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1. INTRODUCTTON

Quadratic programming and linear complementarity are two closely related
mathematical programming specislities having strong relevance in engineer-
ing plasticity, as well as other seemingly distant disciplines. The aim
of this paper is to provide a coherent introducticn to these subjects. The
presentation is deliberately focussed on fundamentals, the purpcse being
to communicate the basic theoretical and aslgorithmic concepts and to indi-
cate where the reader may turn for more details.

The discussion of quadratic programming given here is essentially
limited to the convex case. Fortunately, this covers most of the commonly
encountered applicaticns of QP. The development includes & presentation
of the optimality conditions and the construction of dual quadratic pro-
grams. A few of the many available convex quadratic programming algorithms
are also described.

The consideration of optimality conditions in QP gives rise to th
formulation of the linear complementarity problem. The LCP is a useful
framework within which the QP and its associated algorithms can be studied.
However, the LCP arises in other ways, too. Some highlights of the theory
and a selection of the principal computationa™ * iques are assembled in
this paper.

In some applications, it is necessary to solve a parametric QP or
LCP. Such problems are discussed here from the theoretical and computa-
tional standpoints.

Potential users of QP and LCP software will definitely be inter-
ested in what can be expected in terms of computational efficiency. The
available information on this is somewhet scanty. WNevertheless, an attempt
has been made to summarize what has been reported in the literature.

For reasons of space, the proofs of the theorems quocted hLere are
omitted, but they can be found in the cited refercnces. As for specific

engineering plasticity applicaticns, many will be found in the other papers

of “hese Proceedings, so there would ceem %o be no point in lengthening

this article by developing them again.




2. THE FORMULATION AL GECMETRY OF QUADRATIC PROGEAMMING

Quadratic programming is that part of mathematical programming concerned
with the minimization (or maximization) of a quadratic function of many
variables subject to linear constraints. As a rule, these linear con-
straints include inequalities. Indeed, from the standpoint of theory, it
is possible to convert any linear contraintc to linear inequalities in
nonnegative variables. Throughout this paper, the statement of the quad-

ratic programming prcblem will be

minimize T x + %X H x (1)
subject to Ax<bd
x29
In this formulation,
ACE"", pER", cER, HERT
are given; the quadratic function
Plx) =Cx+%XHx

is the objective function, and the set
C={x€R | Ax

is the constraint set (or feasible set). One can assume that the matrix H

b, x20}

appearing in the definition of ¢ is symmetric, for otherwise, it can alwayé
~F
i).

be replaced by its symmetric part, % (g + }
The constraint set C is always convex and polyhedral, whereas the

objective function P is convex on B? if and only if H is positive semi-
definite, meaning

XHEx20 for all x €R. (2)
When this condition obtains, the QP (1) is called a convex quadratic pro-
gram. If B is positive definite, so that {(2) holds as a strict inequality

for all x # 0, the function P is strictly convex, and (1) is then called

a strictly convex quadratic program. When ¥ is not convex on ﬁﬁ, its re-
striction to C can still be convex if that set is of lower dimension than
n. At any rate, when (2) is not valid, (1) is commonly called a nonconvex
QP.

Among QP problems, the convex case is much easier to deal with
both theoretically and methodologically. Fortunately, the applications of
convex QP are sufficiently widespread to make it worthy of independent de-
velopment. In the author's opinion, it iz of greater importance to be
able to solve large convex quadratic programming problems than nonconvex
problems of smell size. Accordingly, the convexity assumption will be

rather freely invoked throughout this survey.




A vector x* € C such that @ (x*) < ¢ (x) for all x € C is said to
be optimal for (1). ;
The constraints of a QP are like thcse of an LP, and when H = 0

,

(1) really is an LP. It is a well known fret that if an LP has &n optimal
solution, then it must have an optimal solution which is elso an extreme
point of C. In this respect, a convex QP is unlike an LP. It is not
necessary for its optimal solutions, if any, 4o occur et extreme points of
C. Simple illustrations can bte given to illustrate that there exist con-
vex QP problems with interior point solutions, boundary point solutions,
extreme point solutions or no solutions. Despite this major difference
between LP and QP, there are elements of great similarity between the two
classes of problems. Some of these will be emphesized in the next two

sectionsg.
3. OPTIMALITY CONDITIONS AND DUALITY

3.1. Optimality Conditions. In all branches of mathematical programming,

it is essential %o know how to recognize an optimal solution. In QP, this
is done with the Kuhn-Tucker conditions [32],[31] which were developea

for and apply to nonlinear programs of much greater generality. The pre-
sentation of optimality conditions given in this section is & spec 1liza-
tion of "Kuhn-Tucker theory" to the QP case.

The following result expresses the necessary conditions of opti-
mality for a QP of the form (1). The theorem is valid regardless of
whether the objective function is convex.

Theorem 1. If :* is an optimal solution to the QP (1), then there exists

a vector y* such that

c+Hx*+7_\‘y_*>9_ (3)
(e + Hx* + A y*) =0 (%)
TR - A x*) =0 (5)
™20 (6)

Equations (3) - (6) are called the Xuhn-Tucker conditions for (1).

There are several points worth noting ebout them. First, conditions (L)

and (5) are known as the complementary slackness conditions. They have

the following significance. Since
"
WEg+HF+AY 20

and x* > 0, the equation (L) implies that

x3u3 =0 J= 1.0 (1)

L%

|
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x? > C implies u¥
$ ¥ 3 = Asvsean (8)
u* > 0 implies x# = O

V «

s

Since x* must be feasible,

Ky¥ = = |
yivi=0 ST e (9)

and ]
y; > 0 implies v; =0
: AE =0 (10) _;

v¥ > 0 implies y* = 0

i i

It does not follow, however, that the implications (8) and (10) can be re-

1 versed.

Se———e—

When e = (g - A x)i = 0, the i-th constraint is said to be bind-

ing (or active) at x. Notice that if x* > 0 is optimal for (1)

end no
constraints are binding at x*, then u* = 0 and y¥ = 0, so that x* is an
3 interior point of C, and the optimality condition asserts the familiar
equation V(P(E‘i*) =S e e 0

The components of y* are known as Lagrange multipliers for the

corresponding constraints b - A x > 0. The components of u* are Lagrange

multipliers for the constraints The numbers y; can be interpreted
as measures of the rate of change of the minimum value of the objective
function 9’ with respect to changes in the corresponding components of b.
This interpretation is worked out in [53],[1L4].

The Kuhn-Tucker conditions are merely necessary conditions of
optimality. If a feasible vector x and a nonnegative vector y happen to
satisfy (3), (L), and (5), there is no guarantee that x must be an optimal
solution of (1). One cannot expect too much from first-order information.

Convexity of ¢ (equivalently, the positive semi-definiteness of E)

v of
e

is second-order infeormation of a type that guarantees the sufficien

of the Kuhn-Tucker conditions as an optimality criterion.
A~ ~
Theorem 2. Let P(x) =¢c x + % x

0
|
v
| =
e e e e e e e s o e A ————

n L .
Hx be convex on R°. If x* is feasi-

; ble vector for (1) and there exists a vector y* such that (x*,y*) satis-

fies (3), (b), (5), and (6), then x* is an optimal solution for (1).

—— e

In the convex QP case, the Kuhn-Tucker conditions are necessary
and sufficient for optimality. The search for optimal solutions of such a

4 problem can be confined to solutions of the Kuhn-Tucker system

A
usc+Hx+hx>0, x>0, Xu=o0 (11)
y=b-Ax20, ¥>20, Yyx=0




3.2. Existence and U Nething 1t L nid so far ul the
existence and uniquenc. of optimal solilions. One of the main results

in this department is
Theorem 3. If the quadratic function ¢ i: vounded below on the nonempty
polyhedral convex set C, then @ attains it=mininum on £,

To the author's knowledue, this result, known as the Frank-Wolfe

~

theorem, f {24 ] It

irst appeared in (24 J. It does not require the convexity of #’,
but when ? is strictly convex, it is possible to state a stronger theorem.
Theo;gm_h. A strictly convex Q¥ with a ncnempty constraint cet has a
unique optimal solution.

Although the uniqueness of the optimal solution is characteristic
of all mathematical programs having strictly convex objective functions

and convex constraint sets, the existence ic not. It is apparent that for

. A s . o » / it 1 ™ :
a strictly convex GP, the objective function (?\5) =RCa e XX s
n X P | ~ =1
bounded below on R {and hence on C) by o (-~ ¢) = -%cH = c. Thus, the

existence of the optimal solution is assured by the Frank-Wolfe theorem.

More can and will be said about the existence of solutions in the sequel.

3.3. Duality. Associated with a convex QP (1) is a maximization problem
called its dual. The dual is also a QP defined with the same data. It is
customary to refer to (1) as the primal problem. Thus, for the primal
problen

minimize

subject to

the corresponding dual problem is

T d g
maximize ¥(x,y) = -by-%zHx {12)
~
subject to ce+Hx+ Ay >0
L8

This dual problem involves two vector variables: x and y. Only y is re-

uired to be nonnegative [although it is known that nonnegativity can be
q 4 £ A

imposed on x without loss of generality).

Theorem 5. If x is feasible for (1) end (x',y) is feasible for (12), then
Yix',y) < Pix) (13)

Moreover, if equality holds in (13), then x and (x',y) are optimal solu-

tions of (1) and (12), respectively.
This so-called weaX duality theorem has several implications, one

of which is that if the primal and its dual are both feasidble, they must

both pecsess optimal sclutions--a consequence of the Frank-Wolfe theorem.




However, the main result in this direction is Dorn's duality theorem [21].
Theorem 6. If x* solves (1), then there exists a vector y* such that
(x*,y*) solves (12), and ‘f’(g._*,;._*) = (P(_x_*).

This can be seen by taking y* as the vector of Lagrange multipliers
guaranteed by the Kuhn-Tucker theorem. By performing suitable manipula-
tions, it is possible tc verify the "converse duality theorem"

Theorem 7. If the program (12) has an optimal solution, then so does (1),
and the optimal values of their respective objective functions are equal.

If a QP is feasible and fails to have an optimal solution its ob-
Jective function must be unbounded in the direction of extremization. In
fact, in the case of convex QP, the unboundedness of the objective function
of one problem is equivalent to the infeasibility of its dual.

It should be noted that Dorn's duality theory of convex QP gener-
alizes that of LP in nearly all respects. However, the structures of the
paired QP problems are dissimilar. This is rectified in the symmetric

duality theory developed by Cottle [ 8]. 1If one takes the primal as

minimize P(x,y) =€ x+5XHx+5yQy (1k)
subject to Ax-Qy=<b
G
then the dual is
maximize ¥ (x,y) = -gx~ % H x - %Eg,\,; (15)
subject to c+Hx+Ay20
rzo
In these problems called symmetric dual guadratic programs, both H and Q

are assumed to be positive semi-definite and symmetric. When Q = 0, this
pair of problems reduces to the dual pair considered by Dorn. The duality
theorems quoted above are also valid for these symmetric dual programs.

Another result is called the Joint solution theorem.

Theorem 8. If (1k) and (15) are both feasible programs, then there exists
a pair of vectors (Ef,xf) which solves both problems, and in particular,
{x*,y*) yields a sclution to the Kuhn-Tucker system (11).

. QUADRATIC PROGRAMMING ALGORITHMS

P Introduction. Among the many algorithms specifically designed for
solving quadratic programs, three are preeminent. These are the methods
of Beele {1 ], [ 2], [ 3], Wolfe [58], and van de Panne and Whinston [47],
[k8], [50). Each is a simplicial method in the sense that it involves a

sequence of pivot steps similar to those of the simplex method of LP.




But, unlike the simplex methecd for P, the pivot steps of these QP
algorithms do not generate a sequence of adjacent exireme points of the
primal constraint set C. Insteed, they work with & larger system of in-
equalities. In effect, they are concerned with satisfying the ¥uhn-Tucker
system (11) for the primal problem, though e¢ach docs so in a different way .
It is known that if the system (11) has a solutien, then there exists a
solution which is an extreme point of the set of points satisfying its

inequality constraints:

3=s+ﬂ1+Zx;9 (16)
N D= A X x0

x20

rz20

These three QP algorithms are primal methods, i.e., they work with
feasible solutions of the problem (1). Generally, they require an initial-
ization step which obtains an extreme point of C, or--what is the same

thing--a basic feasible solution of the system

Iv+Ax=D) (17)
x20, v20

If the initialization step indicates the constraints are inconsistent, no
computation is regquired. Otherwise, a pivotal transformation of
obtained in which the vector on right-hand side of the equation is
ive. Thus, the assumption that b > 0 is tantamount to the assump-

that an initialization procedure has already been applied and shown

that the problem is feasible.

Boon Beale's Method. One of the earliest and most successfully developed
algorithms for QP is due to Beale [ 1], [ 2], [ 3]. The method proceeds

from a basic solution of the linear constraints (17) expressed in the form
=b - Ax (18)

SEOIR VS
= D=

% i<
o

where b > 0. This formulation makes it possible to express the objective
function in terms of the nonbasic (independent) variables xJ. Furthermore,

Qix) =Tx+% ”g x can be written in the form

(_35.) S ].}(O z h)‘
§ L[i & ﬁhlJ

At the basic feasible solution (v,x) = (b,0) the gradient of ¥ is given by
¢, and it follows that if b > 0 (nondegeneracy assumption) the value of (P

can be decreased locally if amd only if ¢ contains a negative component.




If, to be specific, ¢_ = min | c] < 0, then an increase of the nonbasic

variable Xg will bring about ; d:;:w!un; of the objective function value,

at least locally. In terms of the initial data, the variation of the ba-
sic variables vi is governed by the equation

L bi s R e Tt

The increase of the variable xg is to be stopped as soon as one of the ba-

sic variables decreases to zero (as in LP) or the partial derivative 8?/815
increases to zero. If neither of these occurs, then the objective function
has no finite lower bound on C and the procedure is terminated. If the in-

crease of x_ is first blocked bty v, reaching zero, then a new basic solu-
s

i
ticn is obtained as in the simplex method for LP. But, if the partial de-
rivative vanishes first, then one tries to keep that partial derivative at
the value zero (at least until such time as it is found edvantageous to do

otherwise). This is accomplished by introducing a variable
n
= +
W =cg Z hsj x‘j (19)

which is defined by the expression that gives the value of the partial de-
rivative a?Vaxs. This variable is said to be free in the sense that it is
not sign restricted. In order to ensure that the partial derivative aqvaxs
remains zero, the equation (19) is adjoined to (18) thereby yielding m + 1
equations in m + n + 1 unknowns. In this enlarged system, the variable uy
is made nonbasic in place of Xg (as in LP). As before, there are n nonba-
sic variables: uy and the xJ {3 # s). The objective function can be re-
presented in terms of the new set of nonbasic variables.

The procedure is repeated (with the new system) but with some
special rules which come about due to the presence of free variables which
by definition are allowed to negative as well as positive. If there is a
possibility of decreasing the objective function by increasing or decreas-
ing a free variable, this should be done--subject “o the same principles
that limit the variation of any nonbasic variable--before a sign-restricted
variable is chosen for increase. When a free variable becomes basic, that
variable and the corresponding equation are dropped from the problem be-
cause retaining them no longer serves a purpose.

Termination of the method occurs when either the nonbasic variable
being increased (or decreased) from zero is not blocked by the vanishing
of a basic varieble or a partial derivative or else there is no longer a

way to decrease the objective function by modifying a nonbasic variable.

This description of Beale's method is, of course, quite brief. In
(11,021, [3], [5], and [33] the recader will find many more details.




~ v A ~ y el .y 1 e 2
4.3. Wolfe's Simplex Method for QP. In ' }y Wolle showed how the sim-

plex method of LF could be put to use in solving convex QP problems. His
method can be regarded as a parametric convex QP procedure, (See Secetion 6
for more on this sort of problem.) It is designed to solve problems of the
form
minimize (P\(l) A '_E:':x + "2"Zliz
subject to Ax<b
230

for all A > 0., The matrix H is assumed to be positive semi-definite; thus
?A is a convex function for ell A.

3

. 5 PR 1
Actually, Wolfe gave two procedures which he called the short form
and the long form. In the short form, X is fixed, whereas in the long

form it varies, thereby making it a parametric method.

The short form is valid for problems in which either H is positive
definite or the linear term A g_;_c_ vanishes identically. The latter occurs
when X = 0 or ¢ = 0. It is initiated from a solution of the problem in
which A = 0 and to which the short form applies.

The Short Form. Consider the system

~
Bx+Ay-u+3z'-2"=-12¢ (20)
il sl St = Db

»
I
v
|

e 00y e 00 T e SR e (o a0 A )
Ol

Select a basic feasible sclution for

e
o

Initially, let x, y, and e ze

the system (20) from among the variables in the vectors v, z' and z". In

particular, use the vector v {it being assumed that b 20) and if - ch‘;o
use 7,5; otherwise, use z:j'. Let z denote the vector of n basic variables

chosen from the zj and z'|, and let E denote the corresponding coefficient
matrix. Now consider the LP
minimize

~
&
subject to H
&

(L
+

=

where E= (1,...,1). The algorithm calls for the solution of this LP by

the simplex method with a restricted basis entry rule: if e is basic, do
not allow xJ to be basic (and vice versa); if vy is basic, do not allow Yi
to be basic (and vice versa). The minimum value of the objective function
(the sum of the artificial variables 7‘1) must be zero. An optimal solution
of this LP obtained in the manner indi;ated will yield a solution of the
Kuhn-Tucker conditions for the QP.

The Long Form. The possibility of solving the parametric problem

9




when A = 0 is guaranteed by the short form of Wolfe's method. The solution

of the parametric problem via the long form btegins with the solution of the

[

QP corresponding to X = 0. Once this is in hand, one considers the LP

maximize u

~
subject to Hx+ Ay ~p+pe+¥z=0
Ax+y = b
230, y20,u20, v20,z20,p20
and starts from the solution (given by the short form) in which z'E =0,

Ty=0,2z=0,u=0.

plex method and the same restricted basis entry rules as in the short form.

Furthermore, no z-variable is permitted to become basic.

4.4, van de Panne and Whinston's Simplex Method for QP. Still another

prominent algorithm for convex QP is due to van de Panne and Whinston [47],
[u8], [50]. Actually, these authors proposed several algorithms only one

of which will be discussed here, namely their symmetric primal simplex

method. A limited form of their "asymmetric method" was anticipnted by
Dantzig [18],[19]. T

The van de Panne-Whinston symmetric primal simplex met 54 provides
an appropriate transition to the study of the linear complementarity prob-
lem. Accordingly, it is described in somewhat more detail than the methods
of Beale and Wolfe. The method uses first-order information on the objec-
tive function @ to guide its steps. In this connection, the following ob-
servation is important:

Theorem 9. For any csolution of the equations

~
u=c+Hx+Ay
¥ b AR
it follows that
Tx+u¥nx=%@®x-Dy+Xu+¥u. (21)

The left-hand side of (21) is just the value of the quadratic

objective function (x). Theorem 9 has the further consequence that if
~

u=yyv=0, then the value of Q’(f) is given by the linear expression

Ay

=

N

P ~
(€x-Dby
In order to give areasonabile descripticn of the algorithm, it will
be helpful to consider the following change of notction. Let Xp = X,
Xy =¥ Yy =4, and y.=y. The letters I and J stand for sets of

indices. Also, let 6 = 2 @ (x,) - % y, - Initially [ = {1,...,n}

N "

S
) =
and J = {n+l,...,n*tm}, but these sets may change as the algorithm evolves.

In {he new notation, X end x, are the primal variables. Those indexed by
X 2

10
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(i) An exchange of basic y_ and nonbasic X {Index s is t

8

(i1) A
) of

(iii) A
b

a

Pivot ste

leau known as bisy

tive nc

ed with t

3 : } i 3y 2 v ) A P11 e
basic, while those indexed by o re bagice
In tabular form the relevant eguations for the method a:

o~ (22)

e
“
)
f
o
————

The method ccnsists of a sequence of pivot steps; each is one of
wing three types:

hen trensfer-
ed from I to J.)

n exchange of basic x, and nonbasic e (Index t is then trensfer-
ed from J to I.)

n exchange of basic x, and nonbasic x_ fcllowed by an exchange of
esic Ve and nonbasic y (Index s is then transferred from I to J
nd index t is transferred from J to I.)

ps of these three types preserve a structural property of the tab-

t
Indeed, let the row corresponding to the objec-

tion and the column of constants headed (headed by 1) be associat-

he index 0. Then define 70 = {0} VU TI. HNext, regard the entries

in the tableau as the elements of a matrix, say M. Then the principal

cne can §

Theorem 1

written ir

where the

es My p and M, are symmetric while NI ; is the negative trans-
— —) e —— o/
00 -

Such a combination of symmetry and skew-symmetry is called

o

v. The initial tableau (22) exhibits this property. An extreme-
t

ant feature of the van de Panne-Wninston algorithm is that the

eps it uses lead to another bisymmetric tablesu. More generally,

tate [29]

0. Bisymmetry is preserved by princips

1 pivoting.
Thus, at any stage of the algorithm, the current tableau can dbe
n tt

vy
LoTm

[¢]

1

L7 (23)

= 0|
4

Lr L5
x; | b % Q’

EIERC A W

jndex sets [ and J in (23) may be different from those in (22).

The basic solutions encountered in the method all satisfy the

11




R i = - ; o A a3 msnns

1dition T v :.~ v = S = 2 ( ) T™he mcthod 3 drdit s
condition X, y =X, y,=0 sothat 6 =2 ‘Pk_x_[). The method is initi-
ated with a basic feasible solution of the primal constraints. Thus, x, =

S
b>0 when x, =0 and y, = 0. Hence, it remains to achieve the nonnega-
—_— e -7 — =/ - y
e
tivity of Yr-

Just as in the simplex method for LP, the van de Panne-Whinston
algorithm entails the increase of one nonbasic variastle at a time. This
will be called the driving varieble. In this algorithm, the driving vari-
able is always an x-variable, say Xgs for which ¥ < 0. The increase of
the driving variable is blocked if and when the value of any basic variable
belonging to a particular set reaches zero. In the present algorithm, this
set consists of all basic x-variables (which are nonnegsative) and one
particular basic y-variable, ¥ s whose value is negative. Preserviig the
nonnegativity of the x-variables means the same thing as preserving primal
feasibility. The algori‘hm, then, goes as follows:

Step 1. Test for optimality. If Y; = ¢ 20, terminate. The current solu-
tion is optimal. Otherwise, let Cq <0
Step 2. If Hss = 0, go to step 3. Otherwise, use X, &s the driving vari-
able and determine the blocking variable.
(a) If ¥y is the blocking variable, perform a pivot of type (i), and
return to step 1.
()5 v x, blocks x_, and if Q. > 0, perform & pivot of type (ii) and
repeat step 2 with xg as the driving variable.
Step 3. Determine whether x, is blocked. If -A _ 2 0 for all r € J, ter-
minate. The driving varieble is unblocked and the objective function is
unbounded below on the primal constraint set. Otherwise, let Xy block Xy
(a) If Q. > 0, perform a pivot of type (ii), and return to step 2
with X, &s the driving variable. |

(B L Q = 0, perform a pivot of type (1ii), and return to step 1.

Each return to step 1 that does not lead to termination specifies
a distinguished index s € T such that ¢_ < 0. Between such cccurrences,
3

the set of eligible blocking varisbles is composed of ¥g and all the ba-

sic primal variables, i.e., those of the vector ZJ'

The reader may notice that no provision is made for the possibil-
ity of negative entriec appearing as diagonal elements of H or Q. This can
be Justified by showing that the positive semi-definiteness of these ma-
trices is preserved by the pivotal operations of this method. The general

result along these lines is given in the next section. Keller [29] has ex-

tended this method fo find a local minimum in & nonconvex QP.




5. THE LINEAR COMPLEMENTARITY PROBI

. : _ NxN N
Given a maetrix M € R and a vector g € , the linear

5.1. Formulation
c

omplementarity problem (g,ﬁ) is that of finding & solution to the system

M=g+tMz (2k)
w20,220 (25)
' \
2 W =0 (26}

(or showing that no solution exists). The LCP is stated in terms of 2N

variasbles w and Zqsueea iy For each i = 1,...,N the variables w

> wie 3 Wy
3 s N
and %4 constitute a complement

r and each is the complemen

other. Conditions (25) and (26) imply that for each i
z, wg =0 (21)
This i§ the familiar complementary slackness property.

There is a nice geometrical interpretation of the LCP. If (24)
and (25) have a solution, then g belongs to the convex cone spanned by the
nonnegative linear combinations of the columns of the metrix [ I, - M 1
The LCP asks to have g so represented but in such a way that for all i, not
both the i-th column of I and the i-th column of - M are used. A matrix B
of order N such that for each i: B, € {I,, ~ M;} is called complementary
with respect to M. For a problem of order N, there are QN ways to select

the matrix B, although the choices need not all be distinct. The convex

cones they span are called complementary cone

L&
et iodal) S cREot

5. The problem (g,M) can then

be construed as that of determining whether g belongs to some complementary
cones, and, if so, which ona(s). An actual solution w,z of the problem is
given in terms of the wesights used on the coluwms of & complementary matrix

B,

5.2. Examples. Linear complemeniarity problems arise in a number of ways,

the most common being as Kuhn-Tucker systems (11) for quadratic programs.

The formulation of (11) as a lincar complementerity problem is accomplished

X 1) x

B fc) ~,
ba o 2T TN T

An LCP of this type 13 special, if only by virtue of the bisymmetry of M.

by defining

S ————
o

‘

In the convex QP case, the matrix M (defined above) is positive semi-defi-
nite in the sense that
-
o N

ZM 220 forall z€R (28)

This condition makes sense, even if M is nct symmetric. Moreover, it is

)

very useful to look at positive semi-definiteness this way.

i3




Not every LCP arises as a Kuhn-Tucker system, even thourh it may
in fact be one. This is the case when the LCP represents equilibrium con-
ditious for a mechanical (or economic) system [37], [20]. It might subse-

quently be discovered that these equilibrium conditions are the Kuhn-Tucker
conditions for a QP. Under these conditions, alternate solution strategie
may suggest themselves. That is, one may have a preference (possibly based
on the availability of a software package) for solving the LCP as the QP
whose Kuhn-Tucker conditions it represents.

Howeﬁer, this approach is not valid when the matrix M lacks bisym-
metry, and since there exist linear complementarity problems where this
property is absent [13], [34], it is fortunate that the theory of linear
complementarity does not rely on the bisymmetry eondition. In this respect

the LCP is more general tiian the GP.

5.3. Existence and Uniqueness Results. When a problem (g,ﬂ) is presented,

it is very helpful to know what kind of a matrix M is. Describing the full
range of interesting possibilities would be inappropriate here, but the
theorems quoted in this section cover the most important cases and should
give an indication of how M can influence the qualitative properties of the
problem. .

The matrix M belongs to the class P if and only if all principal
minors of M are positive, i.e.,

det Moy > @ for all J € {1,... N} (29)

Members of the class P are called P-matrices. Note that because M is not
assumed to ée symmetric, condition (29) is not equivalent to positive defi-
niteness. It is a fact, however, that if M is positive definite in the
sense that 2 M z > 0 for all z # 0, then N P
Theorem 11. The ILCP (gq,M) has a unique s .tion for every g € QN if end
only if M € p. E

This result, due essentially to Samelson, Thrall and Wesler [sk),

seys (in the language of Section 5.1) that the complementary cones relative
to M actually partition BF.

A second result, one that is closely related to applications in
engineering plasticity,_concerns positive semi-definiteness. It was first
proved by Cottle [ 9]

Theorem 12. If M is positive semi-definite and the system (21),(25) has a
solution,then (g,M) has a solution.

In the positive semi-definite case, néither the existence nor the

uniqueness of a solution is guarantced. However, vhen (g,M) is nondegen-

1k




erate (Lhat i , every solution of (2h) bz Lt denst Y nonzoro ponents)

and M is pocitive s ( ite, then (q, t L o1 [ 3]
The follovwing is a general fuct a £ 3 * complamenturity pro-
blens that shows they have scomething more than linear constraints in cor

with LP problems.

E ~ " \ -~ 2 . 3 - . 3 3 2
13. If the LCV \‘i’:'." has a solution, it ha a solution which 3is an

This observation has given rise to the notion of solving linear

complementerity problems via linpecar preogramming techniques. This approach
requirés the a priori identification of a linear form that will be mini-
nized at a complementary exireme point of the "feasible set." 1 L}
subject is far too technical for inclusion in this paper, the e~
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couraged to consult [30], [kO], [k1], [25], [26] for a presentation of the ]
idea and its significance. One simple instance where the LP approach is
applicable warrants attention here.
e S i e s -
The matrix M € R belongs to the class £ if and only if all of
its off-diagonal entries (-11,, i # J) are nonpositive. Elements of Z are
3 2
called Z-matrices [23]. The following is due to Cottle znd Veinott [17
) N=xN § ; } e
Theorem 1. If M € R , the following are eguivalent:
. N 5 ‘ :
(i) for each g € R, the set Z(q,M) contains a least element z* (that is,

an element satisfying z* < z for all z € 2(gq,M)) and z* is the

” 3 ~
unique element of 2(q,M) satisfying z (g + M z) = 0;

(il uepnz !

Notice that whenever a polyhedral set C contains a least element,

that n}r‘:sr-::t- minimizes any positive linear form of the set. In the case of l

an LCP (q,M) where M EPNZ, its unique sclution is the least element of :

%2(q,M) and perforce solves the LP '
minimize ’g’l

subject to Mz 2 - g

Y
o

J
vhere & = (1,...,1) €R"

5.4, Pivotal Algebra. The method described in Section 5.5 and others de-

pends heavily on some algebraic results. One of these will be
presented here in order to give more meaning to what is done in the sequel.

Consider the case where the ingredients of the equation (24) are

partitioned as follows




i —

The subscripts I end J represent complementary subsets of {1,...,N}. It is

possible to solve for Zy in terms of W, and z, provided ﬂ}} exists. If it
does, and the exchange is executed, the equivalent systenm
-1 -1 -1
fy = = A5 + M.~ W - M M Z
Zr=-¥7 4 2rr ¥ =11 Y 2y

" =l Ry (M ~1
B Gy - By Yr oyt My Mpr 2y * Wy, - My Moy M) 35

results. The coefficient matrix

- e
Pl (Mfz - M Yy
h_d- =
S -
Mr ¥rr M - Mor M7 My

is celled a principal transform of

M M
M= i IJ]

Y1 Yy

and the process is called principal transformation or principal pivoting.

The next theorem summarizes four separate results on principal pivoting.
NxN

Theorem 15. Let M €R be a principal transform of M.
(1) If M is a P-matrix, so is M". See [57].
(ii) If M is positive definite, so is M”. See [10].
(iii) If M is positive semi-definite, so is M". See [10].
(iv) If M is bisymmetric, so is M*. See [29].

This theorem implies that when an algorithm calls for & principal
transformation of the system (24), and M has any of the properties men-
tioned in (i) - (iv), it will be preserved. Parts (iii) and (iv) of this
theorem are used in justifying the van de Panne-VWhinston algorithm pre-

sented in Section h.h.

5.5. The Principal Pivoting Method. In the case where M € P, the LCP

(a,M) can be solved for any g € BN. One particulsr method for doing this
is called the principal pivoting method [20], [ 9], [12]. In contrast to
the quadratic programming methods discussed in Section U, it does not use
an objective function to guide the pivot steps. Instead, it consists of a
sequence of major cycles each of which is associated with a distinguished
basic variable that happens to be negative in value. The major cycle, in
turn, consists of a sequence of principal pivot steps thet (i) prevent al-
ready nonnegative basic variables from becoming negative, and (ii) termin-
ate when the distinguished variable {ncreases to zero. The complement of

the distinguished variable is nonbasic and acts as the driving variable

16




throughout the major cycle. The variables that are eligible to block ite
increase are the distinguiched variabl: and all the nonnegetive bvasic vari-
ables. This distinguishes the principal pivoting method from the van de
Panne-Whinston which in some other respects is similar.

The system (24) can be represented in the tabular form

Y sl ZN

The algorithms can be stated as follows:

Step 0. Start with the basic solution (w,z) = (q,0).

Step 1. If g > 0, stop. The solution is at hand. Otherwise, select an
index s such that q < O. (This might, but need not, be chosed so that a
is the smallest component of g.) Designate wg @s the distinguished vari-
able and zg as the driving variable.

Step 2. Determine which variable blocks the driving variable. This is
done by calculating

-q /M =min{- a /M s min, {- q /M M _ <0}

Step 3. Perform & principal pivot. If t = s (i.e., the blocking variable
is the distinguished variable) then exchanre Vg and L return to Step 1.
If t # s, hold zg at the value - qt/Mts and perform & principal pivot, ex-
changing vy and Zy- Return to Step 2.

It should be pointed out that some refinements are required to
keep track of the true identity of the basic and nonbasic variables. As
the algorithm is stated above, the basic variables are denoted generically
as w's and the nonbasic variables as z's.

Another important theoreticel point is that to be perfectly cor-
rect, it is necessary to consider the problem of degeneracy. This can be
done by introducing suitable perturbations or lexicographic ordering. It
can also be done by implemeniing certain tie-breaking rules. See [22].

There are other principal pivoting methods, and other classes of
problems to which they apply--most notably, the positive semi-definite
case. See [27], [12), [13], [bb4], [45].
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5:6.

Lenke's Method. Another, more robust, method for the LCP is due to
Lemke [34], [35). There are different versions of the same underlying idea
but regrettably there is only rooum in this paper . for one of then.
Consider the auxiliary LCP
w=g+tezy+Mz (29)
¥20,220,12,20 (30)
Zw=0 (31)
A solution of this system with 2y = 0 is necessarily a solution of (&’M)'
If ¢ is & positive vector, then for z = 0 and a suitably large vzlue of Z4s
the vector w = g + e z; > 0, so (29) and (31) hold. But if z; > O holds,

then (24) does not. The Lemke method preserves properties (29), (30), and

(31) and works by means of special pivot selection rules to achieve the

condition zg = 0. The system (29) can be represented by the tableau
1 z, Zy ceee 2y
by T SRR R TR T
| S8 Hie A S
" 1% % Mmoo

Lenke's scheme goes as follows.

Step 0. Start with the basic solution (!,zo,z) = (q,0,0).
The solution is at hand.
dex s be defined by the condition

Step 1. If q > 0, stop. Otherwise, let the in-

= qs/es = maxi.{ - qi/ei}

Perform & pivot step making z, basic in place of w_. (Now both v end z

0

are nonbasic.) as the driving variable.

Step 2.

Designate Zg
Determine whether the driving variable is blocked, and if so, by
which variable. This is done by checking whether the column vector (in the
current tableau) associated with the driving varisble Zg is nonnegative.

If it is, then zg is unblocked, and the procedure is terminated. Otherwise
the increase of Zg is blocked by some basic variable which decrcases to
zero first.

Step 3.
and the (nonbasic) driving variable.

A solution is at hand.

Perform a change of basis. Exchenge the (basic) bliocking variable

If the blocking variable was 2y stop.
If not, let the complement of the blocking variable
(now nonbasic) Ve the new driving variable. Return to Step 2.

Remarks similar to those of Section 5.5 must be made about the
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need for handling degeneracy in this method. (Sce Eaves [22] on this sub-
Ject.) But equally important is the question of what can be deduced from
the lack of a blocking variable in Step 2. This occurrence triggers ter-
mination of the procedure (on & ray as it is often called), and it raises

the question of what it means in terms of solvability of the original

problem (q,M). Some insight can be derived from the following result [34].

Theorem 16. If the Lemke algorithm applied to (q,M) terminates on a ray,

there exists a nonzero, ncnnegative vector u such that

w (Mul <0 1=1,...,N (32)

In the case of P-matrices, the system (32) cannot have a nonzero

solution, and consequently Lemke's algorithm solves this class of problems.
When M is positive semi-definite (or, more generazily, copositive-plus),
termination on a ray implies that (24) and (25) have no solution. While it
is known that Lemke's m2thod can be applied to other classes of linear com-
plementarity problems, it is doubtful that the full extent of its applica-
bility has yet been determined. Investigeations along these lines are to

be found in [22], [36], [25], among others.
6. PARAMETRIC METHODS

6.1. Introduction. Tn a number of instances, one is interested in solv-
ing a QP or LCP for all values of certain parameters within a specified
range. One such is exemplified by the long form of Wolfe's simplex method
for QP considered in Section 4.3. The problem treated there entails a
special type of variation of the linear term in the objective function.
In the case of Wolfe's method, the parametrization is as much nested in
the method for solving the nonparametric problem as it is in the formula-
tion of a truly parametric problem, such as the so-called portfolio selec-
tion problem to which it is manifestly applicable. See Markowitz [42].

For applications of the parametric LCP, see Maier [38].

6.2. Parametric QP problems. The guadratic program (1) is specified by

the data A, b, ¢, H. The most commonly encountered parametric versions of
the QP problem can be formulated as follows. Let A be an interval of the
real line. For all A € 4,

minimize (& + ) Elx+ LSZE_L (33)
subject to AXED+xb
x20
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where c¢” and b are given vectors. If b” = 0 and ¢” # 0, the problem has
a parametric cbjective function, while if b” # 0 and ¢“ = 0, the problem
has a parametric right-hand side.

For a given value of A € A, there is a corresponding QP which may
or may not be feasible, may or may not have an optimal soluticn. Since
parametric programming methods generally prcoceed from an optimal solution
corresponding to a particular parameter value, there is a little problem
about getting started. But, in the convex case, this is not terribly dif-
ficult. To find a value of X for which the corresponding QP has an opti-

mal solution, it suffices to write down the conditions

o~
e+t A+ Hx+Ay>0 (34)
b+d" 2 ~-Ax 20
X280 T2 AEA

When A is an interval, testing these inequalities for a solution is the
same sort of problem cne meets in LP. If a solution (;P,xP,AO) is found,
then for A = A%, the corresponding QP has an optimal solution. TIf (34)
has no solution, then there is no value of A € A for which the correspond-
ing QP has an optimal solution. This is a consequence of Theorem 8 (and
of Theorem 12). Thus the procedure can be made to start from 29,
Among the types of questions that parametric QP models attempt to
answer are
(1) How does the optimal value vary with A?
(ii) How does the optimal solution vary with A?
(ii11) Over what range of values of X are particular sets of variables
positive? of zero?
Parametric QP of the type described above can be treated as a parametric
LCP. For the sake of brevity, this approach will be taken here.
6.3. Parametric LCP Problems. Given g € gy, D E gﬁ and M € EFXN, the
parametric LCP consists of solving the family of ordinary LCP problems

(q + 2 psM) for all A € A. The Kuhn-Tucker conditions of the parametric
QP (33) are subsumed in this formulation. :

1n the discussion below, it will be assumed that M is either a P-
matrix or is positive semi-definite. In the former case, (g + X p,M) has
a unique solution for each A € R, hence for each A € A. In the positive
semi-definite case, the problem has a solution for every A for which

a+Xxp+Mz20, 220 (35)

has a solution. Accordingly, in order to get started, one can solve the

problem of determining a A € A for which (35) has a solution. If there is
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none, there is nothing further to be done.

" ~ : 1 n .
Let A% be a parameter value for which (; D Laﬁ) has a solution.
One can assume that A0 = 0. (Ulﬁrr%‘:@, the change of variable, § = A ~ A0

givesrise to an equivalent problem ((g + A% p) + 6 p,M) vhich ic solvable
for 9 = 0.) Thus, with A = 0, the solution procedure for (aq,!) yields a
principal transform of the problem, say (g“,M*), in which g” > 0. Let p*
be the corresponding transformation of p. Thus (1'+ A R,E} becomes

(g + A p”,M°) under the action of the pivoting. The veriation of A can

now begin.

Without loss of generality, one may assume the problem is to be
solved for &1l ) > 0. If negative values of A are to be considered, orne
may simply reverse the sign of p , and proceed as indicated below. If A
is a bounded interval, the increase of ) can be stopped at an appropriate
point. Notice that if p > 0, the problem is trivial, since then g + A p
is nonnegative for all X > O.

An algorithm is therefore needed to solve the following problem.
Given q € BF, p € 5&, ME 5FXN where min g {42072 mini P;, solve the
problem (g +  p,M) for all A 3 O.

Recall that by an earlier assumption, M is either a P-matrix or a
positive semi-definite matrix. In order to simplify the statement of the
parametric LCP algorithm below, it will be assumed that g > 0 and for each
positive value of the parameter A , at most one basic variable vanishes.
It is possible to dispense with this nondegeneracy assumption as in [11].

Since g > 0, it follows that (w,z) = (g,0) solves (g + O p,M).
That is, one starts with a nonnegative complementary solution of (2h). 1In
the parametric algorithm, one increases A (much like & driving variable)
and maintains a solution of the LCP (g + A p,M).

Step 0. Initialization. Start with XA = 0 and (w,z) = (g,0). Regard 1 as
the driving variable.
Step 1. Monotonicity check. If the driving variable is unblocked, stop.
No change of basis is required for larger values of .
Step 2. Determination of the next critical value. Determine the index r
by the condition
A — qr/Pr =min, {-~aq/p; :py <O Ja

The driving variable ) is blocked by the r-th basic varieble when it
reaches the critical value - qr/pr.
Step 3. Change of basis,

e, i SO Mrr = 0, go to Step 3.2. (Mrr > 0.) Pivot on Mrr holding A

at the current critical velue. Return to Step 1.
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0 e 5 .y s i i i b,

2.2 TF M < 0 for all i, stop; the problem has no solution for
1‘5 == ' d
larger values of A, Otherwise (since ! =0, M > 0 for some
' s ri
i and M is positive semi-definite) determine the index s by the
condition
g P
1 Py \ o0 op e ) X
- 5 - - = min { == (q, - -== ) : M, <0}
M (qs P Gy M, 9 p. r % -
sr r ir =i

Then perform the block pivet on the nonsingular matrix

M M
“rp rs

Return to Step 1.

There is a simple geometric interpretation of the parametric LCP
and the algorithm stated above. The set of points of the form g + A p for
A 2 0 is a half-line emanating from g (corresponding to X = 0) and heading
out of the nonnegative orthant in the direction p. The nonnegative
orthant 1is a complementary cone. The problem is to maintain a represen-
tation of the general point of this half-line, i.e., g + X p, &s 2 member
of a complementary cone. Changes of basis (i.e., representaticn) occur
when for a critical value of X the half-line meets the boundary of a com-
plementary cone. Termination of the algorithm in Step 1 means no more
boundaries will be met, whereas termination in Step 3.2 means that for any
value of A larger than the current critical value, there is no complemen-
tary cone containing g + A p.

In some applications, it is desirable to know whether the compo-
nents zs in a solution are nondecreasing functions of A. This is the case
if end only ifthe coefficients of X in the rows of the basic 2, are non-
negative. It may also be of interest to know this information in advance

of the actual computation [38]; this gquestion is investigated in lio].
T. COMPUTATIONAL EXPERIENCE

Surprisingly little of a systematic nature is known about the rel-
etive merits of quadratic programming end linear complementarity methods
and their implementations: in software packages. Several explanations might
be offered for this, not the least of which would be the sheer expense of
the undertaking; the development of one truly professional calibre code is

a ‘coctly project, and the comparison of methods is more so. Still further,

there appears to be no body of recognized test problems to which would-be




experimenters can apply the various methods. But a few reports have ap-

+ -
the

™

¢ are briefly deseribed below.

o)

peared, an
An early effort at comparison was published by van de Panne and
Whinston [L9]. They considered a formulation of Beule's methcd with their
own Simplex Method for QP (the asymmetric version) and concluded that the
latter is superior in terms of iterations and storage. This prompted a
spirited response from Beale [l ] who drew attention to the more compact
(practical) version of his method presented in [23 ]. Beale emphasized two
other points. One is that the Hessian of the quadratic objective function
has low rank relative to the number of variables, and the practical version
of his method takes advantage of this fact. The second is that the practi-

cal implementation of his method is far more capeble of handling problems

with large numbers of varisables.

At about the same time, Moore and Whinston [43] published a compu-
tational study comparing Wolfe's algorithm with those of the Dantzig-van de
Panne-Whinston family. Wolfe's method seemed less attractive.

A study by Bruitsch [ 7] arnalyzed the methods of Dantzig (van de
Panne and Whinston), Beale, and Wolfe (in the original version 2nd a modi-
fied one due to Braitsch) on small randomly generated problems. He pointea
out the various advantages of the different methods already mentioned here
and scemed to indicate the slight superiority of Dantzig's method over the
others.

On the LCP side, some encouraging computational experience was re-
ported by Ravindran [51] who experimented with a modification of Lemke's
method on linear programming problems. Ravindran confirmed thal this adap-
tation of Lemke's method is identical to the so-called self-dual parametric
algorithm of Dantzig [19]. He also reportecd the computational superiority
of this approach over the primal simplex method. Ravindran has published
a computer routine for Lemke's method in its general form [S52].

Another, quite sophisticated, version of Lemke's method has been
developed by Tomlin [55),[56]. His code, called LCPL, maintains a basis
inverse in product form and uses LU decomposition to reinvert it at a user-
specified freguency. Computational experience privately reported by users
of ti.is program suggests that it performs quite satisfactorily. A small
amount of computational experience with NULEMKE, the forerunner of LCPL,
is recorded in [i2]. To this may be added the following table which gives

merely an indication of the program's performance on a set of 5 problems

of very different types




Problem order N Tterations Time (IBM 370/168)

15 8 0.23 sec.

36 34 0.93 sec.
105 87 2.08 sec.
520 481 16.21 sec.
526 176 27.15 sec.(run in WATFIV)

It is important to realize that although some methods are (theo-

retically) applicable to 21l members of a broad class--e.g., convex QP

problems-~there are occasions when special methods are bLetter suited for

the solution of problems belonging to a particulsr subelass.
P £ (&5 i

i
of this remark are to be found in the papers [12],[14],[25]),[26],[28],[kk],
[45] where large, specielly-structured problems are attacked by specially

designed methods which could not be presented here for reasons of length.
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