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j :  ~~~t~ 1 1. Co •
Devar : ’ic~~;t ~S .

St~~ J ’~r.I iv: ~~~~~~ ~~t c : ? ~~rc’ , C’:z ~: c ~~

1. i r ~o:~’c ~ ~~

Q ; c ’c i lr a t i r :  p r rsc[n~ ~nd L i r e a r  c~ r i  m ’o  a r i ty  ~~ e ~‘s~ c i r ~~~, related

r~ t h c’~~t~ ra1 nrc~ ra~r.~r~ , : ‘ ~~C~~~b~~~~ ~~c: ~v i o s  :t r c n .  c’ e~ c ’ ~n o  i:~

~~~~ r a s t i cit v , ~ot ~cc~L 1 as ot~o.r :r~ rr~:/ ‘~~stan t ~i :clo.i ; n€~~. The a~ m
0: ~~~~ p ape r  is to r r~ v i i t~ a ~e r o ’ Th’ -r luc i t~ the~ c : ~~ t : .

ion Ic: i c l i~~~i’~ teJ ‘~ fot~us.,ed ~r. i ~s , t h -  ::: e bei~
t :- omrunica~~ the i:~~ ic ~Leor~~ I c.-~1 •~r ~ ‘o ritL  .: c ::oncep~ : O:~ to ~~ —

cate ~Th e re t°c readec’ ‘,
~~y t ur r ~ fur  :‘~~r e  ~~~~ii !s.

The dI~ cus.~ n O~ icc ~ d ra t i c  prOc’ra:o’lng ~‘ ien here Is essontially

li”,ited to the convex ~:ase. Fortunately , this cc7ers r’o:~t of  t~ e comoonly

er~ccunt~cre d app licat ions of QP. The ~i.~velopment includes L jv ~-s ent at ion

of the optimalit.y cc i~ t I cns  and the const ruction of dual qu a l r st i c  p ro —

gr:1ms . A few of the many available convex 4cadr~.tic programnirg algorithms

are also described.

The conside:’at~ cn of oi~t i r a l i t y  conditions in QP ~i’.€ :  r i se to the

formulation of’ the l:~:iear corspietnentarity probler . mc LC~ Is a useful

f~’a~ework within which the Q~ and i~~c associated c~~~o thr cr ear: cc s tudied.

However , the LCP ari::ec in other ways, too . Some hi ghli ghts of the theory

ao~ a S . ccth :~ of pr~ r.cir ~a~ ~~opJ 2 ’ ~ona iouvrs ar~ r~sse::hJ ed I:

t L i ~ paper.

In some ap :1icat Thns, it is ~cec r ~:’ ~ary to rolve a paranc-tric QP or
LCP Such prohlerr.s ar ’c- discussed herc -  frc:n the ~ ‘ i ret i~~a~ ~~~ cc ’r .pu ’i—

t ccrcc l r t ar ~h c i nt~~.

Potential crc -cc  of  Q,P and LOl ’ software wi 1 ~c fir . i r~’Jy  Le ~~~ ‘~r —

e r r ed  it’. w~.ot can hr e x t e r c e d  it’, rr’r c~ ‘ r r: u c t r  cr .r r i f ’  c i~ - c v .  LIc e

a’;r~~i~ .b i e  ~r ’ r:r ’j t~~~: :5  h i c  1:’ r ~, c c h ai . Le’ v~~r tb ~ r : c , an att errr.
h- .: been macl i- t .~ SuuLc ’Lc j  5’.: ~h’,t ha,; i 5 c r ;  .rtc -K. ci ohe literc ’ r’’

r0r reasons o~ s r -~cc , the p r c : f  .: of lhc -  c~ or•.:mcc ~~~~ ‘r e  are

c-ac t .t.c’d , cut ~ccey ccs  to f r o n d  crc  the c~~ c - t  re fc - :’’ ‘ E c .  As for ‘ : . e ci l i c

e~. ’ r o e r i n ~ i l a s t i c i 4 v c p l i c a t  t cnc ; , ‘ran w i l l  be ~ uc- ci in  r h o  !.or ~~‘ t o r e

c-I ‘Ycce t c d i n ~ ;;, so thee ’:  ~-.:u reer ; te be no po int I n ~e’~~, ’ t o n I t c ~ ~ ~~
tt .r ar t i e c ~: d e v c 1 -p i r o c  t.te~ aga in .  I. ‘
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4: . ’ ; ‘ ‘  :‘~~~~~‘ ~~~~~~~ I C  ~ J ] . ;‘ :

a . ’ .: l u~’’ .cc.: ’ n ,~ ~ ; t h a t i r s  of ‘.:~ l t . ’:, n ’. ’:’ i . ‘ ; c c . : r i ’  ‘, SC’  r rn r : d

‘~ i t l c  th. :cctr ~Io cci ;rion ~~~c ; r i x . c . : . . ’ ~;~) 0: ’ a q u c t f c r i ’ i c  1..c:. ’r . .:, of nan j
to l1r~i . tc ~ c’.:a.~l I a : : ’ I  A .  a c ’u~ ’’ , rch co:r l i L e ;~r’ “ cA -

c t i ’  ~‘ c t c ;  r c c ) t o I e  ; r ,c.’ . c , . i1 Y e. ’ . Ire ’ ’ ’ ’. , :‘ . s  t h o  ‘ a n t . ‘ j :it of .:.o~~’y ,  i t

f l . .3c: i l : 1’. ti . f l ’.’ei ’. r~:cy 3 I r e n e  Cc ’r ’.; ’al : . ’ to I ; :  - ‘j r i n e q u a 3 i t i r s  in

I :: . ~ ~I ly e  v o r i rb i e~ 11cr ‘c~ i ,er c tO S 1 . - c  , the  -‘  ta tonc’nt  of’ t h e  q aad—

rat ic  progranixning p;. : bIer ; c l i i  be

minimize ~~~~~~~~~~ (1)

subject to A x I L

x >  0
In this  for’ irc uiaoi en ,

A ~~ 1
mXn 

~~, E 1n 
~ E 1n 

~ ~
. 

1nX n

are :] Ven ; the quadrat ic  far ;ct ion
p.

~~ ( x ) = c x + ½ x H x
is the ob ,~ec t ive  fu n ct i u n , and the set

{ ~~€ A x < b , x~~~ O
is the con str ai nt set ( or feasible .a~~~) .  One can assume that the ma t rIx  !h

ap r e a r i n ~ i n the de f in it ion of ~f is rymr . ;o t : i c , for othe rwise , i t  cac al~rays

be repiaced b~ its sy ccmetric part , ½ (~i +

The constrai nt set C is always convex arid polyhedra , whe r eas the

‘2bj 0stlve funct ion ~ is ccsn’j ex c-n II’ ana only i f  H is p o c c i t i v e  s € -mr —

def ni te , mean ing
. 11

x H x ~ 0 fec- all x € R . (2)

Wic~ r. t :’,i r  condition ob ta ins , the QP ( 1) is calico a 
~~~~~~~~~~~ ~~~~~ ‘::~~~~ ji;~~ —

If ~ icc oos it ivo  de f in i t e , so thaI  (2) }io~ ‘ 1:  as a st r r c ~ ineq ual i ty

fo r all x ~ d , the fe n ct :  ii P i s  tr ’ :rli’ eorc’ . cr: , and (1) icc thou c r J l ed

a ‘ ci c t ]  .‘ ~ c.n v’~~ q c - ieret~ nro ;i ’ ~~~ . .  ~~en P I n,;I . r~~r c v ’.’y er  , I to  cc—

:tr. :  s t ion  ~.o C ran of 111 be convex i f  thor  sob I’: of ] cw e r  a f ’ ~~”i : 1c m t~ an

n .  At any rat s , when (2 )  Is  not valid , ~l ) is rc~:-r .only called a : rccor  Ve x

Op.

Among QP pr rh ]c rc c , the convex case is r .uot  easier to ~‘a ]  with
‘ c r } ,o° r t : 1 1 1 7  r n :  ccc . I :’odolof ’ically.  ‘cr t uj u m t l  ely , the ar: l L St. ipn ;;  of

convex 0,? arc s a f fi c i ’r i t l y  widespread I )  mak e it  ~~ “tby of :.  r ’;Ir ’rit do—

v c ] pr . - n t .  In lie a u th o r ’ s op in ion , it is of r r ’ :;t; er importance to be

c i i ”  to solve large ::crc’;ex quadrat ic  ~.ropraJr.ming problems than nonconvex A
p i ’ rbir ’nn of r c c c ] l  r ] , ’~~. /m :’eor dc’ : cr l y ,  the convexity as:- urr r ’ h ’ c  w i l l  be

‘o r fr’re]y ’ r. ~okeJ t hr o , : j’ h ou ~, t ] . i c ,  :. cc’.’ey .

2 
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A ver t ~~r x~ ~ .
~ r i b  b;  ‘cI  ~ .

~~~ ) : , (p 5~ li; aL] . ~~ “ c s t i l  t ’c

be ‘~~~~ : f~ r (i).

0 ‘‘r ,c, 1 ’ ‘ : 1 c c  . Ii.” re iI~. ’ i t . ,. ’ c i ’ ‘‘ li , ~;1c~ 1:.,:.. 1! 1,

(1) real]:.’ .s c’_ r. IT. 2. is  ~t c.’ ’TI : c I C . , ’I. Y c t  oL,, t ;f  cc ; :.p ;i’,:. c .;;

SOi ; I . i O t ~~ r : , , .r r~ , c tu’ :t  I , .;’J ’t r .  C i k ’ tj i :Oi s ; 1o tj ~~;: ‘~~:
‘.~~ ‘ t :  e , c . : ’  J A t

tmOt ;ct  of C. in  h i s  :‘ c t ’ c (  ‘t , 0 ‘ . 5 . ” c I;’ ar l i  a . . LP.  1 I: not

tie’ . . . ,  e.cry fTh: ’ it s  opt i t~~~t t 3~~’rS c 3 , , ‘ øec . .c &c . c - S i r ’::’.; .Jntr of

C. ~i1~~~le ~l] cac t r at  : 0  eec. L’s ~‘ j v S  to .. : ‘ . c . ’, ,3 ’ ’ t h a ’ t c , . ’ : ’  ox ., :t .: .~r 1—

vey : 0,,? prr n ir. nc.: w i t :  :~~t ‘h ’ ’ i n ’ o i l;’, ’ ic. ,n~ , I c i ’ : :  p.:. ’ or

ci - ‘ ‘‘ cc: ’ .: toir it . c-ol e’ n. or rio cc - ‘ . : i e r . ; . Co c d t  tI.s:; maj or  c c i ’ : cr c - c rc .

bet.c:c:I LP anti 1,7 , th “c are e’.: enc ct ; , of hroat  ~ic , 1 iar i c .:’ l it  ‘ or ‘rOe two

ci;- ’ coo  of pr :.L .liac . Ccc, ’ ‘1 th~ ;~ v I j j i’ ,.’;~p br-  o’f c O  t r~o :0 .0  t~ ’c

‘cc - r I o5;;.

3. OPTIMAL1t2 C°NhiIl ’I’Tt L AN D DUAL.li”t.

3.1. O n t i r .’tlIt ~r C o n dit i o n s .  in all h r n n c~;er: of nc.tb’,’r lii cal c ’c ’cpr’ amsii n e ,

it i s o  ~~~c -n t i cj 1 to k , c , i  i, ew to recodoize c - I c  , mp tj r . ’ S O l tt Ir O ; .  In  QP , tide

J S ti 5r v l t h  rCce i’hc] in—l ’ uckc’s’ c c , n i i  t i c-n :  I , ii . Which wc’~c- ti: nc - I  o e’o

for &nd spply to nor] b ear proprc..rc ;s of m u d ’. C reatr . c general1t~~. Tt~o prc—

s e n I o r ion of  optlr ..’il’i ,.y ~un t f I t 1  oris piven in  ch is  ~c,:~~t i c~~ is a ccc ; Lli za—

tic-ri of “Ku hn— Tucker theory ” to the QP ca se .

The following result n ;cr.;’e “ :‘,;es tir e necc o racy c o r d lt i  c cc ; of ep t l —

mai l ty for a 0,? of tb ’  fort ;; ( I ) .  The theorem is vaLid r c-gardlccs of
4~~~~. ~.~~~~~‘~~i yc- f ’ ; .m . ’ t. :cc,~~~~

~~~~~~~~~~~~~~~ 1. ‘~~ ‘ ••~~ i s  mn u ’ t i r r a l  rc :] .nti . rc to the 0,? ( 1 ) ,  thor . th e ; ’; , ex!cc t~
a v;”:tr v~ such that

C + H x * + A ~~~,*~~~~~O (3

+ ~, + = (‘i )

— ~~x*) ‘ (5)
(6)

Equations (3 )  — (6)  are called tii ’: ~~~~~~~~~~~~~~~~~~~~~~~ 
for (i~~.

Th~’rr are :cc”cc’r’a T. pni ‘:1: a .cr th n o ’. irc g abc- c. t ’c c ” m .  First , cond’i ions ( 1 4 )

and ( 5 )  are kr ,rar ’t a;; the c~ r:li ’r- ’cct.r , ,’ , ~; i r c c i .: , “ :: .  i2 ion’c . They have

the following r i~ r i f ic a nc e .  iii~~:e

2. ~ii~ 
“ i1i. y

~’ .h~~
an ti x~ ,~tr 0 , the equat i on (14 ) i m c c i T h ’ o  tI’ ut

x~ u~~ ’~~0 J 1 , . . ., n (7 )

~~~~~~~~~~~~~~~~~~~~~ _, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3 ,..,,‘; (p1 )
‘~ 0 i n:c~,~~:~ 

‘ /,~~ 0

:111: ’; ,’ :0 ‘ c c ’ :’ I be f & ’r ’  i to ’ ,

= b - 
~~ 

x~ > P .

Thi~ m ( 5 )  say s

y~ v~ = 0 1 = 1, . . .  , m ( 9 )
and

y~~~> 0 i r . j~i i m ’ : ’.~~~~~~0
1. 

= ] , . . ., cc (10)
v~ > 0 I n c t : l i e s  ‘.‘~~ = 0

I.

It doe’: m t  l’ C . c i O w , 1;c’co”v,;c ’, th e, ’ , ¶ . l.~ ’ I ;:.p ] i c ’ ’ t t b O n S  ~~) azo ~lc, ) can be r

v e ro c  I.

Whe n ;. = (~ — x ) .  = 0 , I i . . i — f ’ . e o x e c t r ’ c , i n t  is S ai d  to U . :  b i t t —1 --

i n”  (or a c t jv e ~ at x .  ii: ” ice tico t . ii’ •~~~ > 0 is e m ’ t i r n a l  ‘ar (i) ~~ ‘3 no

c c r : : f r n i r c ’ ; ;  mccc  t.d~~. , ; ’ c , ’ n t x ~~, t~”r:. ~ ° &rid ~ 1, so tb ; ’ ~~ i s an

in t ’. ’ x ’ ;cr  j o i n t  of C , ‘cod t; :o or I i:::’c] it . ’ ,’ r c n. . ni t ion  no se ;” toe f’~ : .i li ar

e c u c t i o n  ~~~~~~~~~ = ‘ + ~: = 0.

The “omc ~~r ’: ’;, ’.: cc’ a”c ’ ,to’ ‘ m . ; r  h . ~~r’. r . ’ ’ scu i f  i n ’ ’  I e ’r  for  t b ”

corr e .c r ’un ; cl  i n ; ’ r c a . ‘ c’ ’. n ’ccc I — ! x > i)~ The ‘:c :cr} . . ‘ ‘ ct :  of  u~ a;’~’ Lct~ rr ’, r.r-r.

rcu i t i n ] i o r c c  (‘or’ th o ’  c’ . ;  c ; i m , t :’. x > 0. Th;.’ n’ucibcr . ~~ can be i : c t . c ’r p r e f ” t i
as nc ’a’:am’es of’ I t , ;: ;‘~~b c’ of ‘ c ‘~~‘ ‘ :.f’ t h e  r ’ i n i r y . ,’c’ , ‘/L i~~” c - f  f t , ’ : :. , “ r ’ t ] ’ ~~’ .-

fu r , ’’ 1.1 en ; WI I t ,  C(’ ( ’ cCt  to :1cc - n ’  ‘Os i i ;  tb ;’ c- ocr i;;’ : .d I n~ c’~~ ; .om1or ~t ..: of I.

‘ . c : ’ i c t e n ’~’r” ’Io ’’i:o is  ‘e” c”kc -d (c’ c~ 15~ }~~[1ii ~~.

‘:“hc h cr i ; c,. ’ ‘ c ,:.-c ’.:r , ‘c nd 1.1 c n n  a;”: c’ c’i ”. y n ”  a”’.’ :;i’l t i ’ s,..’ of

57 ’ 1 mini  ~ i 
~c .  I f ’  a f’oa~ 1h “c :tc . ‘ x ant I  :; nonr r ’gr t ’.J ve  vector !;a; ’per ~ to

rca ’ sf
,,

’ ( ~) , ( 1 4 )  and ( 5 )  , I nc -r e  i : ro ,“r” carte ’s ‘ ‘ i t . x moot be c,c op ’ trot.

s o l u ti  cc of’ ( 1 ) .  ‘in ;  ‘“cr1 0. 1 ‘ cc c’ s ’. t c r o c ’ h  fr om :; f ’ i r : c t — o r : l ’;’ i r : f l .’: ’mc ’ o ’. i r m : .

Comi v &c ’Y’ :  ‘ i f  4f t’ .cq :i.: c o l : r t l y , L i  nc’,c i t , ’i v e  s c c o i — d e l ’ i n ’,t e : ecc r’. of H )

Is ‘ ; , ;] _ 0 5 L , :
, ; rc fc r ’m ’ a t i ’ , r .  i’ 1 .:c~~’ ’  bo’ .f ~]‘0rJ’ o: ‘ ‘ m m ;  lb ..’ ‘ m t ’  0’: f

of ‘ .1. ’ C f  “ .. ‘ . ‘ . 0 ’”  O’ O S:dl ‘ ‘ . ‘ 5, ‘tt a;; :1. 1 m a l i  I , ’ cr 1 ‘er ic-n .
a‘“t ~~~ ( = ~~~~~~~~~~~~~

‘. ! 17 X ] .“ c ur”t ’c ’x o n h .  If i s  p. fc’o:i~
b] e v’ ;:~ c “ C ] ) 41’ 1 : ,  ‘ . ‘ ( ‘ y j  r ; ;. a cect .  .r s o ~~, that (x * , c~
f’ie: C i ) ,  ( 1 4 ) ,  ( 5 ) ,  and (6), t’ : ’n x~ i s  551 : ‘ ; ‘ t i r c ’ t c . c i u f i on  fc r  C~, ) .

Tn ,  tb ’s  r o r v’ , 
~~~~‘ “ c c c , t h ’  C c - h r . -  ‘I ; :  C c m ’r  c’,’n : i t i c n ’ s am”.: r :” c e m ; . ’ rm’ y

‘ . ; , “ f t ’ ’sn ’ f r ’  ‘ i” ,o 1j ~~, . ‘iho ’ : c ’s ’cc’ h fo r op ’. ; moai cc c . iut’Hc ’mcs of :I ’OSh a

pr 1 on “r an 1. ’ ’ c ; :  I t  n ” ‘ - ‘ c ]  am , n or ’ s of t h n  
~ ]c . _ .._ .,~if’L Ii,’,hLt ’,m ”

4,,u e + H x + x m ’ ’i , x . ’ O , x u ~~~0 (31)

~~~~~~
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s . . . ~~ j : c c  :~.:‘:‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~ t o ’  • b ’ ’ :. ‘ ; ~ i t o  f u n ’ ‘ i c o u t .

ex j : : L c ’ m i~m ,. . ’,iI ~ ‘ ‘  ‘ i i, : ,, , , ‘ ‘ ‘: ., ,h m; ,cJ ‘ .: , l . . , ! c . .’ . ~ : e  a t ’  t:’.~ ; ‘ .1: , ; .  ‘

ir 4 t. r.i  :3 (Ici  : ,!“ m ., L ‘ , ‘ -

I !b’1.’tt’mi . 3. i f  l ( ; c ’ ~c ’J. ir . ’. i c  I ’ m ’ ’ . : ,, ~ :ii u r , , i ’, ’ 1 . 1 c c  ‘ 0 ‘ i :

po ; ;’}c’ .t r;’.i c .s ; : ’ ’x so ’ C , I c r. ac ’ ‘ ‘ r ’ ’r  I r a  “'‘~ ‘ t ;  c c ,  C r , C .

To th e- i~~ct 1; ’ . ; ’’ s k ce ’,,’ t . : , ,, ‘, e , t ’ H : ‘ . ,°.il .t , c m ; :.’:, us  tI . :  . ‘ ‘ ‘ . :, : ‘h

thc ’om’cm , f i r s t  o j ,.; . . ’c;t :”;’ in  ~t:’14 . I t  2 cc. ‘ c o t  r ec .,i c ’:- 1 110’ ‘;c,c ’ ’i c - ; i  i ,’ c-i’

but when :: : strictly cO5:’,’oX , 1 0  I S  pO . T0’J . L: 50 5 ’ at o’ a sI r - c- her t .I~r ’or er, .

Thy ’:rerr , 14 . ~ , : .t r ic t lm, ’  , ‘c t ’ / ” ” ’ , ; ‘.ccL m.t cI r , . ’ , ; ’ m ; ’ . ty  ‘ : . . :mou ; ’sin ’t set  hao a

‘ J n i m ;,;e or ’ . ;m c cc , ,’, c-oi:cr I o n .

.ini qu”o”. .: •“~
‘ oh’s or. ’ i m ,,a ’L sc-ic : l ion is 01 cr Octe: i o t l s

of a] I crc 4 i t t :  i, ;~;;,T a” .‘ ‘x’ .’ ’.:’. ;O h a .  . . , c , ,~ .;‘ i. ’: I ij’ ’ corc ’ ’. ‘‘s o f I  ‘,‘.oti i c  :“ r ’r c m o o r

rcn ,f ,‘O; vex (r:f lc ’O,rr .,’ rt ’r, r~~f’.s , c-It ’.: e ” t . sf c-r io ’s I c  r s t .  f t  is ;.‘~~;‘c-” ont  toot  for
“4a rctn’i ’:t l :,’ cor v’, ’ m ’ Q P , the c,b ,j ’ ’. ’ ! ,t~ ’o fc-,..’,c . : t h c r: ~P ( x ) m : + ”2 : ’ H x i s

bc;. .c c , c. smi b c -t ow on 1 r and ne ncc c c-c c by ~f 
—

_ = — ~~~ c.  ‘Tic.;, : , t m : e

existence of the optimal solution is ccss ’urc ’C by tic ’s Frai .s — Wo ~ t hc - o re mm .
More ::. n amid will be .:cc i.d about t Ir e r::’mi: c , . cc ’t ce  sf rolutions in t.h~. seauc ’I .

3 . 3 .  Duality. Associated wi th  a convex 0,? (1) 1: a maxicoi z u t  i c a  problem

called i t ’  dual . The dual is also a i~ de n i n c d  ‘,,c ., t m  th~ sacs ’s oat s .  It is

customary to refer to ( 1) as tt ;m~ 2~~ 1;a~ t m ’~ ”Jcr: . “ c-us , for It. ” r r i m a]

pro blem

~f ( x ~ ~~~~~~~~~~~~~~~~~

subj ect to A cc > I

0
t hy  co rr ecc c ’c;,d .In : ’ dual ‘or :b,l errm

inexi niza ‘t”(c , y )  — b ;, — ½ x H x ( 12)

~~cl, :,:.ct 10 c ~‘ H x -
~

Y ?. 0

‘fx’c~ ’a d ie,] jcre h t ’ac i ccv’ otves two vector ‘e~ r i a h ,f c s  and ~~~. Cr 1 .  v I s c c —

c,’ a i r m ’ ” i  to t c  ‘ , c c c ’ ’  ;t ’. , 1 ” t ’ ( . , i t t ( , j t ~h it i t :  1to , :’Jn t,~~,i; ti ” ’ : nes ’st . iv i4 v ‘arc 10

ci 01. 0 ~~~
‘ t t I ’s . i~ n: ; C.:’ ‘ ‘:r s !

T’n’~’ rerr . 5 .  If / icc ]‘-:‘L r ’ : . l e  f’ ::” C ] . ) ~,r ; i ~a ’ ,~~) i ’s t a o , o i t . J e  for  ( 1 2) ,  then

~fr 
(~~‘ ~z) ~ ~ (13)

I’, i’ ’- ’ .v ’r , I f  equalit-r ic~~lr) c’ :: ( 1 3) ,  list ‘4n d (a ’ ,~ ) are opt . cst :t .  ro lu—

II cc: of ~I )  rtn ’.I ( 1 2 ) , r ” S: ”s ; ’ ’ ivel y.

Ti i ;  e,o— ’’a 1 l e t  o’’ ’; d ua l i ty  thee’::’ fc m c r  : rv’sr ,cl i rr. j~ ccc l, I ‘ a:: , one

01’ W I i  ‘h is  ‘. b~ t. 1. 1 th e  7:’’ 001 “tact Ii .: r l ’:a : f i l e  ‘t m . ’ 1; feasib le , hey rr u rc t

b oLl .  ‘a .;5 . . c ’ . i o a i ,  ;. ..~~. . t i c c c a - — - ’c c - .’5~~’ ” ’ i c ’ t C  Of’ t b  “ rr , m~k — W ’  ‘f e  th ”c-r crc .

S
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h o w ’ v t  ‘ , L I.t.’ ;, c : , . l c ;  x ’ o’ ., .;l . c. in  11:1: , ‘ I i re c m ,* ’Jm;  l a , r ’ :. ’ o u ’ c ’ t i j l , ’: ..:, ‘ ‘  ‘ c ’ s.

Ttm , ’cr, . ’nc’ (‘. I : ’ a * sc-I c ” : ’ ( t ) ,  s ; ,  m c t.h ’.’re ‘s,c c. , :f,~ a c’ c - t o n -  ~~,“ 0 c c ’ : ,

(x~~, c~~) Sc ivo :  ( t t ) ,  mcl i ~~ ( c - * , .~~) =

£ 5 1 8  ~‘ rL:i  to’ cc-con by 10 m : c m ’ .. ~~~~ c m ’  t. I e  V : ’  ‘ ‘ . ‘ ‘ of T aco’:.: ’ ’ r ,u l . t l c  1 l er s

~u ncrcem ’_ ecd i . : ’  the Kut :c t’c;: k’ ’r t.I t ’ r , ,’y m. , .  Py “sf ’s ” : : .  I c ’.g cOul I ‘ d l  “ ‘ c : . ’ rc  i . ul a—

I c  o r , it is possible t i  v e r i f y bi t t :  “ u ’ n . ’ .“ . - d’.c. , i ’  y r . ””S ;’ ’ c : . ’

The ~m” m -.; 7. If  the pr a ’cac , : .~~ has “a u~ ‘ i ,ssIt . s c .  a ’ ion , t I ,  mci ., l a ce  ( i)

and ‘ f i t ’  opt imal ‘ialuecc of t h 0 i  r r e m :J ’ s : ’. ly e ‘nL~~eo t .’ ’ .” funct ion:: are equal .
[f a 0,? i s  feasi’rc ie and fai ls  to’ have a.. . c t i r , ,a l  So] :’, : cc: it : ob—

jec” lye f unct ion  must be ur fbour.dod In the di rec ’, c ~ of extr’er: :50 Ion . In

fec ’. ,  in r ’ . :’ case o f ’  r cf l ’,”sX 0,? , ‘h’,: uiibm ,’c -nd edzcc ;, :’ cm ,’ l b ’ s  oL~ ’s’:’ i” . :  focn .. :tioc ;

of “ r i’  r r’:’t’l~ sc i s  ea’:I v :t len:t .  tc , t i c ’s  infeas i s i l ity  c c  I to  d u c i .

It shoul d be noted tha t  Dorn ’ s d u c - ! tt v  t ! - ac ’~. ’ of carcvex Cii’ ~“ ‘r .er—

alizes t h a t  of LP in n e a r l y  all respects, however , the str om c ’o:r ;cs of the

paired Qf’ problems are dis:oi r r c i l a r .  ‘I’l l s is re cti f l e d  in t h e  spc ’cmc cet ric

dui~~ ,~~ theory developed by Cottle [ 8] .  If  one takes the pr i ; : :mi as
- . A .  A’

mIni mize~~~~ ’ x ,~5” ) c x 4 ’ ~~ x H x + ½ ~~~~~~~ ( i14 )

subjee c to A x - Q ~~, I

x~ 0

then the dual Is

maximize ‘I’(x ,~ .) -~~~~~~- - ½ ~~~ H x  - 

~~~~~~ (i;)

subject to c + H x + A ~ ~ , 0

~ -C’
In these problems called ,Cyrnme m, r ’  .I ,ial ‘ s a ” 1 r~ t i c  pr ’ifcrarcs , bal l; H and ~
are ‘.:s~’mic’2 t i ’ be p’~m ’ i  b Iv ’s  : : e c s i — n c c f i r , i t e  and oy :cn ’ . . c  s i c .  W’c . ’,c r, () 0 , th is

pai. r of proble:r .s reduces to the  t o l  c ’~~t r “ m i l d ’  c ’ ]  Iv Far : : .  The duality

th = ore r cm:  c c”r t~~d above are also v ali d  fc c’ ’ ’ :’, sy n c ’.r ’;etric du a l  :‘;‘o lr’anrcs .

or resul t ‘is ~sJI . ;’d lit’ ~Lt ’t~~. it’T :.b,.tL.’ t .1LL”~ ’I ’l ’
T’ne’am’ , c:c 8. If ( i f ~) an ]  (1 5)  as’.: ‘c o l t ,  ( ‘ c u :  ‘t i e  prcc’. c’ ’trc~ , c-hen tt c , :’re ex ist s

a pair of ‘.:ectcrcc (o * , . , *) which s’c”i ’cos 10’ tc ;rc ’mhle ‘cc.: , e’romt In I - c t ;  r c.üar ,
(

x* ,~~,*) yields a s T at i o n  to the h ,; : , - ’t ’: , : , ’ i r  c v  :1” , (ii).

14. QUADRATIC . 2..’ l?.A .~T~~’i A T.G0~ ITH MS

14 .]. . I n t r o d u ct I o n .  Arrc c n~ tic ’s r r ’rmny al gorit h c cm s s p ec i f i ’: ’cl ~1y d’.’:ig ned for

sol ’iing ‘oadr: ; ’c i  : pr e ’r r arr . :; , th r ee ar tn  ~‘reer i c : e r i t .  ~lieso  are the methods

of T el ” 1, , { 2 1 , [ 3 ) , ‘
~;i. .l Ic 58) , and van do ma n ” ’ ari d Wh l.nston 147],

~59 ’. E e ’ n  is a t c i n n ]j c i  ‘i I  method i t , the senc e that it I nvolves a

:‘te’i c ’’ n: s r- of p i vrm ’, s t”prc  Sj m f l c ] a”  t . . t~~, ‘ c c . ’ ’  of the s f r n ~~lex n-neIl ~ l ‘ci’ LP.

6
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t n. , no , i , ij c.’ t e c , ; c’ .1 l , ’ x ‘:11 ’ ‘c i  ;‘u . ,I’ , ‘ 1 , ’: ‘‘ j ’1.,r , c r c - ; cc of ~~~~ ~~

c c i ,  ‘ ‘.: ‘, lcm, .0) n i t  g.~’ : . . . . ‘ mc .t St ’ m I . , ’o, o’e ~~ cc c J . t . .’ ’ .t. ~ ‘ . r ‘ m . ‘_ 
~~

._‘ In” .. a

t . c i c ; . ,c i  ‘ ‘ , I . . r c s n c o  set Ti r ic : ’ s ead , I t t ” : w c c oc i 1c h a I : m c . y . :’ ’ , :’ mmm of in-

e qu a l it i e s . In ‘‘f led t o y  ‘sc’o’ m ’ on c ’ .’err ct ’ ’l with cm ’ ‘ 1~~f:~’ i c .  th e h ; — ”uH ’er
rc (ii) (‘on’ time pn’ ;r’cal :cr 1 ‘‘a , t i c o u g i . : ’ ’ .’t 0’ . so I n  a ‘t i  c ‘‘ “set  way .

1. Ii; :r,oem that if  t i m e  syst.”m ( I.], ) bc ;:, a “. ‘] m t a e c : . “m n  t n ’ s : ’ ’  ~a-: ’i~~t s  a

rolut ,Ic’n which is an ex ” , cr : ,c, ’ poic ct  ci’ m i c e  c c - t  of ,~~~.
‘ :,t s :;at. .;cmL ’~ i c l ~’ 11c c

ineo :cdlty cons t ra in t s :
-“p

u + H x + A ~~~~> 0  (16 )

v b - t x  > 0

x >  0

~~~~‘
> 9.

Those three  0,? algorithms. a c ’ s  p r i r r ”i. mn ce t ’ :” clsc , i . e .  , ‘cloy work w it ”

feasible solutions of the pc’ot ’ier (1) .  Generally, they require an initial-

izat ion  step which obtal mis an ex arem e  poInt . of C , or——what is th e  same

thing——a basic feasib].e solution c~ f the system

(17 )

x > 0 , v > 0

If the initialization step Indicates the constraints ~re inconsistent , no

computation is required. Otherwise , a pivotal transformation of

obtained in which the vector on ri ght—hand side of ‘thu equation is

‘cc . Thus , t tcP assumptIon that 1 >  0 i s  tantamount to the assurnp—

that an Ini t ia l izat ion procedure has already been applied and shown

that the problem is feasible.

1 4 . 2 .  Bc-ale ’s M ’sttcoc’j .  One of the earliest and most successfully devel.oped

al gori IT ’casc for C? icc due to Beale [ 1], [ P ) ,  [ 3 1. The method proceeds

Ira’ : a basic solution of tic ’s linear constraints (l ’( ) expressed in the form
(i8)

~ . 9~ ! ~ 9.
‘cc b > 0. This formulation makes it possibl e to express the obj ective

func c’tion in term s of t i c ’  noci ’D ar i c  (i r ’mdt ’mcerc ’:e n ’m r ,~ ~‘c ’ abipS x 4 . icurthermore ,
A’ -(~ ~x)  = c x + ½ x H x can he wr it t en  ir , the  .0’ . ’ .-m

“-p

1 0

~

A ’ : t I , ’s b’i~ lc feasible solution (v ,x) = (b , 0)  the gradient of ~ is given by

C , nt m. ’l it follows that If I > 0 (nondegeneracy assumption) the value of

can f’s decreased locally If a~d only if c contains a negative component .

7
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If, ‘o U.: c.~’~ ’ ’ ~c u , l’

~ 

‘tj ~ i c 0, t i n  ‘cnc I ’ , ‘ c ’ e m , ’c of ‘. 1 ‘ c, ’’cc ’cco c

van abl . ‘ .
~ 

1 1 U ; ’ I c ’ , ’ c l  ..m I. a dm C c  f c c . ’: 0! ’ ‘ c 0 ol ‘ ‘ ‘ c .  i ‘;‘,‘ ru:. ’ ‘ ‘ m m v,c

at ‘It-mc I. local m y .  I n  ‘ ‘‘ ; ‘:‘ :1 t i c ” ' i m . : t iu ’. ;c ;t a , ‘1, :.’ c’’ r’iat. : of the ba-
sic vic;’ ,l ciblec,, ‘a is , ‘. ‘‘,‘en’: . , ’ .l U 1,’ t O ~c ’ ’s~~u c i L m ’  0

1
v r n _ a .  x i r l . , . n c ,i 1 ‘~~~~S S

The increase of lice v a r i a b l e  x i s  to I.e :.b .~~p~” d acm soon as “a’: .c ’s th i”  ba-
sic var iables  .ic ,~re a ;:es t o  corn (as in iSP ) or the r t ia l  d c n ’ ] ’ ,’a t ive a~f ’ 1,c
increases to z’:rc’. Tm ’ nc-Ill;:’i’ “f  t}:’,r : e  occ u rs , then the  obj ’: ‘ I ye fu ~ :tIcn

ha: no finIte la cer 1; c ’ ; : ; . I  on I .’ a n d  thc-  c”.a’edure icc term ir,ate: , If  the in —
cr e c m s e  of x in -  f i rst  blocked U~ v1 reach ing  ‘cro , ~h’sn a nc ’s m ac t ic  so lu —

tic’n is obtained as in the cc imp i cx method for I.!’ . ‘tub , if t ic ’s  j ’ c . trtial de-
r iva t ive  vanishes f l r , ct , t h e n one t r i e s  to  k”ep t : a ’. part ial  cn ’:r ivat ive at
the value ze r o (at  least until s uch  t i m e  a:: it is foun d advarce necc ,c:c to do

otherwise)  . This is accomplished by intr : ic.c imcg a ccc i able

u
1 = c +Z h ~~ x~ (19)

which is defined by thc -  expression that gives the value of tic”’ partial de—

r ivat ive  ar /ax . This variable is said to be free In the ::eno’c’ t ha t  i t  is

not sign restricted. In order to ensure that the partial derivat ive  yr/ax
remains zero , t he equation ( 19) is adjoined to ( 18) thereby y ieldi ng m + 1

equations in m + n + 1 unknowns. In th I s  enlarged system , the variable

is made non’basic in place of x (as in LP). As before , there are n nonba-

sic variables: u
1 

and the X
j Ci ~ s). The objective function can be re-

presented in tei’ms of the now set of noribasic v’criahles.

The procedure is repeated (with the new r.ystem) but with some

special rules which come about due to the presence of free variables which

by definition are allowed to negative as well as ~“c’oitive . If there is a

pooc’ibility co~ decreasing the objective fcnthion by increasing or decreas-

ing a free variable , this should be do~~ -- ,cci ject to the same principles

t h ” .t limi t the var ia t ion of any nonhusic variable—-before a sieri—x’c,ctricte~
var i able i s  c ’  c o n  for increase.  UI - en a free va r i cm ’r , le  be comes basic , t hat

variable and t ic” corresponding c ’ m u . t t i c n :  are dropped from the problem b e—

n’auc e retainint them no longer serves a purpose.

T e i ’m i n : ’ t i o r c  of the method occurs when either the nonhasic variable

being increased ‘or decreased) from zero is not blocked by the vanishing

of a bci”ic var] ‘t ie  or a partial. derivative or else there is no longer a

way t o decrease the objective function by modifyir,: a nonbasic variable.

This decccrt; .t ion of Beale’s m e t l :o ]  Is , of c~~,rse, quite brief. In

(i ~, ( 2  ~, 2 1, f~ I 1, an:’] [33] tL~’ r’’n.cd ’ m’ will ‘s on ‘nancy l ure details.
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11 . ’i. W I ’ ’.’ ’ , ;‘!‘ c’ c i ~~c~ I ’ ’ ’ .” 1 : 1  ‘ c c i ’ . I n c ‘ 1 ,  ‘1” i : ’ ’  :.tc:’ ’,’’ ’ t l , w  c,hr- cci;’,—

m , .I i’x ~~~~~~~ m I co’.Ld ic’ put . ~o c r In ,;“J”i i ,,, C ’ , c , V ”, ii’ 1, :’ ’ :. ’ ‘ , I l l s

c: ’ t t ’ ,J c-;;: be r” , ;,~’:i’~ , ~ ,: a ! “ : . , m ’ ’ ’, ,” ! C  :‘. : , . ‘ ‘X ~, n’ l’ ;”’ ’ c , ’t ,.~~( .  (. 10’s Sect~~a:; d
nrc ’ (In t m ,  i c ’ ,,,rt  cc ,’ “ t a  t’n , ) It Inc u ’ ,’ c i  ~‘,,a’ to cc oli v’s ;‘: ‘ .al ems of’ tic,’

fo r:’

cc , -  11 x t ‘~ Ii x

subje ct  l ’,~ A x .“. b

for all A > 0.. The rc:’oc r~ x 1 ic ’  c’s: : ::‘coC ‘c c ’ h c . p ’O:. .. t  ‘,‘P 1’sIct—d .:icctc~ te; thutc

A ~~ a Sall e,-: ,~:L.n ,cc ’ cm.  Pc i’ all 2 .

Actually, Wolfe ca o,”s t’. ’o proc-eduron whic h ho called t h e  Jccrt i’orcc

the  ~~ j c ’ f t c , , t ic t hn  char’ , t’. c’a , A is !ix cccl , dcc ’:: “ac - c-c.: c i c C  long

form it van e: , c i m e r e l y :,,‘sIc~~n ; ’  i t  a. .,c ”tc ’ cc-c ’ r:c ccl’s ’ t a d.

The short form is VOl1’i for ‘mcr, ’, ; c ’I € ’:rO in which  ‘ca t t :er  H is post ~i i V r

dolt ci te or tn.’ ,t ’inec ,a’ term, A c x  V ’,nJcc ~ces i d e nt i c ”  l’Ly. The latter occurs

who’; A = 0 or c = 0. It is ini t ia ted from a solut ion of the problem in
which A 0 and to wh i c h  the nl c or ’t form applies ,

The Shor t .  T ’o”rn ’ . Consider the system

~~~~~~~~~~~~~~~~~~~~~~~ 
— z ” - A~~ (20)

Initially , let x , ~ , and uh e z:, c’3. Select a basic feasible . ‘ t ’~~t,j Of l  for

the . yc ;tc ’m’c (20) from a:m :ccnC the ‘~ariahles in the va::tors v, z’ -‘cid z”. In

particular , use the vector v ‘~it being assumed that I ~~0) and If 
- X c~~

’
~~ O

USC 7~3; atbe:’s’ic:e , u cce  z’~. Let z ‘I, , n c h - ’ the ree::,’,’ of n-c ‘b a s ic  varIables

chosen :“recm the 53 and z~~, and 2 at E dem~ote the ccrr espomdir c g co e f f i c i en t

rmca’,ri,x. Now consider the  LP

mxni:aize e 7,

subject to j i~~~+ .~, y ~
_
~~~ + _ A ’ :

“ 1

2~, ~~~ ~ ~.9., ~ 
i~9.’

where e = (i , . . . ,i). The a , t , occcr it t rc, c oi l s  for fcc ’s :‘ m ] m a ’ .,r , cr  ‘ch I n  ‘A ’ by

the simplex method v ith  a r”c t .m’i cc teci  b e n t : :  “ n t r r  ~~ 1e :  i f  cJ~ i s  Uacc ”ic , do

not allow X
j 

to be b a s ic -  ( and vice v e r s a ) ;  if  V
1 

I s  basic , do not allow

to he basic ( ‘cr ,mt vice versa). The niinimu, rc value of the ob,~,ect i ’ ,’e function

sum of  t t c c  artificial variable:; z~~) mr, ust Ice zero. An o ’st i n o l  sol:ctic~
of ‘.htc’. L i ’  oic ’ , , I  ned in  t i e  tnane ’~ ;‘ i n d I ’t ’ ’:tccl will  y ie l d  a ~oJ ‘c l I o n  of the

Kuhn—Tucker condition s for the QP.

The ~~j~’ Fo””m . li e pc:c c;ibtli iy of so]vln;j” the’ parac:”tric problem

9
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I) I:; ~‘:, ‘ . ‘ m c r , u ,  ‘ ‘ 1 1’’’ tI ’ ,: cic or :  ion ’ ; , 0]’ ‘,.‘~~‘:] “‘ ‘ ‘,, ‘c c , ’ t i , , . l . ‘ ‘ c c ’  ‘ m a .

ci’  th~ ’ i.cr: :n’~ n i ’ c ’ ‘sc UI -n ‘.‘‘ .~~. m c . ’ 1 c;~m f ~~; t~~~, l 1 :; ; W I c t c ~~~~~~~~~ ‘ I : : ,  of’ ‘ c ’

‘ t i c :  a ‘iccc~~1 to .i 0. ‘ ‘ m a e  ‘.1:.: ;  15 1;; m ccc..:, cc . c ’ ’. , m , ; l 1 e m ’ ,. fc c’ LP

scaxincize n

su1’je ~’t L~,. .t x + + p ,.. F k .‘. -~ cc

x ‘
~, 0, y > 0, u ?, u , v > , cc — 0 , ;, > 0

and s t a r t c’c f t - c u the ;,, “ i c m t  ~‘on ( p 1  “c.  ty the short c ’ , c’m n c ) in cl.::;, x u = 0 ,

v = 0, z 0 , p = 0. Tlm’t ccc’ c ’ ::. i,z”,t l ccn of p is performed ci ‘ t m  Sic e s i n c c —

ri ”x n’cc’:tic;’1 a:, ; I - ‘
~~‘ :‘‘ .ec,C ’. C , t t . : ’i,, ’ ‘‘‘:1 tc cisj s ‘snt,r ,’ c’u,1,~’c; as an en’: ,cnc ,o~’t fun -mm ,.

l’c, .’ her r r ,r ’c ’e , IcC ’ i — v a ’  ‘ a h c e  p e rm i t s ’ : : t .~ b’scoxne : “ o l e .

~~~ van :i~ c., , rc: ,e ~ r. ’l ~~~~~~~~~~ SIcr ’r ’J oc . c h,~~}’ :t I cc CT’, ‘It’ .. , r,mt c.th’,’r

F r; ‘,,i m’,’,’c’,t cc l  c’i t } mn - ;  f c c ’  cc, , cn\ ’ex Qi” is 1: ,t t . .’ vu ;; ‘: h o n e  an,,’! W t , i m , s t n :’,

50~ . Ar ‘ .u,L I:, th ec ’. an t  , ‘ .m’ :; r ep u c  ed scv ’ c’:cl 02 p ’sc’ith” , c c c l v  one

of which will bc discussed tm c:re , n .:nc’cr l, li theI r p~ J ’ -’ . ’~~~’ L e  
~ _~~~~

“ _ simplex

ym w ’t c , ocl . A 1I noted f’cr: ci of m c n e i r ’  “ u: cv’:r ,cc cel , m’ C n ,u t,,’. ‘ 1 ” vac, ac. .i C’ :.:.“t ad by

L’a”: c c z i g [, 2 8 ] , [ l9~~.

Tl’ce van de ~anne—Whir,m :t’;c, s’r:c:,nc. ’t c ’ic prImal s implex mc ” ccl pra’.’idccs

an ~ : p:’ . ” p c ’ i c m ’~” t ransi t ion to Ci, ..’ s tudy of ‘. 1 ’ :  lI r ,~~u c ’ cu:!  Let : , ,’ . ’ . c ’.. ’

len ’. Ac cordin ,’ ly ,  it Is  ,e c ,;cr ; ’c , , ’.: ir ~ ,,,,:, ,‘,‘:i , at ,. mncc ,r e detail Ii, ccc I c  mmc ’ c ’t bc~ c:

of Peale an-mci ‘~“ s f e .  The nc , ’~the’l . cc : ’ :  f :r st - - ’ , ’c’Jec - I n for: ’ ’ .t ic’: ‘s cm t ne  objec-

t i ve  f u n c t i o n  (f to 5’ u] d e  i t ’s steps.  In U l c i  S c ’onc’, e c t i ’s n , t l ;, ’  f.’l1c:win ~ ob—

c’ccr’,’a t i on  is immmc cr t .an t :

lic e,’ )c”sn, 9~ ~‘c” an’,’ : ‘ 2cr .::, .: of the ca mel Ions

it tel low:’: 1, 1: ; ’.,

~~~x + ½ ~~ h x ~ ’ ½ (‘~~~x - + ~~
’u + ~~~~ v ) .  (21 )

The lel’t—l ’,’cncc .I side of  (21 ) is j ’ccs’c the value of the quadratic

ot’ - ”:tive fur. ’t iccc ,  ~~~ ( x ~ . Theorem 9 1”:,: the I’ cr1, , , ’:’ c;’c.s.ccu~::ce Slat If

= 
~ 

0 , tIer 5 c c  value of ~ ( x )  s gi cc c i  U:,’ tIce linear ex~”ossion
, ,“ , ,‘-½ y x — ic

In order to give a m’c -ac , ’ cc : ’ ~h J e  descc ’i ptir ’: of the a ig ’ ’; ’it ’nj : , i t will,

be help f’u.1 tc” con: ider tl;c to] . ‘ . : c c c ’ chanCe of 0’)’ ! : lion . Let =

= v , cc’ , ~
‘ ‘n , ari d , ‘ = ~~, ‘Tnt’ 1c’ ’, t ’c cc ’s 1’ ,.c;,d .7 :1cc-n d for sets of

Ir, dI ’temm. ~ : c  ~, I t  t = 2 cp ( 0 7 ) ‘ v
1 

_
~~~~~~~ ;~~~,. initially 1 = {1,...,nI

awl ‘I = c , . . .  , a ‘ ccl  , ‘n - c ’, t I c ’ s  e :;“ “.s may C t , c u~~:,t a:; the si, ‘ ‘n-I ho evolves.

rc cc c  “c ’ ..’ ccc ‘ ‘ ‘ c c  l c n  , x .  a ’ : I >‘ . n,”’, th ’s p i n  , r c - l ‘, .~~..: abler,. Thos ’ i ndexed by

10

- — “-~~~~~



.7’ ,c:’ ’,’ c. ’’:, .’ . , c ’ , ‘in .i .‘ t,i ‘ ‘ 1 ’  c t o t ’, ‘ .‘ ‘ c ’ ’ : . .  ‘a:

C! :  1,’’l .o i : ‘s ’ I’ c-c’: ‘ ‘a ‘ ‘ ‘ c ’ , ’. ‘ I ~:Ct ; ‘ ,S  , I ‘~~, ‘ t , ’ ‘ ‘ m a ’ . t

- 

‘
,e. 

(22)

‘,: ‘
~

“
~~

The cmc ~’’io,ct ‘ ,~~~~~~
‘ cc ” , ‘1’ ’: 7 , ’ : : ’ : . of pmc. -’c ’ . ;, ‘.,~ ‘ ; , c ;  .,, ‘,,~~ i:; u n - C  of

ti;~’ 1’. 1’: ““np ‘ n c r ’ :

( , :, ) Arc c”,: ., ,‘“ ‘ ic ’.:uje a ,; ‘ ‘ f ’.’ [ S  X .  ‘‘i r ,d ’’,’ s I ; ‘‘.‘ ‘~r t r rc r ; : fe :  —

r€d  fr c.c,, T t .

i i )  Cc. ‘s.::c. .’,’ if l’arlc v, ccc i ,, ‘ c- . ’ ’  ci c’~~ . ( I n d e x  1, 2:; a.er , u r & . n r f e r —

red fn u :c P 1. f .~

(it .t ) ,t, c ,  c’x ccl ,am . -’: -f hurls cc:, ‘~ nt ro~~U~~c - , t ”  y, :‘S Ll’sUC,I ‘by a’ . exchan ge  of

‘c,~cc , : ic  y and ’ u ’ r c r : c c i c m  
~
‘t~ 

( i n ~l c - x  a is Ct’,’;: tran:i’ec red . I ran’ I to J

and ipd ’.’~. I. ccc tr’ ’ ,’’~’,rr:~ f c c ’. . , ; ,  ,“ I a  I . )

PI’ict step’s cI’ ‘ ‘Ic ci c c e ccc ’ :‘. typc -~: pr’e’trv . :’ n-c structural property of the tab—

leau , cc , . , ”~r, as b H ’,nco’, ’ I ~~~ . 1:, ‘Ic - . . . . ,  le t , t m . :  “ow corr ’:sc’sn id i :cp ~ ‘i ‘~‘I ’.’s- emo jec—

ti’.’ f u n c m l i o m .  end 51’s’ ccc] csr,n of  ‘cc e’n’oS:c m :tcc t;c aded (headed hI’ 1) be :as tcocj a t —

ed w i t h  the index C. ‘tic ..::’ d~~f . :ne I
~ = (cs ” LI  .r . , . .xt , re~ .tr’1 th e  entr ies

in the t,~~t ’ l c ’ : c ~ “: Lb.’ “I ‘cc’.’c’~. c t ’ ‘c :::,trI ’c , SOY ~ c ’ ‘l i en t .t.~ p r i n c i pa l

Sut  co ld coct ~‘h_ c’s, . , ’ c~c”c m: i ,c.. ,u ’ z ’ i c  ‘a h ” ] e  
~
‘ .. is the nc r’ , ’c tt ive  t rans—

—J
0
i

0 
~~~~~

pose of ‘-‘ ,~~~~~~, f i c c i  a ~mr,cbi n ;st .i,c ’ n of mm ymamc ’!ctrv ar° :O ev_ ’iymr .’ ,, c ’y is  called

bi c yscm’e’u”y . ‘1’? .. i ’  Ia], . ‘ ‘~~ ‘to (2 ~’)  c x c i ;  i’, :’ c-~.t :‘rnacz i,’’ . Am. ex t , r emcce—

ly I”: 2 ‘c.rt’~’ t cn.~m .t,c : of’ the van dct I :‘sc:;”:- ’~e: ::‘tcc: cc’ ~a’,r t t l ~’ci ic-c that the

pjv:;t s’ucc cc I’ ‘,n:”~c’ ], ‘s’h C i,’ a:.c C . ’ .; , ; ’  2”. ‘:v:c:. “ ‘n e  t o  le’.c,sm. i’Ic’:e rencrally ,

nra ’ c-a r c; ’. u t c ,’ [2 71
TI’ - mm c c ’ , 2” , iiicc,”n ccmc ie’ , ”v I’ :‘, ;c ’’, ,’.,’ m , ,.i ‘ri n- r io  ‘ ,cc:c :

at amc stage of tic ::’ ., ,j r;a.:’.~ tI  . ,c: , tic’- cc ‘ m d c  n -m t. t ‘c’s] ~‘c ’.: can be

‘1 c 10 ~ t o

1 
~~~~ ~~~~

—8 2.

~J ~~~~

. 
-‘I

’ 
~~

wI ,  ‘‘s lh ’ ’ I n’V’.c ‘cl cc 1’ ncr, I .7 in (2~ ) m.’;~ be di ‘ f ’ ’r en ’, f r - c m ,  t hose  in ( 2 2 ) .

dc ,’s ‘ ‘ c i c  ‘c~,l ‘ i o n s  ~‘ m l ’  oc~~~,~ ” ’: ’d cr  t i c’ c ‘It .:’: all :.‘ctI;’ fcc the

~~~~~~~~~ - .. ~~~~~~~ - -—— -- -
~~~~~~~. - — -  ,~~~~~~ —. -- .‘-

~~~~
- .-

~~~~~~
-—‘.---

~~~~~~~ p
”~~~”..— - -~



CC’. , . , ,  ‘ ‘ cc . ~~, c - = x -,‘ , = c . ) ao that 0~~~2 Y A ,). ‘ i’t , ’c’ nm ” ’ ’ r ’ , , I i: I n - , c ’ ’ —

e’, ’d v . 51, c- I’ , cj c fe’ ;’ i l l ; ’  : , l u t i , - c ;  of Li ’s ’ n l n c , a l  . ‘- ‘r ’z ,j ’ ,,!;. ‘ , :~~ , ..:, . ,

b >  0 ec :~.’:. XI 
0 mmc d V = I .  n o n e , it ‘ ,‘ ‘c a e. ,  t~ ac l , _ e v ~ ‘, c - c’

l i ’i ; t y  of

Just as in t h e  s ic : ’ :  t ( .’, im, , m t t , ’,, ’i 1”’ I I ’ , ‘ c c - ic ,;, CC I ;,;.~, . — ‘, , ! . i fl : : ’ f l

aIp~.c’ithm e’nt’;i’t s t I c , ’ i r m s c ’ c : c c e a:” m o e  n c o r c t c , :;ic v ccni ’ ,t  ‘ e cit a ¶ i cc.,’ . ‘Ic.t:

will be C~~il ed  the  d n i v i  m.~ , va r ,  c c  : ‘ , tn - c I n t o  ~~. n - ’’ “I ti n , the I c - i ’ ; : n; ,’ va z ’~ —

abl e is c - c ] w c , y ... an x—varic.:bie, sup ,~~~, for ‘as~ ch j,, < cc, Th’:’ nr,c’r”ac:” 1’

t lc e d r iv ing  variable icc hiccc ’ke .t it ’ anal wl,e;; ti,e cc ’cmLc;e if a:,~ Ian!” ‘sar i  ab l e

belum ;C~ ng to a ‘ccc l ic’,;i ar set “r ’c ,c: cr ’;: ‘/,e’I’: , i n  the ;i’ ’ : , em , f al r uc’ i  11cm,, tots

set c O i c o i s t :  of’ all basic x— ’.’ar’lc,d”lm’ ,: it, , ‘ , are :.. ‘:n’sc c- ct.!’.’,”)  :c, l :, “

pa r t i cula r  basic y— var i, cc t l  a , y ,  whu cc , :’ ’,”, l u ’,’ i c c  zcc , ’:: t ” , ve .  i’r’- ,, ’c ’ vi, g t o”

non:cegativity 0 ” the x— ’vc-’”t ables mean s t a  same t t . t  :~ as p r € ’ .. -.- ; ’’ . ’ I ’ , r ’ ;‘:‘ir’.a :

feasibility. The algori’ hm , then , FiI C s as :‘u J , i o vc - . :

Step i. Test for opt l cc,elity . If 
~~~~

. = 2. 0~ ter;.,I rca a . The ~~c r r cr .t, Sc-lo-

tion is optimal . Otherwise , let C < ~~

Step 2. If H = 0, go to step 3. O tic e rw i se , use x
5 

as the  lc ’ iv in g  -~‘ar !-

able and det~~’;r. ine the blocking variable.

(a) If is the blocking variable , pc”t ” n ’n m ’c a piv”t of type (i), and

return to step 1.

(b) If x~~ hloci,s ~~, and if’ > 0 , :.:‘rfornc a : 1 . ’ c  of t y . .e  ( i t )  a:c ’,ci

repeat step 2 with x as the d:’ivi ,’cg v&m”I c-t i c .

Step 3. Determine wt c e t im er x is blocked,  l f  _A
rs ~ 0 for’ all r 

€ J , Ler-

mci nm,te . The dr l  “I s p  ‘.‘ar’ c’t2 e urJ c-ckc-l c,rcd tIc.’ c’h~ o”ti.:”’ f,mnr ’ I is

cc-nt ’ :.’tu :do d  bela.. or; the p;’t cic,al C ’,”n.ctr ;t t~ t. ,’. ‘ ‘ 5 .  I’. ccc’ ”,cise , let L ’1c-o~: x .

(a) If > 0, ~erfc:’:’. a ~‘t
, .:”tt ul’ L p ; ’ . (ii), a m c d  retuco ’ to step 2

with x as tic’.’ drivi::g ccc n iabie.

(b)  if  Q~~ = 0, w-rformc ; a pivot of ‘,yp :’ (iii~ , and return to step 1.

Each return to step 1 t t  at dc-es cc- - I  I c c - I  t o  ec’cni . ccat io~, :, m cac .. f l, ;: :

a dis t t n cc po ’Im]e”c I m.’I; X E. 7 ~ ,c l ,  ‘“ c,’ C 5 
< 0. P’cito .ccer ; ,.uch cccmc ,:’r’:ncen-’,

the c-c at, at ” el i gi b l e  h i ~~ , v’ct ’ ’ i’ti’ .” It’. .‘ -::c4 o . cd ct ’ y amc :1 all the ba-

n ’  pr cn: ’,] ‘c~.;rl ~~~~~~ . . t ,i, 0 ,y ‘f ti,e ‘sac’ too X .

The reader rap I;’: ~~~~~ : ‘ r,t ccc pru~ - ‘m ien 15 n-nc-ac’ for 1€’ posslbil—

ity  of n’~ ’’; ~, ive ‘ c nt n i ” , o, :. , f ’ n ; : ’ : t ~~ or.: d; c t f c ’- c m ]  cj ercec ctS of 
~
j or a. This can

be ~ir.tIft ed by :‘h~cwt rp  ‘h -c t  to ‘ l’C’tcltive c:c’nmP —ci~~i’I ccl te::ecs c.f these ma—

t r ’ cc ’;: Is prr’:er’i:d 1,- 1,1:” p 1 vu ’ al .‘c p ;’;’a t ons of ‘.1. is method , The general

rc’,:n lt c c l ’ c : c ~ t t c ~~ c e lines is ~<tven in l I c C  n ’ x ’, section . Keller [29) has cx—

1 ’ s ’ m ’’ t ’ c ,’r l ‘ m l : :  cc , ‘ ‘ c c l  t. “ m l  a b c - I  t c i n i m - , c ” , I:; a no’ ‘omcv i ’x QP.

12
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5. ‘11111 T TIlt,’’ ‘0:1 : ‘ : :,‘‘.‘; ic I’I’’:’ ’ , ’b, c12

5. 1 ,  F’orc- .ulut ~,,  ‘ c ,  ;ii’; ,:n .,~ i : : . L ;  I x  ~i 
~ 1 c’ ’i. ;.:‘.cl c ‘,c- , tc~;’ “ ‘ iir ’mca”

c c , :  e :, cu tn ;r ’ c c m  Iu’ c ’i . m c : c ’  j, , ”~ 
m m :  ~ut  . - ; 1’!o ’l , ’ “, cc ‘Sl u t i . ’ c ;  to ‘I. ’ ’

a • ~ a + t ’ lI, (~~~;

~~~
> 2. ~ > 2

-
~ 

(I

(or ~b c u in g  t i c . .” no mc- _ .t’ ,1.I...,~ e’cis n - s ) , ‘tic : t,c’i ic., ‘ ‘ ‘ 1 - 1  1:’ t n : ’.: ,; of :‘ I

‘mac ’i~’.b l’ccs W1, • . ~~~ W .q ur ~~ :n-. , . . . , .  , i” .c ’r’ cas h i i , . . . h the ~~~~~~~~~ v

cc ;c ’ c t l t’ : ’co a lc.’l,,,LIl~l’ILtic,l t i,It’,c’. c- cd e cmcl Is L L c  (: N , ’ t ~~. c ’ ~ : t ’ s f  tIc

c-t I ’ .:;’ . Cc-nd: t ,;. (25) ‘s.cd ( 2 c ) I :c , c .1 tIc’ Ic -c ’ each

z ,  w. “ 0 (3 ’()
1 3.

This iv tic ’.: f e c - I l  I a,.’ ’: .’dc ; I ‘ “ r c c ’m , t ; , ’ ;’ sj :.c: I’:r,’:’: n, pmo ’c mc ’  “t y .

There is a n - ic - . : , . :  per ;t::c ’t ;’.: c-alt i m : t c , ”:: ~”c ’tat i ’:: a: ’ c- Ic  Lii i’ . I f (~~ ;)

and (2 5 )  have a sc-ic-tic ’s, ,  then cm belongs to t tc a crJ ; ; ,’c’ ’m cone . “.c cr r’ d by t he

nonnegative linear c’ ,m. c’c ’ i r -2  ic-c ;:: of the column s of l i c e  cc,c- m :c!x [ J , — Ii

The LCP asks to ha ’.e ..~, so r’;pr’~uc.cr..tc’1 ‘sn-mt in  s’ . ni .  a mc a ~ that. :’ ;:’ c c i ,  1, sot

both the i—th crocus.:’, of I and c-se i - ti ;  coiunrn of — 11 ar e used, ~ ‘. .st r ix B
of’ order N ~ec]m tIc-C for east: I.:  B . E {I , ,  -‘ N1) is ced l el o n ” .

with respect to ~l. For’ a problem of ‘sc-I;’;’ It , there c-dC; 2
N 

W 5 0  10 tcc l L C t

the matrix B, cdthou1’h the ricc’i ’:ces r, cm c”.i :cc- .t m ’cl. L I c  II c c t l c : :t .  ‘lIe convex

cones they spar. .~re cul l, Oc-~l , ic ’ c ’ ’ ” I;:’,’ C( flemc , ‘Inc problem (‘: “4) can then

be construed as ‘cha t, c -f  dct , cn ’m c : i  ~c i ,r; ,c ‘ , t ’ :’.’ tbocc ’  ~j  f l e lo :. , ‘cc to scocu c c’’ ::, , lccc .”nt.accy
cones , aol , if so , whIch  or~~ ( s ) .  ‘cr. actual ~c’l’it , c,n w ,z ‘c- f ’ ti-c”.: d:ro ’cie’c.: is

in tn-”:’m,..’ of t m ; c ’ W ”~’ c b l , t5  ‘. ‘ d to, ‘, ,c’ cc ncc’:’ cc: .. ‘a c~~ :’oc’c c -ccc’ ,’ ’ n ’ c m d  n’.”’ r - i. .

B,

5, 2. Exc-cr:’.tc’. ,  ‘c it.” c-, , : cc: ; c cn le;c, ’,’ .I’ :t ’ ,; t~ 1:r’. ’ _ J i:;; ,. ar i se  I n c  cc r .:  c-he ;’ of ways ,

tic:’ nost crc - c c - on :  b e l t cp  cc, K cf . : r ,— ‘.1c c - I c ’ , r c ; , ’r’c ’..c .c (~ 1) 1’:’:’ :Ic,ccc d5’ n, f Ic ot’:.~~ra” cc-

The f’o:’mnul, ’mtj’cc’.,cc of ~c ,L ) c’s a 1 n ma’ ccc - ” si~~.’ . ‘.‘m m t cc’ s ’.y problem c c - .  as~c . ;c’p cc nect

by ‘.c ’fi. rcir ’s’

r ~~ ~ r~” 1~’~ 1,1:’
M 1  ~~~~~‘-‘~~~~ c, ‘~~~~~‘

t~~ 
—

An LIP of’ t h m c  t ’rpo I a  mc i-c ’ :~’ I c ’ ., i f  ‘ s t y  by m t r ’ t ’ : ’  a:’ t cce :‘ i c l , ’ ; . c . , c, ’ ’; of M .
T,’, ‘ice cc-rtv :x C,’ cc-c”; , ‘ :‘;‘ “.,. ‘, :‘i,~ P ‘ te th m ‘ .1 aba ” .’ ,’ i s  ,m , :m ’ l5 :’.c’ 0 : 0

ci ‘ ‘ in 11cc - ccc ’s’’ t r o t

‘ 0 rca’ ‘i l l  “ (28)

‘ThIs c’:.r’.~~”t I c. :c c:’ck€m ’c ‘c an ’s , a’’’ ’ is m . o t. c’y rmc . ” ‘ . ~~~~~ c ’’~5 ’Ie r , it is

‘‘er:’ u;c’: ” ’L , ‘.‘‘ , ‘ u k  ci..’ Ic ,..-c ’ n t  11- ..’’ ~Crr , c _ d e f j f l j  L e c : n ’ : ~~cc t h in .  wu ’i.



—,
— ~~~~~~~~~~—~~ - ~~-- -~~~~~

It.- ’’. i.’’,’c ’ m ’c - ’ 1.lc ’ cr1 .0cc; mc cc a Nui ;f l . . r I :  , ,‘,(, ;‘ c :V  ;c ; , , ’ : :c  , ‘ ‘:C’c; ; , c , o t ; ,~~, i t  c c ’ ;:!

jfl j’t :’,-t ic - c c c ’ . ‘I t’!:; 1, : Cl:, ’ ,c-,~: ,‘ oh , , ; , 11: ’ ’ 1~11- ’ dc c c’ ’ c , : , .  c . n cn ; ’’,, P~, : t ,c. r~~’.:~
c c c :  f e ’  a c :” cc l ; :cm,5c : ~1 ( c ’ ; ’  c ’cc~,c:” , . e )  :;y: . l .cm : ~~~~~ N.~~. I t  :‘ .i 1: ;t  sa tsa ’—

qu en t ly  b~’ :310cc ‘c cc ;’ ’ ‘‘1 hat I lcc’ ;’ ;c- equilil’:;’ ma c c c’:c,si I oc , : ’ ’, ,r ’, 3u’ 1 a h n c — ’i u ’ ’kc ’n ’

c o nd I t i on s  l’c’:’ a QP . t rc ’lt’r ti ’c m ’u c o n d c t t i c ’ . . , a l t ’ ’ . ‘ ‘ c’ crO I ’ , ’ i t ’s ,  ‘a t ,  j’ l c’ o

nay n c cc ~~ yccc:t tLcc : : c- - ive , : . ‘!‘hr:t i:,; , c’;:’.” ’.””.y h :t ’,’ c’ a. ‘ c’  f c ’t c - : :c ’ e  ( : ‘ ‘o at hI’; tan - ’ d

on t Ic ’  avai lat  i i i  :.y of a so : ’ t, wccc’ c uok ~c ,” n.’ ) C a’ sd t i  ng t t , ” 102;’ arc c-0~ 0,1-’

wh ose Kuhn — Tucker  condi t ior ’cs i t  n’cpr’:ser,t::.

However , t i -c is  cimiprc: ”cc h i s  not v a l I d  when t i e  :-catrix lc’o ics blsym—

metric’, and since t h o o c -  exist  l iner ; :-’ cam: ; 1, : :c ,em ’,t a r i t ,, ;‘i’~ L’i € 0 : ;  ., ‘:, c :c ’e this

prc;pem’ty Ic-: abo’,:’n4 IL~~] , t 31c ) ,  i t i c -  i’c.rt cc ;;c te t h a t ,  the theory of  i ln c e o r

c omj cl! ennentarity does not rel y on CI’ ’’ ‘LI : 7cc ’.. . 1.; y c:’:,’!iti”s,. In-c th :s  real .cc’ ’.

the LCP is cnore ~‘er ;crc ; . t i : ’ . :  t i -c”  (~P .

5.3. Fxi stence and U n : iu e a ’ : c; :’c Pc::’ul t s .  When a pn’ohierc (~ ,,M) is presented ,
it is very hel pful to kn’cr..’ wh at k ind  of a matr ix ~I I c c .  D esc r ib ln :p  the full
ranpe of in teres t ing  possibili t ic:;  woul d be inappropriate hare , ‘c. ; ; t the
theorems quoted in this section cover the mo::t important cases cn~. ciccald

give an indication of how M can influence the quo l ‘I t ,- ,ti,ve prn 3 c: t i es  of tIc ’

problem.

The matrix l’i belon gs to the class P if and only If all r n ’ i r ,cm! ;’c..l

c,cinom’r. of I.! are positive , i.e.,

det M~,1 > 0 for all J C Lm ,. . . (29)

Memb ’rs of the class P are called P—matrice s. I c - t c  tha t  because it is not

a..,c-c: ,’ ’,’d to be ‘. ,,‘, c ’ a t r i : , c”s. ,l i t i cn  C~~) is not ‘:“c ,;c-v:,I,c ’nt l’s t’ ’ n c i ’ .i ’,’€- C c l i -

niteness. It is cc fort , h owever , t Ic -c€ i f  ii is p or :itI- ’c’r t ’e - f ;r , i ’ ,: i n . Il;:’

S O n - c S ”  that II a > 0 for :1.1 z ~ 0 , then: i-’ P 
-

Theor”n: 11. The T I P  ~a ,M) has a unique n-c ~c .j orc ~“c’r c’V” :”,’ a ~ 
“ if and

only if 14 E p.

This result, due essentially to Sarnelson , ‘I ’ tc n’al l c-n:: “ca te r  [ a t 4 J ,

sayr: (in the lan ; ç c’c( ’e of Cect,ic;n 5.1) that the c’or. ,c : .c’ c” cc ’. mc ’,- C ” :  c’s rc ’ l  i t t i v e

to 14 actually pcc - : ’ti.ti ori

A second resul t , one that, is closely rc”c - c .t ’ ,t to icl Ii ” ..tlorc s In

en g inr e r in i ’  picisticit:.’ , cc :n :cc ’rn s p o s i t i v e  s c n i — I e t i m . l t n ’ :  ‘ c - s .  at wa~ first

proved by t2ot~~ e 9]

‘ftc’:: :: 12. if ii is positive r’emi—d efmn ite and lice ccy ;tc’m,: (21, t ,(25) i c c - s  a

solutcion ,then (~~,~i) h:;,; a r c o ] u t i n a .

In the positive sa”.t-definjte cane , neither the cxl, ’ - i c e nor the

unt qcc cm :’ cc of a r.olut i on Is (~u;cr:cn:tced . However , ‘..‘her, (~j,M) in  nond egen—

lii 
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1

- . C m  n , ,~ it ‘ ‘.‘ ,co’v c ‘ ;c ’ c c c C ( . ) h’ i ‘c-: c ‘J n , c  c c .  ‘ ‘ ‘ ‘ .  . ‘. ‘ ,‘ ‘ :‘. /

c -mel I ‘‘ ‘ cat c , , ‘ : ‘ ‘ — ‘ ‘ c f’ .0 ic - ’ , ‘I ml C ’ ;  ,ii ‘ c ‘ ‘ ‘ c ,: ’ ‘c ;  . - 
~~‘ i .‘

‘ i c ’  1’ ’ ~~~~~~~ is  , . , ; c ’ . ’ .1 j a ’ ’ t  cc ‘1 . ‘ ‘ ‘ ‘ eec  1 ’ ,. :, m ’ , ’ 5 : ,’

1~] ccc’ : .  f. ’,’. ‘:3; ‘ ‘ cc t’,,1,’ l o v e  :c~ ‘ -H c c c ’ : . :. ’  I I n - - a I c; :0 :‘ ‘ io 0 , : n.  :, c .
wit . i 1, 1’ ~“ n - - c ’ c .1~

“cr , t 3 .  I1• a t , , I C ’  , a~~
’ ’ Ict ’ c-: s ‘ca l ‘.i c-~ I ‘ . c-c- ,’ ‘ ‘0 ., ‘ ;,  a I :.

c A t ’  ‘ - c ’ ~Ol;.! c -f  1. 3; . ’ m ’ :, .at, ~~~~~~~~~~ , ‘ c ’ ,.’ c i , )  . ‘ . ‘-‘ cj c, ‘.‘ Ic . c ’ ‘m l .

m c - ’  ol cc ,’, ’’, .1, j  Ca 1::, c H ‘ . ‘ n ci c-c - ,) ‘ b; ‘ ‘ - ,~~ , c f’ c:o J :‘ I c . ,  .1 1 c i a s  0

, , ‘ . . . ‘Ci , ;:’ . ”’ , t,c.i’i t ;’ ~:o1, ’i cc : ;  ‘. i ; c -  2 ;  c cc - ’ n’ . ’ , n - ’ , ... . - ; i : , , 7  ‘ ‘,‘,.i c .l .c ’t’’s,. ‘is,, i, ,o c c ’,’’,Cc,

c’ ’ ,’ ’ , :0. .: t ‘c ,~ ;:; I 01’i C r c - i c  .11 - ;, ,c n c  c,’c ; ’ a J I ‘ ,, . ‘ I’ ‘ c c; ,.l,,. I, c,’i 11 icc’ .‘ ‘ , . a . —

c:c l Sc- .; ,t c , n - . C  ~‘.‘.,m ’ i.c . c  , : i : - ,’; .:’o’I n - ’ ‘ ‘ c 10 .1, (‘c-’ ’.:, ‘ cc . . j  cc ’ n- .0’ ’. , 
‘‘ ,n-, - ‘, 

~~~~~~ ‘

c ub: c - ‘ t c c :  “ c-’ t ,, a ‘ ‘ , :~~ _ cc:’l C, n’ t c . . , , o -  c c - n , c c ;  Ii. ,;:. ‘:1,-sc’ , i t , :’ ccc. “ ‘ , , - n’ n c  c - c , —

to c . : . . : u  i c - c - : , r?cU~~, J .  L 5 ’ , {J ’~1 Ic - cc a ‘ :,.. ‘c , n- c ’, ; ’ : :  c - f ihm’

I d,’;; c , ,n , t I t ; ;  c - i ; ”: fi’::,::c ’e. I’:,c’ cc i c .;”,l € ’  j r , c , t , :’.:i .:~ ‘vb ,e ; ’ c~ tl .c. LI’ c~~j:c ” .,~ .c b ;  in

c-jccpl i c-ui.’] ‘c m “c-c-’ .,’, ccl , t, ‘ n - c t, c (0’ 0’

The c ;; t. c ’i:’: 7 C’ tc ’~~
’ t,.o.I c - cc , to t ie Ci000 ? i f  s n o  c - c ] ’, 1; all of

its “ m ’ f — n t i c r o c ’;cd e’ r t,:’ ic’ c (ti , ,  I i1 ~) c - c c ’  ;::‘ ‘‘, c ~.. , ’ ; cj l l ’ .’” . cc, ] ’ :  ‘c ’’ , t , s  ‘f  Z s, ’. ’ n - -
—

called li — m a t r i c e s  [ t ’ c - 3 . ‘~‘t; c,’ t I  c.’ ..’’ nj’n- t S  1:’.’ 1, ’ ) “,“.tti’~ ;t’.’t ‘,‘“i n, ”It, 117 ,, .
Thccc..’; c ’ m 111. If i-’, E l t ~’ ’ , t n - c c- f:cc;loc ’; rc-f 10’,_’ ” : ’c L ] ’ ,’ c , ’ . tL :

(i) for cacat c n C II’’, t};’s r.c ’t . “ i ( C , H c a , c ’ . c - I c , c c  a leas t, c’lc ,’::,- ,’n,t :H’ ( ‘ . t c . t .  is ,

an element sct i n;fyli’.:’ z” ..c a l ’ccr all mc E ~ (j’~~)) ic c- ct s’~ is n- I.e...1
unique c l ec c ,”:,t of’ P; ‘1 , 1’, )  ;, c mt . : s f ’yi;;:’ cc (~ ~ ‘I a) = 0 ;

(ii) I i C P 1’ 1
Notice tI it, whenever a cc, H ’,l;’~d ’,’- ’ l set C c-c o t ; ,  in : ; ;  a 1,:;;r , ’, cc ac - cc : : at . ,

I h:;t, ‘c - cc’ . C fl,i.’,c. c c , ,c-S’cc n af l ; ~’ ‘pC.c0.t ‘/ ‘ ‘ T I n - c.:’ I C c ’ ... c - f  nt: ,,’ ‘ ‘ ‘ c -  , Ta t O  ,‘ cc ’,a :c’ on -’

c -n L’i~’ ( c , , at ) c - h c - n -~ ~ E p  f l I , i t S  c-c-c q . : ”  m : : ) ’ , ’ 30f l  c - i s :f,o, l c - - c co t  c-i ’::n’ ’ , ;’. of

Z’ ;j, ‘ ‘ ~ c c-H c c’;’ f ’~ ,’ , c , - 50 1 c-C c- n - i c ”  t ,P

m m .  [ c i s c -  ~C~
’ 7.

sub ,~ c’c’ Lu i~! z >

a ‘
where ~

“ = (13 . . .  3 1) ~ 3/

~i. ~s .  Pivotal , A ‘ -, ‘ m ,r ,’i. ‘Pr o ‘n~’t: , ’ .d d c’cc- cc- ’i!” , i n -  i-h ’: ‘.1 c: c - .  5 ccc , I , ’ ’ .  ,

pond;; cc ;  v i i ’,  on ‘;om’c- ~~‘ C ’ 1 ’ . ’ c c  :‘e.;’c ’J’ t.s, ( ‘ ccc ’ mat I I n c . : ’ e ‘v . 3 1  c ’’
t c-,- c-nted I n ’ ’’ I~, Oi’ ( c - d  co ,‘1 is ’r ’ c , ’ ; ’ ’ n-c- , ’ ’ ‘ c ; i s , ’ n -  1 0 ’ . ‘at is ‘l ’rcc’ icc ~~ ct ’ . . ‘ c ’

Conr ,idc ’r  i : ’ ’ 5 ; : ” vhc-’c’c” tI c ’ : i n : ’ .” - .t : , ’ r t ,s ‘, I’ the c c - c u  ,~~i ’ , : , ‘H i ’ . ’~,’
pc-i t II c - : :  :21 ac I”; I i’ ,c

V
1 = ‘~ ~‘l , ‘c-c - 1  ‘~ L’~~ ‘ ,~

.ci~ + : , !:i ~ ,n ,~ -p



- ,- ,-

‘ r;e cut .cc c-r’Ipt c-; f end J re3;rc-cc ccct. cc cc ,; 1- ’::’ ~~~~ cc-;ch:c ,mt c , of {l , . . . ,,‘I~~. it ,  is
poc.:: . i i l e’  i - .  iiC ’lve f ’,, :. ’ 7. , i c ~ atm!!’:.; o f ’ s  ccc ’ :  : , l .r ’ ” , ’j ’ l ” .’I t I c- e v H c t . ~. If  i t“I ‘ c ‘c - i

end lice exchange is ‘ ;x c ’ ., o n - ’ ’ c- , c - Icc , ’  c~ .: i c c  1- ‘ct , ,, y  ‘s c - c : : ;

-2 — i —ia = _ M , ~~ ,,, +1 ”. ,, cc—I —Li j --li - ‘I ‘-.rc- ‘-i., ‘a’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ cc’ ~~~~~~, ~~~~~~~~~~~~~~~~~~~

c- cc-cc. : t s .  The co e ff j  c jest cc -c t: c x

~~~~~~~~~~~~~~~~~~~

- ‘.~ 
rI ! P II IJ

Is called a j c r : c ’ ’ij,~~,j,, tr c , c , c - f ’a ’n- ’. of

‘, ‘

= 

c

’

I
and the process Is calle.’ tn c :~~cc,l 

4.m ’ m , r ; c c fci ’c ’ia:.io” ” c ’ n - c’in ~ j ,.,J pivotI~~~,

The mcccxi. ‘,he~~c - e m ;  sur:c: ;arc c-c” f ou r  :c’pic.c’cnte rc,”::’ccit ., c-c s, pric ccical , p ivoting .

‘!Thc-on’e’mr, 15. let M C 31 “ be a pr :r ;.c l c:mt ] t r ans fo c ’:c: of M.

( 1)  If 1’l is a P—: :atn’ix , so is M ,  See [57 ] .
( i i )  If M is positive d e f i n i te ’, sn-c icc t’at. See [To ] .

( I i i )  If N is positive c c e n c i i - d e f i a i t e , so is l~at . ~ea [ io ] .
(civ) If 1.1 c c . . ‘~~symc:met r i c , so is M~ . See [ 29 ) .

This theorencn implies that when an algorit ’m’,r. , calls Pt ’;’ a principal

transformation of the system ( 2 1i ) ,  an-c d M has any c ’ t i -ce p r op c r t i e s  nc-en-

t i - c - c od in C i )  — (iv), i t will  he ar”:. ,’ c v c - d ,  p a r t s  ‘ i c - i ) and ( l v )  of r t . i c -
thcorexn are used in j us t i fy ing  the van 21” t’,’ , r c , r’ - ’,’] i cimca t . ; n al go ri ’ .l c m pre-
sented in Section 1c . 1c .

5 .5 . The Prinajna2, Pivo,~~~~~ MeinoI . In I i-co case ‘.‘Ien’ e ~
‘. C P , t i -ce LCP

(~~,M) can be :c’j l’cm , ’ ,l fo ;’ any a C R N . (‘n. e p a r t :” s~’ ’ n -  no c-hod f ’.r ’ C u i n g  t h i s

Is cal ,l, - .”J the nr in ’c:’i pc- cl pivoting nc-n-clod [ m a ] , I 9 1 , 121 . In :‘ ‘n t ,rast to

the q u adr a t i c  progran ccrning m c ;et b :n -’ ,i: ac- cc ’ c-sc- md In  f c ’c-t i on  cc , i t  dc:oct not use

an objective function to guide the pivot sm ep ~’ . Instead , it consists of a

S( ’q ’ :” flC ”; “f’ in c-~ccr cyclec each cc-f wnim ~h Is as . ;o cn -ia ’a.- ’t with a distingsished

i- n-i: IC var i able that i- upper’: to be ne~atjve in V O l u c ’ . The major cycle , in

t:: c c , n-c ori c’Ic -ct: ; of a sequence of pri ncipal pivut steps t t .~ t ( c i )  prevent al—

ready r ,orcc;c, ’C: + Ivc - hoc - ic variables from becoming nc’1~a tivc ’, and (ii) termin—

an - ,- when the ii:’ ’,.lnlC’ ,i :;Ic’cJ variable ic;”rec;c,es to �, “ro . The com pl ement of

th’’ Ijm’tjflC’ ;j’;Icc,’J -,ar’ial” l,,,’ is nonbasic cci acts as the driving variable
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throughout the major c - p c - l a .  The variable: c-lo t are elI gib le t t I  cck its

increase are the d is t inguished v,wIabi,; ann ill tic ’: nonnegati”s basic vari-

ables . This distinguishes the principal pivoting method from the van de

Panne—Whinston which in some other respects Is similar.

The system (214 ) can be represented In the tabular form

1

w
1 q1 N11 ....

~~

The algorithms can be stated as follows :

Step 0. Start with the basic solution (w ,z) (~,,O) .
Step 1. If ~~> O , stop . The solution is at hand , Otherwise , select an

index a such that q5 < 0. (This might , but need not , be chosed so that q~8
is the smallest component of ~ .) Designate w8 as the distinguished vari-

able and as the driving variable .

Step 2. Determine which variable blocks the driving variable. This is

done by calculating

— q,~/M~ = ~~~~ — 

~ 5~~~85 ’ ~~~~~~~~~~ {— q1/M~,5 M~5 ‘ 
01).

Step 3. Perform a principal pivot . If t = a (i.e., the blocking variable

is the distinguished variable ) then exchanre w5 and z8; return to Step 1.

If t ~ s , hol d at the value - and per form a principal pivot , ex-
changing v,~ and z,~. Return to Step 2.

It should be pointed out that some refinements are required to

keep track of the true identity of the basic and nonbasic variables . As

the algorithm is stated above , the basic variables are denoted generically

as v ’s and the nonbasic variables as z ’ B.

Another important theoretical point is that to be perfectly cor-

rect , it is necessary to consider the problem of degenerac y . This can be

done by Introducing suitable perturbations or lexicographic ordering. It

can also be done by imp lementing certain tie—breai’.ing rules . Ic-lee f 22).
There are other principal pivoting methods , and other classes of

problems to which they apply——most notably, the positive semi—definite

case. See (27], (121, (131, (~~d 1,  [145].
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5.6. T,, n:.k c ’ s t , I ’c-t ,~~,- c j . A nnn - ,tc- r , c ‘ ‘c-c,’ c- c i - u . . , c-cc Lt’)d for t he  IPI ’ Is dccc’ cc ;

Lenke [ 314 ] , [ “ ‘i )  . Ti--c; a u m ’ ;m n-li P; c - c c - i , tm : ‘~‘cc ;-n i  ‘c - n : cc i-c ’ : s i n e  ; ;cc ’t ”m’1y ~~ng

but c’egn ’ et tah i l p t . I :e ;  e I:’; on ly rCL .:n in  t a - i  i c u~ -:’j ’ c ’ n: ;c of t h em ; ; .

Consider the u ctxiliary I C ?

(29)

W
~~~

O , z ? O , ZO~~~0 (30)

~3l
A solution of th is system with z

0 = 0 is necessarily a solution of (~~,M ) .
If e is a posi ti ve vector , then for z = 0 and a suitably large value of

the vector w = + e z0 ~~, 0, so (29) and (31) hold . But if z0 > 0 holds ,

then (21c ) does not . The LL’~c-ke method pre serves p~-operties (29), (3~), and
(31) and works by mean s of special pivot selection rules to achieve the

condit ion z
~ 

= 0. The system (29 ) can be represented by the tableau

]. a0 Z
1

. . . . Z~

w1 q1 e1 N11 ... M1~

“N ~~ eN MN] ...
Lenke’s scheme goes as follows .

Step 0. Start with the basic solution (w ,z0,z) (a,0,O).

Step 1. If > 0, stop. The solution is at hand. Otherwise , let the in-

dex cc be defined by the con dition

— q8/e5 = max
1 

{ — q1/e 1
}

Perform a pivot step making z0 basic in place of w5 . (Now both arid a5
are nonbasic .) Designat e z5 as the driving variable.

Step 2. Determine whether the driving variable is blocked , and if so , by

which variable. This is done by checking whether the column vector (in the

current tableau) associated with the driving variable z5 is nonnegative .

If it is , then z ~~ unblocked , and the procedur e is terminated. Otherwise

the increase of z8 is blocked by some basic variable which decre cses to

zero first.

Step 3. Perform a change of basis . Exchange the (basic) b.c.ocking variable

and the (nonbasic) driving variable. It the blocking variable was a0, stop.

A solution is at hand. If not , let the complement of the blockin g variable
(now noribas ic) be the new driving variable. Return to Step 2.

Remarks similar to those of Section 5.5 must be made about the
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c - a l  f c c  :;anl n - Ic c  ‘ i . - ,’c .; ” -  ‘ c c  m c - ~ . ‘ i - . (‘‘ - -.‘ L~ ’,c.c 1 22) ‘.n ti - i s  sub—
j  cc ’. .  ) !~; i-, ~.r c c ,  t ‘, i c’ “ ‘ n  - c ’. 1: 1 ::‘ ‘ ‘~~c - t- : ;  c- (c- n t ,- ~

‘ , .,t ‘cc: j ;c h ’ dc -lured 1: cm

t i c - c - ’  lack of’ a bl~;c ’k 1n ,c - ~‘nc ;~~.’ - i- 1c . ‘in Si~;-p 2. . ‘~~i ;  oc cur r e n c e  ~~ ~~~~~ ter—

of ‘.h~ procc.l ;c ;”~ (~ ‘I c ‘~ ‘c ,c -~ me; i, I . o i -  t(:;! ‘:s c c n )  , and i t  ra~ sea

t i c ’ , ’ q u e c c t i c m m  :,f what I.i. c’ ;ecc ; ’c- c- in tec - ’omm of uolvabii ity .if t i - c e  ad

prc -hI em (~~,M ) . flc’rc.c ’ £ n c c~~(-i- c , ( c - nc  ~‘ c d’~-c ’c- v e t  C: ’ ,c c~ c-, : ,- ’ l’ol l ’- c- w i r c r -  result [314 ] .

Th,.’ en 16. If’ the Lenike al gori ths ip, I c - e u to ( m ,’~) ter cnlnatcce on a ray ,

there’ existn- a non,cer.: , c, c: ’ , i ce ’~~;c- 1, ’.’-:’ vector u suet , t.i- , ’,t

(i-c U C = 1, . . .  ,N (32)

I n  th e  ~:aa~ of ~_ ;c - c t ,r ’~ce., , t~;c sy:’t (32) cannot have a nonzero

solictian , urIc n - : : r ,- e , cu ’:- ,.t .~’,’ Le.,,~.e ‘ cc :m l r , rr~~t’c so lve . . th~ s r ia~’s of problems .

Whe n M i c c  ccc,: :~ ac s c - ”, i — i c - i’in i t e  ~or , cc-car: fc c:ercc c- , coposi’c-. ive—plus),

t e r c - i n c - ’t i o n  ccc a ray i’e~’I ic’s t h at. ~:-4c) c- :rc - d ( 2 5)  i-ca ‘c’ rio so lucl ion.  While it

is kn own t h a t, l~:c-cke ’r n c t c - ; o d  can be applied to ot ’h ’ -r classes of linear corn—
plementar i ty  problems , i~ Is doubtful that the full. extent  of i t s  applica-

bility hat- yet been determined. inves ti gc - r ’~ons alunig these lines are to

be found in [22], H 6 J ,  [25], among others.

6. PARAI€TRI C flETUODS

6.1. Tnt~ ’c-’L’ccc- i-c ’Hn. Th a number of instarr’ces , or;e Is interested in solv—

inf a QP or LCP for ali valuoc of c e rt a i n  ;‘.arancetcrs within a specified

range . One such is exemplified by the long form of Wolf e ’s simplex method

fc~ QF c :c-r, a i - - i - , red in Section 14 .3 . ‘ ‘ ca ‘c’n~ je-cn treated there entails a

rcp cr ’ial type of’ vac -int ion  of ‘ ii’: linear em in ; the object ive  function .

In ‘ i - i c  c-e,- :c- cf Wo lm’c’’s method , the C’n-ra.;;ctri zatiorc is as much nested  in
ti e- :‘e th c-I for c-al v’i ; ;~ the n~ rc~~a:’ac r ’ - I r i c  ~,rcc blec ’c c - i c -  It ia  in thc, formula—

t~ j c , ’, of a i-,r n- ’~t c-ar’~ -.ct- ic p c - c- b i t ’c- rn , such as tic ’- m.n— c-aI .:,ad portfolio selec—

t~ c .  prolc I e ~ to w h i c i - :  I t  is man i f c - c - t m ,], c’ ar ’ ’i i c ab le .  See Marko ’~i tz [ 1 42 J .

For ~~~ cc ~c- c c - c - -~ 
- Of t.- ’ ra ramet ri  c i - C r ” , see ~ai or [38].

f~ 2. Parnn” rie Qh £r~~
I ’-aa. The q u a d r a t i c  pr c- r :-.:- ( 1 )  13 c-~~c ’c i fi ed by

tha d a t r i  I , , ~‘ , i~. ‘rh o ~ont  c’c”ccn , -~n1, c rccou.n t .’c-c” .i parametric versions of

the ,i prc ’Ll~’m cc -t n be fern ilated as follow: . I c - i  A be an interval of the

real l ine. ~o:’ all A E A ,

minimize (c + ?. 
~~~) x + ½ x  H x (33)

subject to A x ~ b + A b~
x > 0
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~cl ; ’ c’ ~~~ i c - c ,; .c- ’~ ‘c r c  a~ m c - ’ - - . ‘ c-c-c t ; ’ : - . I r  b 0 cc ;d c / C , c - I L -  pc ’ cn - b : € ’ : ,  .u3

a c- - c - i c- , ~zI(, c - , ,  - i .  ; ,
~~ ic - c - Il l n - c t , .ib lle if  h ~ 0 ce c , i -  - C , tm ,, rc . l ien

has a pa;’:e ,an- r i :  r’ c c - t — c - lcc - c U tidc ; .

I - er  a ~‘lvc-rn -  ~al - c c -  of ~ E A , ‘. : ‘ , c - c ’ ’  ,s  a c’ c - l’ c’cc~c-c u d : r c - L I  U2 wi - c - Icc -

or nay n~ t. be f ’e;;~ , b lc tm , c - c - , ; : ’  or r e ’ c,c. t have c- Ui ;c ~n - t  I ca c coiu ’_ l  c- c -i . II r, c-n--

nor-ac -e t c - i c  F r ’ c’, c- ’cucci ’ ;l:m cc - c.eLi -..~~t., mc-- ;c ’c-:”~i- ly .. - ‘ c-~~Q c - c  an ‘;1. t c c ci c c a i u t  ion

corr esponding tc  a p a r t i cu l a r  r ’c r ’,’ ” c -~~~c- V -~~~-c- ,mt , t r .c - c - ; ’e ~s a l i t tl e  problem

about ~e tt  i r c r ~ c c  a r t c  , ru t , in 1 . ‘ c - c - f It , C iSc , t i - i S  iii not t - c ’ m l t c - i y  di f

fi cult . To i’ m :  a v’c-~ ‘cc ‘ cf A i - c -, .;~ t.’: i  ‘c c r c - c -  ;c -oc’ c- - ’ c - : c - ; , - ’a. ’ : :c~ Q~P i c-c., en opti-

mal solution , it s u f f i c e s  to write dcv. ’ t i- ;e ccc ’r , 1 .

c’ + a ’ A + x + 0 (34 )

b + b~ A — c-’ X > 0

~~~~~3 , ~~~~~II’ , A E A

When A is art interval , t .. ’r t i ng  these i ;c c -~~,. - c-lit ,i ,’ .n- car a sc;lui ic-icc Ia the

same sort of problem ‘ .r;e cc c - ’~’ct , : c - r i  ic-F . If a sc,iuLicc.cc- 1J ’ ,LO ,A O )  is

then for A = A 0 , the c c r r C :~ioc-’c - d i c c - p  QP has an Optimal solution . If ( 314 )

has no solution , then there is no value of A E /, for which t i - i c ’  correspond—

ir; c-; QP has an optimal scj u ,, ior c - - This is a consequence of Ti - a c r e - : ;  8 (and

of Theorem 12). Thus tha procedure can be made to start fr-ar; A 0.

Among the types of questions that yararn-’-~.ric QP inod - -] :. attempt to

answer are

( i )  How does the optimal value vary with A?

( i i )  How does the optimal solution vary with A?
(~~i i)  Over what range of values of A are particular sets of variables

po s it n -vc ?  of c e r o ?

Parametric QP of the  type described al-eve’ cc-c-n he treated as a parametric - ‘

i!” - For the sake of brevi ty ,  t i - c i a  app;’e~. c c h  will be taken here.

6 3 .  Parametric LCP Problems. Giver , ~ E R N , 2 ~ R N and M E CY~ i- , the

parametric LCP consists of solving the family of ordin ary LCP i- .r ohi encc-,

+ A ~,M) for all A € A. The ~Iut crc -- - Tucker  conditions of the parametric

QP (33) are s’.,;,c-uc-ned icc th is fuinc-cilat, .i on.

in the discu ssIon t e l ow , it will he assumed that M is either a P..

m a t r i x  or Is p cnr it ive  s e m i — d e : ’~ r c - i t c -. In the fcc - tn - em case , (q + A ~ ,M ) has

a uniqu e  soluti c-.rc for each A E B , he nce f -c-c- each A E A .  In the positive

sem~— dc f i nite car . ,’ , t h e  problem i-~~c-c a solution fcc- c- every A foi which -;

~~ + X r + M z > 0 , z~~~ 0 (35 )
i-n- ti c , a solution . Accordingly , in Order t0 get started , one can solve the
1rc-. ’c J c - ’ r n  f  determinin g a A E A for which ( 35) has a solution . If there is
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non~ , t. }c’’rC’ lu c - - c - t I  c - n - , .’ f r , c- - ’ _ i - c - t c ;- c, - bc - b- - c c  -

Let ~~- I -c - c -  a ‘ c - c- - - t c -  c ’ ’ .,J, c.e i - j r , c , i C } ,  )c~’ ~~~ n-c- ’c- h- c - c.  a solut ion.

One c c - c c -  mc . - - u c - - ’ i.ecct A~
’ c- C’ . (c - c - - - i n  c , it , . - c - i - ’: ; of  c , c t r I a i - . c - e- , 0 A — A 0

r i - v- s r i re to an equivalent. c - c r . ,c - I l . I . c - c -t ~~ + ,,0 j,c-) + e c,~t) ni- i ~t ; icc - solvable

fo r- 
~ 0 . )  Thus , w i t h  A C’ cc- 0 , t i -n- c- sol u t ion  pc - c - c - c -  Iu c -~ for ~~~~ :‘c - i e J~ds a

p.c- Si r c c i~ t~~i ma:mr f er- m ~f t i - c c -’ problem , cc - c -  (c; ,~Y ) , i- ;1 which  ,~j
’ - C . Let p ’

t o  i - i c  cc ’, - r e : , c -c - c c Lag t m — c - n :-; f.’ c c - - ct : cc-c a C c . . ‘fCc -i c c - (~~~ + A ~ ,M) heroines

+ A j~” , r4 ’ )  under t he  c c - c - t i c - j r .  of the pj ’ec t i r c -g .  The var ia t ion of A can

begin .

Without loscc- of g e nc r a] it y ,  one rc-rc~ assume th e  problem is to be
sol ’-cc ; f or elI. A > 0 .  Ii’ negative values of’ A are to be considered , one

may s i r c -~-l y reverse ti-ce si gn of ~ and i - r c -
’ C e c -~~mI mi s i nd ic a t e d  below. If It -

is a bounded ii:tcc ’va , the increase of A can bs- c -topped  at arc- appropriate

point . Notice that if > 0 , the  proi-ñ -c-.-rc ; . r c -  t r ivi al , since then ~ + A

is nonnegat i ve for all A > 0.

An algorithm Is therefore needed to solve the following problem.

Given a E R
N 

~.E R N 
~i E R

?
~~ where nccLn

1 
q 1 ,c-c ,0 > n u n .  p1, solve the

prohlc’r: 
~2c- 

+ A ~~~~ 
for all A > 0.

Recall that by an earlier assumpt i on , M is either a P—matrix or a

positive semi—definite matrix. In order to simplif y the statement of the

parametric LCP algorithm below , it wi ll bc assumed that ~ > 0 and for each

positive value of the parameter A , at moot one bn , wie variah],e vanishes.

It is possible ti dispense with this nond c- :c-c-c-c-c-erac y assumption as in [ill.

Since ~ > 0, it follows that  (cc - ,z’ = (~ ,p_) solves (~~~ 
+ 0 ~,M ) .

That is , one starts with a nonrl e ,~,tti’ c-’f co’ .pli mac c - Lacy solution of  ( 2 1 4 ) .  In

the parametric algorithm , one increases A (:‘cuch l ike  a drivircg variable)

and ic -m ainta ins  a solution cc-f the LCP (~~~ 
+ A 2,,?.1 ) .

Step 0. In i t ia liza t ion .  Start with i-c- 0 and (w ,z )  = (j ,0 ) .  Regard A as

the driving variable.

Step 1. Morrotonicity ch cck. If the driving variable is utbiocked , stop.

No change of bas is is required for larger values of A.

Step 2. lietcr rai rcct t iomn - of the next cri ,t i c c ’i ‘4a1u0 . Determine t ic - c ’ index r

by the condition
- 

— = uni ri ( — q1/p1 : p1 < 0 }.
The driving variable i- is blocked by the r — t h  basic variable when It

reaches t icr .  critical value — 

~~~~~
Step 3. Change of bas is .

3.1. ~~ ~rr 
= 0 , go to Step 3.2. 

~~rr > o.) Pivot on 
~ 

holdi ng A

at ti-cC current critical velu ’, ’- . Return to Step 3.
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3 .2 .  I~ 1) J ’ , c - r  c - c - Il j  , c to ;. ;  ‘ J -  j ’ c - - ’ b l c - c - . c- . c o  wc - ’~~c c i c - - c - c  i - e r

-c - vc ci u. mc - of A , i c - c -, ” .1cc -c (c - im c -c-: ._- 

~
‘ r - r  = > 0 ~ c --r m, -c , .e

I c c l  ~.i- i s  c- , m i c - I t i~ ie  c - c  ‘: j — c - : c - c - L i c - i t c,-~ do t .  i’ c c.. ,- t c c t -  i - i c c ’  c c n by c.i- .e
cond i t i on

i - c-
~~~~~~ (q ,,

_~~ _’t c-; r
) c c ~i - n~~~

T
i ’~~ ( c -~ < o ) .  L

Then perfe c t.: ~ he- block r n - c t  on I c- , - - cc - ac  rIgc c c t r  nc-cc - t c - - c

i - i - M
c-i’ rs

M ic-I
sr ss

Return to Step 1.

There is a sicuple geometric-c ~rc-t erpr etac  i - c c  of th cm i - ’ c - c c . -~ , ’ i - c  LCP

and the a1~~orIthe  st at ed  shove . ‘i c - n - c c - set of po in ts  of the fc c - c -’~ , c- : ~ A ~ for

A > 0 is a hal f—line  c- - arc -c t t i c - c - i -  f;’cr: a ( c o r - m - .:- :.poc-n - -3 i- xc ,! tc- A C;) c - c - c c - i- he adi n g

out of the nonnegative c.rthant in th e direction ~~~ . The r D ~c - r c - c - c- c c - c - c - , i ’.’c - c -

or~ h -ac -t  i - a  a c-om’c-p lemer.t ary cone . ‘i - in -c’ j -r ob c-m is ‘to c n a i n m t r c - i m c -  cc r epre sen—

ta tion  of the general point of this i-~a1 f-li -ne , i .e .  j -4 A ~ , c- c s a etc-mci-C-er

of a co:c-cp]ecrccc -rc-t .ary cone . Changes of has~~ ~i. e . ,  representat ion ) occur

when for a cr it i ca l  value of A the hal f - l i - c ” : -  meet e the boundary of a corn—

plementary cone . Termination of t i - c - c  algoriahcc-c- in Step 1 nc -c-c-ocr no more

bo uic-c c - c - icr -will be c c - c t , whereas t € r - c c - i c c -at ion in Stec-’ 3.2 means ‘i c - cc - t for any

value of A larger than the currerct crit ical value , there is no complemen—

tary cone containing ~ + A ~~~.

In some a C c - ’ h i ca t ioc c - o , it  is d c - c - r i - m a C l w  to i - c , , ’~ whe ther th e nc - n - ap e—

nentcc- In a sc~~c -j c- , ion  are nonc iec ;-eac-’i r - , - -n- f’o’c - - c - t i c - n r  of A . i -this  is the case

if c-ad Only ifthe coefficients ot A in t he  rows of the t c - i s ic  z . arc non—

negat ive . It may also be of c, :cLcc -~ c--’cc-t to know th i s  in f or m a t i c - i c  in advance ‘l
of the actual cocc-p ictatic~r [ 35 ] ; this q’: - - s t i  c - i c - i s  1cc -v est t at .c : ’c- m i n  [10 ] .

7. CO?~Tc-1JTATfOPAI, c- c- ;‘i ’ i- ; t t ”~

Surpr imc-in( i-ly ~ i t f ,le  of n c c y o t e c - ,-c-at, i ‘c- r :a t : cc’ c ’ i s  known c-i’m - c - u t  the rel-
at ive  nc cc r i t c - c  i - f  quadra tic  proc~rarc -crc - c- 1n c and ~ I - - c - c -,c- - - ‘:c- .r.l

-. Itc-aentari m.c -wt ccod~
and t h e i r  implementat ions-  In software pack ac” s .  Several exp l c c m c - . t i o n s  mi ght

be offe r ed for ~hi c’ , n e c - c  t i - c - a lcc -ccc t c f  w h i c - c c - c -  would 1cc - the  sheer en -j  “'r i se of
the u cu d e r t a k i nc ;  the ~o n-”m I ,t e y ct  - c f  c - n - c t t r c - i t y  c- - f . . - c-; i on-’tl cali t c-c’ code is

a cc- c - c -.tly project , and the comparison of :r r c - t i : c ’j~ is more so. h t f l  further ,

t i - n - e m -- - aprc-c--rc -rr c- t o  no body of’ rec - n- -c-c-i c- c: Cl Cc ct 1 , c a - i - - )  ‘c-ms to wi -c ‘c-h c-- ’sl Cl—i.e

22 
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c_w c-:pL -m ’ J c - ’ :cT’i .t ’~rc c (~3c c- apply t i c - c - - var’ i c - i c c :  mc .’-t ’ c - c -, c - d c ;. ‘o a c- c - c - c .‘ ‘ c - 1 , c - - c ’ c - . ’ , I c - m e  cc-j~—

‘ c- -~, and t l c - ’c .c ’ are- c ’ i c - ’ :’ i ’ ,’ Je .:cri ’c- c - :cl ~~~‘ -
~~~ ‘ -‘ .

An e a r — v  ef! oc t at ‘ c - c - c - - i - c - c - c - r i  cc - On we -c- ;c-ec -Llimc~crd by van de 
c- c-c - c - n e  and

cin ci~ c-sn [ 19 ] .  They cc ’ m c -c - ’ i c i - . ,”- ’c.l a C’ c- -’ .a iF:’ i O f l  ( c - t ~ i - i c -  c - 1 c - i~~$ cc-c-c]) ‘nit .h t i c - i r

own Cic’ p l c -c- ;-. ~- e t ’ c- . c - d  f.”m i-i-p ( ‘ c - - - . e ’. ’/ c c - ,c]c’ic ~‘c- -r:cc t’n ) c- c - c - i l  C c - c c - c c - , . c - L .-’ c -,c t ; . - . m  ~ }e

l~ t tn r ’  is super ior  i - c c t e c- ’ c- - o f  i - t ey ’cY ~r’c: _ c cd : te - -.c - This - c - -  - c - -c-c tc- d a

cc - i - ’) rj t ~~ c-ci rc-spon sc-c- fr - c . - ’ 3c-c .~~ic -  l~ ) c- c- ’ dc-er., c -c - c - t i l t  C -c - c to the a : .r - c -  cc~ c-; :c-w(- t

( practical ) version of hi cc- ~.etho,i r cc - cc ’r cte ’]  in { ~ J .  Peale c- c - c hc - c c-:i r e d  two
c c - t h e m -  po in t s .  2-i c i~i tin-at ‘c - tv  ti - c --cc - sian of t h e  qu ar im -a t i c  cc-b~~cct cve fun ct ian

ham: low rank r e la ti ve  to the n’ac- :i--c’r of variables , c - c - c — i the  c ’r c - c - c -c- ical version

of his method tm ”-; .. ad ’, . - crcta ., o of this  fact . The :;c-,crond is that the pr act i—

cal implementati on c-I’ ~i s  c - c - t i -c-cal  is far mr -n -re capable of hand] no problems

r.’ith large numcc]c- c - :-c -m c of ‘icc -r i ab les.

At about the c - c c - se t ±c - mc - € ’ , Moore and h i - n - i n c -n -t e n  [1t3] publi:ched a compu—

tati.onal study ecmspar irg i-n- ~it ’c’~~5 algorithm wi th  th eam e of the Duntz i g—van de

Pa nn e—Whi nst on fac r i ly . h -cl fe  ‘s method SCCccCn -c -  less at tract ive .

A stud y by i - c - ; . its-c-h [ 7 ]  anal ysed the methods of Danctzi g (van de

Panne and ~~ c ’ir cr t on ) , P ” c J e , anc- Wolfe ( in  the ori g inal ~‘ersaorc  and a modi-

f ied one due to Pi-a it~ ch)  c- c - .  small rande ’c-nt ’i r •. ,-r n-er a’,”d nroble- : :c- . He pointed

out the various ad-iar,t - i - i - c - c s  of t i - c - c - di f f er en t  c , e th o , i - c - already m c m ’c- t icned here I
and seemed to indicat c- the s l ight  super cc-r i t y  of ccc -  n t z i g ’s method over the

others.

On the LCP side , some encouraging ccmput ;-c-,i orcal experience was re-

ported by Ravin dra mi  [~~i wh o exp em-ic -r ’c- r c - te t  w i t h  a n c d i f i c a t i c c - c c  c-i- ’ Len -c ’s

cr c- t i-c-’ ‘i- cc-n l inear p r o f c - a m c - . c - c - c -i rcg pc-et c - c - c - c - . ; .  S c - c -v~ c c - i - c - - c -  CC c - c - ,~~~ c- n - ,€c - i - t i - c - c -  - t h i s  adap-

ta t ion  of Lemke ’s sc- c - t i - c d  is Ident ica l  to the  sc - n - -c -c - c - i -  ted s c - i f— d e c  1 i- :ararc -otr ic

m i f f - c -  ithc-r of l ) c - c - r c - t r i . 1 ;  ‘19]. He also c - c r c - c r ’ r c-i the cc -n -s putaticna] ‘ur- ic -r ior ity

of t i - i s  approach 0-icr i-Crc - primal  simp lex c-s c- Li-cod . Iicc-vic:irar . has published

a ce-c -c-p uter  r ou t in e  for Lcrc-c-l-c rm ’s nc-i -c-icc- c-i in i ts  r e nt - -c’ c - n - i  form [ 5 2 .

Another , q u it e  c - n i - i i s t ica ted , v e r ; - i c c -n  c-f 1, - c-rice ’ s cr c -t i -n - ri c- c - c - s  been

‘3c-vclop ci by Te ’c-’: i j :c [ 5 5 ] , [ 56J .  His code , calltm ’J t ’ , C, m a i n t c t i  ‘c - s a basis

inverse In pm c’ ’ i - c c - c t  for:. , and uses LU decomp csitie ’. to r e i nv en t  it  at a user —

sp ec -i  t i -e d  frczm .ccr i -cy .  C-accn -put at i onal es-: .c’r ience pm- i ’;otcly reported by users

of t . i ,n  pm-odrnjc-m suggc :t t  tha t  it performs qu i te  s : - i - i s f s c t or i l y .  A small

am oun t of cor c -p ’ct  c - i - i o n ] ) .  ex’per lence wi th  ! U T  mi- i-’c- -E , ti -c - c c - f o r c r u r m m ’ .c - c - ’  of LCPL ,

is recorded in [ c - a ] .  To this may be added the fo l l ow ing  table which gives

c c - e r c - i -,,’ ‘ c - n i n dl r ] ) i en  of the program ’s perforc icrinee on a set of 5 problems

of very di-ffc-r€ n types

i
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I c - c c - h Ic-”, or -]- c- i - c - Jt er ’c - t  ~c - c c c - c -  c-i- c - c - C  c - j i - ’ ’  3’
~~~~~ c- ~ c-

15 8 ( ‘ , i - y i  c - c - ’, ; .

36 cc c “).9i- see.

i n c - c- i - c - (  ~~
c-

c-~~~
- sec-s .

520 1, 8], ] ( . : c - ’. c-cc’.

526 1’(6 i ci-. l5 cc c c . ( r . . r c  ~r c - ’c - , c -’c-i-2 l’,’)

It is  i rmip ort ant t c-  real i c - c c  U at c,Cl t i : . -c- c :°: cc - cc - c -cc- cc-ce’thc,c - c -i- :; c-r i.’ (t heo—

, c - c - n -c- l i - c - c - n - I -i- cc- 0 c-c - c - i ‘c- c- -c c - i- c - c - c - c - ;  c - f  a i- c-cc-rid c’J ’- .n- c-m -- — e.~i- ., c - c - c - m c~’c’~ Qi

pc’Oi- .c- i l tS— ~~t t c - Cr’c-c- are 00cc-n-c-c-c- c- ccc i,. c-c - i - -cc special  c c -c - i - i - c - c c - c c -. are C c - t i - c c -- su i t e d  i’s-c-
i - h r c t - i -c - c - t i c - n  of r -c’ c - i - c -  i - c - - -- i - e l  : - :c -p , i rn- c-; t i ’ a pc-c - c t icudar c - c t  f l a r c - c -  . ‘[3 i - i c - s t c - at ,  kcr:s

of i - h i s  n- -c- cc - c-c -n- i-k ar c-c- to be i - c c - c - n i -  in ~i-e i - ’ c - p e c c - c

[ i - c 5 ]  -whc - rc ’  large , 5~~~
c - e c - r i L n - i  i i-~ 

—~~~~ n c - c - t i - i c - e d  problems c - ” c -  c- c - i -t a cke d  by ; eecia lly

desi c-~n c - ci - cscc-tbc -c-ci-s v i i  c - i .  c t - c l  Cl c-sot. be pro- - n - c c -m d  i- c -er r - for  rn - cc - sn - c c -— c- i-’ length .

ACKN i-i-n -c-Li--i-OOEI-iEIi-”

This :) i c - - c y  war p c - c r -  t a l ly  suppc-c-i’tc ’ci- by t i -n - c - - c -- i r ihc - ’Ce  c- c-’ i - i ce of

Ei c i c - c c - t i fj c  l t c - c - s c - c c - c - c i - m  (r esc -m’~ ‘t F 620_ dc_C , ‘279) (c - c - s  ‘.ec- the l c f f i c - -: of  Nc -iva]

Pesc,-arch ( C o n t r act  i- . — ] ’c -7 5- C-O:- 6 7 ) .
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