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Abs trac t

This paper discusses in substantial detail the design princi p les

and structure of an existing Fortran program library whose primary appli-

cation is to solve optimization problems . Such a discussion not only helps

to clarif y the scope of app lication for potential users of the library , but

also is useful for workers on other software projects . The fundamental

objectives of the present library have been to produce sound , careful imp le-

mentations of reliable methods that represent the state of the art in numeri-

cal optimization . The genera l implications of these overall design aims

are presented , as well as specific instances of the results of decisions to

include particular desirable features.
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1. introduction

1.1 The evolving need for program libraries

The manner in which computer imp lementations of numerical  al gorithms

are disseminated has changed dramatically since the early days of auto-

matic computation . initially, a user who required a computer routine to

solve a par ti~ uLar numeri(:.il problem wou ld typ ically consult research

jo urnals tha t might contain a theoretical descript ion of an appropriate

method , and then write his own code . Unfortunately, such personalized

implementations were subject to a significant risk of unreliability ,

because of a lack of attention to details of programming or numerical

analysis. Furthermore , as the comp lexity of numerical methods increased,

it became impractical for individuals to write their own versions of all

necessary algorithms, even g iven the will to do so .

Subsequently, it became the practice among some authors of new numeri-

cal methods to publish computer programs as well as theoretical descrip-

tions . Altho ugh this development was a step in thc right directiun , in

many ways the situation was even more comp licated . The quality of the

published programs varied enormously, and there was little uniformity of

standards concerning programming struc tu re and s tyle. In addition , the

publi - bed programs were often written only to test t h e  proposed method on

a small set of problems (usuall y well-behaved ), and di~.p~.aved serious errors

of programming as well as the  inability to (:atect and recover from numerical

d it t i cult ies . Under these conditions , t he  user was obli -.~ed to  undertake a

nei rcl , of the literature , among a large collection 01 published routines ,

~:ith  no guide  lines to a s s i s t  in m ak iup  a good choice. 

-~~~ _ _ _ _  -



r —

~~

- ---- - -  --

~~~~

--— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~

-
~~~~~ -— :  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~

—-—
~~~~

:--

The inefficiency u n J  con t usion resuliin~ iron an uncontrolled prolif-

eration of alternative routines led to an awareness of the need for program

libraries. This term does not mean ~imp 1y a collection of programs from

varied sources , written in isolation , t int L arc grouped togeth ...r in one p lace

with some uniform documentation . Rather , a program library is a set of rou-

tines that are concoived and written within a uniticd framework, to be avail-

able to a general community of users . Today there is wide recognition of

the great value of program libraries designed to solve useful classes of

numerical problems , since the latest developments in mathematical computing

can thereby be made available to many users .

1 .2 lssues in the design of a program library

Two aspec ts of the design and production of a program library will be

considered here .

First, it is essen tial that each individual rout ine con tained in a

program library caa be class ified as “good” software. This requirement

imp lies the need for analysis of the purpose of every routine , since the

task of develop ing a sound and careful imp lementation of a numerical method

is ex tremely difficult and time-cons urnin d, cvon for experts (see the Preface

to Wilkinson and Reinsch , 1 71). The pr inci ples upon which good computer

programs for numerical methods should be based have been discussed by

numerous authors in varying contexts (see , icr examp le . Byr ne and Hindma rsh ,

l’7~ ; Cody, 1 , ’C , I ] , l f( Cox , 1 (l ; do. Boor . 1 /71a; Diren , I 
~ 

; Ford

and Hague , 1i (~~; H ilisircu et al ., l -~ ( ; Rice . 1 1 S chonfeld er , 1 <1. ;

Sha mp ine and Gordon . li ’~ ; Smith et al., 1 <  a). Almost without exception .

it is a<’ree (I that mathematical software should be. desi~,ned to satisf y certain

_ _ _ _ _ _ _ _



c r i t e r i a  ( s ee  ~~~~~ I ti , iec a w i d e l y ( ! t a t ( d  1 i : L  ). I iu5 . - ’ej  , i t  is f u r t her

r ecognized  t h a L  some ci t:hcr- e desirab ~c q i a li t ti e ;  are i n her e n t l y contra-

d ic to ry  ( see , fo r  examp l~ , ~ ox  , I ~ ‘2 Ij ixuu , 1 / (- ‘ ; h i  I 2 ~ rot.. et al . , 1/[~ -

Kahaner . l~ ’I1 , la’( ; 1.yness cud E eganove  , 1 1 7 - ;  RIce . 1 ‘1). Consequentl y ,

the c rea t ion  ) I any computer  1)rO ~’ C t O .  must  in lud~ d ec i s i o c , imp l ic i t  and

ex p l i c i t  , L o u r er n in E  the  r e1a t~~Ce ~-ei ,;It t and l;~por t ;u c e  to be assi gned to

the possibl v c. u f l i c t i  n;~ a t t r i b u t e s .

Second . a u n i f o r m  ‘ L o La i  d c s i~- i i  sh ou ld  be i ; ;p e~. ; d  on the ent i re  program

l ib ra ry , whose de~~tn i tion  imp l i e s  the  existence of a c ol le . ct i v e  purpose that

t ranscends  the aims of any p a r t i c ul ar  r o u t i ne . 7 h e  si g n i f i c an t  assumption

t~~;xc a program l i b r a r y  should be available and useful to a general-user

community has several  immediate consequences . In particular , the demands

upon the l ibrary  rout ines  w i l l  necessa ri ly r e f l ec t  d i f f e r i n g  levels of

interest  and expertise , and hence w i l l  va ry  widel y fr o m  user  to user . For

examp le, a user who is familiar with ti e details of an algorithm may wish

the corresponding library  imp lementation to contain sufficient flexibility

to be “tuned ’ to -i particular frcqu~ a n y  occurring probloi ; a user who

simply needs to solve a probiehl one time only may want to be able to use

the .  l i b r ar y  r o u t i n e s  wiLl -i a minimum of time and etf ort , without being

required to learn any details of the underl yitig algorithms or software .

Si:~i larly, the criteri a that arc considered desirable in the library rou-

tines hill change drasticall y with di lle ren t app lications . In one instance. ,

a library program t n v  be USed to solve a p r e h i e m  for which  the cost of corn-

pu : e r  tim e is neg l i n ç ib l e  compared to the imp l ications of failing to solve

tN problem or of finding a poor s o l u t i o n , so tha t  the  need for  r e l i a b i l i t y

d o m i n a t e s  a l l  o ther  c r i t e r ia . I n  i . io i her app lication of the same numerical

~~~~~~~~~ -- ~~~~~~~~~ —-~~~~~ -~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-~~~
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problem , however , the most impcrtant cona idcr ;ttion may be sp~~ d of execution ,

even at the  r isk of inaccu racy or Lit l u re .

Clear l y ,  a “p e r f e c t ’  l i b r er >  iie~ cr e x i s t .  ;ui y p a r t i c u l a r  rout ine ,

or the entire library, will i n e v i t a b l y  he subject to criticism from some

individuals for not satisfying their id~ al requirements , since.  a l l  desirable

f e a t u r e s  cannot be achieved s is i el t a r eous ly .  Therefore , the  design decisions

and the justification of those decisions should be specified exp licitl y for

any program library . A presenta tion of the  overall philosophy behind a

library helps to clarify the scope of app l ica t ion for  potent ia l  users , and

allows an informed judgment of how the available routines may be used most

e f f e c tively for any given problem. In addition , such a discussion is help-

ful for workers on other software projects because similar difficulties and

questions often recur in efforts to create program lihraries; a discussion

of experience and alternatives in a particular library design can reveal

non-obvious, or unfortunate , consequences of certain critical decisions,

which might  not otherwise become apparent unti l  sign i f ican t  e f f o r t  had been

expended.

1.7 Purpose of this paper

Descr iptions of collections of computer routines have been published ,

in vary ing degrees of detail , for severa l areas of numerical analysis:

quadrature (see de Boor, 1971b); data fitting (see Cox, l97it ); ordinary

differential equations (see Byrne and Rindmarsh, 1975; Shampine and Cordon,

1’~7 ’5); nonl inear  par t ia l  d i f f e r e n t i a l  equat ions (see Sincovec and Madsen ,

l’ji ); eigensys tems (see Smith et al ., l9711b); and special functions (see

Cody , l~)7 ). In some of these cases , the motivation for the chosen imple-

mentation is presented , either exp lic itly or by implication . There are
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also examp les of documentat ion of rou t ines  fo r  op t imiza t ion  (see , for

example, Fletcher , lt7 ~ ; James and Roos , l~j(5; Land and Powell, 1973;

Lasdon et a l . , l ) ’(L ; My lander , Holme s, and >lcCormick , l97)~; Rosen and

Wagner, 1975). However, none of these latter instances includes a dis-

cussion of the reasons for the given design , nor qualifies as a “program

library ”.

The purpose of this paper is to discuss in substantial detail the

design principles and structure of an existing Fortran library whose

primary application is to solve optimization problems . The detail is

included to avoid general statements of principles with which everyone

would agree . There is an immense gap between a theoretical description

of intent in software writing — for example, “we emphasize modularity ,

good structure, and efficiency ” — and an analysis of how well the chosen

design in fact satisfies the proposed criteria . Only the latter process

determines the quality resulting software .

This paper is n -~~ serve as documentation for the library,

but rather to provi spective on the complete design; hc-wever,

specific examples will always be cited to illustrate relevant points.

Detailed documentation of the routines is published separately (see, for

example, Gill et al., l975a, and the appendix). 

-~~~~~~ - - ,-~~~—-- - - - - - -~~~- 
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2 .  Overall Philosophy

2.1 Statement of problem and objectives of library design

The optimization problems to be considered can be stated as follows ;

P1: minimize F(x), x E E~

subject to c~ (x) -= 0 , i -~ l,2,...,m’,

c~ (x) � 0 , i = m’+l,. . .,m ,

where F and (C .)  are given real-valued functions . The function F(x)

is normally termed the ‘objective function,” and the set [c .) is the set

of “constraint functions .’

Certain kinds of numerical problems have the property that the algo-

rithins to solve them are finite decision procedures, or “reliable exact

arithmetic algorithms” (see Lyness and Kaganove, 1976, for a further dis-

cussion of ways to characterize numerical problems). To create a good

computer implementation of such an algorithm is in itself a difficult task,

but at least the software designer need not be concerned about the merits

of the underlying theoretical procedure .

S uch finite decision procedures do not exist for most optimization

problems of the form P1 , and it is necessary to make some assumptions

about the properties of F and [cj in order to have any hope of solving

these problems with an automatic routine . The creation of an optimization

library thus involves not only programming considerations , but also defini-

tion of a model of the problems to be solved and selection of appropriate

algorithms .

()

p. — — - —
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Uha oblective of the. present  l i b r a r y  is to provide sound , caref u l

imp lementations ol reL~ ab1 .e ‘ratli ocls for solving useful categories of

opt iiui~ ation problems . lie ro~ tincs arc writtan in a por tab le  t u b s e t  of

ANS I Fortran (ANSI , 1’ ~ ( ) .  so that t h ey  may be ured with a minimum of

cbani~c on se~~;ra1 machine r anges  - The l i b r a ry  i.s continuall y mod i f i ed

to represent as clo tel y as possible the prevailing “state. of the a r t”  in

numeric al op t imizatiee .

Ch oice of al~~~ii t htn s

The e f f i c i e n t  ae l ;t ion of op timization problems by a sing le , all-

purpose, method is no t possible , and the s t r u c t u r e  of the.  l ibrary r e f l e c t s

the variety of theoretical algorithms . This div ers ity is not surprising ,

in view of the comp lexity of op t im iza t i on  problems . A l th ou g h solving the

cigenvalue problem is based in most cases on a finite decision procedure ,

the EISPACK set of eigensystem sof tware  (Smi th  et a l .,  l 172 b )  contains 58

distinct explicitly ca l led  subrout ines and I~ dr iver s ubrout ines, the

choice of whi ch depends on proper ties of the given problem ; the number of

a l ter n a t i v e  rou t ines  for  op t i m iz at i o n  problems wi l l  necessar i ly be even

lar - ‘c

Op t in i z a t i o n  al gor i thms  are designed to salve  p a r t i c u l a r  categories

of prohi . .~ , where each cate~ ory iu defined by propertie s of the objec tive

and constraint functions , as illustrated below . 

-- 

— 

-j



— - -  — -  ,-,-—“ .—--‘----- —--.-, -- --- .,— -- 
-
~~~~~

—
~~~~~~~~

-
---- --~ --- — - - -  — - -- -

Proper ties of F~~ j Properties 0 . (c~~~ jj

Linear No constraints

Sum ot squares of linear functions Upper and lower bounds

Quadratic Linear

Sum of squares of nonlinear function s Sparse linear

Nonlinear Nonlinear

The choice of algorithm depends not only on the type of problem, but

also on the available information about the problem functions , the dimen-

sion of the problem, the cost of evaluating the problem functions, and so e ” .

The choice of which algorithms to include in the library is comp lica ted ,

in part because of the difficulty of assessing the relative merits of dif-

ferent algorithms that solve the same category of problems. Any compar ison

among algorithms inherently includes a merit f unct ion to be maximized, and

for optimization problems there is no universal agreement as to what con-

siderations should be included in the merit function . Even for relatively

straightforward problems in linear algebra, such as solving a linear sys tem,

it  is possib le to create examp les for  which the general ly a rcep t e .d “bes t”

algorithms are non-optimal. For the more difficult problem of nonstiff

ordinary d i f f e r e n t i a l  equat ions , Shamp ine , W a t t s  and Davenport (197 . ) pro-
vide a lengthy and detailed discussion of criteria for measuring the per-

formance. of ODE codes, and repea tedly emphasize that the decision about

which code is ‘bes t ’  depends on the problem to be solved and on the quali-

ties that are most important to the particular user . A similar statement

can be made concerning optimization problems ; the determination of the “best ’ 

—~~~~~ - - — —--— -~~~~~~~~ —- ---~~-- -- -- —---.---- - -—- ---. -~-.---------- -- -— —.——~~--- -~~---
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cob Ices depends ‘a a imp i ~- d . f l 1  1/~ l 01 the  user ‘ S

needs , as - i l l  as on p r o b l e . m — d e p l L u d c t  .‘. r ’ t o u  s~ L i u n . much of w h i c h  may be

i i t l  n a - c u .  , A c u r ~ ly , t to pros nt  opt  i i i  ~at ion  I i  ~ r~ rv is .~s igned to in—

cl . ide  imp U ’m c i t a t i o n s  of the  algorithms t h a t  h. i ~- c  pen ormed most success-

f ull y in extensive tes~ inC on prob lems that .rc b ,1l~ vcd to be typ ical of

those en~ c~~ntered in a general env ironm ent where ‘success ’ is measured by

scm- ’ reasonable criterion ; see Gill and Murray , l~~~- b , Chapter ’), for

a d d i t i o n a l  e o u c i e n u s  )

2 . - A 1~ oriLNm s i a nr l ;u r d s

All theoretical algorithms to he included in the library are required

to be reliable and robust (see Cody, l~~75, for definit ions of these terms).

Any algorithm to be imp lemented for general use should be able. to test

whether the assuaiptions upon which it is based seem to be satisfied , and to

deal sa tisfa ctor ily with situations not satisfying those assumptions . As

an illustration of this standard , a widely discussed issue in unconstrained

opt imizat ion  has born the procodure that should be followed in a Newton-type

a lgo r i t hm when the Hessian matrix at the current point is not positive

definit e (see Murray , 1972 , Chap ter l~, for  a detailed d i s c u s s i o n) .  Any

Newton- type  rout ine  in the l ib ra ry  must be able to detect  an indefinite

Hessian and carry on in a reasonable and stable manner . Similar safe-

guards should be included in the definition of every theoretical algorithm

proposed for  the l ibrary .

i n  addi t iona l a lgo r i t hmic  cons ide ra t i on  is tha t  many alternative corn-

p ’i~ at ional  procedures exist which , although theore t ically equivalent , dis-

play widel y d i f f e r i ng  numerical  behavior . The d i s tance  between the state-

ment of a mathematical pro cess and its implementation in finite precision 

- -~~~—~~ -— -a- - - -  _ _ _ _ _ _
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has been emphasized by several authors (see, for example, Smith et al.,

l97~a). In the present library, it is considered essential to verify that

every procedure to be carried out has satisfactory numerical properties .

For examp le, in all library routines for quasi-Newton methods for uncon-

strained minimization, the Hessian approximation is represented in terms

of its Cholesky factorization, to allow strict control over whether the

matrix is numerically positive definite (Gill and Murray , 1972); this

facility does not exist if an approximation to the inverse Hessian is

maintained .

2.14 Structure of implementations

The structure of the library has been chosen to reflect as much as

possible the ideas
’
of good design that are sometimes called “structured

programming ” or “step-wise” algorithm d~sign (see Dijkstra, 1972). In

essence, an abstract algorithm is decomposed into steps, each of which is

successively sub-divided until the nature of the algorithm is revealed by

a highly structured combination of concise and well-defined computations .

Af ter this analysis has been carried out for the theoretical algorithm,

the computer implementation is designed to display the same structure .

In our view, such a systematic analysis of algorithms is essential to

obtain good numerical software, and should be completed before a single

line of code is written .

The process of dividing an algorithm into components of decreasing

comp lexity has been called many names — for example, the term “modulariza-

tion” is sometimes applied in this way . Unfortunately, “modularization ”

is of ten used to imply an analysis of the components of an “algorithm ”

10
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d i f f e r e n t , - ‘ - a r c - ’  t ;~~i it u u u d u r ~ 
- .- in~ n a t u i r - -  W O S  c’ iu ~ ’u i s c d  b y nota t ion  or

c ou r p u x t a t i o n a l  - l i t c i  i (see the  -~ acip Ie ’~ g iven by Le ’~son , 19 i - )

Wel l  -structured -a c c - t e l  t a r  v i t a  I if ext -msions , :u:odj f i ca t ions  or

general ~zations - t o  o c r a .  .c~ t!i~ ut uttduc conip l i c a L i o n . S i n c e  active.

r cu si u ar ’  ii is continuinC in all aroas  of op t im iza t i on , i t  is probable tha t

1 . r o vceoa t s  w i l l  h-a .-uad-: so - : ar i  o m s  a s pe c t s  of ov ar y  a l u c o r i t h m .  If the

at r cct- ~ra of the  u n d e r l y i ng  t21 ’er items has been a c cu i r a t e l y  r e f l ec t ed  in

t f ’  cOr~. u t u u r  imp t o a ~~i u u 1 t ~ in s . t al - auld be easy to u x t ; u n d  the a lgori thmic

:apt mbi ~~i t i  u i f  iLu t h u u m r v  . O t  - : ~.m p !.e , a now q u a s i -N e wt o n  up date

f o r ’ - ’ ’ l . u  : 1 1  ‘ a ncl ’i ’.td -.s a inor a te.it..t ion of an ex i s t i n g  cuas i — Ne ~~~on

r o u t  i i i  -

f i n .  i .  - n r e [ L i  O t utitel ur iru ’ t ori lit atcs t h e  changes t h a t  mig ht  r e s u l t

p ro m a i ’ m :.. e~~~~5t 1 p : .  t u t u - i  n- l u a u  l it - : , ui - m m  a :a cun ’t a l i z e d  dat a  s t r u i c - —

t i r e  p r o v i >  on .  F i r  cx Jcmp Ie , if i t  b -cam e p o s s i b le  t o  s to re  svcmuc t r i c

mat r i c  ía- i n  r i  u t i t na l u to r . - ’ - w i t  Ii m t f  I i~.i ent  double  indexing , ua ny schemes

11 
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devised to avoid wasting storage under the current limitations of Fortran

(see Section ~..2) would become unnecessary; the relevant routines should

be designed so that such a change would have a localized and well-understood

effect. Good structuring can avoid the serious danger of “thinking in

Fortran ” rather than perceiving the overall nature of an algorithm; a con-

cern with the details of Fortran often leads to primitive programming prac-

tices , which then perpetuate the restrictions of present software tools and

make it virtually impossible to take advantage of any improvements .

2.5 Structure vs program efficiency

A further principle of the library design is that, if a choice is neces-

sary, good structure rather than “efficiency ” will be emphasized. The term

“efficiency ” is taken here to apply only to programming considerations; the

efficiency of the numerical procedures to be followed is included In the

factors that determine the choice of algorithm.

The first point to be stressed is that the efficiency of a software

design should be viewed within the full context of the total amount of effort

required to develop the routines as well as solve the given problems , and not

(as it often is) defined solely in terms of one-time execution speed. The

efficiency of a library design involves not only the cost of an isolated

execution of a few subroutines, but also the tasks of verification , testing ,

and modification . it is widely accepted that the need to create a manageable

and reliable set of routines should dominate a concern with run-time efficiency :

“Premature emphasis on efficiency is a big mistake which may well be the

source of most programming complexity and grief .... we should strive most of
all for a program that is easy to understand and almost sure to work”

(Fnuth , 197’- , p. 291).
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A -
- ‘ L I  o r  j d~- ’.d~ l i t  t I m  t the - t c s , u ,~ , of wr ut in s -  ‘ci i li c i en t ’’

~- ) 5 ( j , ,  ( i i ( ! , - j - u  r u t  at  till ,ti:,i -l ,tIm ,rw rd . ‘ . i v m ~a t } - , t  library routine s

u i ~.- tr~ ti on j i m  a p . u ~~t : i h I . • :;‘ibu-.. t m i t  ~~~~ F u r t u i n , t o be r u n  w i t h  a min imum

o e l i e i t g o  ~~~ f~ ~~~~~~ ~~~~~ ~~
t- ,- r —‘ , j L is tipossib I e in r u t t u  cases to write

coda t h a t  i~s , u t l i  - j c . t  o!t 1 r a n c t u Ln e s  . Ilue au r p r i s in g  . - xr nip les c i ted  b y

t . u i  u ’ t - Ih! Won ( j u ~’~ ) i i  i i  ii t eis i-i.. ii lu,s tr a t  i o n  t h a t  t . -  effort to

w r i t  - ‘‘:fuic ..’iu t P n r t r t m i  i - 9 . i  r c a  a detai l -a ~ -u n - t i  - :nuwled gcu of t he

C Orulp i l .- I  t r u e  c~~ c~ 11l ~ - t O  h m i s - - - . in ía - t~ , ...u-cuone who Ls made an attempt

tO w f i t e  “ 0 1- L  iu-’ i zs ’ - - Fc-rtran may find that t I : . - code w:i c - n  by a less

sop h i s t i c a t e d  pr ogr urni e t- actu a~~l~ runs f ast e r . 
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~~~. Discussion of Design Decisions

3.1 Communicat ion by paramet er  l i s t

A fundamental early decision concerns the mechanism by which the various

library subroutines communicaLe information to one another and to the user.

Because the routines are written in standard Fortran , the two possib le means

of communication are:  (1)  through the formal parameter list; and ( 2 )  through

COMMON storage . Some previous optimization codes have chosen alternative (~ )
(Lasdon et al., l97L; Mylander , Holmes and McCormick, l~iu’l ; Rosen and Wagner ,

1975), while others have chosen (1) (Fletcher , 1972); however, the reasons

for the decision were not specified in any of these cases.

For the present library, it was decided to restrict communication among

routines entirely to the parameter list mechanism. COMMON storage is some-

times viewed as the Fortran equivalent of global variables in a block-

structured language , but the use of COMMON suffers from many defects not

present with the facilities of true global variables. We shall give three

reasons for the total omission of the use of COMMON by library routines:

(1) With COMMON, it is impossible to include arrays of variable

dimension . In most optimization appli cations, the lengths of the program

arrays depend conceptuall y on the dimension of the problem — for examp le,

the vector of independent variables is represented as a floating-point

vector of length n . Large fixed-length arrays in COMMON, of sufficient

size to solve most problems , would result in a serious waste of storage ,

part icularly since two-dimensional arrays are often involved . Although

the user could be asked to re-dimension all arrays to correspond to the

size of his problem , such a requirement makes an unreasonable demand on

114
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t I i u ~ i S  - , a iid a I se - 1. _ s it t • ‘e 1)0-5 i I - i fi t y u a t  t h.’ 1 - i ,  u i I ri. ’m i ’  be

p r e— c - a u l p i L i e .

( 2 )  f t  ia >; h e - - l i  - u r  c ; .p o r i u n c . .  E l i  i t  a t  I - r u  t h .  ~~~~~~~ on -ulrrjadv ‘, et  up

the ~o 1f N~t ds- area - c i t t u i t u  I ’ i r ;  ui  o r  u i  b e f a r  -a,- iu. - u i ,  to use t h u  l i b r a r y

r ou t i ne s  . In such c o o - -s 
, t at: ric.~ essity to ~u 1t ar mu i~~ I g  )~ stur L ;  e t h r o u g h o u t

t h e  1— r o 4 r n i S ut-r t tr ue I -~ I i u : a l t v C t u i e n t  , aid 1 requ. r~t l~ I cads t a obscure  and

-o u i 1 i _ - u t  ad  ~ tee  c - u r : u i ’ a g  C t  ocr

( - , )  The I foal I u : s t i f i c a t L : u  for  c o r -a n u n i c r i t i o : u  t o u t  ly  by parameter

l i s t , wh i c h  under~ t . . s  t v -  tt ’ i  pr ev~ our; r o s e n - i , is t h a t  t h i s  r as t r i c t i o n

is a cons equence af t h e  i da a s :1 good s t r u c t u r e  d i scussed  in Section 2 , 14.

The a b i l i c y  to : nd e r c c a n d  a gi~,- € - t u r u u .h i i ut i n e  is Lr e at l y enh anced when all

the q u a n t i t i e s  up On — - t I t i c h  r I S  execu t ion  depends ;ir- ~ i n  t he  parameter  l i s t .

In add ition , t he  liaitatio it to parameter list communication means that the

interna l LOttic ot et c h s u b r o u tin e  c m  be made indeper .dent of the external

environment j - iL o  w h i c h  ~ t is  to he placed. Since all inlormation is passed

through strictl y controlled channels , there is no worry that the subroutine

w ill produc e unwuin tcuI si cl - — u 1 - c  t~ for u - n a1 Lu by overwriting a portion of

~Oj’lNON because of ar cmi - i- h un ’ a]. t o  t u ~ i Jenc~ ut vue juti 1cm names) .

‘H u  diut , ’isjv;r ci cay vari.il’le— f,:rh- ci. at tj\ ,tt. al-c.avs included in the

p ar amcut e t  i i  ot  t i l n i u t  t i  t h i t -  ir r ~~ name . Fortian nl1ca- ~ an a r ray  parameter .

say ‘B  , to b - - d e c l a r e d  a L i t >  o s i t~~:o u u t i u 1 2 by  - ‘ t : - ] h - :LNSION B ( l ~u , ’’ regardless

of L I m o  t a u t ,  iau ua~- t I u  of the et u -  p a rau.uu u te r ; b u t  su ch a sho r t  cu t  is not

al  l u - a i d  b y some cunp i l u r s  E r  mi~u o r g i e  . t l t ~ Al t V comp ile r  (see Cress et

a l  . , l97u ) — and i t  a . l  a l s o  d i  igoui - - t i i - n a t u r e  of t he  a r r a y s  so declared .

A 11 I ii - rn r -- ’ rout lu - us t ! . t  .-t a r- i ru ~~ I t e r m t I m , - :o~ r e u t  d i r -  u s  ions  as parameters

I a t Ie cal l  it’ ; s - :qu c ’r lcie .
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3.2 Choice of data structures

The careful selection of data structures is an essential part of the

design of computer programs . A good high-level prograrmnin~; language allows

the programmer to define a data structure so that its manipulation within

the program resembles its origina l role in the theoretical algorithm .

Ideally, the programmer should not be required to transform convenient

conceptual data structures to an inconvenient machine-based representalion ;

but the highly limited capabilities of Fortran necessarily cause a depar-

ture from this ideal.

In numerical app lications such as optimization , vectors and matrices

are the primary conceptua l data structures; it might seem straightforward

to transform these into one- and two-dimensional Fortran arrays , respec-

tively. Such a transformation is convenient in some cases — for example,

the vector of independent variables can be represented in an obvious way as

a one-dimensional floating-point array . In other instances , however, the

choice may be complicated by programming considerations .

Some Fortran programmers represent matrices as one-dimensional arrays ,

because true double indexing- does not exist in Fortran . The element A(I,J)

is obtained as element [(J-l) * (declared row dimension of A ) -u- I] of the

block of contiguous storage locations representing the matrix A , and thus

there would seem to be an inherent overhead cost associated with accessing

two-dimensional arrays . The additional cost of processing a two-dimensional

array compared to a one-dimensional array depends on several complicated

factors, which include the hardware features , the compiler , the array dimen-

sions, the loop structure of the code , and the particular indexing strategy

chosen . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



T
b obtain soine •ttin ia t , s of the  t i l a t i  c i -  ex , ;u  m t  > 00 1 j nie s for  theoreti-

ca l l y e q u i v a l e n t  mani pu la t i o n s  of on e— , t i - d  t w o — d i m e n s i o n a l  a r r ays , numerous

t u t O  run ( l i t  i t t  l ! i ’ i  - - 1  i~ ) ‘ i I u c t c r , ;i th t i ~~ i - or t r a n  H comp iler ,

opt ~ (unoptit’ti~ ad) and op t = 2 (upt iuuu iaad ) . A~ expected , the largest

increase in running time was disp layed for an unoptimized double do-loop

that initializes r i ]  elements of a two —df nit:ri n i ,u u ;,ul 0rroy to a constant ,

stnee the 1oop and ii;-du:~ pro ces sing then J :m i na t e  t i c  trivial calculation

wi th in  the  icop ; t h u  worat case (a 0i iuc rc ase over the one-dimensional

loop ) occurred  ~Ii. o t i t e  index of the  ot ter  l oop was 50 t ime s larger than

far the inner , because of the repeated overhead in setting up the inner

ioc-~~. W ith the opt r 0 comp i ler , there were a ~cw other instances when

the combination of unoptimized code and an unfortunat e cho~ ce of ioop

structure led to a noticeable (1-~
- - i~~-’) increase in execution time for a

Darticular section of code involving the two-dimensional array . However ,

in all remaining cases , which involved a s e le ct i o n  01  typ ical array calcu-

lat ions , the difference in execution time for processing the two-dimensional

array •:as negli gible ~often less than thc. fluctuation in ti:ni n~ estimates ),

espe ciall y with the optLmizin~; comp iler . Ih i s  rusi lt crunhi rms the inability

to  p red ic t  t : I u a  r e l a t i ve  e f f i c ien t  i r s  of s ec t i ons  ot Fo r t  a L u m  code w i t h o u t

kn ow i -ad cm c of the comp il or and ti- p a r t i c u lar  da te  to Lu processed .

I u  view of this uncertainty, it see.ms sensible to  use the most straight-

forward darn structures , esp ecial ] - - since t 1 C rO~)r - ,s ’u t at l o u  of a matrix as

a one—diu ru -u cu siona l array often caus’.,s con t ~sco~i t t t ; u I  comp lexity , both for the

u- n - c and t h e  library prograimners . In the  I i h u r a r y  l e a s t - s q u a r e s  r o u t i n e s ,

fo r  e x i r i p ] m~ ii the  u , o r  were r e q u i r e d  to s to re  the  componen t s  of t h e

Jo . obian run t c ix  in a iuru 1-— d i m e n s  -an a l  ar r a y  r i c c r d i n - ’ to some n o n — t r i v i a l
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indexing strategy, theu would be a h1 1’h ri uamiiIit : y that the information

would be j umbled . The d i scard in i i  of double  i n l c x f u 1 -  is  in most cases an

excessive concession to the linuitations ot  c u r r e n t  l est  ran i t -i q u r u t of the

dubious possibility of marginall y l a s t e r  ex . cu t i o n  speed .

There are instances , howev er , when a theoretical two-dimension al

structure is represented in the library routines by one-dimensional arrays .

A freq uent question in imp lemen ta tions of l inear a lgebraic techni ques con-

cerns a suitable program representation of a symmetric nir-t rix (similar con-

siderations also app ly for a triangular matrix ’). C onceptual l y, a synanetric

matrix has a two-dimensional character; but if it is represented by a two-

dimensional array, almost half the storage is “wasted ’ in the sense that

dup licated information is stored that could he found by a simp le interchange

of indices .

If unlimited storage were available , it would be Hasible to retain

the natural two-dimensional representation for a symmetric matrix . In most

applications , however , it is unreasonable to use 0 (na-) storage locations

to contain easily accessible duplicated information , and thus symmetric

matrices are often represented by a combir~ation of one-dimensional arrays.

For examp le , in the modified Newton routines for unconstrained op timization ,

the syn~netric Hessian matrix is stored in two one-dimensional array s 
— the

diagonal elements in a vec tor of length n , uind the off-diac;anel elements

in a vector of length n (n-l)/2 (stored by rows). This representation is

ex tremely convenient , because the (possibl y) mod ified Hessian matrix ~ is

factorized into the form

G = LDL T

_ _ _ _  



a’i t er r  D is ~ di~ -~c n t  I m a t u  I S , h I d  I. i s  - t u n i t  l - / - u  u~ t a I i t t i  ~ tar matrix

h ence . t i t e  V u c t U l S  that r e p r u m - u n t  t h u  u r i g i in-n I matrix cart bu overwritten

s.j th th e t- ctors t~ - : ’t  r u 1 1 e s i , , ’t  t i~- (:l uelerk 1 i i  ~ L0t~ ‘h e  r e s t u l t i n u -  d a t a

structure im ; not entirel y strai g: LI r - ic-t t d , ~ t i c  ei i t i u i - t r i v i a l  t r ur i s for ma —

t ion  of i n d i e m s  is necessary to o b t a in  t h e  m - -n ~ ra l  o f t — d i a ,~on a 1 e lement

IC . - I c-c L - ) f r o m  t~ ~ - eu --d u L e f l s l O n u l  mr-:~ v ii - ~-.- -~ ver th~ ef fe ct of
1] -

t L i s  ii~ ta -atr iuc r urcu iS L O ’ l I i I l  d r- a li i- r o u t i n e s , and the  bene f i t  of sig-

n i f i c a n t  s av ings  in s t ’ ;r d ~m c  is t - ) ! 5 j~~~;~~ r d  t i  Ci ( - i ~ -itd , th e localized less of

c larits

3. -s Local ar rays

Optimization algcrithms tyuiezi iv involve numerous temporary arrays

whose dimensions  are  r e l a t e d  co  the diuneus ion of the p~ c-~ lem to be solved .

The issue to be considered it this Si:C~ ion is thu nuc-juanjsm by which storage

is a l loca ted  to stuch l oca l  a r ra ys .  Ia A1~~u 1 . a i t e di ~cc tra y contain decla-

r at i ons  of v a r i a b i a — t e n g t h  local  a r r a y s , where the dimensions  depend on pa-

rameters of tile procedure ; but in Fort~ ia , locally duclmt red m i r r a y s  must  be

of fixed dimension . The choices to r  p rovi 1in~u temporary arrays in Fortran

siub racuc ines thus Lute :

L )  t i C c i  ,u: o tr ;, nIr rivs lot~~ l ly to  each mi-routine , ~ith fixed dimen-

sions large enough for most antici pated u rel lcms . The ume r must modif y t h e

source text of every m uch routine if the dec la red  h u n -eu - ions are insuf-

L i c i Cf l t

(: - ) dcc Lare the  upa c c for any local  a r r a y s  out i i i  di the  s u b r o u t i n e .

fl’ vect ors that c d f l t d l f l  L i i ~- s p i c e  art then ira l air -ui in the  parameter  l i s t

of ‘T!’e s u b r o u t i n e s  t I m - i t  r - n q i u i  r :  t - u r e o r a r y  .rrr ivs , a ii w i t h  the  ap p r o p r i a t e

i~~i
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integers that cle fine ttm-L dimcuns l i - U S  ( ~~~ Ii.  L i - e m ~ - 1 .

~‘u l t o r n a t i v m n  ( 1)  has the - -inst  d is a d v an t a - i - r  d~ ~u. i i u , ~~i u h  i n  ~~~ ti ui ~ .1

w i t h  respect  to the  tm ; e  of (It t-INtl-N sLot ny . . 1 u- re i s  a S1~~ I I I  U i n t i t  W O S t u

oh storage it  large ar r ay s  of I ixcd d i m o n m ; i u n  :ir ~ a u c l a i  j i m  many s ub-

rou t ine s , especial  l~- since the h o all y niec lared st tild e u l O t o l  he shared

sy several  s u b r o u t i ne s ;  and i t  is in~ unven i i it  to r e q u i re  t h e  u ser  to

moJ i f t  local  ar r a y -  declarations throughout the l ih car- ,- rOutines . For

some types  of nmtnie riu -J p ro b l e m s , the uastc of ntrt .ti ; d o t  to f i x e d - s i z e

l o c a l l y  decL ared  a r r - ~~y s  may not be meriO u s c n m ~~h to j u s t i f y m or :s idcra t ion

of a l t e r n a t i v e s . Fec examp le , in the  o r d i n a ry  d i f ~ e r e i m t i a l  equa t ion code

DE (Shamp ine and Gordon , l-~7 - ) ,  f ixed loc a l  ar rays  are acc ep table  because

the dimensions of the  array s are known in genera l L a  be of riusonable size ,

and the maximum amount o unused storage is r e l a t iv e ly  insi g n i f i c a n t  roam-

pared to the program size (since all arrays exndp t Oflc- :trii one-dit~it’tisional j.

In optimization routines , however . large two-dimensional arrats arc fre-

quentl y required, and the problem of wasted s torage cannot  be ignored .

Consequen t l y ,  a l t i m r u m t t iv e  ( 2 )  ii; u sed  in tbc~ p r e sen t  l u - n a r y .

The decision to avoid dec l a r i ng  local  a r rays  vito se c o n cep t u a l  d imens ion

is prob 1cm-dependent i n t roduces  into  ti-ic computer  imp l emen ta t i on s  a deviation

f r o m  the s t r a i g h t f o r w a r d  framework of the  o r i g i n a l  al gor i thms , since the

parameter  l i s t  of a given sub rou t i ne  w i l l  i n c l u d e  not onl y q u a n t i t i e s  t ha t

represent  i ts  input  and o u t p u t , t u t  a lso qu an t i t  ies wh ose role I~ pu r e l y to

provide storage fo r  t emporary in t e rmed ia t e  r e s u l t s .  ih i s  d i s a d v a n t a g e  is

nontheless  b e l i e v - u d  to be outweighed by the  increase  in t i a x ib i l i ty  and the

savings oil s torage .

r -
~~~~~~~ —-- - -

~~~~~ 
-- — 

~~~~—-- 



— — - — - - --- ----- - - - - - ~~~~~~~~~~~~~~~

) . ~ ~~J i t ’  31 t t e l L t i \ 5

L i h r - r~ u m n i b t o m u t lies t h c l i m i e  i l l  - ‘ u r i b l t r - — s j z e  t i u u - i - i u r a r y  a r ray s  and

th ~~i r  ~t i t ~e u - ’ u t i u -  i i u  Ltm - r -  c ol t t i t , se~ - - i i - - - I sr -c u t - c m :  oil 
~~~~~~~~ 

I i  ~;uc hi loca l

a i r . ss oi~~ u h t l u r  L - u l l c i t i - - t J  I c , t hu  r i , - : L h  in t h c u  l eng th of some paramete r

lj ~~la c a i m  b um m u m~n on -:~ e t l e  . l i a r ’  i . itt cnht ~ r- -n i ob 1 cc:t : i on  I t  1cr -mg parameter

l ist s , ii o-ich p r en a-t e a  it is a ~~i ui  I ic u n c  f o l a  1: rh o  - h - t  cu.i tion of the

or - umItpint of L u u r -  ~ i t i ) - - ) :i ’ lh . tIC C , LhI l~~ q .!i~ i -~~tic- u dOt S not

ini tu l y  t h a t  L il t ~ ~~m S t  . l c c - u s n , - i L i l y L- 0 s m u i r n I t u ~~~r u u e t • r  f l a t - m O  for eaery

jmi riab l e — l e u r t i t  te mp t - c I t y  a cr~ y , - b ’ I: n i  ~ m u r ~. I y i t  t t - - o ~ 1 s i g n i f i c a n c e .

The E I S F t C K  s u b r ou t i n e  tS ]  L’ RN has  six t c - u i i p o r a r y  v e c tor s  in i t s  c a l li n g

sequence , and t h i s  u n c u m b a r  m a y  not seem excessive ; b u t  souce Optimization

routines have well over fO distinct temporary arrays . clutter of a

lonn  sequer~~e of tempor ary  a r ray  uiumume s w i l l  tend to d i st r a ct  f rom the

insi ght into ~he cature of a subrourine that ti -u el-r uants of the formal
J

parameter  l i s t  should  f l - C .

- i n  a l L u -r e n i t i v e  to including individua l work-space  p a r am e t e r s  in the

r e f i i i :  S r - c m m e m l n u u  is provided  b y p a r t i t i o n i n g  Ian C L  acta -,’s . i t is

a . :o’c t ;al l-r - in s tanda rd  F o r t r a n  to c a l l  a a m m L - r ) m t t i i a u  hose k- t o forma l

p e r f e c t - m r  ii al ar t  a name w i t h  - m n e l u n oi t c m  an a n S i ’  - is  I he k — t b  ac tua l

This i i a - ~~ so is  L t I u ~~J ; t t ~I m ~ b a c~i mmc c an ~r~ ay i s  - - -ena p l et e l y do—

Lined in i - i L  I c a n  b y the addr es s  Ct  i t i s i i r a t  e~~-~m u - - m m t  m m m i :  an I m m - l e x i n g  ru le .

art a r t  m y  p i c i m m e t i r -  is d~~t l:u ,ud wtthin a su liront i sa  eq  the  qc t of

I ~i f l tj g iO- 5 au - u r - or c hr-rat ic mu whose Li ust  el-e r unt im ; at tic address specified

h~ the corr - n i u o r u i i u i g  actual p a r m u n i t e r . H ; .  S u n v i m i J on  or specif y ing an

ar c in mr -cans t hm ; ut i i i  b r-c e a t i . r -v can be 
~ 

i t t  f t L o l l a in to  si n - e cu smaller

me } —
~~ u- c “ , s . The l o c a t iu - t of t i me  f i r s t  r- - - u t  of t n L h  partition cmiii then

P1

F — — - —  - —

_________
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serve in a subrout l i t t -  r u l i  Or -  i c  u 105 1  O wult - 1  t ~~ u -  l i i  i 1 i t L g  t i -  an

array of ap p r - -pr ~ a L c  l e n g t h , i l t a  t u t u n - m m - m t  m i m i  of L h i t -  ; I t l u ~~~~t in c  germ—

crates  acr- -sses  only Lu 1- i t  i i i  - i t  if lie - L s ir- ~~ s imbu—v -. icr .

Ihe f l e x i b i l i t y  p r o v i d e d  b y work i - i l -  u ! i n i y n . C o  1- 1 :-ni l j i t i l  i f L l lc

library routines arc d~ ’r - - h i , c I  c u d  -:- . :~~~~1r d . - t c x a m i b  I t , 11  a i i  - n - . u t -  chod

is dr-vi sed for so lvimt ~- , a i 1 - t i r i :- m i t i o n  j r - u I s t i , - ‘ b m l t I i  r-q u ir ti:; u i - - IC

interrnedial c u ~ -m m ltmt: i - ns thom t i l e  r i g n a l , ti: tort il time t i S t i t i mi

library module jut b- m c Lain~d i -e t i1~ - i O~ l i  L t i m e  - s ’  alg ri L I -u , b y

simp ly u s i n g  i H i t  - - - u i  e i c m n i u i t s 0! t h e  alrt-uti! y rem emit - - a r k  n; J ) O C n a r r a ys .

The technique of jim ~~ L i  tk a l i m i ~ oil acre’- i n t o  many rio t i t  ad to a lack

of c l a r i t y  in the r e cu  ILiti g code , s if lc r -  L h t  mm aul u e: of (due c on c ep t u a l  a r r ays

of the original algorithm do no t  app eir. The l i b r a c - ,- r o u t i n e s  app ly t h i s

s o l u t i o n  onl y with cau t ion , and in S V C L r -  i i ’.S t O I l e t -  t he  code is s u r r o u n de d

by detailed comments exp laining the l e r L i L i ~~l m i n ,~.

The d i f f i c u l t y  may e v e n t u a l ly be rcseIved h -  t he use el p r e — p r o c e s s i r :

that make intelligent tc- u-u t s u b s t i t u t i o n s .  Ni  ft s u b  ~ ~~~~~ 
lifer essor, a l l

r - -:-: tua l r c m f e r c n c n n i to t I e  dci i i ct- I l u ~~~ 1 d i r e - ,- n a m e t j i  n be r e p lac e d  b e f o r e

c o m p i l a t i o n  by reIl t r et i r e s  to s u i t a b l e  e lc i - ei ts of  Li i - w r k  n j - a c e  a r ro: ,

i .e. , if the vec to r  P , ef l e n g t h  N , hi ~~~~-~~~~~ii  iii 1 - - c i t i o m i  I- -
~ I of the

ve c tor W , refcrn-uinos L i  ‘P( I ) ’  could hr ac-u lace l by \~~ll -i I )  “. -\l Lu -ru ne—

t ive ly, the r o ce n t  ‘ NAP proposal to u t o d i  f y t i m e  Alit 1 f o r t  v i i :  s t an dur - Ju ;

( I V [P  l-Iork ing ( r e m i p  .5 .  Id ( n - )  p r o v i lc u :  a s l u-u i l o t  luc ius of g a i n in g  such

f l e x  Lb i ii ty .

— - _~~~
_ _ ,_~~~~~~~:_ ___ __ _ _ - -:_~~~_ ~~~~~~~~~~~~~ ~~~~~~~ 
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.~~ bn tet m i n t  c i  t h u  ~l ’ m o o

t m  d m - i g m m i u g  i t h - n u ry - u l t - . n t - , i t  I ; I ~~~ I 1 - 1 1 -  i~ t c i ot- j i i i i ( l y n c r  n m l:

of t i m e  t m -a rc and cu ’ a u ’ l - a i t \ ’  n- f j  u - u - a - u  u - - m i  11 - r i c h e r :  m u - C  U : i ~:1~ mu i - I S  L u

understand h -Inc ~ ; - u k ~~ i ;~ - i i i - c~ f ( d m t  ‘ u s u l u c  f u t e d  r - m t i r m - s .  l’h u~ c o n t r o v e r s i a l

st . i t o: : t C t t  t b m c L  a p~ iiei hI t i i t t ’ I -  u t i : m i u j m c ; : i t j c a i  - c f i m - m : i r c -  is to r e l i e v e

ti m - u s e r ] . . .  m u (  d l i v  n , m. _-d to t h i n k  - ( P a - is and  l - ! d I m i u I u , : j t z , I - ,

in the c o n t r  :- m l ~ t m u l i -  t L i C  q i t o Lm m u t : i t r - ~ I s  C i i i  t u a d as t I m e  ideal  of many

i m s e rs by o t i t i  u : n m t l m o m n -  ( n e C  Ut :-. imi . I ~‘t ; ;  R u l i a t i c i , 1~~ ( 1 ;  i l - m k i , 1d ( I ) ,  amid

P , t h e -  ::-:peri~~nr: of an --one wh o has ever c t r : t e’d as a ru i i su l t au t  concern ing

u u m e r i - , a I  p r o b l e m - s .  i; ccm m se -na -b y  users found i t  bu r -Jt -n some to have to cal l

severa l (even  Li tu i sub rou t ines  t h a t  r e p r e s e n t  the c on c ep t u a l  s teps of art

e i g c - n sy s tc:. c o n fu t a t i o n , ti me LiSPAC}< syst em now pr-~~ioes d r i v e r  rou t ines

which call all rim e related subroutines requircd for a p a r t i c u l a r  problem.

Many peop le  r em l u s c  to use  r o u t i n es  i i ; a c  r eq u i re  more than a marginal  e f f o r t

to understand , and w ish to know no th ing  of ~~t iO poss ib le  sub t l e t i e s  involved

in s’o1vin~ tim e n r d , b c r c . it c o n s c q u s u m :e of t h i s  a t t i t u d e  among users  is tha t

many s o f t w a r e  Lie: ig- ers tic l u  l: :cp all calling sequences as short as pUs—

ii ih i e  ( see k a im a n -- ; , 1 ~I ; Sh ampi ru i -  aue l  i i i ~d i , 1 ‘(5 , because  users  are

r e j e c t -j u t t i n  t r y  subru im t ;ties - -m i i i  t n-mg i- m i l l i ng scqnuu ; mict s and may even p r e f e r

iii m u i  liar  r o ut i n e  i t im a short cc pml r r t m e t  l i s t .  This  s i t u a t i o n  leads to

time fe el tot : chat s- -mL s ’ ot - i c e - m a  - - t i m  - i d ic,’ i .  : 1 - m r - - v  arty h i n t  of d i f —

f i c i l t i  for  the m i s e r .

An - r  pos ing  v i e w  i that m it - riser s i - i ;  l i  P -  f o r t  n - I  to he-come a t  l east

I l~ ~- I ’ m  o t t - b ami d infi:ru:i- - l dl i i i  u n - 1 ,  me - r i~ m : 1  j i - o c u - i t u i r es to be t a r r i e d

ut u u t  by a u I - r e t  m u - t i m e. I L  t i l l  b1 a m ~ n i - i  t h at . t i \  c m i  c - i n g  to t i me u s e r ’s



desire for simplicity , the au thors of m i m a t i i - m m z . i t i t u a i  :~~i mo-m a l i  t I n  performing

ii dis service if the foruul of tije so t t sir : gives lime ía h a i r  J l ip iur -SS j ) t u  t h u d t  a

pruib t ern i s  easy and o t  r H  - - b  t f u r- - - j r t i -; ol V u m . I n  pan ic lar  , an a t  temp t

to enforce  short  p arameter  l i st  t o  t~ e m: ; r  u :crs imu ay c o m m u p r o m m t i s e  t i l e  per-

formance  of an o p t i m i z a t i o n  a l g o r i t h m u u , because the a d j u s u u i e n t  of selected

t o l e r a n c e s  and convergence criteria can have  a s ig n i f i c a n t i n f l u e n c e  on the

e f f i c i e n c y,  and even the s u c ce s s , o f  a g iven method a p p l i e d  to an optimniza-

t i on  problem.  The mos t  su i t a h i l e  vu cu e s  f or  t h t a c  )ara! :s tcm rn  t y p i c a l ly

depend on knowled ge t h a t  on i y the set:  l ids , wim jcP would seem to imp ly tha t

for optimum performance the library ro u t i n e s  :-i htim: t l d c on t a i n  a l l  such

parameters in the calling sequence.

The dilemma in l ibrary oesi gn is tha t  the c r ea t i on  of superb rout ines

will be unproductive if no one uses them because of their excessive corn—.

plexity ; on the other hand, overzealous simp lification to satisfy some

users may lead to the loss of high ly desirable flexib ility for others .

Rather than compromi~ e between f l e x i b i l i t y  and ease of use, the presen t

l ibrary has been desi gned to s a t i s f y  both object ives  by providing two

routines — a general and a “simple ’ — for  each purpose.  A s imi la r  idea is

seen in the EISPACK co l lec t ion  ( Smith et a l .,  19( 1tb ) and in the ODE rou-

t ines described by Sharnpine and Gordon (l)’(5). If a particular parameter

can be chosen au tomat ica l ly ( given tha t  cer ta in  assumpt ions  are s a t i s f i e d ),

the uncer ta in  or un i n ter e at cd  user may choose a “ s i m : m l - l m ” or ‘ easy- to-use ’

rou tine , for which only a m inimum number of parameters need to be specified.

However , the possibility is retained that a ire i 1 - i n f - r ” m n - - I  ‘~er can enhance

the performance of an al gori thm by exp l o i t i n g  h i s  k m u ’m- .- l e i gn-  of the  p rob l em

-
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L i  select the- ap fu r -u l l r cil t p ira;nc tuc rs of t ie - ~- t i ni r n 1 n u t  Lne. ~\ l l  u s e r s  are

not r e - I l :  I Ct I t )  thm i u -t b . h u t  t ime  kt iosIc ci geai -lc un -c is at  I t e a L  g iven  the oppor—

L i  l i t  V u) I L ! m I m i k i  t t i ~ .

A l t h o u g h t h is .‘c-hmon u c e, t l d  r i j~~~u -  u r  to lu, mu b Ic L i i i  a m n a - I m u t  U I  cm tder , l ie-

easy— to— i t S e -  ccitt t i n es  ac e  S i  u p  f coot : 0 5  - ‘  
, ;.ii i i  c i i  ~~i h  I t ee  ‘ ore- genera l

t u t  ines ; t i ut ~ t : r  i r i cr o3u ~ - in c u - i c  I S  m i t  a J t L L  L r L t t 1  I .  Siu ru il arl y, the

am sam int of it, e t mio t i u t  al ien  ~s n o t  doub l ed , S ieee  one of the o b j e c t i v e . ; i.n pro—

V id Leg ea;,\-- t ‘ i ~~ I s- :  - r~~~r , a:a u ’ is t o  ~~ 1u~ C t b  :- b umuom i! V ~ m l  ‘r em: t ion  tha t  the

use r m u s t  a a s i m m i k l r i t t ’ b o l e ro he amm ~ ot t - - him g r oute r - .

I t  shoeld T ue- noted chat a development  in t ogra ; u u n n g  l anguage  cont ro l

structures lay soon make the concern abou t long c a l l i n g  sequences unneces-

sary. This development is the “keyword parameter communication mechanism,

descr ibed in Flardgrave (1, c )  and Zahn (it, (~~). The idea is that the actual

parameters in a subrou t ine  cal l  are not  spec i f ied  by pos i t ion, but rather b y

keyword. The user  thtm s needs to include in the actual. calling sequence only

the parameters that he wishes to specify, and the others are set b y d e f a u l t ,

so tha t  a f l e x i b l e  r o u t i ne - can also serve as ~‘ea sy— to-use ” . in f ac t , the

keyword parameter  mechanism wou ld  a l low a range of a l t e r n a t i ve s , from speci-

f y ing no op t iona l  parameters  to a full calling sequence .

i. f Service r o u t i n e s

The a m p le - rou t ines  desc r ibed  in S e c t i on  
~~
. 5 have been provided in

response to user  demand for  sho r t  c a l l i u t g  nc q tuenc - e- a. However , the remaining

parameters, which art masked f rom the  use r  of t i m e  simpl e routine , must none-

th ur less be chosen.  l l t c t c  arc l~~~~~t :cdya L i )  00 t om a t e  the process  of pa r ame te r

Sti t i c  t L o m u .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



First, a r e a - ;m ) m - u l l e  1 u ~~~~~ ; C h t - ’ l c c  L i i . ’ ~l i l ~~ - m r - u , . - i -i- S iS pOSSiluhi - U

the proluiui tm to be- solved e l  i s t  I t -  I S l u t - C l  f u , d  S i t  ul ~ - n s-it;tpt LottS . Foe

t- m’:au l l h u l n u , t he  d u n l iO n of t C i , u . ~~I , i t i u i : t C L L L - l . i , u  i p O i l  l u  t ! l i - ~ r L  Ie - m ’ O ca~ i ui ,

if the prob lem it  is uas tiiut -d t o  hii ~ 
-

- I I  s_  ~ l e - t ’ l i ~ a ; : i V n - I i  Se - I l s e , L I i -  mm t i n -

conver gence c r it t - l ’ ia  t- d m l  Li .~ - ce i ; m  l b n  t:’aJ : u m L -  f e - c i s h  -u . S i - i Ian ’,- , a

‘ s ens ib le ’ va Lue o f  t _ i i u  P ;t O ! ! , . t t t~ t i i i i L . 1 r a i s  L u - r t t j u l s t i u u m u  cf  thu u n

l ength  al gori thm can l ’e S c - I C d l u  b a se - il  -oi ~ i lu ’  c x I n u t  l i t  : , I O t l  t’”O - - C i c m , ~~ O .

The pararne Lum rs chosen in th is ‘ea~’ a t- :  ci  m u ; !  d i  me e I - t i e  ‘ e m m f , it. t h i n IS L I cI:

that the assumed prop e r t  i 5 u L  the u o- i c !  prob I i -  i i  o m u m  — r h u  i cli t u e  i r Sc- i C c  l~i en

is based will correspond tait’ly ro ll to i l i u c i  of ‘u ;i m s t - 1  t ’b ~t Cms t o h u u -  s o lv e d .

However , certain ottier par axe : r -  are onsiderei to bu; too sensitive

to the given prob le t um to allow an a ,j~~ : un i  dl : u o i c c .  di i .  ~u~-m m tl ,7- , a second ,

more complicated , service to the I l - n  r Li , p r o - , ~ -.t e ih  b~’ libi -aet r i a r i n e s  t h a t

au tomate  prob l em— dependent  d e c i s i o ru s .  h u e  lo ’ocu .~ t u u t  -s ta r 1ar auIm- ,’t er selec-

tion tha t depend on properties of the 5b c i ’itT j~ prable: functions can

be automated to some e x t e n t , and a c a r e f u l ly  t le-~~i ~mm cd a m u m a - r a t i c  r o u t i n e  shmea ld

give a better result t han  t h e  random gm it .-ss that t i l t  I t  i - c l  1 ~ f r i - u : -  an tin—

infonned use r .  For examp l - , to solve an u m m c i Lmn.  t t - a i m i o d  m g I  j u l  sa t  i O i l  gr o i i  lOl l

with a q u a s i — N e w t o n  r m c t h o d  based  on u n i t  ‘ — d i l l - o r e  m i c e  appi : 11! St u ns to -

di  m n t 5 ~ a f i n  i t e— d i  ff’rence i ruterva I m u s t  L u -  I rc l v  i !e l I t ic i - a c i u  v an  ~b le.

‘ l Imt -  v a l u e s  of the d i f f er e n c e  i n t e r v a l s  m u !  en L u  n criti o d  ii t1~ :er1l:rt- ar ~~u -

of th1 algorithm , bu t  many use r s  have no j i e  how I i !  c la- i - si this ~ t t i

i nt e r v a l  n- . I t  has t h cr o fo r ~ been consi. ’ nn Ti ;i wor :  I i o l u i  l u -  t o  r l’:j di a I ibrarv

-no tin e tm tie t- ermin e  an iru n i  sens i i  - L u- aun t of f i n i  U — - Ii I 1 e i ~ - m :c liii u - ”  - 1  s

liii: ; r - ’ .tine ( F ’R M D E L ;  Set - i l l  et i i L , I ~~ calls t i m -  m m - u  r — p u ’ i - i a n -  f i m u c —

t h om i , 011g t’h m c u m m u , e S  the i n t e r v a l s  b i t , u  J On - S i m - , u n i m m : t i m e r  I S .  n i  t o - l u - ’ ;  o t

— 
—--—- 
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Cd l- j
~ ~: ion au _I i s t i c a t  m i l l  u i  r u i r - , in  t t ~ -I  x i ~~. u m  j - I t -  ~l - r u , - : i ,  u t i on. I’herr e

is n o ui mcammt e ed t m -  u u m h q i’ I O u ’ d t ! f e - i ,  ‘ c ,  it’- i t rv ,ul S e - l e - C t i O f l, because  the

‘ i i : -  m i l i t , u l i t u ! -I t  S i - - I - l i m i t 11.1 / l i i -  m a i n  * - ‘ u i  I~ at a i j  fferynt p u t t , if

the prub  I u -u n — f un c  t toil ’ s 1 - - - i i ,  - o  alt - I m h l l - ; l  lea I I ~‘ . I , i u a w e  ~ie- r , the

sc~~i l o g  a! th e .  ‘r a n L :u i  t h e n  not c ! I u m t m g u - t o o  t;,tIm cu ; i ii  mm ’imi im ization proceeds

( a  S i t - . a t i o n  tha t  u t s u a l i ’ , h e l l :- u - u  i 1 t m t 1 m e l ~ t u e  i t i t i a l  ;v L  of i n t e rva l s

a m - .~ m~h choece’ . ~- ‘ i c l m  “ s m u r v i cc ” r -ul i ;imo - - I f l  t h u  l i b ra r y  represent

I u e - ‘l i e  ‘ t I , U !  i t  is h It er  te . !U L o ,’u d t ;  n , ,  - - 1 sole-c tie:) m m  a sensible

w:iv i f  the m i s e r  camn iet pre- ii m i t  t i t c  i r  m i  i S t  I Ill , r a t h e r  ‘i en incur the i i sk

of significantl y reduce-i e f f L e - i e m i c ’ ,

Other library :;ubr :,utimim ’ -i p rov ide  a f u r t h e r  s c ’r v l c u n  to the user — a

consis tency check. One of the mos t comnmon dt rf ic u lt i tn u; in use oi opti-

mization routines is t i -tat  t ime i - e r ’ s subroutine s i ne er r u s c t l y evaluate the

relevant partial derivatives. because exact gradient information normally

enhances efficiency iii all areas of optimization , the user should be en-

couraged to provide analytic derivatives whenever possible. However,

mistakes in the computation of derivatives can result in serious and

obscure r u n — t i m e  errors , as well as complain ts that the library routines

are incorrect. Consequently, l ibrary routines are provided to perform an

elementary check on the use r- supp lied grad ien ts .  Because the checking

procedure wi.ll not be c o s t - e f f e c t i v e  i f  it requires too many evaluations

of u se r - supp l i ed  func t i ons , the present  l i b ra ry  c o n t a i n s  subrout ines  that

compute  f i n i t e - d i f f e r e n c e  approximat ions  Li’ two projections of first and/or

second deriva t ives ( i t  would u s u a l l y be cons idered  too expensive to compute

finite differences along all the coordinate directions ). The approximated

valuu s are compared w i t h  the supposed l y exact  va l ties , and should disp lay

p--- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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reasonable agreement .  i f  they do no t , then e i t h e r  the w o r  hal - na-i c- or

error or the problem is very ba d ly scaled in both  cases , the user  s ho u l d

~ike c o r r e c t iv e  ac t ion .  Cf course , is with the ruuLil :e t a  s e l n e t  the

f i n i t e - d i f f e r e n c e  in t e rva l s, such a procedure can not  gua ran tee  correct-

ness;  even if the quantities disp lay some agreemen t, it nay simpl y be dmme

to a fortuitou s starting point. However, the simp le process described

above de tec ts  the vast m a j o r i t y  of user  errors in e a r m n p t m t i n g  pa rtial deriva-

tives.

3. ’( Auxiliary routines

An “auxiliary rout ine ” is a subrout ine  or f u n c t i o n  that  is not cal led

directly by the user, but only by other library routines.

~ .7. l Subroutines vs in - l ine  code

The process of analysis mentioned in Section 2.24 leads to the descrip-

tion of an algorithm as a structured and logically coheren t collec t ion of

computations, which mus t  be t r ans formed  in to  For t ran  code. The top ic  to

be discussed here is the process of deciding whether a particular computa-

tion or set of computations should be imp lemented in tile l i b r a ry  as a

separate subroutine, or as part of the code body of another routine.

Some people favor in-line code as a general prac tice, based on the

argument that efficiency (in the restricted ;ense of run-time speed) is

degraded by the overhead cost associated with a large number of sub-

routine calls. In order to achieve maximum clarity, howev er, the division

of the library into subroutines would be based directl y on the structure of

the theoretical algorithms , with a one-to- one relationship be tween the con-

ce p t ua l  s teps  of an algorithm and those of the corresponding imp lementation.

_ 
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This latter policy does not significantly decrease efficiency in most cases

because the execution time for subroutines tends to be dominated by the

actual computations (arithmetic operations and memory accesses), and the

time required to set up the calling mechanism is negligible by comparison.

However, in some instances there is a marginal balance between the struc-

tural benefits of creating an auxiliary routine and the consequent loss of

run- time speed.

The following experiments were designed to investigate the execution

time associated with a subroutine call. First, code was written to compute

in-line the scalar product of the vectors A and B, of length N , and assign

the value to a variable. A subroutine DOll (N , A, B, DPROD) was writ ten

to per fo rm the same ca lculation, and assign the result to the variab le

DPROD. On an IBM 37o/168, with the Fortran H compiler, opt = 0 and

opt = , the in-line code and calls to DOll were executed 3000, l~0OO, and

5000 times, for N = 1,2,10,50,75,100, with each run repeated twice to

observe the f luctuat ion in timing estimates.

Table 1 gives the average rat io of the execution times of DOT1 to

those of the in-line code.

N 1 2 10 50 75 100

opt = 0 2.68 
- 

2.09 1.22 1.00 1.00 1.00

opt 2 It .72 3.61 1.77 1.13 1.07 1.05

Tab le 1

L _  _ _ _- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Second, in-l ine code and a subrout ine  I)0T2( N ,A , B, DPROD ,X1 ,X~c,. . . ,X12)

were wr i t t en , to compute the scalar product of the vectors A and B as

before , and also to assign the values of some simple ari thmetic expressions

to the scalar variables Xl ,X2, .  . ., X12. The in-line code and calls to DOT2

were executed repeatedly, exact ly as in the p revious case. Table 2 gives

the ave rage ratio of execution times for DOT2 to those of the equivalent

in-l ine code.

N 1 2 10 50 75 100

opt = 0 1.89 1.78 l.3i1~ 1.03 1.00 1.00

opt = 2. 10 2.0~4 1.68 1.21 1.1)4 1.10

Table 2

It should be stressed that the values in Tables 1 and 2 were computed

in a multi- programming environm ent, and are inevitably subject to a lack

of high precision; however , the ratios for the various cases fluctuated

onl y in the hu ndredt h s p lace , so that they are reasonabl y accu rate fo r

this machine. One must a lways be cautious in drawing general conclusions

f rom the results of a particular timing experiment , which depend on the

compiler as well as the machine. Nonetheless, the results correspond to

a priori expectations , and allow at least a rough measure of the desired

phenomenon.

For these examples, the increase in execution time a t t r ibu tab le  to a

sub rout ine  call is very s u b s t a n t i a l  for small N , not iceable  fo r modera te N ,
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Tho following difficulties musL be considered in deciding whe ther to

create a sing le a u x i l i a r y  rou t ine  to carry out r e l a t ed  but  s l igh t l y dif-

forent computations :

(a) the length of the calling sequence nay increase;

( b )  the source coue bod y of the  rou t ine  may be l a rge r ;

(c m the execut ion  t imc of the routine may increase because of add i-

tiona l logic or computation to provide flexibilit y (e.g. , testing

of parameter values).

Concerning (a), time following experiment, similar to tha t de scribed

in Section 3.1.1, was designed to ob tain some measure of the increase in

execution time due to longer calling sequences. A subroutine

DOT3(N .A, B , DPROD ,X 1,X2 , ..  . ,X lb) ,  with  1- parameters , was wr i t t en  to compute

the scalar product of the vectors A and B , and to assign this value to

the variable DPROD. The scalar variables Xl,X2,.. ., Xl2 are unal tered by

1)013, and thus the ratio of execution time for DOT3 to that of DOTI (Section

7. 1) should indicate the effect on execution time of lb additional forma l

parameters.

Exact l y as for  the o ther  exper iments , tile ca l l s  to DOT 1 and DOT3 were

e:-:ccuted repeatedl y for various values of N . Table 3 gives the average

ra t i o -  of execut ic ’n times for calls to DOT3 to those of DOTE .

N I II) (3 1-

opt Ii l. - -~) l.b5 l~ 1:: 1. 1)- i 1. 1 .-JO

opt -- 1. ~ln 1.31 1.. ’) l .7 m ~ 1. ) 1. - � -

Table 3
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and ( possibl y) the appropr ia te  de r iva t ives .  There fo re , the  l i b r a ry  routines

need to contain a mechanism for obtaining from the use r  the i n f o r m a t i o n

required to proceed wi th the computa t ion , amid i t  must  be considered how

this communication should take place.

An in i t i a l  problem is the ac tua l  control  s t r u c t u r e  tha t connects  the

rout ines  of the l ibrary  and the  user. In most s imilar app l ica t ions  ( such

as quadra ture  or ord ina ry differential equations), the user supp lies sub-

routines that  de f ine  the problem func t i ons , and these subrout ines  are

called b y the l ibrary rout ines ; this control  s t ru c tu re  is used in the

present l ibrary.  An a l t e rna t ive  approach , used by Lawson and Krogh (see

Krogh, 1) 9) ,  is termed ‘reverse communication ” , where the library routine

returns control to the user whenever information is required. A closely

related s t ra tegy is included in one aspect of the l ibrary  desi gn (see

Section 14. 1+) ,  but not at the outermost  level.

The next question that arises is at what leve l the library routines

should communicate with the user. Because the l ibrary subroutines wi l l

cal l  the user- supp lied routine s, the latter must be def ined wi th  a fixed

ca l l ing  sequence. The composition of this ca l l i ng  sequence , and the means

of interface with the library routines, pose some interesting issues , whi ch

are best illustrated by a detailed example.

Consider the case of the library subroutine QNNDER (Gill et al ., l)(5a),

an imp lementat ion of a revised quasi- Newton method for uncons t ra ined  opti-

mization that uses exact gradients (see Gill and Murray, 1972). The parame-

ter l i s t  of QNM DER contains a forma l parameter  SFUN , a subrout ine  which is

cal led w i t h i n  QNMDER whenever i n f o r m a t i o n  concern ing  the f u n c t i o n  to be

min imized  or i t s  g rad ien t  is requi red . I t  was decided that  the same

p. — 
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s u b r o u t i n e  ~ NNDER should  nu t  be altered simp ly to ;: ak’ i t  c o m p a t i b l e  wi th

the ‘ e a sy -  t o — u - C  ve r s i o n .  h ence , a library subroutine, named SFUN , is

p ro vi ded  t o  serve as the p~lr d n i e t e r  c o r re s p o n d i n g  to S1-’IJN in the “easy— to

use ” c a l l  of QNMDER. The subroutine SFUN-o then calls the user- supp lied

routine , which now must have not only a fixed calling sequence , but also

a designated name, Fl . The aalli ng sequence of FUN2 is then of the

minima l form F1 N ~~( N , X , F , G) , where  N is the number of variables, X is

the vector of variables , F is the function value and C the gradient

vector evaluated at X

S imilar conventions are observed throu ghout the library in order to

communicate with the user. The existence of two levels at which the user ’ s

routines are called — directly (with fixed calling sequence) and indirectly

(wi th fixed calling sequence and designated names) — allows both flexi-

bility in the general case and simp lici ty in the “easy- to-use ” case. The

req uiremen t of a designa ted name n the “simple ” case makes it less con-

venient for the user to call the “easy- to-use” library routines to mini-

mize different functions during the same run, but this sacrifice was

believed to be insignificant in ligh t of the extreme complication of pro-

viding “easy- to-use” routines withou t such a restriction.

3.9 Documenta t ion

The importance of good documentation is always stressed in d i scuss ions

of mathematical software (see , f or example , Shampine , Watts and Davenpor t ,

).
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I ,. A i)t’tmiIlml d I l l u s t r a t i o n  — imp l em e n t a t i o n  o f  u h t e j — L c - n g t h  A l g o r i t h m

I Need for  a o t j~~~~~ atli aL turithm

A s tep— l’~ngth a i gu r i t h m i m  C ’ ml he def i ,o-1 in :‘encral t rmln as a pro—

cedure that so lves the following pr ob Iern : gi -con an initial point , x

and a direction , p , f ind a p o s i t i v e  s c al ar  s tep - I  al ong p , such

that at x i- ‘p certain conditions arc satisfied with respe ct to those

conditions at x . In a l l  the cases to be consiiered here, the desired

step can be viewed as an approximation in some sense to m~ , a local

minimum of a specified function, say ~ (x) , along the given direct ion.

A step- length al gorithm is involved as a sub- step in almost all

unconstrained optimization algorithms . This point is emphasized be-

cause there exists a misunderstandin g that a step- length algorithm, or

“line search”, is equivalent to a procedure  to locate a hi ghl y accurate

estimate of ot for the given ~ . For examp le , an advantage of

Davidon ’ s “ op t ima l l y condi t ioned”  q u a s i - N c w ton  al gori thm David on ,

] f 1 ’5) is said to be that i t  r equ i res  ‘ no l ine searches ” (ilillstrom , l~~(’~;

Nazare th , 1 .1 ( 1  ) .  However , any method  tha t  does m a t  a l t e r  t ime  search

direction during an iteration, yet requires a decrease in some 0 (x )  a t

each iteration , mus t .ofltain a step— length algorithm ; such a method

could be uescr ihc d  as “withou t l ine  searches ” onl y if i t  required one

f u n c t i o n / gr ad i en t  e’ alua,tion per iteration withou t exception.

A s tep-  l eng th  a l g o r i t h m  appears  no t  onl y in me thods for  genera l

u n c o n s t r a i n e d  o p t i m i z a t i o n, b i l L  in many o ther  appl ica t i ons as w e l l .

I i i  l i n e a r l y c o n s t r a i n e d  pr o l mie r n s , the s tep  l e n g t h  is f r e q u e n t l y chosen



either to satisfy some termination criteri a with respect to the üb jective

function, or as the maximum feasible step. For nonli nearl y constraine d

problems , the termination of the step—Le ngth algor ith imm may be b ased  on

some modified function that involves the original objective and con-

straint functions. The step- length al gorithms in the library should ,

therefore , be imp lemented wi th the intention that they will be required

in widely varying contexts.

11.2 Choice of a ste~p -length al gorithm

In this section we note the results in the library desi gn of a par-

ticular deci8ion to retain flexibility.

Good step— length algorithms are typically based on safeguarded

parabolic or cubic approximations to the behavior of the given function

along the search direction (see Gill and Murray, l97l~a); the cubic pro-

cedure utilizes function and gradient values at every trial point , wh ile

the parabolic procedure uses only function values except possibly at the

initial point. The choice of a parabolic or cubic me thod is sometimes

straightforward. For examp le, withi n a Newton- type al gorithm based on

exact or differenced second derivatives , the slightl y more robust cubic

step-length algorithm is always used , since the cos t of evaluating the

gradient at every trial point in addi tion to the function is assumed to

be reasonable. On the other hand , within an al gorithm based on finite-

differen ce approximations to first derivatives , the parabolic algorithm

is chosen because of the excessive cost of the n function evaluations

required to estimate the gradient as the step-length algorithm proceeds.

Id
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However , w i t h  a quasi- Ne wton n t e t i -~ -~.1 tha t U ’~eS anal ytic gradients ,

th~ bes t  choice of s t e p — l e n g t h  al g r i t h m  ( “bes t ” in the sense  of “ w i t h

f a s t e s t  execut ion  l ime ”) depends on the exp en e involved  in computation

of the gradient  vector re la t ive  to a c a l c u l a t i o n  of the f u n c t i o n  value,

since the parabolic method will normally lead to faster execution time if

c’ I c u l at i o n  of the gradient is s i g n i f i c a n t ly more expensive than evalua-

zion of the func t ion .  When developing ‘the l ibrary rout ines  for this case ,

i t  was f e l t  that the choice of s t e p — l e n g t h  a l gori thm shou ld  not be made

a priori for the knowled geable user ( i n  contrast  to the “easy- to-use ” case;

see Section 3. C ) .

The inclusion of this f l e x i b i l i t y  has several imp lications with regard

to the programming de ta i l  wi th in  the relevant routines.  First, the name of

a s tep- length  subroutine mL st  be included as a formal parameter in the

calling sequence of the library subroutines within which the choice is

permitted. Second, because either method can be chosen, the calling se-

quences of the subroutines that carry out both the parabolic and cubic

procedures must be the same . Final ly, special logic  needs to be inc luded

in the calling subroutine s to test which method was selected , so that the

necessary gradients can be compu ted upon termination of each line search

if the parabolic me thod was used. Throughout the library, there are simi-

lar instances where non- obvious consequences follow an apparentl y simple

design decision.

) c .5 Provision of u ser -def imied parame ters

The c a l l i n g  sequences of several general  op t imiza t ion  subroutines

inc lude two parameters that define in part the termination criteria of
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~!e  ~ t~~ i — f  n ’th al  r irhm Hc’c~’ w ‘ c I t  i - f - - c  wh y t i m t .  - ; ‘  t w o  specific

l~-ve l s of i I c - x i h i l i t v  L i v e  beor’ prov ide d.

m i r st  p i r a :~o - r  r , ( F I A )  , 0 ‘ ‘ I , controls the accuracy

to which Llmt ~ st’ p— i e mi 1 ’th  pro c~’dur - 1oc -i L e ’.~ a loca l  minimu m of the given

function ,tlL ’O.~ ti me sedrc~m d rection . Let ~5 denote the function to be

!‘ -j n j  v i : ~e’d , ‘m d  l e t  g de r m o i o  I ~ p r o  ~eeted gradient along the search

d i r e c t i o n .  For t i m e  cub ic  va~~t’ , the step—length al gorithm normally

t e r m i n a t e s  w i  t i m  i f :

[~~x t m p ) i K -
~

For the quadra t i c  case , the aloorithm normall y terminates when a local

minimum of -~ a l o n g  p is known to be con ta ined  in the interval  [a ,b]

and

~

i .e. , when th o I I :~ in :-~ed aI’;~r~
-:
~ir~2t.Iu n to Lht projected gradien t a t

x - t- -:‘p s a t i s f ie s  the saint’ t e s t  a’~ g( x -t- - p) in time cubic case.

The computation time required to solve a given problem will vary

w i t h  the ch ’i , ~c of ‘ ; r e d u c i n g  tends  to decrease the number of

i t e r a t i o n s , but i ie r eu ~ie the number  of eva lua t i ons  of the p rob lem func-

tions , w it h  the r~~’.’ - r s e  e t f . c c t  From -n i n c r ea s ing  ‘
~ 

. The “bes t ” value

of ~~ ( t h a t  a~~lows the  p rob l e o m to  b~ solved in the s h o r t e s t  t ime)  de-

pends on the  p r o b l e m .  The v a r i a t i on  in the op t i m a l 
~ 

is small for

most  p r o h l e - s , and there  is u s u a l l y l i t t l e  decrease in e f f i c i e n c y  if

is set  t o an averaged  o p t i m a l v a l u e  based on e x t e n s i v e  computa t iona l 
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expe r imen ta t ion  (as  in the easy- to -usc  r o u t i n e s ) .  However , on some cate-

gories  of problems , the op t ima l  value of may differ significantly

from this average, in such instances , a considerable  improvement results

by a l l owing  the user the freedom to a d j u s t  r~ tø su i t  the problem , and

consequently the parameter ETA is retained in the calling sequence.

The second parameter to be considered, which strongly influences

the performance of the step-length algorithm, is X (STEPMX) , an upper

bound on the norm of the step to be taken during any i terat ion ( i . e . , the

f inal  a must satisfy jjap~ < X ) .  There are several reasons for includ-

ing this parameter in the s tep- length al gorithm:

( 1) to prevent overflow in the user-supplied problem funct ion

subroutine ;

(2) to increase efficiency by evaluating the problem functions

only at “sensible” values of x ;

(3) to prevent the s tep-length algorithm from returning an

inordinately large step because no smaller step sat isf ies  the

relevant convergence criteria. It is not always appreciated

that , even if a func t ion  is unimodal in E~ , there may exist

direct ions along which i t  is monoton ica ll y decreasing;

(h )  to a t tempt  to force convergence to the local minimum nearest

to the in i t i a l  es t imate .

liecause the user should be in the best  pos i t ion  to specif y a good

choice of ~ , t h i s  parameter is also inc luded in the outermost  calling

sequence.  For the easy- to-use rou t ines , however , X is au tomat ica l ly

(0 )  . . . .set at maxt lo, x i - i  , where x is the in i t i a l  value of x . This

—_ -~~~~~~~~~~~— - r ~~- - - ~~~~~~~~~.-~~ -’ -~~~~~~~~~ ,~~~~~~~~~~ , 
_____ ______
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choice  o i A is dependent  on the ~~r o t)  I em s c a l i n g,  an-I  hen ce the per—

formanco of the easy- t’—use routine s may he’ degraded on badl y sca led

problems .

Li Control  s t ruc tu re  fo r  a s t e p — l e n g t h  al gor i thm

A s t e p — l e n g t h  a l g o r i t h m  should be implemented  wi th  the knowled ge

tha t  i t  w i l l  appear a lmos t u n i v e r s a l ly throughou t the l ibrary (see

Scation 1~.l). Conceptually, the execut ion  of a given s tep-length pro-

cedure is identical in any context, and one might hope to implement the

parabolic and cubic step- length algorithms as invariant subroutines;

this section considers the comp lications of such an implementation,

which in i t i a l ly seems s t ra igh t fo rward .

One significan t element of a step-length algorithm involves the

retention and communication of information . In the unconstrained cast’,

the values of the objective function and its gradient vector at the best

point must  be stored as the l inear search pr oceeds , to be communicated to

the outer  i te ra t ion upon t e rmina t ion .  Because the best p o i n t  found is

not  necessari l y the most  r ecen t  poin t  at which the function was evaluated ,

the step-length routine also requires s torage to contain the most recent

function and gradient values. In th is  con tex t , the i n f o r m a t i o n  to be

retained during execution of each linear search involves only the func-

tion upon which the termination criteria of the step-length algori thm are

based (hereinafter referred to as the ‘intermediate function”). h owever ,

in other instances the information associated with a trial point is not

restricted to the value and gradient of the intermediate function. For

_ _ _ _ _



example , i n  the n o n l i ne a r  least squares case , t h e  Jacobian ma t r ix  should be

r e t a i n e d ;  in n o n l i n e a r l y c on s t r a i n e d  prob l ems , t h e  data  to be s tored include

at  the le5st  the v a l u e s  and ~ra~I i e n t s  o f  t h e  or ig ina l o b j e c t i v e  and con-

s t r a i n t  functions. It is d i f f i c : l L  t m ’ imnagimic an i nva r i an t  s t e p — l e n g t h

subroutine that would be s u i t a b l e  f e m r  a l l  s i t u a t i o n s, wi thou t  resort  to

p r m i ~’ramx n~ m m ~ con tm rtio ris invo lvintt comp lex storage arrangements. The neces—

sitv of c omm u n i c a t i n g  v a ry ing sets of information eliminates the desira-

bility of deve lop ing a universal step-length module.

However , i t  is poss ib le  to i so la te  a second element of a s t ep- leng th

algor i thm that  is not dependent  on the informat ion  connected with each

point; this aspect is the calcu lation of the next trial point, which is

based on a safeguard ed po lynom ial approx ima tion pr ocedure, and utilizes

quantities relevant only to the intermediate function. Consequently, the

library contains fixed subroutines to imp lement this second, problem—

independen t , po r t ion  of the step-length algorithms.

The fixed subroutines are NEWPTC ( G i l l  et al . , lJTbb ) and N EWP TQ

( G i l l  c’t a l .  , I - - a), which carry out a sing le iteration of a step-length

procedure ; NEWPTC computes  the ne~:t t r i a l  po in t  based on safeguarded cubic

app rox ima t ion , wh i l e  NEWPTQ uses safeguarded  quadra t ic  approximat ion.  The

s t e p - l e n g t h  procedure  f or a given app lication involves repeated calls to

one or the other  of these modules  by an outer  c o n t ro l l i n g  subrout ine , which

is ta i lored to the p a r t i c u l a r  c o n t e x t ;  t h e  o u te r  r o u t i n e  r e t a ins  the neces-

sary i n f o r m at i o n  as the i ter a t i o n  proceeds , ami d pr ’vides NEWPTC and NEWPT Q

wi th  the  ealue ( a n d  poss ib l y p r o j e c t e d  gr a d i e n t , i i i  t he  i n t e r m e d i a t e  func-

t ion  at  each new p o i n t .  in t h i s  way , a l l  c a l l s  L u s e r - s u p p l i e d  or l i b ra ry

~~~~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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routines that define the prohiem functions ’~ c u r  ou t s i d e  Ni -~W i” fC ari d NEWP ’I~~.

Such a contro l structure was suggested i-my th e “rev er~ € communication ’

mechanism of Lawson and 1<i ogh , dis p layed in the dif1m-re ’it t i~~1 equaL ‘e m

solver DVIJQ ( see  Krogh, l9~ i ) .

The displeasing feature of the chosen arrangement is that a parameter

of NEWPTC and NE’..IPTQ must indicate whether the current call is the first

w i t h i n  an i ter a t i o n , z~nd whether  certain other special conditions hold.

The concept of control definad by a co—rou t ine  ( s ee  Dahi and Hoare , l m 7 ~~)

would be a more accurate reflection of the nature of the step-length

al gorithm, but does not exist in current Fortran.

The overwhe lm ing advantage of the given design is the separa tion of

the two distinct tasks of obtaining the next trial point and maintaining

the associated information. The imp lementation of the inner logic of the

step-length algorithms — safeguarded cubic or parabolic approximation —

thus is independent of the dimensionality and data structures of the par-

ticular optimization problem within which a step-length procedure is

required.—

~~~~~~~~ ~~~~~~~~
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Conclus ion

The des ign p r i n c i p les u n d e r ly i n g  an op t i mi z at i on  program l ib ra ry

have been presented , in order to ind ica te  t h e  kinds of cons ide ra t ions

and compromises involved in such a major software project. It is

impossible to achieve a “perfect ” library, but at least every decision

in the present system has been made based on an analysis of the same

set of aims . There will inevitably be unforeseeable future developments

and modifications ; in fact, many changes have already oc cu rred since the

first routines were produced in l9 (i~. However , it is hoped that the care

put into the library design will continue to allow consistent and well-

structured extensions .
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App end ix~~~~~~e~~amp le of d o c U m c i m t a t i O ~~

S U B R O U T I N E  UCN D Q 1

An easy— to-use quasi-Newton algorithm -n t i m  f i n d

the uncons t ra ined  minimum of a f u n c t i o n  of

N var iabl es us ing  f u n c t i o n  values  onl y.

P h i L ip E. Gill , Walter Murray, Susan M. dic ~ c S

Margaret II. Wrigh t and Hazel  ~-ml. Barber

R e f .  No. ELi/ lO / 0/F or t r an/ l l/ ’

NPL ALGORITHMS LIBRARY Fortran SUBROU ’I’INE UCNDQ 1

1. Purpose

To minimize a funct ion  F (x l , x:-~, . .  . ,xN) of the N independent

variables xl ,x2, . ..,xN, us ing  a quasi- Newton method. The sub-

routine UCNDQ1 is intended for functions which are continuous and

which have continuous first and second derivatives (although it will

usually work if the d erivatives have occasional discontinuities).

The user  mus t  sup p l’~’ an i n i t i a l  e s t im a t e  of the pos i t i on  of a

minimum and a s u b r o u t i n e  wh ich  w i l l  c a l c u l a t e  F ( x )  at any poin t

x -
~ ( x l , x , ... , x ’.) .  T r is ess e nt i a l  t ha t  the s u b r o u t i n e  supp lied by

the user has t h e  n~e - c  tT~. 1 and l o ~ t h t  cor r ec t  s p e c i f i c a t i o n .

SIIBROU rI N E FJCN~X~’l 
j s  an a ’~v- t o — u s e  v er s i o n  of SUBROUTINE QNN DIF ,

LPI. AL- - U R I  ‘E’~d I Lk~~R f  R e f .  ‘~o. I , / d .  /F and is intended for users

who have ab~ o L .t~~lv no knowled go of e i t h e r  o p t im i z a t i o n  or the

U— - - - 
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Lc’ ’ l i i v j  - i l  of their problem. I t  mu st  b e -  e ’mph a s i sc  d t h at  a m i n i m i z a t i o n

m dk m a lways  be performed ,liore e fficientl y if the SUB R OUTINE QN~-1D1F is

Us ed and the parameters  a r e -  c I l i 5 c m ~ t o  s u i t  the p rob l em be ing  so lved .

T h e  u ser  should  a lso be aware of the a l t e rna t i ve s  to SUBROU TINE

UCNDQ1. The SU B R O I ’ T IN E  ~‘cF~) Q ,  N PL ALGOR IThMS LIBRARY Ref .  No.

E - ./ 2 ’ m , I’ , is a vai l a b l e  whi d requires the user to calculate f u n c t i o n

and g r a d i e ’m m t  v a lue s .  There is also SUBROUTINE UCFDN I’ , NPL ALC ORITW~1S

LIBRAR Y ~e f .  No. li2~/O8,’F, ~m ’hmic h  r equ i res  the user  to ca lcu la te  func-

t ion and g r ad i en t  values , and SUBROUTINE UCSDN2 , NPL ALGORITHM S

LIBRARY Ref.  No. ELi/07/F, a similar rou tine, except that it also

requires the user to calculate second derivatives.

2. Description

From a star ting po int supp lied by the user, a seq uence of points

is generated which is intended to converge to a local m in imum of

F~ x ) .  These points are generated us ing  est imates of the gradient

and curvature of the objective function. Finally, an attempt is

made to ve r i fy  that the f ina l  point is a minimum.

S p e c i f i c a t i o n

SUBROUTINE UCN ~~~l ( N , X , F , IFAIL , W , LW)

INTEGER N , [FAI L, LW

REAL F

REA L x( N ) , w( Lw )

50
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1 .  i ’ a rLt m. c te’r,

1 npl m t ~~~~~~~ t~ ~ - r

N — tNlEtd - ’l~, a c’u u s t ,  L / I l ’ e~~ m I T - i i -  S t ’~~ 111 m - f l t ~~~.’ t m  t I l e-

numb e r ~ { f u m E  p e t l o e n t  ‘ ; - e r i  dde ’ i n  ihc f e m i m e t  j i ’ ~~i tO  OC

1nlnt~ i~ cd.

In p u t  and o u Lp u t  ~a roi , m I or

X — RL\ I Fru - , S I  I~ - i 1

Ott entry to LWNIX~l, X ( j )  I L  u L~~vo ~ e :& ‘~ i t  by LI t -  u ser  to

an e st i l n a t e  o [ i L  J L I i  O m !li~~. m  1, f l1 of Liii ~o s f c i o n  ) j  L i i C

minimum ( J  — l , , .. . , N ) .

A f t e r  a norma l cxi t , x( J) c o n t a i n s  t~~e- ,k h coc~o c i e e n t  of

the  pos i t i on  of t h e  minimu m .

Output  parameters

F — REAL. On ex i t , F gives the va lue  c i -  L x )  c o r re s p o n d i n g

to the f inal poin t  s tored in >1

IFAIT . — TNTFG [I&. On ex it , IFA I L  = i m i d i c - -t ’Les  a suc c ess f u l c a l l

of the s u b r o u t in e  l J ( N l ~~ l. For oL Lm -r ex i t  values of IFAIL

and the i r  rneo n ings  S e C  Fr r or  I n d i c a t o r s .  • l ~. The us c ir

mus t  t e s t  L I i e  v a l u e  of  I F A I L  to d e t e rm i n e -  whethe r_ the

s u b r o u tin e  has  run s u c ce s s fu hiy.

Workspace  pa ramete rs

— REAL ar ray of L o n g t t t  LU , used as wor U -Ipace by I ’ C N P Q I .

E lem ein t s  of W used b y W NIY ~ l arc U :- ’ J ) ,  J— I , : 1 l - N ~~~~~,~~~~i

or J - I , 2 , . . . , I I  if  N _ - I .

d l
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LW — N ’ E ’ Em f f - , d c O nS t - 1f l t  w h i ch  g iven  I is.- a c t u a l  I er ig t h i  of the

ur r a y  W as declared in the  progr rt~m m u n i t  L r m u m m  which UCN D Q 1

is c a l  led . l i m b  i i ,ulmm ’r m n m i s t .  b e a t  I - s . t - - ; t L N  ÷

or i i  i f  N -~~ 1.

5. Us er supp l ied  s u br a ut in e

I - m I N I  - I i  is asse n ti a l  t hat  the subrou t ine  supp lied b y the user

tel c a L c u l a L e  the value of tile f u n c t i o n  has the name l - L N I

and has LIi ~- s p e c i f i c a t i o n : —

~ L’l 3 R u L T t N E  FUNI ( N , X , F)

INTEGER N

REA L F

REAL x(N)

The func t i on  value at the point defined by the array X ( I ) ,

I = l,~~, . . . ,N mus t  be st ored in F.

The e lements  of the array X and the in teger  N must  not be

al tered in FUN I .

(. Error Ind ica to r s

IFAI L = 1, p arameter  ou t s ide  expected  range . This f a i l u r e  w i l l

occur i f , on en t ry,  N<l , LW~c( lC -~N i- N N - l ) / 2 )  or LW<ll if

N 1.

IFAIL - 2, there have been I~L N  f u n c t i o n  e v a l u a t i o n s , yet  the

a l I ~o r i t l I m  does not  seem to b~ c ~~ver g ing .  The c a l c u l a t i o n s

can be r e st :i rt ed  f rom the f i n a l p o i n t  h e l d  in X.  The er ror

‘nay a l so  i n d i ca t ~ t h a t  F ( x )  has no min imum.  

- -



IFAIL ‘~~, t i i t i  c Om l ( !i tL o e . . ,  i m ~i’ d L I I  j au n t  h a j m ’  no t  a l l  been met

but  a lower p O i n t  L O U  l~ i not  i-c found and Li me r m m i i m i m i z a t i o n

has f a i l e d .

IFAIL = ~~, an o v e r f l o w  has occurred d u r i ng  the  L O H l p l l t a t  i o f l.  T h t j  0

is an u n l i ke L y fa i  lure , bu t  if i t  occurs  ti m e us ’ r should

restart at t:it~~~ l a t e s t  p o i n t  given iii X.

IFAIL. = 
~~~, 

the cond i t i ons  for a minimum have not a l l  been met

but  the min imiza t ion  has probab ly worked .

IFAIL e , the condi t ions  for  a minimum have not a l l been met

but  the min imiza t ion  has poss ib l y worked.

IFAIL = 7, the condi t ions  for a minimum have not a l l  been met

and the minimization is unlikely to have worked.

IFAIL = 3, the conditions for a minimum have not all been met

and the min imiza t ion  is very  unlikely to have worked.

If the user is unsatisfied with the solution it is worth restarting

the calculations from a different starting point (not the point at

which the failure occurred) in order to avoid the region which

caused the fa i lure .  If p e r s i s t e n t  t rouble  occurs and the gradient

can be calcu lated it may be advisable to use subrou t ine  UCFDQ P or

UCFDN c~ (see  Purpose) .

1. Auxi l i a ry  Rout ines

Routines named SFUN 1 , SPRNTI , DOT , LDLTS L, T’-IDCOND, Ni’~DC HI . ,  MODCH L ,

QNN D IF , APPCRD, FRMDEL and LINSCI I are ca l led  by I T CN D Q 1 .  Auxiliary

routine NEWPTQ is called by LINSCH.

The tex ts of the first two, together wi th UCN1X~1, are given in



~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~

this  document.  The t e x t s  of the o thers  are L iven in M iL ALGORIThMS

LIBRARY documents , re fe rence  numbers E) i / ~
j :/ F , E i / r :’/F , El4/O(~/F and

E)~/l5 /F.

8. Storage

There are no in ternal l y declared arrays .

9. Timing

The number of i terat ions required depends on the number of variables ,

the behaviour of F ( x )  and the distance of the s t a r t i ng  point from

the solut ion.  The number of operations performed in an iteration of

UGN DQ 1 is roughl y proportional to N**2. In addit ion, each i teration

makes at least N+l calls of FUN 1. So, unless F ( x )  can be evaluated

ve ry quickly, the run time wi l l  be dominated b y the time spent  in

FUN 1.

10. Accuracy

When a successfu l exit  is made then , for a compu te r w i t h  a

wordlength of t decimals, one wou ld expec t to ge t ab out t , - - - I

decimals accuracy in x and about t - I decimals accuracy in F ,

provided the problem is reasonably we l l  sc~~lem2

11. Further Comments

Ideally, the problem should be scaled so that  the  .n~ n c m m .im va l e

of F(x) is in the range (-1 , +1), and so that at go i nt a unit

distance away from the so lu t i on  F is app rox ima t e ly a u n i t  val-

greater than at the minimum. IL is unlikel y that the user w ili be

able to fo l low these recommendations very c l o s e ly ,  h u t  it is worth

5 )~



trviu ,g (b y guesswork), as sensibLe scaling will reduce the difficulty

of the minimizat ion prob le m , so that  UCN DQ I. w i l l  take less computer

time.

12. Keywords

Easy- to-use, function- only method, mathematical programming, maximi-

za tion, minimization, optimization, quasi-New ton method , SUBROUTINE

QNI1DIF , uncons t r a ined .

IMPLEMENTATION INFORMATION

This program (except for the first line) has been written in ANSI Fortran

and has been tested on a CDCL-500 computer.

The machine- dependent constant EPSMCH must be set in the first instruction

in SUBROUTINE UCNDQ 1, in SUBROUTINE QNMDIF , in SUBROUTINE APPGR D, in

SUBROUTINE NMDCI-IL, and in SUBROUTINE FRNDEL. The machine- dependent cons tant

RNAX must be set at the beginning of SUBROUTINE QNNDIF and of SUBROUTINE

MODCHL. The cons tant F.PSMCH is the smal les t  positive real number such

that  1.0 ÷ EPSMCH > 1.0, and RNAX is the largest posit ive real number

such that both RNAX and -RNAX can be held in the machine. The example

program has set EPSMCH 2.OE-f0’’ (-i~7), and R}4AX = 1.0E÷2 ~~~ wh ich are

tr~e correct valu es for the CDC 6~oo computer.

EXAMPLE

Minimize the function

F’(xl,x2,x~ ,xi;) = (x l  -~ 1O.O~x2)~-*2 + 5. -~ ’(x~ — x l~)~ . -~ - ( xk  —

+ [(D . O*(x l  -

s t a r t i ng  from the initial estimate X = (~ .o , -1.0 , O . ’t , 1.0) .

--
-

~

-
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This problem has the so lu t ion  1-L x) o. L a t  x = (o.o , 0.0, 0.0 , 0 .0 ),

and is rather difficult in that the prob le m has a ln-’~g valley along

which the func t ion  is s lowly  vary ing.

PROCEIXJ RES AND EXAMPLE PROGRAM TEXT

Now fo l lows the text  of

a) the program for the examp le problem ,

b) a user spec i f i ed  subrou t ine  FUN 1, calcu la t ing  the f u n c t i o n  value of

t u e  examp le problem ,

C) the  subrout ine  U CN ~JQl ,

d) two auxi l iary  subrout ines  SFUNI and SPRNT1.

The other a u x i l i a r y  rou t ines  requ i red  may be found in NPL ALGORIThM S

LIBRARY documents reference numbers E- ’ /~) [ ’F , El~/03/F, EJ-L/QC/F and

E1. /l :~ /F.

This program has been run successfull y on a CDC E500 computer.
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ABSTRACT

This paper discusses in substantial detail the design principles and

structu re ci an exist ing Fortran program library whose primary appli-

ca t ion  is t o  solve optimization problems . Such a discussion not

only helps to clarify the scope of application for potential users of

the l i b r a ry , but also is useful for workers on other software projects.

The fundamental  objectives of the present l ibrary have been to produce

sound , carefu l  implementations of reliable methods that represent

the state of the art in numerical optimization . The general 1mph —

cations of these overall design aims are presented , as well as

specific instances of the results of decisions to include particular

desirable features.
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