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Abstract
This paper discusses two algorithms for non-

linearly constrained optimization. These algo~
rithms -- the penalty and barrier trajectory algo-
rithms -- are based on an examination of the tra-
jectories of approach to the solution that charac-
terize the quadratic penalty function and the
logarithmic barrier function, respectively. Al-
though closely related in principle, the two algo-
rithms display important differences in their
implementat ion as well as in the properties of the
generated [terates. The discussion will emphasize
‘he numerical aspects of implementation of the

jectory algorithms, with particular attention
to :he choice of reliable methods for carrying

out *he required computations.

1. Introduction
The problem to be considered in this paper
is the following:

P1: minimize F(x), x € g"

subject to cl(x)iO, I % J,2, 006405

where F(x) and (cl(x)) are prescribed non-
linear functions. The function F(x) 1s usually
termed the "objective function” and the set
{c‘(x)i is the set of "constraint functions". It
will be assumed for simplicity that F and (cil
are twice continuously differentiable, although
the methods to be discussed will cope with occa-
sional discontinuities.

The solution of Pl will be denoted by x*,

In all problems to be cousidered, the first- and

second-order Kuhn-Tucker conditions are assumed to
be satisfied at x*, so that there exists a vector
A* of non-negative Lagrange multipliers, corre-

sponding to the active constraints at x*, satisfy-

ing
g(x*) - A(x*))* = 0 (1)

where g(*) is the gradient of F, and the columns
of A(-) are the gradients of the constraints
active at x*,

It is customary to state problem Pl with two
kinds of constraints - lity constraints (of
the form cj(x) =( 1 as the inequalities
given above in Pl1. . .i_ stinction will not be
made during the present discussion, in order to
avoid the introduction of additional notation. The
treatment of inequality constraints is typically
more complicated than that of equality constraints,
and the algorithms to be discussed can deal in an
obvious way with equality constraints.

Because the problem P! can not, in general,
be solved explicitly, a popular approach during
the past decade has been to transfcrm Pl into a
sequence of unconstrained minimization problems.
The most common such transformation has been
effected by the use of penalty and barrier function
methods, which are discussed at length in, for
example, Fiacco and McCormick (1968) and Ryan
(1974). This paper will not review these methods,
but their properties are critical in the deriva-
tion of the algorithms to be discussed.

The quadratic penalty function corresponding
to the problem Pl is defined by

4 2
P(x,n) © F(x) + & (e . (xN° (2a)
2 141 i
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where 1 is a subset of the indices (1,2,...,m}
(usually, the set of constraints whose values are
less than a small positive number), and p 1is a
positive scalar termed the "penalty parameter".
The quadratic penalty function may also be written

as:
POur) = FOO + 3 ] (e 0n? (b
i€1

where r = 1/p. Let x;(r) denote an unconstrained
minimum of P(x,r).

The logarithmic barrier function corresponding
to the problem Pl is given by:

m
B(x,r) = F(x) - r } En(ci(x)) : (3)
i=1

where r is a positive scalar termed the "barrier
paramcter", The logarithmic barrier function is
defined only at points that strictly satisfy all
of the problem constraints. Let xg(r) denote
an unconstrained minimum of B(x,r).

Under certain mild conditions, there exists
é > 0 such that for r < ;. xg(r) and x;(r)

are continuous functions of r, and:

lim x;(r) = x* ;

r >0
1im xg(r) = xk
r-0

Although penalty and barrier function methods
display several good features, they suffer from
certain theoretical and numerical defects -- in
particular, both require the solution of a
theoretically infinite sequence of unconstrained
problems. Furthermore, in practice each suc-
cessive unconstrained sub=problem is more dif-~
ficult to solve, because the Hessian matrices of
the penalty and barrier functions become increas-
ingly fll-conditioned as r approaches zero, and
are singular in the limit (see Murray, 1969a).

The continuous lines of minima in E"
defined by x;(r) and xs(r) are termed the
"penalty trajectory" and "barrier trajectory" of
approach to x*, respectively. The analysis of
these trajectories, and a detailed description of
the trajectory algorithms, have been given else-
where (Murray, 1969a,b; Wright, 1976; Murray and
Wright, 1976b); for the purposes of the present

discussion, only a brief description of the
underlying motivation will be stated.

The trajectory algorithms are based on using
the properties of the trajectories to generate a
sequence of iterates that lie in a neighborhood
of the appropriate trajectory, in order to mimic
the approach to x* of the iterates from a penalty
or barrier function method. Because it is possible
to characterize a step toward the penalty or barrier
trajectory without assuming that the current iterate
is in a close neighborhood of x*, the derivation
of the trajectory methods does not display a
stringent dependence on properties that hold only
in such a neighborhood. Moreover, it is not neces-
sary for any of the iterates to lie exactly on the
trajectory (as in a penalty or barrier function
method) .

At each iteration of a trajectory method, the
search direction is computed as a step toward some
point on the desired trajectory. The particular
point to be aimed for depends on the current value
of the penalty or barrier parameter. The solution
x* is also on the trajectories, and the target
point will ultimately become arbitrarily close to
x* as the algorithms converge. The penalty or
barrier parameter may be adjusted at each iteration
of the trajectory methods; however, the choice of
the parameter value is not critical, since a step
to a neighborhood of a point on the trajectory
corresponding to r is also in the neighborhood
of a point corresponding to (l4e)r, where ¢ is
small. The numerical procedure for determining
the search direction in both algorithms is well-
posed, and the approach to the limit of the penalty
or barrier parameter does not cause any ill-condi-
tioning.

This paper will emphasizc some numerical
aspects of implementation of the trajectory methods,
with particular attention to the choice of reliable
procedures for carrying out the required computa-
tions. The emphasis on the details of implementa-~
tion is deliberate; even within an algorithm that
has been designed from the outset to be robust,
additional safeguards are necessary to protect
against failure or illogical results when the under-

lying assumptions are rnot satisfied.
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2. Description of Trajectory Algorithms

Only certain key aspects of implementation of
the trajectory methods have been selected for dis-
cussion in Section 3. Accordingly, the descrip-
tions given here of the penalty and barrier trajec-
tory alporithms are slightly abbreviated, and do
not contain all the computational details. A
complete description of both algorithms is given
in Murray and Wright (1976b).

2.1. Penalty Trajectory Algorithm

2.1.1. Properties of the search direction

For the penalty trajectory algorithm, at
cach iteration the search direction, p, is
(ideally) constructed as the solution of the follow-

ing quadratic program:
QP1: min %-pT Sp + pTg
: 2T i) 1
subject to Ap =cci=ra A,

where ¢ denotes the vector of constraints cur-
rently considered "active'; A is a matrix whose
columns are the gradients of the active constraints;
' is an estimate of the Lagrange multiplier vector;
o is the current value of the penalty parameter;

g 1is the gradient of F; and S 1s a matrix that
approximates the Hessian of the Lagrangian function.
Let Y be a matrix whose columns form an
orthogonal basis for the range of the columns of R.

and let Z be a matrix whose columns form an
orthogonal basis for the corresponding null space,

i.e., N

If A has full column rank (< n), and if
the matrix ZTSZ is positive definite, then the
solution of QPl, p*, can be uniquely expressed as

the sum of two orthogonal components:
* + "
P Yoy " Oy

For sufficiently large p, the search direction p*

so constructed will always be a descent direction

for the quadratic penalty function; the step to
be taken along the search direction is then chosen
to achieve an acceptable decrease in the penalty

function.

2.1.2. Calculation of the search direction
At the beginning of the k-th iteration of the

penalty trajectory algorithm, the following vectors
and matrices are assumed to be available:
- x(k), an approximation to x¥;
= c(k), the vector of values of (ci(x))
(k);

evaluated at x
- g(k), the gradient vector of F(x)
evaluated at x(k);
- A(k), the matrix whose columns are the
gradients of (ci(x)} evaluated

o x(k);

- S(k), an approximation to the Hessian
matrix of the Lagrangian function

at x(k) .

The procedures followed during the k-th
iteration to compute the next iterate are:

(1) An "active set" of constraints is deter-
mined, containing < n elements (see Section 3.1
for a discussion of the case where the active set
containg more than n elements). The vector of
active constraint values will be denoted by ;,
and the matrix whose columns are the gradients of

those constraints will be denoted by A.
(2) Factorize A such that

R
w=f-—|, da-r1.
0

where R 1is an upper triangular matrix. Define

the matrices Y and Z by partitioning Q as:

(3) Determine an estimate, A, of the Lagrange
multiplier vector. If A has full solumn rank,
A 1s the least-squares solution of -inlAl-g(kjlg.

and is given by the solution of the triangular




system:

RA = YT g(k)
If A 1is rank-deficient, the vector * will be
taken as the minimum~length least-squares solution;
it is obtained by extending the factoriecation of
Step (2) to:

-— (%)

Pel
>
<
[}
]
]
]
)
O jpe==

where R is a non-singular upper triangular

matrix and V is an orthogonal matrix (see

Peters and Wilkinson, 1970, for further details).
(4) Determine an appropriate value of the

(Murray and Wright, 1976b).

(5) Compute the vector Pp» 38 follows. If

penalty parameter, p
A has full rank, Pr is obtained by solving the

linear system:
= T s
ATp = A" ¥p, = RTpp=~c - % et (s)

In this way, the direction YpR satlsfieg the
linear equality constraints of QPl. If A is
rank-deficient, pR is a least-squares solution
of (5), computed using the complete orthogonal
factorization (4); the linear constraints of QP1
will then not be exactly satisfied.

(6) Determine the modified Cholesky factor-

ZT S(k)Z. With this pro-
(k)

ization of the matrix
cedure, the matrix ZT $*"’Z is augmented (if
necessary) by a positive diagonal matrix, E,
chosen to make (zT s(k)z + E) strictly (numer-
ically) positive definite. Let LDLT be the
computed factorization, so that:

LDLT » ZT S(k)Z +E,

& s(k)z is
sufficiently positive definite (Gi1ll and Murray,
1972a).

(7) Determine the vector ;N by solving

where E is identically zero if 2

oLt By = 2T ¢ |

Test whether:

'pN| <€ HlpRl and

lod <Mz, (®

for M a reasonably large positive number (say,
1,000).

(a) If the test (6) 1s satisfied (as it
almost always is in practice), compute Py by
solving:

Lot Py " 2T (g 4 5™ o) ;
then form the search direction as:
p= YpR ZPN .

(b) 1If the test (6) is not satisfied, the
two orthogonal portions of the search direction
are not well-scaled, and the following re-scaling
procedure is used to adjust for the imbalance.

1f l;NI > M|pR|. define a scaling factor 8,

as

H|pR§

8
1 - 2
gyl

and let
p= YpR + Bl ZpN H
otherwise, define a scaling factor 82 as

MI,’;NI

and let

P =B, Ypp + Zpy -

(8) Determine a step length, a, that generates

an acceptable reduction in the penalty function
P(x, ¢), using a safeguarded cubic or parabolic
step length algorithm (e.g., the procedure de-
scribed in Gill and Murray, 1974). Special care
must be exercised in the step length algorithm to
avoid difficulties 1f P(x, p) 1s unbounded
below along the given search direction (see
Section 3.5.1).

(9) Set
to Step (1).

(k)

x(k*l) to x 4+ ap, and return
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2.2. Barrler Trajectory Algorithm

2.2.1. Properties of the search direction

The search direction of the barrier trajectory
algorithm is (ideally) constructed as the solution
of the following quadratic program:

QP2: min % pT Sp + pTg

subject to ATp =d,

where d, = -;1 + r/li; ; denotes the vector of
constraints currently considered "active"; A 1is

a matrix whose columns are the gradients of the
active constraints; A 1is an estimate of the
lLagrange multipliers corresponding to the active
constraints; r 1is the current value of the barrier
parameter; g 1is the gradient of F; and S is

an approximation to the Hessian of the Lagrangian
function.

It is essential to achieve a reduction in the
barrier function B(x,r) at each iteration,
because the barrier function serves as a conven-
ient "merit function" for measuring progress toward
x*. The derivation of the barrier trajectory algo-
rithm indicates that the search direction given by
the solution of QP2 may not always be a descent
direction for B(x,r). Therefore, the null-space
component of the search direction may alternatively
be computed to minimize a quadratic approximation
to the Lagrangian function, independent of the
component in the range of the columns of R. This
alternative formulation of the search direction is
necessary because of the quite different roles of
the penalty and barrier parameters as the solution

is approached.

2.2.2. Calculation of the search direction

At the beginning of the k-~th iteration of the
barrier trajectory algorithm, the same vectors
and matrices are available as for the penalty tra-
jectory algorithm. The iterates generated by the
barrier trajectory algorithm necessarily lie in
the strict interior of the feasible region; this
algorithm is intended for use on problems where
some or all of the problem functions may be il1-
defined or undefined outside the feasible region.

The computational procedures followed during

the k-th iteration are:

(1) Determine the set of "active" constraints,
denoted by ; (see Section 3.2); form the matrix
;, whose columns are the columns of A(k) corre~-
sponding to the active set. By construction, ;
has < n columns.

(2) Factorize A such that

R
QA = | —-= ’
0
Qo=1,

as before.
(3) Determine the Lagrange multiplier esti-
mate )X by solving:

R =y gk

so that A 1is the least-squares solution of
min'ix-g(k)|§; a similar procedure to that given
for the penalty trajectory algorithm is followed
if A is rank-deficient. If one or more compon-
ents of )\ are negative, the constraint corre-
sponding to the most negative is deleted from the
active set; the modified A is then factorized,
and the new A vector calculated for the re-
defined active set. Since the new A is simply
the previous ; with one column deleted, the new
factorization can be obtained by a simple updating
scheme (Gill, Golub, Murray, and Saunders, 1974).

(4) Determine the barrier parameter, r
(Murray and Wright, 1976b).

(5) Determine the vector d according to
the following rules. Define s = Ted + |ZTg(k)|.
and set ¢ =y r/s, where y > 1 (say, 2). Let
; be the barrier parameter from the previous
iteration; then:

if Xi > e, set d1 = —;1 + fi :

tf A, < -, set d, = =(1 -5 ¢

L= i r i

otherwise, d, = -¢ .

(6) Compute the vector PR' which is the
solution of the linear system:

P T
A YpR =R PR - d.




In this way, satisfies the desired linear

p
equality cunstralnt: of QP2 for those problem
constraints for which Ai is sufficiently positive;
an alternative relationship is satisfied for each
“active" constraint that has an insufficiently
positive multiplier estimate. Again, the rank-
deficient case is treated as for the penalty tra-
jectory algorithm.

(7) Compute the modified Cholesky factoriza-

T gk,

tion of 2 (as in the penalty trajectory

algorithm); the factorization will be denoted by
I.I)I.T.
(8) Determine EN by solving:

o = B

Test whether:

IpNI 5 HlpR| and IPRI E_Hle| SRS
for M a reasonably large positive number.
(a) If the test (7) is satisfied, obtain

Py by solving

T T

LDL pN = -2 (g(k) + S(k)

Ypg) »
and define the trial search direction as:
p= YPR + Zpy
is not a descent direction for B(x,r),

If p
re-define p as:
p= YpR + ZSN s
This latter definition is guaranteed to yield
a descent direction for B(x,r).

(b) If the test (7) is not satisfied, then
adjust the scaling, as in the penalty trajectory
algorithm.

(9) Determine a step length, a, that
accomplishes a suitable reduction in B(x,r),
using specia) procedures designed for one-dimen-
sional minimizatfon with respect to the logarithmic
barrier function (see Section 3.5.2). During the
search procedure, record whether violation of any
constraint currently considered "inactive" restricts

the step length; if so, this constraint will be

added to the active set at the next iteration.

(11) Set x(k+1) to x(k)

to Step (1).

+ ap, and return

3. Some Considerations of Numerical Analysis in
Implementation of the Trajectory Algorithms
In this section, we consider some selected

aspects of implementation of the trajectory methods,
from the viewpoints of numerical analysis and
algorithm definition. It will be stressed through-
out this discussion that an implementation could
not achieve practical success if the definition of {
the algorithm depended critically on properties
that hold only in a close neighborhood of x*; the
algorithm should produce sensible results, even
when such conditions are not satisfied at the

current point.

3.1. Selection of the Active Set for the Penalty

Trajectory Algorithm

The "active set" of constraints is defined

at each iteration of the penalty trajectory algo-

rithm as the set of constraints whose values are
less than a specified small positive number. With
this definition, the active set is equivalent to
the "violated set", and can easily be determined.
Such a strategy is reasonable because the penalty
trajectory algorithm is based on properties of the
quadratic penalty function, and for a sufficiently
large value of p, the set of constraints violated
at xS(n) i1s identical to the set of constraints
(Fiacco and McCormick, 1968).
the first few iterations, the active set typically

active at x¥* After
remains fixed for the rest of the computation.

It was noted in the definition of the algo-
rithm that a special procedure is used when more
than n constraints are violated at the beginning
of an iteration: If more than n constraints are
violated, and A has full rank, the search direc-
tion, p, is chosen to attempt to minimize
|;(x+p)|z. by computing p as the solution of
minlc + ATp|2. The search direction in this case

is calculated as follows:

(1) Factorize AT in the form
R
3 4 T
TR [l I8 QeI
0
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where R is upper triangular and non-singular.

(2) Solve Rp = -YTé. where the columns of
Y arc given by the first n rows of Q.

The computational procedure is very similar
to the calculation of the Lagrange multiplier
estimates, and relies on orthogonal transformations
to reduce AT to upper triangular form.

Normally, the condition that more than n
constraints are violated occurs because the current
point is a poor estimate of the solution, and
does not hold at the next iterate. However, it is
conceivable that this condition could exist even
at  x*, so that possibly every iteration might be
special. 1In this case, the Hessian matrix of the
penalty function is not {ll-conditioned as the
penalty parameter approaches its limit. This
special procedure has the same effect as choosing
i == in the usual definition of the algorithm,

and hence is equivalent to the Gauss-Newton method.

3.2. Selection of the Active Set for the Barrier

Trajectory Algorithm
The criteria for selecting the active set in

the barrier trajectory ithm are not so

straight forward as 11ty trajectory algo-
rithm. Because t! ajectory algorithm
is a feasible-po problem constraints
are satisfied a ration, and the subset
of active constraints must be determined by analysis
of the behavior of the constraints as the computa-
tion proceeds.

The procedure for determining the initial
active set is described in Murray and Wright
(1976b), and has been satisfactory on the examples
tested. The active set tends to be altered only
during the early iterations, because of the possibil-
ity of misleading local indications that certain con-
straints are active. The following rules are used
to modify the active set at cach iteration:

(1) The constraint EoerSponding to the most
negative Lagrange multiplier estimate (if one
exists) is deleted, and the remaining multipliers
are modified accordingly.

(2) If any constraint considered active
appears to be bounded away from zero as the solu-
tion is approached, it is deleted from the active
set. This decision is highly dependent on scaling;

further discussion is given in Murray and Wright

(1976b) .

(3) If the step-length algorithm was re-
stricted because a supposedly inactive constraint
was violated, this constraint is added to the
active set at the beginning of the next iteration,
and will not be deleted during that iterationm,
regardless of the sign of its multiplier estimate.

(4) If the number of active constraints
exceeds n following the additionof (3), the con-
straint with the largest value of ci(x) is
deleted from the active set (a further scaling-

dependent decision).

3.3. Use of Orthogonal Factorizations

A factorization involving reduction of A to
triangular form by application of orthogonal
transformations is used in several steps of the
trajectory algorithms. Such a factorization is
convenient and reliable for computation, and has
many advantages over alternative procedures. For
example, in some algorithms for solving P1l, the
matrix A A is formed and used to solve linear
systems; the poor numerical properties of this
strategy are well-known (see Peters and Wilkinson,
1970), especially the possible squaring of the con-
dition number that may result from the formation
of ;TA, Furthermore, if the matrix ; does not
have full rank, ATA is singular, and some steps
of the algorithm may then be undefined.

Computation of the complete orthogonal fac-
torization of A means that steps of the trajectory
algorithm can be defined (with relatively little
extra work) even if A is rank-deficient (see
Sections 3.3.1 and 3.3.2). Although only the
singular value decomposition can fully reveal the
closeness of the columns of A to linear dependence,
the complete orthogonal factorization provides ade-
quate information in many applications (see Golub,
Klema, and Stewart, 1976), since the conditioning
of the triangular matrix R serves to indicate

the "conditioning" of A.

3.3.1. Calculation of a Lagrange multiplier

estimate
The Lagrange multiplier estimate at each

iteration of the trajectory algorithms is computed
as a least-squares solution of Iin.AX-g';; this
first-order estimate is acceptable, since the




local rate of convergence of the trajectory methods
is not restricted to the rate of convergence of

the multipliers (see Wright, 1976). The orthogonal
factorization of A can be used to calculate a
minimum-length least-squares solution, even when A
does not have full column rank; this alternative

is not possible with techniques that involve forming
ATA.

When reducing A to upper triangular form,
column interchanges are carried out so that the
reduced column of largest magnitude is selected
as the next column to be reduced; the matrix is
considered to be numerically rank~deficient if
the norms of all unreduced columns are less than
a prescribed tolerance. In this way, all diagonal
elements of R are bounded below by the specified
tolerance. Although the ill-conditioning of R
does not necessarily reveal itself by the presence
of a diagonal element that is very small relative
to the largest diagonal element, prevention of a
too-small diagonal element is sufficient in many

cases to control serious ill-conditioning of R.

3.3.2. Calculation of the search direction

The search direction in both trajectory
algorithms is computed in two orthogonal components
-~ one in the range of the columns of ;, the other
in the corresponding null space. This definition
results from the characterization that the search
direction must satisfy a set of linear equality

constraints of the form:
Al =b, (8

where b 1is some vector depending on the algorithm.
it A has full rank, these equality constraints
uniquely determine the component of p in the
range of the columns of A, which is calculated
as follows.

The orthogonal matrix Q that reduces A
to upper triangular form is explicitly formed,
by multiplying out the orthogonal transformations
used in the reduction. Once Q {s available, its
rows, appropriately partitioned, provide the re-
quired orthogonal bases for the range and null
space of the columns of ;.

In the full rank case, it is straightforward

to compute the component of p 1in the range of A.

Since p = ka + Zp“. the equality constraints (8)

imply:

ST e & " e

A'p = AT(Ypp +2Zpy) = A" Ypp = Rpp b,
which gives P as the solution of a non-singular

triangular system.
If A 1is rank-deficient, the component Py

may be obtained as the least-squares solution of
minlATp - blz. again using the complete orthogonal

factorization of A.

In either case, the calculation of Pr is

completely straightforward.

3.4. Approximation of the Hessian of the Lagrangian

s s e e s

Function

Alternative techniques for approximating the
Hessian of the Lagrangian function under various
circumstances will not be discussed in any detail
(see Murray and Wright, 1976b, for such a discus-
sion), but we shall consider one key property of
the Hessian approximation.

The assumed second-order Kuhn-Tucker conditions
imply that the matrix ZTWZ must be positive
definite at x*, where Z 1is defined in terms of
;(x*), and W 1is the Hessian of the Lagrangian
function; however, W itself need not be positive
definite, or even non-singular, at x* or in any
neighborhood of x*.

' Certain approaches to solving Pl impose
additional conditions on related matrices -- for
example, methods involving augmented Lagrangian
functions (see Powell, 1969; Fletcher, 1974)
require that the penalty parameter be large enough
so that the Hessian of the augmented function is
positive definite. 1In bothAtrajectory algorithms,
however, only the projegted Hessian, ZTSZ, must be
positive definite at every iteration, in order for

the solutions of the quadratic programs QPl and

QP2 to be bounded. The vector Py is the solution
of a linear system:
2'sz py = 24, 9)

for some vector d, and should be the step to the
minimum of a quadratic function related to the

Lagrangian function.




REEE b ot e L e e e e

Accordingly, the matrix used to calculate Py
is always maintained as numerically positive defi-
nite. When ZTSZ is updated by a quasi-Newton
technique, positive definiteness is maintained by
updating the Cholesky factorization of the pro-
jected matrix, as in revised quasi-Newton methods
for unconstrained minimization (Gill and Murray,
1972b). When ZTSZ is obtained from exact, or
finite-difference approximations to, second deriv-

atives, the modified Cholesky factorization of

ZrSZ is computed in order to solve the system (9).

In all cases, the matrix used to solve (9) for pN
is represented as LDLT, where L is unit lower
traingular, and D 1is a diagonal matrix with all
elements strictly positive, Such a procedure
assures that the portion of the search direction
in the null space of the columns of ; is always

well-defined, and bounded.

3.5. Step-Length Algorithms

3.5.1. Detection and correction of unbounded

decrease of penalty function

Even when the problem Pl has a bounded solu-
tion, the corresponding penalty function or aug-
mented Lagrangian function may be unbounded below,
for arbitrarily large values of the penalty param-
eter (Powell, 1972). Accordingly, when executing
a one-dimensional minimization with respect to a
penalty function or augmented Lagrangian function,
care must be exercised to avoid the possibility
of taking an excessively large step.

In particular, the safeguarded cubic or
quadratic step-length algorithms (Gill and Murray,
1974) used in the penalty trajectory algorithm
require specification of an upper bound on the
step Jength. 1In the current implementation of
the penalty trajectory algorithm, the upper
bound is set to correspond to a step of "reason-
able" size, rather than an extremely large value.
In some cases, the upper bound may impose an
unnecessary limit on the stepsize; however, in
general such a restriction will cause no serious
loss of efficiency for the overall computation,
since the next iteration usually corrects the
possible poor scaling of the search direction.
This conservative strategy is considered to be
justified by the extreme difficulties that result

if an enormous step is taken because the penalty

function is unbounded below: either the next

iterate is completely unreasonable, or a large
number of evaluations of the problem functions are
required before the unboundedness 1is detected.

In the penalty trajectory algorithm, it is
considered that the penalty function may be unbound-
ed along the given direction if the step taken is
the specified upper bound. Almost always, the
indicated unboundedness can be eliminated simply

by increasing the penalty parameter.

3.5.2. Special techniques for the barrier

tcrajectory algorithm

At each iteration of the barrier trajectory
algorithm, a step-length algorithm is executed with
respect to the logarithmic barrier function, which
thus serves as a "merit function': Several authors
(Fletcher and McCann, 1969; Lasdon, et al., 1973)
have noted the deficiencies of standard step-length
algorithms, which are usually based on approximation
by low-~order polynomials, when applied to the log-
arithmic barrier function. Therefore, the step-
length algorithm of the barrier trajectory method
makes use of special techniques that exploit the
known properties of the logarithmic barrier function
to allow more efficient estimation of an appropriate
step length; these techniques are based on simple
approximating functions that contain a logarithmic
singularity. Only a small amount of additional
calculation is required to fit the special approx-
imating functions, and their use leads to a signif-
icant increase in efficiency of the one-dimensional
minimization, compared to standard procedures
(Murray and Wright, 1976a).

4. Conclusions

The penalty and barrier trajectory algorithms
are based on the mathematical properties of the
approach to x* of the successive iterates generated
by the quadratic penalty function and logarithmic
barrier function, respectively. In theory, these
algorithms have several desirable properties -- for
example, their derivation does not depend on condi-
tions that hold only in a close neighborhood of x*%,
and their rate of convergence in the limit is arbi-
trarily close to that of linearly constrained
Lagrangian algorithms (described in Robinson, 1972;

Rosen and Kreuser, 1972). In practice, the current




implementations of the trajectory algorithms have
been successful on many problems, deliberately
includ ing examples for which the ideal assumptions
are violated. The results thus far indicate that
these algorithms compare favorably with similarly
careful implementations of other algorithms to
solve Pl (see Wright, 1976, for some typi-al
numerical results).

The overall aim of this paper has been to
illustrate some of the considerations of numerical
analysis that enter the choice of computational
procedures for selected aspects of the trajectory
algorithms. Numerical analysis may‘not play a
significant role in the process of verifying that
the expected behavior of an algorithm under igsgl
conditions is displayed numerically. However,
it is an elementary fact of numerical analysis
that theoretically equivalent mathematical pro-
cedures do not yield equivalent, or even close,
numerical results, and it is an elementary fact
of life that hoped-for conditions are not always
satisfied. Considerations of numerical analysis
should, therefore, be applied to every aspect of
the detinition and implementation of optimization

algorithms in general.
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