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SUMMARY

The extreme sensitivity of superconducting magnetic gradio-
meters affords means of measuring gradients of fluctuating magnetic
fields generated by ocean waves. The fields fluctuate in concert
with motions of ocean waves, so that reading fluctuations of
magnetic fields above an ocean tells the motion of seawater below
its surface. As a first step in developing requisite experimental
and analytical techniques, we plan to use a superconducting mag-
netic gradiometer to measure fluctuating gradients of magnetic
fields generated at a fixed point above the surface by waves
passing the oceanographic tower operated by the Naval Undersea
Center.*

The response of a superconducting magnetic gradiometer to
ambient magnetic fields having gradients that are sensibly con-
stant over the length of its axis (typically 25 cm or so) is
a sum of two terms. One term is proportional to the magnetic
field at the midpoint of the axis, and the other term, to a
gradient of the magnetic field at the midpoint. The term pro-
portional to the magnetic field results from slight differences
in area and orientation of the loops forming the pickup cir-
cuit of the gradiometer and vanishes for a perfectly balanced
gradiometer. The term proportional to a gradient of the mag-
netic field depends on five independent elements of a symmetric
matrix having a vanishing trace that represents gradients of
the ambient field at the midpoint.

The five elements define location, orientation, and moment
of a dipole positioned on a sphere of unit radius about the
midpoint that gives gradients at the midpoint equal to gradients
of the ambient field there. The construct of an equivalent
dipole concisely describes the gradient response. For example,
fluctuations in location, orientation, and moment of an equi-
valent dipole describe gradients from fluctuating magnetization
currents in magnetic objects as well as from fluctuations in

position and orientation of a gradiometer.

i Gy vt

*
The tower is located about one mile off Mission Beach near
San Diego, California, in 18 m cf water.




Moreover, it provides a rationale for two techniques that
afford means of suppressing gradient fluctuations from nearby
magnetic objects; namely, (1) using a gradiometer axis having
coplanar pickup loops (transverse configuration) and aligning
it for a null response and (2) using a magnetic dipole to
cancel steady gradients. Transverse gradients of the magnetic
field of a dipole vanish in certain directions, so that aligninc
a gradiometer measuring transverse gradients for a null response
suppresses fluctuating gradients from magnetic objects. Placinqg
an opposing dipole at the location of an equivalent dipole
nullifies gradients at the field point and so suppresses appar-
ent gradient fluctuations owing to changes in gradiometer orien
tation.

Preliminary tests of suppression techniques conducted with
our gradiometer, which has two coplanar pickup loops spaced
25 cm between centers, demonstrate that their effectiveness is
limited only by precision of requisite alignments. Aligning
the gradiometer within a few degrees (v 0.1 radian) for a null
response to gradient fluctuations from a spherical iron shell
having a radius of 0.74 m and placed 4.5 m north of the gradio-
meter reduces RMS fluctvations in the frequency band 0.001 to
0.01 Hz by about a factor of ten. Crude positioning of a coil
approximating an opposing magnetic dipole at the location of
an equivalent dipole reduces steady gradients from the sphere
by a factor of 100.

Design of the gradiometer, insofar as practical, eliminates
sources of instrument noise driven by fluctuations of ambient
temperature and pressure and of the earth's magnetic field by
using materials within the helium bath that are free of para-
magnetic impurities. A rectangular block of high-purity crys-
talline silicon, for example, supports the two niobium wire
pickup loops on a lateral face. Spectra that characterize
noise in the frequency range 5 X 10"4 to 20 Hz of the gradio-
meter operating in a magnetically quiet environment are effec-
tively white at frequencies above about 0.1 Hz with a spectral

vi




density* of 0.03 (pT/m)z/Hz and are of the form S(f) = S(f_)
(fo/f)Y at frequencies below 0.1 Hz. A value of 1.3 for vy
with S(fo) = 0.002 (pT/m)z/Hz at fo = 1 Hz is representative.
Intrinsic noise of the superconducting quantum interference
device (SQUID) used in the instrument to sense magnetic flux
dominates spectra observed in a quiet environment at fregencies
below 0.1 Hz.

As shown in the following figure, spectral density of
inherent noise of the instrument is well below the level of
spectral densities of gradients expected from oceanic internal
waves passing the oceanographic tower operated by the Naval
Undersea Center. To measure gradients from waves passing the
tower, we plan to jut the gradiometer over water on a rigid
nonmagnetic cantilever extending horizontally 25 meters from
the centerline of the tower off its south face. Measurements
of steady gradients from magnetization currents in the steel
structure of the tower show that gradients at positions in a
vertical plane of symmetry of the structure are represented
by gradients of equivalent dipoles located in the plane of
symmetry. Aligning the gradiometer with a precision of 0.01
radians, or 0.6 degrees, for a null response from the equiva-
lent dipole keeps noise from fluctuating magnetization currents
in the tower below the level of instrument noise. Structural
design of the cantilever limits translational and rotational
RMS fluctuations of the instrument to 0.1 mm and a few seconds
of arc ( 10°° radians) in the bandwidth 0.002 to 0.005 Hz and,
together with a coil positioned on the cantilever to reduce
steady gradients from the tower, keeps noise from irregular
motions of the instrument in the steady gradients below the

level of instrument noise.

* .
We use MKS units throughout and conform to the international
convention suggesting use of the unit Tesla, which is a

Weber/m? and so 1 pT/m = 10 121/m = 10

-10 3

G.cm = 10 ~“gamma/m.
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fields expected 7 m above the surface from internal waves passing
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| compared to the inherent noise spectrum of the instrument. Spectra
are estimates based on spectral measurements of isotherm displace-

ments made during August 1972. Serial numbers marking spectra tell

the month, day, and local time at the beginninag of corresponding
time series; for example, 08211540 means August 21 at 15:40 hours

(PST) .
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Section I
INTRODUCTION

The unprecedented sensitivity of superconducting magnetic
gradiometers affords means of measuring fluctuating gradients
of magnetic fields generated by ocear waves. Seawater moving
across the earth's magnetic field drives electric currents
that produce weak magnetic fields above the oceans. The fields
fluctuate in concert with motions of ocean waves, so that
reading fluctuations of magnetic fields above an ocean tells
the motion of seawater below its surface. Podney (1975) among
others describes the fluctuating magnetic field that results

from a wave progressing horizontally in a stratified ocean.

Our aim is to tell motions of seawater from measurements
of fluctuating magnetic fields over oceans. As a first step
in developing requisite experimental and analytical techniques,
we plan to use a superconducting magnetic gradiometer to mea-
sure fluctuating gradients of magnetic fields generated at a
fixed point above the surface by waves passing the oceanographic
tower operated by the Naval Undersea Center. The tower is loca-
ted about one mile off Mission Beach near San Diego, California
in 18 m of water. Successful completion of the first step pro-
vides the experience and information necessary for planning,
carrying out, and interpreting measurements over the open ocean
using an airborne gradiometer. Measurements at a fixed point
above the surface, in effect, provide the code for reading
motions of seawater in rmeasurements made over an open ocean

from aircraft.

The tower provides a stable platform for jutting the instru-
ment over water on a cantilever support. Surface and internal

waves passing the tower have simple spectra that are well




caaracterized by past measurements using thermistor chains and

current meters (Cox, 1962; La Fond, 1962; Winant and Olson,

1976; and ziemer, 1976) and piovide a readily accessible source
for first measurements. Nonetheless, magnetization currents

in the steel structure of the tower make the task of measuring
fluctuating gradients from the waves an exacting one. To pre-

pare for carrying out measurements at the tower, wve completed

the following tasks:

o Specification, procurement, and acceptance tests of

a suitable superconducting magnetic gradiometer*

o Land based trials of the gradiometer conducted to
estimate spectra of inherent instrument noise in a
guiet environment and to determine effectiveness of
techniques designed to suppress noise from nearby

magnetic objects

o Specification of fluctuating radients of magnetic

fields expected from waves passing the tower.

o Use of a fluxgate gradiometer to measure gradients
of the steady magnetic field produced by magnetiza-
tion currents in the steel structure of the tower
(Gillespie and Podney, 1976)

o Design of a rigid nonmagnetic cantilever re-

guired to project the instrument over water**

Ziemer and Gillespie (1976) describe early planning for

measurements at the tower and present a chronology of the

design specification, procurement, and acceptance tests of

the gradiometer. Here, we describe use of the instrument

* Superconducting Technology, Inc. constructed the instrument.

** Mechanics Research, Inc. developed a structural design to
meet stability requirements set by Physical Dynamics, Inc.
(Haire and Van Lerberg, 1976)
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to measure gradients of ambient magnetic fields and develop a
procedure for operating at the tower that suppresses noise
from magnetization currents in the steel structure. The pro-

cedure unites results of the last three tasks.

We first describe design features of the instrument in
Section II. Insofar as practical, the uaesign eliminates sources
of instrument noise driven by fluctuations ot ambient tempera-
ture and pressure and cf the earth's magnetic field by using
raterials within the helium bath that are free of paramagnetic
impurities. Two loops of niobium wire mounted on a lateral
face of a rectangular block (2 X 2 X 12 in.) of high-purity
crystalline silicon, for example, form the pickup circuit of

the gradiometer.

Section II1I gives a formulation describing instrument
response to ambient magnetic gradients that are sensibly con-
stant over the distance separating centers of the pickup loops.
Because the loops are coplanar, the gradiometer responds to
a transverse gradient of the magnetic field at the point mid-
way between centers of the loops. Slight differences in area
and orientation of the loops give an imbalance response pro-
portional to the magnetic field at the midpoint as well. The
gradient field of a magnetic dipole located on a sphere of
unit radius about the midpoint describes the part of the re-

sponse owing to ambient gradients.

Section IV describes procedures for making mechanical and
electronic adjustments to nullify the part of the response owing
to imbalance. Moving three small niobium Jdisks mounted on
slides near one loop adjusts its effective area and orientation
and balances response of the loops to a uniform magnetic flux.
Electronically substracting a fraction of thefmagnetic field

componeats measured by a triaxial fluxgate magnetometer near
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the midpoint from the gradiometer response provides 't raiier
balarcing. Procedures for balancing a gradiometer in both

uniform and nonuniform ambient magnetic fields are presented.

In Section V, we present the first measurements of spectra
that characterize noise in the frequency range 5 X 10—4 to 20
Hz of a superconducting magnetic gradiometer operating 1in a
magnetically quiet environment. Spectra are effectively white
at frequencies above about 0.1 Hz with a spectral density* of
0.03 (pT/m)z/Hz and are of the form S(f) = S(fo)(fo/f)Y at
frequencies below 0.1 Hz. A value of 1.3 for y with S(fo) =
0.002 (pT/m)z/Hz at fO = 1 Hz is representative of values
observed during guiet periods. Intrinsic noise of the super-
conducting quantum interference device (SQUID) used in he
instrument to sense magnetic flux then dominates observead
spectra at frequencies below 0.1 Hz. Use of a dc-type SQUID

(Clarke et. al., 1975) would improve instrument performance

nearly tenfold.

In Section VI, we give a rationale for two techniques
that provide means of suppressing noise from nearby magnetic
objects; namely, (1) alianing the gradiometer to obtain a null
response, and (2) using a magnetic dipole to cancel steady gra-
dients. We describe noise from nearby magnetic objects in terms
of gradient fluctuations corresponding to small changes in loca-
tion, orientation, and moment of a magnetic dipole located on
a sphere of unit radius about the midpoint of the gradiometer
axis. Because transverse gradients of the magnetic field of
a dipole vanish in certain directions, response of a gradio-
meter measuring transverse dgradients vanishes at certain orien-
tations. Aligning it for null response Suppresses noise from
magnetic objects. Placing an oppositely directed dipole at the
location of an equivalent dipole nullifies steady gradients at
the midpoint and so suppresses apparent gradient fluctuations

owing to changes in gradiometer orientation.

* We use MKS units throughout and conform to the international
convention suggesting use of the unit Tesla, which is a
Weber/m2 and so 1pT/m = 10”120 /m = 10 1%/cm = 10_3gamma/m.



Section VII yrresents results of preliminary tests of noise
suppression techniques. Our field tests show that the construct
of an equivalent dipole gives a useful description of the re-
sponse to gradients that are sensibly constant over the length
of a gradiometer axis. Preliminary tests using crude means
of aligning the gradiometer reduce noise power by a factor of
100 and suggest that reduction of noise is limited by align-

ment precision alone.

Finally, Section VIII describes a procedure for operating
at the tower that both uses the techniques to suppress noise
from magnetization currents in the steel structure and gives
a maximum response to gradients from internal waves. We plan
to jut the gradiometer over water on a rigid nonmagnetic canti-
lever extending horizontally 25 meters from the centerline of
the tower off its south face. Figure 1 shows that spectral
densities of gradients expected from internal waves are well
above the level of instrument noise. Aligning the gradiometer
for a null response with a precision of 0.01 radians, or 0.6
degrees, keeps noise from fluctuating magnetization currents
in the tower below the level of instrument noise. Limiting
translational and rota“-ional RMS fluctuations of the instrument
to 0.1 mm and a few seconds of arc ( lO_Sradians) in the band-
width 0.002 to 0.005 Hz keeps noise from irregular motions of
the instrument in the steady gradient field of the tower below

the level of. instrument noise.
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Section II
INSTRUMENT DESCRIPTION

As shown in Figure 2a, the instrument comprises a gradio-
meter probe immersed in a bath of liquid helium contained
in the interior vessel of a Dewar made of a fiber glass
laminate. A wrapping of about 50 alternating layers of
fiber glass cloth and aluminized Mylar covering the interior
vessel reduces radiative heat flow across the vacuum separa-
ting the inner vessel and outer jacket of the Dewar. The
outer jacket is 26" in diameter and 42" in length, and the
Dewar weighs about 250 lbs. Liquid helium in the reservoir,
which has a capacity of 160 liters, boils off to the atmo-

sphere at a rate somewhat iess than 3 liters per day.

The probe supports a rectangular block (2" X 2" X 12")
of high-purity, crystalline silicon. Two loops of niobium
wire mounted on a lateral face of the block form the pickup
circuit of the gradiometer. Three small niobium disks
mounted on slides near the top loop provide means of adjusting
the effective area and orientation of the loop in order to
balance response of the loops to a uniform magnetic flux.
A niobium capsule fixed midway between loop centers contains
a torodial, point-contact type SQUID that senses differential
magnetic flux threading the pickup loops.

The silicon block is housed at the foot of the probe in
a tube 3" in diameter and 15" long, which fits into a
matching socket fixed to the bottom of the helium reservoir.
Both the housing and its socket are made of a laminate
reinforced with Kevlar* cloth. Four fiber glass rods with
reinforcing spacers attach the foot of the probe to its

top plate, which bolts to the top of the Dewar. The top

* FKevlar is a trade name for an organic fiber manufactured
by the Du Pont Co.




plate cof the probe holds an rf electronics box used to drive
the SQUID, three removable brass micrometers used to adjust
slides during balancing, and a three-axis fluxgate magneto-
meter used both to orient the gradiometer axis and to pro-

vide vernier balancing, as described subsequently.

A. DESIGN FEATURES

Because susceptibility of paramagnetic substances is
inversely proportional to temperature at temperatures of a
few degrees Kelvin, we use, where practical, materials with-
in the helium bath that are free of paramagne:ic impurities
in order to eliminate noise from magnetization currents
driven by fluctuations of ambient temperature and pressure
and of the earth's magnetic field. 1In addition to its high
purity, crystalline silicon has a high thermal conductivity
that smooths thermal gradients in the neighborhood of the

gradiometer pickup loops.

Although the laminate reinforced with Kevlar cloth is
effectively free of paramagnetic impurities, the fiber
glass laminate is contaminated. Susceptibility of the fiber
glass laminate, resulting from paramagnetic impurities, is
about 2 x 1074

fiber glass interior vessel, such as quartz, are as yet im-

at 4.2°K. Nonetheless, alternatives to a

practical for the large capacity Dewars required for operating

at remote field sites.

Fluctuations of the earth's magnetic field also drive
eddy currents in the aluminized Mylar layers .rapped around
the interior vessel to reduce radiative heat flow. Because
dielectric materials are poor reflectors, conducting layers
are required to reflect radiant heat. Noise resulting from

fluctuating eddy currents, however, does not markedly in-




crease with decreasing frequency because amplitude of eddy

current fluctuations is proportional to excitation frequency.
B. SUPERCONDUCTING CIRCUIT

Figure 2b is a diagram of the superconducting circuit.
Two coplanar pickup loops, each 1.45 cm in diameter and

spaced 25 cm between centers, are oppositely wound in series,
so that fluctuations of the super current, Il’ in the pickup
circuit are driven by fluctuations in the net ambient flux
threading the pickup loops. Fluctuations in the net flux
are coupled to the SQUID sensor through an rfi transformer
containing a normal metal shield between its superconducting
windings that attenuates interference at radio frequencies
(above 19 KHz). The flux coupled to the sensor is the pro-
duct of the super current, 12, in the coupling circuit and
the mutual inductance between the sensor and the field

coil. The SQUID sensor itself is effectively an open circuit

for low frequency fluctuations (Zimmerman, 1971).

Because the net voltage around each superconducting cir-
cuit vanishes, the fiux coupled to the sensor, ¢s, is pro-
portional to the net flux threading the pickup loops, ¢p;
namely,

1/2
£ e Kth BLS/LP) 2122 (la)
2
P (1+21)(1+22)-Kt 2122

©

©

where 21 = Ll/Lp; 22 = L2/Lf; Lp, Ls’ Lf, Ll’ and L2 are

self inductances of the circuit components labeled in Figure
2b;and the coefficients Kt and Ks are a measure of coupling
between windings of the rfi transformer and between the field

coil and the SQUID sensor, respectively. Equation la shows




that the flux coupled to the sensor is greatest for 21 = 22
- (l—Ktz)_l/z, at fixed values of Lp and Ls’ and that its

greatest value is given by

¢ K 1/2 K
s - -8 (Ly/L) / t (1b)

$ ) ;~ _. 2,1/2
P - “1+(1 Kt )

In our instrument, Lp = 300 nH, LS = 0.05 nH, KS = 0.7,
and windings in the rfi transformer are adjusted to give a
maximum flux ratio of

v 3

= = 2.26 X 10 (2)

with Kt = 0.8.

From the diameter and spacing of the pickup loops, we find
that an ambient gradient* of 5.32 pT/m produces a net ambient
flux of one quantum, ¢o' at the pickup loops. Equation 2 then
tells us that a gradient of 1 pT/m at most applies a flux of
4.25 X 10—4 ¢o/(pT/m)at the SQUID sensor. A change in flux of
one quantum applied to the SQUID gives an output of 12.7 voits.
At hest, then, we expect a calibration constant of 5.4 mvV/ (pT/m) .
Our measured value is 4.5 mV/(pT/m) ! 15%, which indicates that

the instrument is operating with nearly the maximum flux ratio.

* We use MKS units throughout and conform to the international
convention suggesting use of the unit Tesla, which3is a
- ...]_0 -
Weber/m2 and so 1pT/m = 10 12T/m = 10 G/cm = 10 “gamma/m

and 0_ = 2.07 X 10 prm’.




Section III
INSTRUMENT RESPONSE TO AMBIENT MAGNETIC GRALDIENTS

We describe the response of an axis of a superconducting
magnetic gradiometer to ambient magnetic gradients in terms
of the differential magnetic flux threading the two pickup
loops whose centers are separated by a distance 2s. Areas
of the loops are Al and A2, and respectivc normals to the
plane of each locp are directed along unit vectors nl and 32,
as shown in Figure 3. Pickup loops are connectad in opposi-
tion, so that the instrument responds to the differential

magnetic flux threading the loops; namely, ¢ = ¢l = ¢2.

The relations

<bl= f dﬁlﬁl.i('ﬁ+§+)pl,t) (3a)
(il
and
<b2= / dﬁzﬁz-?y('ﬁ-‘éﬂ’)z,t) " (3b)
B2

express magnetic flux threading each loop in terms of integrals
of the density of magnetic flux, b(R+°+5l,t) and b(R-s¥32,t),

at points within each loop. Here, R is a position vector loca-

ting the point midway between loop centers; vectors 2 and -3

locate loop centers with respect to the midpoint; pl and p2

are radius vectors locating points within a loov contour; and
integrals extend over the area of each loop. By expanding

flux densities in Taylor's series about the midpoint, we express

the flux threading each loop as
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m=l k=1 f{(m=-k})! k!
A
and
o0
m,»-=m
_ z :(—l) (s-V) A T2
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where g(ﬁ,t) is the magnetic flux density at the point midway
between loor centers. For symmetrical pickup loops, integral
terms of odd order in Equations 3c and 3d vanish because inte-
grands are periodic.
If area and orientation of the loops are identical so that
— — — — A S
Al = A2 = A and n; =n, =n, then the relation
00
a =2 2m-1
e -1 E (s.V) nB(R,t)
2sA s pz1 (2m-1)! (3e)
oo M - 2(m=-k)+1 [
LSy @ [o@n2asd,e
-k)+1]!(2k)!
SA m=]k=][2(m k)+1]! (2k) A

gives the response, and so to first order

0/2sa ¥ (2.-HA.B(R,t). (3f)




Hicher order terms are negligible provided gradients of the am-
bient field are sensibly constent over the distance between pickup
loops. Specifically, we require that (s/R)2(<l, where R is a
characteristic scale of the ambient field. 1In the field of a

dipole, for example, R is distance from the dipole.

Because of slight differences in area and orientation of
the pickup loops, however, the response includes an imbalance
or error term. Using loop number two as a reference and de-

fining A = A, and f = ﬁz, we then express the response of a

2

gradiometer axis, 7 (8,R;R,t) = ¢/2sA, to first order as

T(3,8;R,t) T I (8,A;R,t) + 3-B(R,t) (4a)
where

-

r(8,8:R,t) = (8- HAD(R,t) (4b)
and

. A

= 1 [ 1 f,-8 (4c)

2s A

-
To a first order apprcximation, then, the gradient term r(s,4;R,t)
of the response depends on gradients at the point midway between
loop centers, and the imbalance or error term, 3-b, is proportional

to the magnetic field at the midpoint.
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We represent gradients of magnetic fields in free space

by a matrix G having elements gij(ﬁ,t), where

s A i

9i9 = ¥3r(XyoR)lo (i,5 =1,2,3) (5a)
in an orthogcnal basis {Qi} . An element gij represents the
gradient in a direction Qi of the component of magnetic field
in a direction Qj' Consequently, the relation
r(s,n) = E
i,3

expresses the gradient in a direction 8 of the component of
magnetic field in a direction fi in terms of matrix elements

N . A
in a basis {x.

it where s, and n., are components of the unit

vectors § and i in the same basis.
By choosing a basis fixed at the point midway between
loop centers with its §3 axis aligned along the gradiometer axis
s and its X, axis aligned along n X s, then, we obtain the expansion

2 DA = s =
(s,n;R,t) n2 923(th) + n3 933(R,t) (6)

for the gradient term of the response. For coplanar pickup
loops (transverse configuration), n, vanishes and n, = 1l; for
coaxial pickup loops (longitudinal configuration), n, vanishes
and n,y = 1. A perfectly balanced gradiometer axis having a
transverse configuration, then, measures skew elements of a
gradient matrix, and one having a longitudinal configuration

measures diagonal elements.

The axis of our gradiometer has a transverse configuration,

so that its response to ambient gradients that are sensibly




constant over the distance between centers of the pickup loops
(25 cm) is the sum of a transverse gradient at the point mid-
way between pickup loops and aa imbalance term that is pro-

portional to the magnetic field at the midpoint, as expressed

by the relation
D(8,A;R,t) = g 5(R,t) + §-b(R,t) (7)

The imbalance part of the response resulting from small
differences in orientation aud area of the pickup loops, in
effect, is the response of a magnetometer that measures the
component of magnetic field in a direction 5 at the midpoint.
The gradient part of the response is equivalent to a gradient
of the field of a magnetic dipole located on a sphere of

unit radius about the midpoint.

A. EQUIVALENT DIPOLE OF A GRADIENT FIELD

Because a maonetic field in free space is both nondiver-
gent and irrotational, its gradients are elements of a
symmetric matrix that has a vanishing trace. A matrix that
is both real and symmetric is diagonal in an orthogecnal
basis comprised of principal axes with diagonal elements
or eigenvalues Al' Az, and A3. Since its trace vanishes,

Al + Az + A3 = 0.

We express gradie :s at a point of a magnetic field,
then, in terms of their eigenvalues, Ai' and eigeavectors
éi' which define directions of principal axes, by using

the matrix product

G = RAR, (8)




where the matrix G represents gradients in a fiducial hasis
{Qi} . The matrix R represents a rotation from the fiducial
basis to a basis comprised of eigenvectors @i, in which gra-
dients are represented by the diagonal matrix / having ele-
1’ Az, and A3. Components of eigenvectors in the
fiducial basis form the columns of the matrix R; namely,

ments A

riy = Qi'ék' A real matrix representing a rotation is
orthogonal, so that RR = RR = I, where tilde marks a trans-

posed matrix and I is the unit matrix.

By adding a magnetic dipole to a gradient field, we find
that the relation

I = R(A - RaAdRa)R

gives gradients at a field point. Here, Ad is a diagonal matrix
whose elements are eigenvalues of the gradients of the dipole
field at the po.nt, and the matrix R, specifies a rotation from
principal axes of the ambient gradient field to principal axes
of the dipole gradient field zt the point. Equation 9 tells

us that gradients of an ambient field are equal to gradients

of a dipole field at a point whenever Ra=I and Ad=A. At each
point of an ambient field, then, we use the conditions Ra=I and
Ad=A to define location, orientation, and moment of a dipole
positioned on a sphere of unit radius about the point so that
gradients of th:» dipole field at the point are equal to ambient

gradients.*

Gradients at each point of an ambient field, then, are
equivalent to the gradient field of a magnetic dipole located
on a sphere of unit radius surrounding the point. Because
the sense of an eigenvector is indeterminate, the dipole has
three images, so that gradients at a point of an ambient field
are equivalent to the gradient field of a dipole located at

* Equality of eigenvalues at a point is always possible because -
eigenvalues are ordered, and their sum vanishes.
‘The Appendix describes mea%s %f aetermlnlnq location, orienta-
tion, and moment of an equivalent dipole from gradients of
the ambient field.
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any one of four positions on the sphere. Radius of the sphere
is arbitrary provided the ratio m/r4 is constant, where m is
the moment of the dipole and r, its distance from the field
point. Location, orientation, and moment of equivalent dipoles

change continuously from point to point.
B. GRADIENT FIELD OF A MAGNETIC DIPOLE

As illustrated in Figure 4, we specify location of a mag-
netic dipole, m, with respect to the gradiometer basis Qi
in terms of polar angles ¢ and 6 defining direction of the
position vector r and specify its orientation with respect
to the position vector in terms of the polar angle x and
azimuthial angle Q2. The basis Qi is defined so that the
y3 axies points along the p051tlon vector, the y2 axis, along

r X m, and the yl axis, along (r X m) X r.

As shown in the Appendix, the matrix

cosY 0 siny
Gy(g,x) =g 0 cosy 0 (10a)
siny 0 -2cosy

represents gradients at position r of a dipole field in the

. N
basis yi . wWhere

3p._m -
©_ and u, = 471 x 10 " H/m. (10b)

41y

Equation 10a tells us that longitudinal gradients result from
the component of the dipole along r and that transverse gra-
dients result from the component perpendicular to r. None-
theless, each component produces both longitudinal and trans=

verse gradients in the gradiometer basis.

14




Three consecutive rotations represented by the matrix
R(¢, 6, Q) = 2(¢ + 1/2)X(8)2(Q) (11la)

bring the gradiometer basis into coincidence with the basis
A

B

il where

cos Y -sin Y 0
Z2(p) = sin cos Y 0 (11b)
0 0 0
and represents a rotation through an angle § about the Q3

axis of the gradiometer basis and

l 0 0 i
X(p) = 0 cos y =-sin ¢ (11lc)
0 sin Y cos

and represents a rotation about the Ql axis.
Consequently, the matrix
G, (¢, 8, % g,x) = R(6, 8, Q)G (g, XIR(¢, 6, Q) (12a)

represents gradients of the dipole field in the gradiometer
basis. We then find that

G, = g cos X [I - 3/2 A, (¢, 9)] (12b)

+g siny Fos Q A2(¢, 8) - sin Q A3(¢, eﬂ i

where I denotes the unit matrix,

LS



2cosz¢sin29 sin2¢sin28 cos¢$sin28 |
Al(¢, ) = sin2¢sin28 2sin2¢sin28 sin¢sin26

cos$sin28 sin¢sin26 2c0528 J

-sin2¢sinbd cos2¢$sinb -sinédcosh
A2(¢, 8) = cos2¢sinb sin2¢sinb cosécosh

-sin¢cosh cos$cosh 0 .

and

cosz¢sin26 (1/2)sin2¢sin25 cos¢cos26

A3(¢, 8) = (1/2)sin2¢sin26 sin2¢sin2e sing¢cos26
cospcos2B sin¢cos26 -sin26

The first term of Equation 12b results from the component of
the dipole along Y, and the second term, from the component
perpendicular to T. We see that each component produces both

longitudinal and transverse gradients in the gradiometer basis.
C. GRADIENT RESPONSE

From Equation 12b, then, we find that the relation

9,3 = g cosy sin¢ sin26

Nfw

+ g siny(cosficos$¢ cos6-sinQ sin¢ cos26)

expresses the gradient term of the instrument response in terms
of the five parameters ¢, 6, 9, x, and g that specify location,
orientation, and moment of a dipole. Because gradients at a
point are equivalent to the gradient field of a dipole located
on a sphere of unit radius about the point, Equation 13 com-

pletely specifies the gradient response.
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The construct of an equivalent dipole furnishes a convenient
transformation of the five independent elements of a matrix
representing gradients of a magnetic field in free space to
five parameters (¢, 6, O, x, and g) that provide ready means
of describing the gradient response. For example, Equation
13 tells us that a dipole located along the Ql axis of the
gradiometer basis (¢ = 0 and 6 = 7m/2) gives a null response
whatever its orientation. Moreover, oppositely rocated and
oppositely directed dipoles (¢3¢ + w, B8—=271-6, and Q- -Q)

.give the same gradient respoase.

The gradient field of a dipole represents gradients of a
magnetic field at a point in free space even though the actual
source of the field is not a dipole. Because of the principal
of superposition, separate equivalent dipoles represent gra-
dients from distinct sources. The gradient field of a dipole
describing gradients resulting from a sum of distinct sources
is simply the sum of fields of equivalent dipoles representing
gradients from each source, but the dipoles themselves are not
simply additive unless they are located colinearly. Nonethe-
less, fields of a sum of equivalent dipoles conveniently de-

scribe contributions of distinct scurces.

D. INSTRUMENT CALIBRA" 7N

To calibrate the gradiometer, we use a current oscillating
in a coil placed equidistant from the center of each pickup
loop with its dipole moment parallel to the line joining centers
of the pickup loops. We face the plane containing pickup
loops toward the: coil to obtain a maximum response and keep
the distance from the midpoint of the gradiometer axis to the
center of the coil much larger than both the spacing between
centers of the pickup loops (25 cm) and the radius of the
coil (21 cm).

17




The coil, in effect, is a dipole located along the'&? axis

of the gradiometer basis and directed parallel to the Q3 axis,

so that ¢ = 3n/2, 6 = n/2, O = 3nr/2, and ¥ = n/2. The expression

: ) 3uom(t)
23 4TTr4

obtained from Equation 13 then gives the gradient produced at
the gradiometer, where m(t) is the dipole moment of the coil
and 1+ is its distance from the gradiometer. Equation 13 also
shows that misalignment of the coil and gradiometer adds terms
of second order in angular deviations and so produces negligi-
ble error for reasonably precise alignment. Errors result
largely from uncertainties in the distance of the coil from

the gradiometer.

By measuring current in the coil and output voltage of
the gradiometer at several values of r, we find that a gra-
dient of 1 nT/m gives an output voltage of 4.5 V + 15%. Cali-
bration is independent of frequency and of the quantum state
of the SQUID sensor.

We also use the dipole used for calibration to align the
triaxial fluxgate magnetometer with respect to the gradiometer
basis. Turning the gradiometer about its axis until a null
response is obtained aligns the plane containing pickup loops
with the plane defined by the dipole moment of the calibration
coil and the gradiometer axis. Oscillating magnetic field

components along the 2. and QZ axes of the gradiometer basis

d:
then vanish, so we align corresponding axes of the fluxgate

magnetometer to obtain null responses as well.
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Section 1V
GRADIOMETER BALANCING

Both mechanical and electronic means of balancing the
gradiometer are available. We balance mechanically by using
micrometers on the top plate of the probe to move three small
niobium disks mounted on slides near the top pickup loop.
Because a superconducting disk distorts the magnetic field
in its vicinity, movement of the disks adjusts the effective
orientation and area of the loop. Axes of the disks are
mutually orthogonal, so that movement cf each disk, in effect,

adjusts the corresponding component of the imbalance vector

-

5.

Because precision of disk movements is limited, however,
we use the triaxial fluxgate magnetometer mounted on the top
plate of the probe to provide vernier balancing electroni-
cally. We balance electronically by subtracting an adjustable
fraction of the magnetic field components measured by the

fluxgate magnetometer from the gradiometer response.

To make mechanical and electronic balance adjustments, we
rotate the gradiometer axis in the earth's steady magnetic
field. Because gradients of the earth's steady magnetic
field are small ¢~10 pT/m), rotation in the earth's field fur-
nishes a time varying field that is nearly uniform, so that the

gradiometer response effectively results from imbalance alone.
A. BALANCING IN A UNIFORM MAGNETIC FIELD
Rotating a gradiometer about an axis in a direction {

in a uniform magnetic field, B, produces a response owing to
imbalance of its pickup loops that is expressed in terms of
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the angle of rotation @ by the relation

-~ > = ‘A A -9
§*B = (B-ﬁ)(ﬁ'éo) #* [QX(§XQ}EOCOSQ + (ﬁxg)-ﬁosinﬂ ,

}

whereagO is the initial position of the imbalance vector g.
The imbalance vector is fixed to the gradiometer, so that
E; depends on initial orientation of the gradiometer. As is
evident from Equation 15, we define a fiducial basis using

the vectors B and 6.

As vefore, we choose a right-handed basis fixed to the
point midway between centers of the pickup loops with its

Q3 axis along their line of centers and its R axis normal

2
to the plane containing pickup loops. We denote components
of the imbalance vector in the gradiometer basis by 61, 62,
and 63«

In our balancing procedure, the axis of rotation is
vertical, and the earth's magnetic field provides an effec-
tively uniform field. We use two initial orientations of
the gradiometer basis in order to make sequential and inde-

pendent adjustments of components of the imbalance vector.

First, we initially orient the gradiometer with the Q3
axis directed vertically upwards; the 92 axis, northwevd;
and the Ql axis, eastward. Rotating the gradiometer about

its Q3 axis through an angle @ then gives the response
5B = —63Bsin8 + (dlsin o+ 62cosQ)BcosB ’
where B is the local dip angle of the earth's magnetic field

and B is its magnitude. Equation 16 tells us that a cosine
response corresponds to the 62 component of the imbalance
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vector and that a sine response corresponds to the §. com-

1

ponent. The 63 component determines a reference level of

the sinusoidal response. To nullify components 61 and 62
of the imbalance vector, we first adjust the niobium disk
having its axis parallel to‘Ql until rotation produces a
cosine response and then adjust the disk having its axis

parallel to X, until rotation produces a flat response.

2

A

Next, we initially align the gradiometer with the X3
axis parallel to the earth's magnetic field and the‘Q2

axis directed westward. Rotating the gradiometer about a
vertical axis through an angle Q then gives the response

-— e
-5.B = (dlcose + 8,sinB) BsinB + IEZSinQ

3

(17)
-(8,sing - 63coss)cosd] BcosB

Equation 17 tells us that a cosine response corresponds to
components 61 and 63 of the imbalance vector and that a sine
response corresponds to the 62 component. To complete balanc-
ing the gradiometer, then, we only adjust the disk having its
axis parallel to ﬁ} until rotation produces a flat response,

because the first procedure nullifies components 61 and 62.
B. LIMITS ON GRADIOMETER BALANCE

Both limited precision of disk movements and mutual in-
ductances between disks limit the balance attainable mechani-
cally, and so prevent attainment of precisely flat responses
during rotations. Mechanical &djustments reducc components
of the imbalance vector to values of the order of 107° m 1 .
To reduce imbalance further, we electronically subtract

a fraction of magnetic field components measured by the flux-

* Balance of a gradiometer is also commonly expressed in terms
of a common mode rejection ratio (CMRR) that is the magnitude
of the imbalance vector multiplied by the distance between
centers of its pickup loops. For our gradiometer, an im-
balance of 10-3 m~! gives a CMRR of 2.5 ppm.
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gate magnetometer from the gradiometer response during rota-
tions, after reachinc¢ the limit of mechanical adjustments.
Combined mechanical and electronic adjustments reduce com-

ponents of the imbalance vector to values of about 4 X 10"6

-1
m .

Further refinement of gradiometer balance presently is
limited by hysteresis observed during rotation when the im-
balance is somewhat less than 10"5 m—l. The record in Figure
5 illustrates the effect. The trace records gradiometer re-
sponse during a clockwise rotation followed by a counter clock-
wise rotation with the gradiometer axis vertical. Rotations
are made stepwise in sixteen increments of 22.50, as shown in
Figure 6, starting with the QE axis pointing northward. Spikes
in Figure 5 mark movements between incremental positions and
result from eddy currents excited in aluminized Mylar layers
used to insulate the helium reservoir. Plateaus mark values
recorded while dwelling at incremental positions. As is
evident, values recorded at incremental positions are not
unique and depend on the sense of rotation; namely; the value
recorded at a position during a clockwise rotation differs
from the value recorded at the same position during a counter

clockwise rotation.

Figure 7 shows the hysteretic signature of the effect.
The tracé records response during a stepwise oscillation of
the Q} axis about position 5 marked in Figure 6. Oscillation
begins with a clockwise movement of two increments from position
5 to position 7, then reverses with a counter clockwise movement
to position 5, continues with a counter clockwise movement of
two increments to position 3, returns to oosition 5 with a clock-
wise movement, and repeats the cycle thereafter. As is evident
in Figure 7, the value recorded at nosition 5 depends on the

direction of approach; namely, the value recorded during a
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clockwise crossing differs from the value recorded during a
counter clockwise crossing. The difference depends on ampli-
tude of the oscillation.

We observe a similar hysteretic signature when oscillations
are made with a crescent wrench taped to the top of the Dewar
and so suspect that the hysteretic eftect results from ferro-
magnetic contaminants in the vicinity of the pickup loops.
Although hysteresis precludes further reduction of gradiometer
imbalance, the residual imbalance is insignificant for our

immediate purposes.

Eddy currents excited in the aluminized Mylar insulation
during rotations do not limit refinement of gradiometer balance
but do require that rotations be made stepwise. Continuous
rotation, in effect, averages values at spikes and plateaus
and so is misleading for purposes of refining balance. The
response resulting from eddy currents,Ze,is consistent with

the description given by the relation

I, =¢ 438.3) = CcBcosB A(Z—Q) GhR (18)
dt t

where B is the earth's magnetic field; A, the effective area

of eddy current loops; C, a coupling constant; and Q is the

angle of rotation, reckoned positive for a clockwise rotation.
The vector representing effective area of eddy current loops

is normal to the plane containing pickup loops. Allowing

for a difference in rates of movement between increment posi-
tions, Figure 5 shows that spikes resulting from eddy currents
are greatest at n/2 and 37n/2, least at 0 and 7, and of opposite
seise for clockwise and counter clockwise rotations, as described

by Equation 18.
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Gradients of the earth's magnetic field are a more
fundamental limit on refinement of gradiometer balance. Gra-
dients of the earth's magnetic field are of the order of 10 pT/m
and so give a response comparable to the response owing to im-

balance when magnitude of the imbalance vector is about 5 X 10_7

m or less. In the absence of the limit imposed by hysteresis,
reduction of gradiometer imbalance below about 10_6 m_l is

limited by gradients of the earth's magnetic field.

C. BALANCING IN A NONUNIFORM MAGNETIC FIELD

Because a matrix representing gradierts of a magnetic field
in free space is symmetric, it is diagonal in a basis comprised
of principal axes. Transverse gradients vanish along principal
axes, so that a perfectly balanced gradiometer having a trans-
verse configuration gives a null response when its axis is
aligned along a principal axis of an ambient gradient field.
The Appendix describes both a means of determining directions
of principal axes of a gradient field from values of its matrix
elements measured in a fiducial basis and response of a per-
fectly balanced gradiometer during rotation about an arbitrary

axis.

To refine balance of our gradiometer in the presence of a
nonuniform magnetic field, then, we align its axis along a
principal axis of the ambient gradient field and rotate it
about its axis. Because transverse gradients vanish along
a principal axis, the response during rotation results from
imbalance alone. We then adjust components of the imbalance
vector to obtain a flat response during rotation. Precise
determination of directions of principal axes, however, re-
quires a finely balanced gradiometer, so we devis2 an iterative

procedure.
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We suppose that directions of principal axes of the ambient
gradient field are known approximately. For example, two prin-
cipal axes of the earth's dipolar magnetic field lie in a ver-
tical plane containing the magnetic field vector, and the third
principal axis is normal to the plane.* If ambient gradients
exceed about 10 nT/m, then we use the gradiometer itself to
estimate approximate directions of principal axes, because
magnitude of its imbalance vector without refinement is at
most about 10_4 m_l. Rotating the gradiometer about its axis
when it is aligned with the local magnetic field vector gives
an estimate of the magnitude of ambient gradients, since the

response owing to imbalance then vanishes.
The relation

_ 2 2 ,1/2 -

with
tanQ ) = v;3/Y,3

gives the response owing to ambient gradients when the gradio-
meter is rotated through an angle Q about its axis. Coeffi-
cients Y13 and Y,y are elements of the matrix representing

the ambient gradient field in the basis defined by initial
orientation of the gradiometer. If the gradiometer axis is
aligned along a principal axis of the ambient gradient field,
then Y13 and Yo3 venish, so that the response owing to ambient
gradients during rotation is flat. If polar angles defining
direction of the axis of rotation in a fiducial basis deviate

by amounts A¢ and A6, respectively, from polar angles defining

*The Appendix describes the gradient field of a magnetic dipole
in terms of its eigenvalues and directions of its principal
axes.
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direction of the principal axis corresponding to eigenvalue

A3 say, then

~ i _ :
Y13 = 1/2 [§A3 (2)\1 + A3)cos2W9] 51n6p(A¢)
-1/2(2)\1 + A3)Sln2Wp(A9)

and

Yyq = -1/2(2)\l + A3)sin2WpsinOp(A¢)

¥1/2 [3hg + (22 + x3)coszwp_} (48)

where ¢p’ Op and Wp are Euler angles(defined in Figure Al)
specifying a rotation from the fiducial basis to the basis
comprised of principal axes and Al, Az, and A3 are corresponding

eigenvalues.

A A
We choose a fiducial basislxi‘ with its X, axis directed

vertically downwards, its X, axis, northward, and its Q} axis,
eastward. To align the gradiometer axis with a principal axis,
we start with the gradiometer basis coincident with thc fiducial
basis and first rotate the gradiometer through an angle 6

P
about the X

1
axis, where the polar angles ¢ and 8 approximately define

axis and then through an angle ¢ about the/)?3

direction of the principal axis in the fiducial basis. We then
rotate the gradiometer about its axis and mark the amplitude

of its response. We next make an incremental rotation $¢

about the'?

3
axis and mark the amplitude of its reszponse. We continue

axis and again rotate the gradiometer about its
making incremental rotations about th: ﬁ} axis followed by

rotations about the gradiometer axis until we determine the
polar angle ¢ + 8¢ at which amplitude of the response is least.
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With the gradiometer axis fixed at the polar angle ¢ + 8¢,
we carry out a similar procedure to determine the polar angle
6 + 80 at which amplitude of the response is least and so
locate the polar angles ¢ + 6¢ and 6 + 60 defining direction

of the principal axis more precisely.

The response resulting from imbalance is seiasibly constant
for incremental changes 8¢ and 66 in the polar angles, but
the response resulting from ambient gradients changes warkedly
for small deviations of the axis of rotation from the princi-
pal axis. Nonetcheless, imbalance eventually masks changes
in amplitude of the response to rotation as the axis of rota-
tion approaches the principal axis. When incremental changes
in polar angles defining direction of the axis of rotation
produce imperceptible changes in amplitude of the response,
we then adjust components 61 and 62 of the imbalance vector
to reduce the response owing to imbalance, following a pro-

cedure similar to that used in a uniform field.

After refining 'he balance, we refine alignment of the
gradiometer axis with the principal axis by again making in-
cremental changes in polar angles until we determine the
direction of the axis of rotation for which amplitude of the
response is least. We then again refine the balance and re-

peat the procedure until further refinements are imperceptible.

The iterative procedure affords means of reducing components
61 and 62 of the imbalance vector. To rvduce the 63 component,
we rotate the gradiometer about its.ﬁi axis through an angle

x after aligning its axis with the principal axis. The relation

9,3(x) = 1/2 I3A3 + (20 + A3)coszwp] sin2y (20)
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gives the response resulting from ambient gradients. The
response resulting from imbalance, however, is sinusoidal
with respect to x rather than 2y. Consequently, we adjust
the 63 component of the imbalance vector during rotation

until the response is proportional to sin 2y.

Because our present means of rotating the gradiometer only
provides for rotation about a horizontal and a vertical axis,

the suggested procedure for balancing in a nonuniform ambient

magnetic field is as yet untried.




Section V

INSTRUMENT PERFORMANCE

Past reports (Clarke, 1974; Wynn et al., 1975; Zimmerman

and Frederick, 1971) have specified performance of super-

conducting magnetic gradiometers in terms of a noise level
without regard to spectral shape. Recent measurements (Clarke
et al., 1975) of noise spectra of a superconducting quantum
interference device (SQUID), however, show that their noise
power density increases approximately in inverse proportion

to frequency as frequency falls below about 1 Hz. Moreover,
fluctuations of. ambient temperature and pressure and of the
earth's magnetic field drive fluctuating magnetization currents
and eddy currents in materials within the Dewar that generate
noise whose power density characteristically increases with
decreasing frequency as well. Characterizing instrument
performance in terms of a noise level, then, is inadequate

in the freqguency range of interest (f<«l Hz).

In what follows, we first present spectral data in the

? Hz to 20 Hz that characterize per-

frequency range 5 X 10~
formance of the instrument, which is designed insofar as prac-
tical to eliminate sources of noise driven by fluctuations of
ambient temperature and pressure and of the earth's magnetic
field, and demonstrate that its performance in a magnetically
guiet environment is limited by noise of its SQUID sensor at
frequencies below about 0.1 Hz. We then compare performance
demonstrated using a torodial point-contact type SQUID sensor
with performance expected using a chin-film dc type SQUID, in
order to mark limits on enhancing instrument performance.

Finally, we delineate improvements in instrument design.
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A. GRADIOMETER NOISE SPECTRA IN A MAGNETICALLY QUIET ENVIRONMENT

To characterize performance of the gradiometer in the fre-
quency range 5 X 10“4 Hz to 20 Hz, we made a number of records*
of its output, ranging from 12 to 24 hours in duration, for
a variety of ambient conditions during an observational period
of several weeks at the La Posta Astrogeophysical Observatory,
which is located in the mountains about 70 miles east of San
Diego, California, at an altitude of 1188 m MSL. Coordinates
of the observatory are 116° 25' 6" west longitude and 32° 40"

39" north geodetic latitude (Bleiweiss and Wefer, 1975). We

present spectral data based on a five hour long segment of a
record that is representative of the lowest instrument noise

consistently observed.

Figure 8 shows the spectral power density in the frequency

4

range 5 X 10" ° Hz to 20 Hz characterizing performance of the

instrument during a quiet period observed at night. We esti-
mate the spectrum below 0.1 Hz using a standard fast Fourier
Transform algorithm and average ten successive estimates made

N

from 1/2 hour segments of the time series. We obtain spectral

data at frequencies above 0.1 HX using a real-time spectrum
analyzer having an averaging capability.

For frequencies below 0.1 Hz, we assume a spectrum of the
form S(f) = S(fo)(fo/f)Y and then u;e a least squares criterion
to fit averaged spectral data to a straight line in logarithmic
coordinates to obtain values of y and S(fo). Values corresponding
to the spectrum shown in Figure 8 are Yy = 1.3 and S(fo) = 0.002
(pT/m)z/Hz at fo = 1 Hz, for f<0.1l Hz. Spectral power densities

* We use a low-pass filter having its half-power point at 0.3
Hz to preclude aliasing anc digitally record on magnetic
tape once a second to obtaia data at frequencies below 0.1 Hz.
We obtain spectral data at frequencies above 0.1 Hz using a
real-time spectrum analyzer having an averaging capability.
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in the frequency range 0.1 Hz to 20 Hz correspond to a white
noise level of 0.03 (pT/m)z/Hz. Additional estimates made
near lO2 Hz and lO3 Hz correspond to the same white noise
level.

We present spectra characterizing instrument performance
during quiet times in order to demonstrate that the inherent
noise spectrum of the gradiometer is in practice limited by
the intrinsic noise spectrum of the SQUID sensor alone at
frequencies below 0.1 Hz. Data* points in Figure 9 depict
the spectrum of in:rinsic noise of a torodial, point-contact
type SQUID having the same design as that used in the gradio-
meter. The solid line delineates the spectrum of gradiometer
noise shown in Figure 8. Figure 9 shows that the spectrum
of gradiometer noise closely approaches that of the SQUID at
frequencies below 0.1 Hz. Parameters characterizing the form
of the SQUID spectrum have the values vy = 1.1 and S(fo) = 2.4
X 10-3(pT/m)2/Hz at fO = 1 Hz as compared to the values Yy
= 1.3 and S(f) = 2.1 X 1073 (pT/m ®/Hz at £_ = 1 Hz of the

gradiometer s| *ctrum.

At frequencies above 0.1 Hz, however, the gradiometer noise
level is appreciably higher than the SQUID noise level. The
increase in gradiometer white noise over that of the SQUID
largely results from Johnson noise coming from the normal
metal shield in the transformer. We expect the shield to
increase the noise level by a factor of two or so, which is
comparable to the observed increase of nearly a factor of
four. Without an rfi transformer, we would expect to attain

a white noise level limitzd by intrinsic white noise of the

* Data presented in Figures 9 and 10 are provided by courtesy
of John Clarke and his research group at the University of
California, Berkeley, California.
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SQUID sensor. Presuming a maximum flux ratio of (d)s/tbp)rl
= 4.52 x 1073
Equation lb with Kt = 1), then, we wogﬁd expegt a white noise
level for the gradiometer of about 10 ~(pT/m)“/Hz, which is
comparable to the noise level of 3 X lo_z(pT/m»NHE'reported

without an rfi transformer (obtained from

by Wynn et al., (1975) that largely results from intrinsic

noise of their sensor.

Although intrinsic noise of the SQUID sensor dominates
the noise spectrum of the gradiometer below 0.1 Hz during
guiet observational periods, we observe occasional increases
in slope and level of spectra below 0.1 Hz that apparently
are associated with semidiurnal effects. We expect to charec-
terize sources of noise driven by fluctuating ambient condi-
tions by spectrally analyzing fluctuations of ambient tempera-
ture and pressure and of the earth's magnetic field recorded
at the field site.

B. INSTRUMENT IMPROVEMENT
Because intrinsic noise of its SQUID sensor limits instru-

ment performance, replacing the torodial point-contact type
SQUID in the instrument with a thin-film dc type SQUID (Clarke

et al., 1975) is an immediate means of enhancing instrumen*

performance. Measurements of noise spectra of the two types

of SQUID sensors show that spectral density of the thin-film

dc type, in units of ¢§/Hz, is appreciably smaller than spec-
tral density of the torodial point-contact type at frequencies
below about 0.1 Hz (Clarke, personal communication, 1975).
Moreover, self-inductance of a thin-film dc type SQUID is about
1 nH compared to 0.05 nH for a torodial point-contact type.
Equation 1b then tells us that coupling of flux to a thin-film
dc type sensor is greater than coupling to a torodial point-contact
type sensor, in the same superconducting circuit. WNamely, equi-
valent noise energy in the pickup loops, ¢;/Lp, is proportional

32




IO o

to noise energy of the SQUID sensor, ¢§/LS, for fixed values
of the coupling coefficients Ks and Kt. The ratio ¢§/Ls pro-
vides a figure-of-merit for comparing performance of SQUID

sen3sors (Classen, 1975).

Data points in Figure 10 depict the spectrum of intrinsic
noise of a thin-film dc type SQUID in units of ¢i/Hz marked
on the right hand coordinate scale. The light dashed curve
delineates the spectrum of intrinsic noise of a torodial
point-contact type sensor, in units of ®§/Hz, as depicted by
data points in Figure 9. The solid line marks the spectrum
of inherent noise of the gradiometer in units of (pT/m)z/Hz,
marked on the left hand coordinate scale, as depicted by data
points in Figure 8. The heavy dashed curve marks the spectrum
of inherent noise expected of a gradiometer operating with a
thin-film dc type SQUID. We obtain the expected gradiometer
noise spectrum in units of (pT/m)2/Hz from the spectrum of
intrinsic noise of a thin-film dc type sensor in units of
3 o/ (pT/m),
which accounts for the change in self-inductance of the SQUID

¢g/Hz by using the conversion factor 1.56 X 10
in the superconducting circuit.

At frequencies belcw 10—3 Hz, then, intrinsic anoise of
the t..in-film dc type SQUID limits expected performance of
the gradiometer, and at frequencies above 10-3 Hz, Johnson
noise from the normal metal shield in the rfi transformer
limits performance. Figure 10 shows that the expected en-
hancement of instrument performance is substantial at fre-
quencies ! 2low about 0.1 Hz. For example, in the frequency
band from 0.001 to 0.01 Hz, RMS instrument noise is reduced
from 0.17 pT/m to 0.017 pT/m, a tenfold enhancement of per-

formance.




We suggest two improvements in instrument design -- one
trivial and the other substantial. First, scoring aluminized
Mylar layers wrapped arcurnd the interior vessel of the Dewar
reduces strength of eddy currents excited in the superinsula-
tion. Second, a triaxial superconducting magnetometer should
be incorporated at the midpoint of the gradiometer axis both
to provide nore accurate means of balancing and aligning the
gradiometer, and to afford measurement of the magnetic field

as well as its gradients at a point.
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Section VI

TECHNIQUES FOR SUPPREFSSING NOISE FROM NEARBY MAGNETIC OBJECTS

Fluctuating gradients of magnetic fields resulting from
ionospheric currents are too small to be directly observed
at the ground. Nonetheless, ionospheric currents excite
magnetization and eddy currents in magnetic objects near a
gradiometer and so indirectly produce local, fluctuating
gradients. Moreover, objects magnetized by the earth's
magnetic field produce sharp, steady gradients in their
vicinity. Slight, irregular movements of a gradiometer near
magnetic objects, then, produce gradient fluctuations as

well.*

Fluctuating gradients owing to nearby magnetic objects
can mask ambient gradient fluctuations of interest. Con-
sequently, we consider techniques for suppressing gradient
fluctuations resulting from small, irregular movements of
a gradiometer relative to a steady gradient field and from

fluctuating magnetization currents.

As we have shown, gradients of a magnetic field at a
point in free space are equivalent to the gradient field of
a magnetic dipole locited on a sphere of unit radius about
the point. Changes in location, orientation, and moment of
an equivalent dipole then describe gradient fluctuations owing
to magnetic objects. Two techniques for suppressing fluctua-
tions are available: (1) .aligning the gradiometer to obtain
a null response ard (2) using a magnetic dipole to cancel

gradients of an equivalent dipole.

* Because of residual gradiometer imbalance, irregular move-
ments in a uniform magnetic field also produce gradient
fluctuations, but the fluctuations are comparitively negli-
gible for ambient gradients exceeding 10 pT/m.
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A. SUPPRESSION OF NOISE FROM IRREGULAR MOVEMENTS

Small displacements of a gradiometer in a steady gradient
field produce small changes in location, orientation, and
moment of the equivalent dipole describing gradients of the
ambient field in the neighborhood of the gradiometer. Changes
in location result both from virtual rotations of the dipole
accompanying small displacements at fixed gradiometer orien-
tation and from actual gradiometer rotations, but changes in

orientation and moment result from displacement alone.

From Equation 12a that gives gradients in a gradiometer
basis in terms of the gradient field of a dipole, we find that
the relation

Gy, + 66, = RORG(GYO + 5Gy)ﬁ6R0 (23a)
expresses gradients in the gradiometer basis following a small

displacement from an initial point marked by subscript zero,

where

+ 8xG. (g

: (23b)
vo y'9or Xg * T/2)

sg, = 84 G
Yy g,

The matrix RG represents an infinitesimal rotatio that we
express in terms of angular deviations in location and orien-

tation of the dipole by the sum

RG = I + Gecosrox - (5¢s1n60cosQO + 5651n90)cy

(23c)

+ [GQ + 5¢(coseo-sin6051nno)] €

36



where

0 0 0 0 1 0 -1
= |0 0 -1f, e, =)0 0 of,and ¢, =|1 0 0} (23
0o 1 0 -1 0 0 0 0

From Equation 23a we then find that th> relation

b— -4 ﬁﬂ . -
de g Gxo + dex(¢O, 60, Qo' Io' Xo + m/2)
+(6951n60cos¢0 - 6651n¢0)(exGx0 - Gxoex) (24)
+(66cos¢o + 6951n6051n¢0)(enyo - Gxoey)
+(8¢ + GQcoseo)(eszo - Gxoez)

gives first order changes of gradients in the gradiometer basis
following a small displacement in a steady gradient field, which
is represented by the matrix Gxo at the initial point. Equation
24 shows that changes in gradients are proportional to the

initial values represented by the matrix Gxo

To suppress gradient fluctuations resulting from irregular
motions, then, we first judiciously choose initial orientation
of the gradiometer basis with respect to the equivalent dipole.
We align the gradiometer so that the equivalent dipole lies
along the Ql axis with its axis in the plane containing pick-
up loops, which is normal to the Qz axis of the gradiometer
basis. Namely, we take ¢O = 0, 60 = /2, and QO = /2, SO
that

—2cosxO 0 siny
Gxo = 9 0 cosX, 0 . (25)
siny 0 cosx,,
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Slight deviations in initial alignment give fluctuations of

second order during irregular motions and so are negligible.

Gradient changes resulting from small displacements or

rotations from the initial orientation are then given by the

~expression
= 894 ' _
GGX g x0 o éxGxo + dQ(sxGxo Gxoex)
+508(e_G - G_ ¢ =
( y XO X0 Y) * 6¢(€szo Gxosz) !
where
' 2siny 0 cosx,
Gxo = 9, 0 -siny 0 z
L cosx,, 0 —51nx0J
0 —sinxr 0
€y xo_Gxo€x= 9g -siny g 0 '
0 0
FZsin 0 3cosy ]
Xa o
Enyo—Gxo y= 9q 0 0 0 '
_3cosx0 C -ZSlnXOd
and
0 —3cosx0 0
€,G,0 Cxobz ™ 9 -3cosy, 0 siny .
0 sinx0 0

As a result, we see that changes in the transverse gradient,
93¢ measured by the gradiometer result from effective rota-

tions about the gradiometer axis alone; namely,*

* The same result is obtained by dif ‘erentiating Equation 13
that gives the gradient response in terms of parameterg
specifying location, orientation, and moment of an equivalent

dipole.
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6923 = 6¢go sinxo . (27)

Magnitude of a gradient fluctuation is then the product of
an effective angular deviation and a transverse gradient
resulting from the component of the equivalent dipole along
the gradiometer axis (the QB axis). The effective angular
deviation 8¢ is a sum of an angular deviation 8¢,owing to
virtual rotation of the equivalent dipole accompanying dis-
placement and an actual angular deviation 6¢a owing to rota-

tion of the gradiometer basis.

To suppress gradient fluctuations resulting from effective
rotations about the gradiometer axis, we position a dipole
along the‘fc\l axis of the gradiometer basis with its axis
parallel to the §3 axis and adjust its moment so that it can-

cels the component of the equivalent dipole along the 93 axis.

Specifically, we position the dipole so that ¢g = 0, eg = n/2,
Qg = /2, and xg = 1/2 and adjust its moment so that gg = 94

sinxo. Changes in the transverse gradient measured by the
gradiometer that result from small displacements in the steady

gradient field of the dipole are then expressed by the relation

d o _md :
6923 - 6¢ 9051HXO ’
(28)
d _ d
where §¢ = 6¢v + 6¢a .
Consequently, small displacements in the steady ambient
field with the cancelling dipole in position give gradient
changes expressed by the sum
5g.. + 6g3. = (8¢~ 66%)g_sinx (29)
923 923 \ v'7o o’ )

39



*

Although angular deviations owing to actual rotation of the
gradiometer are the same for both the equivalent dipole and
the cancelling dipole and so cancel, angular deviations owing
to virtual rotations accompanying displacement differ to the
extent that curvature of the ambient field deviates locally

from curvature of the cancelling dipole field.

Because we can position a dipole used to cancel gradients
at a point at different distances from the point by adjusting
its moment*, we can adjust the difference in angular deviations
owing to virtuel rotations accompanying small displacements.

We place the dipole close to the point of cancellation, if the

equivalent dipole representing the ambient gradient field
rotates markedly during a small displacement, and far from
the point, if it rotates slightly. Namely, we choose the
distance from the point of cancellation to make curvatures

of the dipole and ambient magnetic fields comparable.

Although initial misalignment of the cancelling dipole
gives gradient fluctuations of second order in angular devia-
tions and so is negligible for reasonably precise alignment,
small displacements and/or rotations of the cancelling dipole
itself relative to the ambient field produce additional gra-
dient fluctuations of first order and so degrade its effective-
ness. Fluctuations of the moment of the cancelling dipole,
however, produce gradient fluctuations of second order. To
be effective then, positioning of a dipole to cancel ambient
transverse gradients must be steady with respect to the ambient
field and reasonably precise, but its moment may fluctuate.
Ideally, a cancelling dipole should be rigidly fixed to a
magnetic object producing a local gradient field.

The ratio m/r4 is constant.
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B. SUPPRESSION OF NOISE FROM FLUCTUATING MAGNETIZATION

In the absence of magnetic objects, the ambient magnetic
field. ﬁ(t), is effectively uniform and ccmprises the earth's
steady magnetic field, ﬁo’ and a small fluctuating magnetic
field, b(t), resulting from electric currents in the iono-
sphere. A magnetic object distorts the ambient field and so
produces steady gradients of the magnetic field in its vici-
nity as well as gradients that fluctuate as the uniform am-
bient field fluctuates. An object having a large magnetic
permeability, for example, warps the surrounding magnetic
field until resulting field lines are nearly normal to its

surface.

Gradients of the magnetic field in the vicinity of a
stationary magnetic object fluctuate as the undisturb:d am-
bient field, which magnetizes the object, chano s in strength
and direction in response to ionosphere curre.ts. Magni-
tudes of gradients are proportional to the strength of the
ambient field éivided by a characteristic length o* z=n object
and decrease with distance from an object as a of its

characteristic length divided by distance.

For example, a spherical iron shell magnetized by a uni-
form magnetic field, ﬁ(t), produces an induced magnetic field
outside the shell that is described by the field of a magnetic
dipole located at the center of the sphere. The dipnole points
along the uniform magnetizina field, and its moment m(t) is

given bv the expression

i 3
me) = 3TX |1 - (5—> Rgﬁ(t) ; (30a)
8 R
(0]
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where

(R, /R_)°
+ x!1 - —— . (30b)
1+13/2y)

o
i
w

Hexi=e, RO is the outer radius of the shell; Ri’ its inner radius;

and y its maanetic susceptibility. Because maagnetic suscenti-
bility of iron is large (x~1000), H(t) = 47ROB(t).

Gradients of the magnetic field surrcunding an iron sphere,
then, are everywhere described by‘the gradient field of a mag-
netic dipole thut is fixed at the center of the sphere and
changes its direction and moment in response to changes in
direction and strength of the uniform ambient magnetic field.
The equivalent dipole rébreéeﬁting'gradients at each point of
the field is the actual dipole and so lies along a radial

vector emanating from the center of the sphere.

Consequently, we find from Equation 13 that the transverse
gradient measured by the gradiometer at a position defined by

a radial vector T is expressed as

g, (T,t) = g(t){sinx(t)[cosﬂ(t)cos¢cose = sinQ(t)sin¢cosZB] 57
(3la)

- %cosx(t)sin¢sin26} ,

where

2\ 4
g(t) ¥ SB(E) (—43) (31b)
r

R
o

y(t) and Q(t) specify direction of the dipole axis with respect

to the radial vector T, and ¢ and 6 specify direction of the
radial vector in the gradiometer basis. Equation 3la tells us
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that aligning the Ql axis of the gradiometer basis along a
radial vector (¢ = 0 and 6 = 71,/2) gives a null response what-
ever the dipole orientation an’ <o completely suppresses
noise from fluctuating magne . :ion currents in the sphere.
Slight misalignment of the gradiome:er, however, gives the

response
Agz3‘?,t) = g(t)sinx(t)[AmsinQ(t)-Aecch(tﬂ '

where A¢ and A6 specify misaligniment of the Ql axis and radial

vector T.

Nonetheless, the fluctuating part of the earth's magnetic
field is much smaller than the steady part, so that

g(t) = 9q + 8g(t), with Gg(t)/gO = b,,(t)/BO
(2 xB) (B X b (t)
x(t) = x, + 8x(t), with 8x(t) = & 5 2 5
B _siny B
o) (o] -3
and
(¢ x B)) B (t)
Q(t) = Q_ + 8a(t), with 6Q(t)siny = .
o o .
B siny B
o o o
Here, X, and QO give the direction of ﬁo with respect to T,
4
LA
!
« R, \r
R B b(t) |
b (t) xE B ’
7 B2 o]
o
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gy

which is the component of the fluctuating part of the field
parallel to ﬁo’ and
B x (0 xB)
0 0
2 ’

B
o}

by (t) =

which is the component perpendicular to ﬁo. Consequently,
allowing for slight misalignment, Equation 31lc shows that gra-
dient fluctuations resulting from fluctuating magnetization
currents in an iron sphere are of second order and so negli-
gible when the Ql axis of the gradiometer is aligned along a

radial vector.

For an intricately shaped object, we surmise that an equi-
valent dipole describing gradients at a point near the object
changes not only its orientation and moment but also its loca-
tion as strength and direction of the earth's magnetic field
fluctuates. Gradient fluctuations resulting from fluctuating
magnetization currents are then, in effect, equivalent to
fluctuations resulting from irregular motions. Fluctuating
magnetization currents in an intricately shaped magnetic

object produce virtual rotation of an equivalent dipole.

Aligning the gradiometer so that the equivalent dipole
determined from the steady gradient field of a magnetic object

lies along the X, axis of the gradiometer basis with its axis

1
in the plane containing pickup loops nullifies gradient fluctua-
tions resulting from fluctuations of the dipole orientation

and moment produced by fluctuations of the earth's magnetic
field. Vvirtual rotations of the equivalent dipole produced by

fluctuations of the earth's magnetic field then give gradient
changes expressed by the relation
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6923 = 6¢)vm9051nx0 ) (33)

where 6¢vm is the apparent angle of rotation about the gra-
diometer axis.
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Section VII

FRELIMINARY TESTS OF NOISE SUPPRESSION TECHNIQUES

Our field tests* of noise suppression techniques are
necessarily preliminary because the wooden gimbal used to
orient the gradiometer provides only vertical and horizontal
axes of rotation and so both restricts gradiometer orienta-
tion (three axes of rotation provide vuirestricted orientation)
and limits precision of alignment to about 0.1 radian or a
few degrees. We report results of tests of two techniques:
(1) use of a current in a coil approximating a magnetic di-
pole to cancel the steady gradient field at a point near a
magnetic object and (2) aligning the gradiometer to suppress
gradient fluctuations from fluctuating magnetization currents
in an iron sphere. 1In each case, we first summarily describe
the technique, give a detsiled procedure, and then present

results of preliminary tests.
A. CANCELLING STEADY GRADIENTS

To cancel steady gradients at a point near a magnetic
object, we place a coil at the position of an equivalient
dipole corresponding to gradients at the point and adjust
current in the coil to nullify the gradients. We determine
positions of equivalent dipoles by measuring gracients in a
fiducial basis, calculating corresponding eigenvalues and
eigenvectors, and transforming to a description in terms of
location, orientation, and moment of associated equivalent
dipoles. After placing the coil at a position determined
from gradients measured in the fiducial basis, we drive an

cscillating current in the coil and adjust its loca%tion and

* We do tests at the La Posta Astrogeophysical Observatory
located in the mountains about 70 miles east of San Diego,
California. Coordinates of the observatory are 116° 25' 6"
west longitude and 32° 40' 39" north geodetic latitude
(Bleiweiss and Wefer, 1975).
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orientation to obtain a null response at the ¢radiometer with
the gradiometer basis aligned along principal axes of the
ambient gradient field. We *hen tilt the gradiometer away
from principal axes and adjust a steady current in the ccil
until rotating the gradiometer about its axis gives a null

response.
1. Procedure

To determine the five independent steady gradients Yij
defined in a fiducial basis {?i} , we rotate the gradiometer
about each one of three axes forming a linearly independent

triad. Rotating the gradiometer through an angle ( about its

axis gives the sinusoidal response expressed by the relation
9y3 = U cos = V sin Q (34a)

Amplitudes U and V depend on initial orientation of the gradioreter
basis. Measuring amplitude and phase cf the sirnusoidal re-
sponse developed during a complete rotation determines the

coefficients U and V corresponding to an initial orientation.

For the three axes of rotation, we choose the 93 axis of
the fiducial basis and two axes defined by the two sets of
polar angles (8,m/2) and (6,0) with respect to the fiducial
basis. When the gradiometer basis is initially coincident
with the fiducial basis, coefficients U and V are equal to the
gradients Y3 and Yi3¢ respectively. Rotating the gradiometer
about its axis then, in effect, measures the gradients Y3 and
Y13- When the axis of the gradiometer is aligned with an axis
of rotation defined by polar angles 6 and 7m/2, the coefficients
are given by the relations

) B ) | L
U = cosb 7(722 y33)51n28 (34b)

Y23
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and

vV = Yl3cosU - lesinﬂ
Rotating the gradiometer then gives a measure of Y12 and the
difference (YZZ-Y33)’ once Y, and Yi3 are determined. Finally,
when the gradiometer axis is aligned along an axis of rotation
defined by polar angles 6 and 0, the coefficients are given
by the relations

U= Y23cosﬂ + 71251n8

and

1 .
cos26 + E(Yll'Y33)51“28

<
n

Y13

Rotating the gradiometer then gives a measure of the difference
(Yll—y33), once Y,3s Yq3v and Y,, are determined. Because the
sum of longitudinal gradients vanishes, the three rotations give
a measurement of the independent gradients Y110 Y337 le, Y13’
and Y53 defined in the fiducial basis.

From the five gradients, we determine three eigenvalues
(A1>A2>A3), corresponding eigenvectors (61, @2, @3), and
three Euler angles (¢, 0, ¥) that specify a rotation Rp(@,
0, ¥) from a fiducial basis to the basis comprised of prin-
cipal axes defined by the eigenvectors*. Namely, we establish

the relation
G = R_AR
P P

that gives the matrix G describing gradients in the fiducial

basis in terms of Rp and the diagonal matrix A whose elements
are the eigenvalues Al, AZ' and A3. Gradients in the fiducial
basis, however, are also equal to gradients of the field of a

magnetic dipole.

* The Appendix delineates calculation of eigenvalues, eigen-
vectors, and Euler angles from gradients of an ambient field.
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The relation

G = R(¢, 6, DY (a)AY (0)R($, 6, Q) (35a)

gives gradients of the field of a magnetic dipole located
with respect to a fiducial busis by polar angles ¢ and 8
defining direction of its position vector r and oriented with
respect to the position vector by the azimuthal angle Q@ and
polar angle ¥, as defined in Figure 4. The matrix R(¢, 0, Q)
represents three consecutive rotations, as defined by EQuation

1la, that bring the fiducial basis into coincidence with the

hasis Qi} defined in Fiagure 4. and
cosao 0 -sina

Y(a) = 0 1 0 (35b)
sina 0 cosa

and represents a rotation through an angle -a about the §é axis
that brings the basis Qi into coincidence with principal axes
of the gradient field of the dipole when tan 2a = (2/3) tany.

Eigenvalues of the gradient field of a dipole equal eigenvalues

of an ambient gradient field when

A, A, l1/2
K|
tany = 5 , O<xem (35c)
A
and
U _3m 2 1/2
g =g = [A7+ X Ay , (35d)
4nr

where m is the moment of the dipole and r, its distance from

the field point.
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Consequently, Equations 35 and 35a tell us that gradients
of a dipole field equal gradients of an ambient field when
location (¢, €), orientation (x, Q), and moment of the dipole

are determined by the relation
R,(®, 0, ¥) = R(0, 0, )Y (o) (36a)

together with Equations 35c and 35d. Polar angles ®m and em
specifying direction cf the dipole axis in the fiducial basis

are determined by the relaticn
P(¢, 8, AY(x) = Z(fbm + N/Z)X(Gm), (364d)

where matrices Z(y) and X(y) are given by Equations 1llb and
llc.

From Equations 35a and 36a, we then find that gradients of
the field of an arbitrarily positioned dipole are expressed in
the basis comprised of principal axes of an ambient gradient
field by the relation

o~

= Y_RRYAYRR Y (37a)
where elements of the diagonal matrix Ad are eigenvalues of the
gradient field of the dipole and subscript e marks matrices
corresponding to an equivalent dipole. If a dipole is near
the position of an equivalent dipole, then R = ReRG’ Y =YeY6’
and A, = (g/geNA + 8A), so that
o~ & O Vgl hud
= +
r (g/ge)YeRGYGYéA GA)YeYGRGYe (37b)
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WA ey

where the ratio g/ge gives magnitude of gradients of the di-

pole field relative to ambient gradients and 6A is proportional

to 6¥.

o~

The matrix product YeRG?GYe represents an infinitesimal
rotation that we express in terms of angular deviations in

location and orientation of the dipole by the sum

YeRGYGYe =1 + wa €4 + Gwy Ey + Gwz €, ¢

where

wa = 5¢(cos8e51nae+51n8e51nﬂecosae)

+808cosf) coso_ + S{sino '
e e e

Gwy = 6¢51n8e51n9e - 5851nQe-6a ’
Gwz = 5¢(coseecosae - 51n6651n9651nae)
-GecosQe51nae + GQcosae :

elementary matrices €t ey, and €, are given by Equation 23d,

and we find from Eguation 364 that

5Q (5¢m—6¢)cosee+68m51n(¢e-¢me)51n8e

and

Sy = Gem[}058ecosﬂesin(¢me-¢e)—51n9ecos(¢me—¢eﬂ

—6851nQe + (5¢m—6¢)51neecosﬂe

50

(37c)

(37d)

(37e)

(37£)

(379)

(37h)



Consequently, we find from Equation 37b that
I'= (g/g ) (A + 8A + 6T) (38a)
and, to first order in angular deviations, that the relation

- = )
0 (Ay=Ap) 80, (A=) by,
(9/9,) 6T = (g/g_) | (A;=4,) 80, 0 (Ay=A3) 80 (38b)

(A3-Al)5wy (Ay=A3) 60, 0

3

gives transverse gradients in the basis comprised of principal
axes of an ambient gradient field. Specifically, the exbres-

sion
9o3 = (9/9,) (A,=A5) 60, (38¢c)

gives response of the gradiometer when the gradiometer
basis coincides with the basis comprised of principal axes

of an ambient gradient field, and the expression
923 = (g/ge) [ (AZ-A:;)(SU)XCOSU) - (A3'Al)6l’)y51nw] (384)

gives resnonse when the gradiometer is rotated through an

angle y about its axis. Equation 38b tells us that true align-
ment of a dipole at the position of an equivalent dipole gives
a null response whatever the dipole moment. Moreover, large

dipole moments provide means of discerning minute misalignment.
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To position and align the moment of a coil approximating
a magnetic dipole precisely at the location and orientation
of an equivalent dipole of an ambient gradient field, then,
we first align the gradiometer basis coincident with the
basis comprised of principal axes of the ambient gradient
field, as described subsequently, and place the coil at the
location and orientation of an equivalent dipole determined
from measurements of gradients in a fiducial basis. We then
drive the coil with current oscillating at a frequency of
say 5 Hz and adjust location and orientation of the coil un-
til the peak at 5 Hz in the spectrum of gradiometer response
(as displayed by a real-time spectrum analyzer)  falls below
the noise level of the instrument. The plane defined
by the dipole axis, %, and position vector, r, is then nor-

mal to the eigenvector e Next, we rotate the gradiometer

90 degrees about its axig, so that pickup loops face the
dipole, and again adjust location of the coil until the spec-
tral peak falls below the level of instrument noise. Princi-
pal axes of the gradient field of the dipole are then coinci-
dent with principal axes of the ambient gradient field, so
that the matrix 8T vanishes, but the matrix A does not neces-
sarily vanish. Finally, we return the gradiometer to the
fiducial basis and adjust a steady current in the coil until
rotating the gradiometer about its axis gives a minimum re-
sponse so that g/ge = -1, The response during rotation is

then proportional to geéx.

To align the gradiometer basis precisely coincident with
the basis comprised of principal axes of an ambient gradient
field, we initially align the basis with principal axes de-
termined from measurements of gradients in a fiducial basis,

so that the matrix

r =A- 61

52

(39a)



represents gradients in the gradiometer basis, where elements
of the diagonal matrix A are eigenvalues of the ambient gra-
dient field and

0 (Al—AZ)GTZ (AB—AI)GTY
§1 = (Al-AZ)GTZ 0 (AZ—AB)GTX (39Db)
(Aj—xl)dry (Az—ka)GTX 0

Angular deviations are given by the relations

GTX = §¢sinOsin¥ + S0cosV (39c)

th = §dsinOcos¥Y - S0sinV¥ (39d)
and

GTZ = §bécosO + &Y (39e)

where 8¢, 80, and 8¥ are deviations in the Euler angles

¢, 0, and ¥ that define a rotation from the fiducial basis
to the basis comprised of principal axes of the ambient gra-
dient field.

Rotating the gradiometer about its axis through an angle

¢y then gives the response expressed by the relation

gza(w) = (AB—Az)éTxcosw - (Al—AB)GTyslnw (40a)
Equation 40a tells us that true alignment of the gradiometer
axis with the eigenvector 63 gives « null response during rota-

tion of the gradiometer about its axis, so we adjust angular

deviations 8¢ and 80 until rotation giwves a null response.
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Similarly, rotating about the X. axis of the gradiometer basis

2
gives the response expressed by the relation

g23(w) = (AB—AZ)GTxcosw + (AZ-A1)61251nw (40b)
Equation 40b tells us that true alignment of the QZ axis cf
the gradiometer basis with the eigenvector 62 gives a null
response during rotation and so affords means of adjusting

the angular deviation §VY.

2. Results of Preliminary Tests

The wooden gimbal used to orient the gradiometer provides
only vertical and horizontal axes of rotation and so pre-
cludes aligning the gradiometer basis coincident with the
basis comprised of principal axes of an ambient gradient
field. Although we can not use the present gimbal to test
thoroughly the procedure outlined above for cancelling am-
bient gradients, our preliminary tests show that a steady
current in a coil placed approximately in the position of
an equivalent dipole reduces ambient gradients by about a
factor of 100.

To facilitate positioning the coil, we first chose to cancel
ambient gradients resulting from an iron sphere, which was placed
4.5 m north of the gradiometer and has a radius of 0.74 m. Magni-
tude of the earth's magnetic field is about 4.5 X 104 nT at
the test site, so that the dipole induced at the center of
the sphere by the earth's magnetic field produces gradients
having magnitudes proportional to

3B (r) °
g = ﬁ; T = 133 nT/m
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The relation

9,3 = 9 [sinxcosﬂcos@cos¢—(sinxsichosZG + %cosxsinze)sin¢] (41la)
gives the gradiometer response to the induced dipole, where
polar angles ¢ and 6 c.ecify direction, in the gradiometer
basis, of the position vector r pointing from the dipole to
the gradiometer, as shown in Figure 4, and angles x .ad @
define direction of the dipole axis, which is parallel to the
earth's magnetic field, with respect to the position vector.
Because of rough terrain at the test site, the center of the
sphere is somewhat above the center of the gradiometer, but
we place the sphere so that the position vector and gradio-
meter axis lie approximately in a vertical plane containing
the earth's magnetic field vector. Then §: T 37/2, and so

1 s o .
953 E(Al—kj;51n2(9 a)sind |, (41b)

where the expression

1/2 ]

A=), = g(4+5cos’y) (41c)

1 73
gives the difference in eigenvalues Al and A3 of gradients of the
induced dipole field and the angle a,determined by the relation
tan 2o = (2/3)tany, gives inclination of the eigenvector $3 to the
position vector, as shown in Figure 1ll,and x = n~(¢d+6d).
The local dip angle of the earth's magnetic field, ¢d’ is
about 55° at the site, and the dip angle of the position vec-

tor, ed, is about 5o or so.

Rotating the gradiometer about its axis (0<¢<2m) and
measuring amplitude of the response 3jives a gradient magnitude
of 56 nT/m, and so we conclude from Equation 41b that 6-a ¥ llo,
which tells us that the gradiometer axis is tilted somewhat
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from vertical. Because alignment procedures at the
site are crude at present, we exvect angular deviations

of the order of 0.1 radians or a few degrees.

To cancel gradients of the induced dipole field, we place
a coil about 5.6 m north of the gradiometer and align its
axic parallei to the earth's magnetic field vector. The coil
comprises 1000 turns of wire wound on an aluminum frame about
0.97 m in diameter. After making slight adjustments in lateral
position and orientation of the coil, we find that a current
of 0.6 A in th: coil reduces amplitude of the response to rota-
tion of the gradiometer about its axis from 56 nT/m to 0.49 nT/m,
or by a factor of 100. For a current of 0.6 A, the moment of
the coil is 444 A m2, and so

3uom
v 135 nT/m ,

9
S 4tr
with r = 5.6 m, which is nearly equal to the strength of gra-
dients produced by the sphere, g = 133 nT/m.

Because a magnetic dipole parallel to thz earth's magnetic
field at the center of an iron sphere describes the gradient
field surrounding the sphere, rlacing a coil at the position
of an equivalent dipole of the gradient field is straightfor-
ward. For irregularly shaped magnetic objects, however, de-
termination of location and orientation of equivalent dipoles
requires measurement of gradients in a fiducial basis. As a
first test of cancellation techniques for irregularly shaped
objects, we placed a collection of 0il drums and steel nlanks
approximately 5 m north of the gradiometer.
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We define a fiducial basis by rotating the gradiometer
about its axis, when vertical, until a null response 1is
obtained, so that g,, vanishes in the fiducial basis. To
measure gradients in the fiducial basis, we rot~“e the gra—
diometer first through an angle ¢ about its axis (the x3
axis of the gradiometer basis) and then through an angle 6
about the 22 axis of the gradiometer basis, so that the

expression
: 1 ‘ ‘
9yq = [112c052¢ - 5(2Yll+y33)31n2¢]snn6 = YlBsin¢cosﬂ (42a)

gives its response in terms of gradients, ”ij’ in the fiducial
pasis and angles of rotation. Rotations about the gradiometer
axis, 6 = 0, and about horizontal axes corresponding to ¢ = 0

and ¢ = 1/4 then determine gradients Y13 and Y12 and the sum

2Yll + Y33° Next, we rotate the gradiometer through an angle
Y about the xl axis of the gradiometer basis, so that the
expression
1 .
9y3 = 5(Yll + 2y33)51n2w (42b)

gives its response in terms of gradients in the fiducial basis
and the angle of rotation and so determines the sum Y1 + 2Y33-
Since Y54 vanishes, the procedure measures the four nonvanishing

gradients in the fiducial basis.

From gradients measured in the fiducial basis, we find, as
described in the Appendix, location, orientation, and gradient
strength g of the two pairs of equivalent dipoles corresponding
to the collection of magnetic objects. The gradient strength
of the objects is about 67 nT/m, and the plane containing axes
of equivalent dipoles is no longer vertical as for the iron
sphere but is tilted about 30° from vertical about the xl axis
of the fiducial hasis.

57



Because the gimbal used to orient the coil provides only
a horizontal axis of rotation, it precludes accurately aligning
the axis of the coil in a tilted plane. Crude placement of
the coil at the position of an equivalent dipole, however,

reduced gradients by about a factor of 30.
B. ALIGNING FOR NULL RESPONSE

To suppress gradient fluctuations resulting from fluctuating

magnetization currents in nearby magnetic objects, we orient
the gradiometer so that an equivalent dipole corresponding to
the steady gradient field of the objects lies along the Ql

axis of the gradiometer basis with its axis in the plane con-
taining pickup loops. To align the gradiometer, we bcgin by
following the procedure described for cancelling steady gra-
dients. Namely, we align the gradiometer basis cojncident

with the basis comprised of principal axes of the steady gra-
dient field and precisely position a coil at the location and

orienta*tion of an equivalent dipole.

With a current oscillating in the coil, we then tilt the
gradiometer about the Qz axis of the gradiometer basis and
rotate it about its axis until a maximum response is attained
so that pickup loops face the coil. Next, we point the axis
of the coil directly toward the gradiometer and turn the gra-
diometer about the Ql axis of the gradiometer basis until a
null response is obtained. The axis of the coil then lies

along the Qz axis of the gradiometer basis.

Finally, we return the axis of the coil to its initial
position and turn the gradiometer about its axis until a null
response is obtained. The coil then lies along the Ql axis
of the gradiometer basis with its axis in the plane containing
pickup loops. The response tnen vanishes for every orien-
tation of the coil.
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1. Procedure

To align the gradiometer for a null response from a current
oscillating in a coil positioned at the location and orienta-
tion of an equivalent dipole, we first align the gradiometer
basis coincident with the basis comprised of principal axes
and then turn the gradiometer through an angle 7m/2 - o about
the §2 axis of the gradiometer basis, so that the coil then

lies along the X, axis of the gradiometer basis with its axis

I
in the plane containing pickup loops. The matrix

Ra(¢a’ ea’ wa) = Rp(¢, 0, ¥)Y(n/2 - o) (43a)

represents consecutive rotations of the gradiometer from a
fiducial basis first to the basis comprised of principal axes
(represented by Rp) and then about the QZ axis of the gradio-
metar basis through the angle /2 - a. Angles ¢, 0, and V¥
are Euler angles specifying a rotation to the basis comprised
of principal axes, and the angles ¢a, Ga, and wa are Euler
angles specifying the rotation that aligns the gradiometer

for a null response; namely,

R_ (9, B, V) = Z(6, + 1/2)X(8,)2(V,) (43b)

From Equation 36a that specifies location and orientation
of an equivalent dipole in terms of Euler angles defining a
rotation to a basis comprised of principal axes, we then find
that '
R_(6_, 6_, ¥) = R(¢, 0, QY(n/2) , (44a)

so that the relations

cosea = ginfBcosf ’ (44Db)
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] ) 1 - = —-ai
51nfa51n(¢ ¢a) sinQ (44c)
sinﬂacos(¢ - ¢a) = =cosfcosfl (444)
coswa = ginfsin(¢ - ¢a) (44¢)
and
. - . I _ \
51nwa c05651nea 51n6coseacos(¢ ¢a) (44f£)

give Euler angles ¢a' Oa, and wa in terms of angles ¢, 6, and

Q that specify location and orientation of an equivalent dipole.

When the gradiometer is aligned for a null response, gra-

dients are given by the relation
I = R_GR (45a)
a a
wihere the relation
G = R(¢, 6, Q)Gy(g,x)R(¢, 6, Q) (45b)
with Gy(g,x) given by Equation 1l0a, gives gradients in the
fiducial basis resulting from current in the coil positioned

at the location and orientation of an equivalent dipole. For

true alignment, then,

-2cosy 0 -siny
INE Y(ﬂ/Z)Gy(g,x)Y(n/Z) =g 0 cosy 0 (45c)
-siny 0 cosy

where x is the polar angle giving inclination of the a:is of
the coil to its position vector. Equation 45c shows that gra-
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dients are then independent of the azimuthal angle & and
that the gradiometer response vanishes whatever the polar angle

x and so vanishes for every orientation of the coil.

For misalignment of the gradiormeter, R. = R__R_., where
a ao aé

Raé represents an infinitesimal rotation. We then find that

I = Fo - géFa (46a)
where
0 siny O -2siny 0 3cosy 0 3cosy O
éra=8Ax siny 0 0 *éAY 0 0 0 -6A, | 3cosx 0 51nx(46b
0 0 0 3cosy 0 2siny 0 siny 0
éAx = 6¢81n6a81nwa + 66coswa . (46cC)
GAY = 6¢31n6acoswa - 6631nwa ' (46d)
and
6AZ = 6¢cosea + Sy . (46e)

To make adjustments of 8¢ and 66, then, f{irst we orient
the gradiometer for a null response and turn it about ils axis
to obtain a maximum response from current oscillating in the
coil, so that pickup loops face the coil. 1Its response is

then given by

953 = 9 [—51nx + (6¢sin6acoswa - 6651nwh)3cosx] (47)

We then point the axis of the coil directly at the gradiometer
so that x = 0 and adjust 8¢ and 66 to obtain a null response.
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The axis of the coil then lies along the Qz axis of the gra-

diometer basis.

To adjust Sy, we return the axis of the coil to its initial
orientation and turn the gradiometer about its axis to obtain
a null response. The coil then lies along the Ql axis of the
gradiometer basis with its axis in the plane containing pickup
loops. Finaily, we point the axis of the coil in several di-
rections to ensure that the response is null for every orienta-

tion of the ccil. |

2. Results of Preliminary Tests

Although we can not thoroughly test the alignment procedure
outlined above for suppressing noise from fluctuating magneti-
zation currents in magnetic objects because the gimbal used to
orient the cradiometer precludes making the required alignments
precisely, our preliminary tests show that crude alignment of
the gradiometer reduces noise power from fluctuating magneti-

zation currents in an iron sphere by a factor of about 100.

As a first test of noise suppression afforded by aligning
a gradiometer for a null response, we placed an iron sphere,
having a radius of 0.46 m, at distances of 3.7 m and 1.8 m
north of the gradiometer. At each distance, we place the
sphere so that the axis of the gradiometer and the position
vector directed from the center of the sphere to the gradio-
meicr lie approximately in a vertical plane containing the

earth's magnetic field vector.

The magnetic dipole induced at the center of the sphere
by the earth's magnetic field then gives a gradiometer response

described by the relation

/2

Lol d

= %(4 + 5coszx)l

903 sin2(6 - a)sing (48a)
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where ¢ and 6 are polar angles specifying direction of the

position vector in the gradiometer basis; the relaticn tan 2a
(2/3) tany determines the angle o; and x = 7 - (¢d + ed),
where ¢d is the local dip angle of the earth's magnetic field

and 0 the dip angle of the position vector. The relation

dl

A\ 4
_ 38 (X
9 = Ro(r ) (48b)

gives gradient strength of the induced dipole, where B = 4.5 X
104 nT is the strength of the earth's magnetic field at the
site, RO is the radius of the sphere, and r, its distance from
the gradiometer. At the distance r = 3.7m, g = 70 nT/m, and at
ry = 1.8m, g = 1252 nT/m.

Rotating the gradiometer about its axis and measuring am-
plitude of the response gives a gradient magnitude of 7.8 nT/m,

with r = 3.7m, and a magnitude of 136 nT/m, with r = 1.8m.

The center of the sphere lies somewhat below the qra-

diometer in each case, ed - -50, and so for ¢d = 550, we con-

clude from Equation 48a that in each case 6 - a = 30, which
again tells us that the gradiometer axis is tilted somewhat
from vertical and that 8 = m/2 - A8 with A8 = 10°.

To examine the affect of gradiometer alignment or suppressing
noise from fluctuations in strength and direction of the dipole
induced in the sphere that result from fluctuations in strength
and direction of the earth's magnetic field, we express gradio-
meter response in terms of components of the fluctuating di-
pole in the gradiometer basis. Namely, we write the fluctuating

gradiometer response as

o

59,4 (t) = 59, () (3 )(cos26 -1)cososin2¢

+dgz(t)(
-693(t)(

o

)[5cosze L 1 - Blogk2d = l)c052¢] Gon® (49a)

ol B

)(Scosze + 3)sinfsin¢ ,
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wleare

b.(t)

and bi(t) are components of the fluctuating part of the earth's
magnetic field ir the gradiometer basis. For 6 = n/2 - A6,
then, Equation 49a tells us that

8§g,3(t) = §g4y(t)sing + é—g-[dgl(t)Ssinmb + dgz(t)(3-5c082¢d (49c)

Moreover, Equation 48a shows that rotating the gradiometer
about its axis until response to steady gradients vanishes
gives the zero position for the angle ¢. For ¢ = 0, response

to gradient fluctuations is suppressed; namely,
6923(t) = —dgz(t)Ae ' (50a)

and for ¢ = m/2, response to gradient fluctuation is unsup-

pressed; namely,

6923(t) = 693(t) + 46g2(t)A6 (50b)

To investigate the effect of suppressing noise by aligning
a gradiometer for a null response, then, we compare spectra
of gradiometer response for the two alignments ¢ = 0 and ¢ =
n/2 with the iron sphere placed 1.8m north of the gradiometer.
Figurel2a shows a spectrum obtained for the alignment ¢ = n/2,
and Figurel2b shows a spectrum obtained the following day for
the alignment ¢ = 0. The heavy solid line in each figure de-
lineates the spectrum of inherent instrument noise observed in
a magnetically quiet environment, as shown in Figure 8 .
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