let Y be a matrix whose columns form an and the matrix whose columns are the gradients of

orthogonal basis for the range of the columns of A , those constraints will be denoted by A ,

and let Z be a matrix whose columns form an (2) Factorize A such that

orthogonal basis for the corresponding null apace ,

i . e . ,  81
QA ---i , QTQ _ 1

ATZ _ 0  oJ

21Z — I . where 8 is an upper triangular matr ix .  Define

the matrices I and Z by partitioning Q as:

if A has full column rank (< n), and if

the matrix 7.TSZ is positive definite , then the

solution of QP1 , p*, can be uniquely expressed as Q — 

the mum of two orthogonal components:

— + Zp~ . (3) Determine an estimate, ) , of the Lagrange

.jltiplier vector. If A has full solemn rank,

For sufficiently large p , the search direction p* I is the least—squares solution of ainIAX—g~~~U~ ,

so eunstrurted will always be a descent direction and is given by the solution of the triangular

3
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NI
~N

I

— ~T g(k) , for H a reasonably large positive number (say.

1,000) .
11 A is rank—deficient , the vector A will be (a) If the test (6) is satisfied (as it

taken as the minimum—length least—squarea solution; almost always Is in practice), compute p8 by

it is obtained by extending the factorisation of solving:

Step (2) to:

LDLT 
~
, — _2T~g(k) + ~~~

QAV ~~~~ , (4) then form the search direction as:

0

P Y P 8 + Z P 8
where R is a non—singu lar upper t r iangular

m a t r i x  and V is an orthogonal matrix (see (b) If the test (6) Is not sat isf ied , the

Peters and Wilkinson , 1970 , for f u r t h e r  deta i ls ),  two orthogonal portions of the search direction

(4) Determine an appropriate value of the are not well—scaled , and the following re—scaling

pena l ty  parameter , p (Murray and Wright , 1976b ) .  procedure is used to adjust for the imbalance.

- 
(5) Compute the vector p8. as follows. If If > MI p11~ . define a scaling factor

A has f u l l  rank , is obtained by solving the as

l inear system:

T T T 1 
HIp8~

A p A Yp R R p R~~~
c _

~~~~
A . (5) 8

l~~~~~~~
’
~

‘P111

In t h i s  way,  the direction Vp
5 

satisfies the and let

line ar equality constraints of QP1. If A is

rank—deficient , p5 is a least—squares solution p — Vp8 + 8~ Z~ N
of (5), computed using the complete orthogonal

factorization (4); the linear constraints of QP1 otherwise, define a scaling factor 82 as

will then not be exactly satisfied.

(6) Determine the modified Cholesky factor— Ml I
T ‘he’ PMizatinn of the matrix Z S Z. W i t h  th is  pro— 11, —

T (k’ PR
cedure . the matr ix Z S ‘Z is augmented (if

necessary) by a posi t ive  diagonal m a t r i x , E , and let

chosen to make (ZT s~~~z + E) s t r i c t l y  (flutt er—

icall y) h~ositive definite . Let LDL
T 

be the p 8
2 
Vp
8 
+ Zp11

compu ted f •u c t o r i z a t  ion , so that:

(8) Determine a step length , a , that generates

LDLT — zT s~~ z + E , an acceptable reduction in the penalty function

P(x , ~ ) , using a safeguarded cubic or parabolic

where E is identically zero if zT s~~ z is step length al gorithm (e.g., the procedure de—

suffi ciently positive definite (Gill and Murray, scribed in Gill and Murray, 1974). Special care

1972a). must be exercised in the step length algoriLhm . to

(7) Determine the vector p
8 

by solving avoid difficulties If P(x, ) Is unb ounded

below along the given search direction (see

LDLT j
~ — _ 1T 

8
(k) 

. Section 3.5.1).

(~ Set ~(k+l) to x(k) + ~~
, and return

Test whe ther :  to Step (1) .

4

- - __________



r

2.2. Barrier Trajectory Algorithm (1) Determine the sat of “active ” constraints ,

2.2.1. Properties of the search direction denoted by c (see Section 3.2); form the matrix

The search direction of the barrier trajectory A , whose columns are the columns of A(It) corre—

ulgorithm is (ideally) constructed as the solution sponding to the active set. By construction, A

of the following quadratic program: has < a columns.

(2) Factorize A such that

QP2: usia 4 p’
~ Sp + pTg 

R

subject to ATp — d QA —
- 0

where di 
— —C

1 
+ n h ;  c denotes the vector of

c onstraints currently considered “active”; A is QTQ —

a matrix whose columns are the gradients of the

acti ve constraints; A is an estimate of the as before.

l•agrange multipliers corresponding to the active (3) Determine the Lagrange multiplier esti—

constraints; r is the current value of the barrier mate A by solving:

parameter; g is the gradient of F; and S is
T (k)

an approximation to the Hessian of the Lagrangian RI — Y g

funct inn.

It is essential to achieve a reduction in the so that A is the least—squares solution of

harrier function B(x,r) at each iteration , minlAA—g~~~I~ ; a similar procedure to that given

because t he  barrier function serves as a conven— for the penalty trajectory algorithm is followed

lent “merit function” for measuring progress toward if A is rank—deficient . If one or more compon—

x5. The derivation of the barrier trajectory algo— enta of A are negative, the constraint corre—

rithm indicates that the search direction given by aponding to the most negative is deleted from the

the solution of QP2 may not always be a descent active set ; the modified A is then factorized,

direction for B(x,r). Therefore, the null—space and the new A vector calculated for the re—

conponent of the search direction may alternatively defined active set. Since the new A is simply

be computed to minimize a quadratic approximation the previous A with one column deleted , the new

to the Lagrangian function , independent of the factorization can be obtained by a simple updating

component in the range of the columns of A. This scheme (Gill, Golub , Murray, and Saunders, 1974).

alternative formulation of the search direction is (4) Determine the barrier parameter , r

necessary because of the quite different roles of (Murray and Wright , l976b).

the penalty and barrier parameters as the solution (5) Determine the vector d according to

~. T (k)is approached. the following rules. Define a — ‘ci + •Z g

and set C — y n a , where y ~ 1 (say, 2), Let

2.2.2. Calculation of the search direction r be the barrier parameter from the previous

At the beginning of the k—tb iteration of the iteration; then:

barrier trajectory algorithm , the same vectors if ‘ c , set d1 — —c~ +

and m a t r i c e s  are available as for the penalty tra— i

jectorv algorithm. The iterates generated by the if A
~ 
‘ — t , set d5 — — (1 — ‘~ ) c1;

barrier trajectory al gorithm necessarily lie in

the strict Interior of the feasible region ; this otherwise, di — —t

algorithm Is intended for use on problems where

some or all of the problem functions may be ill— (6) Compute the vector p~, 
which is the

defined or undefined outside the feasible region, solution of the linear system :
The computational procedure, followed during

the k—ti, iteration a r e: AT 
~~ 

R’1~p5 — d

5
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In t l u t s  way ,  p5 
sa t is f ies  the desired linear added to the active .~~t at the next iteration.

equality constraints of QP2 for those problem (11) Set 5
(k+l) 

to + up, and return

constraints for which is s u f f ic i e n t l y  positive; to Step (1).

an alternative relationship is satisfied for each

“active ” constraint that has an insufficiently

— positive mu ltiplier estimate. Again, the rank— 3. Some Considerations of Nume~j,~~l Analysts in

deficient case is treated as for the penalty tra— Implementation of the Trajectony~~j g~ rl thms

je’ctory .atgoritbm . In this section , we consider some selected

(7) Compute the modified Cholesky mactoriza— aspects of implementation of the trajectory methods,

tion of Z~
’ 
~~~~~ (as in the penalty trajectory from the viewpoints of numerical analysis and

al gorithm) ; the factorizotion will be denoted by algorithm definition, It will be stressed through—

out this discussion that  an implementation could

(8) Determine p11 
by solving: not achieve practical success if the definition of

the algorithm depended critically on properties

LI)L
T 
9N 

— _1T 5
(k) 

that hold only in a close neighborhood of ~*; the

algorithm should produce sensible results , even

Test whether: when such conditions are not satisfied at the

current poin t .

:~ 
M~p5

I and Ip5
I ‘ H1p8

1 , (7)

3.1. Selection of the Active Set for  the  Penalty

f o r  I” a reasonabl y large positive number. Trajectory Algorithm

(a)  If the test (7) is satisfied , obtain The “ac t ive set” of constraints is defined

by solving at each iteration of the penalty trajectory algo-

rithm as the set of constraints whose values are

LDLT 
~N 

— _2 T ( g ( k)  + ~~~ Yp 5) , less than a specified small positive number. With

this def in i tion , the active set is equivalent to

and define the trial search direction as: the “violated set”, and can easily be determined.

Such a strategy is reasonable because the penalty

— + Zp11 . trajectory a lgor i thm is based on proper t ies  of the

quadratic penalty function , and for a su f f i c i ent ly

If  p is not a descent direction for B(x,r),  large value of p, the set of constraints violated

re—define p as: at x;(~) is identical to the set of constraints

active at x~ (Fiacco and McCormick , 1968). After

— + Zp11 . the f i r s t few itera tions , the active set typ ical l y

remains fixed for the rest of the computation .

This latter definition is guaranteed to yield It was noted in the definition of the sIgn—

a descent direction for B(x,r). rithm that a special procedure is used when umure

(b) If the t e St  (7) is not aatisfied , then than n constraints are violated at the beginning

adjust the scaling, as In the penalty trajectory of an iteration
: 

If more than n constraints are

al gorithm, violated , and A has lull rank, the search direc—

( 9 )  Determine a step length , a, that tion , p, is chosen to at temp t to m i n i m i z e

accomplishes a suitable reduction in 8(x,r), lc(x4p)1
2
, by computing p as the solution of

using sp e ci al  procedures designed for one—dimen— uuinic + ATpI2 The search direction in this came

sl on;i t minimizati on with respect to the logarithmic is calculated as follows :

barrier function (see Section 3.5,2). During the (I) Factorize £1 in the form

sc-a rch proc’edutre , record whether violation of any R

constraint currently considered “inactive ” restrict, QA
T 

— I ——— QTQ ~
thu’ st t’ hi length; If so, this constraint will be 0

6
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where S is upper triangular and non—singular. (1976b).

(2) Solve lIp _yTc , where the c o l u m n s  of (3) If the step—length algorithm was re—

‘I arc given by t he  first n rows of Q. stnicted because a supposedly inactive constraint

1lu~ computational prucoduro is very similar was violated , this constraint is added to the

to the calculation of the Lagrange multiplier active set at the beginning of the next iteration,

.stim .ites, and relies on orthogonal transformations and will not be deleted during that iteration,

to reduce A
T 

to upper triangular form, regardless of the sign of its multiplier estimate.

Nc> rmally, the condition that more than n (4) If the number of active constrainta

c>nstrai nts are violated occurs because the current exceeds n following the addition of (3), the con—

~>nint is a poor estimate of the solution , and straint with the largest value of c~ (x) is

does not hold at the next iterate. However , it is deleted from the active set (a further scaling—

conce i vable that this condition could exist even dependent decision).

at x*, so that possibly every iteration night be

spec ial. In this case, the Hessian matrix of the 3.3. Use of Orthogonal Factorizations

penal ty function Is not ill—conditioned as the A factorization involving reduction of A to

penalty parameter approaches its limit. This triangular form by application of orthogonal
special procedure has the same effect as choosing transformations is used in several steps of the

— ‘- In t he  usual definition of the algorithm, trajectory algorithms . Such a factorization is

and henc e Is equivalent to the Gauss—Newton method, convenient and reliable for computation , and has
many advantages over alternative procedures. For

3.2. SelectIon of the Active Set for the Barrier example , in some algorithms for solving P1, the

Trzuj -~
-to

~yjejEorithm matrix A
T
A is formed and used to solve linear

Flue cri teria for selecting the active set in systems ; the poor numerical properties of this

t h e  barr ier trajectorY - ithia are not so strategy are well—known (see Peters and Wilkinson,

str aightforward ao ulty trajectory algo— 1970), especially the possible squaring of the con—

rirhm. Because F ectory algorithm dition number that may result from the formation

is a f e a s i b l e — p c  problem constraints of A
T
A. Furthermore , if the matr ix  A does not

ire satisfied a- ration , and the subse t have f u l l  rank , A
TA is singular, and some steps

of active con~ tra in1s must be determined by analysis of the algorithm may then be undefined.

of the behavior of the constraints as the computa— Computation of the complete orthogonal fac— —

t ion proceeds. torization of A means that steps of the trajectory

The procedure for determining the initial algorithm can be defined (with relatively little

act ive set is described in Murray and Wright extra work) even if A is rank—deficient (see

(1976h ). and has been satisfactory on the examples Sections 3.3.1 and 3.3.2). Although only the

tested. The active set tends to be altered only singular value decomposition can fully reveal the

during the  early iterations , because of the possibil— closeness of the columns of A to linear dependence,

It y of m isleading lo ca l  indications that certain con— the complete orthogonal factorization provides ade—

-~t raints are active . The following rules are used quate information in many app l ica tions (see Gol ub ,

t i  modify the active set at earl> iteration: glema , and Stewart , 1976), since the conditioning

(I) Ihe constraint corresponding to the most of the triangular matrix S serves to indicate

negative Lagrange multi plier estimate (if one the “condi tioning” of A.

exists) Is deleted , and the rema in ing  mul ti p liers
are mod i f i e d  accord in gly. 3.3.1. Calculation of a Lagrange multiplier

(2) If any constraint considered active estimate

appears to be bounded away from zero as the solu— The Lagrange multiplier estimate at each

tton is approached , it is deleted from the active iteration of the trajectory algorithms is computed
set. This decision I. highly dependent on scaling; as a least—squares solution of .inIAA—g I~~; this

further discussion is given in Murray and Wright first—order estimate is acceptable , since the

7 
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local rate of convergence of the trajectory methods Since p — Yp
5 

+ Zp~ . the equality constraints (8)
Is not restricted to the rate of convergence of imply:

the multipliers (see Wright , 1976). The orthogonal

factorizat ion of A can be used to calculate a ATp — AT(Yp
R 

+ ZPN) — AT Yp — R
T
p
R 

— b

minimum—length least—squares solution, even when A

does not have full column rank; this alternative which gives p
5 

as the solution of a non—singular

is not p~ssible with techniques that involve forming triangular system .

A
T
A. If A is rank—deficient , the component

When reducing A to upper triangular form , may be obtained as the least—squares solution of
column interchanges are carried Out SO that the minlATp — hi 2, again using the complete orthogonal

reduced column of largest magnitude is selected factorization of A.

as the next column to be reduced; the matrix is In either case, the calculation of p~ ~~

considered to be numerically rank—deficient if completely straightforward. -

the norms of all unreduced columns are less than

a prescribed tolerance. In this way, all diagonal

elements of S are bounded below by the specified 3.4. Approximation of the Hessian of the Lagrangian

tolerance. Although the ill—conditioning of R Function

does not necessarily reveal itself by the presence Alternative techniques for approximating the

of a diagonal element that is very small relative Hessian of the Lagrangian function under various

in the largest diagonal element, prevention of a circumstances will not be discussed in any detail

too—small diagonal element is sufficient in many (see Murray and Wright , 1976b , for such a discus—
cases to control serious ill—conditioning of S. sion), but we shall consider one key property of

the Hessian approximation.

3.3.2. Calculation of the search direction The assumed second—order Kuhn—Tucker conditiona

The search direc tion in both trajectory imply that the matrix zTwz mus t be posi t ive

algorithms is computed in two orthogonal components definite at x*, where Z is defined in terms of

—— one in the range of the columns of A, the other A(x*), and 1.1 is the Hessian of the Lagrangian

in the corresponding null space. This definition function ; however, W itself need not be positive

results from the characterization that the search definite, or even non—singular, at x* or in any

direction must satisfy a set of linear equality neighborhood of x~ .

constraints of the form: Certain approaches to solving P1 impose

additional conditions on related matrices —— for

A
T

P — b , (8) example , methods involving augmented Lagrangian

functions (see Powell , 1969; Fletcher , 1974)
where b is some vector depending on the algorithm, require that the penalty parameter be large enough

If A has full rank, these equality constraints so that the Hessian of the augmented function is

uniquely determine the component of p in the positive definite. In both trajectory algorithms,

range of the eol umns of A , which is calculated however , only the proje;ted Hessian , zTsz , must be
as follows, positive definite at every iteration , in order for

The orthogonal matrix Q that reduces A the solutions of the quadratic programs QPI and

to upper triangular form is explicitly formed , QP2 to be bounded. The vector p
~ 

is the solu t ion

by multiplyi ng out the orthogonal transformations of a linear system:

used in the reduction. Once Q is available , its

rows , appropria tely partitioned , provide the re— zTsz — l
T
d , (9)

quired orthogona l bases for the range and null

space of the columns of A. for some vector d, and should be the step to the

In the full rank case, it is straightforward minimum of a quadratic function related to the

to compute the component of p in the range of A. Lagrangian function .

B — 
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Accordingl y, t he ma t r ix  us~ d to calculate 
~N 

func tion Is unbounded below : either the next

is always main tai ned as numer i c a ll y positive defi iterate is completely unreasonabie , or a large

nite . When zTsz is updated by a quasi—Newton number of evaluations of the problem functions are

technique , positive definiteness is malntaim’d by required before the unboundedness is detected.

updating the Cholesky factorization of the pro— In the penalty trajectory algorithm , i t is

jected matrix, as in revised quasi—Newton methods considered that the penalty function may be unbound—

for unconstrained minimization (Gill and Murray , ed along the given direction if the step taken ia

1972b) . When Z~ SZ is ob ta ined f r o m  exac t , or the specified upper bound . Almost always, the

finite—difference approximations to, second den y— indicated unboundedness can be eliminated simply

atives , the modifi ed Cholesky fact orization of by increasing the penalty parameter .

Z1SZ is computed in order to solve the system (9).

In all case-~, the matrix used to solve (9) for 3.5.2. Special techni ques for the barrier

is ri-presented as LDL
T
, where L is unit lower t j ~~ tory_al~~~ ithm

traingul.ir , and I) is a diagonal matrix with all At each iteration of the barrier trajectory

elements strictly positive Such a procedure algorithm , a step—length algorithm is executed with

a-~sures that the portion of the search direction respect to the logarithmic barrier function , which

in the n u ll space of the columns of A Is always thus serves as a “merit function ”. Several authors

well—def ined , and bounded. (Fletcher and McCann , 1969 ; Lasdon , et al., 1973)

have noted the deficiencies of standard step—length

3.5. ~~~p—Lengrh_Al gorithms algorithms , which ire usually based on approximation

3.5.1. Detection and correction of unbounded by low—order polynomials , when applied to the log—

deere iso of penalty function arithmlc barrier function. Therefore , the step—

hive:> when the problem P1 has a bounded solu— length algorithm of the barrier trajectory method

t ion , the corresponding penalty function or aug— makes use of special techniques that exploit the

mented Lagrangian function may be unbounded below , known properties of the logarithmic barrier function

for arbitr aril y large values of the penalty param— to allow more efficient estimation of an appropriate

i-tsr (Powell, 1972). Accordingly, when executing step length ; these techniques are based on simp le

a one—dimensional minimization with respect to a approximating functions that contain a logarithmic

penalty function or augmented Lagrangian function , singularity. Only a small amount of additional

care mus t be exercised to avoid the possibility calculation Is required to fit the special approx—

of t ak ing an excess ively large step. imating functions , and their use leads to a signif—

In particular , the safeguarded cubic or icant increase in efficiency of the one—dimensional

quadratic step—length algorithms (Gill and Murray, minimization, compared to standard procedures

1974) used in the penalty trajectory algorithm (Murray and Wright , l976a).

require specification of an upper bound on the

st e p  l e n g t h .  in t h e current Implementation of 4. Conclusions

the penalty trajectory algorithm , the upper The penalty and barrier trajectory algorithms

bound is set to correspond to a step of “reason— are based on the mathematical properties of the

able” Size , rather than an extremel y l arge value , approach to x* of the succeasive itera tes genera ted

In some cases, the upper bound may impose an by the quadratic penalty function and logarithmic

unnecessary limi t on the stepsize; however , in barr ier function , respectively. In theory, these

g&.neral such a restriction will cause no serious algorithms have several desirable properties —— for

loss of e f f i c i e n c y  for the overall computation , example , their derivation does not depend on condi—

since the next iteration uSually corrects the tions that hold only in a close neighborhood of x~ ,

possible poor scaling of the search direction, and their rate of convergence in the limit is arbi—

This conserva t ive st ra tegy is considered to be trarily close to thut of linearly constrained

justified by the extreme difficulties that result Lagrangian algorithms (described in Robinson , 1972;

if an enormous step is taken because the penalty Rosen and Kreuser, 1912). In practice , the current
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i m pl em e n t a t i o n s  of the t r a j ec to ry  algori thms have Gil l , P .E . ,  Golub , G .M . ,  Mur ray ,  U . ,  and Sauuid er e ,

been succ es s ful on many problems , d e l i ber a t e l y  
M.A.  (1974) . Methods for  M o d i f y i n g  M a t r i x
Factorizations , Mathematics of Co~~~~ at ion ,

inch ud ing examples for whu Ic- h  the ideal assumpt ions  vo l .  28 , Ph ’ . 505— 535 .

are v i o l a t e d .  Th e r e su l t s  thus  f a r  i n d i c a t e  tha t Gill , P.E. and Murray , W. (l972a) . Two Methods
these ~:l gorIthms compare favorably with similarly 

for the Solution of Linearly Constrained and
Unconstrained Optimization Problems , Report

careful Implementations of other algorithms to NAC—25 , National Physical Laboratory .
so l ve h’l (see WrIght , 1976 , for some typi al

Gill , P.E. and Murray , U. (l972b). Quasi—Newton
numerical results). Methods for Unconstrained Optimiz ation ,

The overall aim of this paper has been to Journal Inst. Math.  Appi. , vol. 9, pp. 91—108.

I ilustr .ite some of the considerations of numerical
Gill , P.E. and Murray, U. (1974). Safeguarded

analysis that enter the choice of computational Steplength Algorithms for Optimization using

pruo t-duires for selected aspects of the  trajectory Descen t Me thods , Report NAC—37 , Na t ional
Physical laboratory .

al gorithms. Numerical analysis may not play a

si gnificant role in the process of verifying that Colub , C.H., Klema , J., and Stei’rt , G.W. (1976).
Rank Degeneracy and Least Squares Problems ,

the expected behavior of an algorithm under ideal Report CS—76—559 , Stanford University.

conditions is displayed numerically. However, Lasdon , L.S., Fox , R.L., and Ra tner , M.W. (1973).
it is an elementary fac t of numerical analysis An Efficient One—Dimensional Search Procedure

tl,;ut theoretically equivalent mathematical pro— for Barrier Func t ions , Mathematical Program—

~Aa&, 
vol. 4, pp. 279—295.

cedures do not yield equival en t , or even close ,

numerical results , and it is an elementary fac t Murray, U. (1969a) . Constrained Optimization ,
Repor t MA79 , National Physical Labora ory.

of l ife that hoped—for conditions are not always

satisfied. Considerations of numerical analysis Murray,  U. (l969b). “An Algorithm for Co~ strained
Minimization , In 22!Lmization (R. 5tet cher ,

should , therefore , be applied to every aspect of ed.), pp. 247—258, AcademIc Press, ~ondon and

the uk-i initio n and implementation of optimization New York.

algorithms In general. Murray , W. and Wright, M.H. (1976a). Eff icient
- 

- Linear Search Algorithms for the Logarithmic
Barrier Function , Report SOL 76—18, Sys tems

Ac now~~4~~~ent Optimization Laboratory, Stanford University.
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