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LIQUID-SPRING SHOCK ISOLATOR
MODELING

1 INTRODUCTION

Background

Liquid-spring shock isolators are expensive, and uncertainties in
Jjudging the suitability of different isolator designs ahead of time
make their procurement costly, their performance sometimes unsatisfac-
tory, and their reliability doubtful. If mathematical models of the
isolators were available from which precise design procedures could be
established, however, procurement would cost less, confidence in their
performance would be greater, and there would be less need to test for
reliability after installation,

Four problems associated with isolation system design are the de-
termination of (1) applied forces from expected threat conditions,
(2) motion constraints imposed by equipment fragility, (3) optimum con-
figuration of the equipment-support platform, and (4) optimum isolator
performance and design. A recent report has labeled the first three
problems the time optimal synthesis phase of shock-isolation system
design.! In this synthesis, determining the force-time relationships
among the isolator's elements allows one to satisfy the hardware con-
straints and optimize performance requirements. The lack of statistics
on the loads expected and the fragility of the equipment typically make
this determination difficult. This phase of design produces loading
and constraint information that defines the r qu1red performance prop-
erties of the isolators.

The fourth problem has been referred to as the system-identifica-
tion phase of shock isolation design.? In this phase, the parameters
of a mathematical model of the isolator are determined so that the
model's response approximates that of the isolator. If the mathemati-
cal models of isolators are in the form of differential equations con-
taining constants, or "open" parameters, system identification methods
allow one to find the optimum values of these constants. Unless such
models are available, there is no way to predict performance analyti-
cally and no opportunity to control or optimize the design of isolators

+ E. Sevin, et al., Computer-Aided Design of Optimum Shock Isolation
Systems, Shock and Vibration Bulletin 39-4 (Naval Research Labora-
tory, 1969), pp 185-198.

i [0 ¢ Co]11ns, et al., "Methods and Applications of System Identi-
fication in Shock and V1brat1on," System Identification of Vibrat-
ing ?tructures (American Society of Mechanical Engineers [ASME],
1972

g




through design or procurement specifications. Furthermore, knowledge
of both the form of the differential equations and the optimum constant
parameters is equivalent to knowledge of salient design features such
as spring rate curves, damping factor curves, and isolator load capac-
ity requirements which will provide optimum performance. Subsequently,
it is necessary for the designer to convert this information into hard-
ware design dimensions.

Because system identification methods should be useful for develop-
ing mathematical models of isolators from a 1limited number of simple
tests, a pilot study was necessary to determine whether a model for a
single isolator could be established from experimental data.

Purpose

The purpose of this report is to present the results of a pilot
study to determine the feasibility of establishing mathematical models
of high-performance liquid-spring shock isolators from performance
test data.

Approach

Predicting isolator response under prescribed loading conditions
depends on the ability to measure isolator performance mathematically.
Since mathematical models are generally not available for high perform-
ance isolators, however, it was necessary to determine if limited ex-
perimental data could provide reasonably accurate models. Because it
offered near-optimum response properties, a liquid-spring shock isolator
with a spring rate of 400 1b/in. (70 051 N/m) and an effective linear
viscous damping ratio of 0.3 was chosen. This isolator was subjected
to three step pulses, from which its performance was obtained. (Such
tests do not have to use realistic excitations as long as the range of
motion--relative displacement, velocity, and acceleration--spans the
same range as the environmental force and motion constraints.) Several
nonlinear models were used to depict the spring and damping properiies
of the isolator.

The model's algebraic form was changed until the system-identifi-
cation method, using the same forcing functions, most closely matched
the model's response to the experimental data and provided optimum
values for the model's coefficients. Chapter 3 gives the final form
of the mathematical model, and Appendix A gives the system identifica-
tion mathematics. Chapter 4 describes the comparison results, and
Appendix B gives pertinent aspects of the solution method used for the
model.

This report in general is directed toward finding the form of the
mathematical model for a class of isolators (liquid springs) having




similar design features. The constant parameters of the model are
estimated for the particular isolator used in the experiments. The
spring rate and damping curves for this isolator are shown. In con-
ventional design practice, it is highly beneficial if the mathematical
model for the class of isolators is known from experiments of this
type. The optimum spring and damping properties for the required
platform design configuration and shock loading condition can be ob-
tained by system-identification methods. The complete mathematical
model, with optimum constants, can then be used to analytically verify
performance of a design concept of the isolator and platform assembly.
The final stage of converting this information into actual hardware
design dimensions for the isolators is beyond the scope of this work.

Role of System Identification

System identification is a relatively new field,® although indi-
vidual techniques associated with the field are not necessarily new.
The system to be identified refers to any physical system that can be
modeled mathematically. A mathematical description of the system al-
lows analytical approximations of a system's performance.

Linear differential equations are often effective in analyzing
electronic circuitry and Tinear mechanical vibration systems. These
systems can be accurately identified using Fourier or Laplace transform
techniques if the excitation and response histories are known. Linear
matrix algebra, including well-known techniques such as least squares,
regression analysis, Lagrange multipliers for satisfying constraints,
or statistical maximum likelihood methods have been successfully used
to analyze certain types of nonlinear systems, such as the problem ad-
dressed in this report. More complicated nonlinear problems may be
solved using recently developed nonlinear search methods. The recogni-
tion of system identification has enabled the collection and overall
review of all these techniques, however, so that the most efficient
method can be developed and applied for a particular problem.

Shock isolation design provides several opportunities for apply-
ing system identification methods. Given the physical properties of
the sensitive equipment and certain configuration constraints, one can
design an optimum platform; given certain force and motion constraints,
one can identify the optimum weighted platform design which will mini-
mize cost. Two other possible applications of isolator design are:

(1) predicting the response motions of an isolator under prescribed
loading conditions, and (2) prescribing design specifications for opti-
mum isolator performance. In the first case, a mathematical model of

7 J. D. Collins, et al., "Methods and Applications of System Identi-
fication in Shock and Vibration," System Identification of Vibrat-
ing Structures (ASME, 1972).
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the isolator would permit the calculation of the response from excita-
tion information. In the second, adjusting the constants of a mathe-
matical model allows one to obtain optimum response under given loading
and motion constraints and to convert these constants to isolator de-
sign criteria. This report focuses on the first case.

Mode of Technology Transfer

The material in this report bears directly on the design and per-
formance verification of high-performance shock isolators and shock
isolation systems. The information and experience can be used in all
future defense-systems development programs. The material can be used
in conjunction with the following Army documentation: R. E. Crawford,
J. C. Higgins, and E. H. Baltman, 4 Guide for the Design of Shock Iso-
lation Systems for Ballistic Missile Defense Facilities, Technical
Report $-23 (Construction Engineering Research Laboratory [CERL],
August 1973) and incorporated into the TM 5-856 series, "Design of
Structures to Resist Atomic Weapons."

10
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2 EQUIPMENT AND TEST CONFIGURATION

Selection of the Isolator

Studies conducted for the U.S. Defense Nuclear Agency have con-
cluded that liquid springs exhibit near-optimum response propercies
for high performance isolation systems."

Isolator performance can be defined in terms of dissipated energy--
that is, force-displacement relationships. For example, equipment
fragility dictates that to insure functional survival, imposed acceler-
ations must be limited, thus controlling the maximum force transmitted
to the equipment through the isolator. Either overall or internal dis-
placements can impair functional survival, so both types of displacement
must be constrained. The dotted horizontal and vertical lines in Fig-
ure 1 indicate the performance of an ideal isolator: one that dissi-
pates as much energy as possible.

IDEAL ISOLATOR PERFORMANCE
//——ACTUAL ISOLATOR PERFORMANCE

DISSIPATED ENERGY

FORCE

RESIDUAL ENERGY
RETURNED TO THE
SYSTEM

Xm

DISPLACEMENT

Figure 1. Force-displacement relationship for high-
performance isolators.

" D. B. Taylor, Application of the Hydraulic Shock Absorber to a
Vehicle Crash Protection System, Society of Automotive Engineers
Paper No. 710537 (Society of Automotive Engineers [SAE], June
1971), pp 9-11.
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Ideal isolators are impossible in practice because the isolator's
response limits instantaneous changes in force or displacement states.
The solid Tine in Figure 1 illustrates the force-displacement proper-
ties of a high-performance liquid-spring shock isolator. Figure 2
illustrates the force-displacement properties for the device tested
in this project.®

Figure 2. Force-displacement relationship for the
tested Tiquid-spring shock isolator.

Investigation of Optimwn Passive Shock Isolation Systems, Techni-
cal Report No. AFWL-TR-72-148 (Air Force Weapons Laboratory, 1973),
p 154.




The fluid compressibility, viscosity, and mechanical and fluid
friction determine the response of liquid spring isolators. Compres-
sion of the silicone fluid with a variable diameter piston rod pro-
vides the spring effect (Figure 3a); fluid flow around the piston
provides the major source of damping (Figure 3b).

FLUID VOLUME REDUCTION

ROD MOTION

a. SPRING EFFECT

FLUID ORIFICE HEAD

Y Iy I T T T T I T I T T

ROD MOTION FLUID FLOW

b. DAMPING EFFECT

Figure 3. Characteristics of a liquid-spring shock
isolator.

A liquid-spring shock isolator was used in a simple test to pro-
vide data for optimizing the coefficients of the mathematical model.
The isolator met performance specifications requiring a spring rate of
400 1bs/in. (70 051 N/m), an effective linear viscous damping ratio of
0.3, and a 12-in. (0.305-m) stroke. Static tests by the manufacturer
indicated a spring rate of 315 Ibs/in. (55 165 N/m) for small displace-
ments and 546 1bs/in. (95 619 N/m) at full stroke (Figure 4). Chapter
3 further discusses the hardening exhibited by this static spring.

The manufacturer's tests indicated an equivalent viscous damping
coefficient of 0.28 to 0.43, varying with velocity. Thus damping was
nonlinear, as expected.

The manufacturer suggested that the dynamic spring rate and damp-
ing coefficient would exhibit softening (see Chapter 3), even though
static tests showed hardening. This statement simply implies, however,
that the dynamic properties were generally different from those the
manufacturer had equipment to measure.

Because it can perform in both directions, the liquid spring iso-
lator is a complex mechanism, as shown in Figure 5.

13
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4000 - (95,619 N/m)
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Figure 4. Static spring-rate curve for the tes
isolator.

L\ |
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s

1 Piston rod

2. Double-walled sealed container
3. Piston

4. Silicone fluid

Figure 5. Sectional view of test isolator.



Test Confiquration

The least-squares system-identification technique requires mea-
sured input motion (base displacement), measured output response (mass
displacement), and an open-parameter differential equation as a trial
mathematical model of the isolator. This method is most accurate
when the isolator is tested through its entire displacement range (12
in. [0.305 m]), with relative velocities in excess of 100 in./sec
(2.54 m/s).

The test configuration, shown in Figure 6, provides the maximum
relative displacement and velocity using available test fixtures. One
end of the liquid spring was attached to a rigid base mounted on the
CERL Biaxial Shock Test Machine (BSTM) test platform and the other end
was attached to a 6000-1b (2722-kg) mass. Rollers supported the mass
and allowed it to move in only the horizontal plane. Rolling friction
was not significant. Base displacement was applied to the isolator
through the rigid base mounted on the test platform.

6,000 Ib
Reaction Mass

Isolator

Dm/ =

Brace

Rail

ol

Figure 6. Test carriage on liquid-spring mounting
frame.




Six uniaxial electrohydraulic actuators, with a total capacity of
450,000 1bs (2 001 700 N) provided the horizontal motion. The actua- |
tors drive the 12-ft square (3.658-m square) all-welded aluminum test |
platform. A pressurized hydraulic fluid provided the excitation energy,
and a 330-gpm (0.0208 m3®/s) servovalve on each actuator controlled it.
Figure 7 shows a functional diagram of the control system.

Optical-electronic equipment provided the excitation and mass re-
sponse displacement data. Differentiating the displacement data yielded
the velocity and acceleration. Al]l data were recorded on analog tape,
then digitized and filtered for reduction.

Base Excitation Motions

A series of preliminary sinusoidal tests to determine adequate
mass response showed a gradual increase in relative response amplitude,
caused by a rapid rise in isolator fluid temperature and a decrease in
fluid viscosity. These results caused the steady-state testing to be
abandoned.

Three transient tests, labeled runs A, B, and C, were then per-
formed. Figure 8 shows the platform displacement for these runs. Run
A input motion was an initial step to 5.50 in. (0.140 m) displacement
with a rise time of 0.20 sec. This displacement was held for approxi-
mately 2.00 sec, followed by a return to the original platform posi-
tion in 0.12 sec. Platform displacement for run B was opposite in
direction but equal in size and duration to run A. Run C had an ini-
tial rise to 5.5 in. (0.140 m) displacement in 0.12 sec, followed by
an immediate return to the original position in 0.12 sec.

16
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3 FORMULATION OF THE MATHEMATICAL
MODEL

Physical and Mathematical Properties

Liquid springs behave like automotive shock absorbers. Figure 9a
shows a simplified, single-acting liquid spring. Motion of the rod to
the right will cause a spring effect by fluid compression, and a damp-
ing effect by flow of fluid through or around the orifice head. This
isolator can (1) dissipate energy efficiently by fluid damping, and
(2) return to original length after distortion. The latter property
causes some loss of efficiency from energy dissipation, but it is a
practical necessity.

Figure 9b shows a free-body model of the isolator. F(t) repre-
sents the action and reaction forces applied externally to the isola-
tor. The internal force causing the compressed isolator to return to
its original position is shown as a spring, and is depicted mathema-
tically as f,(z). This spring is a potential energy force, and is a
function of piston position. The internal force causing damping is
shown as a dashpot, and is depicted mathematically as f;(z). This dash-
pot is a nonconservative force, for it removes energy from the mechani-
cal system (the isolator) by converting it into heat, which is dis-
sipated to the surrounding air. The mathematical model for the isolator
iss:

F(t) + fi(z) + fo(2) = 0. [Eq 1]

Either the spring or the fluid damping can exhibit hardening or
softening properties, as illustrated in Figure 10.°*7 Hardening oc-
curs when the internal force increases more rapidly than the displace-
ment or velocity. Softening occurs when the internal force increases
less rapidly than the displacement or velocity. By requiring both
f,(z) and f,(z) to soften as in Figure 1, one can cause the most energy
to be dissipated most quickly. Optimizing the precise shape of the
softening curves for each of these functions and for each isolation
system allows one to maximize the energy dissipation efficiency.

Several practical design features such as displacement dead space,
fluid preloading, and static friction, can influence the shape of the

~® W. J. Cunningham, Introduction to Nonlinear Analysis (McGraw-Hill,
1958), p 76.

S. Timoshenko, D. H. Young, and W. Weaver, Vibration Problems in
Engineering (John Wiley and Sons, 1974), p 163.

7
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Figure 10. Hardening and softening properties.

curves for f, (z) and f,(z). Displacement dead space results from
little or no resistance to motion in the vicinity of z = 0, and is not
directly associated with the frictional dead space shown in Figure 4.
Under dynamic operating conditions, frictignal dead space will appear
as a constant friction damping term in f,(z). An air bubble or void
in the fluid chamber can cause a dead space in displacement. Preload-
ing a 1iquid spring can slightly modify the shapes of f,(z) and f,(z)
in addition to modifying the spring's response at small displacement
velocities. However, preloading is impossible if there is a void in
the fluid chamber, for static friction will create a minimum applied
force before the relative motion of the isolator starts. The section
on Nonlinear Spring and Damping Effects discusses the mathematical
aspects of these features.

General Formulation of the Model

Figure 11 shows a simplified model of the test configuration.
The coordinate, x, is the absolute displacement of the mass, m; ab-
solute table displacement, u, causes the forces applied to the mass.
The relative displacement between the mass and the table is z = x - u.
Likewise, the relative velocity is z = x - u, where the superimposed
dot means differentiation with respect to time.

The spring and damper effects represent the isolator's behavior.
Spring forces that restore the mass to equilibrium are represented by

21




‘r—>u
f, (z), effective spring
f>x

T
MASS

O Q BSTM test

< platform

f,(z), effective damper
Figure 11. Simplified test configuration.

f1(z), which is a nonlinear function of z. Forces that dissipate
energy are represented by f2(z), which is a nonlinear function of z.
The forces applied to the isolator, which constitute the F(t) term in
Eq 1, are caused by the table motion and the inertia of the mass.

Identification of Applied Forces

For an isolator with linear elasticity and damping, the mathematical
model is:®

m: + kz + cz = mu [Eq 2]

where k and ¢ are constants, i.e., f;(z) = kz and f,(z) = cz. Thus,
-mii appears on the right side as a forcing function. The same form of
the differential equation is approximate when f,(z) and f,(z) are non-
linear, whereby:

mZ + fl(Z) o fz(i) = -mi [Eq 3]
Substituting X = ¥ + i yields
mk = f.(z) + f.(z) = O. [Eq 4]

¥ 5. H. Crandall and W. D. Mark, Random Vibration in Mechanical
Systems (Academic Press, 1963), p 62.

22




Equations 1 and 4 are the same, for F(t) = mx.

Nonlinear Spring and Damping Effects

The nonlinear terms f (z) and f,(z) can be expressed to any de-
sired degree of accuracy by expanding orthogonal functions. For exam-
ple, for a sufficiently large number of terms, N, the following expan-
sion can represent either a hardening or softening spring:

N
f(z) = }k 2" [Eq 5]

where n is an integer, and kn is a constant. Accumulating more than a
few terms for either f,(z) or f,(z), however, would result in awkward
and time-consuming calculations. Although in theory, short power-
series expansions can model either softening or hardening, in practice,
unstable solutions result when large motions are modeled.

The use of powers less than unity is a possible way to depict
softening:

£ 2] = k,z + kzza [Eq 6]

where 0 < a < 1. The slope in Eq 6 is:

df a-1
s k, + kyaz (Eq 7]

which becomes infinite for z = 0. An infinite slope at z = 0 is the
same condition as a preloading effect, discussed below. To obtain
damping properties, one can model an infinite slope at z = 0 using a
coulomb friction effect, also discussed below. This type of expansion
was tried for both f,(z) and f,(z) with generally poor results because
the two effects were not sufficiently independent of other effects
being modeled. Note that Eq 6 does not generally represent an ortho-
gonal expansion.

The hyperbolic tangent provides an appropriate representation for
softening:’

fi(z) = k,z + k, tanh(az). [Eq 8]

~S. Timoshenko, D. H. Young, and W. Weaver, Vibration Problems in
Engineering (John Wiley and Sons, 1974), p 167.
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A similar expression can represent damping, except that the equation
includes a term for coulomb friction:

fl(i) = cli + e, tanh(pz) + e, sgn(z). [Eq 9]

In Equations 8 and 9, o and B are constants, while sgn(i) = +1, ac-
cording to the algebraic sign of z.

Discussions with the manufacturer indicated that response results
might reflect the effects of displacement, dead space, and preloading.
A1l these conditions affect the form of either f (z) or f,(z) in the
neighborhood of z = 0. Figure 12a shows the effect of dead space--
no resistive force--for z = £+§. Figure 12b shows the effect of pre-
loading--an instantaneous positive or negative force--for f,(z) = *y
at z = 0. Actually, the combination of these effects was evident, as
shown in Figure 12c, even when Yy was negligible (see Chapter 4). The
isolator used in these experiments contained a narrow-band amplifier
type of orifice head,!? so the computer model was adjusted to account
for this effect.

Finally, the effect of static friction was included in the model.
Trials with the coulomb friction term (in which a constant friction
force occurs at all velocities) in Equation 9 poorly duplicated this
behavior. Hence equivalent static friction was included, and was auto-
matically actuated within the maximum observed band of residual dis-
placement whenever |z| < e, where ¢ is a small constant.

Final Model and Supporting
Rationale

A1l the mathematical forms mentioned in the previous subsection
were tried. The least-squares method of system identification was
used to find optimum values of ki, k,, ¢,, ¢, and c;. These constants,
which constitute the unknowns in a set of simultaneous linear alge-
braic equations, are optimized using the techniques described in Ap-
pendix A. The constants a, B, v, §, and €, which appear within the
nonlinear expressions of z and 2z, were independent values obtained
from the experimental data, and were thus optimized by trial and error.
Because the least-squares method yields an overall variance and a co-
variance matrix (see Appendix A), the Greek constants could be opti-
mized quickly in several iterations by selecting values which would
minimize the variance while permitting good conditioning of the covar-
iance matrix. Good conditioning of the covariance matrix, in turn,

' D. B. Taylor, Applications of the Hydraulic Shock Absorber to a

Vehicle Crash Protection System, Society of Automotive Engineers
Paper No. 710537 (SAE, June 1971), pp 6,7.
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implies that the form of the mathematical model was appropriate, since
the nonlinear terms would be relatively independent of each other.

Analysis of the least-squares results yielded the following ob-
servations about the form of the mathematical model of the isolator:

1. Softening effects for both f,(z) and f,(z) were clear, so
hyperbolic tangents were used as in Equations 8 and 9.

2. There appeared to be no constant friction force. Inclusion
of coulomb friction for all velocities invariably increased the var-
iance and decreased the conditioning of the covariance matrix. This
result does not imply that friction was not present, but rather that
it was most likely not independent of velocity. If friction depended
on velocity, it would be accounted for in the hyperbolic tangent term
of f,(z). It was finally decided to set c, = 0 to allow the tanh(8z)
term to account for frictional effects other than static friction.

3. The combination of displacement, dead space, and preloading
(as shown in Figure 12c) applied to both the linear and the hyperbolic
tangent terms for f,(z), but only to the hyperbolic tangent term for
f,(z). In other words, linear damping appeared active in the dead
space, while the remaining terms provided no resistance to motion.
Furthermore, the value of y associated with preloading was found to be
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negligible--a result verified as 1ikely by the manufacturer''--for two
reasons. First, the initial preloading fluid pressure provided by the
manufacturer was relatively low. Second, because the isolator had been
operating for extended periods at high fluid temperatures, it had
leaked some fluid. In either case, a void in the fluid chamber could
be expected.

The observations led to a definition of the best mathematical
model for the isolator in the form of Equation 1 as

F(t) + k,z + k, tanh(az) + ¢,z + c, tanh(gz) = 0. [Eq 10]

Equation 10 shows that

f,(z) = k;z + k, tanh(az) [Eq 11]

f,(z) = ¢,z + ¢, tanh(Bz). [Eq 12]

The results of applying Equation 10 to the physical model for the
test configuration (replacing F(t) with mx) are presented in the fol-
lowing section. The actual table displacement was used as the base
motion excitation for both models. Appendices A and B discuss tech-
niques for treating the special effects of dead space and static fric-
tion.

TT CERL Telephone Memorandum from B. Wendler to Taylor Devices, Inc.,
dated 25 August 1976.
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44 RESULTS

Average Parameter Values

The coefficient parameters k,, ko, c;, and c, with c3 = 0) in
Equation 10 were calculated and optimized by the least-squares method.
Nonlinear parameters (those denoted by lower-case Greek letters) could
not be optimized in this manner. Although it would have been desirable
to optimize the nonlinear parameters automatically, more programming
time would have been needed, so these parameters were adjusted by
trial and error, using the overall variance and the covariance matrix
conditioning as indicators of improvement (see Appendix A). Solutions
were always highly stable!? in that small changes in constant param-
eters yielded small changes in response.

Table 1 gives the optimized constants for all three tests;
averages are in the far right column of the table. The constants for
tests A and B appear to agree fairly closely, although k, and c, for
run C are somewhat high. Table 1 allows comparison of the experimental
response variables of relative displacement and velocity and absolute
mass acceleration, with the corresponding theoretical values of the
same variables calculated using the average constants. Such a com-
parison should demonstrate the stability of the theoretical solution
of the mathematical model.

The graphs in Chapter 2 show the table motions, u(t), for the
three tests selected for analysis. Changes in the viscous properties
for run C are explainable, given the sensitivity of liquid springs to
changes in fluid temperature.!® Test C was run after about ten pre-
vious tests in close succession, which raised the temperature of the
fluid enough to render the isolator casing warm to the touch.

Comparison of Model Solutions With
Experimental Data

A comparison of some preliminary model predictions with experi-
mental data demonstrates that the least-squares technique can generate
optimum constants for the mathematical model. Figures 13a, b, and ¢
show the comparison of the variables (relative displacement and

T2 R. Courant and D. Hilbert, "Methods of Mathematical Physics," Vol
11, Partial Differential Equations (John Wiley and Sons, 1962),

p 227.

13 R. E. Crawford, C. J. Higgins, and E. H. Baltman, 4 Guide for the
Design of Shock Isolation Systems for Ballistic Missile Defense
Facilities, Technical Report S-23 (Construction Engineering
Research Laboratory, 1973), p 247.
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Table 1

Optimized Constants

Constant Run A Run B Run C Average
ki 1b/in. 439 388 389 405

k2 1b 122 154 366 214

¢y 1b/in./sec 36.8 43.5 22.9 34.4
c, 1b 359 293 910 520

c3 1b 0 0 0 0

a 2 2 2 2

B 2 2 2 2

y 1b 0 0 0 0

§ in. 0.77 0.77 0.77 0.77
e in./sec 0.60 0.60 0.60 0.60

velocity and absolute mass acceleration) for test A, using the optimum
constants generated for test A.

Agreement is sufficiently accurate in Figures 13a, b, and c to
conclude that the mathematical model depicts the behavior of the
isolator for test A. The large oscillations in the acceleration trace
of the real data in Figure 13c are attributable to experimental noise,
since the measured displacement trace is differentiated twice to obtain
acceleration. The pulse at point A in Figure 13c is the sudden actua-
tion of the tanh(Bz) term (nonlinear damping) in Equation 10 when
motion is somewhat mild and the relative displacement has exceeded the
dead band. Only linear viscous forces have been observed to be
active in the dead band, where |z| < 6. The model would be even more
accurate if this pulse (point A) had occurred slightly earlier, to
match the real data at about point B in the figure. Although no
time was spent matching the slow motion of the isolator near the dead
band with any greater accuracy, it should not be difficult to adjust
the model for better agreement. For high-performance shock isola-
tion, accurate prediction of terminal motion around the dead band is
unnecessary.
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In Table 1, the average values of the constants (the far right
column of values) are somewhat different than the optimum values

found for test A. In particular, k, is 75 percent higher, and c, is
45 percent higher. As previously discussed, the rather large changes
in these constants are attributable to the weighting effect of those
values optimal for test C. Figures 14a, b, and ¢ show the effect of
using the average constants, using test A again for the comparison.
The effect is slightly less agreement than in the optimal plots for
test A (Figures 13a, b, and c). Thus the theoretical solutions are
stable.

The significant conlusion of this research is that the constant
parameters do not have to be specified precisely in order to obtain
reasonably accurate predictions of response properties. This is a
highly desirable result, since minor design-tolerance differences
between nominally identical isolators in practical applications will
cause the constants for optimal models to be slightly different. There-
fore, average values for these constants should predict response prop-
erties that reasonably approximate actual response properties.

Figures 15a, b, and c compare the response variables for test B,
using the average constants from Table 1. Figures 16a, b, and c show
the same type of results for test C, again using the average constants
instead of the optimal constants for that test.

Finally, Figures 17 and 18 show the nonlinear spring and damping
curves calculated from Equations 11 and 12 for f,(z) and f,(z), using
the averaged constants from Table 1.

The results discussed above were obtained from only three tests,
one of which was held with elevated fluid temperature. Averaging
more tests and more closely controlling test conditions should yield
even better results.

For the purposes of this work, establishing mathematical models
for high-performance isolators from experimental data is feasible.
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Figure 17. Dynamic spring rate.
2.5
2.0

fa () = ¢z + c2 tanh (B2)

= (34.4)z + (520) tanh (22)
WITH ()¢ =0 FOR |z £ 0.77in.(0.0I196 m)
2) ¢, 2= £20.6 LB (91.6 N) FOR

0.5 2] < 0.6 in/sec AND |zl < 0.77 in.
(0.0152m/s) (0.0196m)
0 e L 1 i . |
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VELOCITY (in/sec)
Figure 18. Viscous damping force vs. velocity.
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5 CONCLUSIONS

The lack of reasonably accurate open-parameter mathematical models
of typical classes of isolators makes it difficult to predict isolator
performance. System-identification methods can produce mathematical
models from experimental test data on individual isolators. The
least-squares method of system identification was used to obtain a
mathematical model of a liquid spring isolator, which was selected
because it provides near-optimum performance for shock isolation.

Both the spring and damping forces of the isolator exhibited soft-
ening. Of all the methods tried for describing softening mathemati-
cally, a linear and a hyperbolic tangent term for each of the spring
and damping forces gave the best results. Using the hyperbolic
tangent term for damping eliminated the need for an additional coulomb
friction term.

Because preloading and dead-band properties affected peak re-
sponse values, some time was devoted to modeling these effects ac-
curately enough to duplicate large motions. The only significant
forces opposing motion in the dead band were linear viscosity and
static friction.

Equation 10 gives the open parameter mathematical model developed
for the isolator. Table 1 gives the optimum values of the parameters
for each of the three tests, together with average values.

Comparing model predictions to real data, using optimum constants
from test A alone, showed the accuracy that can be achieved by the
lTeast squares method. Realistic models of stable systems must be
stable, so that small changes in input parameters cause only small
changes in response properties. The weighting of the constants
from test C, which was made at elevated fluid temperature, substantial-
ly changed the average constants obtained from tests A and B only. A
comparison of real data with model predictions using the averaged
constants from all three runs demonstrated that the solutions were
stable.

This work has shown the feasibility of establishing mathematical
models of high-performance shock isolators. For the particular
isolator used, the constant parameters of the mathematical model have
been estimated by a system-identification method. In practice, the
open-parameter mathematical model of a suitable class of isolators
would be used with platform configuration and loading information in
the design phase in order to estimate optimum constant parameters of
the model. A system identification method would also be used to
estimate the optimum parameters. Knowledge of both the mathematical
model and the optimum parameters permits analytical verification of the
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isolation system performance before hardware is designed. Spring |
rate and damping curves can then be specified for optimum performance.
The final phase of converting this information into hardware dimensions
warrants further research and coordination of results presently found
in isolator hardware design literature. This problem has not been

addressed in this report.
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APPENDIX A:

LEAST-SQUARES SOLUTION FOR
COEFFICIENT PARAMETERS

In Equation 10, the Arabic parameters (ki, k2, c1, and c;) may
be treated as the unknown quantities to be optimized using the least-
squares method of system identification. Although other methods might
prove more profitable, the least-squares method was basic and could
be applied directly.

The constants denoted by lower-case Greek letters (o and g) ap-
pear in nonlinear factors that form the known coefficients (from
experimental-response data) of the unknown constants to be optimized.
The Greek constants modify the nonlinear form of the known values in
the matrix of equations to be solved, and therefore they modify the
form of the mathematical model. Thus the Greek constants had to be
adjusted by trial and error in this work. The Arabic constants are
the unknowns to be calculated.

The derivation for optimizing the Arabic constants by the least-
squares method begins by rewriting Equation 10 as

mX; + zijkj =0,

18 0y 8scendn J =V S5 d [Eq A1]

where standard summation notation is used. Subscript i denotes the ith

time step of the digitized experimental data, while subscript j indi-
cates the tem in the equation containing the jth unknown constant.
Total time steps I are considered, with J total unknown constants to
be optimized. The jth unknown constant is kj. In any test configura-
tion such as that described in Chapter 2, m denotes the mass to be
isolated, and Xj is the acceleration of the mass with respect to
coordinates fixed in space (that is, absolute acceleration, as opposed
to acceleration relative to the table motion). The values of xj

(i =1, 2,...1) come from measured displacement data that have been
differentiated twice, and that therefore contain some experimental
noise. The zijj values come from the non]inear products of relative
displacement, z, and relative velocity, z. They also include the
lower-case Greek constants as modifying factors, so to know the zj;
values, one must know the Greek constants formed from experimental
data.

For simplicity and clarity, let
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m . [Eq A2]

<
-~
n
P

and

In the least-squares method, minimizing the squared difference, or

error, between y; and £; overall yields the optimum values of the k
Therefore, let

2S =
i

IIMH

gy [Eq A4]

where S is a constant. Setting the part1a1 derivative of Eq A4 with
respect to each kj equal to zero minimizes S with respect to each kj
and produces a system of J simultaneous 1linear algebraic equations of
the form

3 X %4
k- L 0ie) g 7 O S A3
= J

Substituting Equation A3 into Equation A5 gives
I
1.Z](y].+z1.jkj)(z].J.) =0 [Eq A6]

For matrix computational purposes, Equation A6 is rewritten as

I I
1Z]zjizijkj = - 1'Z]z\jiyi (Eq A7]
where Zji is the transpose of Zij' In matrix notation, Equation A7 is
T . T
[z 1[z]{k} = - [z J{y} [Eq A8]

where [z] is a J x I rectangular matrix and [zT] is its transpose.
Then {k} is a J x 1 column matrix of the unknown constants, and {y} is
an I x 1 column matrix.

Now denoting

47




T
[A] = [z ][z] [Eq A9]
as a J x J matrix of known values from experimental data, and
o T
{b} = [z J{y} [Eq A10]

as a J x 1 column matrix of known values from the data, the final form
of the matrix equation to be solved is

[Al{k} = {b} [Eq A11]

Equation A1l is a well-known problem in matrix algebra. A suitable
subroutine for solving Equation A1l for the column of constants 'k} can be
found in programming literature and need not be discussed here. Using
such a subroutine, one can find the optimum Arabic constants for a given
mathematical model of an isolator.

The overall variance and the covariance matrix are highly useful
for analyzing goodness of fit of a model to data. The overall variance,
0%, is obtained by averaging the mean square error corrected for bias.
The error, €j, at each time step was used in Equation A4 and may be
written in matrix form as

{e} = {y} ~ {e} [Eq A12]

where all three terms are I x 1 column matrices. Averaging the squared
errors overall i provides a biased estimate of the variance, o°:

o? = % <e> {e} [Eq A13]

where <e> is the transpose of {e}, or a 1 x I row matrix. Reducing I
by the number of unknown constants, J, to be estimated renders the
variance unbiased (0?):

ot = 5 1 5y <> {e} [Eq A14]

If N is much larger than J, the biasing influence will be negligible.
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The covariance matrix, [V], is J x J and indicates the accuracy
and independence of the individual estimators (the unknown constants to
be optimized). This matrix is calculated from the relation:

[A][V] = o?[1] [Eq A15]

where all matrices are J x J, and [I] is unit diagonal. Here [A], o%
and [I] are known quantities, and [V] is the unknown matrix to be
calculated. [V] can be solved using the same subroutine as used for
obtaining {k} in Equation All.

The numerical value of o and the conditioning of the [V] matrix
were continuously monitored through the trial-and-error process of
varying the form of the mathematical model and the lower -case Greek
constants. As the model's fit improves, the value of o® decreases, and
the principal diagonal elements of [V] grow significantly larger than
the off-diagonal elements. These changes indicate good conditioning
and imply that the individual terms of the equation are independent.

Accounting for displacements, dead-band, and static-friction
effects requires minor condition statements in the computer program.
Usually relative motion was assumed (or forced) to be zero whenever
[z] < & and |z| < g, but eliminating many of the points where the
relative motion was zero produced a better-fitting curve. For example,
in Figure 14a, relative motion essentially ceased between 1.50 sec
and 2.12 sec. If this portion of the test were included in the least-
squares solution, a good fit in this region would be obtained at the
expense of less accurate fits of the more significant portions of the
curves. Since getting a good fit of the data for no relative motion
was trivial, the majority of these points were eliminated.

Preloading was accounted for originally by adding the term
ysgn(z) to Equation 10. In this case, y was a constant coefficient, so
the Teast-squares analysis ought to optimize it automatically. The
relatively small influence of this term in the [A] matrix (for this
particular isolator) caused poor conditioning of the corresponding
diagonal element in the [V] matrix. Therefore, the value of y = 0 was
verified by trial and error instead.
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APPENDIX B:

TIME DOMAIN SOLUTION OF THE
DIFFERENTIAL EQUATION

Comparison of the analytical and experimental results made it
necessary to superimpose the solution of the optimized differential
equation on the real data, as done in Chapter 4. Since computer stor-
age and speed of solution were not serious problems, a fourth-order
Runge-Kutta algorithm'* was used to solve the equation. This algorithm
was selected for its simplicity and common usage.

In the Teast-squares solution for the optimized coefficients, the
response behavior in the dead-band and static friction had to be ac-
counted for by special programming. Both of these effects occur in
regions of small relative displacement and low relative velocity, so
they should be of trivial concern for high-performance shock isolation
systems. It became apparent, however, that distinct changes in the
peak values of the response variables might be directly associated with
changes in dead-band and static friction. The solutions remained
stable, in that small changes to the dead-band or static friction para-
meters yielded small changes in peak values of the response variables.
Since anything that affects the peak response values should interest
designers of isolation systems, the dead-band and static friction modi-
fications were retained as special properties in the Runge-Kutta solu-
tion.

In Equation 10, both the linear and hyperbolic tangent terms
k, tanhaz) for spring forces and the hyperbolic tangent term ( c, tanﬁsz
for damping forces were ipactive in the dead band, where |z| < 5.
Hence linear viscosity (cz) was the only dynamic force that opposed
motion in this band.

Static friction effects were treated differently for initial and
terminal motion. Relative motion did not begin until the magnitude of :
the force applied to the isolator (in this experiment, F(t) = mx was )
the applied force) exceeded a small static force of F(t) = 20.6 1bs
(91.6 N). For terminal motion, when |u| degreased to zero, the motion
of the mass was allowed to continue until |z| dropped below € = 0.6
in./sec (0.0152 m/s). The static friction force in each case was the
same, and the average value of ¢, = 34.4 from Table 1 was used.

Again, the only reason for considering dead-band and static fric-
tion effects was because of their noticeable influence on peak response

** B. Carnahan, H. A. Luther, and J. 0. Wilkes, Applied Numerical
Methods (John Wiley and Sons, 1969).

50




motions. This study made no attempt to model the motion near the rest
condition in the dead band with high accuracy. The intent was to model
effective conditions for those properties that would yield consistent
results and better accuracy for the peak values.

The average constants from Table 1 repeated below reflect the modi-
fications made to the solution programming to account for displacement
dead-band, static friction, and preloading effects.

ky

= 405 1bs/in. for |z| > 6
=0 for [z] <8
= 214 1bs for |z| > &
=0 far [z]| <&

34.4 1bs/in./sec for all z and z

520 1bs for [z]| >

[e2)

0 for |z| < 6§
0.0 1b (preloading) (0.0 N)
0.77 in. (0.0196 m) (displacement dead space)

z =0 for c,z <,20.6 1b (91.6 N) (initial
motion) or z < 0.6 in./sec (0.0152 m/s)
(terminal motion) (static friction)
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SYMBOLS

Constant

Substitution column vector

Constants, subscripted, for damping coefficients

Differential symbol

Nonlinear function, subscripted, for spring and damping effects
Summation index for time

Summation index for unknown parameters

Constants, subscripted, for spring coefficients; also used for
general coefficients

Mass

Summation index for series expansion terms
Time

Table displacement (absolute)

Mass displacement (absolute)

Substitution variable

Relative displacement

Substitution matrix

Applied forces

Maximum number of digitized time points; also used for unit
diagonal matrix

Maximum number of unknown parameters
Maximum number of series expansion terms
Constant

Transpose matrix symboi

Covariance matrix
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<>

SYMBOLS (Cont'd)

Known variable matrix

Known constants used in nonlinear factors

Substitution variable

Standard deviation (o® = variance)
Summation symbol

Partial derivative symbol
Rectangular matrix

Column matrix

Row matrix
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