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ESTIMATION OF PARAMETERS OF ZERO-ONE PROCESSES

BY INTERVAL SAMPLING: AN ADAPTIVE STRATEGY

by

M. Brown, H. Solomon and M. A. Stephens

1. INTRODUCTION

In a previous paper (Brown, Solomon and Stephens; hereafter,
referred to as Part 1) the authors considered the problem‘of estimating
the parameters of a zero-one double Poisson process when sampling was
permitted only at equal intervals; Specifically, the time t in state
zero is distributed with distribution F(t) = l-exp(-At) , t>0 , and that
in state 1 with distribution F(t) = loexp(qit) , t>0 ; sampling takes
place atltime intervals A, so that a sequence of zeros and ones is
obtained, and it is required to estimate A and {t. Two procedures were
investigated. In Procedure 1 a fixed number of observations was taken;
this hasthe draﬁback that one may see no chénge of state. In procedure 2
one observes till a fixed number. of cycles is seen. Suppose the original
observation is a zero; a cycle is a sequence of zeros followed by a
sequence of ones, observed tilla new zero shows that a new cycle ‘is
beginning.

For either procedure it is clear that properties of the maximum

likelihood estimates, which were given for procedures 1 and 2, depend

greatly on A¥ = AA and u¥ = pA. Graphs were given, based on extensive Monte



Carlo studies, to illustrate this dependence. A line was drawn on the
graph, giving the experimental values of E(A¥) against A*, and also lines
one standard deviation on either side were drawn to enable confidence
intervals to be calculated. This was done for graphs illustrating both
Procedures 1 and 2, for wvarious values of the ratio 'u/l.

Two conclusions from these graphs were the following:
() if the true A¥ (or u*) were any value greater than 1, the expectation
of the estimate ﬁ% (or ﬁ*) would BDe approximately l: thus working backwards,
an apparent estimate near 1 gave no indication of the true value.

3%

*
(b) reasonable confidence limits for A could be found from X only as
AR

A Dbecame small, say roughly less than O.bh.

In this paper we investigate an adaptive strategy suggested by these two
conclusions. We begin with a suitable A using Procedure 2, and, if estimates
i*and ﬁ*are too large, we successively halve A until they are both small
enough. Then all the samp}es, obtained at éach stagé of this technique,
are combined together to give estimates of A and U. This involves numerical
solution of the maximum likelihood eguations. We show, again from Monte
Carlo studies, that for a reasonable nuwber of cycles at each stage, not
only is bias almost totaily removed, but also estimates and confidence
intervals can be found for much higher starting values (i.e. those at Stage 1)
of l* and u*than for the one-sample strategy.

For convenience, we now recall the estimation formulas of Procedure 2.

Suppose at, sey, Stage 1, a sample of n cycles is taken, with sampling

N



interval A. Let pOl be the provabllity of event ' E +that the state
of the process changes from zero at the beginning of one interval to

one at the end; depends on A, U, and A. Let X be the

oL

number of events E observed in the data. Similarly let Ppg»

Po1

Pio® and Pqq be defined, and also KOO’ Kl and Kil“ Clearly

Poo = l—pol and Pyq T l-plo. Finally, let Xi be the length of

Oﬂ

the i-th string of zeros, and let Yi be the length of the i-th string
‘of ones, and suppose X = Zixi/n and ¥ = Ziyi/n.

Then (Lemma 2 of Part 1) estimates of pOl and PlO are
N =l"" ~ = -—-° '_:'\ 2~ >
Dy /X and Plo 1/%. Suppose S Poy * By If 8 _.;,
maximum likelihood estimates of A¥ = AA, and of u¥ = yA do not

exist., If S < 1, the estimates are

(1) _x* {1n(1-8)}/s

“Por

{1n(1-8)}/s

% _a
u Pio

'In the next section we set forth the proposed adaptive strategy.



2. AN ADAPTIVE STRATEGY

(2) 1If any estimates, say KO and uo, exist of A and y, choose A to
be Al’ so that AOAI and qul are both less than a constant C. This constant
will be decided by the narrowness of the confidence intervals required;

the graphs of Part 1 suggest it should almost certainly be less than 0.h.

(p) Suppose'ki = XAl and ui = ﬂAl. Sample from the process till n complete
cycles have been ébserved (stage 1) and estimate K{ and ui by Xi and f{i*¥,
given by the formulae (1) above. If these are both below C, accept them.
The graphs of Part 1 can then be used to improve the point estimates orlto
provide confidence intervals for X; and u; » and the estimates of X and

U are given by dividing by'Al. —
(¢) If an estimate Xi or ﬁi is too large, or if they do not exist, proceed to
Stage 2. Let A be A2 = %Al, and take a second sample of n cycles. Use the
Stzge 2 sample only, to estimate A; = AAQ and u; = uA2, and if both are less
than C, combine the Stage 1 and Stage 2 samples to obtain final estimates

of A and U, in the manner to be shown below in Section (e).

® %
(a3~ If KQ, U, are not less than C, take a Stage 3 sample of n cycles,

with interval A3 = %AE. Repeat this procedure, until the estimates,

%
2 = * = = m-1
using the Stage m sample only, of Km -AAm and of we uAm,(where Am Al/g )



are both less than C. Then cowbine &ll the samples, from all stages,

to obtain final estimates of A and u.

(e) Before proceding with later steps in the operating procedure
we show how these final estimates A and U are to be found. To simplify
the notation, let POl be p and let Pip be r; then Poo = l-p and pll = 1l-r.

Further, let KOl’ KOO’ KlO’ Kil be k, 1, v, w respectively. Finally,

suppose for the moment Ak =1, so Aj = 1/23_1. At Stage j, the logarithm

of the likelihood is

L,=%k, Inp, + 1, In {(1-p,) + v, Inr, + w, 1n (1-r,) where the subscript
J J =3 J ps) J J J ( J) a4
J denotes the value for Stage j. The overall log-likelihood, for

Stages 1 tom is

In these expressions, we have

T, and r, = Ji.'r

P, = _A_ ]

where S, = exp {-(A+u) A.}, and T, = 1-8,.

J J J J
We wish to maximize the log-likelihood; because of the changing
Aj it is not now possible to work with the probabilities pJ and rj,
as was done in Lemmas 1 and 2 of Part 1, but we must find the
derivatives of L with respect to A and y. These in turn require the

derivatives of pj and r ety = A + y; then it may be shown that

5
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and corresponding expressions can easily be deduced for the

derivatives of Yj’ Returning to the derivatives of L, we then have

¥ i,
9 j=1 A
: 3 or,
B [T Y LR
3= P; l-pj oA Y,  1-r }aX
and
oH j=1 du
k 1 3 3
S 1 o I T i/ SO O W I B I O
j=1 pJ l—pj ou rj l—r'J ou



and maximum likelihood estimates of A and W are given by

(2) oL _ oL’ _
= 0 and i o .

© These simultaneous equations can be solved by iteration, using as starting
values the estimates of A, U obtained from the final stage m. The
procedure is as follows, using Newton's method for two variables to
. ) 2L - 9L
generate the iteration. Suppose 7 = Zl(k,u) and e Z2(k,u)

so that (2) becomes

(3) | z,(u) =035 zZ,(Au) =0,
We have
EE;-= ? Ble BZl _ ? 3Zl
D) T
P W5
where .

p, (1 A Py 1Py a2
2 2
N —VJ ) wd a{. . Zl ) wl ° rl
r2 (1-r )2 A rj l—rJ Bka
J J
and
LTI T T Bt TR G | K I B
3u pj l—pj dAdu oAk jiau p? {15 )2
. J J
v w 32r or or v
+ (_A_“‘__i_ - J)( J) A i 2
r'j l—rJ Aoy oA [\ou f (l-rj)2



Corresponding expressions cen eeasily be found for the derivatives of 22 s
with respect to A and u . Thern suppose >‘0 and Hg 8are estimates
of A and Y, and let s = X ~ AO and t = p - Hy - Approximations

to 8 &end t are given by

82, 82, : 32, 82,

5 = Z28p "Zlau . ZQW"Z:LW 4
(i} &zl 322 azl 322 ? azl 322 azl 322
9A 3¢ 3} 9A du 93X T 3x au

wvhere the Zl, ng and the partial derivatives are all evaluated at AO

and By - Then new solutions of (3) are A = Ao + 8, and uy = Hg * g;
these values now become XO and uo » and the above processiis repeated
from equations (4), to give successive sets of solutions until two sets are
close enough to be regarded as accurate. A FORTRAN cdmputer program is

available from one of us (M.A.S.) to perform these calculations. We

now return to the steps in the basic strategy.

(£) A reasonable figure for n appears to be 5. If n =5, use the

[

estimates to decide roughly the ratio u/A =r .say. Figures 1, 2, and 3

then give the graph of A versus A, for r =1, 2 and 4; also lines
are drawn one standard deviation on either side, from which confidence
intervals for A can be found. For other values of r, intervals

must be found by interpolation. The graphs may also be used to find

intervals for ‘4 if U appears on the y-axis, otherwise the intervals for

% must be used, with the estimated multiplier #.

8



- Example 1. For example, suppose we start with Al = 1, and after four
stages Xh and ﬁh are both less than C. Let the final estimates then
be X =1.28 and fi = 0.96. Now u is apfroximately equal to A, so
from Figure 1, entering at i = 1.28 we have confidence interval

0.97 < X < 1.76, and entering at 0.96 we have 0.72 < p < 1.32.

Example 2. Suppose now, again after L  stages, the final estimates are
A = 1.28 and f{i = 2.88. Figure 2 will be used, since {i is approximately
2X. The confidence inter&al for A is 0.95 < A < 1.73, hardly different
from that in Example 1. Since 2.88 cannot be entered on the vertical axis,
the confidence interval for U can be found by using that for A and
multiplying by % = fi/X = 2.25. The interval is then 2.14 < p < 3.89.
These intervals are roughly 66% intervals, based on a normal distri-
bution for % and fi, and this is an approximation. Other procedures, tb
find a joint confidence 2zone for both parameters, will be discussed in

Section 3, after the results of the Monte Carlo studies have been presented.



3 TESTING THE STRATEGY

The strategy was tested by choosing A’ and U, with ratios
r=u/A =1, 1.5, 2 and 4, and then following the stages above for C = 0.h.
' The final estimates A and i were recorded; the numbér of stagés
reguired, and the total number of observations ng needed to make an estimate.
This was repeated fof 1000 Monte Carlo samples or more, and the mean of
the estimates, called X, is piotted against A in the Figures. The two
other lines are as described aboVe, one standard deviation on either side
of the meaﬁ line. The standard deviation is estimated from the Monfe Carlo
samples. Values of n, are included in the figures.

0

Comments: Throughout these comments we assume that A is the smaller of

the two estimates.

(a) The first remarkable result is that, for n = 5, % is almost equal

to A over the whole range covered; it is biased upward, but not strongly so,
ag it was in the one-stage sampling of Part 1. This is true also for the
estimate f{i, even when ﬁ' is four .times A. Values of bl and b2,

the skewness aﬁd kurtosis parameters, were calculated for the A and

{i estimates and show the distributions to be not normal, but somewhat skew.

(b) Figure L shows the estimate of o(\) and of o(fl), obtained from
the Monte Carlo samples. The standard deviation of A appears to be
practically independent of r = n/k, at least for the situations considered

here (n =5, r = 1,2,4, 0 < X < 2.5), and the points shown are those

10



for Yy =A, i.e. r = 1., The standard deviations of {I are shown for

r =2 and L4; +those for r =1 are, as expected, similar to those for

A. Some points are shown for double runs with the same X; they give an
indication of the variability of 6({i). The graphs suggest that o(})

and of({i) are practically linear in ), with & rather strange zero effect
at low A. The standard deviations of {I are nbt guite r times those of
X, presunmably because of correlation between the estimates. The suggestion
to use r to obtain confidence_intervals for Uy, when they cannot be

directly obtained from the figures, may therefore be conservative.

11



(¢c) The graphs show that confidence intervals for A and W, even though

approximate, can now be found for A up to, say, 2.0, a much higher

1imit $han was available with the onemstagé sampling of Problem 1.

(4) It is clear that n, the number of cycles observed per stage, will
influence the results. Figure 6 gives the graph of E(X) against X

for n =2, ﬁ = X. The estimates have a greater bias than in Figure 1.
They are obtained for a smaller average number of observations, but the
standard deviation 1s then greater than for n = 5. It would appear that

n =5 is a reasonable number of cycles per stage.

(e) The estimates of A and H are correlated, and estimates of the
correlation p were found from the Monte Carlo studies. It also appears
to be independent of r, and the curve of f against A, given in
Figure 5, is compiled from all results for r =1, 2, and 4, (n = 5).

We then examined whether this correlation could be brought into the
inference procedures, in a way similar to its use with a bivariate normal

distributipné Consider the statistic

22 d0F 0 Gon) () (ﬁ-—g)2 /(1-p2) ;
g

2 9\, 2
A .

Although the marginal distributions of A and U are skew, it might be
2
still true that 7 will be approximately )02 distributed as it would be

12



if X and {fl were bivariate-normally distributed with means A, u,
variances gi’ Gi’ and correlation p. This was examined in a second
batch of Monte Carlo runs, using values of fhe variances and correlations
derived from the first Monte Carlo samples. These are only estimates
(vut very good estimates; they are based on 1,000 samples, and then

smoothed) and it was found that Z is well approximated. by X'S over

the ranges of A and U considered.

Tests of hypotheses Thus to test the hypothesis that A = AO and

= uo, we find the estimates A and fi from the strategy; obtain

CX’ UM’ and p from Figures 4 and 5, and calculate Z; reject
HO if Z is greater than xig(a), the appropriate upper tail significance
point, for level a, of the X2 distribution. Note that this signifi-

2

cance point is given by -2 1ln o,

Confidence intervals If the true values of Gk’ Uu and p could be
inserted in Z, a confidence ellipse could be found for A and U,
biased on the estimates A and ﬁ, by setting Z =)(§(a). In practice,
of course, these parameterslﬁill not be knownj; the estimates by and 8
could be used to estimate them, using Figures 4 and 5, but so many new
stochastic elements will now be introduced that 2 will no longer be

%g distributed.

2 . R -
Nevertheless, the success of the Xﬁg approximation in the case of

known variances and correlations suggests that perhaps a formula like 2

13



can be found, based only on A I, A and y, which will again be
xg distributed and which can be used to give a confidence zone.
After considerable experimentation, the foilowing model was
determined:

(1) Given the estimates 4 and. fi (X <fi; ¢ = ﬁ/X), replace ©

by éﬁ, 0u by ark. 0 by l1-exp(~bX), and then calculate Z.

(2) Set 2z = Xg(a) to obtain a 100(1l-a)% confidence ellipse for A and j.
The forms of the expressions above were suggested by Figures 4 and
5; it remained to find values a and b by experimentation, to give Z an
approximate Xg distribution. For n =5 cycles, good results were
obtained, for A < 1.0 and for r wup to 4, with a = 0.4 and b = 2.5.
The distribution of 2 was tested by testing whether exp(-Z/2) is uniform
between 0 and 1. Note that the a and b are'not the values which would give
the "best fit" to Figures b4 and 5; they work because the various

compensating errors in the model give 2 Z which has the required distribution.

(f) Pinal Comments: Figures 1 to 3, apart from showing the results of

the Monte Carlo studies, are useful to provide immediate apprdximate
confidence intervals for the parameters. Although the model for 2
above was derived empirically, the successful approximation of exp(-Z/2)
by a uniform random variable means that a confidence ellipse can be
drawn, with reliable confidence level 100(1-a)% by setting

exp(-Z/2) = o for all values of «. Further, the ellipse is a confidence

14



zone for both parameters taken together, and it can easily be drawn

by computer , when estimates X and {i have been found. In fact,

if a and b can be provided for other v;lues of n, over reasonable
ranges of A and u, to give Z the ¥ 2 distribution, the technique
of estimation and the provision of confidence zones will depend in

a minimum fashion on the true parameters, and can essentially be fully
automated. Preliminary investigation for n = 10 suggests that this
is possible. It should be worthwhile to investigate the technique
further, to see, for example, how Ry (the number of observations

required), and the size of the confidence ellipse, depends on n.

Reference

Brown, M., Solomon, H., and Stephens, M. A. (1975), Estimation of
parameters of Zero-one processes by Interval Sampling,
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