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Abstract

A Gu M/ i queue is studied , in which the arrival process can be

controlled by acceptingor rejecting arriving customers or changing a

toll. An entering customer reccivea a (random) reward and there is a

holding cost, which is convex in the nueber of customers present. We

coi~~are socially and individually optimal joining policies for finite

and infinite horizons, with and without discounting. We show that a

socially optimal policy is less likely to accept a customer than an

individually optimal policy, and both policies are less likely to

accept as the nuither of customers present increases, the horizon length

increases, or the discount rate decreases. The properties of optimal

congestion tolls are examined and it is discovered that the toll is ~~ t

monotonic when either the horizon is finite or the discount rate is

positive, whereas it can be aonotonic for infinite—horizon, average—

return problems. 
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Introduction

The sobjeet of this paper is CI/M/ l queue in which the arrival proces s

can be controlled by accepting or reject ing arriving customers . Ther. is a

random reward earned when a customer enters the system and a convex holding

cost for the customers already present . We study the properties of indivi-

dually and socially opt imal joining policies for finite— and infinit e—horizon

problems, both with and without discounting . The properties of optimal

congestion toils are also examined.

Naor (10] was the first to co~~are individually and socially optima l

policies and to demonstra te that , left to their own devices (tha t is, under

an individually optimal policy) , customers will enter the system more often

than is optimal for the collective of all customers (that is, under a socially

optimal policy) . Naor considered an M/M/ l system operating under a critical—

n~~~er policy , with deter ministic reward and linear holding cost and expected

steady—state net benefit as the criterion . Naor’a results were extended to

more genera l systems in reference s (1], (4],  [5], [91, (13], and (14]. The

most relevan t references to the present paper are Yechia li [13] and Lippasn

and StIdham (9]. The former considered Cl/H/i systems, but only in steady—

state and only with deterministic rewards and linear holding costs . The

latter considered exponential congestion systems (including the H/M/ i system

as a special case), with random rewards , finite— and infin ite—h orizons , and

discounted return and average return as criter ia. The present pap er may be

regarded as an extension of both theac reference s.

In Section 1 we formulate as a eemi—Harkov decision process the problem

of finding a socially opt imal policy over a finit e-horizon. The socially

optimal policy is shown to be monotonic , in the sense that an arriving customer

is less likely to enter as the awth r of customers already prese nt increas es,

the length of th. horizon increa ses , or the interest rate decrea ses • The

model differs from previous ones (e.g., reference [9]) in that it allows a
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non—zero terminal reward, or cost. This feature makes it poss ibis • for cx—

mple, to model the situation in which the server continues to operate until

all customer- uresent at the end of the horizon have been served.

In SectiOn 2 socially optimal and individually optimal jo~eii~g policies

are compared . The difference between the joining para meters for the two

policies is shown to equal th. external effect of a customer ’s decision to

enter on the costs incurred by future customers . As expected , this external

effect is positive , so that so individuall y optimal policy allows custome rs

to enter who should not enter , if they took into account the costs imposed

thereby on othe r customers.

Optimal congestion tolls - entrance fees that induce individual customers

to act in accordance with a socially optimal policy — are studied in Section 3.

It is shown that , contrary to intuition , the optimal toll is asymptotica l ly

zero and hence not monotonic in the nuober of customers in the system , The

same result was discovered by Lippman and Stidha m (9) in the context of ex-

ponential systems , in which the system is observed at epochs of service

completion and “nul l events ” (see Lippm sn [7]) as well as arrivals . The reason

for the phenomenon , however, is somewhat different and more basic in the

present context • Our analysis sheds light on why one should never expect

onotoeic tolls in finite—horizon proble ms, even when there is no discounting

and the server continues to opera te after the end of the horizon.

Inf inite—horizon proble ms are discussed in Sect ion 4. The monotonic

properties of a socially optimal policy ar e shown to carr y over to the

infinite—horizon probtan with discounting, with no addit ional restrictions

on the reward distribu tion or holding—cost function. Unde r a slight restric—

tion on the holding—cost function (washer than the rest riction s in Lippman [81)

the method of successive approximations is shown to converge, when there is a

ter mina l cost equal to the expected discounted holding cost incurred unt il all

customers in the system at the end of the - horizon are satved. tOT the

2
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infini te-horizo n , average—return problem with linear holdin g—cost , woo—

tonicity of the socially opt imal policy is demonstrated using the thods

of Lippman [81.

Finally, we study optimal congestion tolls for infinite—hor izon pro blems,

both with and without discount ing. Functional equation s and suggestions for

computing optimal tolls are given for both cases. In the discount ed case ,

we show once again that the toll is asynptotically zero and hence eanoot be

monotonic. By contrast , in the average—retu rn case, we show that the toll is

asymptotical ly positive and , at least in the HI M/i case 1 monoto nically in-

creasing in the number of customers pres ent . This discrepanc y between opt1~~.I

polic ies with end without discountin g implies, among other thin gs, that there

is no stro ngly (or Blackwell) optimal policy.

I
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1. Socially Opt imal Policies

~~ consider a GI/M/ l queueing systen that can be controlled by

accepting or rejecting arriving customers . Specifically, the times

between the arrivals of successive customers are independent and iden-

tically distributed as a random variable T, with 0 ~ K( TJ < .. The

successive service times of customers who enter are independent and

exponentially distributed with parameter ~ > 0. Associated with each

customer is a random reward, or utility of service , which is received

if he enters the system . The rewards of successive customers are inde-

pende nt and identically distributed as a random variable R with E( I R I }  C

There is also a deter ministic holding cost , incurred at rate h(k) while

there are k customers in the system, where h is a convex, non—decreasing

func t ion . Costs and reward s are contin uous ly discounted at rate a (a�~O ) ,  so

that the present value of x dollars earned at t ime - t is exp (—at) .

The objectiv e of a social opt imizer is to maximize the expected a—

discounted net benefit (rewards minus holding costs ) to society as a

whole, over a finite or infinite hori zon. We formulate the problem as

a semi—Markov decision process (]:i] , (61, [8], in which the decis ion points

are the times at which customers arrive and the state of the system at an

arrival point is denoted (i ,r) , where i — n*~~~er of customers pre sent

(not including the customer seeking admittance ) and r — reward of the customer

seeking admitt ance. The possible actions are a — 1 (admit the customer) and

a — 0 (reject the customer) .

Let Vn ,a (i , r) (n ~ 0) be the maximal expected a—discounted net benefit

to society as a whole when a customer with reward r has just arrived to a

system with i customers already present , end the horizon length is n periods .

That is to say , the system will operate until n additional customers have

arrived and then admit no further customers . We ass~~e that at the end of the

4
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horizon (that is , afte r the arrival of the 5th customer) , the system earns

a terminal benefit U
0 0

(i) , depending on the number of customers, 1., still

in the system. For example , the server might continue to oper ate until all

i customer s have been served , in which case U (i) would be minus the cx-o ,c’
pectod a—discounted holding cost incurred until no customers remain to be

served .

The V~~~ (i ,r) satisfy the following recursive equations :

(1) V (i ,r) — max {r -I ~! (i+l); U (1)) ,n ,a r~,a n,a

for n ~ 0, where

(2) U
0 0

(i) — —E { f e °~h((i — N (t ) )~ )dt} +E{e °’Vn..i,a ((i — N(T) )~ , R)},

a ~ 1, and (N(t ) ,  t ~ o} is a Poisson process with mean rate ii , independent

of T. N(t ) is the number of potential service completions in (0 ,t ] ,  that is,

the number of services which could be completed by time t if the server contin-

ued to perform “services” when no customers were present. The first term on

the right—hand side of (2) is minus the expected a—discounted holding cost

incurred until the next arrival (decision) point. The second term is the

expected present value of the net benefit from following an opt imal admission

policy from the next decision point until the end of the horizon.

Let S (i) U — U (1+1), a ~ 0, i ~ 0. It follows i~~~diate lyn,a n ,a
from (1) that the socially optimal policy takes the form: admi t a customer

when £ customers are already present and n decision points remain if and

only if

(3) r ~ S~ ,0(i).

The remainder of this section is concerned with verifying the anticipated

monoton icity of socially opt imal policies . Specifically , we show that a

socially optimal policy is less like ly to admi t an arriving customer as i, the

nus~er of customer. al ready present , increases (Theorem 3) , as n , the n~~~er
5
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of remaining decision points , increases (Theorem 5), or as a the discount

rate , decrea ses (Theorem 6) .

For our first result (Theorem 3) we need the following two lemmas . The

first is from Lippaan and Stidham [9) and the second expresses well—known and

easily verified properties of convex and concave functions.

Lemma 1. Let g(i) max {r + f(i+l) ; f(i )},  i — 0 , 1, ... . If f(i) is concave

and non—increasing in I, then g(i) is concave and non—increasing in i.

Proof. See Lemma 2 of [9) .

Lemma 2. Let •(i) — g( f ( i ) ) ,  £ — 0, 1, ..., where f( i )  is a convex, non—

decreasing, integer—valued function o~ i 0, 1, ... , with f(0) ~ 0, and g(j )

is a concave, non—increasing function of j  0, 1 Then •(i) is a con-

cave function non—increasing of i 0, 1 

We are now in a position to prove:

Theorem 3. Suppose U0,0(i) is concave and non—increasing in i. Then, for each

a > 0, n ~ 0, V~ ,~ (i~r) is concave and non—increasing in 1.. Moreover ,

0 
£ Sn a (i) ~ Sn ,a U4]~~ i ~ . 0.

Proof. The proof is by induction on a. The case n 0 follows immediately

from (1) , the hypothesis, and I.emma 1. Now suppose a ~ 1 and V~_1,0(t r) is

concave and non-increasing in i.
+ +Since h(i) , (1 — N(t) ) , and (1 — N(T) ) are convex and non—decreasing in

i (for each fixed value of t , N(t) , T , and N(T)) ,  it follows from (2) and

Lemma 2 that Un a (i) is concave and non—increasing in i. As a consequence,

is non—negative and non—decreasing in i. Finally , Lemma 1 implies that

V~~0(i ,r) is concave and non-increasing in i, which completes the proof.

For the remainder of this section we restrict attention to the special

case in which the terminal reward , U0 0 (i), is minus the expected a—discounted

holding cost incurred until the i customers remaining in the system are served .

6
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That is,

(4) Uo a (i) -Et ~ e~~~h (( i - N ( t ) )~ )dt }.

• Since h(.) is convex and non—decreasing , Uo,a (t) is concave and non— increasing

in this case. The following corollary is then an immediate consequence of

Theorem 3.

Corollary 4. Suppose U (1) is given by (4). Then V (i , r) is concave ando,a n,a

non—increasing in i and 0 £ ~n ,cz~
1
~ 

£ S~~0(i ,l) . i ~ 0.

Define v (i ,r) V (i ,r) — V (i+l,r). It follows from (1) andn ,a
Theorem 3 that (a -~~ 0)

S (1), r < S  (i)f l ,a

(5) Vn a (i ,r) — r Sn a (i) ~ r < S~~~
(i+l)

r 
~ 

S ( i ,l).

Prom (2) it follows that (n ~ 1)

(6) Sn ,a (i) -E{ ~T e~~
t [h((i  - N(t))~ ) - h ((i + 1 - N (t))~ ) ] dt}

+E{e~~
T [Vn_ 1,a ((i — N( T)) +, R) - V~_ 110((i + 1 — N(T) )+, R) ]}

• —E { 1T e
_
~
t [h (( 1 — N ( t ) )~ ) — h ((i + 1 — N (t ) ) 4) 3  dt}

— N(T) , R) ;  N( T) I) .

Theorem 5. Suppose Uoa (i) is given by (4). Given a ~~. 0, i, and r, the

functions v (i x)  and S (1) are non—decreasing In a ~~ 0.

Proof. The proof is by induct ion on a. For n — 0, (5) implies that vo a (i,r)

~ S (i) U (I) — U (i + 1). Combining this inequality with (6) foro ,a o,a
n — 1, we conclude that

7
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(7) 
~~~~~~~ ~ -E( £

T e~~
t [h((i - N(t))~) - h (Ci + 1 - N(t))~ 1 dt

• 
~. +E(e_OT [U

0,0
(i - N(T)) — U0,0(I + 1 — 11(T)) ] ; 11(T) ~~. i)

Pros (4) it follow, that

(8) U (1) ~~~ e~~~ h((i — N(t) )~ )dt) — E( I e~~~h((i —

0,0 T

Let {N ’(t) , t ~~O) be a Poisson process with mean rate p, independent of T and

(11(t), t~~~0}. Then

(9) EC 7 e~~
t h((i  — N(t)) ’~) dt}

— E{e—0
~ 7 e_0(t T)h ((i — 11(T) — (11(t) — N(T ))) ’)dt)

• E(e~aT7 e 0(
t_T)h ((i - 11(T) - N ’ (t-T) )~ )dt}

T

• E(e OT 
~ e~~~ h((i — 11(T) — N’(t)) ’)dt}

• E(E(e~~
T 

~ ~~~~ h((i — 11(T) — N’ (t))~ )dt I T,N(T)) }

• E{e~~
T E{ ~ e~~

t h((i—N(T) — N’(t) )~ )dt}}

— _E(e
_OT 

U0,0
((i —

Combining (8) and (9), we conclude that

(10) U0,0(i) • —Et 1
T e~~

t h ((i — 11(t)) ’) dt } + E(e OT U0,0((i —

Therefore ,

(11) S0,0(i) — U0,0(i) — U0,0(i + 1)

— —E( ~T e~~
t (h((i — N(t ))~ ) — h (Ci + 1 — N(t)) ~ ))dt

— N(T)) ’) — U0,5((i + 1 — N (T))~ )]}

- —-- ~-~~~-~.-- 
~~~~~~~~~~~~~~~~~~ *•_ ________
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_Ut [h((i - N(t)) ~ ) - h ((I + 1 - N( t)~~ )]d t

+E{e~~
T IIJ (i — 11(T)) — U ( i + 1 — N ( T ) ) ) ;  N(t 

£ 
I)

Together, (7) and (11) imply that S10(i) ?~ S0~~
(i) . From (5) we then conclude

that v1 0 (i , r) ~ v0 ,0(i ,r ) .

• Turning now to the general case of a ~ 1, suppose v~~0(i~ r) ~ v~_1,0(i , r ) .

Then from (6) it follows that Sn+i,a(i) ~. 
S~~~ (i)~ which in turn implies (from

(5)) that v~~10 (i ,r) ~ , v~~0(i r). This completes the proof of the theorem.

• Theorem 6. Suppose Uo a (i) is given by (4) . Given a, a , r , the functions

Vn a (i
~
t) and are strictly decreasing in a > 0.

Proof. The proof is by induction on a, using (4), (5), (6) and the fact

that h( i) is non—decreasing and v (i,r) is non—negative.n,a

r

~~~~~~~~~~~~~~~~~~~~  ~~~~~~~~~~~~~~~ - 
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2. Co~~ar ison of Socially Optimal and

Individually Optimal Joining Policies

In this section we characterize the joining policy of an individual

customer who acts in his own interest , and compare it to a socially optimal

policy . It will be seen that an individually optimal policy i. less selective

(admits wore customers) for each 1, a , and a , than a socially optimal policy .

Let C~~0(i) be the expected a—discounted holding cost incurred by a

customer who join s the system when i customers are already present and n

periods remain in the horizon. Then an individually optimal joining policy

for a customer with reward r, arriving when i customers are in the system and

a periods remain, takes the form :

enter 1ff r > C (i).

Throughout tnis section we shall make the following simplifying

assumptions:

(i) the queue discipline is first—in, first—out (FIF’O);

(ii) the holding cost of each customer is proportional to the length of
time he spends in the system, with the same constant of proportionality,
h, for all customers;

(iii) a customer who is present at the end of the horizon remains in the
system until he is served.

Assumption (I) Implies that a customer ’s holding time is not affected by the

behavior of future arr ivals , a~d hence his decision whether or not to enter

need not be based on any presumptions or guesses about such behavior. As-

sumption (ii) implies that the holding coat per unit time to society as a

whole while i customers are present is proportional to 1; that is, h(i) — hi.

Without loss of generality, we assume henceforth that h • 1.

Assumptions (i), (ii), and (iii) together imply that the holding cost of

a customer who enters when i are in the system is in fact independent of the

horizon length n. Specifically, let {Sk, k ~~, 1) be a sequence of i.i.d. ran-

dom var iables, each exponentially distributed with mean l/~ and set

i~~~~l~~~~2
+ +Sj, i~~.l. 10
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Then C~ ,0(i) • C0(i) for all a ~, 0, where

(12) CU) g( ~~~~ e~~
t dt}

0
~~~~~j~ o a + u

(1 — 

~cz ~

(cf.  Theorem 7 of Ltppsan and Stidham [9)).

The following properties are immediate consequences of (12) .

Theorem 7. C (i) is increasing and concave in I ~ 0, for each ~~~ 0,

and decreasing and convex in a for each i ~ 0.

Thus , as expected , an individually optimal policy admits fewer customers as

either the number in the system increases or the interest rate decreases.

The comparison between socially optimal and individually opt imal policies

is made easier If .~e fir s t eliminate from Vn a (t ,r) the (fixed) holding costs

due to the i customers already in the system. The following development

parallels that in Lippman and Stidham [9) quite closely .

Let h~ ,0(i) be the expected a—discounted holding cost incurred if there

are I customers in the system, a periods remain in the horizon, and co3ts of F u—

ture customers are Ignored. By assumption (I), hn a (i) is a fixed coa t , which

is not affected by the admission decisions over the remaining horizon. By

assumption (iii) , this cost includes the holding coat incurred after the end

of the horizon by any of the i cu~tom.~rs otill in the syotem at t iat time.

Thus h~~0
(i) — h0(i) ,  independent of a, where (by assumption (ii)) h0(i) —

E( ~ e~~t (i — N ( t ))~ dt) .  Finally , assumption (I) implies that C5(i) •

h0(I + 1) — h0(i), since the a8sumption that a customer’s holding time is not

affected by future arrivals implies that the inc rement in fixed coats incurred

in going from state I to I + 1 is borne entirely by the entering customer.

(This relation also follows directly from the expressions for C0(i) and h0(i) ,

11  



since (i + 1 — N(t) ) 4 
— (i — N(t ) )~ + 1. for 0 ~ t ( d141, and Ci + 1 —

• (i — N(t))~ 0 , for t 
~

In light of assumptions (ii) and (iii) , it is appropriate to assume that

the terminal reward for the social opt imizer , Uo a (i)
~ is given by (4) , with

linear holding coa t function , h(i)  • i. Thus U
0 0

(i) —h5(i). As a conse-

quence of (10) , therefore , we have the important relation:

(13) h ( i) — E{ ~T e~~
t (I — N(t))4’ dt} + E{e~~

1
~h ((I —

Define Va a (i ,r) — V~~0(i .r) + ha (i )t  I ~ 0. U~~0(i) — U0,5(i) +

a ~ 0. (Note that 0.) V represents the maximum e*I1ected z—disccunted

controllable net benefit , since h5(i) l.a an unavoidable , fixed Cost. Using (13)

and the relation between h0(i) and C0
(i) ,  we can derive the following recurs ive

equations, which are equivalent to (1) and (2):

(14) 
~~~~ 

(i ,r) • max {r — C0(i) + Un a (i + 1)~ u~ ,~~(i) } n

(15) U (I) E(e~~T 
~ ((I — N(T) )~~, R) }, a ~ 1.n—1,a

Note that , in effect, what is done in this recursion ia to charge each

customer’s entire expected a—discounted holding cost at the instant he enters

the system, rather than spread it out over his entire stay.

The recursion also reveals that it is socially optimal for a customer to

enter iff r ~ C0(i) + Un a (i) 
— Un ,a(i + 1), that is, S~ ,0(i) — C5(i) + U~ 5(i)— U (i + 1). The diffe rence U (i) — U (I + 1), represents the external

effect of the customer’s decision to enter : the expected a—discounted cost

that he imposes on future arrivals . Our next result shows that this external

effect is non—negative, so that Sn a (i) ~. C5(i) : a socially optimal policy

admits fever customers than an individually optimal policy .

Theorem 8. Given a ~ 0, n ~ 0, i ~ 0, U~n a (i) 
~~. 

U~,çj~(i + I) , and hence

~ C ,,, (I).

12
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f Proof. Clea rly , ~~ cg~~~ ~ 
Uo u~~ 

+ 1). For each n ~ 1, if 
~~~~~~~~~ 

~(i ,r)

‘
~~~ ~~~~~~~~~~~~~~~~~~ 

+ 1, r ) , for all t~ r , than (15) implies that U~~~
(i)

~~ ~~~~~ + 1).

Therefore, it suffices to show that O~~~ (i) 
~ 

Un ,SU + 1) implies that

9 (i , r) ~ . 9 (i + 1, r) . But this is a direct consequence of (14) andn,a

the fact that C5(i) Is increasing in i.

13
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3. 9ptimal Congestion Tolls

The socially optima l policy may be implemented by charging each entering

customer a toll , or entrance fee , and then allowing him to act is his own

interest. In this way , the individually optima l and socially opti.al policies

can be made to coincide . Our analyala thus far indicates that the optimal

congeation toll is I~~0(i) — S0~~
(i) C~~0(i)~ and that Tn ,a(i) ~~O. The toll

is exactly equal to the extern,, I. effect , U1~ ,0(t) — 0n a ~~ 
+ 1), caused by the

customer ’s decision to enter .

Lippman and Stidham [9) examined optimal congestion tolls in the context

of exponential congestion systems , in which the system is observed at the

epochs of departures and certain null events as well as arrivals , and there

are no term{n-el costs , th at is , customers present at the end of the horizon

depart ismbediately rather than remain in the system until their services are

completed. In that context it was found that , contrary to intuitior , the

opUmal congestion toll is not monotonic in I. This same counter- intuitive

result holds in the system under study in this paper , but , as we shall see ,

for rather different reasons.

To examine further the properties of optimal congestion tolls firs t

observe that , since S (I) — C (i) + U (i) — U Ci + 1), (14) is equiv—
n,a a n,a n,cZ

alent to

V 

~~~~~~~~~ • (r — 5n ,cz~
1
~~ 

+ Un a (i)
~

where x~~. max (x ,0). This relation can be coint ined with (15) to yield (a ~ 1)

Un,a (i) — E{e~~
T 1R — S,,,~1~~ (i — N (T) )~ ) J ~ ) + E{e T Un_i ,a ((i —

Since Tn a(i) — U
n,a(0 — U ( i  + 1), we conclude that , for n ~ 1, 1 ,~~, 0,

CT ~~0)o,a

(16) T (i) a E{
~~~~ gn_i a (i * T)) + E{e_aTTn l ,aCi — N(T));  N(T) ~ i) ,
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where g~~10 U,t) • E((R_ s~...1,3((i  — N(t ))~ ) J ~~} — E((V—Sn...i e
((i+1 —

S 1 ((1+1 — N (t ) )~ )
— E{ I~~~~ + Pr(R > r ) dr }.

S~~,1 ((i — N(t) ) )

Using (16), (12), and the relation S (I) C (i) + T C i) ,  one cann ,a a a s
calculate recursively the va lues of the optimal congestion tolls for n • 1, 2,

starting with T (i) 0. Note that to calculate T Ci) one needs the
0,5 a p e

values of T 
~ 

(j), for 0 
~ J ~ i+1, and in general , T (3), for 0 ~ 3n ,a

,~ ilk (Ic • 1, 2 , . . .,  n).

In the single—server version of the exponential congestion system studied

by Lippinan and Stidham E9h it was discovered that T~~5(i) — 0 for i+l ~ n—i ,

and consequently Tn o (i) cannot be monotonic in i. The reason for this

somewhat unsuspected phenomenon is that in this case the holding t imes of

future customers are not affected by whether the customer who has just arrived

enters or not. Each of them, if he enters, must remain in the system at least

until the end of the horizon , because at most one service completion can occur

in each period. Moreover , no service completions are allowed after the end

of the horizon .

In the system currently under study , both these properties are absent .

Because the system is observed only at arrival points and service completions

are governed by a Poisson process , arbitrarily many services can be completed

in a period . Even if this were not the case , the decision of an arriving

customer to enter or not would still affect future customer’s holding times ,

since customers already in the system remain in the system until they are

served, no matter how few periods remain. For both these reasons , then , we V

should expect T~~5
(i) to remain positive, no matter how large i is.

On the other hand , it is clear that , for any fixed a , T~~5(i) approaches

zero asymptotically as I approaches infinity. To see this, recall that

T (I) U Ci) — U (1+1). Now, it is clear from their definitions thatn ,a
both 70,5(i ,r) and U~ ,5(i) are non—negative . But U

0 5
Ci) is nan—increasing in i.

15
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Therefore, Ui,, 5(i) approaches a finite limit , and hence T Ci) approaches zero,

as i approaches infinity . We conclude that, just as in the system studied by

Lippman and Stidham [9) ,  it is impossible for T~~5(i) to be monotonically

increasing in i. Nor is T~~5(i) generally decreasing in i. To see this,

suppose a a 1, in which case

T1,5Ci) — E(e UTg0 ~ ((i —

Since T (i) — 0, S (I) a C (i), for all I ~ 0. Nov assume that
0,5 o ,a a

Pr {R>r } • 1 for r,~
Ca (i+l). Then g

0 5
(i ,t) — C ((I+l — N(t )) +) — C5((i—N(t )) 4 ) and

T1,5(i) • E(e~~
T (C5((i + 1 — N( T))~ ) — C5(( i — N T ~~~) I }

a E(e~~
1
~(C0 (i + 1 — N(T)) — C~,(i — N(T) ) J ;  N(T) < U

— E(e ~ Z [C (1. + 1 — Ic) — C (I — Ic) ] e~~
1T(pT)I/kl }

k~’O i+i—k
— T  1 — T  Ic• E(e a E a + ~i ‘a + ~.i’ e u (N T) lId)

k—O

I i+l
— a + ~~ 

c ~ E{ z —(cn +~)T ((a +
1-0

Now suppose T is exponentially distributed with parameter A. Then

i+1 I
T ,f.~ 

1 , A ~, ,____ i ,. S + U
l,a’’ u + ~~i ‘c * + A + V  ‘e + 1J ’ E ‘cn + A + ~~ .

1-0

Therefore

T1,5(1) - T1,5(0) a ~ + + ~~ U + S + A + ~~~~~~ 
11.

For any fixed values of A and ~, the term in brackets is positive for small

‘ a and negative for large c*. Hence , T15(i) is not monotonic in i.

16
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4. Optimal Policies for the Infinite Horizon

In this section we study socially optimal policies for infinite—

horizon problems , both with and without discounting. In contr ast to Section 2,

we do not make ass~~~tions Ci) , (ii), and Ciii) , but rather return to the

generality of Section 1. Ia particular, the holding ccst rate h(i) is once

again allowed to be a general convex, non—decreasing function of U , the

nuaber of customers present.

We first consider the inf inite—horizon problem with discounting. We

ass~~~ that B — E(e~~
TJ < 1. A policy , is defined in the usual way

(cf. (l1,(6] , [8] , [li) as a sequence of decision rules , possibly ra ndomized

and possibly dependent on the history of the process as well as the current

state , (i , r ), for selecting act ions (a • 0 or 1) at each decision point. A

stationar y policy is a deter ministic policy that always take s the same action,

a fCi ,r) , whenever the state is Ci ,r) . Let V~ (i ,r) be the expected a—

discounted net benefit over an infinite horizon from following policy w ,

when the starting state is (i r). That is, V (i,r) is the expected sum of

the discounted net returns (rewards minus holding costs) earned in all periods

1 —  1, 2 , ... .
To see that V (i t) is well def ined, first note that the positive part of

the discounted net return in period Ic is bounded above by e Stk R~ , where

and La are the arrival times and rewards , respective ly , of customer I. Since

t~ and do not depend on the policy in effect , this bound holds fer all

policies . Consequently , the expected discounted positive part of the net

return in per iod k under any policy , is bounded above by B1 E{IF}, where

B < 1 and E(R+} C ., by aes~~~ tion. It follows that condition (3) of Serfozo

(l~ is satisfied, so that Serfozo ’ s Assumptions (Al) and (A2 ) hold. Hence,

V Ci ,r) is well defined. (It may equal — s .)

Define V~ (i ,r) — syp V’ Ci r) . V5 (i t) is the .pttmal ret urn function

for the infinite—hori zon problem with discountin g. An application of Theorems

2.1 and 2.2 of Sarfozo (14 then yields :
17 V
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Theorem 9. V (i t) sattaf Lu the functional equation

(17) V ( i r) — max Cr + U5 (i+l) , U5 Ci)}

where

(18) U
5 Ci) — — EC £

T ~~ Ut h C(i — W( t ))~ )dt } + E(e ST V (Ci—N(T) )~ )}.

Moreover, the stationary policy that ac~ept. a customer iff r ~ S5 CU) E

U5 (I) — U5 (iii) is optimal among aU policies.

The next theorem shove that the .onotonicity of optimal policies carries

over from finite to infinite horizon.

Theorem 10. V (i t) and U (i) are concave in U , so that S (i) is non—

decreas ing in i and hence a critical— nuzrb er policy is opt imal.

Proof. Consider a sequence of finite—horizon problems , in which the terminal

reward , U Ci) , is identically zero . It follows from Theorem 2.2 Cc) of
0~ 5

Serfozo [j~ that V (i ,r) — lim V (i ,r) and hence U (i) — u r n  U Ci) .n a  a ~~,, n,a
Concavity of V5CU ,r) and 175(i) then follows from Theorem 3.

The above proof shows that the optimal return function , V5(i ,r) , and the V

optimal reward—cutoff point , S5(i), can be approximated by solving a seqt ence

of finite—horizon proble ms, with U0 (i) E 0. The question remains as to V

whether the method of successive approximations works for other terminal reward

functions. (This is a non—trivial problem, since the one—period net return

is unbounded.) The following theorem gives a partial answer to this question .

Theorem U. Suppose that condition (4) holds ; that is, U
0 5

Ci) is minus the

expected s—discounted holding cost incurred until the I cuStomers still in

the system are s•rvsd. Suppose also that 0° hCn) ~ o a. n ~ ~~ . Then

V (L ,r) + V (i ,r),  U Ci) $ U (U), and S (i) + S (U) , as n~~~..a n ,a a n,a a

18
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Proof. For each (i ,r) and a ~ 0, U~~5(i) 
~ , 8 E(R~ }/( l — 8) ‘ ~~ and

V~~5(i , r) ~ r + B E(R~}/(l — B) ~~ . Moreover , U~~5(i) and V~,5(i.r) are both

non-decreasing in a, as may be shown by a simple induction argument using (1)

and (2) . (To get started , one must show that U10 (i) ~~U0 (i). But V

V
0 5

(i ,r) ~ U0,5(i) implies that u15 (L) ~ — E{ ~~ e St h ( ( i - N (t))+)dt} + -

BCe 5T U
0 5

( (i — N( T)) ’)}, which equals U
0 5

(i) by (10).) Hence both

V
0 5

(i , r) and U~~5(i) monotonically approach finite limits as a -
~~ ~~ . Moreover ,

it follows from (1) and (2) that these limits , say v~ (i t) and U(~ (i), satisfy

(17) and (18) . If we knew that the solutions to (17) and (18) were unique,

then Theorem 9 would imply that V’ (i , r) V5(i ,r) and ~~ (U) — U5 (i), and

we would be done . However , V Ci ,r) and U Ci) need not be the unique solutions

to (17) and (18) , since the one—period net return is not bounded . One could

establish uniqueness by imposing further conditions , such as the existence of a

polynomial bound on the one—period net return , and then applying the results of

Lippman [8]. Instead of this approach, we shall employ a- ore direct argument

to show that V~ (i t )  — V5 (i ,r) (and hence U ’ (I) —

To this end, first observe that, under the assumption that U0,5(i) is

given by (4) , V~~5 (i ,r) is the expected cs—discounted total net benefit over

an infinite horizon from following a particular policy, namely the policy w~

which takes the optimal actions for the n—period problem at the first a

decision points , and then admits no further customers. Thus, V0 (i t) ~~,

(i t) . Nov let V 5 (i,r) be the optimal expected a—discounted total

net—benefit over a periods when the terminal reward is identically zero . CWe

know from the proof of Theorem 10 that V G (i ,r) + Va (i t ) and U~~5(i) +

U~ Ci).) Let be the policy that achieves V~ ,5 (i r) , that is, the policy

that is optimal for the n—period problem with terminal reward identically zero .

Now c ,nsider what happens if we employ policy w~ for the n—period problem

when the terminal reward is U
0 5  

Ci) , as given by C4) . The expected a—

discounted total net benefit over a periods from following w~ is in this case

19 
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(i r) + E~. (5
Stfl U (x (i ,r )))  where X (i , r) • rn~~ er of customers

n 0,0 n fl

present at the end of the n—period horizon , given the initial stats is (i ,r),

and E~. ( }  denotes the expected value under policy ir . But , sincs t is

opt imal for the n—period problem with terminal reward ~~~~ (i) we concl*4e

that

(19) V~,5(i ,r) + E~. (e~~~~ U0,5 (x~(i~r))} 
~~Vn a (i r) ~~V5 (i ,t ).

Now from the definition of U Ci) ,
0,0

0 ~ E~ . (e Ut’i U0,0 ~~~U~tfl}

.~~ E(e~~~” U0,~ Ci + n + 1))

— 0n 
~ 0 5  ~~ + a + 1)

— — 8° BC ~ e Ot h (Ci + n + 1 — N(t))+)dt }

- 8n h (i + n + 1)/a.

It follow., therefore, from (10) and the ass~s~~t ion that B~ h(n) + 0 that

V5 (i ,r) — ~~~ V~ ,5 (i ,r) £ A~ 
Vu ,a (i ,r) ~ V5 (i ,r), so that ~~~ V~~5 Ci ,r)

— V (i ,r), the desired result.

We now turn our attention to the infinite-horizon undiscoimted problem

(a — 0) in which the objective is to maximize long—run average expected return

per unit time. For the remainder of the paper we assume that the holding cost

is linear : h(i) U .

Theorem 12. Suppose the holding coat i. linear: h Ci) i. Then the functions

V (i ,r) s u r n  (V (i ,r) — U (0)), U(i) u r n  (U5(i) — L1~ (u)) are well defined ,
590+ 540+

concave, and satisfy the functional equation

V(i,r) • max Cr + U(i+l) , U(i))
(20) +U(i) • — BC £

T (i — N C t )) 4 dt } + E(V((i — N ( T ) )  , B)  — g 1(T) ,
S

20
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where g is the maximal long—run average expected return per unit time.

Moreover, the stationary policy associated with S( i) &4~+ S5(i) —

U(i+1) — l if t)  is average— return optimal and attains the maximum in (20) .

Proof. The proof uses results of Lippman [6], [8j  and parallels that of

Theorem 7 of Lippman and Stidham [9]. First observe that , for each a > 0,

r S5 (i) ~ C (i) — (1 — ~~~~~~~~~~~~~~ and that C (i) + (1+1)/u , as a + 0+.

Now choose M so large that A (l—F(M) ) < ii and choose £ so large that

U + 1)/u > 14. Then it is possible to find an a > 0 such that a a implies

that C5 (
~
) ~ M, and hence C (i) ~ C5( I ) ~ 14 for all I ~ I. Coaibining these

results , we conclude that there exists an a0> 0 and I c such that

(21) A (1 — F(S (i))) -c A (1 — F ( S ( I ) ) )  < p, for all a 
~ 

s~~, U ~ I.

Now let ir , a ~ 1, be the stationary policy associated with S~ / , so that
a

is optimal for the infinite—horizon problem with discount rate a — a0/n .

Let P(ir~) be the transition probability matrix for the Markov chain, imbedded

at arrival points, associated with ~~~ It follows from (21) that

{P(ir ) , a ~ 0) is uniformly positive recurrent , so that starting in state I ,

both the expected time and the expected value of the sun of customer rewards

and the absolute value of customer holding costs incurred until the first visit

to state 0 are uniformly bounded in a. The remainder of the proof is identical

to that of Theorem 7 of [9] .
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Optimal Congestion Tolls for the Infinite Horizon

The relationshi p between socially optimal and individually optimal

joining policies , discussed in Section 2 for finite—horizon problema ,

carries over in meat respects to infinite—horizon probleme.

To see this , assume as in Section 2 that (I), (ii), and (iii) hold.

First consider the problem with discounting (a > 0) and an infinite horizon .

The individually optimal policy is the same as in the case of a finite

horizon, because of assumption (iii) :

enter if f r ~ C (i) ,

where C(i) is the expected a—discounted holding cost of a Customer who enters

when i customers are present , and is given by (12). Define T5
(i), the optimal

congestion toll for the infinite—horizon problem with discounting, by

T0(i) S5(i) — C5(i).

Since Sn a (i) ~ C (U) (Theorem 8) and S~ ,5(i) + S5(i) as a • (Theorem 11),

we conclude that Tn,a(i) + T (i) as a -‘ ~ and T ( i) ~ 0, so that once again

a socially optimal policy admits fewer customers than an individuall y optimal

policy. Def ine U (i) U (U) + h (i) . Then U (i) • lim U (i) (Theorem 11)

and hence U5(i) ~~0. Mor:ove r , T:(i) . U ft+1~~ so
°

~:t ü5(i) ~ .

ü(i+1). Therefore U5(i) approaches a finite limit as i+ .and hence

T5(i) 
..- 0 as i • ~~, so that the toll cannot be monotonically increasing, just

as in the case of a finite horizon. Finally, It follows from (16) and the fact

that T~,5(i) + T5(i) as a + ~ that T5
(i) satisfies the functional equation:

T S ((i+l—N(T))~) 
)

T5(i) — ~~~~~ 1S8(
U_N(T))+) Pr(R>r}dr)+

E {e~~T T(i—N(T)); N(T)~ U)

22
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Nov consider what happ ens in the infinite-horizon as a 4 0+ and the

criterion becomes maximization of long—run average expected return for unit

time . The individually optimal policy is:

enter 1ff r ~~ 
C(i) ,

where C( i) • l
~j~ 

C (i) — (i+l)/i.i , the expected holding cost of a customer who

enters when I customers are present. Define T(i), the optimal congestion toll

for the infinite—horizon , average—return problem, by

T(i) S(i) — C(i).

Since S5
(i) - -  S(i) (Theorem 12) and C CI) • C(i) as ci -‘ 0+, we conclude that

1(1) — lirn I (I) and hence 1(1) ~ 0. It follows from (22) that 1(i) satis—
590+ 5

flea the functional equation

(23) 
1(1) - E ~~~~~~~~~~~~~~ Pr(R>r )dr )  +

~ {T(i—N ( T));  N(T) ~ ii

If we define g(i) E E ~~~~~ Pr{R>r}dr
,3 

and

b (k) Pr(N(T) k} , k ~ 0, then (23) can be rewritten as

(24) T(i) — g(i) + 1(1—k) b (k) ,
k 0

which is a discrete renewal equation (Feller [31, p. 290).

It follows £ rots the discrete form of the Key Renewal Theorem (Feller [3],

p. 291, Theorem 1) that

(25) Urn T(i) — p E{(R—S (0))~~)i-K.

where • p El — E{N( T) } — k b (k) , and
k 0

~~ > E{(R— S(0)Y”) E{f~~0~ Pr {R>r }dr) •J~ 
g(i) ,  by Fubini ’s Theorem.
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Now p 0 by assumption (since ST < a ’) and the case in which

E{ (R_ S(O)) +} — 0 is of little practical interest. (In that case g(i) ! 0

and (24) implies that 1(1) 0).  Hence we conclude that in general T(i) has

a po8itive limit as i + ‘~~ , in contrast to the di8counted and/or finite—

horizon cases. It is thus theoretically possible for T(i) to be menotonicaily

increasing. One might hope to determine whether or not 1(i) is monotonically

increasing in general by appealing to the functional equation (23) , but we

have been unable to do so for the case of a general interarrival—time distri-

bution. (See below, however, for an analysis of the 14/fl/i case). incidentally,

while in theory it should be possible to use (23) or (24) (or a finite t run-

cation thereof) to solve explicitly (or approximately) for the T(i)’s , this

approach is complicated considerably by the fact that the equations are not

linear , since the g(i)’ s depend on the T(i) ’s through S((i~N( T))~ ) and

S((i+l_N(T))+). We can answer the question of monotonicity of the tolls, and

also give algorithms for their computation, if we specialize to the case of V

an exponential interarrival—time distribution with parameter A — (ET )~~
an N/N/i system. In this case the system has the Markov property at epochs

of service—completions and “null events ” (see Lippman [7] and Lippumn and

Stidham [93) as well as arrivals and it can easily be shown that the following

functional equations are equivalent to (20) for the average—return problem :

V(t ,r) — max{r+U(i+l), U(i))

IJ (i) — - -5 4~ +
~~~~ 4~~~ 

E {V(i ,R)}  +

U( i—l ) ~~~~~~~~~~~~~~~ i~~~l ,

U(0) — E{V( 0 ,R ) }+  U(0) —

24 
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Moreover, the functional equation (23) for T(i) is equivalent to

I 

(27) T(i) p f ~~~~l)  P r {R”r)dr + r (i—l)

(with T(-l) • 0). We can conclude iasediately from (27) that TC L) is mono—

tonically increasing in I in this case, since S(i+1) ~ S(i).

This result , together with the fact that the toll can never be sonoton—

ically increasing when the discount rate, a, is positive, leads us to conclude

that there is no strongly (Blackwell) optimal policy for this system. For , if

there were , it would simultaneously be optimal for all sufficiently small a > 0

V and also optimal for the average—return problem. But this is Impossible , since

the characteristics of these two classes of policies are mutually inconsistent.
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