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ABSTRACT

Simplicial complexes are studied in their role dual to convex

polyhedra , in particular , with respect to shellabilit-y and diameters .

The concept of k-decomposability is presented which both insures

shellability and limi ts the diameter of a simplicial complex.

k-decomposability is studied in relation to standard techniques used

• in polyhedral theory , and with respect to topological properties of

simplicial complexes.
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CHAPTER 1

INTRODU CTION

The class of convex polyhedra is closely linked to the more

general classes of cell complexes and particularly simplicial complexes.

Study of these complexes allows us to dispense with geometric and con-

vexity arguments and concentrate more on topological or combinatorial

properties of polyhedra. Many authors--Barnette , Brugesser, Danaraj,

Klee , Mani, and Stanley , to name a few--have employed cell and

simplicial complexes to shed light on such questions as shellability,

• diameter , and number of faces of polyhedra. In fact, two outstanding

questions have arisen out of such studies , namely :

1) Are combinatorial spheres shellable?

2) Do combinatorial spheres satisfy the simplicial Hirsch

conjecture?

For polytopes--a subclass of combinatorial spheres--the former is known

to be true , and the truth of the latter corresponds to a twenty year

old conjecture in the theory of linear programming .

In this thesis , we propose a property of simplicial complexes, called

k-decomposability , which implies each of the properties in questions 1

and 2, and allows one more easily to bring topological and combinatorial

facts to bear in studying these questions. The property of k-decomposa-.

bility seems to behave nicely with respect to many of the standard

tools used in studying polyhedra and simplicial complexes ; indeed,

the thesis suggests that vertex decomposability--the most restrictive

form of k-decomposability--mi ght be a property held by all combinatrw~,tl

1
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spheres , a fact that would answer in the affirmative both questions 1

and 2.

Chapter 2 of the thesis includes the basic concepts in the theory

of polyhedra and simplicial complexes , introducing shellability ,

diameters , Hirsch conjecture , and the basic tools used in their study.

The concept of duality , linking polyhedra and simplicial complexes , is

developed , and many of the ideas in these two theories are linked

correspondingly .

Chapter 3 introduces the notion of k-decomposition and vertex

decomposition in its strong and weak form , relat ing it to the concepts and

tools in Chapter II. It is shown that k-decomposable complexes are

shellable and have good bounds on their diameters.

Chapter 4 presents several major classes of complexes, some dual

to polyhedra and some more general , which are vertex-decomposable.

These include three classes not previously known to be shellable.

The chapter concludes with some examples of complexes dual to polyhedra

or combinatorial balls which are not k-decomposable for various k.

Chapter 5 studies k-decomposability as it relates to algebraic and

piecewise linear topology . Necessary and sufficient conditions are

established for k-decomposition and “partial k-decomposition ” of

homology and piecewise linear balls and spheres. Two interesting

applications to shellings of spheres are cited .

Appendix 1 generalizes a result given in Chapter 3. Appendix 2

doriv~ s upper and lower bounds on the diameters of general complexes.

Appendix 3 gives a re~statement of t i~~ concept of k-decomposability

in )nIt’jxt of :~ imp1e po lyhedra . Appendix 4 relates the concept of

‘h e l la b i l i t y  to th ’2 calculation of aggregate probabilities in Boolean systems.
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CHAPTER 2

CONVEX POLYHEDRA AND SIMPL 1CIAL COMPLE XES

2.1 Convex Polyhedra

d .
A set A c ~ is called a f fine  if whenever x ,y c A and A e R

then Ax + (l-X)y E A. Equivalently, A i’~ affine iff for x € A ,

the cet A-x {v-xlv € A) is a linear subspace of ~d The

dimension of A , dim A , is the linear dimension of the unique set

A-x , x E A.  I f  S i~ an arbitrary subset of then the affine

hull of 5 , aft S , is the unique smallest affine set containing S.

A hyperplane is a (d-l)-dimensional affine space and can be described

~n the form

where ~ ~ ~~\ {o}, u ~~~ . The closed half-spaces defined by H are

the :~cts

{>, , ~
d

1<X~~ ) > cz}

H (x  ~d
1 <;< p >  <

i~. se t c is convex if whenever x ,v ~ C and A c [O ,lJ

then Ax + ( l - A ) y  C. Its dimension, dim C , is t h e  dimension of

~i f f  C.  I f  C is convex then C i i i n  an in te r ior  in ~~f C , cal led

t h :  re lat ive  ir~t er io r  of C , ri C. A support ing hypei~j i ane t~~ C

is any b - ;- e r p L a n i e  H in ~ d which in t er s e c ts  C ~nd ~~ of whose3
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closed half spaces contains C. A proper face of C is any proper

subset of C formed by the intersection of C with a supporting

hyperplane . A face of C is any set which is either a proper face

of C , C itself , or the null set ; denote by FCC) the collection

of faces of C. If C is convex , then every face of C is also

convex and hence has a well-defined dimension . We call the convex

hull of an arbitrary set s c ~d the unique smallest convex set

containing S. and denote it cony S.

Finally , a polyhedron, or polyhedral set , is any set of the form

P = {x € ~~~Ax < b } ,  where A is an nxd matrix and b an n-vector .

P is a convex set , and we will as sume that its dimension is d , for

otherwise we can embed P by a linear map into R
k
, where k dim P.

P i then called a d-polyhedron. If P is a polyhedron , then its

face set F(P) is ~ finite collection satisfying:

Condition 2.1: Let F1,F2 
be in F(P). Then

1) E
1
,F
2 

are pol yhedra

2) F(F.) ~F € F(P)IF c F.}
1 — 1

3) F1 n F~ € F(P)

4 )  If F1 � F2 
then ri F1 n ri F2 

= 0

( [ 1 7 ]  Gection 2.4, 11 and 12 , section 2.6 , 1 and 6, and [29] Theorem 18.3)

The 0—faces , 1-faces , and (d-l)-faces of P will be called vertices,

edges, and facets of P respectively. Throughout this thesis we wilJ

be considering only pointed poly hedra , that  is , polyhedra conta~ r ing at

least one ver tex .
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A polyhedron which  is bounded is called a polytope and has the

property ([17] p.  31) that  each face is the convex hull  of vertices

in that  face .  Unbounded poly hedron always contain unbounded rays ,

tha t  is , vectors ~ in such that , for all ‘
~ in P , A > 0 ,

x ÷ A~ is also in P. A d-pol yhedron P is called simp le if every

ver tex of P is contained in exactly d face ts  of F;  a d-pol ytopo

• P is called ~ imp licia1 i f  each facet  of P contains exactly d

ve r t i c e s .  A s imp le poly hedron has the  convenient  add i t i ona l  property

([ 17] p .  65 . problem 12) that  every k-dimensiona l face of P is the

in te rsec t ion  of exactl y d—k facets of P , and conversely , thar

• . ~iny noIi-en~ ty intersect ion of d—k facets forms a k -dimens iona l. f a c e .

Two sp e c i a l  constructions should be noted here , as appeared in

• [23],  nsmely the product and tt~e wed ge.

If P1,P
2 

are d
1- and J

2 -poly hedra , respect ively,  then the i r
d ÷ d

~roduc~• P , xP~ = ( (x ,y )  E 
1 2~~ ~ ~~~~~ y c F

2
) Is a (d

1+d2)-

polyhedron . I t s  k - faces  ire ~1l oroW~cts  F
1

X F
2 where F

1 ~~ a

r - f ~icr of P
1 and F

2 is a k—p f d e  of F
2

, k 0 , . . .  ,d
1+~~~,

0 < p < k .  If P
1,P

2 are pol-vtopes , the i i  so is p x p 2 ,  and i f

P1,P~, are simple then so is Two suc ’c ia l  cases,  the open

and clooed prisms , occur when {n , i ]  and [O ,~~) respect ively .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — —
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Given d-polynedt  on P = {x € 
~~~ 

Ax < b} , facet F of F , t h e

wed ge :f  P w i t h  fout C is the  eoly hedron

w ( P ,F) = € ~
d+i

i(
~ 4) x

where H {x € f<~ (~ .x)  ~} is the hyperp lane defining F, P c H .

Gecmc t~ Lcall y ,  it can be describcl as a closed pyramid on P w i t b

the  top and bottom facets , P x { O }  and Px {1} , l d e n ti f i ~~d at F.

t ace  of w ( P , F )  is e i t h e r  a face of one of the t -~p or L ~t tom f-c:ets

or a closed pvrar id on a face  S of P w i t h  S n F X [ U } .  S n Fx { l )

( i ~ they exis t ) id e n t i f i e d .  I f  P is a polytope , thee  so is w ( F , F ) ;

if P i s  s imple , then  so is w ( P ,F ) .

w ( P ,~ ) =

L •~~~~~~~~~~~~~ — -  — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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~~ = 
-

~~ w ( P  F )  =

~ .2  siflI~
) i i id Comp lexes

A simplic i~~L comp lex S on a f in i t e  net S is a rus-e-’ :~t-y

col lec t ion  L f  subsets of S w i t h  the  p r e c e rt y  thd~ 2 E 5 ,  T C ~ io~ lies

-t S.  An e lement  a ~- S is called a s i r i i~~ex in ~, cu f3ce o t )  ~ ,

an-~ w i l l  be Id e n t i f ied , when n ec ensa ry , by l i s t i nf  I ts  ver t i c es

o v . . .v , v. c E. The dimension of a is dim a I o i — 1 ; the
1 n i

simp lices of d imension 0 are called ver t ices , and are denoted as a

set V (~. ) .  (Note : thoug h every ver tex  i s  an e lement  of 5 , riot

e r - r y  e l e s o t i t  of h is v e r t e x ) .  The d i c o n c i n i t  a! 5 ,  u . n  5 ,

is e q u o L  to t h e  d imension of tL -  largest s implex  dfld S is cal led

pure dimens ioua] .  if -ill maximal  s implices  in S are of the  same

dis~ -rsion . The size of 
~~ 

, is equal  to the  tota l  number of

s mpl i  en in 5.

for an d r b i t t - o v  collection S of subse t s  of  5 , we de f ine  the

s mpl i c~~a~ comp lex ca11e~ the  siosure of 5 , ci E or 5.  to he

cl ~: = (-r
~

-
~ 

c o  for -  some a 5). We will extend tb  n ot a t i o n  to

i i l°w cl a cl{~~} for  a S. The boundary of 5 , 55, i’

: lostn o~ the  co l l e c t i on  of ( c l — i  ) — s i r ~~i i~~ - s of w u i e l i  ii

con ta ir I in ewe ’ t l y erie cl—s mplex of

W~ define i n al ly  the key conce~~t s  of deletion and I ~~ . C iv - t .

s imp lex  a c 5 ? i ’ ~ b l ot  ion of o from 5 is 

~~~~~~~~~~~~ --
-
~~~~~~~~~

•-- • •- 
~~~~~~~~ - -- - —— -- • —~~~~~~~~~-. -- --~~~~~ •
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r {r  -: c ,~ r i .

• It I ;  important to note t h e  - li t tct - .-ne~ i--  so - ‘ L o’ ration and that

ot ~~~~~~~ 
~2 a sins) icia l  corr6 tex. r so •~ i t t  ~~ being

d e f in e d  cc the set t !ieoret~~C ~~f f er - o :  ~ - t w c n e  no tw o collect Hns of

simpl i ce s .  V e t  ~ ~ ~ (:\~‘ = -~~),  
‘
~~\ 5 1 3 1 5  j e~~~~~ complex .

[on m u t i ej e  de ’t i o n s - we -w ’ *5 H ;n ~t - 
~~~~~~~ 

.\o and take

i~ to mean co~ etionc are  performed t ram ~s f t  to r ig h t .  The link of

a i n  I. in

[ce- ’ v S  -: ‘: in 5 , ~k .:c is a r i a c i Lia l  complex ( f k
5

O = ~ ) ,  and

S i ; t un e  1 i — I O T O r1 -~I c ’: a I then Qk
5

a is pure ( d — I a  I ) — d im e n s i on a l

o X ’S: ~e :  I t  S r t L { v
1

v
2

v .v
i

v
2

v rt , v
1

v
~

v 4 }. then S is pure of d imens ion

2 , - c e  3 .  We or r - e p r - s n e n t  S p i c t or i a l l y  as

‘1 , 1

Some oxem st ’o s a t  d e l ’- t  H t .s  e e l  1 i t J - s ,  al so  r ep r ene r t t ed  s i ot or i all y are :

= v
fl~~~~~~~~~~~~~~~~~ _ ~~

9,k
1
v
2 

= 

V
4 

v~

• •

— . - - • -—--•--- - __ _ _  _ _s_  
---- 

--- -‘- — -~~~~---~~~--- ---- -
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lo t) u i - - 2--dimensional and 1—dimensional , respectively ,

5\v
1
v
3 

= 

v
4 

v
3

2-dimensional but not pure , and

‘ 2.
Qk

5v1
v

3 =

V .
1+

9k 5v
1

v
2v 3 

{ Ø }

~~ Ø }  12 ;  a (— 1 ) — d i r n - r : c i o na l  S t I TI - l i S i di  complex.

Several construct ions should be noted here :

Example 2 . 2 . 1 :  Simplexes ([17 ] p .  5 3 ) .

If v = {v
0
,.. . ,v

d
} is a set of d+l points in for which

dim(~ -nv V) d , then T
d cony V is called a geometric d-simplex.

[very  Td has F(Td) = {conv{v . ,.. . ,v . } I{v . , .. .  ,v . } c V}. Hence

d 
1
1 

ll.~ 
i
i ‘k 

—

the Sluf l icia l complex A cl{V},  called a combinatorial  d—simplex

( “i  ~~‘~~~~~ t d-sinp lex) has the  property that A d is real Lcd as the

collection of those vertex sets which def ine  a face of 1d We a l low ,

for ;:omflteteness , t he  c om b i nat o r i a l  ( - 1 ) — s i m p lex A ’ (0) which

has rio corre’~ o n - i  n~ tptom ~- t  n c  rr a lLza t  ion .

Sxample: A geometni- - 2-si mt Hw looks like

~1 

(sol i d )
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• 
~tnd i t s  correspond s- combinator ial s implex is S z v

0
v
1

v
2

v
3.

Example 2 . 2 . 2 :  Boundary Comp lexes of Simelicial  Polytopes.

If P is a s implicial  polytope , then each ± icet F of P is

geometr ic  c l — s i m p Lex on the vertices of F , so t h a t  the set

= {v~~.. ~‘ k~~~i 
ver tex  of F , cot ; - . f v 1,. . ., vk

} is a proper face of F)

for - ma a ( i — l ) — d ha~ns ios il : ur - - ~ c imp l ic i a l  complex , called the boundary

cnmr  lox of P. ~ d ~ one examp le , w i t h
• T

T
d 

= SA
d 

A
d
\ v v  = c1(v

O
. . . v

~ J~~
V

Q~~~~~
V d 2V d ,

~ 
. ., v Ov 2 ...vd , v

l
. . . vd }.

fx2im f- i e_ 2 . 2 . 3 :  The Un H-e of *a Si:r :: I i c i ai  Complexes .

Given o o ;I f -L i c l a l  com -lc-xe s S~~, 5 , on vert cx  set ;  V ( 5
1

) ,V( 5
2

)

• ( t i o t  c ocoa  oerily d i s j o i nt  ) the ia u n i o n  ~ ~2 
( in  the  regular sense)

is  a lt - a  a si m p l Lial co :;~~LuX . We have d im ( S
~ ~ 

~~~ 
= rn ax {d im 

~l’ din

and and 
~2 be ing pure d—d imur i s io r i a l  implies t h s t  ~ 

~2 ~~

su r e  d— d i m e n s i o na l .

Example 2 .2 . 4: The Join of Two Simplic ial  Comp lexes.

Given  
~1’~~2 

154 S l m f - L i c i d l  comp lexe s on disjoint vertex sets

t h e i r  j o in  is the comp lex E 1.5 2 = 10 1 U 0
2

( O i  Z~
}

on ver tex  set V ( 5 1 ) u V ( s 0 ) w i t h  t o  ~~~~ and 
~~~ 

Then

is  also a s i m - l i c i a l  complex and d i n ( S
1~~S 2

) = dim 5.~ ÷ dim

~~ ~l 
;l h i  

~2 
be leg pur e irn~ J i a 5 pu r e

A g a i n , we w i j l  abuse the no t~~t i o n  to in c lu d i  co11ect ior i~ w h i c h

are no t  complexes a t )  s imp l icen  in c nploxes (such as 
~2 

~ 
~

In  the  test .: wtsre S , in  a point  set we call 
~~ ~

‘2 
a m ul t ip l e

1 L ~1SP ion (on 5k
) .

— -  - --  -—-—-—~~~~--— ~~~~~~~~~~~~~~~~~~ - —- - - -  ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~
- -
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For instance ,

ci 1
”
~) . 

( .“

~
) = 

~~~~~~~~~~~~~ I~
• 

(V

~~~~~~~~~~~~~~~~~~~~~~~~

) C~ 
= 

V~~~~~~~~~~~~~~~~~~~~~~ V
3

Example_ 2 . 2 . 5 :  The Simplicial Wedge.

Given nimplicial complex 5 , vertex v in S , the simplicial

• wod ge (or wed ge) of S on v is

w (5,v) = {a,b ,O}.(S\v) u ~b .2~k5
v

where a ,b are two additional vertices. w (Z,v ) is again a simplicial

complex and its dimension is one more than dim S. If S is pure then

so is w ( E ,v) .

For instance

b

V I

= > w( V ,v )  
~1 K:!” 

‘
U

(hollow )

a 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ---
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Example 2.2 .6: Stellar Subdivision.

G iven simp licial complex 5 , 0 � X € 5 , and symbol a qt V ( L ) ,

the stellar 5ubdivision of S on r is the complex

st (a ,X){E] = ( S\X ) U a.SX.fk
5
X

where iiX = X\X. Noting that (s\X ) U a.~ X.tk
5

X = (E\x ) u ~ .aX.~ k5
X ,

it is easy to see that st(a ,X)[S] is a simplicial complex , that

-d irt ut(a ,X){S] = dim 5, ana that s-t(a ,X)[5] is pure dimensional if

S is a t e  di~~~er ~~ inr i a l .  Generally we will call a complex S~ a

stellar subdivi sion ‘~~~~ 

~2 if 
~l 

can be obtained from 
~2 

by a

sc ale ; of stelLar subd ivisions . Stellar subdivisions are important

b c-as ; - t hey  ca mr r i s e  the b u l i d i r ~ ’ blocks of piecewise linear (or

,~sc ~i -i t or i a l)  camelexes and in ar t i cu lar  -t sirntIi cial polytopes

(: ee - ipt ~ r 5).

One in t e r e s t i ng  no te :  I f  w ( S ,v)  is the sins t icial  wed ge w i t h

e X t r a  v~~r ti c e  a .h . then st(v ,ab) [w(5,v)] is tb - s  double suspension

of S on a ,~~. The wedg~ san then , in a sense , b obtained by takinf

battL e su~ peri ion Followed by art “inverse stellar subdivision.”

. F iv o Lernm~~~~on G i m l i : j a l _ Pomp b o x f s

We j’r e~ ’-: t here Y05j1t1 r e l at i i e - t he  constructions link, de let ion ,

~~ifl i l l  union which  w ill prove osefuS tIn rig ~ut the thesis.

Lemma 7.3.1; Given S ,5 . simslicial complexes. T t S U 5,. then 
— -—  1 1 ~ 

~~~~~~~- -~~~~~~~~ - - - -— --
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(5
1
\-r ) ~ 

~2 
•
~ 

~ ~l~~ 2

~~ 
~l 

~ 5
2

\T = a (5
2
\r) T 

~

(5
1
\T)  u (5

2
\T) ~ e 

~l 
~

r ~k5 t t L

ii) 
~
k
5~~ 5

T = ~k5
r T c

t.,.~~ k - r u U(
5

T t E E
1

I t S
2

1 2

P r o o f :  i)  
~l 

U 5
2
\t = 

~ ~l 
U � o}

= {o € ~ Ii~ 
a) u Ia c ~ a)

= right hand side of i.

ii) = (a 
~ 

U 52 1T n a = 0, t U a C 
~l 

U

= (a € s,I i  ii 0 = 0,  T U 0 ~

u {o (: 5
2

1 1  n a 0, i ti

since i U a ( S.  implies that a € S .,

right hand side of ii.



-
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Lemma 2.3.2: Given 
~l ’~ 2 

simplicial complexes , T C 
~~~~~~ 

Let

r be the set of vertices in t and in S .. Then
5.  1

1

i) (5
1

. 5
2

)\T = (S
~ \T~ ~~~~ 

~~ 5
1

5
2\T 5

2

) ‘

ii)  ~k 5 
T = (~k5 

T
5 
).(zk

5 ~~ 
) .

l” 2 1 1  2 2  1)

P r o o t :  ~~ S
l
.
2\T = (G

~~ 
U 0

2 10 . C I ~~ C
1 

U C )

= (0
1 

U 0210i C 
~~~~ ~ ~~~ 

~2 
0
2
)

u

i i )  £k
5 5

T = U O~~ j O .  ~ I = 
~~

, 0~~ U 0
2 

U I C

= (a U 1 l a .  n r 
~~ 

a. u ~. . c1 2 i 5 . i 1 1
1

= (~ k I ) . (Z k  r ).
~1 ~l ~2 ~2

Lemma 2 . 3 .3 :  1) If a , T are tion-com;n-arable, then

(E\a)\-r = (E\t )\o

i i )  If  -r 2~k 5
o then

=

/ _ 



~~~~~~~~~~~~~~~~~
-.-,--.- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ---~~~ ,- . - - - - -—-- ---- •
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Proof: i) (E\o)\t = {v € 
~\al’ ~ 

v}

= {v € S b  ~~ ~~~ T ~~

= € 5\T Ia ~ v}

=

ii) (9k
5
a)\-r = € 9k

5
a~ t � ‘a)

= Iv € S l y  n o  = 0,  ‘a u a  € 5 , t � v }

= { v E S\ T Iv n a = O , v u o C S , T
~~~

a U v }

(s ince T f l a O )

9k a

Lemma 2 . 3 . 4 :  If a u r c S then

9k
ik

(T\a) Zk
5
(i ~ a)

Proof: ik
9k 

(T\a ) = ( ‘a € Sl y n (T\o ) = 0, v u ( T\ a ) 9k
5
o}

S

(‘a € ~l v a (r\a) = 0,  Iv u (i\o)} a a = 0 ,

v a ( t\a ) u a

(‘a € a (r\a ) = 0,  v a a 0, v U U a €

5)

= tk . , ( t  U a ) .
L 

——
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Lemma 2.3.5 : fk = 9k r
S\(o\-r ) E\o

Proof :  9k
5\~~\)

T = ( ‘a € E~ v a t = 0 , y u € 5 , a\t � v}

= {v E S b v n T = Ø , v u I E s , a � a

(since v n a = 0)

2.4 Dua l Comp lexes

Given d..-potyhedron p C ~d x
0 

c ~~~~, the polar set to P at

is defined

p~• = Rd l~y_x ,s) < 1 for each z € F ) .

Then pw is -also a polyhedron ([17] p.  49 , prob . 5 v iii) .  If p
0

is a polytope , and x
0 

m t  P, than P = P~ is called a dual
0 - •

poi7’ ta pe to P and has the property that there exists an inclusion

reversing isomorphism between the cropnr faces of P and the faces

of P~ ([17] p. 47). Hence , among other properties . P~ is

unique up to F(p) ,  P~~
’ P~~, P simp le imJ Iie~; that P~’~ is

simplicial , and P simplicial implies that P~ is simp le .

For instance ,

(N OY C
- - - -~~~~~~~~~~~~ —~~~~~~~~~~~~

- - - - . - — - - —  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 
-~~~~~~~~~~~
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(All 2—polytopes are self-dual.) And

More generally, the simplicial dual to a simple polyhedron P

is the complex 5~ on E = Iv . I f . a facet of P i = 1.. .n} defined
P 1 1

Iv. . . .v. I f .  n ... a f . is a non-null face of F). Then S~P 
~1 

1k 11 1
k 

p

is a (d-l)-dimensi onal simplicial complex , and again there is an

inclusion reversing isomorphism qç~ between the proper focus of P

and the non-empty simp lices of S
F 

where if F i• s the intersec tion

of facets f. ,... ,f. then ~~(F) is the simplex v. . . .v.
I ‘k 1 ‘k

To relate the simplicial dual to the dual polytope , we simply note

that for simple polytope F, S = Se.,., the boundary complex of

the simp licial rolytope P~~.

One immedia te result is that any property true of general

sin;slicial comp lexes is true in its dual sense for all simple

polyhedra .

We now relate some of the poly hedra in section 2.1 to the i r

~ iir;pI ic i a l  duals.

PropositIon 2.4.1: Let P he a simp le d-po l ybedron , S~ i ts

simp licial dual. F a proper face of F , and o ~~(F). Then

=
‘ - p

- - -

~

-—- -—

~ 

—~~~~~~~~~~~ - -— -~~~~~~-~~~--~~~~~~~~~ 

_
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Proof: Let f
1
. . .f be the facets of F, chosen so that f

1
,..

are those facets defining F. Then V (i ) = {v 1, . . . ,v }  and

a = V
1

. .  
~

V
k~ 

Further , the face ts of F are of the form

= f
1 

a ... a a f
1 

for appropriate j
1
,. ..,~~~~ > k .  Then

is defined on vertex set Iv . ,.. . ,v . } by

= {v . .. .v • I f . a ... a f . � 0 is a face of F)
F 1

~ 
19, 11 19

Iv . . . .v . I f  n . ..  a I a f . a .. . a f .  � 0 is a face of F)
1 t 1 k j .  j .1 9, 1

1

= Iv . . . .v • I v  . . .v v . . . .v . is a simplex of 5~~}1 i l  k i  1 P
1 1 9.

9k
5~

a.
P

f~~~ osition 2.4.2; Let P
1,
P
2 

be simple polyhedra . Then

= 
P
i

p
2

frn of : We have the facets of P xp of the form f~xP or P
1 2 j 2 1 j

where f~ is a facet of P. j = 1,... ,ri .. So
J 1 1

~~~~~~
_n

~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- --
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1 1 2 2 1 1 2 2
= Iv . . .  .v . v . . . .v . I. x~ a . . .  a f . x p a ~ . a ... fl ~~ 

x f
‘1 

1k ~l 
3 9, i

~~ 
2 1

k 
2 1 1

is -i f ar e  of p x p }

1 1 2  2 1 1 2 2
= Iv .  . . .v . v . . . .v . (

~~~~
. a .. . a f . ) x ( f . a ... a f . )

11 1k ~ ~9. ‘1 ‘k ~l 
3 9.

if a face of p x p }

= {(v ~ ,... ,v~ } u {v~ ,.. . ,v~ }l f ~ a ... n f~ is a face of P
11 1k ~1 ~9. ~1 

1
k

f~ a ... a f~ is a face of P }
2

- 

1 2

A - sper ial ca se- - , t h e  dual complexes to the open and closed prisms

are the  sj n ,-’le and double su snc -nn ions , r e spec t iv ely .

Proj~~s i t ion  2. 4 .3: Let P be a a im a l e  polyhedron , f . a f e - -ct of P.

Then 
0

= w ( Z~~ v~~~).

Proof : The facets of w (P,f. ) can be denote ; Px (O~~, px{l}, and

_________ 
1
0

j 
~ i0 

(with the proper identifications), and 

~~~~~~~~~~ - -- -~~~~~~~~ 



—
~~~~ 
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= (v~ . . .v~ (v 2 ) ( v 2)If . x[0,l] a . . .  a I. x [O,l](n Px { 0 } )w ( P ,f.) 1
1 

1
k 

0 3. i
~~ 

1
k

(a Px {l }) is a face of w(P ,f. ) }
1
0

= {v~ .. .v~ (v
~)I(i 0,1) f . a . . .  a I. a face of F)

~~1 
1
k 

~~ 
~~1

1 1 2 2
ti Iv . . . .v . v v 1. a . . .  a f . a face of F)

~1 
i~~ O l  1

1

since the top and bottom faces intersect exactly at F,

= (v~~,v~~,O}.(E~ \v. ) u ~~~~~~~

= tv
0
,v
1
,Ø~~.(Z~ \v. ) U

= w( S~~,v . ) .
P 1

0

2.5 SheliatLe Comp lexes

A collection (1 of k-faces in a polyhedral complex is shellable

if either k = 0 (a poin t set) or the k—faces in U can be ordered

so that , for j  = 2,... ,n , f. a ( f .
1 

u ... u f 1
) is a

union of ( k — l ) - f a c e s  which  themselves form a shellable collection .

In a s impl icia l  polytope the r e s t r i c t i o n  t h a t  the  col lect ion of

(k - l ) - f -ace - •; is shellable can be dropped , since any collection of

(k -U - f a c e s  in a peometric k-simp lex is shellable (in any order). The

corresl onding d e f i n i t i s for  simp licial complexes , then , can be s ta ted:

A pure d - d i n er i - ;ional  comp lex S i s  shellable if i ts  d-simplices
1—1

can be ordered 01 
so td at , for j = 2 , . . .  ,n , a .  a ( u a . )

Ii ~ ~=i 3 

- ----- ~ ----- - -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -~~~~~~~~~~~~ - -~~~~~~~~~~~~~~~~ ----- - -- ~~~~~~~~- , - -  __
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(the intersection taken as complexes ) is a pure (d-l)-dimensional

Complex.

Brungesser and Mani [8] showed that all polytopes are shellable .

Their sneltir-ig is called a line shelling, and is produced as follows .

Let H . be the h-rperplane defining facet f., i = 1,... ,n and let

9, be any line in Rd passing through in t(P )  with the properties

1) 9., intersects  every H . and 2) 9. intersects no more than one H .- 1 1

at each of its points. Then the order of shelling of the f. is

the order in which the H. are intersected by a path beginning at some

poin t x in t a m t  P travelling out from x along one ray of 9.,

then tack in to x along the opposite ray . In the same paper , they

showed that shellabili ty of simplicial comp lexes is preserved und er

stellar subdivisions , and as a result that every simpL Icial complex

which  can be “realized” as a combin atorial sphere or ball ( see Chap ter 5)

has a series of stellar subdivisions which produces a shellable complex.

One can extend polytope shelling to a shelling of the dual complex

of a simp le unbounded pnly hedron P as follows : f i rst choose a

h~~- e r r  l ane H Ix  (p , x) = a) which supports some vertex v of P, -~~~

P c F(. Let cr~. n in {(p ,y ) I v  a ve rtex of F) (which exist. since

there are only a finite number of ver t ices  in F). Let

H
1 

= jxI (p ,x) = u -1), and consider * 10  polyhedron P
1 

P a H~

P
1 

is a pol yt -p e , since any unbounded m v  of P
1 

(and thus of F)

must be paral lel  to H ( in  order t h a t  every x P1 have

a < (~t ,~c)  < a — 1 ) , impl yint t hat  H does not “u[  in t P uniquel~ at

Iv . The vertices of P
1 

are exactly those of P along with H
1 a L .
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where L is an unbounded edge of P. Hence P
1 

is simple , and

= u Iv u a l a  is a (d—2)-simp lex in S~, contained in exactly
1

one (d-l)-simplex of

= u v.35~.

Let x
0 

be the vertex of the simplicial polytope P~ corresponding

to v. We can always choose a shelling line 2. to P~ which crosses

the facets containing v before any other , by choosing 2. sufficiently

close to x
0
, with 2. normal to a supporting hyperplane to x0.

Hence the line shel l ing described removes the additional facets of

f irst , and then shells 5 .  We have , then
1

Proposi t ion 2 . 5 . 1 :  The dual sirnp licial complex to a simple polyhedron

is sheilable .

2 . 6  The Diameter of Complexes

Given vert ices v
0
,v
1 

in a polyhedron P
1 

an edge path from v 0

to v
1 

in P is  an alternat ing sequence of vertices and edges

v
0 

= u
0
,e

1
,u1,. ,uh L , el, ,uk = v1 ot P such that u~~ 1,

u~ are (the)

inc ident verti-es to e .. The length of such a path is k = the number

= one russ ti in the number of vertices. The distance

~(v 0
,v )  berween V

0 
and v

1 
is the minimum length of an edge pa th

: ‘ t w - ? e n  v0 and v 1, and the diameter of F , diam P, is the

m - ix -:-arr- t ~(v
0
,v
1
) as v

0
,v1 

range °ver ill vertices of P. We

p ~-aU e! [17 , §11.3], and so diam P < 

---~~~~
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We note here tha t of the two polyhedral construct ions in Sect ion 1,

1) diem P
1
x P

2 
= diam P

1 
+ diam F 2, and

2) diam(w(P ,F ) )  > diam P.

The f i rst equa l ity  can he seen by observing that any two vertices

‘al~’a2~ ~l~~ 2 
~~ can be j oined by ed ge path

1 2  1 2  1 2  1 2 1 2
V = U

0
Xu

0
, e

1
xu

0
, .  . .  ,e x u 0, U X U ,

1 2 1 2 1 2 1 2

~ ~ 

~:1~~

1

~ :f
hx :l

~~

. . ., u X e , u x u  

:‘
~ ~where v = u

0
,e
1
,... ,e ,u = p is a path from ‘a to p in P.,

and n . < -h am P.. Further , for vertices v
1
,p
1 

in P. with
1 —  1 1

i i  . . 1 2  1 2,p ) = diam P., any pa th connect ing v xv  to p xp can be

;-ar-titior cd into a path connecting to p~ and a path connecting

v
2 

to 
2 

hence the total length of the path is diam P
1
+ diam P

2
.

The second inequal i ty  can be seen by simp ly noting that the

orojection of an’, path to one of the top or bottom facets produces a

pat h in F , and so any two points v ,p of distance diam P apart

have vxli) , p x { j }  of distance at least diam P also i ,j = 0 or 1.

An outstanding conjecture in - - ; y1 ie -J -i~~i theory , the Hirsch

Conjec tu re ,  as discussed in [17] -h~ ~ ~ op [ 2’ i] ,  claims tha t for

- i—pol yto~ cs di -irn P < n--h , where n is ~~~~ number ci -icet of P.

The major polyhedra I or which Ui ’ - Hi r- 1: a ~ect 1:; known to 1 H

fall Into the foliowjnp three classes. 

-

~~~~~~~~~~~~~~~~~~~~~~~~~
--

~~~~- - -- ~~~~~~~~~~~~ - -—---~~~~~~~
--
-

~~~
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I. Transportation polyhedra

P = Ix € ~~~~~~ x~~. = a . ,  i = l , . .. , p ,  and x ..

I = 1,... ,q . Balinski [21 proved the Hirsch Conjecture for the cases

a. k.m +1 b . = m k . > Q k. = m -i a . = (k .+l)m -1 b . = m
i i i  j 1 1 —  i 2 1 i 1 

~ 
I

k. > 0 k . = m
2
-m
1

-t-l. Balinaki and Russakoff [3] proved it for the
i=l

case a. = b. = 1, called the Assignment Polytope .

2. Leontief substitution systems

P = Ix c IR~ IAx = b }, where b is a non-negative rn-vector and A

is an mxp pre-Leontief matrix , i.e., A is full row rank and

contains at most one positive entry per column . Saigal [32] showed the

Hirsch Conj€cture for the special case A the node-arc incidence matrix

of a directed source-sink network , v the incidence vector of the source

and sink , called the Shortest Path Polyhedron. Grinold [16] later

showed it for the general case.

3. General polyhedra

Mice and Walkup [24] provide the Hirsch Conjecture for polytopes with

d < 3 and n-d < 5. They found a class of unbounded poly hedra of all

dimensions ci > 4, n = 2d which violated the Hirsch Conjecture . They

also showed that it is sufficient to consider only simp le polytopes ,

and only those with n = 2d.

Proven upper bounds on the diameter of d-poly topes wi th n facets

are very high. Larman [25] established a bound of 2~~
3
ri , and later

Barnette [6] im;-r’o~ it somewhat. He gives the bound ~ ~~~~ (~~ d ÷ ~~) 

- 
~~~ - ~~~~~~~~~ ---- -- - - -~~~~~~~~ - - —-- —~~~~—-~~~~~~~~~~~ -- --
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which is incorrect for d = 3, but his proof seems to yield the
2 d—3 3bound ~~
- 2 (n—d +~~-).

In a simpli cial complex the con cept dual to edge paths is tha t of

simplicial paths . Given two d-simplices 
~~~ in a d-dimensional

simplicial complex 5, a simp licial path between and A1 is a

sequence of d-simpLices A~ ~~~~~ ~~ = f or which ~

is a (d- i)-face of a. and O i
l 

i 1,... ,k. The length of such

a path is k , one less than the number of d-simp lices in the pa th .

Then the distance between and A
1~ 

9.(A0,~~~), is the length of the

shortest simplicial path between and A ,~, and the simplicial

diameter of S (or just diam 5) is the maximum of 9,(A~~,A 1
) as

range over all d-simplices of S.

We have immediately from the de f in i t ion  of dual complexes that if

P is a s imple polyhedron then

diam P = diam

and the corresponding form of th e Hirsch Conjecture says that the diameter - 

-

of the (d-l)-dimensional complex of t b -  boundary of a simplicial d-pcly-

tope with n vert i ces is n-d. Mc, r generally, we ma-; tha t any

d-dimensional simpli cial complex S with n vertices satisfies ti-ic

dirsclt Conjecture if

d i im  S < n-d-l.

~ — ~~~~~~~~ --—~~~--  
- ~~~~~~~~~~ - - ~~~~~~- ,~~~

—
~~—-- —

~~~~~ 
—-
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CHAPTER 3

k-DECOMPOSABLE C MPLEXES

3.1 Definitiotic

We introduce -the main concept -~~i this thesis here , namely k-

decomposability.

Defini t ion 1: A simp lic ia1 comp lex ~ is k-decomposab le if S is

pure dimensional and either S = {ø or t here exists a simplex

-t c 5 , wi th Jim -r < k such that

1) 5\T is k-decomposable

2) 9.k
5

-t is k-decomposable

k-decomposability, then , forms a hierarchy , with k-decomposability

impl y ing (k-tl)-decomposabiiity for 0 < k < dim 5, and k-decomposability

equivalent to (k+1)-decomposability for k > dim S. Since r of the

definition can never be the null simplex (S\ø 0 is not even a

s imp licial complex) then k-decomposability is not possible for  k < 0 .  —

The most restrictive case , k 0, is of special importance , and w i l l

be called vertex decomposability.

Table 1 illustrates a complete 2-decomposition of the comp lex

= cl{v
0
v
1
v
2
,v
0
v
1
v
3
,v0

v
2
v
3
,v
1
v
2
v
3
}. One example of a complex which

is not k-decomposable for any k is the comp lex S cl {v
1
v
2
,v

3
v
4
}.

Deletion of ~~~ simplex from S results in a complex which is not

pure .

We present now two elementary but important  clas -e m of ve r t ex

der-omposable complexes , namely , the d-simpi Ex m d  the boundary of

a d-simp iex .

2f~

—- - —

~

—--- - - - -—-—--,.—--- ,--- —

~

---- - ~-— — -  __ J__,_._ ~
-.—

~~~~ -~- . ~~ - -- -- -
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= = 

v2
~~~~~~~:;_  ~

1

I
l 

= v
0
v
2
v
3
, 2.k

5
i
0 

= (0)

~1 
= 

~~~~~~~~~~ 
2 

= v0 :: :51;: 1
= V

1

L 2.k~~~~1 
= 

~~~~~ 
=

= = v
1 

V
3

T
2 

= V
3 (. 

~~~ 
Qk~~ t2 

= 
“1

etc.

= etc.

5o\T2~~~~~~~~~~~~~ 1
3 

= v~ v

3( 

2.k
5 

1
3 

= 

v
2~~~~
\v3

etc

5 3 = 5
2\T3 

~l etc.

Tab l e  1

A 2-decomposition ol S = cl{v
0
v
1
v
2,
v
0
v
1
v
3
,v0

v2
v3,v1

V
2
V
3
) 

- - -----~ - -.- - - - ——-—- —~----—----~~~ ---~ - - -- --



- -

28

Proposition 3.1.1: The d-simp lex Ad (d > -1) and its boundary

(d > 0) are vertex decomposable complexes.

Proof: Recall A
d 

= v
0
. . •V

d 
and ~~d = v0. . .vd\vO . . .v~~. Certainly

these are both pure dimensional complexes of dimension d and d-1

respectively. We prove both are vertex decomposable by induction on

ci.

A
d : If d = —1 then Ad = (0), which is vertex decomposable .

Otherwise , choose any v . in Ad . We have £k
d
v. = t-i~\v =

v
0
. . .v . 1v.~1. . .v~ which is a (d-1)-simplex , hence by induction is

vertex decomposable . Hence A
d 

is vertex decomposable .

If d = 0, then 3A
d 

= ~0\v0 = { Ø } ,  which is vertex decomposable.

Otherwise choose any vertex v . in Ad . We have 3A
d ,, =

v
0
. . ~~~~~~~~ . .v 1~ which is a (d-1)-simplex , hence by the first par t

of the proof , is vertex decomposable . And

~v . v
0
. . .v .

1
v . 1

. . .v \v0
. . .v~~1v~~1. . .v~

=

which is again vertex decomposable by induction , and hence so is 3A
d.

More examples will be given in Chapter 4.

We now give two equivalent definitions which wil] be of importance

throughout the thesis .

Def in i t ion  2 :  A d-dimensional  complex S is k—decomposable if it is

pure dimensional and either S is a d-simplex or there exists a simplex

~

--- - -- —

~

-——---- -- —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~-- --—---~~~~~
--



29

t e 5 , dim i < k, such that

1) S\-r is d-dimensional and k-decomposable

2) 2.k
5
a is (d-Ial)-dimensi onal and k-decomposable .

Definition 3: A (not necessarily pure) d-dimensional complex S is

k-decomposable if either S is a d-simplex or there exists a simplex

~ 5 , dim t < k , such that

1) L\-r is d-dimensional and k-decomposable

2)  ~k5
t is (d-ITI)-dim ensional and k-decomposable.

Before we prove equivalence of the three definitions , we need to

prove a lemma .

Lemma: If ~ is a k-decomposable complex by Definition 2 , and a is

a set of elements disjoint from the vertex set V(E) of 5, then

o.5 is k—decom posable by Definition 2.

Proof: We prove the lemma by induct ion on t E l ,  the number of simp lices

is 1 . If 5~ = 1 then S = (0) and n.E o which is a (Iai— l )—

simplex , hence k-decomposable . So let l~~l > 1 and dim S = d.

Cer ta inly ~.s is pure (d+loI )—dimensional , since S is pure

d-dimensional . If S is a d-simp iex , then 0.5 is a ( d ÷ l a l  )-siini lex ,

hence again k-decomposable. Otherwise , there must exi t a t 5 ,

dim -r k , such that S\T is d-dimensiona l and k—decomposable by

Definition 2, and 2.k
5
t is (d- I r I )-dimensional and k-decomposable by

Definition 2. Further , S\-r l and l2.k5t 1  are both less than S~

so by induct ion o.(S\r ) and a .Qk
5
t are both k-decomposable by

De f i n i t i o n  2.  Bu t  by Lemma 2 . 3 . 2 , ci.(S\-r ) a .5)\ -r  and

~

-- - - --~- — - - - - —-~~~~~~~ - - — . -~~~~~~~~~~~~~~~~~ — .-~~—- --—.- - - --~~~--— - --—--- .- -- --------—
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= ~k— 5
-r . Therefore r satisfies the requirements for Defini-

tion 2 on the complex o.E , and hence a.E is k-decomposable by

Definition 2. This completes the proof of the lemma .

Proof of ej~~valence of Definitions 1, 2, and 3: Clearly Definit ion 2

implies Definition 1 (since d—simplices are k-decomposable), and

Definition 2 implies Definition 3. We prove Definition 1 implies

Definition 2 , and Definition 3 implies Definition 2.

(1 -=> 2 ) :  We proceed by induction on 1 S t . If i~ t = 1 then S = (0)

which is a (-1)-simplex and hence k-decomposable by Definition 2.

Otherwise let S be d-dimensional and k-decomposable by Definition 1,

> 2 , so that there exists a t ~ 5 , dim a < k such that

and 5\i are k-decomposable . S pure d-dimensional implies that

£k
5
T is (d-ITI)-dimensional automatically. If E\T is d-dimensional

then we are done . Otherwise it must be that -r is contained in every

d—simplex of 5, so that S -r.~ k5
-r. But 9.k

5
T is k-decomposable

by Definition 1, hence by induction is k-decomposable by Definition 2.

Therefore from the lemma we see that S is also k-decomposable by

Definition 2.

(2 -
~~> 3): All that needs to be proved here is that if S is

d-decomposable by Definition 3 then it is pure dimensional. We

proceed by induction on 
~~~~~~ 

If ~I = 1 then S = { O } , which is

certainly pure . Otherwise , let S be d-dimensional and k-decomposable

by Definition 3 , S
~ 

> 2. If S is a d-simplex then S is certainly

pure dimensional. Otherwise there must exist a simplex r ~ S with

_ _ _  ---- --- - -, - - - —  _ _

—--
~~~~~~~~~~~~ .—.- --~~~--, ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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S\-r and ~k5
T both k—decomposable by Definition 3. But then by induc-

t ion on l~\’t 
< 
~~ 

and kk5T i 
< 

~I , S\-r and lk
5
T are both pure

of dimension d and d - t t t respectively. Hence S = (S\r ) u T.tk5T

is the union of two pure d-dimensional complexes , and is therefore

itself pure.

The i referred to in the definitions will be called a shedding

s imp lex. Although the  property of being k—decomposable is independent

of which defini tion is used , the propert ies of the shedding simplices

and of the result ing comp lexes may vary from one definition to the next

(in particular between Definition 1 and Definitions 2 or 3). We will

always specif y which definition we will be working with when such a

distinction is needed . A shedding order is a sequence of sim:~i ices

t
l~~~ ~

T
m~ i t t  < k , def ined inductively so that

1) r 1 is a shedding simplex for S

2 )  
i+l 

is a shedding simplex for S . 5 .1\T . ,  I = 2 ,... ,m-l

3) ~: is a ci-nimplex (or (0 ) ) .

In other wor’ls, i 1,... ,m are pure (d-dimonsi nal) and £k
5

T .

is k-decomposable . Again , refer to Table 1 for i l l u s t rat i o n .

To close the section , we define a slightly wider class of complexes ,

the weakly k-decomposable complexes , by droi ping the condition on the

links.

Defin it ion 1
W; 

A si mtLic ia l comp lex S is weak l y k-d ecomposable if

~ in ire and e ther- ~: = (0) or there is a simplex c S , dim T k

su im that E\t is weakly k-decomposable . Weak vertex decompositions,

- :t-1dinc ~ simp li -o n , and shedding orders are defined analogously.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
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Certainly k-decomposable complexes are weakly k-decomposable . The

converse is not true . For example , the complex

is weakly vertex decomposable with shedding order v
1,
v
2
,v
3
,v4,

v
5
,v6,v7,v8,

but this is not the shedding order of a vertex decomposition (since

9.k
5
v
1 

cl{v
2
v
3,
v
7
v
8} is not vertex decomposable). In fact , this

complex is not vertex decomposable at all, since removal of any vertex

except v
1 

results in a complex which is not pure. The complex

S = cl{v
1
v
2,
v
3
v
4
), mentioned earlier , is also an example of a complex

which is not weakly k-decomposable for any k.

There is likewise a weak version of Definition 2.

Definition 2k’: A simplicial complex S is weakly k-decomposable if

S is pure d-dimensional and either S is a d-simplex or there is

a simplex t c 5 , dim -r < k, such that E\-r is a d—dinensionai

weakly k-decomposable complex.

Definition l~ is equivalent to Definition 2
w
, the proof beini~ —

contained in that equating Definition 1 and Definition 2. In fact ,

many of the proofs of properties held by weakly and strong ly

k-decomposable complexes will proceed simultaneously . Definition 3 ,

of course , has no equivalent weak analogue . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3.2 Some Properties of k—decomposability

We prove in this section that many of the operations defined in

Chap ter ~L preserve k-decomposition .

Proposition 3.2.1: The link of every simplex of a k-decomposable

comp lex is itself k-decomposable .

Proof: We proceed by induction on S~~. If 1 S t = 1 then S = {0},

of which the single link ~k5
0 = {Ø} is k-decomposable . Otherwise ,

let -r be a shedding simp lex for 5 , so that 5\i and gk
5

r are

both k-decomposable , and choose a a simplex in S. We prove

is k-decomposable.

Case 1 ( t  u a / 5): We have ~k5
o ~k5\

O~ which is k-decomposable

by induc t ion  on i~\ - r l < 1X I
Case 2 (-r c a): By Lemma 2.3.4 we have

tk
5
a =

which is k-decomposable by induction on ik
5T I < t~ I .

Case 3 (ci u r c 5, t ~ a): We prove that T\a is a shedding simplex

for Lk
5
o . By Lemma 2.3.3 and Lemma 2.3.5 we have

(fk
5
a)\(t\a) =

which is k-decomposable is in Case 1. Further , by Lemma 2.3.4 we have

= 1k
5
(t un)=
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which is k-decomposable as in Case 2. Hence r\a is indeed a shedding

simplex for 9.k
5
a. This completes the proof.

— Proposition 3 .2 . 2 :  (Weak ) k-decomposability is preserved under joins .

Proof: Let 
~1

’
~ 2 

be d
1
- and d

2
-dimensional (weakly) k-decomposable

comp lexes . Then S~ and 
~2 

are pure dimensional , hence so is

Proceed by induction on l~l~ 2 l. If 15 1
.S2 t = 1 then =

which is k-decomposable . Otherwise one of the complexes , say E~~, has

� 0 . Hence there must be a simp lex t C 
~l 

so that S
l\t 

and

are both (w eakly) k-decomposable. But by Lemma 2.3.2

= 
~~~~~~~~~~ 

and ~k5 ~ 
= (tk

5 
T).S

2
, and so by induction

on I (El
\t).52 1 < l~~.E~t and 

l 2 1  

~~~~I ’  and

V . k 
~ 

t are both (weakly) k-decomposable . Hence t is also a
l~ 2

shedding slrn~ lex for 
~l~~ 2 

(by Definition 1) and so 
~~~~~ 

~S

k-decomposable .

Proposition 3.2.3: (Weak) k-decomposability is preserved under stellar

subdivision.

The proof to this proposition is too tedious to include here ; it

can be found in Appendix 1. We do give a more enlightening proof for

the special care of vertex decomposition .

Proposition 3.2.4: (Weak ) vertex decomposit ion in preserved under

stellar subdivision .

Fre t :  Let S be (weakly ) vertex decomposable under Definition 1,

X � 0 a simpl ex in 5 , and a the additional vertex. Recall the

~~~~~~~~~~~~~~~

-

~
-.--.--

~
-. - _____
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d e f i n i t i o n

st(a ,X ) = (~~\X) u (a.3X.Zk 5
X )

(E\X) u (~~.3x.9~k5X).

We have I~I > 2 arid if ~ a is a simp lex , then

st (a ,X)FS ] = (~~~\X) u (a . 3X .gk X)

(a\X ) u

= a.3X.(a\X)

which is (weakly )  vertex decomposable , sin ce each component is

(Prop sition 3.2.2). Further , if X = {u} in a vertex in ~, then

s t( a ,X ) [ 5 ]  = (5\u ) u (a.{Ø}.ik5
u) 1-

u a . tk
5

u

which ~s merely S wi th u relabeled as a , and hence vertex

decomposable .

Therefore , proceed by induction on I~ l > 2 with the assumpt i on

t l ~~~~ t S is not a simp lex nor X a vertex , and let v he a shedding

simplex for 5. We take three cases :

C-iso 1 (v -/ X , v / 2k~ X ) : We have

___________________________________________________
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st (a ,X)[E]\v = [(E\X ) ii a.3X .-Qk
5
X]\v

[(S\X)\v] u [~ .3x.~k5X] (Lemma 2.3.11)

= [(S\v)\x] u ~ .3X.Lk5\
X by Lemma 2.3.3i and the

-~ fact that v ~ 2k5
X.

s t(a ,X)[E\v]

which is (weakly) vertex-decomposable by induction on t E\vl < 1 s t .
( Further

- 
ik
st(a X)[E]

V £k
5~~

v (Lemma 2.3.1)

Lk
5
v (since v.X ~ 5)

which is (weakly) k-decomposable by choice of v .)

Case 2 (v € ~k5
X ) :  We have

st (a ,X)[5]\v = [(E\X)\v] U [(~~.3X .9~k5
X)\v] (Lemma 2.3.li)

= (S\v)\X u a.~X.(%k5\ X) (Lemma 2.3.2 and Lemma 2.3.3)

= s t ( a ,X){S\v ]

which is vertex decomposable as in Case 1. (Further
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- -

~~~~~~~~

37

~
kst(a X)[E]

V = 
~
k
(E\X )

v U tk
~~ 3X lk X

v (Lemma 2.3.1)

= [(2~k5
v )\XJ u [a.3X.

~
k
~k ~

v] (Lemma 2.3.2 and Lemma 2.3.3)
S

= [( lk
5
v)\X] u ~~~~~~~~~~ v~~ 

(by two applicat ions of
S

Lemma 2.3.4)

= st(a ,X )[~ k5v],

which is vertex decomposable by induction on Qk
5vI 

< l~l .)

Case 3 (v € X � (v}): We will shed 1) v and then ii) a.

i) s t(a ,X)[5] v (s\x ) u a.(3X\v).Zk5X (by Lemma 2.3.1 and 2.3.2)

which is pure dimensional , since for A a d-simplex in (pure

d-dimensional) S containing v , either X � A , imply ing

A e E\X c st(a ,X)[E]\v or X c A , implying a.(A\v) e a .( 3X\ v ) . lk 5 X C

st (a ,X ) [ S ] .  (Further

Lk st (a X ) [S ]V = 9k
5\X

v u ~~~~~~~~~~~~ (Lemma 2.3.1)

= [(zk
T\(x\ )

v] u 
~
.Qk

3x
v
~
tk
z
X (Lemma 2.3.2 , Lemma 2.3.5)

[(lk
5
v)\(X\v)J u T.3(X\v).

~
k
~ k

X (Lemma 2.3.3 ,

Lemma 2. ) .L4 )

= s t(a ,X\v) [2.k5v]

which is vertex decomposable by induction on fk
5vl 

< SI .)
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ii) (s t(a ,X)[5]\v)\a = [S\X] u [(~~.(aX\v).2.k5
X)\a] (Lemma 2.3.1)

= u (~X\v).~ k5X

= u (~~~~).Lk 5X

=

which is vertex decomposable by choice of v. (Further

£k
st(a X)[5J\v

a = ik
:ax\v~~k v a (Lemma 2.3.1)

(Lemma 2.3.2)

= ( X\ v ) . Zk 5X

which is vertex decomposable by Proposition 3.2.2, since ~~~ is a

simplex , hence vertex decomposable and ~k5
X is shed by Proposition

3.2.1.) This completes the proof of Proposition 3.2.4.

Proposition 3.2.5: (Weak) vertex decomposability are preserved under

wedging .

Pr r-of : Let S be a (weakly ) vertex decomposable complex by

Definit ion I, v a vertex in 5. Then E j  > 2 and if I~I = 2

then S V and w ( 5 ,v) = ab which is vertex decomposable. Otherwise

;~roce~-(l by induction on SI > 2. Let u be a shedding vertex of S.

Aga in , recall w ( S ,v )  = {a ,b , 0} . (5 \v)  U ab.9.k
5
v {a ,b ,0} . (E \v )

db.2.k
5
v . Let u be the shedding vertex of S. Again , we take three

cases .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -—— ~~~~~~ ---~~~~-— ~~~~~~~~~~~~ -~~~~~~~~~
- — A
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Case 1 (u � v , u I ~k5
v) : We have

w(5 ,v)\u = [{a,b ,ø}.(S\v)\u] u ~~ .~ k5
v (Lemma 3.2.1)

= {a ,b ,O).(S\v\u) tj i~~.~~k5
v (Lemma 2.3.2)

= {a ,b ,0) . (L \u\v ) u ab.~ k5\
v (Since uv 1 5)

= w(S\u,v)

which is (w eakly) vertex decomposable by induction on I S\u I < 15 1

(Further ,

9k u = {a ,b ,0) . 9 . k  u (Lemma 2.3.1, Lemma 2.3.2)w ( 5 ,v) S\v

= {a,b ,Ø}.9k5
u (s i nce uv / 5)

which is vertex decomposable since both factors are.) So n is also

a shedding simplex for w ( S ,v ) .

Case 2 (u C 9~k5
v): We have

w ( E ,v)\u = {a ,b ,0) . (S \v \u ) u ~~ .(9.k5
v\u) (Lemma 2.3.1. 2.3.2)

= (a ,b ,O}.(S\u\v) u ab.9k
5\

v (Lemma 2.3.3)

w(S\u,v )

welch is (weakly) vertex decomposable as in Case I. (Further ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~~~~~~~ -~~~~-—~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~
kw ( S v ) U = {a~ h

i0}.2.k
S\V

U u ab.%k
~ k V

U (Lemmas 2.3.1 , 2.3.2)

= {a,b ,0}.[Uk5
u)\v] u 

~~
.tk Lk u~

’
S

by Lemma 2.3.3 and two applications of Lemma 2.3.4

w(9~k5
u ,v)

which is vertex decomposable by induct ion on 15k5u1 
< 15! .) So u is

again a shedding simplex for w (E,v).

Case 3 (u = v): Then

w ( S ,v)\a ( - ( a ,b ,0) \ a) . (E \v)  u (~~ \a).Qk5v (Lemma 2.3.1, Lemma 2.3.2)

= b.(5\v) U b .Qk
5
v

= h. (L\v)

which is (weakly) vertex decomposable by choice of u = v.  ( Further ,

= (9
~
k
{ab ,Ø} a).(E\V) u (~ k~~~

a).Qk
5
v (Lemma .3.l, Lemma 2.3.2)

= (E\v ) u ~ .~ k5v

= S (by replac ing v wi th h)

which  is vertex decomposable.) Hence a is a sheddin~’. simplex f or

w ( S  ,v).

_ _ _ _  

_____________
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This exhausts the possible choices of v , and thus proves the

theorem .

3.3 k-Decomposability and Sheilability

This section will be denoted to proving the following Theorem :

Theorem 3.3: A d-dimensional complex S is d-decomposable 1ff S is

shellable. An immediate corollary is:

Corollary: Every k-decomposable comp lex is shellable . Note that weak

k-decomposability cannot insure shellability , as the examp le at the

end of section 3.1 shows .

Proof ~f Theorem : (< ) Let S be a d-dimensional complex , a
1
,...

an ordering of the ri-simplices of S which shells 5, so that
m

S cl( U a.). We prove that S in strongly d-decomposable by
1=1

Definition 2. If in = I then S is a d—simplex , and so S is

k-decomposable . For m > 1 we proceed by induction on 
~I . We have

m- 1
by definition that a n ( a.) in a pure (d-l)-dimensional complex

m • k

~en iate l by the (d—1)—simplices T
l~

. ‘Tk Let T ~U (ci
m
/ r
j
)
~

Then -t c a (hence i ~ 5) ,  but T I a. i < in , since it cannot

be that r : n a .  c ci
m 

n a. c ., far some j, while 0 � a \ T . C 1.

Therefore a is the only d-simp lcx containing i. So
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rn-i
1) = ( u a .) u (o \r)

i=1

rn-i
= ( u a.) U (a \t)

1 m
i=l

rn-i k
= ( u a .)  u cl(a \ U (a  \r .) )

1 i n.  lii J

rn-i k
= ( u a.) u cl( u -r. )

i1 1

rn-i
= U 0.

1
1=1

which is a sheliable complex , with shelling order a
1
,... ,a

1
; hence

d-deccnnposable by induction on l5\t I < 151 ; and

2 ) tk
5
r

in

w~~~-h i n — irn~ Lox , hence d-decomposable. Therefore T is a shedding

- - im: Iex f e  5, and hence S is strongly d-decomposable.

( - ~>)  By induct i on or I s i .  If I~ t = 1 then S {O}, which is

sh .- I1ibi e . Otherwise suppose S is d-dimensionai and d-decomposable

hefinition 2. If S is a d—simplex , then S is shellable .

e’i~er-wise there must exist a simplex i S such that 1) E\t is

d -f i meri- i on - il and d-decomposable and 2) Rk
5
t is (d_ttl)..dimension al

and d - i - m; or~ ih]in , implyinC, Q~k5
i is (d— (T ( )—deconiposahle.

— ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ —
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1) implies S\t is shellable , by induct ion on I E\t I 
< ~~~ with

shelling order a ,.. . ,a of the d-simpiexes in S not containing r .
I p

2 )  imp lies ~k5
-r is sheliable , by induct ion on tk5rI < , wi th

shelling order T 
~~~~~~~~~~~~~~~ 

Let ci 
~~~

. = -r u r., I = l ,...,~.. We claim that
1 p k-i

ci
l~~

•
~~ ~~~~~~~~~~~ 

in a snel1in~ for ~~ . For 2 < k 
~ ~ ak n 

(u  ~~~.) is a
1=1

pure (d—l )-dimensional complex by( i). For k > p, we have

k-i p k—l
n ( u ~~~.)  = [~~ n ( u u [a n ( u a.)]

k • i k . i k . 1
i l  1 i  +1

k-p
= 

~°k 
n (S\t)] u [(t

~
tk_p ) n ( u

i 1

k-p
[a~\r] ~ [t . (T

k . , 
n ( u

1=1 
1

Now a
k\T 

= u ci\v , which is pure of dimension d-l , and
VET

k-p
tk )  0 ( u -r. ) is pure of dimension d—I T I— l , since T

1
,...,r

1 
is a

i=i 
1 

k—i
shelling order. Hence n ( u a .) is a pure (d-l)dimensional complex

i=l 
1 

~~~ —for k = 2 ,... ,p-t-~~, and therefore S = u a . is shellable .
1=1 

1

We observe the important special case that the simplicial duals of

convex polyhedra and polytopes fall at least into the bottom of the

hierarchy of k-decomposable complexes . It remains to be seen how far ij

in the hierarchy they lie.

3.~ k-Decomposability and Diameters

It turns out that k-decomposability and weak d—decomposability force

eour)(In on the (simplicial) diameter of simp licial complexes.
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Theorem 3.4.1: If S is a d-dimensional k-decomposable comp lex ,

O < k < d , then

diam S < 

~~~~~ 
-

where 
~~~~~ 

is the number of k-faces of S.

Proof: We proceed by induction on I~ I > 2 (since dim S > 0). If

151 = 2 then S = v , and so dim S = 0, k = 0, f
0
(5) = 1, and

diam S = 0 < f
0

(S)  - 
~~~~~~~~~~ 

Otherwise proceed by induction on I~ I > 2.

Let A
0
,A
1 

be two d-simplices in 5, and t a shedding simp lex

for 5.

Case 1 (-t ~ A
1 

n A
2
). Then at least one of A

1
,A 2 

is in S\-r , say

A
2
. This implies S\t is pure d-dimensionai, and so for v e

~i S\-r must be contained in some d—simp lex A~ C E\T , so that

are adjacent. But S\-r is k-decomposable , so by induction

on E\T I < IS !

diam(5\T) 
~ ~~~~~~ 

-

d+l
~~

f
k
(_ l

~~~ k÷1
)

(since -r must be in at least one k-simplex) and so A
1 

can be joined

to A
2 

by a simplicial path of length at most 
~~~~ 

(
~~~ ) - 1. Hence

A
1 

can be joined to A
2 

by a path of length at most f~(S)- ~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . - 
-~~~ ---~~~n_ ~~~~~~~~~~~~~~~
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Case 2 ( t  c A
1 

n A
2
): We have A

1\T
, A

2\T 
in tk

5
t , a k-decomposable

complex with lzk 5it < ~~~ So , by induction,

diam(Zk
5
r) < 

~k 
k
5
r) - (d- It I+l )

d-t-l
Now -r is contained in some d-sirnplex A C S which contains

k-faces , (~~~~~~IT! ) of which do not intersect i. Hence

- [( d+1) - (d+1~~JT ! )]

and so

diam(lk
5
T) < - (

d~~ T~ +l ) 
~~~ ~~~~ 

-

Hence A
1\-r , 

A
2\r 

can be joined by a simplicial path

= a
r
,... ,a =

in 2~~~T of length at most 
~~~~~ 

- ~~~~~~~~ and therefore A
1 

and A
2

can he joined by the path

A
1 

= a
1 

U T , 02 
U I,... ,0 U t = A

2

et the same length.

Since these cover all choices of A
1
,A
2 

we have

diam 5 f (5 )  — (d+l)
— ktl 

-- - 
-~~~

- -
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Corollary 3.4.2: Vertex decomposable complexes satisfy the Hirsch

Conjecture .

Theorem 3.4.3: If S is a weakly k-decomposable complex , 0 < k < d,

then diam S <

Proof: Let S be d-dimensional , weakly k-decomposable by Def

If S is a d—simplex , then diam S = 0 < 2
~k~

5
~~

- Otherwise , proceed

by induction on > 2 (d+l) 
Let A

1
,A
2 

be d-simpleces in 5,

and let t be a shedding simplex for S.

If -r € A ., i = l o r 2, then for V E T  A .\vES\T must be

contained in some d-simplex in S\t (since E\T is pure d-dimensional).

Hence there are simplices A~~,A; in S\r which share a (d-l)-face

with A
1
,A
2, 

respectively . But I 5\T I < S~ 
, so by induction

diam(S\t ) < 2f ~~(S\-r )

~~
- 

~~~~ 
— 1]

since t must be contained in at least one k-simplex. Therefore

can be joined by a path of length at most 2
~k~

5
~ 

- 2, and

no A
1
,A
2 

can be joined by a path of length at mos t 2
~k~

5
~~

• Hence

diam S < 2
~ k~

5
~

Corollary 3.4.14: (Weakly) k-decomposable comp lexes have diameters

bounded above by -i ~olynomia1 in n of degree k-i-i.
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Proof : 
~~~~~ 

is at most the number of (k-,-l)-sets in the n-set V(S).

Hence 
~~~~~ 

-
~~

- ~ktl~~’ 
a polynomial in n of degree k-i-i. The

corollary follows .
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CHAPTER 4

CLASSES OF VERTEX DECOMPOSABLE COMPLEXES

14.1 Complexes of Dimension < 3

Proposition 4.1.:~~ All O-dirn~nsional complexes are vertex decomposable.

Proof: Simply note that 0-dimensional complexes are point sets , and so

for each v 5 , f~k5
v = { Ø }  and t\v is either {Ø} or again a

point set. Hence the vertices of S can be shed in any order .

Theorem 4.1.2: Let S be a 1-dimensional complex , i.e ., a loop less

graph with at least one edge and no multiple edges. Then the following

are equivalent.

1) S is connected

2 )  5 is vertex decomposable

3 ) S is we ak ly vertex decomposable

4) S is 2—decomposable

5) S is weakly 2-decomposable.

Proof: First note that the link of a non—empty simp lex in S is

either {Ø} or a 0-dimensional complex , both of which are k-decomposable

for k = 1,2. Hence we have 2 equivalent to 3 , 4 equivalent to 5, and

3 implies 4 . We prove S implies 1 and 1 implie s 2.

(
~ ~

- 1): Proceed by induction on I~ I > 14 . If I~ I 4 then S in a

single edge , which is connected. Otherwise let I Z I > , so that S has

a shedding simp lex t. Suppose that S contains two non-empty components

~~~~Id 

~~ 

48 
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Case 1 (T I u 
~~~~ 

Here s\-r still has components 5~ and

and j
~ \’! < S~ . But S\T is weakl y 2-decomposable , and so by

induction is connc~-ted . This contradicts the existence of and

Case 2 ( S
1
): S pure 2-dimensional implies that i must be con-

tained ~n an edge e of and so e must contain a vertex v which

is not r . But then v e 5
1
\-r . and henn e 5\T still has non-empty

components 51\r , 
~~~ 

But again S\r is weakly decomposable ,

contradict ing the existence of and

The case v € 

~ 2 is handled s imi la r ly .

(I 
~~~ 2): We have automat ical ly tha t  S connected implies S pure

dimensional , since there can be no isolated points in 5 . We proceed

again by indu ct i on on I~ ! > 4 if IS ! = 14 then S is a single edge ,

an-i so is Vertex decomposable . Otherwise . sup ~~nne  I~ I > 14. Let T

he a spanning tree for 5 , and choose v
0 

any terminal vertex of T.

Then E\v 0 contains T\v 0 
which  is a s pan n in g  t ree for S\v 0 , hence

in 2-dimensional and connected with I S\v0! < . Therefore

ver tex  decomposable , and ~k S is vertex decomposable by
0

Theor m 14.1.1. Hence v
0 

is a shedding s implex of 5 , and theref ore

5 is vertex decomposable .

Theorem 4.1.3’ 2-spheres and 2—balls (simnlicial complexes whose

realizations are homeomorphic t S
2 

or B
2
) are vertex decomposable .

{ercr ~ the dual comp lex of a simp Le 3—pol yhedron ~~ ; ver tex leromp o sah i - .

Proof: We refer the reader t~~ CP i pter 5 for clan i - a ~ ion of term arid

also f- -n the eroofe of several f e - - t n which , by their torological nature ,
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are also relegated to Chapter 5. They are :

1) Simplicial 2-spheres and 2-balls are pure dimensional .

2) If S is a 2-sphere or 2-ball , and v is any vertex in 5,

then tk
5
v is either a 1-sphere or a 1-ball , which corresponds

to a graph which is a single open or closed non-intersecting path.

3) If S is a 2-sphere , and v is any vertex in 5, then 5\v

is a 2—ball.

14) If S is a 2-ball or 2-sphere and v is any vertex in 5,

then S\v is a 2-ball iff gk
5
v n ~5 = 3fk5v.

5) The dual complex of a polyhedron is a ball or sphere .

We prove the theorem by showing that every 2-sphere and every 2-ball

with more than one 2-simplex contains a vertex v for which Z\v is

a 2-ball. Further , from (2) we have £k
5

v is connec ted and hence

vertex decomposable by Theorem 4.1.2. Hence we have , by an induction

argumen t , that v is a shedding vertex for S , and so S is vertex

decomposable .

If S is a sphere , then from (3) any vertex in S can be removed

to form a 2-ball. Assume then , that S is a 2-ball , so that S can

be placed on to the plane as a graph with an unbounded region and

triangular interior regions. Choose v
0 

on the boundary of S and

proceed as follows (assumi ng vertex v . has been defined ) :

1) if no edge of S containing v. cuts entirely through the center

of  5, then stop .

- - -----— - -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~~~-~~~~--— ~~ --- ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ --
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2) Othet-wise , f t  {v .,u .} be the cutting edge , and continue clockwise

around the boundar y of S to adjacent vertex v . . Go to 1.
i-i-i

V .

~~~~~~~~~~~~~~
v i+l

First we show this procedure stops . Let A. be that part of S to

the “right” of {v. ,u.}. Then A. must contain at least one triangle

(sin- c  {v ., u.) cut-s through the interior of 5), and A .
÷1 

is

s t r ic t ly contained in A . (since u . is to the “righ t”  of u .
1 i+l 1

and v . is str ict ly to the ri ght of v .) .  So A . must eventually
i-s-i 1 1

be a s ing le tr iangle ,

v 
1±1

arid so v . stops the procedure .
i+1 -

What we get from the procedure is some v for which the only

vertices u adjac’-nt ta v which are on the boundary of S are

those for whi P {v,u) is also on the boundary . Hence

tk
5

v n 35 =

and so S\v i- ; a 2-u-ill. This e m p let -s 1li ~~ proof f ft- r n  n~ [ .  ~~. 

— -~~~~- --~~~~~~~~~~ --
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To end the chapter , we comment that by exhaustive sear ch through

the comp lexes in [18], it seems that all 3-spheres with at most 8

vertices are vertex decomposable. We will not enumerate the

decompositions here .

~4.2 Complexes on Matroids

A inatroid M = (E ,I) consists of a finite set E together with

a non-empty collection 1 of subsets of E, called independent sets ,

with the properties 1) every subset of an independent set is independent ,

and 2) for each set A c E , the elements of I which are maximal with

respect to being contained in A all have the same cardinality r(I,A ) .

Then by (1) , 1 forms a simplicial complex on E, and by ( 2 ) , I ~s

pure (r(I ,E)-i)-dimensional . (For more information on ma-tr oids see

[ 39 ] ,[ 3 7].  )

T h - - rern 14.2 .i; If I is the collection of independent sets of a mat-reid

M er E , then  I is vertex decomposable.

Pr of : We prove that I satisfies Definition 1. If 1! 1 then

I = (O} which  is vertex decomposable. Otherwise proceed by induct ion

on J I~ > 1. Choose any vertex v in I. Then

I\v = C T fv I t }

{ - r e l r c E \ v }

w i I i ( - I -i s i t i s t  i on (1) and 12 ) (r(l\v ,A ) = r(I,A ) ) , and hence is a matroid
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(ca lled the “deletion (matroid) of v from M ”) , wi th l 1\vf < ( f l .
Hence by induction I\v is vertex decomposable. Also

~k1
v = {-r C liv ~ -r , t u {v} E I)

which again sat isf ies ( 1 ) ,  and satisfies (2 )  since , for every A c E\v

and every set t ~ I with v e -r c A u {v} , t is contained in some

maximal element of I contained in A , which  also contains v , hence

r( ik
1
v ,A ) = r(I ,A)-l. Therefore ik

1
v is a matroid (called the

“contraction of v in M”) with 19k 1vI < 
~~~ 

and so by induct ion

£k
1

v is also vertex decomposable.

Thus v is a shedding vertex for I, and so I itself is

vertex decomposable .

Corollary 4.2.2; Matroids are shellable and satisfy the Hirsch Conjecture .

We call the circuits of a matroid M that eallection C (l) of

minimal sets in E which are not contained in I. Given an ordering

e
1
,...,e of the elements of E , we call the broken circuits of

(with respect to the ordering ) the collection of sets C\ek, C ~ CU ),

th at element of C with hicfie -t index. Finall y we define the

broken circuit complex on E to he

8(l) {-r c E l i  contains no broken c~ n- uJt) .

V te wi hout proof two proposi t ions of Bry l awsic i .

_
~~~~~~~~———~~~~_~~s- __ —~~~~~~~ -~~~~-~~~~~~~~~~~ -- —~~~-- “- — - ~~
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Proposition 4.2.3: If M is a matroid on S with r(l ,E) d, then

8( 1) is a pure (d-1)-dimensional complex ([9] Proposition 3.1).

Proposition 14 .2.4: Let M = (I ,E = {e1
,... ,e ) ) be a matroid , 8(I )

its associated broken circuit complex. If any element of E is not

a vertex of I , then 8(I ) 0. Otherwise ,

B(I )\e = 5 ( I \ e )

([9] Proposition 3.2 a,d ,e).

With these facts we prove

Theorem ‘4 .2 .5 :  Non-empty broken circuit complexes are strongly vertex

decomposable .

Proof: Let M = (I , E {e1
,. .. ,e}) be a matroid 8(M ) its ass oc iated

broken circuit comp lex. We show that 8(1) satisfies Definition 1.

8(1 ) is pure dimensional by Proposition 14.2.3 1 = 1 implies

I = { O } , and so C (I) = {{efl e e 5). Therefore 8(1) = {O) , which

is vertex d.--composabie .

For fl > 1, proceed by induction on II . We ha ve , by 1 r-o~-e: i 1 ion

.2.4 , 8 (l) ~ 0 imp Lies every element of C is a vertex of 1 , - i r i d

so

8(I\e )

fk e = 8(9~k e ),6(I) m i n

- --
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But these are both non-empty broken c i r s nit complexes or, the matroid

independent  ne t s  I\e , fk
1

e (see Theorem ‘4 .2 . 1)  w i t h  1\e I < I f l,

Y k
1e I  f l .  Hence by induct ion they  i t -c both ver tex decomp osable.

Iti - -ef ore e is a shedding simplex of 8(1), and so 8(l) is vertex

decomposable.

Corollary 14.2.6: Broken circuit complexes are shellable and satisfy

the Hirsch Conje cture.

‘4 .3 Le u r t t i e f  Comp lexes

A pure (d-1)-dimensional complex 5 on set S is called Leontief

if 1) n or -  all  -t c S ( including -t = 0) , fk
5

r is simplicially path

e Of l f lP C tE - t , that in , every two maximal simpiices in ik
5

i are connected

a si rnplic ial path in ~~k

5

r , and 2 )  there is a l a b e l l i n g  of the m

elements  of S by the  numbers 1, . . .  ,m-d so tha t  for every (d -l) -

s implex  a in 5 , E\o has a complete labelling , that is , exactly

one each of t’r~ numbers 1 through m-d.

L~ ontir 
I- comp i exes are general zations of the dual complexes ~~

to nimpt -e I - -mt  iof  s u b s t i t u t i o n  syst em , i .e . simp le polyhedra of tfi

form

P = ix ~ I
~~IAx = b , x > O}

w f - r -  h is - i  non-negative o vector and A is a Jx m Leontief

mat i -~x , that i n , A Is rank d , A contains ~xart J- 1 one positive

ci cent in each ~-o umu , and Ax > 0 has a n o n —n e g a t i v e  s o l u t i o n . 

- - - -_ _
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By remarks in Section 2 . 6  we know that  every face of P has a path

connec ted boundary complex , and so from Proposition 2 . 14. 1  we have

that the link of every simplex in is path connected . Further ,

from the characterizations of Dantzig [12] and Veinott [38] it follows

that the extreme points of P can be expressed as B 1b on the

columns of B and 0 elsewhere , where B is a square matrix comprised

of columns of A with exactly one positive element per row (and hence

per column). The assumption that P is simple implies that

dim P dim sj+l m-d . We can therefore label the columns of A with

the numbers 1,... ,d = rn-dim P according to which entry of that

column is positive . Then the vertices of S~ correspond to the face ts

of F , which are among the sets {x c F ix . = O} i 1,... ,m , and

the (d-l)-simplices of S~ correspond to vertices of F, which are

therefore contained in a set of facets whose corresponding set of matrix

columns is the complement of a set of columns with a complete labelling .

Therefore is an m-d-l dimensional Leontief complex.

Two facts follow immediately from the properties of the labelling,

name ly :

1) All (d - l) -simplices  in S have the same (not necessarily

dis t inc t  or comp lete ) set of labels , since their  comp lements ~~ S do ,

2 )  If  m is the number of vertices in 5, then m < 2d , since

if m-d > d , then for some (d-1)—simplex a , the label of at least

one vertex v is exclusively in E\a, hence by (1), is exclusively

in E\a for every (d-1)-simplex a , implying the impossible fact

that the vertex v is in no (1—1)-simplex.

It is also tru’~ that the property of being L ent i v  I is r ~s~ r v -

I~ w r i  to links.

~ 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Proposition ‘4.3~ l: If S in Leontief , ~r C 5 , then fk
5
i is Leontief.

Proof: Certainly Q.k
~k -r 

= ~k5
(t u a) is path connected for

S
a € 9,k r . Let v be the set of vertices in R,k t and let a be a

S -r S

(d-l-Iti )-siinplex in 9k
5
i. Then v \O  ~ v\(a u t ),  which has a

complete labelling, and so v\a has a distinct set of labels. But

every (d-l-!TI )-simp lex a ’ in ~k5
T has the same set of labels

as a , since a ’ u -r has the same set of labels as a u ~t- . Therefore

v \a’ has the same distinct labelling as v ’\a , and so by relabelling

the vertices in ik
5

-r by the numbers 1.. .n-d-I-r t we have that ~k5
t

is Leontief.

The first theorem of this section is a generalization of the

result of Grinold in Us], and uses the same basic proof.

Theorem 4.3.2: Leontief complexes satisfy the Hirsch Conjecture .

Proof; We prove the following claim which proves the theorem .

Claim : If and 
~ 2 

are two distinct (d—l)-simplices in 5 , then

there exists a vertex v
1 

€ A
1\~2, 

v
2 

c 
~~~~~ 

so that (~~1\(v1}) u {v2}

is a (d—l)simplex in 5.

For , if 0
1 

and 0
2 

are (d-l)—simplices in 5 , then

u 02 1 < n implying

lo l\021 < u 0
21’S%02 

< n-d

and so by repeated application of the claim we obtain a path from to

0
2 

of length at most n—d .

~~~
-

~~~~~~
- -
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Proof of Claim: By induct ion on ( E l .  If S has only one (d-l)-si mplex,

then the claim is true vacuously. Otherwise , let S( > 1 and ~ A 2

be (d-1)-simptices in 5.

Case 1 ° A
2 

0): We have IA 1 U = 2d and ~~° A1 U A
2 

must

comprise all the vertices of S. Now let A’ be the first simplex in

any path from A
1 

to A
2 
(there must be at least one such path). Then

{v
1
} ,  A ’\A1 

{v
2
} and v

2
, since it is not in A

1
, must be

in A 2
. Therefore A’ (A

1
\{v

~
} )  u {v

2
} is a (d-l)-simp lex in 5.

Case 2 (A~ n A
2 r � 0) :  We have and are (d-l— JTI)-

simplices in fk
5
i , which is Leontief by Proposition 4.3.1 and has

I ~~k
5
t~~ ~

- 
S~~~~. h e n c e  by induction , there are vert ices —

v
1 

(A
1\-r )\( A 2

’\-r ) = (A
1\A 2

)\-r , v
2 

c (A
2
\-r )\(A

1
\T)  = (A

2
\A

1
)\t so

that ((A
1
\-r )\{v1

}) u {v
2
} is a d—l- (-r ( simplex in 9k

5
r . Therefore

u {v
2
} = [((A 1\T)\{v1

}) u {v
2}3 u T is a (d—1)— simplex in ~,

and so the claim , and hence the theory , is proved .

For the vertex decomposabili ty result we need to restrict ourselves

to “bounded ” Leontief complexes.

Definition: A pure (d—l)—dimensional simplicial comp lex S is called

bounded if every (d—2)--simp lex of S is contained in at least two

(d-l)—simpli ces of 5 , i.e. ~5 0.

Thus the simplicial duals of bounded pol yhedra are bounded comp lexes ,

sin o every edge of a polytope contains two vertices , whereas the

s imçlicial duals of unbounded polyhedra are not bounded complexes , since

- -
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unbounded polyhedra contain unbounded edges (ed ges containing only

o.ie vertex).

We note that links is bounded comp lexes are also bounded for if

t C S and a is a (d- (TI-2)-simplex in fk
5

T , then a c T is a

(d—S)-simplex in 5 , and so is contained in at least two (d-1)-

r i m p l ice s  a1,c2 
in S.  But then a

~ 
and 0

2 
both contain a ,

and so o~ \t~ a
2\t 

dry (k- (r (-1)_simp lices in fk
5
t containing a.

Theorem ‘4 .3 . 3 :  Bounded Leontief complexe s form the independent se ts

of a matroid .

ProoF: Let S be a bounded Leontief  comp lex of dimension d-1 on

set 5. Certainly S is closed under inclusion . Now let A c £

ir~ i O

l~~~
0
2 

be two elements of S which are maximal with respect to

being contained in A. Then it must be true that = A
1 

n A ,

0
2 

= A

2 

A , where A 1,A 2 
are ( d — l ) — s i m p l i c e s  in 5 , in particular

L\.\
1
, L\A 2 

a r -  completely labelled.

Now su f- l one lO l l > 10 21 . Then I A\a11 < (A\a21 , and both these

set h ive d i s t i n c t  tab - -is . Hence there must be some label in A\0 2

w hj~~- h is j io t  in A\o 1
. le t v be the vertex with thin label. Tiet -

i i ’i ~~t also be a ver tex v ’ itt with t h e same label as v , and

so -~~~ ,ur-;e v ’ A .  Now S bounded irni -lies that there is a

(d-1 )-simplex A ’ � A
2 

in S containing A
2
\{v’}. But A ’ has the 

ime not of labels as A 2, and the  onl y other  vertex in

w i t h  t b - i t  i i v l  must  be ~ ‘ . So

— 
—.------ - ----- - — - -- ---

~
---— -- .- . —.—-~--— ------- -- ~~~~~~~~~~~~~~~~~~~~~ - — -~-- . ---- — - - -  - — --—- —-——---- 
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A ’ it A [ (A
2\(v

’ } )  tj tv}] it A

U {v}

im~ lying that 0
2 

was not maximal as a simplex of S contained in A.

Hence 
~
°2~ 

= lO l l and so all elements of S which are maximal with

respect to being contained in A have the same cardinality . Therefore

~; forms the independent sets of a matroid .

Corollary 14 . 3. 14: Bounded Leontief comp lexes are vertex decomposable ,

and hence also shellable . -

Note : Boundedness is essential here , for the complex below is a Leontief

complex , appropriately labelled , which is not vertex decomposable

(removal of any vertex leaves a complex which is not pure).

1

3

- ~~~ ~~~~~~~~~~~ ~~ -

3 2
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4.’4 Distribut ive Lattice Complexes

Let P = (E ,<) be a finite partially ordered set . We say that

P is a lattice if every two elements a,b in P have a least

upper bound a v b  - an element y C P with y > a , y > b , and

y < x for every x e P with x > a, x > b - and a greatest lower

bound a A b - an element y ~ P with y < a , y < h , and y > x

for every x € P with x < a , x < b. P is a distributive lat t ice,

if in addition the operations A , V satisfy ei ther of the  two

equivalent properties

1) a A ( b V c )  = ( aA b ) v ( a A c )  a ,b ,c r P

2 )  a v (h A c )  = (a V b )  A (a v c)  a ,b ,c C P.

An important property of distributive lattices (see [7] 111.3)

is stated here without proof . Let L be a distributive lattice ,

arid define a meet irreducible element of L to be any element x of

L with exa ctly one successor , that is , there exists a unique y ~ L

such tha t y x and i f  y > z > x , then z = y or z x. These

elemento form a partially ordered set under < , which we shall denote

Define an order ideal of to he any subset I of closed

und~-r  < , that is , if x I and y x , then y c I. Then :

Pt - o ,~osi t ion 4.4.1: L is isomorphic as a lattice to the- set of order

Heals -~~~~ 

~L 
with < b- sing replaced by C , A by it , and V by u.

Thi~ m e t ns t h a t  every max ima l chain (totally ordered set) (~~ L

has the same e -t rd inility n+1 , where it is the number oh irr ed u cib l y

-

~ 

~~~~~~~~
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elements of L. So the lattice complex of L , 
~~~ 

defined on the elements

of L to be 5
L 

= c LIS is a chain}, is a pure n-dimensional

simplicial complex. We will spend the remainder of this section

proving the following .

Theorem 14.4 .2: If L is a distributive lattice , and is of

dimension d , then can be derived from the d-simplex by a series

of stellar subdivisions .

By Proposition 3.2.3 we have an immediate corollary .

Corol lary 14. 14.3: If L is a distr ibutive lattice, then 5L is vertex

decomp osable , hence is shellab Le and sat isf ies the Hirsch conjecture .

We f i r s t  prove a lemma .

i vrnmd : If S v .E’ and (a
1,

X
1
),... ,(a ,X )  is a ser ies of stellar

subdivisions performed on 5 ( 5 = 5 , 5. = st(a.,X .)[5. ]) such
0 1 1 1 i—i

that v ~‘ X . I = 1 ,... ,n , then the resulting comp lex is identical

to the complex v . E ” , where 5” is obtained from 5’  by the same

ser i es  of ste llar subdivisions .

Proof : It is sufficient to prove

st(a,X1
)[S] = v .st(a1,X1)[E’].

But v j ;< 1 imp l ies 
~l 

~ 5’ , and so

--——. 
.
~~~
-- _ _ _ _ _
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z t ( a1,X 1
) [5] = (5\X

1
) U a1

.3X
1

.~~k 5
X 1

= ~.(I’\X1) u ~~
1
.3X .~~~.ik

5
.X
1 

(Lemma 2.3.2)

= .st(a
1
,X
1

)[E] .

Proof of Theorem: Let (E ,< ) ,  so that has vertices labelled

v~~, where S c S is an order ideal of 
~L ’ and dim = ( E j .

We prove the following claim , whi ch proves the theorem ;

Claim : Let A = {v~~~~((a) {x € E (x < a}, a C LI u (V ~~01 j, and let

S
1
,.. .,S be any ordering of the  order ideals of such that

> s ... > s . Finally let X . = {v a is a maximal1 — 2 — — fl 1 (Cd )

el m n n t  is S. }. Then (v ,X ) , .  . . ,(v ,X ) is a series of stellar
S 1 S n
1 n 

— 
. - -

suHriivisnoflo which , when performed on the comp lex A , v ie]ds

P~ - f  of Claim: The proof is by i n d u c t i o n  on L E I .  If  I F I  = 1

then  { v
5~~v ( Ø )

}~ A = fv 5~v{Ø} }l and X
1 fv

5
}. Hence

is again A 5L~ 
Assume , then , that  ( E l  > 1. W e

ha - ’y v~ = V~~ i~ a vertex in which is in every maximal simplex
1

- -i 5
L ’ 

since  5 is l i i  every maximal  chain of L .  Thus

~‘c 9k s v~ . F’u L t h - -r , since S
2
,. .. ,S are proper subsets of 5,

L

ti-si X2,... ,X osuon ot  con ti i n  V
E
. Hence it remains to prove , by

th e lemma , that tk . v .. i - the stellar s u b d i v is i o n  of 9k - — V
L st (v

5 ,X 1
) [ A ]  E

by (v
~ , ‘/.~~~) , .  .. ,(v

~ 
.1< ).

Now ,

— ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - : - - -
~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- 
-~~~~~- -- - 
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(Lemma 2.3.1)

= 3X
1
.~~k~X1 

(Lemma 2.3.2)

= cl( (X
1\v< )

).(A\X
1)(a 

is a maximal element in S (=S
1

)}

= c1{A\v~~~~Ia is a maximal element in E}

which is non-empty , since A l  = (s (-i- i > o.

For each A\v, >  as above , associate the comp lex 5
a 

of fk
5 

V
E

L
generated by the (d-1)-simplices {a

~ lr u {E} is a maximal chain in

L with E ~ F and E\(a} C r}. Then the S ’ s partition the (d-l)-

simp lices of fk
5 

v5, since each chain contains exactly one set of size
L

(~~(-i . Now each 5a ~~ itself a dis tr ibut ive lat t ice complex of the

form , where (E\{aJ- ,<), since v . . .v C 5
a 

iff
a a 1 k
,u
k
} is the subset of some maximal chain I’ in L with S ~ F

and E\{a} C F 1ff {a
1
,.. . ,u~ } is the subset of some maximal chain

in L iff v .. .v ~ S . Finally , the set
-3 U

1 
U~< 

L

A (V
s 

S
b 

= {x E\{a}Ix <b}, b C E\(a}}

{v~~ )lb C E\(a}} (since a is maximal)

li - r i ce  by i nduc t ion  on j E \ {a }(  < E l ,  we have , for’ the ordering

, .  of Those S. which are oi der ideals of P
i~~ i

i 
1 L

- —

~ 

- - - - A
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~ 
j~ , that (v

5 ,X~ ) , . . .  ,(v5 ,X~ ) is a series of stellar
) 3~

s u b d i v is i o n s  of A which yields S , where
a a

= {v (S c ~ with b a maximal element in S. Jb a

= {v J b  a maximal element in S . I

(again since a is maximal)

= x.
1 k

Therefore (v
s ,X 2

) , . . .  , (v
~ 

,X )  is a series of stellar subdivisions of
2 n

u (5 (a a maximal element of E} 9k — va st (v
5
,X
1

) [A ]  E

whi ch yields 9k
5 

v~,. This proves the claim and hence the theorem .
L ’

Hot ” : Sections 42  and 4.14 deal with three classes of complexes of

a ty l e known as “construct ible” comp lexes (see [36]) .  Stanley [3 14]

citt-n these classes , along with the boundary complexes of polytopes,

is the four known classes of constructible complexes , and poses the

~1uestisi : “Ar° co n s t r u c t i ble  complexes shel lab l °?”  Qf course the

i n u , r t h  class is shellab.le h~ Proposi t ion 2 . 5 . 1 , and now the first

three :lan~ es have been •:stabliril~.n1 -is shellable classes . 

~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -—-------.---.-~~~ -— - — ---- -— -- ---
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4.5 The Boundary Complex of  a Cyclic Polytope

The cycli - po ly tope  C (rt ,d )  of d imension d > 1 with n > di- l

vi i t i  ‘s ( L [I J ~ 14 . 7)  del m e d  to be the convex liul 1 of the  po in t s

2 d d n
t v .  = (-t., t .,...,t .) R I.

1 1 1 1

wher e t . ire real numbers w i t h  t < t ... < t . C(n ,d)  is a1 2 n

s imp l ic i al  pol ytope , and so h~ s an associated (d-l) -d imensional

boundary simp licial n-anplex , which we will also call C(n ,d) , whose

maximal simplices c iii be described on the set y = {v
1
,... ,v }  as

follows :

Gal e ’s Evenness Criterion (GEC): A d-set a c v is a

(d—1 )- simplex of C(n ,d) iff each two vertices in v\o

ar. se; -ir-o ted (in the order ing v
1
,.. .,v ) by an even

number- of vertices of o.

Table  1 disp lays the examp le C(8 ,3), where the 3-simplices are

g iv ri by the r n w ~~. Cj c li c  polytopes and the i r  comp lexes are important

b c a lse the f i ~ e structure maximizes simultaneously for all k the

nusbor’ of k— l - incr ; in a d— po i ytope (or even s irnp l i ci a l  ( d — l ) — s p h e re )

with n vertic - - .; (xc-e [27] and [3€]). They have been further s t i thie d ,

w i t h  renp ’-e -~ t -  t h e i r -  s imp lic ia l  d iameter , in [211 .

Theor em 14 . 5 . 1 :  The b uindar- - ’ :omt lex if a cy c l i c  polytope is v e r to x

-- s -ab 10

We firct prove u emma :

— —~~~~ -~
—-- ------- - — — -

~~~
-.- —- -

~ 
—-—- 

- 
~~

‘- —
~~~~~~~ 
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v , v2 V
3 

V
4 

V
5 

V
6 

V
7 

V
8

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 L 1

1 1 1 1

1 1 1 1

Table 2

C(8 ,3~

—-

~

---- -~~~~~ -~~~~~~~~~ --- ---
~~
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~~~~~~~ 
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Lemma ; Let the simp l icial comp lex C( n ,d)  he described on vertex set

(v
1
,. . . ,v }  by Gale ’s Evenness Criterion . Then:

1) For k < n-d-l , C(n ,d)\v \. ~\v~~~ is pure (d.-1)-dimensional.

2) Li a > di- 2, C(n ,d)\v \v 
~ 

= C(n - l ,d)\v 1.

3) For d > 2 , tkC(n d)
V
n 

= C(n-l ,d-1).

4) For d > 3, 
~
k
C(rl ,d)\v

Vn_l = Vn_ 2 2
~

d_ 2 )
~~~n_ 2~~

Proof of lemma: 1) Let T C C(n ,d)\v\. . .\vf l k , 
so that v~~ 1 ~

= 0,... ,k , and -t c a for a of dimension d-l satisfying GEC . If

cr n {v , . .  . ,v } 0, then we are done . Otherwise , we can delete the
n-k n

contiguous blocks of vertices of a containing v ,. . . ,v~~~ and

redistribute those vertices into the lowest indices not included in a.

The new d-set a ’ again satisfies CEC , since any two vertices in

{v
1
,... ,v .

1}\a
’ are separated by the same set of vert ices as they

w i-c in {v
1,. .. ,v }\a. Therefore a ’ is a ( d — 1 ) - -simplex in

C(n ,d)\v
fl
\...\vf l k ,  and so it follows that C(n ,d)\v \...\v k 

15

l ure (d-1 )-dimensionaTL.

2 )  B y ( 1 ) ,  we need onl y prove that the (d-l)-simplices of

C(n ,d)\v
r \vn 1  are the same as those in C(fl_l

~
d)\Vn i • But a d-set

o {v 1
,. .. ,vn 2 } is a (d—l)-simplex in C(n,d )\v \v 1 

iff

o (v
1
,... ,v

d
} as a sati sfies GEC on {v

1
,. . . ,v }  and there ire

in even number of vert  ices in the l us t  b l ock  i f f  0 s i t i sfies (iLC i t t

{v
1 

v
1
} arid there are an even number of vertices in the last

h~ ock iff a in - i (d—l)— simplex of C(n—l ,d)\v 1
.

is u (J-2)-simplex in the (pure ) comp lex

itt e = -r u (v} is a (d—l)—simp lex in C(n ,d )  i f f

- - - - - -
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v c a and a satisfies GEC on {v , .. .  ,v ) if v c a and
fl 1 n n

c,\v satisfies GEC on {v
1
,... ,v

1
} iff r c C(n-l,d-1).

4) C(n ,d)\v~ is pure dimensional by part (I). Further ,

-r c [v
1
. . .v

2
} is a (d—2)—simp lex in tk

C (fl d)\v ~~~~ 
iff

a = r u (V
1
} is a (d-l)-simplex in C(n,d)\v 1ff “

~~~~~~ 
C a c

(v
1
. . .v

1
} and a satisfies GEC on {v

1
,.. 

~
vn_i } and has an

even number~ -)f vertices in the last block iff t = O\{Vn l } sat isfies

GEC on {v
1
,... ,v

2
} and has an odd number of vertices in the

last block 1ff V ~ — r and t\V is a (d—2)-set which satisfiesn-~ n— 2

GEC on {v
1
. . .v

3
} and has an even number of vertices in the last

block iff t is a (d-2)-siinp lex in vn 2 •[C(r1_2
~
d_2)\V

n 2 ]• 
And

so , since fh
C( d)\

v
l 

is defined by its (d—2)—simolices , then (4)

follows.

Proof of Theorem: By definition C(n ,d) is pure (d-l)-diniensional.

We prove by induction on (C(n ,d) ( th it V
n 

is a shedding simp lex

on C(n ,d) by Definition 2.

First  note that C(n ,l) = cl{v
1
,v }  (a two point comp lex ) and

so cl early v is a shedding simp lex for C( n ,1). This gives us the

statement for jC(n ,d) ( 3.

Now let (C(n ,d)( > 3. We have by (3) of th- lem~,i that

~
k
C(rl d)

V
n 

= C ( n -l ,d- l ) , and so is Vertex decomposable by induct ion .

Case I (n di-1): Then C(n ,1)\v i s a (d-l)-simn- ox and so is

v ’-rt cx decomposabLe .

Case 2 (n  > d + 2 ) :  By (1) of The t~emma C(n ,d )\v is ~~~15C (d—1)-

dimensional. Now consider the vertex V in C(n ,d )\v . We have
n-i n

(C (n ,h)\v )\V
1 

C (s_l ,d)\vn i  
which i s v e r t e x  decomposable , since 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - -_ _ _
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by induction v~~ 1 
is a shedding vertex for C(n—l ,d). And

R
~
kC(n ,d)\V Vf l l  is either a point set if d = 2 , or equals

- . ( - (  i I ~~~~ ,H- - : )\ i  . 1 ii 1 :- 3, by ( I t ) of t Ito l e m i i i . To I I I  Fir - :t COSC
i i - -  11— —-

every point set is vertex decomposable and in the second case

C (ri_2 ,d_ 2)\Vn 2  is vertex decomposable since , by induction on

v
2 

is a shedding vertex for C(n-2 ,d-2), and so by Proposition 3.2.2,

v .ik v is vertex decomposable.
n-2 C(n ,d )\v n-i

Therefore V
1 

is a shedding simplex for C(n ,d )\v , and so

V
n 

is a shedding simplex for C(n,d). This comp letes the induction

step , and hence the proof of the theorem.

Corollary 4.5.3. C(n ,d) is shellable and satisfies the Hirsch Coniecture .

14.5 Three Non k-decomposable Complexes

To end this chapter , it is only fair to give examples of some

fairly reasonable complexes which are not k-decomposable or weakly

k-decomposable for various k.

Examp le 4 .5.1: The Klee—Wa lkup c : i r 1 t e I - c x a m ~

This is the dual complex to the unbounded polyhedron coristructe1

in [241 with presenta tion

(-6 -3 0 1 ’
\

1 —
~~~ —6 1 o \

I < I
— 35 —145 6 3 

/ 

— 

-S

-35 3 6J \çe

in - I ho it complex -I! - -so 3—simp l ices at-” riven a- - the rows in Table 3.
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v v V V V V v V
1 2 3 4 5 6 7 8

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

Table 3

Dual complex to the Klee-Wa l kup -ounterexamp le

_ L - - -  - --
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It has dimension 3 , 8 vertices , 15 3-simplices dnd diam E = 5 > 8-4,

and hence by Corollary 3.5.2 cannot be strongly vertex decomposable .

It 1; , however , 1)0th weakly vertex decomposable through shedding order

v
1,

v
4,

v
5 ,

v
3 ,

and l — d e r o u w osable by v 12 ,
v
24

,v5,v8
. 

-

Example 4.5.2: The Rudin Counterexampie . - :

This is a triangulation of the geometric 3-simplex constructed in

[31] with complex given in Table 14- . It has dimension 3, 14 vertices ,

‘41 simp lices , and is not shellable , therefore not strongly k—dec omposable

for any k. The status of weak decompos ition is not know-n .

Examp le 4.5.3: This is part of a construction by Barnette [5], and

in- one of the simp lest examples of a non vertex decomposable complex .

It is a comb inatorial ball which is not the dual comp lex of a poly hedron ,

since the suspension of its boundary to a point produces Barnette ’s

example , which is not the comp lex of a polytope (see Chapter 5). Its

construction i: straightforward . Consider the triangular prism as in

Figure 1 on vertices a , b , c , a’ , b’ , and c ’ . “Twist” triangle abc

so tic -it the sides of the prism are no longer planar. The convex hull

of (a ,- t ’ ,b ,b’} , {a , i ’,c , :’} ,  {b ,b ’ ,c,c’} are three 3-simp lices in

(see Figure 2). Now these simplices each have two 2—faces which face

rho inside of the prism , and these faces , along with the 2-simp lices

abc aiid a ’h’c’ form a 2—s p here . Place a point  d in the interior

of t h i s  2-sp here and let the r ema in ing  s imp lices in E be the convex

h u L l  of d and these two s im p l i ce s  (see F igu re  3) .

L

~

—

~

- .---

~

--..

~ 

— ‘-~ ---~~~-—- ---—-.—-- - - -
‘ 

.~~~~~~~
__ 

_____ _____
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V
1 

V
2 

V
3 

V
4 

V~ V
6 

V
7 

v
8 

V
9 

V10 v11 v12 v13 v14

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1 1

1 1 1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1

1 1 1
1 1 1 1

Table 4

Rudin Counterexarnple

~ 

~~-
- 

- - - -—-— ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~~~~~~~~~~~~~~ -- -‘
~~~~~~ -~~~~ —-
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a h a b a b

A ’  \ A  I~ ’
- IV / d,~ ~J/1% I’~~ I, •‘/ ,

~~ 

I I,
/ 1 %  / ‘‘ I/, ‘t I ‘~ I’ ‘ I

~~~~~~~~~~~~~~~~~~~~ 
a’ 

~~~ 

b’ 
a’ 

~~~~~~ 
b’

Figure 1 Fi gure 2 Figure 3

The resulting comp lex , given in Table 5 , has dimension 3 , 8 vertices

and 11 simplices . it is neither weakly nor strongly vertex decomposable ,

since removal of any of the point s a , b , c , ~~~~ b’ , c ’ leaves a

maximal 2-simp lex on the appropriate side simplices , and removal of d

leaves a maximal 2-simplex in the top and bottom simp lex. It is,

however strongly (hence weakly) 1-decomposable by shedding order

ic ’ , c , c ’ , a ’. It also has diameter 3 < n-d—1 , and so even for

“reasonable” complexes , the converse to Theorem 3 . 5 . 1  is not

necessari ly  t rue .

Finally ,  we note that the simplex abcd can hi’ r -rnoved fr-on th e

complex with the’ same results , and this complex is pr t al- ly the sm~iJ 1es t

example of a non-strongly vertex decomposable ball.

______ 

JI~

______________________ — --- -
~~~

-
~~~

-
~~~~~~~~~~~~~

-

~~~~~~~~~
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~~~~
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a b c a ’ b’ c ’ d

1 1 1 1

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

Table 5

Comp lex of Examp le 4.5.3

— .
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CHAPTER 5

TOPOLOGICAL PROPERTIES OF k-DECOMPOSITION

5.0 The purpose of this chapter is to investigate the conjec ture :

All p iecewise linear spheres are vertex decomposable . In fact , it is

an open question [11] as to whether piecewise linear (PL) spheres are

shellabie = d-decomposable (FL-balls are not , as Example 4.5.2 shows).

We present here what we consider the strongest characterization of

strong k-decomposition of p iecewise linear spheres which can be obtained

by considering onl y the topolog ical properties of the sphere , and

ment ion two in teres t ing applications to shell ing theory . Much of

the material in this section is in [26) and [19], so the reader should

consult these for clarification or examples.

5.1 Homology Theory

Given a d-dirnensional simplic ial complex E on a set E = {e
1
,. ..

arbitrarily n umbered , define for each integer in the rn-dimensional

~~icial chain group 
~~~~~ 

to be the free abelian group generated

by the m-simplices of E , i.e., the group with elements of the form

a a  + . . . + a a
1 1  p p

whe r e are m-simplices , a. integers . We take the simplex 0 to be

a (-1)-dimensional simplex , and of course S (s) = 0, m < -1 , m - . d .

The boundary operator 3 : S (
~

) -
~ S (~~) is defined on rn-simp lex

—~~~~~~~~~~ — m m rn— i
0 e~ ...e . i < ... < i  , to be

1 1 1 rn-i- i
I m-t-i

76 
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m+l
3 ( 0 )  = ~ (— i)~~(a\o.

j = 1

and ex tended  ti i j eir-t ’, to  ~‘ ‘ne-ra1 e lements  of S (s). It can he shown
m

th- it 3 o3 = 0 and so Irn 3 3 (P (z)) is a subc’reup of
m rn-i-I m m

1<er 3 (Cr S (P)~ 3(a) = O}, and so we can define the reduced
rn-f rn-i

i i  i i ~~ locy 

?~ (E) = Ker 3 /Im 3
m m mi-i

wh~ ~h tu~-s cut to be independent of the number ing  rf the set E.

Tsr h otnolo ,~-y theory  resul t  of importance to us is the fol lowing

( [ 2 5 1  T ! - - u r - s - 4 . 4 .6 and subsequent c o m m e n t s) .

T~ r ’ c c s 5 .1 . l:  Giv en compl exe s L , NI , the Mayer-Vietoris sequence,

d’ : f i n r - d  f c  all m b-,’

r1 
‘~ 

‘m ~ ~m n- 0rn—1II (L  NI )  h -I ( L )  ff1 H ( M )  -* H (L u T-~) -
~ H (L. n NI) -+

m m

(wh ore I i  , c. eel ~
- ar~ homomorphisms and where’ by A ~ B is meant

iii m

I t . - n-cup {a-i-H-i A , b 13) w i t h  the  e lements  of 
- 
A and B taken

b 1i~~ iric t , is -In exa- t sequence , th it  is , In r~ = Ker ~ ,m m

• is i i:~ ~~- = Ker q : cr  all inte~ ers in. -
~~~P ~ in rn-i 

- 
. 
. i - no~ t ’~ -- ) r ’ t - i r l t  t i ’  us ex ~ r ly wh - -~t the  fu n ic —

5

~

- - 5 ) i ’ f l ( ( -  J ;  ( - ~~ ~ We do ,

- 
- t t  ‘i i . ~or in I - rn - r i- x
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n NI) , which in- the equivalence class of an element x i S(L n NI )

S (L) n S (NI ) we define
m

n (
~~) (-x) % € (L) ~ ?~ (M) .rn m m

A homology cl-manifold is a sirnplicial complex E for which every

non-empty simplex a in E has

(0 m � d - ~oI
(tk  a )  =

m ~
O o rl m d— l o I

The boundary of E , 3E , is that se t of simplices a for which

11
d 

(fk~o) = 0. A homology d-manifold is a homology d-ball if

= 0 for al l  m , and a ~~~~og d-sphere if

(0 m~~~d

~ (
~

) =
m 

m = d .

To r i-i to this definition to the standard one (eg. [26] Definition

5.4.5), and 1:; a usefu l  lemma , we prove

Lemma 5.1.2: If E is any simplicial comp lex , and a is a non-empty

cimp iex in E , thien

i) ?i ((c\ ).9.ko) (tk a) for all rn
rn-I 

~. m-~a E
i i )  i~ (~~.Y k a )  = 0 for all m .

iTt
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if  K is a r ea liza t ion  of I and ~ is the geometr ic  s implex

corresponding to a in K (see Section 5.2) then ( c r \ a ) . fk
1
a is the

“link” and o .Zk
E
a the “closed star ,” in the sense of [26] Definition

2.4.2, of any point in the relative interior of a. It becomes a

simp le argument  to show tha t  I is a homology d-manifold if f each

p o i n t  in K has a “ l i n k ”  wh ich  is a homology ball or sphere , or

equiv -rlerrtl y, itt every point in K has a “closed star ” which  is a

homology d-ball.

Proof cf Lemma : We use a number of specialized topolog ical fac ts from

{2(], name ly ,  Ian I’ any complex :

1) (cr\o).F has the same homology as 
~~~~~ 

s 1 1 ~~~. I’ wh ere

S . = fa i, b .,ø} are distinct two point complexes (Examples 4.3.12,

2 . 2 .18 , and ccn-:nentn- at the end of Section 2.3).

2 )  ( S .  .r) = ~ (r) for all m (Theorem 4 .4 . 1 0 ) .
in-i- I i iii

~~ ~~~~~~~~ 
= 0 F - i-

~ v a vertex not in ~~ , al l  in (Theorem ~4 . 4 . i O ,

act cent el len - of proof).

i t  follows that

~ 
~~~~~~~~~~~~~~~~ 

= H
1

(S
1 

S
ki 1

.f k
1

a)

= H (S S .~~k a )
m—2 2 a — i I

= II (ci< a) for all  in
1

and

~i ) 
~m~~~~~

k
1
0) 

~~~~~~~~~~~~~~~~~~~ 
v
1 

e a ,

0 for- all m.

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~~:~~~~~~~ - ---a _ _ _ _ _ _
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Remarks :

5.1.3: Homology d-manifolds are pure d-dimensional complexes , for

if a is a maximal simp lex of I of dimension k < d, then

9~k o  {Ø}, and so

= H
1
({Ø}) = Z � 0

wher e ~t < d-~ cn~ , a contradiction .

5.1.4: The link of each non-empty simplex in a homology d-manifold

is itself a homology sphere or ball , for its links are in turn links of

I , and hence have the required homology .

5.1.5: The boundary of a homology d-manifold is a homology (d-1)-

manifold ([263 Theorem 5.4.14), hence is generated by its (d—l)--simp l ices ,

But a (d-1)-simp lex a is in 31 1ff fk
1
o is a homology 0-ball , i .e.

a single point . We have then that  31 is exactly those simp lices con-

tainied in some (d-l)-:;irnp lex which is in turn contained in exactly on e

l- sirr p Lex. The simplex 0 has not been inc luded in the definition of

boundary . Since we will be working exclusively wi th balls and spheres ,

however , we can -xtend the definition to include 0. and technically

i r i : t u - l r ’  0 in general manifolds whenever the boundary is n o n - e mt ty .

The defi nition here, then , matches that given in Sect ion 2 .2 , so we need

make no further distinction .

5.l.6~ Homology cl-spheres have the nice property that they have
k

no 1c- r r rd - i r y , for if 
~ 

m .o .  is a non—zero element of H
d

( E ) , then
i= l 1

k k
0 a( ~

‘ 
n .a.) ~. 1 1  • 1 1

i=1 i=l

—- ~~- - —— ~~~~
— - - ‘ - -  - — -

~~~-- -  -
~~ 

- ,  
~~~~~~~~~~~~~~~~~~ -

~~
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and so every (4-1)-face of each must be contained in at least one

other , and hence exactly one other , a. j � i. Therefore
k

I’ = ct( u a.) has no boundary . But then any d-sirnplex in z\E ’ can
i=l 

1

intersect I’ in at most a ( d - 2) - simp l e x . Hence if T is a maxima l

simp lex  ~r ~:‘ n c1(E\~.’ ) ,  then

1k
1,

T n ~k01(1\1!)
T =

i n p i - 1’ins 9J~~~, T in-i 
~
b
l(IV~ )

T are not connected by a path , so tha t

Q J- ~~ T £k 5, r u ~k 1(~ \1~~)
T has at leact two path components , and

~ 0 ([26] Example 4.2.13). But the choice of -n means that

d iC ( ~‘f . t ) 1 and th, r fore fk
1
t cannot be a homology bal l or sphere .

Thus :\3.’ 0, and so I’ = I has no boundary .

5.1.7: Homology d-balls and 4-spheres belong to a more genera]

~~‘ ic - cf -orn~~Vx”s n - i i i P d  Cohen-Marau lay compl exes , tha t is , comp lexes

~. for which n -y r - -i simp l ’ x  a in 1~ ( i n c l u d i n g  a = 0) has

H ( 9 k
1

o )  = 0 o~:cept n-ossably at in d — i a i .  These comp lexes will have

rdde - i  im portance ~n the  fo l lowing  sect ion n - .

5 . 7  il cncmc 7’m n- cl r r - ~n - rt lee of k-decomposable Complexes

We prove n - j r - i l  hornological  c hirac t --ri :-t in-s of ci I. k—d c-corn i ce; ibm —

c:ornI Iex (is pdrt icu lar l ;  homology ici Ils and sph eres , and prec’ nt some

i n t ~~r - t  i r i m ’ a I p l I c u t  ions  t - ,  s h e l l  in~ t- spheres .

Fit  r - o r n 5 . 2 . l :  k—decom1’csahl.e comnlexes are Cohen-H-i- - - - in ri.

- - - 1~i:~ t Irr i~~~I 
-

- 

r - — 
-
- -r ,.-~ ~~~~ ~~~~~ 

-- -
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Proof: Let I be a d-dimensional k-decomposable by Definition 2. If

1 is a d-sirnplex , then each face a € I has ik
1

a a s implex , and

hence by Lemma 5.1.2 (ii) has 0 homology everywhere . Otherwise proceed

by induction on I I I  > 2
d+1

, and let T be a shedd ing simp lex for I. We

have I\T 4-dimensional k-decomposable , and Q~k1
r (d— (~~j )— d im e n s i o n a l

k-decomposable , imp lying that 5.9.k
1~ 

is d-dimensior-ial k-decomposable

and (
~ \t).~ k1

i is (d-l)---dimensional k—decomposable (Proposition 3.2,2 ) ,

F u r t h e r , I E\T I < I i ! ,  I G\i-).~
k
1t I 

< 
~~~~~~ 

and It .~k1T I  < ki (since

E \-n con t a in s  at least one d-simplex not in T . f k
1r ) .  Hence by

induct ion  i’i .( E \ )  = 0, ~L(r.~~k1
r )  0 except poss ibly  at i = d , and

= 0 except possibly at i = d-1. We can therefore set

the Mayer ’ -Vi ;toris sequence as follows :

~ ~m
(
~~~~

k
1~~ 

n ( I \ T ) )  
~~ ~m~~~~~~I

T) ~ H (I\t)

~ ~~~~~~~~~~~ 
U (E\ t ) )  

~~ ~m_ i
(
~~~~~~

T) a ( I \ t ) )  ~~~

i n the same as

~ ~m 
r\t k

1
t) 

~~ ~m~~~~~ 1
T) ® 

~~~~ 
t )  ~~

~~i 

~m~ i 
t\t  k

1
r)  ~ . . .

But for every m � d w’ - have

-
~ 0 ~ 0 Fl (I) ~ 04~m

- ---- - -—, - -  — - --- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and since the sequence is exac t,

Ker ~
, = m i  ~ = 0
m m

so th~ t 
~ 

is -~n inlection into the zero space imply ing 
~m

( E )  = O~

m � d , tliris provirlh the theorem for a = 0. For a � 0 we simp l ’i

riot- - , by Proposition 3 .2.1 that Qk .~o is k-decomposable and that

hence  by rid -: t ion ~~~ fk~ rt) = 0 exce: t nosnibly at

m = d - i a l  . This ct:~~]:t~ s the ni-o i~ er thc t b  m n-ti .

i 2 e ; e i r n  5 . 2 . 2 :  is -~~ lam - - - -~~~; n - — i - ; } i~
- - r . ’  j f lJ T 1 ~r s imp lex

a 3 , m~~. - r - \ is nrclor ’~’ - - i - i  ii

i t _ a t : t is -i ~ f l _ :- - m i t  ~ pr - ye :1 ’ . th rl H (~ \:) 0 for ill

t :L: , c’ t r o- n-y - ;lr: t -x ~ Y\t , i n  t ~ Y~~~ o t1 -ii

r i -  1 t 2~~~o ‘ h - -: by m e - p  5.1.6 = ( 2i.~1
a )\T i s  a h o m o 3 - r y

l — ~o l sj L - r  w t h  t i  - citrit- .irix t n- may’ I .

~~~, t r w  - .- ~~~ up ‘ c’ N I - i - - i -  1 i i i  - c - i n-nec -is in T~~ i arem n- . 7 . 1:

~ i~~ t \ - n ) . i~~. . t )  • H~~~~.;k~~~) ~ ~~ (i \t )

~r -l 
( r \ .  ).~~k~ T )

W- ha-i’~ by L - mmii i 5.1 . ‘ in - I ! tn ~~i’k . I • 1-

- -
~~~~~~~~~

- -
~~~~~~~~~~~~~

- -  -
~~~~~~~~~~ :L - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
~~~~~ - --

~~~~~~
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i !  ((i\-n).tk
1
r)

~~O ni~~~ d-l

(i. ?k il 0 all mm

(1 :~~~~ l

~ (Em

0 r n / i

l i i - :  I iii • 1— L m l  m > d ‘ h, e-
~~

- e t r  e is

F .,
0 r ( \ i)  0

n ’ :  ~~ ~n~- 
~~~~~~ ~\- I - i i . h~ • - ‘ -  - t l i - I ’ ? t ’ t i - -m ’  j -  ~it p j -

r i  
~ I • 1 

~~~ 

( 1  i\  ) .  .~~ 

I

- 1~~~ l i i ’  - i i  I ii i;- 
d— l 

h. ~

- a t .o .  f’ ,i i ’d  r - ’ - - ’ ’ r I ’ a ’ :  Mr in ~4
( 1)  o t , -  

~‘ - “‘ m l  ‘r - ‘

l~~~~ ) .  F:~~ ’ rr , i r  .0.  m i - I in ( - 1 J O - m 1 i  ‘ - ‘ ~-‘H; .ic”s

U- - miS i I i  — 
* 

whr n ‘ - a . i n - ’ i I • ho- ‘
1=~~ 

~ -
~ 

1
1 

I Q

in . 2 -w 
~~
(
~~
) ha:- r n — n - i  rn; l e t s  CX IC I iy rn ill ‘h

(i — I ) —  i rr i r l c -e.5 :n ~t \ r  ) . ck r r , :~~~~t~~ ‘ ,i n - ’ 1] P n~ r C n - i PX ~ - ‘ ~~

t I - i  nm- n t ;  u t  i n  (2\-n ) n ( T . k~~~~~ t ) .  f’rj r t h e r  a ) 0.

H en - ‘- 2 

~~~~~~~~~ 

i - - j I - n -e f lt S  the uni que gn -n -r at or  Of U
4 1

((i\i ).~~k1
i )

( s i n - - n 0 ) .  But  114 1(3(y)) (0 ~ ) 3 (y  ) Whi ch  ~:- 0 in

- - -- -~~ -- - --- - 
- -

~~~~~~~
=

~~~~
. - -  - - ~~~~~

-
-

~~
— -

~~~~~~~~~~~~~~~~~~ -- —~~-
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i t  ~~~. um I n - - tl~~ . J m e m ~~~~o n - , s i n ce  is onto ,

0.

Tim ::; o i l  • 
- - a- c - i , In: 1 ~f 1 0, - i i i - - i t is onto

i - f l  ) I. j u l  ti ’ n m ’- - i’e~ i - -
~

- z 1) 1 
~~~ 

\ r ) . ‘F lm ~ n t  mr

I t  \ ‘ 0 r n  t~ in. mud h e r m - e - \ : ~t -1 tlenn rul c- tv d—bal l .

ft rr~uri~~~. ? . 3 :  be-’’ I 1 -  i m - :n - l i ,- 1 — b a J i  ‘ d — s l l e r - . T simp ex

in  7 . T’ r r I r e  s i r : • n :  sin i c i ’ ’ r t c n-c i t  ion t -  -: - \r  m

rUl ‘ 1 - -

- I ‘ - 4 k . n ~~~ , -‘ ~~ ‘

~r ~ rm i • i t  I , .  ‘ 1  1 - fi~ -~l ‘ m . t i ,.\t is ‘ : - lug’,’ d — L b~ -

f ’  : - 
(1 • I • 

- 
~ 

- 
i~ 

Z ’\ t  . I n — 0 • w r : .  - ‘ - I  - ;  ‘ -

— V i  - a i - , • . .a ’  l i i  I ‘ ‘ i ’ - ’ . •~ . 1 • t S is I - 1 - em ’ — - ‘ - i i i  -r

In - ~~~~~~ ‘ n - - i  t -

ii
—

-~ I (t\ ) . , , ‘ . T i  • H ( t  k - I + H ( i’ , ‘ 1
ri - ‘ ~ u tim ‘ 

~ 

~~~‘ - \n

F ,

~ ~~~~~~~~ 

‘ 
~~~

l i t  i n - 4’ ~ ‘ n m t r n m - m  2 .  . 3 h - t  1 - - - 
: \- ~ . by ‘ 2. s i~ ir,’ m nim-In - s

P -ar - a . . . , ?  W ’ -  i . - H ( ~~ -
\

i — 0  ‘ i a 0 —l o t — i , - i — l o I,
mi i - ~ I tm - -in I r i b  i of  the :;e- i nCl: S

- - - - - -  - - - - -  —~~~~--~~~~~~~~ -~~~~~~~ - - --- —- --- ~~~~~~~- --- -~~~~~~~~~~~~~
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o ~d-ja I M
d I - n I  k

1\
o)  

ed -t at 

~d-Iaj~~~~
I°
~

0 

~d_ l a l_ l t\T <
2~k2

a
t ’)

0d-~ a [-1 
~d_ la I_ 1 

k
1\

a)  ~d-~ a l - l  o.

First  suppose tha t a ~ 31 , r ~ Zk
1
c,, and i d 3 ( 2k

1
a). Then

0 and H j~~~~t l
( ( T \ T ) . i k

~ k
t )  ~ (Lemma 5.1.2).

Henc e wc h ay -  -

~ ~
d-~o~ ~ 

ri
o t  Ii  

~~~~~~~~~~~~~ o)  d-l o j - 1  0

io n- i / n i  
~~~~~~~~~~~~~~~~~~~~~~~~ 

= 7, so that I is not Cohen-Nacauley .

m m :  t i m :  - ‘ t m - - i  m a u i - i , n - i i t~~ on -u  t5 .,’,14) in sat Ucfied . For arm y a

w t I - : to - r v~ ~ I i t  h- - is tin-i i m o r i o l — c h y  of a ball -‘r sphere ,

- n e  m - - l m ~ - 1 a b - u 1 it 0 0.

- l - ‘ 1 ( - i  -/ ~~e ): W’- have ~k ,. a tk a and her — c has tee same

h :r-

(~- I n n -  2 ( 
~
‘ / ‘3 , ‘r r a. ) : .1 tn ry’ - 2k n i t a t m - mn - I~~~~~ t~~ s: hr-re 

*

i l l - i  no by - i  -:mi: 5.2.2 2~~ \
0 10 -i moflO l --

~~y ball .

(a 31 ‘1 ~k • ) : W~ t - i v t ~ t i  (5 .2 . L+ ) -
- 2 - cv • and 50

L

tb r-oin - iinmiri ~t 
er h m ; t  at th ’t ft ;ct- — V j e t -  i i  mm- - is

~ 

0d~~a~ M
d j 0 (

(~~K
3 \-r

f l )  ~d- J o l 
~ 
~~i-~ o~ 

~ 

— - - -- - --- -—--------—— — - - ----- - — -  - _—_— -- -- ___ _ ___ -~~~__ _ __~___ _,_ _,___ __._ ___ ._ _ s _ ~~ - c,_ -
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imply ing Hd j C t
( f k

I\T
a)  = H0 t a t  1

(2k
1\

o) = 0 and so 2k
1\

a has

o homology everywhere .

Cases 2 and 3 imply furthermore that I\-r = fk
1\

O is itself a

homology ball , and hence the theorem is proved.

Notes : 1) Theorem 5.2.3 includes Theorems 5.2.2 as a special case ,

since if I is a 0-sphere , then 31 0 and therefore (5.2.4) holds

vacuously.

2) (5.2.4) must be tested for a = 0, which amounts to req u iring

that t € 31 if I is a ball .

3) An e4u ivaient statement of (5.2.4) as used in Theorem 4.1.3, is

( 5 . 2 . 5 )  31 0 ik
1
t

r Q
~k1

a i f f  a € ~k1
t , and t 32k~ a 1ff =

has the homology of a ball l i±  a c so tha t  (~~.2.4) ~s

equiva lent to 31 n 2k
1
t C 3c k

1
t. Rut 29oc

1
’r C 31 always , henc e

(5.2.4) is -0 U i v a i e r u t  to 31 a 2k
1
i

W- ire ro- ~ in pos it ion to make a f o u r t h  d e f i n i t i o n  of strong

k- ti-com :-ricahi];t-~, namely :

D. f i r m i t  icr: :~~ A homology d - ba l l  or d-sphere I is et e an g l y  k-decomposable

if  eit her I is a d-sinrp lex or there is a simplex ‘r in I, d im ‘u- k ,

-‘30 t t l m t

-~~~~~~~~~~~~ ~~~~~~~~~~~~ - - -~~~- - - ~~~~~~~~~
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1) ( 5 . 2 . 14) (or (5.2.5)) holds

2) I\-r is strongly k-decomposable

3) £k~,’r is strongly k-decomposable .

Corolldry_ 5.2.6: Def in i t ion  4 is equivalent to Defini t ions 1-3 for

homology balls and spheres.

Proof: We prove Definition 4 equivalent to Definition 2.

(-~): W~ need only prove that I\T , 2k
1
T are homology d- and

(
~- l’ I )—balls or spheres , since pure dimensionality follows . But this

is clear from Theorem 5.2.3 and Remark 5.1.4.

(<~~): Here we need only prove that if T is a shedding simplex for

( - ~ c c o r d i m m n -  to D e f i n i t i o n  2) then (5.2.4) is satisfied. It is true

v - u - n - ) u s l y  for 1 a homology sphere , since then 22 0 b y Remark 5.1.6.

And if I it: a homology ball , violation of (5.2. 14) implies , by

Thr-o r-m - m i 5.2.1 and 5.2.3 , that E\T is riot Cohen—Mac-i-slav , hence not

k —d - Onn ilm (, - ot)ie -

5.3 Piecewise Linear Topology

Any sot s c will take the topology induced by the standard

tojioJn -~’y ~~ 
~d Tan- sets S and T in R0 are honnmc .omorphic if

there exi :-;ts a con t inuous  b i j e c t i o n  t :  S -
~ T whose inverse is also

L o u  t i nn

Fur I br’ a simp l i m c i  ml complex on E E {v
1
,.. . ,v }  ~

r e ;m i i z a t i on  of I is the set 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~ —. _ _.  T-
~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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K = conv~x . , .  . . ,x .I u 1 1o=v . • . .v . €1 1 k
‘I ‘k

w het -c x . ~mrc p o i n t s  in R
m 

for some m which correspond to v . ,

I = 1 ,... ~n, in n-un-h a way that the sets ri(conv{x. , . ..  ,x .

o v . . . .  v . e I, are disloint . The sets conv{x . , . . .  ,x. }
1

J~ 
1
k 

- 

‘1

~ re called the geometric sirnplices (or jus t  simp lices ) of K.

R e a l i z a t i o n s  exist fat -  any complex ( [26 ]  Theorem 2 .3 . 16 ) .  A

:;ubdivisLon of I is any simplicial  comp lex I ’ wi th real iza tion

Km = K
1 

such that every geometric simplex in K~ is contained in

some cteon : it r u C simplex in K. One example of a subdivision is the

n-~ ’-1lar :;ubdivisio ri nt(:i,X ) [ E ] , where the point X corresponding to

- m  1:: the harvnn -nt~- r of the points corresponding to the vertices in X

dcfP d by

1
X
a 

= 
f~(f v.~:X 

x. .

F in a l l y ,  two sh i m l i c -i J complexes ~~~ 12 are called p iecewise l inear

(FL) horneomorp hic or comb inatorially equi valent if there exis ts a n i n t~~e

CIOl l I f  l ex  I ’ which  it; a subdivision of both 1
1 

and 1
2
. As a r r f- - i i I t ,

((rn rm d .ll Zdt i aimn 
~l 

cnf ~~~ 1<
2 

of 12, m mmd respective realizations

- iit ’ l K~, of I’ in K
i 

- t i m  I 1<
2. 

wc- can ! r n - m l u c c  a “piecewise

n e - i n - ” l m - - n n mroa n m r - p h I sin f: K
1 

K~ -
~ 

1<
2 

K by nn - ij p irt,~ the ve r t i ce s  of

n i t o  their respective cc -mn n tn - rpm ets in 1<
2 

and exteridintt linearly to

the sinmp l ice s  n - f  K~ and K~~. Of course , sim-n- !jci,ui amplrxee are 

~~~
-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-- -  - - - 
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always Pb honr eorr r orp l~ ‘ to themselves , and hence we can speak of

homeomorphic on PL-hoineomnrorp hic complexes and subdivisions independent

of a p ar t icu la r  rea l iza t ion.

I t  1 1:; Pb homeomorphic to the d—simplex then I is called a

PL or c u r n b i r m m -iic i -ial  0-ball , and if I is FL horneomorphic to the

borrnd ary of a (0- 1- 1)-simplex , then I is called s FL or combinatorial

d- sphere

Rerncrrks :

5 . 3 .1 :  Any tw -  howeomorp hic  comp lexes have the same homology.

Hence , since a n o - - s m e t r i c  0-simp lex (respectively the boundary of a
0

d- sii- in-lex) is homeomnorp h i n -  to the 0-ball B
d = {x € R

d
l~ x? < l}

d-t- l 1 1
0 d-s- l 2(;-m- ::pn ct~ vely t tm e d—sphere S = lx c R x . = 1)) by placing

I
t im - barycenter  of t lm c- s imp lex at the ori g in and expanding r ad ia l ly

from the  or ig in , i t  follows ( from [26]  Examp les 5 . 4 . 6 , 5 . 3 .2 )  that  a

FL d- b a l l  or d-sp here is a homology d-ball or d-sphere .

5 . 3 .2 :  Tb-i boundary of a FL d-ball is a FL ( 0— 1 ) - sp here , since

if ~~~
‘ is a :n-mbdivi nion of I which is also a subd ivision ef the

d~~: . i n t r I H r x , t h e r m  31’ induces a subd ivi s ion  on 31 w h i c h  is also a

:;UI - cl j V itiOti of the bour n-i ry of the d — s i m p l e x .

5.3.3: J. Ak-xi r i - Jom r [1] has -:lin-n’m t h a t  two comp lexes are FL-

h ome an i r - p i m i n  it  c r - I  onl y if cnn - can be ob ta ined  from t ime other by

a t n - I - i n - s  of s t e l la r -  sub d ivis ions and inv c-r-s n -  et c - l ia r  subdivis ions , tb -

I - it t o - n - b e i n g  do i i t in - H by

1’ = n - t~~~( m i ,X ) [ I ]  < ~ I = s t ( a ,X ) L T . ’ ] .

- -
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Hence we can de f ine  ~-i PL d-ball or d-sphere to be ally complex which can

be obtained from a combinatorial d-simplex or boundary of a combinatorial

(d +l)-simp lex , by a series of stellar subdivisions arid inverse stellar

subdivisions . We can then dispense w i t h  realizat ions altogether , and

are left with a purely combinatorial definition of FL balls and sphe res

(thoug h it by no means provides :~ finite algorithr f o r  ~ietermining wI~ether

complexes are ?L b~ ll~ or spheres).

5 .3 L1. : For d < 3 all d-balls and i-sphe res (~~emp ie xes whose

reitizations are homeomorphic to B
d 

or S~~) are FL [28]. For

ci ~ 5 there exist d-spheres and d-bal ls  which  are not Pi~ [l3 ,lL~].

For ci 4 the question is still open .

The iol ]owirig lemmas and theorems in PL theory will be needed to

;~~~ove the results in the following section ; and are stated without

proof. They are referenced to the corresponding theorems in [19].

Theorem 5. 3 . 5 :  If E
L~ 

are two PL-homeomorphic :om~ lexes , then

t h e t e  is a comp lex E ,~ w h i J  is a subdivis ion of oni a stellar

subd iv i s ion  r i f  E 2
. (~~oi o l U~e’, 1.6)

Lemma 5 .3 . 6 :  I f  ?~ i~ . a PL d - b al L  or d-s; es is a s i np isx in

~; , t h en ~k 1~ is a FL (d- lo I ) — b a l l  sr (d -~a I ) -  ; h ir ~ . ( C n r oj  L a r v  3.16)

Lemma 5 . 3 . 7:  I f  d PL p-P iLl , a:i~~ is a Fl .  q-ball  or q-sphere ,

~~ 
.E 7 is  a Ph ( p÷~~~J ) -b a l L .  

~~ 
a PS p - sp here  and ~~

a FL q - s p h ~~rs , t l i er  ~~~~~ is a FL ( e~~~~L ) - n i h a ~~ . ( Lor ma 1. 1 .3)

5 . 3 . 8 :  If E
L 

15 t PS il—Pil l s n t i i n e d  ( a ; a o m p l e x )  in

ssir~i~ N :— sp h e r  E~ , h i n  c~ ( i Ph rI~ h~~1l. ( Th eorem 1. 2 1)

L ~~~~~~~~~~~~~~~~~~~~
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Theorem 5 . 3 . 9 :  It E
1 

and are two FL d-balls whose intersection is

a Ph (d-l)-hall contained in the boundary of and then u

is a FL d-ball. (Corollary 1.28)

5• 14 FL Properties of k-Decomposable Complexes

Theorem 5.L~.1: Every FL ball or sphere has a subdivision which is vertex

decomposable.

Proof: Let E be a FL d-ball (d-sp here , respectively). By Theorem 5.3.5

there exists a subdivision ~~‘ of E which is also a stellar subdivision

of the cl-simplex (boundary of the (d+l)—simplex , respectively). Now the

1-simp lex and boundary of the (d+l)-simplex are both vertex decomposable ,

and by Proposition 3.2.14 vertex decomposition is preserved under stellar

subciivisions. Hence E ’ is a subdivision of E which is vertex

decomposable.

5 . 1 4 . 2 :  Lvery FL ball or sphere has a subdivision which satisfies

the Hirsch Con ~e :t u r e

An i n t e r e s t i n g  C t i r .ra l  characteristic of vertex decomposability comes

11r ~ c:t Ly f rom L r:ii ~ irk 5.3.3 and Proposition 3.2.14 (and can be extended to

l~- P o o r n ; osability hy ise of Appendix 1).

Prop~~;i t i o n 5. L 4 .~~: Let E be a vertex decomposable complex , and C ( i )

the c l a s s  of all oornp i~~xes PL—horneomorphic to E. Then C ( E )  is a

v o r t e x  55~~ p ) able class iff vertex decomposability is preserved und~~

i r i v e r  e stel ir subdivision for elements in the class.
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We c~ n pr ove ~esu lt s  s imi l a r  to Theorems 5 . 2 . 1 , 5 . 2 . 2 , 5 . 2 . 3 ,

and 5.2.5 about removal of s implices from FL balls and spheres.  We

first noes a lemma .

Lemma 5. i~~. t4: If  E it ; a FL d-bail and v a vertex r iot  in E , then

E U v . i’4 E is a Ph d-sphere .

Proof: Let 2’ be a ssL livisiori of 2 which is also a subdivision of

the  J-sirpl ex A
d 

Then it is clear that E’ u V.  32’ is a subdivision

— . . . . ci — d d+ l
of 2 u v. 3E vht h is also a subdivi; ~an of A u v . ~A =

H on e : 2 ii v .32 is a FL d-sp here .

L l u w i r p  resul t  is known ([ 10] P r c r o s i t i o n  1.2)  but v :  give

i t  1~ b . ;s~~i 1 i t s  r e l e v a n c e  and sin;1 li c i tv of ; m s f .  Def ine  a

d — d  1m m ; ;  n c i m ~I 1 X t u  be a jm - ;c u s o — r n a ; i i :o l d  i f ev e r ,  ( f — I  ) — s im p l cx

2 is . ent  ~incd ml  at moot  two d— s i m p lices of 2 .  (Th i s  d e f i n i t i o n

d i f f e r s  sl lc ’I t t l y f r s n  t~~~i t  in , say , [ 2 2 ] ) .

T I e  a ‘ i • l4~~5 : A k — i  oc r ; c o a P l e  d — d  lim o - ion-i l r eudo—man fe d is a

FL d -bal i  or d - s j  i s o . .

P r o o f :  L~~t S 1 .  a 5 - c l i r e n ; i I k — d e c  osL osahic pseud o—man i f o l d .  We

pr ‘~ed i .’ i ; ~~~ i t  ion or p ( E )  the  t i n n i er  of d~ oim I i c e s  in 1.

I f  ~ ( 2 )  1 t f ~~’n 2 is i d — ; i r m s i e x , mci si i P S i — b a l l .  I f

p ( 2 )  — , t I e  2 h i s  a ~ hn i I i ris. s i m i l e : .  2 5 ,  Del i ni ti ii 2. We

2 = (2\ ~~) U ( T . ( h
2

T ) ,  w i j e i m  \i~~ t .~~ c~~T

i r e  — f . o m , ~; , i ~~1e i i l ,—t: ;r~~t~ .~ s.., L v’: few r 1—c j i l i OS than

m e  i , ’ I r O l U  ~ r ~r FL d-.bai 1. ’ a 1—s h’oe~~. i’t i r t h e i , since Z is

-~~~
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a d-diincrnsional pseudo-manifold , the complex

(2\r) n ( T . 2.k
2

T )  ( T \ T ) .~~k
2

T � 0

is in the  boundary of both E\T and s..Zk
2
t. Hence E\T and

:r r e in fact cl-balls , and ik
2
t = ~k— tk is consequently either a

1.

Ph (d-~~r~~)-bal1 or (d- (r~~
)_ sphere by Lemma 5.3.6.

Case 1 (tk
2~ 

is a FL (d- Jt J )-sphere ) : We have (T \ T ) .
~~

k
z

T is a FL

(d-l~ -sphere (Lemma 5.3.7) which is contained in the FL (d—l)-sp here

~(E\T ) (Remark 5.3.2). So by discussion similar to that of Remark 5.1.6,

= (T\r).fk
2
T. Therefore the stellar subdivision of 2

st(v ,T)[E] = E\T u

= ii v.B(2\t )

is i FL d — :;p lir re (Lemma 5.14. 14 ) ,  hence so is 2.

2 ( Q k
2

-r is a FL (d_ I t
~~
)—ba1 l): We have (r\r).ik

2
t is a FL

(d-U--ba il (Lemma 5.3.7). Hence by Theorem 5.3.9 , 2 (E\r ) u

is a FL (1-ball. This completes the proof .

As i r e su l t  oF the proof. we see that a characterization of wh ther

such a cotnp~~ x 2 is a bali or sphere (providing 2 is not a simt lex)

is s i m : l ,’ whether some (equivalently any ) shedding simplex -r has

a ball or ;ptiero .

C m o l .i~irj 5. 4.6: The dual complex of a poly hedron is a PL ball or

5 1 .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- - - -~~~~~~~~~~~ - - —
~~~

- -
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Proof :  The dual comulex of a polyhedron is shellable = d-decomposabl’

(Section 2.5), and is a pseudo-manifold since every edge of a pol-~’1l e1roli

contains at most two vertices.

We flow g ive  the result corresponding to Theorems 5.2.2 and 5.2.3

on partial decomposition of FL balls and spheres .

i io r o er; 5. 4 . 7 :  If 2 is a FL d-hall  or cl-sphere , t .
~ 2 , then Z\-r

is a Ph d -ha l l  1ff (5 .2 .~4) (or (5.2.5)) holds .

Proof: The necessity holds from Theorem 5. 2 . 3  ( s in c e  2 is also a homol-

op i i  I I c c  o h o )  . l a idier , if 2 .1 s a CL cl—s P i . I s. Ii  r .  is

~ PL d-ball  ( Lemmas 5 . 3 .6  and 5 .3 . 7 )  and so by Theorem 5.3 .9

= cl(%\T .~~k2
T) is a FL cl-ball. Hence sufficiency holds  for FL

sp li -mres

N o w  suppose that 2 is a FL d-bal l and -r satisfies (5.2.4).

Then 2 u V.~~2 is a PU cl-sphere ( L c mnoi 5. 14 . 4 ) .  Consider  the  sub—

comp lex v.32 U T . ~~ k
2

T .

/7’! 1 % ~\~~‘

JI ”I Nf /I l  I ~ ~~~. v . 32
/Z~,/  I % ’ \  ‘\~~~~

j ( \ N J N~N~ 2\i \\N\~
2

I .  3 tK
1

T 
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We have

v .32 fl T.9~k2
T 32 n r.2,k

2
r

= t.32.k
2
t ,

since , for p a ;  T . Z I c ~T , p.o c 32 implies a E 32, which in turn

imp l ies a ~~k2
r (since (5.2.4) holds for 2 ) , and conversely

p.o ~ 32 imp l ies  t .o (~~ p . o )  ~ 32., which means that 
~
kZk ~ = ~k2

(T u a)
E

T -

h as the homology of a sphere , and so a I 3R.k
2
T . Now by Lemma 5.3.6 ,

Lemma 5 . 3 . 7 , and Remark 5 .3 . 2  V .32  and T.ik
2
T are FL d-balls , and

t.~)9k~ i is a FL (d-l)-bdll contained in the boundary of each (since

2. H a manifold). So (Theorem 5.3.9) V .3 5  u s .Zk
5
i is a FL d—ball.

2 are now ifi a position to apply Theorem 5.3.8. Removing

v .2  u t .  ~~~ from S U V . 3 2 , we get

cl((2 U v.32.)\(v.32 U T .~~k
2

r ) )  = 2\T

is a Fr. l-Sall , ar id t h i s  comp letes the proof of the theorem.

‘f ri a l t  C I i . ; t ’ r  5, we s.ive an interesting application of Theorem 5.4.7

.1; ci ily Theorem 5 .3 . 4 )  to shel ling of spheres.

I b l o r e m i  5.4.8: Lot 2. be .1 d-sphere ( topologica l , homology , or F L )  

~~~

, a s h e l 1i ; i~ of the ci—s imp lices of 2 , then °k ’

1 .  a lso a she ii if 2.
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Pr o ot :  RecaLl ‘°k 
is a s he l l  1mg of 2 if and onl y i f

i— l
a . ii ( u a.) is 

~~~~ 
(d—l)—dimen sional complex , i = 2 ,... ,k.

‘ 
~=t  -~ k 

—
We n ov’ t h a t  o .  n ( U a . )  is pure (d—l)—dimersional , i = 1,... ,k-l.

j=i +l ~
By Tlieor . m 3. 4 , we can consider the shelling a d—decomposition which

i m proves sie c l - s  i r i p  L x  at a time (starting with O
k

) . Hence by

Theorem 5.2. 3 arid Theorem 5. l4~~ 7 , the complex 2. . = ( U a .) is a
j = l  ~

FL c l — b  11 for  c k - l  w i th  shedding s implex -r . so tha t
— 

i-l 1 
}

S
~ \r 1 c l (2 .\ { o . } )  = ( u  a.) = 2.i-l 

Now sinc e 2. is a sphere ,

k 1—

2 .  ii  ( U a . )  = P S . . But since r .  is a shedding s imp lex for 5 .,

S i i i  ition 5.2.5 holds. Hence exactly as in the proof of Theorem 5 .4 .7

wi have

32. n o .  22. n s . . .~~k r .
1 1 L 1

= t .  .3~ k T .
1

w I i i u i  is a I L  (i-f)-ba ll and consequent ly pure  ( d — l ) — d i m e n s i o n a l .  So

k
ti

1 . . 1 1
I 1

is a ire ( i l — I ) —  I P r o m .  P n i l  c o r l J e x , t h u s  ‘~~m p l e t i n i ;  t i r e  : rco ; of the

th  o m e n .

( m , t r : I f  i i i  2 ,, ir” t o  ~ l j ’  lia h i ’ 1-t i l l s  w it ;’ ’

en j o n  is  1 —  ~ r e  in t l  a t ’  . i r  t o t  i ~ H~~ he I il ; I ’ (cl— I - :o 1.

t i e t i  ~. ii 1. shell .1 1 .1’ .

. - -
~~~

- 
~~~~~~~~~~~~~~~~ - --—-— - — -  — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - .— ~~~ ,--~~~-— . -~~~~~~~~~~ —
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Proof :  We have , by Lemma 5. 4 .4  that U 
~~~~~~ 

is a cl-sphere for v

not a ver tex in Now 
~l 

U V . 32
1 

is shellable by the shelling

order of followed by v . t 1
, . . .  

~
V
~~
t
k~ 

where ~~~~~ ~~k is a

sh e ll i n g  of = 
~~~ 

= fi Then by Theorem 5 . 4 . 8 , the reverse

oi ’dei’ing it : alto a shel l ing order . But by subs t i t u t ing  for

V . t ~~~,.  . . ,V . T ~~ tr io she l l ing  order of 
~2 ’ we produce a shel l ing  of

2
1 

U
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APPEND I X 1

k - D L C O M I i j d l T I O N  AN !) STELLAR S U B D I V I S I O N S

Theorem A l :  (Weak ) k -decomposabi l i ty  is preserved under stellar sub-

d iv i s ions .

Proof : Let 2 be k-decomposable , X � 0 a simp lex in 2 , and a

the  addi t ional ve r t ex .  We l ave ~~~ ~ 2 , and for 2. a simp lex ,

st ( a , X ) [ E ]  = (~~\X) u a . 3 X . I k — X

= (c~\X) U a . 3 X . ( c m \ X )

= a . 3 2 . ( a \ X )

w h i c h  is (w  R I y )  k - i c o m p o s a b .L e Si l l S : each component in ( w e a k l y )

i n t o  ‘ i i ;  ‘ r i  - - 2 , % nst a li .:

I e L  b h o  d i r ~ . in ; .1 :: F s 2 , ci Is T , so t \~ is

(s a R i ’ , ) k — ; ’ : r ’ r r r n o rl  I s 0 v h , T i s  l — r l ’ sorr .nosab 1~~~) .

r o ’ s t I c ’  1 1  L n w ip p ;

A. I U X I S Oh 1 1) i r . , t ( I X ) U y ] I 9 k 5 r . and

, )  r(~~,2)~ %]\~ = st (a ,X) [S\r].

B .  9 ?  ~ I )  
~~-t (a 

~~) [~~ ]
T = s t( a ,X ) [ t k 5 t ] .  and

~) st (a ,X) [2]\r =

-~~~~~~~~~~~~~~~~~~~~~ - - -  - ~~~~~~~~-- 
.. 

~~~~~~~~ ‘ ---~~~ . 
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C. T U X 2, X ~/ i , X fl T � 0 imply 1) fk s t(a X ) [ 2 ] T = st(s ,X\-t)LQk
5
t],

2) tk
~~~( l X ) [ E j \ T a . ( T \ X )  ( X \ r ) . tk

2
(X  U t ) , and

3) ;t (~~,X )~~2 ]\ t \ a .( t\ X) = st (a ,X) [2\ T ] ( w h ’ m  we def i n e

st ( o ,X ) [2 \ T ] S E\ i  for X j

D.  X t imp l i e s  1) tk t (  X ) { E ] a . ( T \ X )  = 3 X . f k
2 T and

2)  st ( a ,X ) [ 2 ] \ a . ( t \ X )  = s t(a ,X ) [ 2 \ r i .

‘i t- ’ r igh t  hand s ides  are all (weakly ) k-decomposable by induction on the

number  of simp lices and applicat ions of Proposit ions 3 .2 . 1  and 3 . 2 . 2

( no t i n g  in C and D that  d i m ( a . ( T \ X ) ) <  k ) .  and since A ,B ,C ,D ,

cover al l  . ase for ‘r , the theorem fol lows .

A .  I ) 9k
~~~(a X ) [ S ] T = Y k

E\X
T (Lemma 2 .3 . 1 , since i a . 3 X . f k

5
X )

= fk
2
T ( si n c e  T j  X ,~

2 )  :rt( r ,X)[2J\’r = [(2\X )\-t] u a.3X.fk
5
X (Lemma 2.3.1 , since

-r I a . 3 X . Q k
1

X )

= [ ( 2 \ t) \X ] U a . D X . f k
5\

X (Lemm a 2 .3 . 3  and X U T / 5 )

= st ( a ,X) [2\r ]

B . I )  Q~ I ( a .% ) [ % ]  fk
I\x

r U f R _
aX~~~k X T ( s ince  T (2 \X )

o (a.3X.9~k5
X ) )

= (Qk
5

r )\X j  t s d . Z k
3X Ø . Y k Q k X T ( l e m m a  2 . 3 . 2 )

(tk r)\X tj : i . 3 X . 9 , k  ( X  U r )  ( Lemma 2 .3 . 14)
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( v k ~ -r ) \X u a . S X . f k f k  X (Lemma 2 . 3 . 4)
-. S

= 5t (O ,X)[9~k5
T].

2~ st( .i ,X )12]\l = [(2\X)\r] U [(a.3X.tk
1
X)\’t] (Lemmra 2.3.1 ,

T ~ (s\x ) n (a.3X9,k
2

X ) )

U a . Q X . [ ( f k
2 X)\t ] (Lemma 2 . 3 . 3  and

Lernmma 2 . 3 . 2 , since r / a , -r / a X )

= (2\t)\X U a .3 X . ik
5\

X (Lemma 2 . 3 . 3 )

st~ a ,X ) [ E\ i ] .

C . .~ ) v K st (d x ) [ 2 . }I 2 K 2\ ..T U fk_
~ 3X Ek X T ( Lemma 2 . 3 . 1 , since

/ (~~\X) o ( 5 . 3 X .~~k
5

X ) )

= fk
s\(x\ ~

T U [Qk— ( T n a ) ] . [ 2~k 35 ( T n

( Lemma 2 . 3 . 5  and Lemma 2 . 7 . 2 )

= [ ( Q k
5

-r )\( 1\ [)]  U a . 3 (X \ ( T  n X ) ) . 9 k
5
t U X

( Lo ; : ;rn a 2 . 3 . 3  and Lemma 4)

=

, . t ( a ,X \ t ) [ Q k 5t i .  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -



102

2 )  s t ( i ,X ) [H\ t  = [(2\X)\’r] u [(a.3X .fk
5
X)\TJ (Lemma 2.3.li)

= [(F\X )\-r] U ~ .[3x\(r fl X)] .9 . k 5X

U a . 3X . [( 2 .k
5

X ) \ ( T\ X ) ]

So s t( o  x)[2j ~~~ 
= 

~ .[3X\(T ~ x)].~ k5x
a.(T\

~~ 
( Lemma 2 . 3 . 1 ,

a.(i\X) / (E\X)\T and

a . ( T \ X ) / a . 3 X . [ ( 9 k
2

X ) \ ( T \ X ) ] )

=(2
~
k-_a).

~
k
3X\( n

= {Ø}.3x\(T n X).fk
5
T U X

(X ’\r ) . 2,k
2 T U X

3) nt(a ,X){2]\m = [(Z\X )\i] U a.(X\r).fk5
X u a.3X. [(tk

2
X)\(t\X)J

( from 2 )

st (a ,X){ Sj \ i \ a .(r \X ) [ (2 \~<)\T ] u

u

(Lemma 2 . 3 . ] , si nce  a . ( T\X ) / (~~\X )\r

a.(r\X ) / a . 3 X . [ ( f k
5

X ) . ( - r ’\X ) ] )

= [(2\;’:)\T l u

ck 2XJ u a .  ) < .  ( Qk .. X )\ (t \ x ) ]

( L rr;mm i~r 2 .  3 . 2 , r u  cr a . (T \ X ) n = 0

and Jr”,,j  ) . ( X\r ) . Zk
5

X ( X\ -r ) .  t k
1

X )
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= [ (E\X )\T ] U a. 3 X . [ O t k 5 X ) \ ( T \ X ) ]

(s ince (~\~~) . 2.k5 X c (E\X )\T

~~~~~~~~~~~~~ 
c~~~.3X )

(E\ i )\x U a. 3X . fk
S\T

X T ~ X

(b y Lemma 2 . 3 . 3 , Lemm a 2 . 3 . 5 )

(E\a )\X = S\’r T C ~

(s ince fk
5
X\{d~ 0)

= s t ( a ,X ) [E\ ’ t] .

U.  1) Lk nt(J X) [S]
O•(T\X) = 

~~.3 X . f k
2.

X
a .(T \

~~ 
(Lemma 2 . 3 . 2 , sin ce

a . ( r \ X ) / 2\X )

= ( Z k _ a ) . f k
3X Ø . 9 k

~ k y (T\X ) ( Lemma 2 . 3 . 2 )

= { 0 ) . 3x . 9i~5 x U T

3X .Qk5
t

2) st( ,X)[2]\a.(r\X) = ( % \ % ) U [ ( a . B X . fk ~. X )\ . ( T \ X ) ]

( Lem m a  2 . 3 . 1 , s i : rc~ a. (T\X ) /

(2\X ) U i.3X. [~~k2X\(
cr\>l)] U 3X.~~k

2
X

• (Lemma 2 . 3 . 2 , s ine ; i.(r\X ) r~ 2

= ~ X . Q k
5

X )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~ -. -- -
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= (E\X) ‘j a .aX. 9~
k
S\(T\X )

X (Lemma 2.3 .3

and ~X. .Zk2
X ~ s\X )

= ( E \i) \X U a.~ X.fk z\t
X (X c t an d

Lemma 2 .3.5)

= st(a ,X) [5\T]

Th La corts. Letes the proof. 

- - .~~ -
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.SPP LNDI X 2

D I A M U T U R ; ; OF GENERAL SI M P L I C I A L  COMPLEXES

U t  C(ri ,d) be the class of (simpliciall y) path connected

I — i  i ; r r r ; ; i r s .a l  o rn ; i ’r x or s C I I  ti v e r t i ce s .  .~o present  upper and lower ’

bounds  I t i r e  maximun m of the d iameters  of elements  in C(n ,d ) .

Prop osit ion A 2 . l :  The d i am et e r  of any element of C( i i  ,d )  is at rn o s~

(
~ 

) / 1

Proof : Let 2. H ..r r ~ element of C ( n ,d) ,  and F :  
~~~~~~~~ 

. ,a a

soort o r s j n t I i C i , .il uath between the simplices a and a . Noti re
0 p

tI~ ot the only d—nisplice~ in F whi oh int°rsect ii. a (d—l)—face mu~ t

I.e ar t . is:u:rt in It o  e m 5 . I’ j r  , t} i r wj - 4 e F would not be a shortest rat h

t ree a
~ 

to a .  So the  irro mner o l  ( d — l  ) — a i n t l i c o s  in such a ‘sir l~~x

(I fl timer; the j err : ’l , t ’ of d— s  i rH I i c o n  ii; F minus the number o r

(1— 1 )—n met ice .; w h I c h  ire in tic inter- ’ ct iTmr of t a ;  d — o i m r l i c e s , n

( cl i I )p—p is. dot toe tatal number i f  (d—l ~—sin: lices in  F is at

rn .t (~~) ,  ~ i i i  t i , em ’c fore

p < (‘~)/d.

The ratio ‘of (
~~)/d to ( ~ ) ,  h ’  n r i r n l ; ” n  o f d-simn1ic ’~n in F,

is ~~~~~~~~~~~~ so Iii is is a light i ro l r c v i r e m : ’ vio m a s I r  i~~h ;t  I — s i r s . )

c o u n t

P r - . o e . i t  i n n  A2 .2: i’h . r ’ exi Is. ~ c r 1  L r x  2 f ( n  ,-
~~

— I ) whose J i  em .

H L n/ ’l 
Ld /2i ([ j l~~ast H r .  i -

105



106

Proof: Let V H the set of n ver t ices . Divide V into LdJ2j

groups S. = {v~ v
1 }, where p. = t 2 n/ d i .  i < 1,d/21,

n - ([d/2j-1)L2n/dJ. Note tha t  if 2 does not divide d ,

then 1
~~d/2j 

- L2n /d1. Star t with F
0 

= ( 0 ) ,  and suppos e by indu ction

that is a shortest simplicial path of dimension 2k between the
k k

T~k-si mplices L0,A 1 
on the vertex set U S. with 1n/d j

~~k - s i r : rp l i r :~~~; , eOn 0 < I < Lr]/2 .J . Denote the revers e path from

A 1 to A 0
. D e f i n e

ks- I k÷l k-s-i k-s-i —l k -i- i k -i- i . k -s- i k -s- i
ks- i 

r
k
. I V

2 
U A

1
.v v

3 
U r . V

3 
v

4 
U ~. .v

k÷l ki-lU F
k

.V
S 

V
6 

U

i f  2 divide ;: d or i < Ld /2i and

ks- I }c+l k-s-i ki-1 k-i-I k-s-i —l . +~~ 2 + 1  k~ IF 1, .v
1 

v
2 

v
3 

U A
1

.v
2 

v3 v 14 U F
R 

.v
3 

V V
5

ki- l k -s- l k s - I  2+1  H-i k -s - i
U , . V V V U F . . -o v ‘

~~~ , u
4 5 6 K U I

if  2 does r i o t  d i v i d ’  ci and I = Ld/2 i . Then t i c l — s i r -c lex r a i n

which iri treorre t at a ( d — l ) — s i m p l e x  rre r ec isely t h u s ’  id~~r ac , ’n t  i n

t t i ’ ;  o rd er ing  g iven , hence I:; a shortest S imr licia pat I,

2+1 k+1 k+1
between the  s i m p i  ices A 0 .v

1
v 2

(v
3

) and A~, . ( v
2

)v
1

v

(0 p. (p.—l respectivel-,’) 0 or 1 mit 14
1 1

‘-S ~~~

I 1 L ~~~~~ res~ ectively ) S or 3 mod 4
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The n lrl o .’i ol 7 k — s t i r ; ‘ r u  I t :  I’ is at least

~~~~~ ( [ n / dj
k

+ l )  = [n/dj(~ n/dJ
k
+l)

+ tn/di > Ln/d~~~~~+l

so t i ’s. 2. =

d i a : i  1. 2 ~n/dj ~~~~
2 i .

r n . 
~~~~ -

, 
~ ~~ 

-h r ~~~~~ c x  for’ n = l~ , 7 is p iven in Table 6.

j ’  I U m - - r e ’  i a  I t . , ws.~~:l ; H. p ; ’~~ter t h a t ,  L ./ 7 i L 7
~~

I 
= - . A more careful

1 t : e  ~r ‘ ot hr’ u r , ’ . it i . :  r r 2 . 2  tih~~w~ in m a o t  t hat diam is

P t ’  i s t  ~n !1 ~~~~~~~~~~~~ 
+ 1 1~ L i 

~~~~~~ + L n , ’d J .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _  _
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S C S
1 ‘2 3

r ~1 1 1 1 2 2 2 2 3 3 3 3 4 3V
1 

V 2 v
3 

V 14 
V
1 

V
2 

V
3 

V
4 

V
1 

V
2 

V
3 

V~4 V~ V
6

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 .1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

I .L 1 1 1 1 1

i 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

1 1 1 1 1 1 1

I 1 1 1 1 1 1

I I 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1

Table 6

A b — i  i r r i e r :  t on a l  complex w it h  Lb vert  ices i f  i ~~~ :i i . rm e t ” r

~

- , -

~

-- .-—-~~~~~ ~~ —- -~~~~~ ---~~~~~~~~~~~~~~~~~~ —- - - —~~~~~ “- - - --. .



APPEN UI X 3

FACE DECOMPOSABILITY

We ou t l i ne  in t h i s  appendix  the d u a l  no t ion  of k - d e : om p o sa b i l S ry ,

namel y “ face  d .composabi li ty . t ? This  involves the r em oval  of a f ace

and all of its sub t a cos  f r om a p o lyn o dr on in such a wa’i t h a t  the

removed f a i r ’ s t o r m  a “ pu r e - ” and “face decompooab 1e ” set and t i r e

r r r r s  I it I r :g f , jc e s  also form a “pure ” and “ f a c e  lero m~~ssaC Ic ” set .

i t . t a r  a ; oU~ tha t t ; i e m e  is ~; class of convex sets whose fa r r e  st r u c t ur e C

p er  I - ~ r h i s  o: crot~ ion . They a- p’ not themselves poly hedra , but  w h a t

w -  w i l l  ca l l  “ , - o : e r o ~~ized poly hedr ’a. ” The r emainder  of the  appendix

w i  L I  I . or c r 1  r ; i a k i t i , -, ., ro~~~:sc the  o n m e- s t i o n  ho twee r i  genera l ized  polyhedra

a s . i  k_ d o s ;m~ o s o b L it y .  W r e i t er at e  th at t h i s  append ix  is m er e l y  a

c d  fe n ce t h e  ‘rr r r irarr  and tr i ar ,  of th e  ac ,,~; t i o n s  , all  of an

n o r  a t ;  n a t o ’  , w i l l  so s t a t e d  w i t t o st ~ r 0 o

1 0  h I l t i t :  A.3 . i : A c’ - ’ne; a l iz ea  ol ’,rhodron i s  arm ’ set c f  t h e  ron

P x Ax m h } , t h e r e  A is a: r H  i - t i t ~~~l S , U an n — v  I n n ,

U . .
a:,! , { •  ,‘. }  . in ’ s. -~s r  t ’ o I - .: i r c o r ’, , ; ,  fur P mu the p o l v h ’ : n co

II 0
F’ t x  . IR Ax < b } .  ( t l o t e  th en- P Jepends not un iv  on F , but

I i 01 ti~ r ” ’ i: i ’ ,, ’ ’s. r ~Jon ‘ i n -  P b~ A , P , a n i  a ) .  iv ’ n an ’.’

I ( 1 , . . . , : )  : r w h i c h  ~~ . : ~~, l e r f i n e  t i e  d e l e t i on  a n t  l i n k

c u r  1 r e f  1o l ’ ,’h ’- m c i , t ’ s . ’ ci i v.-’[ ’,’

i / i
(~~~~1

r ’ (  j {x 9~~ i t  5 ) ,

1 1

—---— --—- -~—— at —-—--—-— —-——~-’ -•--_----_ , - ._ ___-_ --•--~~
-
~~~~

-—~~~~~~ _.‘ _ __-•~~~~--- -‘ .-=_ — ~~~~ - -  —
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c~. ~ � i

{x F- ~IA x  [ b}, 

= 

ma il  I s ;  p l yh e Iror i P 1;: clearly a convex set , and hence has

w i i  1 , 1  I t ; . i t a o ’  . r r r ’ u c -ture . We de f i n e -  ver t ices , ed ges , and diameters

~r i r r ~~~~~r H C t r a p t ’ ’r 2 .  p~~ and P (i
0
) a r e  l i K . .’wloO genera l ized

0 L y n e - ’ i r ’ a , ar id t h e i r ’  face s t r u c ta r ’  is re la ted  t o  t ha t  of P as

I r r ~

L e t r i r : j A ~~ .7 :  eel P , P°, ~ c ( 1) , P~~( i )  he d s f I n ~ d as a U — y e . Then for

aii -~ tha t F of P , P < ( i ) ,  or P ( i ) , ~ the  topological  closure
0

F i .  a f an ’ o f  I .  Fu r the r , if  F is a face of F , then

U’ E~ for s a c  i a . ’e in P < ( i )  i f f  F � P(i), and ~

Hr some f ~~ ct  11
2 

in P ( i )  1ff F ~ P ( i ) .

‘i ’h r ’ our h :u t  tl~ is ;apt e n l i x , we wil l  a lways take the  base pol yhedron
0
P to Sn 0 rilaj i”  u-r’ol y hedron . hence we can define the dual comp lex

~ to  P e x a c t ly  as we did for  s imp le pulyhedra , tha t  in , for

f ,...,f the : S c ’; t . ,  ((d—l)—t.iccs.) of F, 2 ’ is. de f ined  on set
1 m

L {v 1,. . . ,v }  by

{v . ...v . L. n ... n H is . ± non —em p ty  t a r e  of P } .
1’ 1 , 1~ 1~ l

~

‘l’ - r .  i t ;  s :a inre  ~ c mn ’ ) s-; , S i m s  - i f  , f .  in t e r : . ’:
H

i m r  i f , ’  u t  1 , ‘o r. a r t y  : r u t c ’ u l t ’ t : n  ~~ ‘ ~~~. ,...,f . also
‘

~

‘k



lii

i i i t r s e e t  ii, L ice o~ P. Further , in ,’ trace of P can be represented

, a : :  th in t e r ;ect ion of  those facets  con ta in ing  tha t  face .  With  the

h e l p of her , ::; a A3 .2 we have

Lorur : , a AL < .3 :  T - ’t F , f . ,  and be d e f i r i n d  as above , and

5 (1. r , }  be sho:., : i  so that a .  is < and t h e  h yperp lane

= h} ir : t eru e c t s  P in a non—empt y  face  F. Let

F = f .  n . . . c r i .  . Then
‘1 

1
2

.v . , and
I )  ~ 

~ ~l.

2) 2. ~k 
~~~~~~~~~~~~~~~~~~

f ’  t .  t’ ’ i . iv ’ :  convex sets wh ose face n t r ’ r r c tu res  correspond exact ~~,- t °

i f ’  i t t  I i t  I l i n k  in the dual  tc i p r i l  sial cornp i oxen , and hence at i n  a

I t i :  to 1,: 1 rm t i t e  propert l ’ s of r ’ ur ; : i- a i i  red pol yhedron sir I; f t

s e - ’ rr: ;. ~~
,- a 2 — d e c r r r c ; r i t i o n  of the m u  _ o rni~ le xos . We wj l l  use

is . itt i t  i t i  3 , t h u  ‘mio r o  :outp io t t h -  co n ne ct i o n  , we ne°d to d e f i n e

t o o  du .U to i j e  j;,itj:se rod d i r . s . o i n na l i t v c i r n I l t i o n s  in

1 1 ~ 3.

l’ s:::-: P d. ’ : J . ’ F , P (  i ), P (  i ) ,  F F . n . . n . :m ic f i ne  I ~~r
- . — -  - - -—. 1~ I

H emit s ~~~~~~ 3. Thu

I )  it u thI-l) -~~i;n; s i f t  ever ! ta :’ r (epri v oi c ~nt l y, r- o ”ry

a )  (et r t i t i P : r ~ ‘ he  i - , ’ v ’ ’ r ’ i ex

-~~ ~~~~~~~ — ______
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2)  :. ‘~ and 2
0

_ are (d - l) -d imens io rt a l  and ( d — k - 1 )-
P ( i )

. t ivel y ,  i f f  they  conta in  at least one vertex .

Now “-t in s  L€ ’r ’s . i a  A d .  3 and Lemma A3 .14  in mind , we define the concept

a! f ac e  deci m~ a b i l i t y :

I i i i  I l i i i  A3 .  ‘ : A , ‘ e t i ’ - r ’ u l J  w a d  pol y hedron P is face decomposable

i t  ‘ - i t t 1  ever- , t . i n , r t  (eq u i v a i en t l y ,  every face ) of P contains the

same - ‘ r t ’ax , or t here ex i st s  an i c {l , . . ., n } , wi th  a .  being <

u n i  t i: fac- ’: F = P a ~x j ( A . , :-: ) = b .} being n o n — e m p t y ,  such tha t

1) P
< ( I )  out  ~i t u . .  a ve r tex  and is face deccmpos aLle , and

2 )  ~ H i )  c u n t a i r u n  a vertex and i n  face  decomposable .

1’ 1 . i l l - m d  k - ’~~ c e decomposable if , in a d d i t i o n , dim F > k and

‘ ( i ) , P ( ~~) use: La th k -f a c e  decomposable.

~ i . i v t  t h e  immediate  corol lary to Lemma A 3 . 3  and Lemma A3. 1 4 ;

} T’op i n i t i o n A 3 . 6 :  If  P is k - face  decomposable then is

( t i - k - I ) -  i t omposable.

F u r t h e r  i f  it should happen that every face c f  P of d i ’r ’n : ic :  it

Iea ;t k is suppor ted  by a hyp e r s . l a n e  corresponding to a row of f r ; ;  < U ,

then  the  i n h t I i e . i t i o n  in P ropos i t ion  A 3 . 6  I ; a c t u a l l y an equ i s s ien se .

The ceL l  c a n - ’ corr onp oru l i r b t ~ . v er t ex  in u n t i e s 0 ;  I i i t ’ ~ can

derived from the  above on , i te ne ’ n t ;-. i. ; fol  lows , I i l  i r i s  ‘ t r  i t  i t t  ‘ ‘esen t :~ i

I i : ’  : a e l  i t , ’  to t i e  ba:e  p o l .’ : i : d r n  ot ’i’e . ;p ri is t o  t . . t of i h ’

p ’ -u i ’’ n o r , .

-4.
--~~~ ‘ -  — —. -- .— -- —--- —- - . — ------ . — ----- ---‘ ,-- ~~~~~

- . . - ‘  --,- —~~ .~~~~ - —, ~~~~~..- -P--
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Propos It i on  A 3. 6 : i c ’ F he : gener ’ i t i z e d  poly hedron si Gn  t h a t  each

row 1 t h e  i n e q u a li t y  Ax < b is essent ial to the d e f i n i t i o n  of t he

ba re ;aolyhidre~ P .  Then P is face secant: seable 1ff H

V r t ’ .x  1 t c , ifl l~
) :uble

Coral: icy A d . 7 ;  If I’ as dofiri~ d in Pi or. rs.i tion A3.7 is Fate

u die , then : P satin) i’s the Hirsc::i Conjenture (for pol”nieor .i).

We EanU t h i s  se c t i o n  wi th  the dual not ion  to weak k -decomposab i l i ty .

n~ame i’; “w e a k  t ic’s decomposabi l i ty . ” We will  use def n i t i o n  2
W 

and

hc iic f l O; ,i to - : s ta bj . i n f-. the dual condi t ion to p u r e  ( d — 1) -  iir en ,ijn al It. ’.

l e t  P be a general ized polyhedron ~ itU , a lapSe

s-I Pr t e l  aol  b a n ’  polyhedron . Then ~~ is pur e ( a — I  ) - ) i m e n s i  oH

i ’ )  “ e- i~~ l O u t c t  P con ta ins  at least one v e r te x .

I i i ”  i . f i t t i t  ion ‘f we~ k face , i : c eu 7  ‘sabi l i ty  is  ac o r )  i r g i v :

i n  A d . d :  A ,‘e n , u r a l i z e ’I  t -’a l’,’hedi-n:: P is wed ’- 1 7 ~ O , . r - i ~~~r r n I . ‘
i f  “ i t  it it e ve r , , f a c e t  ( ‘ i q u i v a l e r i t l y  , f a ce )  of P ‘u r i t a i ~ r : .  t o e  s~~t ; r e

or t h en ’ ex i s t s  rn I ‘ 1.. . . ,n}  , w i t h  a .  beL~ i t i t

tb, t o F’ F n (x ~ (A .  , x) = h.) be ir t s non—amp’’: , e t ch that P
<
(i

a b of i t n  f ~ e n  , con ta  H i n t ’  j  c i ’s  and b ’ (  I is  ‘ w s a e l v  I

~~~~~~~~~~~~ f , f  H : a5 l~~j  weukl’,’ k— f i d. rn i:ot , ,P i ’  i f ~, H

d i ;  F >  k an d P < ( i )  I s  ;c r a k l ,’ k - i - i r e  d c -  - . .  s a l l e .

1’  f s l ’ nw :
a

. - . ~~~~~~~~~~~~ ~~~~ -- — , -~ ______
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____ 
I t  P i s weak ly k-face decomposable , then is

w’: ’ iH ,’ (d— k - - l ) - d e c cm p o s ab l e .

A~’,d in , i f  it  s h o u ld  happen t hat  every face of P of dimension ,at

L°as t 2 Ic ;:u;~~iort cJ by a row of Ax < b , then the imp licat ion is

astual In - art equivalence .

Fina lly, as in Corol l ary 3 . i4 .~4 :

h r - a l t ar ’ A3. ° : (Weakly ) k - face  decomposable generalized polyhedra

(p oay h e dn-c ,i) diameter  bounded above by a polynomial in n of
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APPENDIX ~

SH E L L A B I L I T Y  AND RELIABILITY OF BOOLEAN SYSTEMS

bc t f La a monoton e Bocul ean f u n c t  ion, i . e .  , ,a furict lot, rip

~is:;c ts ot t i n  cot  L {l , .  . . ,n }  into ~O , l} w h i c h  has t h e  po op ’art ”

t h a t  m i  e a c h :  ao l :  d ,T of subsets of E wi th  S c T, f ( S )  = 1

Imp l ies  t h a t  f ( T )  = 1. sui’: :e further that p = 
~~~~~~~~~~ 

‘~ n~ 
H an

r s : ;1 :’ i t : i c r . t  ‘ n -  - to r I  I Sties to t~I ’ie set Ii so that  cacti element i l a s

‘ t o  - tm  ; r  . 0  11 It- ,- p .  c i ’ i n - t e a r  i n :  in a subn et  o~ E.  Cdii the
-i

a i t  ‘ . ;‘ )  a H o e : ’  in ~~~~~~~~~~~~~~~ W: are concerned with calculating the

,t I ,  H :  t ’ ( F ,o )  t o m  F w i l t  t ake  on the  value  1 over all

. 1 ) 0  t a t  n .  ‘, ‘ t n :’ - ’  s tou ; ± S

is-: l: :.: l ’ - t . i :  Pet C b’- c rin ~~s t n - I  Orson , S t he  ed ges of C , and

f he t r i ’ t i s o  o i l  h “ o S e s  ~ r i  t h u  ~a S’j e 1 on S C S whenever  S

:~ c, t a I. , ‘ n u n  I ; , . ti ”: - . L ’ t ,~~:. P( f . t)  In t t o ’  pr PsUilitv that each

f l i t  ( i f  V ’ r ; t ; s’’s it -ic t o  , : i i t : r - ’ ’ l  pp , ,t ; :  of ‘‘ I e1’ _ t t i~’e ’’ eds”e .

l v i  I: . 1 pc rio”ri f j r  bat Il itie : p. i e Ice i t o m ,- “ :~

1,..., ; .

ex im p u .  A3~~~ : Let ~ = {x . L ’~~j A x  = el be a p l ’;:ie i r ’ : n , F =

r i  I f the f uric U s t  a; 1 , tab ’ S Ot tI,,, Vs iso 1 c i :  S C j p fa e ri ever ’

t i: 0 ‘ c ; ;  is t 5 a po int in Q a f t  c’ c i i ,’ non— ; ’  n ’  no:~ n i o n t  : at , i n  P

T h u  
~~~~~ 

i t :  tl ,~ :r f ,H: it ’,’ t h u  ~f : ’ :  syc t. ’n  Ax h .  ;~:

I i i  , ‘~o l ’ i r i . , r i , ‘ i ven  i ; t l e t : r : d ’ : r ’  r,”t ib i l i t j ’ ’’ i .  n t  comp or :cr ;t  i

‘ C : , it ‘ ri — x~~ no , I . . . ,-
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L;-o , i : t i t n  A ’-4 . 3 :  Let S {l • U, w . 0 tNe “w a  f ,cht” ,-iveri  t

n i t :  “ p l a y e r ” in F , q the “ Lists ” , o i l  r ~ f :r n c t  l i t  wh i ch

t a b , :: on tire v,~ l i u ’ a  1 on S c E whenever  ~ a . -. 
~~~
. Th en P ( f ,;.)

I S
is tb ’ pr o b a b i L i t y  t ha t  a “mot ion ” will  pass g iv e n  ti: :- indepen’ier.t

lI b e l  H: . 1  p. n- li m player i will  vote for the o i t i o t : .

: P a f e ’, r i at H u i  of P ( f ,p )  is ra ther’  tedious . The strai ghtCor’w~-~n d

, ‘x~- r,:’: :i ’.’n F r  t : t i o  number  is

P ( f ,p) = 
~ 

f ( s )  fl p. 11 (1—p.)
SoS i - S  i/S

S u l C I i  h a s  2
11 

t er m s . H a i l  [~~
] has s i mr l i fie d  th i s  expression consid ’rablv,

i np  t h ’~ n ut  iot a of an “elementary partition ” . Consider the set

F = ( G e  S~~f ( G )  I) . An elementary partition of F i n  a partition

on - t h e  m ember s :  st F i n t o  nets cut the form (T ,a )  = {S {T c S c o}

w h o  r c to i i i )  i r e  r n i e t r b ’ , rs ci F . (Note that ~ ~ F impli es tha t

‘ i - c ’- ,’ S c o t r u a i n ’i r p ,  t m u s t  a lso  be in F , and so , -
~ ,- )  c F.) At

I - - , i : 1 Ofl- clerntcntary or titiori H F a lways  exis ts , namel y t h at  whi ch

lion r = o an I a runn ing  t h i :i ’ i g f i  all of t h e  members of F. Now

5 V ) ’ r : i t i  n l e n i u : r ’:t : r ’- ’, t i nt  it i on U ,o ) , . ..  , ( T  ,n of F we simply
1 1  m m

o’1~ :‘ :‘ve t t i , i t



1 ~7

1 - P ( t ,p )  P t - I S  - l’}

~ Pr {S t: (r ., oj }
~ J

in

~ Pr { I ‘: S for  each i T .  and i / S for each i / a .  }
I J

m
= Y ii p. TI (J_p.)

1 , 1 F=1 : -  i .  ~/ - .
I -j

-and t h is  expx’es:;ion has in terms , where m i-n the number of sets in the

;r :~ n t j t j  art . It is cHar t :iSt n i s  at least the number of min imal

;:, ‘ : : h”r s  ‘:rf ~
‘
, and hence the number of terms in the  above expression

a t :  be ;r . inim ized if  we could f ind  an elementary p a r ti t i o n  

( i  or ) wh ore -r ,. . . , -r are exac t ly  t h e  min ima l  membersI I - n i in 1 in

cut  I’ .

I t  t u r n s  out to he easi c’r , ts r - -ru n  purposes , to consider the

or ro le ; : .:- ’itox y col ,to~~t I n ; i  F {E\ Sj S  N .  F is a simplicial complex

(‘--xc ‘- -i t Ion n - b r ’ -  cane I I ) , since k\t ~ F an~i .P\T c E\S imp], :’ that

5\T F .  f” ;r th ~~i , if 
~~~~~~~~ 

.. , ( t ,o )  is an elemen tary part i tion

of  F , th e n  (E\ol, \Ti
),. . . , (E\ci , E\i ) is  an elementary a rt i t i o n

or ’ 1’, and i f  o
r
,.. •,o or’- - maxlr:,:tl nimplices in F , then

ar” m i n i m a l  elements of F .  Call such a p a r t i t i o n  c f  F

- i  l u L l ( ‘ - 1 . - n , ’ n - m v )  oa t  t i t ia n  ari d c a l l  F fu l l  j u ’: rt ’ i t i r r t o i h l e .

Lb ’ 0 , ’ :O ’t i t  i ’~~- - ’ - , 1 ir,’- and i nt , ’ r , - : :t ’l n t c l a s s  of full part t i n r’ ’t t i e

- - nIp ~
- ;

~~- - ‘

t in ii ion /tt . ii: A ( i ”  t n ’ace: ; -u r i ly  cu r e ) s i m p l ic i a l  complex F is

:1 : - l i  , :je i t  ‘tic ’ n - u ~; - : iu r , - r l  .sim p l i c t ’ : - r : f  F, can be ordered a 
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i - I
so test , fur i :‘ ~~, u . u ( u - .)  is  a pure ( j c j — 2 ) — d i m e n s i o n a lI . _ 1--1
(‘ ‘ ru t : ’  l ox .

N - t c t h t  t I : j , s ill a f ’nor ,iljz 1 r j Of l  ol the definition of shel l ab i , ’

g i v e n  in Sect ion 2 . 5 .

Theorem A’-t .5:  ‘il’ieltable complexes are fu ll p i t -t i t i on a b le .

Proof: Let F, be shellabiri , w i t h  roe l l in :’  order  0l~~~•~ ~~~ 
For

i 1, ... ,m def in e

1—1
-r. = u {o .\j a~~p a (

~ o .I— 2 )--simp 1ex in a . n ( u
j l

( t i  s t at  ‘r
1 

= 0) .  Then c ao , and hen-c e are both simplices in F .

p c (‘r . , a )  i f f  p c ~~ and p con ta ins  o- .\p for each

i— ~1
I Ic~ J _ 2 ) _ s i n n n - l e x  p in a .  n ( u a .) i f f  t: 1:0 conta ined  i n  0 . b u t t

3 1 
~~~~~ 

] A

n r e t  ~r . I . But t h is means tha t  U ~o ) , . . . , U ,u ) par’t it ion
1 1 in in

tire pt  lie” : :  of ii , and hence F i s  fu l l  part it ionable .

N o t i c e  t i i , t if F is pure dim en si onal , then t he  t . chosen in  the

p en a l  of Tifte i - e r r :  A P .  5 are precisely the shedding s impl i c : en  for a d—

i i ” ’ , J I i t , , , : ; j t  ion oh F j :a chosen in Theorem 3 .3 .

( l r , r o l l i t ” ’ , A 14 .6  I n d ’ :~ ‘-indent s’-t s of m,’,tr ’e 1cr , j a r - e k e :  s i r e ’ . 1  t - - onpu~i - v . 5

‘ i t t !  r or t l j )1 . : x eS to r, i r ; i p le t ’oi y h e h r - .i , and d i s H  ritrti tive lattic e c - ’ n r : : In: - ; ’ - -

c u r  f u l l  j~rurti t b i d a l ’ ,
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Ut i - I  a t ’ , L x - i ; : : l  e’: -~t-~.l 1:ii A P .  s ( f o r t ’  s lrs n- In pol’,’fae ’ir- :t )

a n ’ ~ - f~~ l l  p - t i  - : tj e , t 1 , . ] e -a in ;cc  t b1 : F a s o o c i u t - - d  w i t i u  u’iP .l i~ t h e

f i l t h  n a ’ - ‘ i d  a l  I t o ’  ‘ - i P S r a I  : a i r :~- c Cd  i n  t i , , - gr aph S (see [37] §2 .2)

l i i i I f t , ~ 11 ,.it-i -c ,, 1a~~C, 1 win- i t  AP .2 is the dual - omt t at-, t - the n -o l - ; i , e dr cun

‘ i’ ,’ . ; -  - c ’-.i  t ion  -La .7 :  r n w , > w~ . . . > w p n o r t — t ’t - : ~~a t iv e  numbers ,
— — ra —

I t i e )  l t : - ~ r , f ’io in ~ l i c i  i ‘ rat ’ : x F sin s i - n t  S = { ‘~ , . . . , v } by
- - 1 n

k
= Iv . . ,:’, w. < r }.

1 A~, . 1. —

r~ 7 1  J

I L — - c t  i ’ a’ ’ i ’ l L - , .n -’ l - : .

h r ’ ., ’ ’ - H-i c~ be a lexicc :~~ ‘i s i f :  Ic o rder ing  c.f t ee  maximal

L i t , ~~~~ i C 5 ,  - ) 5 .  toOt is , a .  r v . , . . . , v . , i , - - < i  , comes
1 1

~~ 
I
~ 

i p

: 1 ,’ ’ - c c -  a . = v v . , j < ... ~ 1 , it and on],’,’ if- l 1
q

= ‘t i , ~k ’  1k÷l 
< 1. .~ sorti e k .  N o t e  t hat  t h is  is wa il

r : - - - . ,  i t , ’:e t o ’-  t . sit ’i — . ’ - X I : ,  t en-c ” of c i t l t er i r ss:o~ ies t h a tk -u- i

I t  or  a . ‘u • i- r : t  t i r u e d  in  h i et h er ,  and i t  c ant easily h e ch eck ad

t i l t  t l i - t  - : - l ’ a r - i r i . - , is t r a r t : i t i ’ ,’-s .  Wn :- :’ -- ’se t O u t  0 o in a
is

in

: a f i ’ - t i L , ’ o n ii . ‘ -i  n - i : r r~~,s,c I H a “ a > : i n i - l I  c l - : : : i ’a i : t  or ~J . -r ( p - c )

T h i n - - r i  I “
~ 

i t  to . f u r  no:’ i > i , ‘o  t h a t  O
~

1 ‘- ... < 1 , i t t - I  o. v. .. .v . , < ... ,
1 1 i, ~~ 

1

i ],~~~~ ‘ t k ~~~ 
i~~~~ . Th an “ 1

+1 
-/ r .  Su:r - ’s--

‘ r i ) ‘a .  , i ) .\ l  , so that s k+l. C oH i~~t~ ‘ ) r ’  ,,, r  A {- a . 

ave

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~ ~~ ~ 
r - , ar 1d

v - r u { v . } v a .t 1 t I
S

W~ > w~
v

~~~
’r u {v I t > i k l

} v~~’o . u{’~~ }

ce ‘f r- ’ :r::.s ’ on a :a, i ;-a i l : il n r - o s ’-r  st ’’ a ’ in t u {v~~ : > L k l
)

-r : t i i r t i i t y  i u f v . s i n - i ,  t a t e  s o t - r n - - I  t t r ,t w < r .  But

:0 V - I) ’

t O ’  cc ’ i t ,  I : ‘: ‘ . ~-~:l l  C iCr t r ’ f lt  in F , s in c e  dny t r lemeflt v~~, t I 1~

at  I , i st  a;-: l . :n r ’ s , t  ‘- s i t- ’  v , t > i . Fur t t t e : ’, 0 .  COtt iC S
- a -t r . ± l  a

“ ‘ i ’~ n - f r ’  ,j e : - : : . OC c r d S i iC  r r r ’ r f c r ’i n g ,  since

0 ’ ‘/ , V . . . , — ‘- I < I . . . , w i t h  > 5 ,
1 k r i - l §:+ f c r+1

So w ’ -  f - c - .’ .,’ - ‘a c. ; , sn ’ . , d i c s t i o n  between a . n o ’ a r u  ( V . } and t
1 — 1

— 
In 

— 
S

,i ~t , :t ’  :51 1 s i n :  ~~-X  i n :  o . n ( u a . ) .  T h e r e f or e  no such  1 ex i s~~’ ,
1 . . -I 0

= i+l
[a  o j l , p t ’ ’v ’11t ~n- t h a t  a a

1 
is a ,: t u , l l I r : t o .

- o r ” ,’ AP .7: ‘it: ” ‘rn i; rln- ’>; defined in Proposition AP . b Un he a p - t ;  —

t r - n :  5) 1’ -

l i i  ‘- ‘ i c  - : : a l - ’ i i ’  , t Ia ” -  e- r rn ~ I - ‘ a: c :rr’esponding to l X ,ac : L 1’,: A~ . 3 is , I

i t i t  - - n - / t i  ‘‘ , [;~~t t ,  - - n - t i  ‘-- :: .‘rr ’’ ‘ - - n’ , ’ b r i e , F ~s Of n - i , . - n ’n d ’ ’ ‘ ‘s r i s - - ’ - U
Is

l’ r ’ uj  - ‘ i ,  t i on  A-i . 7 , wi t:: r I 
, 

‘
~ : 
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] - -;-: o, - u  , -j . , : ‘ f . ’ ”  ,at ’ : t i ~~i i 5  n - c o l a  I n - i c - c r - - ,’ of ‘t er ra ; !cx~-si , ‘‘ Annals u t

17 ( 1  f l i )  2 H ’ ~~3 2 ’ .
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l-i,-i t i : , f t  r ,  . 0 0 1 17 ( 1370) , ‘ 3 — H .

~~
‘ a~~ F - i l l : ,  U I , ‘-H f . ,  t : id A. fUa n-: s, a / t - f ’f , ‘ ‘ ( ‘ : ~ r h ’- - -a - s U r , r t n e n t  r r o l - ;t sp ,u . , ’’

-‘:7 p ’ - ’ ’,’ - a-: I i ( - 7 1, ) 7 t 1 -‘ 0)3
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