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ABSTRACT

Simplicial complexes are studied in their role dual to convex
polyhedra, in particular, with respect to shellability and diameters.
The concept of k-decomposability is presented which both insures
shellability and limits the diameter of a simplicial complex.
k-decomposability is studied in relation to standard techniques used
in polyhedral theory, and with respect to topological properties of

simplicial complexes.
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CHAPTER 1

INTRODUCTION

The class of convex polyhedra is closely linked to the more
general classes of cell complexes and particularly simplicial complexes.
Study of these complexes allows us to dispense with geometric and con-
vexity arguments and concentrate more on topological or combinatorial
properties of polyhedra. Many authors--Barnette, Brugesser, Danaraj,
Klee, Mani, and Stanley, to name a few--have employed cell and
simplicial complexes to shed light on such questions as shellability,
diameter, and number of faces of polyhedra. In fact, two outstanding
questions have arisen out of such studies, namely:

1) Are combinatorial spheres shellable?

2) Do combinatorial spheres satisfy the simplicial Hirsch

conjecture?
For polytopes--a subclass of combinatorial spheres--the former is known
to be true, and the truth of the latter corresponds to a twenty year
old conjecture in the theory of linear programming.

In this thesis, we propose a property of simplicial complexes, called
k-decomposability, which implies each of the properties in questions 1
and 2, and allows one more easily to bring topological and combinatorial
facts to bear in studying these questions. The property of k-decomposa-
bility seems to behave nicely with respect to many of the standard
tools used in studying polyhedra and simplicial complexes; indeed,
the thesis suggests that vertex decomposability--the most restrictive

form of k-decomposability--might be a property held by all combinatovial

1




spheres, a fact that would answer in the affirmative both questions 1

and 2.

Chapter 2 of the thesis includes the basic concepts in the theory
of polyhedra and simplicial complexes, introducing shellability,
diameters, Hirsch conjecture, and the basic tools used in their study.
The concept of duality, linking polyhedra and simplicial complexes, is
developed, and many of the ideas in these two theories are linked
correspondingly.

Chapter 3 introduces the notion of k-decomposition and vertex
decomposition in its strong and weak form, relating it to the concepts and
tools in Chapter II. It is shown that k-decomposable complexes are
shellable and have good bounds on their diameters.

Chapter U4 presents several major classes of complexes, some dual
to polyhedra and some more general, which are vertex-decomposable.
These include three classes not previously known to be shellable.

The chapter concludes with some examples of complexes dual to polyhedra
or combinatorial balls which are not k-decomposable for various k.

Chapter 5 studies k-decomposability as it relates to algebraic and
piecewise linear topology. Necessary and sufficient conditions are
established for k-decomposition and "partial k-decomposition" of
homology and piecewise linear balls and spheres. Two interesting
applications to shellings of spheres are cited.

Appendix 1 generalizes a result given in Chapter 3. Appendix 2
derives upper and lower bounds on the diameters of general complexes.
Appendix 3 gives a restatement of the concept of k-decomposability

in context of simple polyhedra. Appendix 4 relates the concept of

shellability to the calculation of aggregate probabilities in Boolean systems.




CHAPTER 2

CONVEX POLYHEDRA AND SIMPLICIAL COMPLEXES

2.1 Convex Polyhedra

A set A S_Rd is called affine if whenever x,yvy ¢ A and A ¢ R
then Ax + (1-A)y ¢ A. Equivalently, A 1is affine iff for x ¢ A,
the set A-x = {y-x|y ¢ A} 1is a linear subspace of Rd. The
dimension.of A, dim A, is the linear dimension of the unique set
A-x, x ¢ A. If S 1is an arbitrary subset of Rd then the affine
hull of S, aff S, 1is the unique smallest affine set containing S.
A hyperplane is a (d-1)-dimensional affine space and can be described

in the form
d
H={xeR |(u,x) =

where p e Rd\{o}, a ¢ R. The closed half-spaces defined by H are

the sets

HY = {x ¢ Rd|(x,u) ol

| v

= {x € Rdl(x,u) o}

e o
1
| A

Aset ¢ S_Rd is convex if whenever x,y € C and X < [0,1]
then Ax + (1-\)y ¢ C. Its dimension, dim C, is the dimension of
aff C. If C is convex then C has an interior in aff C, called ;

the relative interior of C, ri C. A supporting hyperplane to C

is any hyperplane H in Rd which intersects C and one of whose 1




closed half spaces contains C. A proper face of C 1is any proper
subset of C formed by the intersection of C with a supporting
hyperplane. A face of C 1is any set which is either a proper face
of €, € itself, or the null set; denote by F(C) the collection
of faces of C. If C is convex, then every face of C 1is also
convex and hence has a well-defined dimension. We call the convex
hull of an arbitrary set S E.Rd the unique smallest convex set
containing S, and denote it conv S,

Finally, a polyhedron, or polyhedral set, is any set of the form

P = {xe Rdle < b}, where A 1is an nxd matrix and b an n-vector.
P is a convex set, and we will assume that its dimension is d, for
otherwise we can embed P by a linear map into Rk, where k = dim P.
P is then called a d-polyhedron. If P is a polyhedron, then its

face set F(P) is a finite collection satisfying:

Condition 2.1: Let Fl’F? be in F(P). Then

1) ,F2 are polyhedra

¥
2) F(E.} = {F e F(EYIF e £}

£ o
3) FynF,e F(P)

1) (S Fl # F2 then ri Fl n ri F2 =0

([17] section 2.4, 11 and 12, section 2.6, 1 and 6, and [29] Theorem 18.3)

The O-faces, l-faces, and (d-1)-faces of P will be called vertices,
edges, and facets of P respectively. Throughout this thesis we will

be considering only pointed polyhedra, that is, polyhedra containing at

least one vertex.




e —

A polyhedron which is bounded is called a polytope and has the
property ([17] p. 31) that each face is the convex hull of vertices

Unbounded polyhedron always contain unbounded rays,

in that face.

that is, vectors B in Rd such that, for all x in P, A > 0,

X + A8 is also in P. A d-polyhedron P is called simple if every

vertex of P 1is contained in exactly d facets of P; a d-polytope

P is called simplicial if each facet of P contains exactly d

vertices. A simple polyhedron has the convenient additional property

(C17] p. 65, problem 12) that every k-dimensional face of P is the

intersection of exactly d-k facets of P, and conversely, that

any non-empty intersection of d-k facets forms a k-dimensional face.
Two special constructions should be noted here, as appeared in

[23], namely the product and the wedge.

PSR are d.~- and dz-polyhedra, respectively, then their

L . d_+d

5 o : 2 : 3
product PlXP2 = {(x,y) e R e e® ., 7 ¢ P2} is a (dl+d2)

l’

polyhedron. Its k-faces are all products FlXFQ where Fl is a

p-face of Pl and F2 is a k-p face of PQ, k = O,...,dl+d2,

gE<iph< Ko TE Pl’P“ are polytopes, then so is PlXPQ, and if

P. ,P_ are simple then so is PLXP2' Two special cases, the open

2
[0,») respectively.

and closed prisms, occur when P2 = [0,1] and




Given d-polyhedron P = {x ¢ RdIAx < Bp, ®acet F of P, the

wedge of P with foot F 1is the polyhedron

W(P.E) =

1
™
=
o
+
=
S
Jevd e fa 3
|
o~ o
x
| A
iV e o)

where H = {x ¢ Rd‘(p,x)

Geometrically, it can be described as a closed pyramid on P with
the top and bottom facets, Px{0} and Px{1l}, identified at F. A
face of w(P,F) 1is either a face of one of the top or bottom facets

or a closed pyramid on a face E of P with E n Fx{0}, E n Fx{1}

(if they exist) identified. If P 1is a polytope, then so is w(P,F);

if P 1is simple, then so is w(P.,F).

o} is the hyperplane defining F, P c H.




=> w(P,F) =

g i

2.2 Simplicial Complexes

A simplicial complex I on a finite set E is a non-empty

collection of subsets of E with the property that o € £, 1 € 0 implies
T e L. An element o e I is called a simplex in (or face of) I,

and will be identified, when necessary, by listing its vertices

CHER SRR TR E. The dimension of ¢ is dim g = [ci—l; the
simplices of dimension 0 are called vertices, and are denoted as a

set V(£). (Note: though every vertex is an element of E, not

every element of E  is a vertex). The gjmensiOE_ni ¥, dIm T,

is equal to the dimension of the largest simplex and I is called

pure dimensional if all maximal simplices in 3% are of the same

dimension. The size of %, |[z|, is equal to the total number of

simplices in I.

For an arbitrary collection & of subsets of E, we define the
simplicial complex called the closure of f, cl ¥ or %, to be

cl % = {t|t c o for some o e I}. We will extend the notation to

in

i

allow cl o g = cl{c} for g ¢ L. The poundaql OE AT e Tl . s

the closure of the collection of (d-1)-simplices of 1§ which are
contained in exactly one d-simplex of ¥,

We define finally the key concepts of deletion and link. CGiven

simplex o ¢ I the deletion of ¢ from I is




INd = {t ¢ Z] o ¢ t}.

It is important to note the difference between this notation and that

of 21\22, where I is a simplicial complex, the latter being

2
defined as the set theoretic difference between the two collections of
simplices. For o # @ (ZI\g = @), £\o is a simplicial complex.

For multiple deletions we will simply write Z\pl\...\pn and take

it to mean deletions are performed from left to right. The link of

(e e ) o e

=
=
t4
G
1
—~—
—~
m
o~
~
=
Q
"

]

For every ¢ 1in » f2k_0 1is a simplicial complex (1kzﬂ = 7), and

z

b
=

L 1is pure d-dimensional then kao is pure (d-|g|)-dimensional.

‘pammya e £ e 3 . 2 - i
Example: If I aL{vlszB,leQVN,vlvavu}, then I is pure of dimension
2, and |E| = 3. We can represent I pictorially as
v
2
V’& v3

Some examples of deletions and links, also represented pictorially are:

3




both pure 2-dimensional and l-dimensional, respectively,

¥a

)..\vlv3 =

2-dimensional but not pure, and

kavlv3 =

lkzleQV3 = {¢g}

{¢} is a (-l)-dimensional simplicial complex.

L)

Several constructions should be noted here:

Example 2.2.1: Simplexes ([17] p. 53).

} is a setrof d+l points in Rd for which

£ v =y e

ORISR

dim(conv V) = d, then Td = conv V 1is called a geometric d-simplex.

Every Td has F(Td) = foomvln, yreeq®, HHw, sevis¥ bo Vi Hence
i i i i, " —
8 1 K 1 k
the simplicial complex A = cl{V}, called a combinatorial d-simplex

(or just d-simplex) has the property that Ad is realized as the
collection of those vertex sets which define a tace of Td. We allow,
for completeness, the combinatorial (-1)-simplex A—l = {@§} which

has no corresponding geometric realization.

Example: A geometric 3-simplex looks like

0

(solid)




and its corresponding combinatorial simplex is ¥ = Vo¥yVolse 4

Example 2.2.2: Boundary Complexes of Simplicial Polytopes.

If P is a simplicial polytope, then each facet F of P is
geometric d-simplex on the vertices of F, so that the set

ZP = {vl...vk|vi vertex of P, conv{vl,...,vk} is a proper face of P}

forms a (d-1l)-dimensional pure simplicial complex, called the boundary

complex iof P. I is one example, with

d

N B s L e

L = 3N = A \vo...v& =0 TR e ols 4

0 a-1°V0 " Vamo¥qr- ...vd}.

1

Example 2.2.3: The Union of Two Simplicial Complexes.
Given simplicial complexes Zl,ZO on vertex sets V(Zl),V(ZQ)

(not necessarily disjoint) their union El U 22 (in the regular sense)

is also a simplicial complex. We have dim(Xl u L,) = max{dim Z

5 1 dim 22},

and Zl and X2 being pure d-dimensional implies that El 0] 22 is

pure d-dimensional.

Example 2.2.4: The Join of Two Simplicial Complexes.

Given DI two simplicial complexes on disjoint vertex sets

2

V(Xl),V(X?), their join is the complex Z..Z, = {0, u ©

1*%9 log e 243

2

on vertex set V(I ) v V(L)) with factors I, and I,. Then

Ly+L, fis also a simplicial complex and dlm(Zl+Z2) = dim gt dim 1,

and Zl and 22 being pure implies zl.z? pure.

Again, we will abuse the notation to include collections which

are not complexes and simplices in complexes (such as 6.22 0 ¢ El).

In the case where 22 is a point set we call 21.22 a multiple

suspension (on Z]).




For instance,

V2 V3 (
Vl V'4
VQ\\\\\\/////:ﬁ .
V2 .
Vs

Example 2.2.5: The Simplicial
Given simplicial complex I,
wedge (or wedge) of & on v is

where

so is wl(X,v).

For instance

a,b are two additional vertices.

i |

B il s

Wedge.

vertex

w(z,v) = {a,b,p}.(Z\v) u ab.ek

complex and its dimension is one more than

3
v
[
i £
(solid)
Vs
v in I, the simplicial

2:V

w(Z,v) 1is again a simplicial
dim £. If I is pure then
b
i
b

(hollow)




. Example 2.2.6: Stellar Subdivision.

Given simplicial complex I, @ # X € I, and symbol a ¢ V(Z),

the stellar subdivision of I on 1T 1is the complex

st(a,X)[z] = (E\X) v a.BX.kaX

where 08X = X\X. Noting that (Z\X) u a.3X. 2k X = (I\X) U E.ax.zkzx,
it is easy to see that st(a,X)[z] is a simplicial complex, that
dim st(a,X)[z] = dim £, and that st(a,X)[Z] is pure dimensional if
Z 1is pure dimensional. Generally we will call a complex Zl a
stellar subdivision of 22 if Zl can be obtained from 22 by a
series of stellar subdivisions. Stellar subdivisions are important
because they comprise the building blocks of piecewise linear (or
combinatorial) complexes and in particular of simplicial polytopes
(see chapter 5).

One interesting note: If w(Z,v) is the simplicial wedge with
extra vertices a,b, then st(v,ab)[w(Z,v)] 1is the double suspension

of ¥ on a,b. The wedge can then, in a sense, be obtained by taking

a double suspension followed by an "inverse stellar subdivision."

2.3 Five Lemmas on Simplicial Complexes

We present here results relating the constructions link, deletion,

join and union which will prove useful throughout the thesis.

Lemma 2.3.1; Given xl,x

simplicial complexes, T ¢ Zl u 22 then

2
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' s
(Zl\T) UL, Te¢ 21\22

i) L,ov ZQ\j = < DR (22\1) T € ZQ\Zl

| k(Zl\T) U(ZQ\T) TeZ Nk,

Proof: 1) I, U I\t ={oelZ v 22|1 ¢ o}
=fo e Licgol uloe 22|T ¢ o}

= pight hand side of 1i.

=
=
N
sy
=
A
1]

{0 ¢ DIV ZQIT no=@, tuoel U 22}

"

{o € Zl]T no=9, tuvocil

u {o ¢ X2|1 o= 0 U o e Xz},

gince T U0 € Zi implies that o ¢ Zi,

= pight hand side of ii.
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Lemma 2.3.2: Given 21,22 simplicial complexes, T € I .I_,. Let

172
Ty be the set of vertices in T and in Ei. Then
i
i) (C . )\ = (2 \ty )2 v ZL.(Xz\:Z )
) 2
ii) 1k Va0 AR ) R ) ) TR ) )
21.22 Zl Zl 22 22
Proof: 1) fi.)z\g = {o, U 02|oi €I, tfo U 02}
= {o, voylo; e B,y T, £0,, 1, £0,)
1 2
= (Z)\1y )2, v 2 (TN )
o8 2
S, kal.zqr = {ol U 0210 foe = B, 0, UO, UTEe 21.22}
= (ol u a2foi n Tzi = @, o, U T, € Zi}
R T B R IR
Zl El E2 Z?

Lemma 2.3.3: i) If o, Tt are non-comparable, then
(ZN\o)\t = (E\1)\o
i1 S e Rl Ekzo then

(lkzo)\g = Zkz 5

\1




Proof: i) (ENo)\r

ii) (szo)\t

Eenma 2.3.0¢ ILE ©

Proof : Zkzkzo(T\p)

1"

"

L}

n

15

{ve\o|t ¢ v}

fv e tlo ¢ v, 1€ v}
{v eI\t |o ¢ v}
(Z\t)\o

{v e tkoo|t ¢ v}

{vesilvno=0,vuoel, 1¢vl

{vei\tlvno=0,vuoeZI, 1¢0uv}

(since T ngo = 0)
Z\Jo

T ¢ £ then

kklkxo(r\p) = zkz(r u o)

{vezlvn (r\o) = @ v u (1\a) ¢ Zk[o}

{vezZlvn (t\o) =0, [vu (t\o)]lno =g,

vu(t\og) uo e} ﬂ

{v ¢ zlv n(t\o) =P, vao =P, VUTUGDE T}

{veiIlvn(tuo)=0,vu(tuo)etk}

ZkZ(T uo).
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Lemma 2.3.5: ka\(o\r)r lkz\gr

Proof : Ekz\(o\T)T ={velIlvant=0,vurtesz, o\t ¢}

lveIlvnt=0,vuteZ,ofv

(since v n o = @)

2.4 Dual Complexes

Given d-polyhedron P E_Rd, Xy € Rd, the polar set to P at
xo is defined
) d ;
P*¥ = {y ¢ R |{y-%,,2) < 1 for each z e P},
xo 0 -

Then Pio is also a polyhedron ([17] p. 49, prob. 5 viii). If P
is a polytope, and %y € int P, . then Pio = P* is called a dual
polytope to P and has the property that there exists an inclusion
reversing isomorphism between the proper faces of P and the faces
of P* ([17] p. 47). Hence, among other properties, P* is
unique up to F(P), P#* = P% P simple implies that P%* is

simplicial, and P simplicial implies that P#* is simple.

For instance,




(All 2-polytopes are self-dual.) And

®

More generally, the simplicial dual to a simple polyhedron P

is the complex Zg
£f={v. ...v. |f. n ...n £, is a non-null face of P}. Then
B 1y 1001 1y

is a (d-1)-dimensional simplicial complex, and again there is an

inclusion reversing isomorphism ¢ between the proper focus of P
g P P prop

on E = {viIfi a facet of P i = 1...n} defined

Zp

and the non-empty simplices of ZP where if F is the intersection

of facets . seeciyt. then ¢_(F) 1is the simplex v, ...v, .
ll 1 2 1l 1

To relate the simplicial dual to the dual polytope, we simply note

that for simple polytope P, e g

b pie the boundary complex of

the simplicial polytope P,

One immediate result is that any property true of general
simplicial complexes is true in its dual sense for all simple
polyhedra.

We now relate some of the polyhedra in section 2.1 to their

simplicial duals.

Proposition 2.4.1: Let P be a simple d-polyhedron, 3T its

simplicial dual, F a proper face of P, and o = ¢P(F). Then

.
¥ =k,

F 2T o

w

L;P

17
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Proof: Let f ...fn be the facets of P, chosen so that f shait

it Sl 3% k

are those facets defining F. Then V(L) = {vl,...,vn} and

g = vl...vk. Further, the facets of F are of the form
- v o . %
fi = fl Bl h fk n fji for appropriate Yoreend ? k. Then EF
is defined on vertex set {v. ,...,v. } by
]l Jm
Z? 2 v, «eov, |E. 0 ..nE, £ P is a face of F}
*3 o e
# f9, ety 1. B AE A A S e e R s g Facelo P
i i 1 k s It
i L 1 i
A1 ¢
=" fv v, |v V.V, ...v, is a simplex of '}
i, i & k i i, E
= 2k %0 .
Zp

be simple polyhedra. Then

Proposition 2.4.2: Let Pl,P2

Proof: We have the facets of PlXP of the form f§XP or P Xfi,

2 2 L

where f; is a facet of Pi 5 [ SRR o S < (o

g
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o8 ?
Z; Ear {v% it v? ...v? Ifi P, R e B fi XP2 n Pl‘f- n ... N Ple?
L i e B gy k I Iy
is a face of PleQ}

"
—=
<

<

Y I(fi Noeee 0 EXOX(E2 ... £2)
Hg s ke & By G AU Ie

if a face of PleQ}

= {{v ,...,v% }u {v? > o }lf% e fi is a face of P
1 Mk 3 g iy k
f% W oo e f? i's 'a £ace of P2}
5 I
- Z* z-.':
i

As special cases, the dual complexes to the open and closed prisms

are the single and double suspensions, respectively.

Proposition 2.4.3: Let P be a simple polyhedron, fi a facet of P.

Then

%
o
4 1o

& -
zw(P,fi ) w(Z

0

Proof: The facets of w(P,fi ) can be denoted Px{0}, Px{1}, and
0
(with the proper identifications), and

fix[O,l] v

0




B3 2 i : X 2 2. | —
ZW(P’fi e {Vil"'Vik(vo)(vl)lfilx[o’l] 0 Toee M fikx[o,l](n Px{0})

(n Px{1}) is a face of w(P,fi )}
0

= {vi "'Vi (vi)l(i =0,1) f; n...nf,  aface of P}
1 k g | k

1 B 002

U {vi vy vovl|fi M et ) fi a face of F},

il k 1 k

since the top and bottom faces intersect exactly at F,

o
«w

B

Ve B

N
120

{vg,Vi,ﬁ}.(zg\yiO) u v

o N

N TR 2
v S 0 ERORE NS Sy = LTl v
Oy P 10 al ZP 10
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2.5 Shellable Complexes

A collection U of k-faces in a polyhedral complex is shellable

if either k = 0 (a point set) or the k-faces in U can be ordered

ff""fn g0 thaty for J = 2 ..50:0, fj n <fj-]

Ut e U fl) is a
union of (k-1)-faces which themselves form a shellable collection.
In a simplicial polytope the restriction that the collection of

(k-1)-faces is shellable can be dropped, since any collection of

(k-1)-faces in a geometric k-simplex is shellable (in any order). The

corresponding definition for simplicial complexes, then, can be stated:

A pure d-dimensional complex I is shellable if its d-simplices
j-1

L0, 80 thaty for § = 2y, G ACU S

can be ordered s
OpseresO : Pt es

20
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(the intersection taken as complexes) is a pure (d-1)-dimensional
complex.
Brungesser and Mani [8] showed that all polytopes are shellable.

Their shelling is called a line shelling, and is produced as follows.

Let Hi be the hyperplane defining facet fi, 2 = 1 L., n and lek

2 be any line in Rd passing through int(P) with the properties

1) & intersects every Hi and 2) ¢ intersects no more than one Hi

at each of its points. Then the order of shelling of the fi is

the order in which the Hi are intersected by a path beginning at some

point x in ¢ n int P travelling out from x along one fay of

then back in to x along the opposite ray. In the same paper, they

showed that shellability of simplicial complexes is preserved under

stellar subdivisions, and as a result that every simpiicial complex

which can be "realized" as a combinatorial sphere or ball (see Chapter 5)

has a series of stellar subdivisions which produces a shellable complex.
One can extend polytope shelling to a shelling of the dual complex

of a simple unbounded polyhedron P as follows: first choose a

hyperplane H = {x (p,g) = a} which supports some vertex v of P,

PcH. Let a, = min{(u,v)|v a vertex of P} (which exists since

there are only a finite number of vertices in P). Let

Hl = {x|(u,x) = a*—l}, and consider the polyhedron P. = P n HI.

1

Pl is a polytope, since any unbounded ray of Pl (and thus of P)

must be parallel to H (in order that every x ¢ Pl have

a < us2) < ay,-1), implying that H does not support P uniquely at

v. The vertices of Pl are exactly those of P along with Hl R S
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where [ is an unbounded edge of P. Hence Pl is simple, and

Z? v {v u oo is a (d-2)-simplex in Z; contained in exactly
1
one (d-1)-simplex of r;’j}
= ZP u v.BZP.

B
%

Let Xy be the vertex of the simplicial polytope Pl corresponding

to v. We can always choose a shelling line & to P? which crosses
the facets containing v before any other, by choosing ¢ sufficiently

close to X with & normal to a supporting hyperplane to x

O,

Henice the line shelling described removes the additional facets of

0

¥ %
X first, and then shells ZI_.
Pl P

We have, then

Proposition 2.5.1: The dual simplicial complex to a simple polyhedron

is shellable.

2.6 The Diameter of Complexes

Given vertices YooYy in a polyhedron Pl an edge path from Yo

to vy in P 1is an alternating sequence of vertices and edges

u. are (the)

v, = uo’OL’ul""’uk—L’ek’uk =%y of Placuch that Us_qsY;

0

incident vertices to e,. The length of such a path is k = the number
of edges = one less than the number of vertices. The distance

v(vo,vl) between Yo and Vi is the minimum length of an edge path

between v0 and vis and the diameter of P, diam P, 1is the

maximum of Q(vo.vl) as range over all vertices of P. We

VO,Vl

have P path connected [17, §11.3], and so diam P < o,
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We note here that of the two polyhedral constructions in Section 1,

1) diam Pl><P2 = diam Pl + diam PQ, and

2) diam(w(P,F)) > diam P.

The first equality can be seen by observing that any two vertices

V¥V W XM, of P xP can be joined by edge path

G 5L
lxv2 X ulxu2 elxu2 el Xu2 ul xu2
b4 e el ite 1 St o e ol s
1L I
ul xe2 ul xv2 ul Xe2 ul Xu = u_ Xy
;) FHeSoRen Yy 3 5
nl X nl X nl n2 nl n2 L 2
i jie o1 i 3 i i R
where v = uo,el,...,eni,uni =y is a path from v o i in Pi’
and ni < diam Pi' Further, for vertices vl,ul in Pi with
l(vl,ul) = diam Pi’ any path connecting lev2 to ulXuQ can be

oere c : i i :
partitioned into a path connecting v to and a path connecting

)
<

v to u2, hence the total length of the path is diam Pl-fdiam P2.
The second inequality can be seen by simply noting that the
projection of any path to one of the top or bottom facets produces a
path in P, and so any two points v,u of distance diam P apart
have wvx{i}, ux{j} of distance at least diam P also 1i,j = 0 or 1.
An outstanding conjecture in polyhedral theory, the Hirsch
Conjecture, as discussed in [17] Chapter 16 or [24], claims that for
d-polytopes diam P < n-d, where n is the number of facets of P.

The major polyhedra for which the Hirsch Conjecture i: known to hold

fall into the following three classes.




1. Transportation polyhedra

P = {x ¢ RPY| § S = Bl rapd E K= Do
+ 5=1 ij 1 SEq 3

i=1,...,9 . Balinski [2] proved the Hirsch Conjecture for the cases

m
£ & 1 4 2 i *
a; =kgm+l bo=m k; >0 izl k;, = my-1 a, = (k;+1)m -1 by =m
m
k., >0 Zl k, = m -m +1. Balinski and Russakoff [3] proved it for the I
i=1
case a; = bj = 1, called the Assignment Polytope.

2. Leontief substitution systems

P={xc¢ RE]Ax = b}, where b 1is a non-negative m-vector and A
is an mxp pre-Leontief matrix, i.e., A 1is full row rank and
contains at most one positive entry per column. Saigal [32] showed the
Hirsch Conjecture for the special case A the node-arc incidence matrix
of a directed source~sink network, v the incidence vector of the source
and sink, called the Shortest Path Polyhedron. Grinold [16] later

showed it for the general case.

3. General polyhedra

Klee and Walkup [24] provide the Hirsch Conjecture for polytopes with
d <3 and n-d < 5. They found a class of unbounded polyhedra of all
dimensions d > 4, n = 2d which violated the Hirsch Conjecture. They
also showed that it is sufficient to consider only simple polytopes,

and only those with n = 2d.

Proven upper bounds on the diameter of d-polytopes with n facets

n-3

are very high. Larman [25] established a bound of 2 “n, and later
- { =
Barnette [6] improved it somewhat. He gives the bound % Qd = (n-d +§0,
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which is incorrect for d = 3, but his proof seems to yield the

d-3

2 3
bound ‘3— 2 (n-d + —2—) .

L In a simplicial complex the concept dual to edge paths is that of

simplicial paths. Given two d-simplices AO, Al in a d-dimensional

simplicial complex I, a simplicial path between AO and Al is a

sequence of d-simplices 8, = 053075050y = Al for which o; N o; 4

is a (d-1)-face of Ch and o, i=1,...,k. The length of such

a path is k, one less than the number of d-simplices in the path. |

Then the distance between AO and Al’ Q(AO,Al), is the length of the

shortest simplicial path between AO and Al, and the simplicial

diameter of & (or just diam ¢) is the maximum of E(AO,Al) as

A., A, range over all d-simplices of I.

(2 il
We have immediately from the definition of dual complexes that if ;
P 1is a simple polyhedron then

diam P = diam zg

and the corresponding form of the Hirsch Conjecture says that the diameter

of the (d-1)-dimensional complex of the boundary of a simplicial d-poly-
tope with n vertices is n-d. More generally, we say that any

d-dimensional simplicial complex I with n vertices satisfies the

Hirsch Conjecture if |

diam I < n-d-1.




CHAPTER 3

k~DECOMPOSABLE COMPLEXES

3.1 Definitions

We introduce the main concept or this thesis here, namely k-

decomposability.

Definition 1: A simplicial complex I is k-decomposable if I is

pure dimensional and either £ = {@#} or there exists a simplex
1 e Ly with dim < k such that

1) I\t is k-decomposable

2) zkzr is k-decomposable

k-decomposability, then, forms a hierarchy, with k-decomposability
implying (k+1l)-decomposability for 0 < k < dim I, and k-decomposability
equivalent to (k+l)-decomposability for k > dim %. Since 1 of the
definition can never be the null simplex (I\@ = # is not even a
simplicial complex) then k-decomposability is not possible for k < 0.
The most restrictive case, k = 0, 1is of special importance, and will

be called vertex decomposability.

Table 1 illustrates a complete 2-decomposition of the complex
L = cl{vovlv2,vovlva,v0v2v3,vlv2v3}. One example of a complex which

is not k-decomposable for any k is the complex I = cl{vlvz,vav“}.
Deletion of any simplex from I results in a complex which is not
pure.

We present now two elementary but important classes of vertex

decomposable complexes, namely, the d-simplex and the boundary of

a d-simplex.




23 = 22\1’3 = . etc.

Table 1

A 2-decomposition of I = cl{vovlv2,vovlv3,vovzva,vlv2v3)
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Proposition 3.1.1: The d-simplex Ad (d > ~1) and its boundary

aAd (d > 0) are vertex decomposable complexes.

d i e :
Proof: Recall A = Vo' Vq and 3A = vo...vd\yo...vd. Certainly

these are both pure dimensional complexes of dimension d and d-1
respectively. We prove both are vertex decomposable by induction on

(41

Ad: If 4 = -1 then Ad = {#}, which is vertex decomposable.

Otherwise, choose any ] in Ad. We have gk avi T Ad\vi =
A
which is a (d-1)-simplex, hence by induction is

Yo ¥ia

d-
vertex decomposable. Hence A is vertex decomposable.

BAd: £ 'd =0, then BAd = Vb\vo = {#}, which is vertex decomposable.

" Y d
Otherwise choose any vertex v, in Ad. We have 3A i

c eV

Vv eV

0 o gk T L

d which is a (d-1)-simplex, hence by the first part

of the proof, is vertex decomposable. And

b

=

<
"

a’i vo...vi_lvi+l...vn\vo...vi_lvi+1 L

aAd—l

3 d
which is again vertex decomposable by induction, and hence so is 3A .

More examples will be given in Chapter 4.
We now give two equivalent definitions which will be of importance

throughout the thesis.

Definition 2: A d-dimensional complex I 1is k-decomposable if it is

pure dimensional and either £ 1is a d-simplex or there exists a simplex




29

T e, dim Tt < k, such that
1) I\t 1is d-dimensional and k-decomposable

2) kao is (d-|o|)-dimensional and k-decomposable.

Definition 3: A (not necessarily pure) d-dimensional complex I is
k-decomposable if either I is a d-simplex or there exists a simplex
T € %, dim T < k, such that

1) I\t is d-dimensional and k-decomposable

2) gkyt s (d-|t|)-dimensional and k-decomposable.

Before we prove equivalence of the three definitions, we need to

prove a lemma.

Lemma: If I 1is a k-decomposable complex by Definition 2, and ¢ is
a set of elements disjoint from the vertex set V() of I, then

6.2 is k-decomposable by Definition 2.

Proof: We prove the lemma by induction on |£|, the number of simplices
in £. If |Z| =1 then £ = {@#} and 0. =0 which is a (|o]-1)-
simplex, hence k-decomposable. So let |[Z| > 1 and dim £ = d.
Certainly o0.r is pure (d+|o|)-dimensional, since ¥ is pure
d-dimensional. If I is a d-simplex, then o¢.I is a (d+|0|)—simp1ex,
hence again k-decomposable. Otherwise, there must exist a 1 . %,

dim T'i k, such that &\t is d-dimensional and k-decomposable by
Definition 2, and kkzr is (d-|t|)-dimensional and k-decomposable by

Definition 2. Further, |Z\t| and |1k21| are both less than |z],

so by induction EZ(E\T) and Ellkzr are both k-decomposable by

Definition 2. But by Lemma 2.3.2, o.(Z\1t) = (¢.I)\t and




g.lkzt = Lk— gt Therefore 1t satisfies the requirements for Defini-

tion 2 on the complex o0.L, and hence o0.I is k-decomposable by

Definition 2. This completes the proof of the lemma.

Proof of equivalence of Definitions 1, 2, and 3: Clearly Definition 2

implies Definition 1 (since d-simplices are k-decomposable), and
Definition 2 implies Definition 3. We prove Definition 1 implies

Definition 2, and Definition 3 implies Definition 2.

(1 => 2): We proceed by induction on |z|. If |Z| = 1 then I = {g}
which is a (~1)-simplex and hence k-decomposable by Definition 2.
Otherwise let I be d-dimensional and k-decomposable by Definition 1,
|£] > 2, so that there exists a T ¢ I, dim o < k such that

kar and I\t are k-decomposable. I pure d-dimensional implies that
lsz is (d-|t|)-dimensional automatically. If I\t is d-dimensional
then we are done. Otherwise it must be that = is contained in every
d-simplex of £, so that I = ?.kar. But lkzr is k-decomposable

by Definition 1, hence by induction is k-decomposable by Definition 2.

Therefore from the lemma we see that & 1is also k-decomposable by

Definition 2.

(2 == 3): All that needs to be proved here is that if I is
d-decomposable by Definition 3 then it is pure dimensional. We

proceed by induction on 2], If |E} =1 then T = {§}, which is
certainly pure. Otherwise, let I be d-dimensional and k-decomposable
by Definition 3, |£| > 2. If I 4is a d-simplex then & is certainly

pure dimensional. Otherwise there must exist a simplex 1T ¢ I with

30




I\t and 2kzr both k-decomposable by Definition 3. But then by induc-
tion on \;\Jl < |z| and [2k21| < [£], Z\s -and 2kyT are both pure
of dimension d and d-|t| vespectively. Hence I = (I\r) u ?ﬁler
is the union of two pure d-dimensional complexes, and is therefore
itself pure.

The 1t referred to in the definitions will be called a shedding
simplex. Although the property of being k-decomposable is independent
of which definition is used, the properties of the shedding simplices
and of the resulting complexes may vary from one definition to the next
(in particular between Definition 1 and Definitions 2 or 3). We will
always specify which definition we will be working with when such a

distinction is needed. A shedding order is a sequence of simplices

T ot |t] < k, defined inductively so that

12T
1) LY is a shedding simplex for Zo =)
2) Ty isa shedding simplex for Zi = Zi_l\Ti, U PR | o I
3) L is a d-simplex (or {2h).

In other words, Zi i=1,...,m are pure (d-dimensional) and ka Ti

o
is k-decomposable. Again, refer to Table 1 for illustration.

To close the section, we define a slightly wider class of complexes

the weakly k-decomposable complexes, by dropping the condition on the

links.

Definition 1": A simplicial complex & is weakly k-decomposable if

£ 1is pure and either 3 = {@} or there is a simplex T ¢ I, dim 1 < k

such that I\t is weakly k-decomposable. Weak vertex decompositions,

sheddiné simplices, and shedding orders are defined analogously.

31

’




32

Certainly k-decomposable complexes are weakly k-decomposable. The

~ converse is not true. For example, the complex

is weakly vertex decomposable with shedding order vl,v2,v3,v4,v5,v6,v7,v8,
but this is not the shedding order of a vertex decomposition (since

Lk = cl{v2v3,v7v8} is not vertex decomposable). In fact, this

s
complex is not vertex decomposable at all, since removal of any vertex

except v results in a complex which is not pure. The complex

% = cl{vlvz,vavu}, mentioned earlier, is also an example of a complex
which is not weakly k-decomposable for any k.

4

There is likewise a weak version of Definition 2.

Definition 2%: A simplicial complex I is weakly k-decomposable if

I 1is pure d-dimensional and either I is a d-simplex or there is
a simplex 1t ¢ I, dim t < k, such that I\t is a d-dimensional

weakly k-decomposable complex.

Definition 1" is equivalent to Definition 2w, the proof being
contained in that equating Definition 1 and Definition 2. In fact,
many of the proofs of properties held by weakly and strongly

k-decomposable complexes will proceed simultaneously. Definition 3,

of course, has no equivalent weak analogue.




3.2 Some Properties of k-decomposability

We prove in this section that many of the operations defined in

Chapter | preserve k-decomposition.

Proposition 3.2.1: The link of every simplex of a k-decomposable

complex is itself k-decomposable.

Proof: We proceed by induction on |Z|. If |z| =1 then I = {#},
of which the single link Ekzﬂ = {@} is k-~decomposable. Otherwise,
let 1 be a shedding simplex for E, so that I\t and lkzr are
both k-decomposable, and choose ¢ a simplex in Z. We prove zkzr
is k-decomposable.

Case 1 (t v o ¢ L): We have kao =k which is k-decomposable

Z\JU’

by induction on |E\t] < |Z].

Case 2 (1 c 0): By Lemma 2.3.4 we have
kac = lekzt(c\’t),

which is k-decomposable by induction on IQkZTI < 15
Case 3 (0 ute I, 1 ¢o0): Weprove that t\o is a shedding simplex

for lkzc. By Lemma 2.3.3 and Lemma 2.3.5 we have

(kao)\(T\p) = Zkz\ d's

T

which is k-decomposable as in Case 1. Further, by Lemma 2.3.4 we have

Ekz

1k TV = k(T vo)= mkzkzr(o\”’

33
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which is k-decomposable as in Case 2. Hence 1t\o 1is indeed a shedding

simplex for lkzo. This completes the proof.

Proposition 3.2.2: (Weak) k-decomposability is preserved under joins.

Proof: Let ZL’ZQ be dl— and d2—dimensional (weakly) k-decomposable

complexes. Then I, and £, are pure dimensional, hence so is I .I

3t 2 RO
Proceed by induction on lEl.Z2|. f |Zl.22l = 1 then 21.22 = {g},
which is k-decomposable. Otherwise one of the complexes, say Zl, has
L, # $ . Hence there must be a simplex T € L, so that El\g and

ikzr are both (weakly) k-decomposable. But by Lemma 2.3.2

(ZL'EQ)\T = (Zl\r).22 and ks T = (k. T).E and so by induction

o
1.22 El 2
on |(Zl\;).£2l < lzl.22| and l(zkzlr).ZQI < zpen,], ElaE\1) and
£k s .5y T are both (weakly) k-decomposable. Hence Tt 1is also a
a2

shedding simplex for Zl.Z (by Definition 1) and so zl.z is

2 2

k-decomposable.

Proposition 3.2.3: (Weak) k-decomposability is preserved under stellar

subdivision.
The proof to this proposition is too tedious to include here; it
can be found in Appendix 1. We do give a more enlightening proof for

the special case of vertex decomposition.

Proposition 3.2.4: (Weak) vertex decomposition is preserved under

stellar subdivision.

Proof: Let I be (weakly) vertex decomposable under Definition 1,

X# @ asimplex in I, and a the additional vertex. Recall the
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definition

st(a,X) = (Z\X) v (a.ax.zkzx)

= (Z\NX) v (Slax.xkzx).

o 1is a simplex, then

i

We have [I| > 2 and if g

st(a,X)£] = (o\X) u (a.dX.Lk_X)

o
(o\K) u a.3%. (\X)

a.3%. (g\X)

which is (weakly) vertex decomposable, since each component is

(Proposition 3.2.2). Further, if X = {u} 1is a vertex in %, then

st(a,X)[z] = (2\u) u (a-{¢L£sz)

I\u v a.lkzu

which is merely § with u relabeled as a, and hence vertex
decomposable.

Therefore, proceed by induction on IZI > 2 with the assumption
that £ 1is not a simplex nor X a vertex, and let v Dbe a shedding

simplex for 7. We take three cases:

Case 1 (v ¢ X, v ¥ QkyX): We have
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st(a,X)[ZI\v = [(2\X) v Elax.zkzx]\y

L2NO\v] u [a.3X.kX] (Lemma 2.3.1i)

1

[(2\V)\x] u Elax.zkz\vx by Lemma 2.3.3i and the

4 fact that = ¢ lkzx.

= st(a,X)[Z\v]

which is (weakly) vertex-decomposable by induction on [Z\v]| < IZI.

(Further

2k LV (Lemma 2.3.1)

PRst(a,00z1” T ok

Lk v (since wv.X £ 1)

which is (weakly) k-decomposable by choice of v.)

Case 2 (v € lkZX): We have

st(a, )01\ = [\N)\] v [(@.9X.2k X)\v]  (Lemma 2.3.1i)

= (Z\V)\ u E.BX.(lkz\yX) (Lemma 2.3.2 and Lemma 2.3.3)

= st(a,X)[Z\v]

which is vertex decomposable as in Case 1. (Further

At




2 v U Lk—

kst(a, )21 = e a.a%.2k X"

(Lemma 2.3.1)

[(2k,v\X] u [a.3X.2k v] (Lemma 2.3.2 and Lemma 2.3.3)
z Rk X

[(lkzv)\X] u [Z.ax.zkl vX] (by two applications of

k}:
Lemma 2.3.4)

st(a,X)[lkzv],

which is vertex decomposable by induction on ]lkzv[ ¢ 1521

Case 3 (ve X # {v}): We will shed 1) v and then ii) a.

iy stla XJE] v = @) v SZ(aX\v).szx (by Lemma 2.3.1 and 2.3.2)
which is pure dimensional, since for A a d-simplex in (pure
d-dimensional) I containing v, either X ¢ A, implying

A e INX c st(a,X)[E]\v or Xc A, implying a.(A\Vv) € EZ(BX\V).RkZX <
st(a,X)[Z]. (Further

= 2k v u 2k—

I\ 2.9%. 2k X" (Lemma 2.3.1)
XLk,

lkst(a,X)[Z]v

= [(ek v] u a.tk xv.lkzx (Lemma 2.3.2, Lemma 2.3.5)

Z\(X\v) 3

1"

[k vIN(X\V) T Eﬁa(x\v).zklkzvx (Lemma 2.3.3,

Lemma 2.3.4)

st(a,X\v)[8k;v]

which is vertex decomposable by induction on |lkzv| < {E].}




ii)  (st(a,X)[Z]\Vv)\a

[2\] v [(a.(3X\V).2kX)\al (Lemma 2.3.1)

INK U (9X\v). 2k X

INK U (X\V). 2k X

I\v,

which is vertex decomposable by choice of v. (Further

= 2k (Lemma 2.3.1)

JI'ks‘t(a,X)[Z]\va g.BX\v.lkzva

(2k=a)(3X\v). fk.X  (Lemma 2.3.2)

(N).zkzx

which is vertex decomposable by Proposition 3.2.2, since X\v is a
simplex, hence vertex decomposable and QkZX is shed by Proposition

3.2.1.) This completes the proof of Proposition 3.2.4.

Proposition 3.2.5: (Weak) vertex decomposability are preserved under

wedging.

Proof: Let £ be a (weakly) vertex decomposable complex by

Definition 1, v a vertex in Z. Then |Z| > 2 and if |Z] = 2

then % = v and w(Z,v) = ab which is vertex decomposable. Otherwise
proceed by induction on |I| > 2. Let u be a shedding vertex of I.
Again, recall w(Z,v) = {a,b,8}.(Z\v) u ab.lkzv = {a,b,0}.(2\Vv)

Sgﬂnkrv. Let u be the shedding vertex of I. Again, we take three

cases.

38
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Case 1 (u # v, u¢ lkzv): We have

w(z,v)\u = [{a,b,B}.(Z\v)\ul u ESlakzv (Lemma 3.2.1)

{a,b,#}.(E\v\u) v ab.2k.v (Lemma 2.3.2)

{a,b,@}.(Z\u\v) U'EB.ZkZ\uv (Since uv ¢ I)

w(Z\u,v)

which is (weakly) vertex decomposable by induction on |I\u| < |Z].

(Further,

lkw(z,v)u = {a,b,ﬂ}.ﬁkz\vu (Lemma 2.3.1, Lemma 2.3.2)

{a,b,w}.lkzu (since uv ¢ I)
which is vertex decomposable since both factors are.) So n 1is also

a shedding simplex for w(Z,v).

Case 2 (u € lkzv): We have

w(Z ,v)\u

{a,b,8}.(E\v\u) v gf.(lkzv\u) (Lemma 2.3.1, 2.3.2)

"

{a,b,#}.(Z\u\v) u ab.2k., v (Lemma 2.3.3)

Z\u

which is (weakly) vertex decomposable as in Case 1. (Further,

w(Z\u,v)

39
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ﬁkw(z’v)u = {a,b,Q}-lkz\yu U ab.sz'k i (Lemmas 2.3.:1; 2.38.2)

):V

{a,b,#}.[(2k u)\v] v ;S'lklkzuv

by Lemma 2.3.3 and two applications of Lemma 2.3.4

= w(lkxu,v)

which is vertex decomposable by induction on llkzul < {z].) S0 u is
again a shedding simplex for w(Z,v).

Case 3 (u =v): Then

"

w(z,v)\a = ({a,b,#}\a).(Z\v) u (ab\a).tkyv (Lemma 2.3.1, Lemma 2.302)
= B.(I\) E.lkzv

= b.(E\v)
which is (weakly) vertex decomposable by choice of u = v. (Further,

g T (“k{a,b,w}a)‘(Z\V) u (Rk a).2kev (Lemma 2.3.1, Lemma 2.3.2)

(Z\Vv) v E.lkzv

£ (by replacing v with D)

which is vertex decomposable.) Hence a is a shedding simplex for

w(l,v).




This exhausts the possible choices of v, and thus proves the

theorem.

3.3 k-Decomposability and Shellability

This section will be denoted to proving the following Theorem:

Theorem 3.3: A d-dimensional complex I is d-decomposable iff [ is

shellable. An immediate corollary is:

Corollary: Every k-decomposable complex is shellable. Note that weak
k-decomposability cannot insure shellability, as the example at the

end of section 3.1 shows.

Proof of Theorem: (<=) Let I be a d-dimensional complex, CPRRRERLN

an ordering of the d-simplices of I which shells %, so that

I = cl(.ﬁ oi). We prove that £ is strongly d-decomposable by
Definit;;i 2. If m=1 then I 1is a d-simplex, and so I is
k-decomposable. For m > 1 we proceed by induction on [Z|. We have
by definition that 5& n (T;i Ei) is a pure (d—l)-dimeniional complex
generated by the (d—l)-simgiices (SETEERLI Let .t = jgl (om/r.).

Then = < o (hence 1t ¢ £), but = g_oi i < m, since it cannot

]

be that TNO, €0 NGO, < Tj, for some j, while @ # om\rj € X

m L.

i

Therefore o is the only d-simplex containing 1. So
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mel b
1) INt = (i:1 oi) u (om\@)
e T ks
= (1:1 oi) u (o \1)
m=1e k
= (i:l oi) U Cl(om\j:l (om\rj))
m-1 k
= e Ueli(h Y i)
% j=1
=2 T
=il
jsi  *

hence

which is a shellable complex, with shelling order o »0

it "

d-decomposable by induction on [IN\r] < lZl; and

2) kT = fk— T
o

i

(o \1)

m

which is a simplex, hence d-decomposable. Therefore 1t 1is a shedding

simplex for X, and hence I is strongly d-decomposable.

(-») By induction on |f|. If |f| =1 then I = {#}, which is
shellable. Otherwise suppose £ 1is d-dimensional and d-decomposable
by Definition 2. If I is a d-simplex, then I 1is shellable.
Otherwise there must exist a simplex 1t ¢ I such that 1) I\t is
d-dimensional and d-decomposable and 2) kkzr is (d-[r[)—dimensional

and d-decomposable, implying lkzr is (d—lt[)—decomposahle.
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1) implies I\t is shellable, by induction on |Z\r| < |Z|, with

of the d-simplexes in § not containing t.
p

2) implies lkzt is shellable, by induction on |zkzt| < |z], with

shelling order ol,...,o

Prereaty Let °p+i =T U Ty i= l,...,zi—lWe claim that

is a shelling for %. For 2 <k <p gk n (u E}) is a
i=1

pure (d-1)-dimensional complex by(l). For k > p, we have

shelling order ¢

al,...,op+£

i Jealie i R i1 le=lr i
o, n(v o0,)=0o nCu 0,)1uvle n( v 0.)]
i=1 i=1 i=p+l
= o k-p _ _
= [op n (2\1)] v [(T.Tkﬁp) n (.g (t.7;0)]
i=1
e i g
= o \tl v [r.(xy _ n ('L_J T, )1
i=1
Now gk\r = u o\v , which is pure of dimension d-1, and
veT
- k-p
Tiep (iil Ti) is pure of d12f231on d-|t|-1, since TiseeesTy isa

shelling order. Hence g N (u oi) is a pure (d-1)dimensional complex
i=1 pEY
for k = 245...sp¥%s and therefore I = U ¢, 18 shellable.
-
We observe the important special case that the simplicial duals of
convex polyhedra and polytopes fall at least into the bottom of the

hierarchy of k-decomposable complexes. It remains to be seen how far up

in the hierarchy they lie.

3.4 k-Decomposability and Diameters

It turns out that k-decomposability and weak d-decomposability force

bounds on the (simplicial) diameter of simplicial complexes.

T e e ey e e 1V
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Theorem 3.4.1: If I is a d-dimensional k-decomposable complex,

Ol sile < d, then

d+1

k+l)

diam I < fk(Z) - (

where fk(Z) is the number of k-faces of I.

Proof: We proceed by induction on |[Z| > 2 (since dim I > 0). If

|z] =2 then £ =v, and so dim X =0, k =0, fO(Z) SR and

d+1

w41)- Otherwise proceed by induction on il > 2.

diam I = 0 < £,(2) - (

Let A_,A, be two d—sihplices in I, and T a shedding simplex

[ |

for' Z.

Gase 1 (x Z_Al n A.): Then at least one of Al,A is in EI\r, say

2 2

A2. This implies I\t is pure d-dimensional, and so for v e 7,

Al\v ¢ I\1 must be contained in some d-simplex Al

1€ I\t, so that

'
Al’Al

on |z\t| < |z}

are adjacent. But I\t is k-decomposable, so by induction

d+1

diam(z\1) < £, (Z\1) - ()
d+l
j_fk(i)—l _(k*l)

1
(since 1 must be in at least one k-simplex) and so A, can be joined

&
to 4, by a simplicial path of length at most fk(Z)- (2:1) - 1. Hence
I d+1
Al can be joined to A2 by a path of length at most &(Z)- (k+l)'




Case 2 (71 S_Al n A ): We have Al\r, AQ\T in lkzr, a k-decomposable

2
complex with 'lkzrl < |z]. 8o, by induction,

d—|1|+l

diam(gk.T) < £ (Rk.T) - () )

Jic

Now 1 1is contained in some d-simplex A ¢ I which contains
k-faces, (k+i;1TI) of which do not intersect T. Hence

dtly  d+l-|t];

£, (2ks1) < £,(2) - [(k+l = sl

and so

d—‘Tl+l

d+l)
k+1

dlam(lkzr) i'fk(lkzr) - ( K1

R
Hence Al\T, A2\T can be joined by a simplicial path

Al\r =g vl ® A2\T

d+1

in 2kt of length at most fk(E) - (k+l

can be joined by the path

of the same length.

Since these cover all choices of Al,A we have

2
d+1

k+1)'

diam I < fk(Z) - (

), and therefore Al

(
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d+l)
k+1

and A?




Corollary 3.4.2: Vertex decomposable complexes satisfy the Hirsch

Conjecture.

Theorem 3.4.3: If I 1is a weakly k-decomposable complex, 0 < k < d,

then diam I < 2fk(2).

Proof: Let I be d-dimensional, weakly k-decomposable by Def e
If & 1is a d-simplex, then diam I = 0 < 2fk(2). Otherwise, proceed

by induction on IZI > 2(d+l).

Let Al,A2 be d-simpleces in I,
and let T be a shedding simplex for E.

T w e Ai’ 3 = 1 or 2, then for Ve T Ai\v e I\t must be
contained in some d-simplex in I\t (since I\t is pure d-dimensional).
Hence there are simplices Ai,A; in I\t which share a (d-1)-face
with Al’AQ’ respectively. But |Z\;l < |Z| , so by induction

diam(Z\t) < 2f, (Z\1)

| A

2[fk(2) - 1]

since T must be contained in at least one k-simplex. Therefore
Ai,A; can be joined by a path of length at most 2fk(2) - 2, and

'
so A ,8, can be joined by a path of length at most 2fk(Z). Hence

2

diam & < 2fk(2).

Corollary 3.u4.4: (Weakly) k-decomposable complexes have diameters

bounded above by a polynomial in n of degree k+l. ’




L7 j

Proof: fk(Z) is at most the number of (k+l)-sets in the n-set V(I).

Hence fk(Z) =g ), a polynomial in n of degree k+l. The

n
k+1

corollary follows.




CHAPTER 4

CLASSES OF VERTEX DECOMPOSABLE COMPLEXES

4.1 Complexes of Dimension < 3

Proposition 4.1.1: All 0-dimensional complexes are vertex decomposable.

Proof: Simply note that O-dimensional complexes are point sets, and so
for each v ¢ I, fk,v = {g} and I\v is either {@} or again a

point set. Hence the vertices of I can be shed in any order.

Theorem 4.1.2: Let £ be a l-dimensional complex, i.e,, a loopless

graph with at least one edge and no multiple edges. Then the following
are equivalent.

1) £ 1is connected

2) I 1is vertex decomposable

3) I 1is weakly vertex decomposable

4) I 1is 2-decomposable

5) ¢ 1is weakly 2-decomposable.

Proof: First note that the link of a non-empty simplex in I is

either {@#} or a 0O-dimensional complex, both of which are k-decomposable
for k = 1,2. Hence we have 2 equivalent to 3, 4 equivalent to 5, and

3 implies 4. We prove 5 implies 1 and 1 implies 2.

(5 > 1): Proceed by induction on || s LR 2] =& then ¥ is a
single edge, which is connected. Otherwise let IZI > 4y, so that I has
a shedding simplex 1t. Suppose that I contains two non-empty components

Xl and 22.
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Gase b €T I, v 22): Here I\t still has components r, and s

and |E\;| < |z]. But I\t is weakly 2-decomposable, and so by
induction is connected. This contradicts the existence of Zl and 22.
Case 2 (1 ¢ El): I pure 2-dimensional implies that 1 must be con-
tained in an edge e of Zl, and so e must contain a vertex v which
is not w. But then v e Z]\T, and hence I\t still has non-empty
components Zl\g 22. But again I\t 1is weakly decomposable,
contradicting the existence of Zl and 22.

The case v € 22 is handled similarly.

(1 = 2): We have automatically that I connected implies I pure
dimensional, since there can be no isolated points in L. We proceed
again by induction on ‘ZI z b 0E |E| = 4 then I 1is a single edge,
and so is vertex decomposable. Otherwise, suppose |Z| AL SN V= N

be a spanning tree for I, and choose vy any terminal vertex of T.
Then Z\v0 contains T\v0 which is a spanning tree for Z\vo, hence
Z\v0 is 2~dimensional and connected with IZ\vol < |z]. Therefore
Z\vO is vertex decomposable, and Rkv I is vertex decomposable by

0
Theorem 4.1.1. Hence Yo is a shedding simplex of X, and therefore

L 1is vertex decomposable.

Theorem 4.1.3: 2-spheres and 2-balls (simplicial complexes whose

; : : 2 2
realizations are homeomorphic to S~ or B") are vertex decomposable.

Hence the dual complex of a simple 3-polyhedron is vertex decomposable,

Proof: We refer the reader to Chapter 5 for clarification of terms and

also for the proofs of several facts which, by their topological nature,
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are also relegated to Chapter 5. They are:

1) Simplicial 2-spheres and 2-balls are pure dimensional.
2) If ¥ 1is a 2-sphere or 2-ball, and v 1is any vertex in I,
then kav is either a l-sphere or a l-ball, which corresponds
to a graph which is a single open or closed non-intersecting path.
3) If I 1is a 2-sphere, and v is any vertex in I, then I\v
is a 2-ball.
4) If £ 1is a 2-ball or 2-sphere and v is any vertex in I,
then I\v is a 2-ball iff Ekzv n 3L = Blkzv.
5) The dual complex of a polyhedron is a ball or sphere.
We prove the theorem by showing that every 2-sphere and every 2-ball
with more than one 2-simplex contains a vertex v for which ZI\v is
a 2-ball. Further, from (2) we have Ekzv is connected and hence
vertex decomposable by Theorem 4.1.2. Hence we have, by an induction
argument , that' v  is a shedding vertex for ¥, and so I 1is vertex
decomposable.

If I 1is a sphere, then from (3) any vertex in I can be removed
to form a 2-ball. Assume then, that £ is a 2-ball, so that I can
be placed on to the plane as a graph with an unbounded region and
triangular interior regions. Choose vy on the boundary of I and
proceed as follows (assuming vertex Vs has been defined):

1) If no edge of £ containing A cuts entirely through the center

of I, then stop.

ol
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2) Otherwise, let {Vi’ul} be the cutting edge, and continue clockwise

around the boundary of I to adjacent vertex Vil Go to 1.

u .
First we show this procedure ;tops. Let Ai be that part of E €0
the Ypight' of {vi,ui}. Then Ai must contain at least one triangle
(since {vi,ui} cuts through the interior of ), and Ai+l is
strictly contained in Ai (since Ui is to the "right" of U
and Vil is strictly to the right of Vi)' So Ai must eventually

be a single triangle,

i+1

and so Virl stops the procedure.
What we get from the procedure is some v for which the only

vertices u adjacent to v which are on the boundary of I are

those for which {v,u} 1is also on the boundary. Hence

= K
kav n as a(2 Xv)

and so EI\v is a 2-ball. This completes the proof of Theorem 4.l.3.




To end the chapter, we comment that by exhaustive search through
the complexes in [18], it seems that all 3-spheres with at most 8
vertices are vertex decomposable. We will not enumerate the

decompositions here.

4.2 Complexes on Matroids

A matroid M = (E,I) consists of a finite set E together with

a non-empty collection 1 of subsets of E, called independent sets,

with the properties 1) every subset of an independent set is independent,
and 2) for each set A c E, the elements of I which are maximal with
respect to being contained in A all have the same cardinality »(I,A).
Then by (1), 1 forms a simplicial complex on E, and by (2), I is
pure (r(T,E)-1)-dimensional. (For more information on matroids see

[391.137].)

Theorem 4.2.1: If I 1is the collection of independent sets of a matroid

M on E, then I is vertex decomposable.

Proof: We prove that 1 satisfies Definition 1. If [T| = 1 then
T = {@} which is vertex decomposable. Otherwise proceed by induction

on |I| > 1. Choose any vertex v in 1. Then

"

I\v = {t ¢ I|v ¢ 1}

{t ¢ T 1< E\V}

which satisfies (1) and (2) (r(I\v,A) = r(I,A)), and hence is a matroid
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(called the "deletion (matroid) of v from M"), with |[I\v| < [I].

Hence by induction I\v 1is vertex decomposable. Also

kv = [tellvéd v, tuiv)el}
which again satisfies (1), and satisfies (2) since, for every A c E\v
and every set T € I with v e 1 c Au {v}, 1 1is contained in some
maximal element of [ contained in A, which also contains v, hence
r(RkIv,A) = r(I,A)~-1. Therefore 2k1v is a matroid (called the
"contraction of v in M") with llkIVI < |1|, and so by induction
QkIv is also vertex decomposable.

Thus v dis a shedding vertex for I, and so [ itself is

vertex decomposable.

Corollary 4.2.2: Matroids are shellable and satisfy the Hirsch Conjecture,

We call the circuits of a matroid M that collection C(I) of

minimal sets in E which are not contained in 1. Given an ordering

el,...,em of the elements of E, we call the broken circuits of
(with respect to the ordering) the collection of sets C\ek, Ce CLT)s
ey that element of C with highest index. Finally we define the

broken circuit complex on E to be

B(I) = {r c E|t contains no broken circuit}.

We state without proof two propositions of Brylawski.
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Proposition 4.2.3: If M is a matroid on E with r(I1,E) = d, then

B(I) is a pure (d-1)-dimensional complex ([9] Proposition 3.1).

Proposition 4.2.4: Let M = (L.E = {el,...,em}) be a matroid, B(I)

its associated broken circuit complex. If any element of E 1is not

a vertex of 1, then B(I) = @#. Otherwise,

B(I)\e = B(I\e )

lkB(I)em i B(iklem)'
([9] Proposition 3.2 a,d,e).

With these facts we prove

Theorem 4.2.5: Non-empty broken circuit complexes are strongly vertex

decomposable.

Proof: Let M = (I,E = {e;,...,e }) be a matroid B(M) its associated
broken circuit complex. We show that B(I) satisfies Definition 1.
B(1) is pure dimensional by Proposition 4.2.3 I =1 implies
1 = {#}, and so C(I) = {{e}|e € E}. Therefore B(I) = {g}, which
is vertex decomposable.

For III > 1, proceed by induction on ]II. We have, by Propos.ition
u.2.4, B(I) # @ implies every element of E is a vertex of I, und

50

"

B(I)\e,_ = B(I\e)

EkB(I)em = B(lkzem),
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But these are both non-empty broken circuit complexes on the matroid

independent sets I\em, lklem (see Theorem 4.2.1) with II\em| < 111~

Ilklem| < |1]. Hence by induction they are both vertex decomposable.
Thevefore e is a shedding simplex of B(I), and so B(I) is vertex

decomposable.

Corollary 4.2.6: Broken circuit complexes are shellable and satisfy

the Hirsch Conjecture.

4.3 Leontieft Complexes

A pure (d-l)-dimensional complex I on set E 1is called Leontief
if 1) fop all 1 e @ (including = = @), Ekzr is simplicially path
connected, that is, every two maximal simplices in ikZT are connected
by a simplicial path in lkzr, and 2) there is a labelling of the m
elements of E by the numbers 1,...,m-d so that for every (d-1)-
simplex o in I, E\g has a complete labelling, that is, exactly
one each of the numbers 1 through m-d.

o

Leontief complexes are generalizations of the dual complexes Z;

to simple Leontief substitution systems, i.e, simple polyhedra of the

form

P={xcR'|Ax =b, x>0}

where b 1is a non-negative a vector and A is a dxm Leontief

matrix, that is, A 1is rank d, A contains exactly one positive

»

element in each column, and Ax > 0 has a non-negative solution.




By remarks in Section 2.6 we know that every face of P has a path

connected boundary complex, and so from Proposition 2.4.1 we have

¥
B

from the characterizations of Dantzig [12] and Veinott [38] it follows

that the link of every simplex in I is path connected. Further,

that the extreme points of P can be expressed as B-lb on the

columns of B and 0 elsewhere, where B 1is a square matrix comprised
of columns of A with exactly one positive element per row (and hence
per column). The assumption that P 1is simple implies that

dim P = dim Z§+l = m-d. We can therefore label the columns of A with
the numbers 1,...,d = m-dim P according to which entry of that

column is positive. Then the vertices of Z? correspond to the facets

of P, which are among the sets {x ¢ P[xi =0 = S M and

o
W

the (d-1)-simplices of ZP correspond to vertices of P, which are
therefore contained in a set of facets whose corresponding set of matrix
columns is the complement of a set of columns with a complete labelling.

.

Therefore Z; is an m-d-1 dimensional Leontief complex.

Two facts follow immediately from the properties of the labelling,
namely:

1) All (d-1)-simplices in I have the same (not necessarily
distinct or complete) set of labels, since their complements in E do,

2) If m 1is the number of vertices in I, then m < 2d, since
if m-d > d, then for some (d-1l)-simplex o, the label of at least
one vertex v is exclusively in E\g, hence by (1), is exclusively
in E\o for every (d-1l)-simplex o, implying the impossible fact
that the vertex v 1is in no (d-l)-simplex.

It is also true that the property of being Leontief is preserved

down to links.
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Proposition M,3:1: If I 1is Leomtief, =t € I, then lkET is Leontief.

Proof: Certainly Eklk B RkZ(T U o) 1is path connected for
z
o€ 2k.t. Let v be the set of vertices in fk_t and let o be a

% T b
(d-1-]1| )-simplex in lkzr. Then vT\p < v\(o v 1), which has a
complete labelling, and so VT\G has a distinct set of labels. But
every (d-1-|t|)-simplex o' in lkzr has the same set of labels

'y t has the same set of labels as ¢ u t. Therefore

as o, since o
vt\p' has the same distinct labelling as vT\p, and so by relabelling
the vertices in fk.1 by the numbers 1...n-d-|t| we have that Rk, T

is Leontief.

The first theorem of this section is a generalization of the

result of Grinold in [16], and uses the same basic proof.

Theorem 4.3.2: Leontief complexes satisfy the Hirsch Conjecture,

Proof; We prove the following claim which proves the theorem.

Claim; 1If A, and A, are two distinct (d-1)-simplices in £, then

there exists a vertex v, e Al\AQ’ v, € A2\Al so that (Al\{vl}) v {v2}

is a (d-1)simplex in I.

For, if 9,y and 02 are (d-1)-simplices in &, then

o, v 02} < n implying

|ol\92| f_lol u °2l\92 < n-d

and so by repeated application of the claim we obtain a path from o to

o, of length at most n-d.
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Proof of Claim: By induction on |[z|. If £ has only one (d-1)-simplex, <3

then the claim is true vacuously. Otherwise, let |Z| > 1 and 8y # 4,
be (d-1)-simplices in .

Case 1 (4, n 4, = $): We have IAl U A2| = 2d and so A

)2
5 u A mus

2

comprise all the vertices of L. Now let A' be the first simplex in

it

any path from A, to A, (there must be at least one such path). Then

¥ = ' = s . . 5
Al\A {vl}, A \Al {vQ} and Voo sinee it is not in A must be

l,

in 4,. Therefore A' = (Al\{vl}) U {v2} is a (d-1)-simplex in I.

Case 2 (A, n A, =T # #): We have Al\r and A2\T are (d-1-|1])-

2
simplices in Zkzr, which is Leontief by Proposition 4.3.1 and has
IZkXII < |Z|. Hence by induction, there are vertices

v, € (Al\T)\(AQ\T) = (Al\AQ)\r, ¥y € (A2\T)\(A1\T) = (Az\Al)\r so

that (A \NO\v;}) v {v,} is a d-1-|t| simplex in ek . Therefore
(Al\{vl}) u {v2} = [((Al\r)\{vl}) U {v2}] vt is a (d-1)-simplex in g%,

and so the claim, and hence the theory, is proved.

For the vertex decomposability result we need to restrict ourselves

to "bounded" Leontief complexes.

Definition: A pure (d-1)-dimensional simplicial complex £ 1is called
bounded if every (d-2)-simplex of I is contained in at least two

(d-1)-simplices of &, i.e. 3L = @.

Thus the simplicial duals of bounded polyhedra are bounded complexes,

since every edge of a polytope contains two vertices, whereas the

simplicial duals of unbounded polyhedra are not bounded complexes, since




unbounded polyhedra contain unbounded edges (edges containing only
one vertex).

We note that links in bounded complexes are also bounded for if
Tef and o is a (d-|t|-2)-simplex in kT, then o c 1 isa
(d-I)-simplex in I, and so is contained in at least two (d-1)-
simplices 0. ,0 in . But then o, and o, both contain o,

g il 2

and so ol\r, 02\1 are (k-|t|-1)-simplices in kar containing o.

Theorem 4.3.3: Bounded Leontief complexes form the independent sets

of a matroid.

Proof: Let I be a bounded Leontief complex of dimension d-1 on

set E. Certainly 2% is closed under inelusion. Now let A c E

and 0,59, be two elements of I which are maximal with respect to

being contained in A. Then it must be true that o, = Al n A,

By = A2 n A, where Al’AQ are (d-1)-simplices in I, in particular

E\Al’ E\A2 are completely labelled.

Now suppose |o. | > |o Then lA\pl| < IA\p?|, and both these

> oyl

sets have distinct labels. Hence there must be some label in A\o2
which is not in A\GJ. Let v be the vertex with this label. There
must also be a vertex v' ih E\Al with the same label as v, and

so of course v' ¢ b,- Now % bounded implies that there is a

(d-1)~simplex A' # A, in I containing AQ\{V'}. But A' has the

same set of labels as A and the only other vertex in E\(AQ\jv'})

29

with that label must be v. So

59




60

A' n A

1"

[(AQ\{V'}) u {vlln A

9, u {v}

implying that 0, was not maximal as a simplex of I contained in A.

Hence |o,| = |o and so all elements of I which are maximal with

gl = ey
respect to being contained in A have the same cardinality. Therefore

i forms the independent sets of a matroid.

Corollary 4.3.4: Bounded Leontief complexes are vertex decomposable,

and hence also shellable.

Note: Boundedness is essential here, for the complex below is a Leontief
complex, appropriately labelled, which is not vertex decomposable

(removal of any vertex leaves a complex which is not pure).




4.4 Distributive Lattice Complexes

Let P = (E,<) be a finite partially ordered set. We say that
P is a lattice if every two elements a,b in P have a least
upper bound avb - an element y € P with y >a, y>b, and

y < ® for every x ¢ P with x > a, x > b - and a greatest lower

bound a A b - an element y ¢ P with y <a,y<b, and y > X

for every x ¢ P with x < a, x <b. P is a distributive lattice,

if in addition the operations A, v satisfy either of the two

equivalent properties

1) aaA(bve) (aab)v(anac) abyeie P

2) av(bac) = (avb)a(ave) d.b.c e B

An important property of distributive lattices (see [7] III.3)
is stated here without proof. Let L be a distributive lattice,

and define a meet irreducible element of L to be any element x of

L with exactly one successor, that is, there exists a unique y ¢ L
such that y > x and if y > z > x, then z =y or z = x. These

elements form a partially ordered set under <, which we shall denote

)2 Define an order ideal of P, to be any subset I of P_. closed

L° — L L

wider Ssothat dsns it % e L andl y < %, then 'y ¢ I. ' Then:

Proposition 4.4.1: L 1is isomorphic as a lattice to the set of order

ideals of P with < being replaced by <, A by n, and v by wv.

L

This means that every maximal chain (totally ordered set) of L

has the same cardinality n+l, where n is the number of irreducible
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elements of L. So the lattice complex of L, ZL, defined on the elements

of 'L Eo be LL =

{s ¢ L|S 1is a chain}, is a pure n-dimensional

simplicial complex. We will spend the remainder of this section

proving the following.

Theorem 4.4.2: If L 1is a distributive lattice, and I is of

L

dimension d, then & can be derived from the d-simplex by a series

L

of stellar subdivisions.

By Proposition 3.2.3 we have an immediate corollary.

Corollary 4.4.3:

If L is a distributive lattice, then ZL is vertex

decomposable, hence is shellable and satisfies the Hirsch conjecture.

We first prove a lemma.

subdivisions performed on § (f_ = %, L, = st(ai,Xi)[Xi_

that v ¢ Xi 1=

to the complex wv.

series of stellar

Lemma : 3.

- . {
z and (al,Xl),...,(an,Xn) is a series of stellar

BN Sy tota

0 1L

l,...,n, then the resulting complex is identical
", where I" 1is obtained from L' by the same

subdivisions.

Proof: It is sufficient to prove

st(a,Xl)[Z] = V.st(al,xl)[z'].

But v ¢ X, implies Xl e &', and 80
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st(al,xl)[z] (z\xl) U a,.8X) .k X,

;l(l‘\xl) v a, (Lemma 2.3.2)

.BX.v.R.kX.Xl

V.st(al,Xl)[E].

Proof of Theorem: Let PL = (E,<), so that ZL has vertices labelled

where S c E 1is an order ideal of P, and dim L = IE}-

Ve

We prove the following claim, which proves the theorem:

Claim: Let 4 = {v(a>](a) ='{% e Elx < a}, a ¢ E} U {v{g}}, and let
Sl,...,Sn be any ordering of the order ideals of PL such that
Is)l > Is,] > ... Z_]Snl. Finally let X, = {v(a>|a is a maximal

element in Si}' Then (vsl,Xl),...,(vSn

subdivisions which, when performed on the complex A4, yields &

’Xn) is a series of stellar
L
Proof of Claim: The proof is by induction on [E|. If [E| =1

then ZL = {VE,V{Q}}, = {VE,V{Q}}, and Xl = {VE}. Hence

st(vE,Xl)[Kj is again A = 3% Assume, then, that |E| > 1. We

L
have Ve T Vg is a vertex in ZL which is in every maximal simplex
1t

of ZL, since E is in every maximal chain of L. Thus
ZL = vE.szLvE. Further, since 82,...,Sn are proper subsets of E,
then X2,...,Xn cannot contain VE' Hence it remains to prove, by
the lemma, that SLkZLvE is the stellar subdivision of kat(vE,Xl)[E]vE
by (vS ,X?),...,(vs ,Xn)

2 n

Now ,
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Lk = = Lk— v (Lemma 2.3.1)
st(vp,X )[A] v+ 0K 2kX B
= 0X, . RkgX (Lemma 2.3.2)
= cl{(Xl\v<a>).(A\Xl)‘a is a maximal element in E (=Sl)}
= cl{A\y(a>|a is a maximal element in E}
which is non-empty, since |[A| = |E[+1 > o.

For each A\y<a> as above, associate the complex Za of lkELvE

generated by the (d-1)-simplices {0F|F u {E} is a maximal chain in
L with E ¢ I and E\{a} ¢ T}. Then the L 's partition the (d-1)-

simplices of kkz Ve
L

|E|-1. Now each 2 is itself a distributive lattice complex of the

since each chain contains exactly one set of size

form ZL , where PL = (E\{al},<), since LA A Za Er
a a 1 k
{ul,...,uk} is the subset of some maximal chain T in L with E ¢ T
and E\{a} e I' iff {Jl,...,uk} is the subset of some maximal chain
b O #EE v oV e B . Binalliy the set
a u u L
& k a

B =v ]S — E\{a}lx £ b}, b e E\lal}

it

{v(b>|b e E\{a}} (since a is maximal)

it

A\v(a>.

Hence by induction on |E\{a}| < |E|, we have, for the ordering

S. ,...,Si of those Sj which are order ideals of PL §
1 2 a




;X. ) 1s a series of stellar
jl 1 jP P

subdivisions of Ka which yields Z_, where

jl L e € jP’ that (v )

S

[S, ¢ A with b a maximal element in S, }
Tk b 3 k

Ib a maximal element in S, }

= s 1

(again since a is maximal)

Therefore (vS 3% ’Xn) is a series of stellar subdivisions of

: ; LA
v {Eala a maximal element of E} = ¢ st(vE,Xl)[KjvE

This proves the claim and hence the theorem.

which yields gfk_ v
ZL

B
Note: Sections 4.2 and 4.4 deal with three classes of complexes of
a type known as "constructible'" complexes (see [36]). Stanley [3u]
cites these classes, along with the boundary complexes of polytopes,
as the four known classes of constructible complexes, and poses the

question: "Are constructible complexes shellable?" Of course the

fourth class is shellable by Proposition 2.5.1, and now the first

three classes have been established as shellable classes.




4.5 The Boundary Complex of a Cyclic Polytope

P The cyclic polytope C(n,d) of dimension d > 1 with n > d+l

vertices (LL7] §4.7) defined to be the convex hull of the points

where t, are real numbers with ty €k eee St C(n,d) 1is a
simplicial polytope, and so has an associated (d-1)-dimensional
boundary simplicial complex, which we will also call C(n,d), whose
maximal simplices can be described on the set V = {v ,...,vn} as

follows:

Gale's Evenness Criterion (GEC): A d-set o c v is a

(d-1)-simplex of C(n,d) iff each two vertices in v\g

are separated (in the ordering v ,..”vg by an even

1

number of vertices of o.

Table 1 displays the example C(8,3), where the 3-simplices are

given by the rows. Cyclic polytopes and their complexes are important

because the face structure maximizes simultaneously for all k the

number of k-faces in a d-polytope (or even simplicial (d-1)-sphere)

with n vertices (see [27] and [36]). They have been further studied,

with respect to their simplicial diameter, in [21].

Theorem 4.5.1: The boundary complex of a cyclic polytope is vertex

decomposable.

We first prove a lemma:
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Table 2

C(8,3)




Lemma: Let the simplicial complex C(n,d) be described on vertex set

{Vl""’vn} by Gale's Evenness Criterion. Then:
1) For k < n-d-1, C(n,d)\vn\...\vn_k is pure (d-1)-dimensional.

2 [T n

| v

d+2, C(n,d)\vn\vn_l = C(n-l,d)\yn_l.

3y For d > 2, = C(n-1,d-1).

ch(n,d)vn

k) For d >3, = vn_2.[C(n—2,d-2)\yn_2].

*en,a)\v,_ n-1

Proof of lemma: 1) Let =t ¢ C(n,d)\yn\...\yn_k, so that Vooi ¢ T,

=R ORC sk andi T e lg i fort g SO E dimension d-1 satisfying GEC. If

on {v .,vn} = ¢, then we are done. Otherwise, we can delete the

e

contiguous blocks of vertices of o containing LA and

o aV
> n-k

redistribute those vertices into the lowest indices not included in o.
The new d-set ¢' again satisfies GEC, since any two vertices in
{vl,...,vn_i_l}\p' are separated by the same set of vertices as they
were in {vl,...,vn}\p. Therefore ¢' 1is a (d-1)-simplex in

C(n,d)\vn \...\yn_k, and so it follows that C(n,d)\vn\...\vn_k 1S
pure (d-1)-dimensionax.

2) By (1), we need only prove that the (d-1)-simplices of

C(n,d)\vn\vn_l are the same as those in C(n-l,d)\yn_l. But a d-set

0 c {vl,...,v } is a (d-1)-simplex in C(n,d)\vn\vn_l s

n-2

o = {vl,...,vd} as ¢ satisfies GEC on {vl,...,vn} and there are

an even number of vertices in the last block iff ¢ satisfies GEC on

{vl,....vn l} and there are an even number of vertices in the last

lock iff ¢ is a (d-1)-simplex of C(n—l,d)\vn_l.

3) % € {v

C AV sV

n—l} is a (d-2)-simplex in the (pure) complex

iff o =t U {vn} is a (d-1)-simplex in C(n,d) iff

RkC(n,d)vn
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v. € o and g satisfies GEC ow v ,..:nv } If % e o and
n 1 n n

o\vn satisfies GEC on {vl""’vn—l} iff = ¢ Cln=1,d=1).

4) C(n,d)\vn is pure dimensional by part (1). Further,

T E»[Vl"'vn—2} is a (d-2)-simplex in QkC(n,d)\ynvn—l 16f
=) {vn-l} is a (d-1)-simplex in C(n,d)\vn iff Vi1 €9¢S
{Vl"'vn—l} and ¢ satisfies GEC on {vl,...,vn_l} and has an

even number of vertices in the last block iff 1 = o\{vn_l} satisfies

GEC on {vl,...,v } and has an odd number of vertices in the

n-2

last block iff V.5 & € and t\yn 9 is a (d-2)-set which satisfies

GEC on 1V, ...V } and has an even number of vertices in the last

X n-3
block iff 1 1is a (d-2)-simplex in vn_g.[c(n—2,d-2)\vn_2]. And

so, since lkC(n,d)\ynvn—l is defined by its (d-2)-simplices, then (4)

follows.

Proof of Theorem: By definition C(n,d) is pure (d-1)-dimensional.

We prove by induction on ]C(n,d)] that v is a shedding simplex
on C(n,d) by Definition 2.

First note that C(n,l) = Cl{vl,vn} (a two point complex) and
so clearly Ve is a shedding simplex for C(n,l1). This gives us the
statement for |C(n,d)| = 3.

Now let [C(n,d)| > 3. We have by (3) of the lemma that
C(n-1,d-1), and so is vertex decomposable by induction.

Xaen,d)n °

Case 1 (n

d+1): Then C(n,d)\vn is a (d-1)-simplex and so is
vertex decomposable.
Case 2 (n > d+2): By (1) of the Lemma C(n,d)\vn is pure (d-1)-

dimensional. Now consider the vertex Cisl in C(n,d)\vn. We have

(C(n,d)\vn)\vn_l = C(n-l,d)\vn_l which is vertex decomposable, since




70

by induction v__, 1is a shedding vertex for C(n-1,d). And

gkC(n,d)\vnVn—l is either a point set if d = 2, or equals

v S Deln-2=20\wt T Uf Sd > 8, by (4) of the demoet. I the -First case
n-2 n-2 =

every point set is vertex decomposable and in the second case

C(n~2,d-2)\vn_2 is vertex decomposable since, by induction on n,

. is a shedding vertex for C(n-2,d-2), and so by Proposition 3.2,2,
vn—?'lkc(n,d)\vnvn-l is vertex decomposable.
Therefore o is a shedding simplex for C(n,d)\vn, and so

v is a shedding simplex for C(n,d). This completes the induction

step, and hence the proof of the theorem.

Corollary 4.5.3. C(n,d) is shellable and satisfies the Hirsch Conjecture.

4.5 Three Non k-decomposable Complexes

To end this chapter, it is only fair to give examples of some
fairly reasonable complexes which are not k-decomposable or weakly

k-decomposable for various k.

Example 4.5.1: The Klee-Walkup counterexample.

This is the dual complex to the unbounded polyhedron constructed

in [24] with presentation

-6 -3 0 il
-3 -6 d 0
-35 45 6 3
-45 -35 3 6

and dual complex whose 3-~simplices are given as the rows in Table 3.
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i jig It i

18 10 1 il
AL 1 il g

ik 10 1L 1
¢ ik 1 i

I 15 1 1
1 1 U 1k
1 € 1 it
1 i i il
1 1 & i
i it & 1
15 15 1 1

Table 3

Dual complex to the Klee-Walkup counterexample
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It has dimension 3, 8 vertices, 15 3-simplices and diam £ = 5 > 8-U4,
and hence by Corollary 3.5.2 cannot be strongly vertex decomposable.
Tt i, however, both weakly vertex decomposable through shedding order

v

,and L-decomposable by Vig2Voy*VsaVg:

V:L,Vu,v5 ,V3

Example 4.5.2: The Rudin Counterexample.

This is a triangulation of the geometric 3-simplex constructed in
[31] with complex given in Table 4. It has dimension 3, 14 vertices, |

4] simplices, and is not shellable, therefore not strongly k-decomposable

for any k. The status of weak decomposition is not known,

Example 4.5.3: This is part of a construction by Barnette [5], and

is one of the simplest examples of a non vertex decomposable complex.
It is a combinatorial ball which is not the dual complex of a polyhedron,
since the suspension of its boundary to a point produces Barnette's
example, which is not the complex of a polytope (see Chapter 5). Its
construction is straightforward. Consider the triangular prism as in
Figure 1 on vertices a, b, ¢, a', b', and c'. "Twist" triangle abc
so that the sides of the prism are no longer planar. The convex hull
of {a,a',b,b'}, {a,a',c,c'}, {b,b',c,c'} are three 3-simplices in
(see Figure 2). Now these simplices each have two 2-faces which face
the inside of the prism, and these faces, along with the 2-simplices
abc and a'b'e' form a 2-sphere. Place a point d in the interior
of this 2-sphere and let the remaining simplices in L be the convex

hull of d and these two simplices (see Figure 3).
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1 it i 1
1 i It 1
e 1 il il
1 i X 2
1 ol i\ il
3 T i il
i 1 1 1
1 1 1 1L
X 1 il 3l
3c ) oL I
3 1 4l i
i 1 1 1
s it L L
1 i 1 it
1 i it b
3! 1 i 1
1 1 i 1
il X 1 X
1 I it il
i 1 ik 1k
i 1 1 1
1 1 ¥ 0l
1 gL Ik il
it 2l L 1L
1 1t 1i 1
1 1 1 15
1 i i 3
1 I 1 i
1 1t 1 1
& 1 i i
1 i il i
1 1 1 1
1 i 5t Al
1 f 1 ik
] il ik i i
3 i it 1
i 1) 1t i
i 10 i 1
1 1 aj L
& 1 1 1
i i 1 &
Table 4

Rudin counterexample




c! ol

Figure 1 Figure 2 Figure 3

The resulting complex, given in Table 5, has dimension 3, 8 vertices
and 11 simplices. It is neither weakly nor stroungly vertex decomposable,
since removal of any of the points a, b, ¢, a', b', ¢' leaves a
maximal 2-simplex on the appropriate side simplices, and removal of d
leaves a maximal 2-simplex in the top and bottom simplex. It is,
however stfongly (hence weakly) l-decomposable by shedding order
ae', e; e", at. It alse has diameter 3 < n-d-1, and so even for
"reasonable" complexes, the converse to Theorem 3.5.1 is not
necessarily true.

Finally, we note that the simplex abcd can be removed from the

complex with the same results, and this complex is probably the smallest

example of a non-strongly vertex decomposable ball.
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a b e a' b @ d
1 i 1 1

i K it 1

i 3t 1 !
1 1 1 I
& dl 1 I
f 1 1 i it
L 1k 1 il
) 1 Al L
i 1 1 il
1 1 1 3
1 1 1k I

Table 5

Complex of Example 4.5.3




CHAPTER 5

TOPOLOGICAL PROPERTIES OF k-DECOMPOSITION

5.0 The purpose of this chapter is to investigate the conjecture:

All piecewise linear spheres are vertex decomposable. In fact, it is

an open question [11] as to whether piecewise linear (PL) spheres are
shellable = d-decomposable (PL-balls are not, as Example 4.5.2 shows).
We present here what we consider the strongest characterization of
strong k-decomposition of piecewise linear spheres which can be obtained
by considering only the topological properties of the sphere, and
mention two interesting applications to shelling theory. Much of

the material in this section is in [26] and [19], so the reader should

consult these for clarification or examples.

5.1 Homology Theory

Given a d-dimensional simplicial complex % on a set E = {el,...,en},

arbitrarily numbered, define for each integer in the m-dimensional

simplicial chain group sm(z) to be the free abelian group generated

by the m-simplices of g, i.e., the group with elements of the form

a0t ...t apop
where o, are m-simplices, a; integers. We take the simplex @ to be
a (-1)-dimensional simplex, and of course Sm(Z) = (0, Mg =B MUSHas
The boundary operator Bm: Sm(Z) > Sm_l(Z) is defined on m-simplex
to be

9=, &, ssvE, Ee € sae % 3
m+l’
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m+1 3
am(o) = ‘z = (0\91.)
=L ]

and extended linearly to general elements of Sm(z). It can be shown
that 3 03 =0 and so Im3_ = 3 (S (£)) 1is a subgroup of
m m m m

m+1

Ker am-l = {a e Sm_l(f)la(a) = 0}, and so we can define the reduced

homology groups

m(Z) = Ker am/Im am+l

which turn out to be independent of the numbering of the set E.
The homology theory result of importance to us is the following

([25] Theorem 4.4.6 and subsequent comments).

Theorem 5.1.1: Given complexes L, M, the Mayer-Vietoris sequence,

defined for all m by

n E o n
N ‘ n N .
sH(LoM THOIBEG) PR o 285 (Lowy ...
m m m m m-1

(where s Cm and ®m are homomorphisms and where by A & B 1is meant
the group {atb|a ¢ A, b ¢ B} with the elements of A and B taken
to be distinct), is an exact sequence, that is, Inlnm = Ker &m,

Ker ¢ , and In.¢m H Kernrr ] for all integers m.
n 1

t, it is not important to us exactly what the func-

o, Of that the sequence is exact, We do,

1l-culation., For an element x of
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QE(L n M), which is the equivalence class of an element x ¢ Sm(L n M) <

S (L) n S (M) we define
m m
_— e —_— N
n () = (-x) 8 xeHK (L) e ﬁm(M).

A homology d-manifold is a simplicial complex I for which every

non-empty simplex ¢ in I has

0 m # d-|o]|
am(ikzo) =
Oor Z m=d-|of

The boundary of I, 3%, is that set of simplices o for which

H (lkyo) = 0. A homology d-manifold is a homology d-ball if

d-|o|
ﬁm(z) = 0 for all m, and a homelogy d-sphere if

To relate this definition to the standard one (eg. [26] Definition

5.4.5), and as a useful lemma, we prove

Lemma 5.1.2: If I 1is any simplicial complex, and ¢ 1is a non-empty

simplex in I, then

i) hm_l((o\ﬂ).lkxo) = ﬁm-lol(lkZO) for all m

ii) ¥ (.%k.0) = 0 for all m.
m %




1f K 1is a realization of I and § 1is the geometric simplex
corresponding to o in K (see Section 5.2) then (E\g).lkzo is the

“1ink" and Elzkzo the '"closed star,” in the sense of [26] Definition

2.4.2, of any point in the relative interior of &. It becomes a
simple argument to show that I is a homology d-manifold iff each

point in K has a "link" which is a homology ball or sphere, or

equivalently, iff every point in K has a '"closed star'" which is a

homology d-ball.

Proof of Lemma: We use a number of specialized topological facts from

[26], namely, for T any complex:

3 1) (o\o).T has the same homology as S..S.. ... .Slol_l.F where

a2

Si = {ai,bi,ﬂ} are distinct two point complexes (Examples 4.3.12,

2,3.18, and comments at the end of Section 2.3).

2) H ES S ﬁ (r) for all m (Theorem 4.4.10).
mtl 1 m

3 ﬁm(;.F) =0 for v a vertex not in T, all m (Theorem 4.4.10,

last sentence of proof).

It follows that

"
ja o
—~
2]

DM (G\0).2k0) S| o] 2Kz

= H (S 1 e & .Slol_l.ﬂ.}(zo)

- Hm-lol(gkio) for all m

and

I

ii) hmm.akzo) ?Imwl.(o\vl).zkzo), v, € o,

"

0 for all m.




Remarks :

5.1.3: Homology d-manifolds are pure d-dimensional complexes, for
if o 1is a maximal simplex of I of dimension k < d, then
kao = {#}, and so

N

f_ (2ko) = H_({#}) = Z # 0

where -1 < d-|o|, a contradiction.

5.1.4: The link of each non-empty simplex in a homology d-manifold
is itself a homology sphere or ball, for its links are in turn links of
L, and hence have the required homology.

5.1.5: The boundary of a homology d-manifold is a homology (d-1)-
manifold ([26] Theorem 5.4.14), hence is generated by its (d-1)~simplices,
But a (d-1)-simplex o is in 3% iff kao is a homology 0-ball, i.e.
a single point. We have then that 93I is exactly those simplices con-
tained in some (d-1)-simplex which is in turn contained in exactly one
d-simplex. The simplex @ has not been included in the definition of
boundary. Since we will be working exclusively with balls and spheres,
however, we can extend the definition to include (. and technically
include @ in general manifolds whenever the boundary is non-empty.

The definition here, then, matches that given in Section 2.2, so we need
make no further distinction.

5.1.6¢ Homology d-spheres have the nice property that they have

k
no boundary, for if Z a0, is a non-zero element of Hd(z), then
i=1
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and so every (d-1l)-face of each 9y must be contained in at least one

other, and hence exactly one other, oj j # i. Therefore
k

Bt =selit oi) has no boundary. But then any d-simplex in Z\I' can
i=1

intersect &' in at most a (d-2)-simplex. Hence if 1 1is a maximal

simplex in &' n cl(Z\Z'), then

sz,r n 2k = {9},

al(z\z")"

implying lky'T and ¢ are not connected by a path, so that

Ker(zzg')

-

szr = Zkz,r U chl(z\z')T

ﬁo(ﬂkzt) # 0 ([26] Example 4.2.13). But the choice of 1 means that

has at least two path components, and

dim(2k. 1) > 1 and therefore Ekzt cannot be a homology ball or sphere,

-

Thus &\Z' = #, and so L' = ¢ has no boundary.

5.1.7: Homology d-balls and d-spheres belong to a more general

class of complexes called Cohen-Macaulay complexes, that is, complexes

%L for which every simplex o in % (including o = @) has
Hm(ﬂkro) = 0 except possibly at m = d-‘o|. These complexes will have

added importance in the following sections.

5.2 Homological Properties of k-decomposable Complexes

We prove several homological characteristics of all k-decomposablc
complexes particularly homology balls and spheres, and present some

interesting applications to shelling of spheres.

Theorem 5.2.1: k-decomposable complexes are Cohen-Macaulay.
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Proof: Let I be a d-dimensional k-decomposable by Definition 2. If

¢ 1s a d-simplex, then each face o ¢ I has szo a simplex, and

hence by Lemma 5.1.2 (ii) has 0 homology everywhere. Otherwise proceed

by induction on }Z] > 2d+l, and let t be a shedding simplex for . We
have 1\r d-dimensional k-decomposable, and zkzr (d-~|o|)-dimensional
k-decomposable, implying that ?ﬂkkzr is d-dimensional k-decomposable

and (?\;).lkzr is (d-1)-dimensional k-decomposable (Proposition 3,2,2).
Further, |Z\t| < |Z], I(;\T).lkZTl < ||, and I?llkzt| < |z| (since
I\t contains at least one d-simplex not in ?llsz). Hence by

induction ﬁi(Z\I) =0, ﬁi(¥:2kzr) = 0 except possibly at i = d, and

ﬁi((;\j).lsz) = 0 except possibly at 1 = d-1. We can therefore set

up the Mayer-Vietoris sequence as follows:
o (k) 0 (NO) TR (Taakt) @ B (ND)
& = ¢ 2
PR (@akt) v E\e) SR (Gatkot) o G\ >
which is the same as
S @k PG el o P @
: anl(t\T). 5T TRk T nZ T o
"y @
m_l((t\r).lkzr) P

But for every m # d we have

€

m ¢m

« > 0 &0 > Hm(Z) (o B SRR
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—————

and since the sequence is exact,

Ker ¢m = Im gm =0
so that % is an injection into the zero space implying ﬁm(i) =0,
m # d, thus proving the theorem for ¢ = #§. For o # § we simply
note, by Proposition 3.2.1 that lkxo is k-decomposable and that
|2k.o| < |£]. Hence by induction ﬁm(lkyc) = 0 except possibly at

m = d-|o|. This completes the proof of the theorem.

Theorem 5.2.2: If I is a homology d-sphere and Tt 1is a simplex

in ¢, then I\t 1is a homology d-ball.

Proot: 1t is sufficient to prove only that Hm(E\J) = 0 for all m,

since for every simplex o € E\tr, if 1 ¢ kao then lkE\To 3 szo

and if 1 ¢ f2k,0 then by Remark 5.1.6 ka\xo = (lkzo)\x is a homology

d-|o| sphere with the simplex 1t removed.

30 now set up the Mayer-Vietoris sequence as in Theorem 5.2.1:

n
/ m - m
s Nk ) A H (k) @ (o) S EIeY

‘ ¢ N
| mn ., o 3
> 'r—l((T\T)'QkZT) o

We have by Lemma 5.1.2 and Remark 5.1.6




v

nm((?\r).zkzr) =

= )
“m(r kz1) 0 all m

0 m#£d

Hence for m < d-1 and m > d the sequence i

n 3

n

n m
0 - H (A1) »
m N

implying N (E\t) = 0. The remainder of the sequence is
m

Ny £, @x n,
S HOND S 7S 2 (AN TR G\ e

We concentrate first on the map g1 ind prove that n,
=i “=a
Let ; 1,0, be a representation in S ,(I) of the generator of
2. Tk 3 X i
1L=1 : K
Hd(T). Then, as in Remark 5.1.6 E 1,0, must include all the d-simplices
W
v 1=1
in I. Consider y = z 8, U, + where @, 3++a350, ire all those o,
P P i i i
! ) J 1 L

in I\r. Now 31(y) has non-zero components exactly on all the
C

(d-1)-simplices in (f\r).ﬂkyr, since cancellations occur exactly on

the elements not in  (I\t) n (?.Eer). Further 3 ] oad(y) = 0,

i

Hence 9 ,(y) represents the unique generator of Hd_l(({\I).lkzx)

(since Im 9, = 0). But nd_l(a(Y)) = (0 8)3(y) which is 0 in
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{
nd_L(L\g) since it is in Im ad. Therefore, since Ma-1 is onto,
2 0
¥, (2\o) = o,
This means, however, that ﬁd(Z\a) = 0, since if ¢, is onto
then ¢i(l) = +1 and hence Ker @1 =0 = Hd(Z\J). Therefore ;
C C H
L
Hm(ﬁ\g) = 0 for all m, and hence I\t is a homology d-ball.

Theorem 5.2.3: Let L Dbe a homology d-ball or d-sphere, T a simplex

in I. Then a neocessary and sufficient condition for I\t to be

Cohen<Macaulay is:

if (5.24) is satisfied then I\t is a homology d-ball.

i L |
y» simplex in E\t. For 1 k.0, we can set up the
Mayer-Vietoris sequence as in Theorem 5.2.1, this time on ric and Tt
n i ind {
n
((r\r).0 ) 4 H (T t) @ H (Rkoy o)
*» | {T\1 AR . L K_.
n Lk, 0 m Rk. .0 " Z\‘(
£ {
MmN ’m ~
»

H (Pko0) =+ “m-J((T\t)'l\lk ) * iue

noting by Lemma 2.3.3 that (Rk.o)\t = [ki\gq' By the same arguments
\ .
as Theorem 5.2.2 we have Hm(!ki\jo) =0 for m# d-|o|-1, d‘|0|'

and the remainder of the sequence is

S ———
T e g T e 4 o e

.f
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o] td5lo|
0 > Hd_lTl(lkZ\TO) > ,l:id_lcl(lkzc)

d_lol_l((t\t).kkgkzor)

ta-|o|-1

n
d-|o|-1
| ?{d_lol_l(zk ) St -

I\1

First suppose that o e 3Z, T ¢ lkzo, and. T B(kao). Then

Hd-IOI(QkZU) =0 and H —l((T\‘[).ngkEoT) = z (Lemma 5-1.2)'

d-|o|

Hence we have

Ed—lol—l

0 ¢d'l°l z ¢lgl- ﬁd—lol—l(lkz\JO) $'™ o

implying ﬁd_lnl_l(iky\ﬂc) = 2, so that & 1s not Cohen-Macauley.
On the other hand, suppose (5.2.4) is satisfied. For any o . 7\1

we need to prove that k., o has the homology of a ball or sphere,

I\t

and the homology of a ball if o = @.

Case 1 (t ¢ kaa): We have Lk = ¢k o and hence has the same

homology .

Cage 2 (o ¢ 3L, T ¢ mkio.): We have Zkfy is a homology sphere,

and so by Theorem 5.2.2 2k_, o 1is a homology ball.

I\t

Case 3 (o R Ekyo.): We have by (5.2.4) 1 « Rzkzo, and so

the remaining segment of the Mayer-Vietoris sequence is

n £ ¢
d_—lol v d-lo' d-lol
0 > Hd-l0| (QKZ\TO) 3> 0 > 0

n
d-lgl‘l’ﬁ o)+ U,

d-[o[—l(lkZ\t




> . f\‘
implying H

d—loI(QkZ\To) = Hd—lo]-l(EkZ\Tc) = 0 and so lkz\ro has
0 homology everywhere.

Cases 2 and 3 imply furthermore that EI\r = lkz\gﬂ is itself a

homology ball, and hence the theorem is proved.

Notes: 1) Theorem 5.2.3 includes Theorems 5.2.2 as a special case,
since if % 1is a d-sphere, then 3% = @ and therefore (5.2.4) holds
vacuously.

2) (5.2.4) must be tested for o = @, which amounts to requiring
that © € 93 if I ig a ball.

3) An equivalent statement of (5.2.4) as used in Theorem 4.1.3, is

(5.2.5) 9L n kar = alkzr

since k. iff k i =
ince T € 59 1ff @ € kar, and T € 3% 50 iff kakzor QkaZTc

has the homology of a ball iff o € anZT, so that (5.2.4) is

equivalent to 3L n kar < BQkZT. But Blkzr € 3r always, hence

(5.2.4) is equivalent to 29I n kar = Bﬂkzr.

We dre now in a position to make a fourth definition of strong

k-decomposability, namely:

Definition 4: A homology d-ball or d-sphere 1§ is strongly k-decomposable

if either  is a d-simplex or there is a simplex <t in &g, dim t < k,

so that




88

1) (5.2.4) (op (5.2.5)) holds
2) I\t is strongly k-decomposable i

3) QkyT is strongly k-decomposable.

Corollary 5.2.6: Definition 4 is equivalent to Definitions 1-3 for ¢

homology balls and spheres.
Proof: We prove Definition 4 equivalent to Definition 2.

(=>): We need only prove that I\t, lkZT are homology d- and

(d-lrl)—balls or spheres, since pure dimensionality follows. But this

is clear from Theorem 5.2.3 and Remark 5.1.4.

(<=): Here we need only prove that if T 1is a shedding simplex for
(according to Definition 2) then (5.2.4) is satisfied. It is true
vacuously for I a homology sphere, since then 3L = @ by Remark 5.1.6.

And if I 1is a homology ball, violation of (5.2.4) implies, by

Theorems 5.2.1 and 5.2.3, that I\t is not Cohen-Macaulay, hence not

k-decomposable.

5.3 Piecewise Linear Topology

d s 3
Any set S ¢ R will take the topology induced by the standard
; d : d . i
topology in R . Two sets S and T in R~ are homeomorphic if
there exists a continuous bijection f: S <+ T whose inverse is also
cont inuous.

For £ be a simplicial complex on E E = {v

realization of I 1is the set




K. = Conl R e T
=V, oM. €L = Tk

c - m :
where x; are points in R for some m which correspond to Vi

i=1,...,n, in such a way that the sets ri(conv{xi see X, )
1 K
G BV e ¥, & I, ‘are disjoint. The sets convi{x. j...s%X. }
1 k ‘1 Tk
are called the geometric simplices (or just simplices) of K.

Realizations exist for any complex ([26] Theorem 2.3.16). A
subdivision of I 1is any simplicial complex ' with realization

K' = KZ such that every geometric simplex in K' is contained in

some geometric simplex in K. One example of a subdivision is the
stellar subdivision st(a,X)[Z], where the point % corresponding to
a 1is the barycenter of the points corresponding to the vertices in X

defined by

Finally, two simplicial complexes I L, are called piecewise linear

Bl

(PL) homeomorphic or combinatorially equivalent if there exists a single

complex ' which is a subdivision of both El and 22. As a result,

for realizations Kl of Zl, K2 of 22,

' ' e
Kl and K? of ¥ in Kl and K2,

and respective realizations

we can produce a "piecewise

linear" homeomorphism f: Kl = Ki o K2 = Ké by mapping the vertices of

1
Ki into their respective counterparts in K2 and extending linearly to

the simplices of Ki and K;. Of course, simplicial complexes are




always PL homeomorpl .c to themselves, and hence we can speak of

homeomorphic or PL-homeomorphic complexes and subdivisions independent
of a particular realization.

If I 1is PL homeomorphic to the d-simplex then I is called a
PL or combinatorial d-ball, and if I 1is PL homeomorphic to the

boundary of a (d+l)-simplex, then I 1is called a PL or combinatorial

d-sphere.

Remarks :
5.3.1: Any two homeomorphic complexes have the same homology.
Hence, since a geometric d-simplex (respectively the boundary of a

d
d-simplex) is homeomorphic to the d-ball Bd = {x ¢ Rdlz xi < 1}
il

d de B
(respectively the d-sphere S = {x ¢ R | Z ®, = 1}) by placing
1

the barycenter of the simplex at the origin and expanding radially
from the origin, it follows (from [26] Examples 5.4.6, 5.3.2) that a
PL d-ball or d-sphere is a homology d-ball or d-sphere.

5.3.2: The boundary of a PL d-ball is a PL (d-1)-sphere, since
if %' is a subdivision of & which is also a subdivision of the
d-simplex, then 3Z' induces a subdivision on 98I which is also a
subdivision of the boundary of the d-simplex.

5.3.3: J. Alexander [1] has shown that two complexes are PL-
homeomorphic if and only if one can be obtained from the other by

a series of stellar subdivisions and inverse stellar subdivisions, the

latter being defined by

5V = st (a,X)[E] <= L = stla,X)[L'].
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(d+1l)-simplex, by a series of stellar subdivisions

are left with a purely combinatorial definition of

(though it by no means provides a finite algorithm
complexes are PL balls or spheres).
5.3.4: For d < 3 all d-balls and d-spheres
; . - d d
realizations are homeomorphic to B or S7) are

d > 5 there exist d-spheres and d-balls which are

For d = 4 the question is still open.

Theorem 5.3.5: If ZL,

there is a complex I which is a subdivision of

7]

o

subdivision of 22. (Corollary 1.6)

=LA LA 1 :

12 1

X

s it <t 1

? some PL d-sphere I,

Lemma 5.3.6: If & is a PL d-ball or d-sphere and
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Hence we can define a PL d-ball or d-sphere to be any complex which can

be obtained from a combinatorial d-simplex or boundary of a combinatorial

and inverse stellar

: subdivisions. We can then dispense with realizations altogether, and

PL balls and spheres

for determining whether

(complexes whose
PL [28]. For

mot PL [13.,14].

The following lemmas and theorems in PL theory will be needed to
prove the results in the following section; and are stated without

proof. They are referenced to the corresponding theorems in [19].

22 are two PL-homeomorphic complexes, then

Zl and a stellar

o 1s a simplex in

£ then lkyo is a PL (d-|o|)-ball or (d-|o|)-sphere. (Corollary 1.16)

Lemma S5+3.7: 1If 2 is a PL p-ball, and f, 1is a PL g-ball or q-sphere,

then I .Z is a PL (p+q+l)-ball. If % is a PL p-sphere and I,

“

is a PL q-sphere, then £ .27 is a PL (p+qt+l)-sphere. (Lemma 1.1.3)

Theorem 5.3.8: If I is a PL d-ball contained (as a complex) in

then ¢l(LZ,\I,) is a PL d-ball. (Theorem 1.26)
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Theorem 5.3.9: If El and 22 are two PL d-balls whose intersection is

then E. 1 Z

a PL (d-1)-ball contained in the boundary of Zl and 22, 1 2

is a PL d-ball. (Corollary 1.28)

-

5.4  PL Properties of k-Decomposable Complexes

Theorem 5.4.1: Every PL ball or sphere has a subdivision which is vertex

decomposable.

Proof: Let I be a PL d-ball (d-sphere, respectively). By Theorem 5.3.5
there exists a subdivision ' of £ which is also a stellar subdivision
of the d-simplex (boundary of the (d+l)-simplex, respectively). Now the
d-simplex and boundary of the (d+l)-simplex are both vertex decomposable,
and by Proposition 3.2.4 vertex decomposition is preserved under stellar
subdivisions. Hence §' 1is a subdivision of I which is vertex

decomposable.

Corollary 5.4.2: Every PL ball or sphere has a subdivision which satisfies

the Hirsch Conjecture.

An interesting general characteristic of vertex decomposability comes
directly from Remark 5.3.3 and Proposition 3.2.4 (and can be extended to

k-decomposability by use of Appendix 1).

Proposition 5.4.3: Let I be a vertex decomposable complex, and C(Z)

the class of all complexes PL-homeomorphic to &. Then C(Z) is a

vertex decomposable class iff vertex decomposability is preserved under

inverse stellar subdivision for elements in the class.




We can prove results similar to Theorems 5.2.1, 5.2.2, 5.2.3,
and 5.2.6 about removal of simplices from PL balls and spheres. We

first need a lemma.

Lemma 5.4.4: If ¥ 1is a PL d-bail and v a vertex not in I, then

L U v.3Z 1is a PL d-sphere.

Proof: Let L' be a subdivision of £ which is also a subdivision of

is a subdivision

i L

' U v.on'
d

d Ak
the d-simplex A Then it is clear that

of % u v.3Z which is also a subdivision of A

Hence ¥ u v.3Z 1is a PL d-sphere.

The following result is known ([10] Proposition 1.2) but we give
it bere because of its relevance and simplicity of proof. Define a

d-dimensional complex to be a pseudo-manifold if every (d-1l)-simplex

in 7 1is contained in at most two d-simplices of . (This definition

differs slightly from that in, say, [22]).

Theorem 5.4.5: A k-decomposable d-dimensional pseudo-manifold is a

PL d-ball or d-sphere.

Proof: Let & be a d-dimensional k-decomposable pseudo-manifold. We

proceed by induction on p(I) = the number of d-simplices in I.

If p(z) =1 then ¥ 1is a d-simplex, and hence a PL d-ball. If

p(£) » 1, then I has a shedding simplex I by Definition 2. We

have the decomposition £ = (Z\1) U (?.QkZT), where IN\T, T.Ekyr

are k-decomposable pseudo-manifolds, have fewer d-simplices than I
i ! b ! k]

and so by induction are PL d-balls or d-spheres. Further, since I is
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L

a d-dimensional pseudo-manifold, the complex
(z\1) n (?ZZkzr) = (?\;).kar @

is in the boundary of both I\t and ?ZQkET. Hence I\t and T.fkgT

are in fact d-balls, and &k.t = fk— T 1is consequently either a
)} T.lsz

PL (d-|t])-ball or (d-|t|)-sphere by Lemma 5.3.6.

Case 1 (zkzr is a PL (d-|t|)-sphere): We have (?\T).lkzr is a PL
(d-1)-sphere (Lemma 5.3.7) which is contained in the PL (d-1)-sphere
a(Z\t) (Remark 5.3.2). So by discussion similar to that of Remark 5.1.6,

a(i\1) = (?\T).kaT. Therefore the stellar subdivision of I

st(v,t)[Z] = I\t v V.(;\T)-kao

INT U v.3(Z\t)

is a PL d-sphere (Lemma 5.4.4), hence so is I.
Case 2 (lkyr is a PL (d~|t|)-ball): We have (?\T).kar is a PL
(d-1)-ball (Lemma 5.3.7). Hence by Theorem 5.3.9, I = (I\1) u

((;\T).QkyT) is a PL d-ball. This completes the proof.

As a result of the proof, we see that a characterization of whether
such a complex £ is a ball or sphere (providing I 1is not a simplex)
is simply whether some (equivalently any) shedding simplex 1 has

lkFT a ball or sphere.

Corollary 5.4.6: The dual complex of a polyhedron is a PL ball or

sphere.




95

Proof: The dual complex of a polyhedron is shellable = d-decomposabl¢

(Section 2.5), and is a pseudo-manifold since every edge of a polyhedron

contains at most two vertices.

We now give the result corresponding to Theorems 5.2.2 and 5.2.3

on partial decomposition of PL balls and spheres.

Theorem 5.4.7: If £ is a PL d-ball or d-sphere, T ¢ I, then ZI\r

is a PL d-ball iff (5.2.4) (er!(5.2.5) helds.

Proof: The necessity holds from Theorem 5.2.3 (since § 1is also a homol-

opy ball or sphere). Further, if I is a PL d-sphere, then T:szT is
a PL d-ball (Lemmas 5.3.6 and 5.3.7) and so by Theorem 5.3.9
INt = cl(i\{ilkXT) is a PL d-ball. Hence sufficiency holds for PL
spheres.

Now suppose that I is a PL d-ball and t satisfies (5.2.4).

Then % u v.3L is a PL d-sphere (Lemma 5.4.4). Consider the sub-

complex v.3L U ;:Qer.
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We have

Vv.3Z N T-ZkZT ar n T.kar

?:alsz,

since, for p.o ¢ ;:lkir, .o € 3L 1implies o € 3L, which in turn

implies o ¢ azkzr (since (5.2.4) holds for ), and conversely

.o ¢ 32 implies t1.0(> p.o) ¢ 3L, which means that zklk = lkz(T u o)
E

has the homology of a sphere, and so o ¢ alkzt. Now by Lemma 5.3.6,

Lemma 5.3.7, and Remark 5.3.2 v.3% and ?.zkzr are PL d-balls, and

el

.32k 1 is a PL (d-1)-ball contained in the boundary of each (since
Z is a manifold). So (Theorem 5.3.9) Vv.3% u T.2k.T is a PL d-ball.
We are now in a position to apply Theorem 5.3.8. Removing

LOE 9 Flzkyr from T U v.3L, we get

<

cl((Z v v.32)\(v.3L u ?.akzr))= AN

is a PL d-ball, and this completes the proof of the theorem.

To end Chapter 5, we give an interesting application of Theorem 5.4.7

(or just as easily Theorem 5.3.4) to shelling of spheres.

Theorem 5.4.8: Let I be a d-sphere (topological, homology, or PL)

and o o a shelling of the d-simplices of &, then o

RIERELS SERERRLN

is also a shelling of I.
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Proof: Recall Opaeees0y is a shelling of I if and only if
i-1
g {0 (v Ej) is a pure (d-1)-dimensional complex, i = 2,...,k. i
j=1 koo é
We prove that g, n (i oj) is pure (d-1l)-dimersional, i = 1,...,k-1. !
j=i+l E

By Theorem 3.3, we can consider the shelling a d-decomposition which

removes one d-simplex at a time (starting with o, ). Hence by

k
i
Theorem 5.2.3 and Theorem 5.4.7, the complex Zi =4 u §.) iz a
J=1
PL d-ball for 1 < k-1 with shedding simplex T, so that
i-1
Xi\pif cl(Xi\{oi}) = ('u g.) = L,y Now since I is a sphere,
k =k
g0 (v Ej) = 9r,. But since T, is a shedding simplex for I,
j=i+]

Condition 5.2.5 holds. Hence exactly as in the proof of Theorem 5.4.7

we have

o>
o™
Q
1"
(o5
™
=D
~
Pas)
)
o~

i i i Zi 1t
= T,
Tl akkzi i

which is a PL (d-1)-ball and consequently pure (d-1)-dimensional. So

is a pure (d-1)-dimensional complex, thus completing the proof of the

theorem.
Corollary L T El and I, are two chellable d-balls whose
union is a d-sphere and whose irtersection is a shellable (d-1)-sphere,

then &, u L. 1is shellable.




We have, by Lemma 5.4.4 that U Vlazl is a d-sphere for v

not a vertex in is shellable by the shelling

followed by v.t
Then by Theorem 5.4.8, the reverse
But by substituting for

is also a shelling order.

we produce a shelling of

the shelling order of
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APPENDIX 1

k-DECOMPOSITION AND STELLAR SUBDIVISIONS

Theorem Al: (Weak) k-decomposability is preserved under stellar sub-

divisions.

Proof: Let I be k-decomposable, X # § a simplex in I, and a

the additional vertex. We have |I > 2, and for I = o a simplex,

st(a,X)[z] = (6\X) v a.9X. 2k=X

(o\X) u a.3X.(o\X)

]

a.3X.(o\X)

which is (weakly) k-decomposable since each component is (weakly)

<-decomposabl T I by induction on || : not a s
il Lol 1 be a shedding simplex for L, dim T < k, so that I\t is

(weakly) k-decomposable ( ind ¢k 1 is }"—’IA"LiﬁlTl‘?Osd‘b]e).

We prove the following:

A. T u X ¢ L implies 1) Rk Qkyr. and

QT(dqx)[ZJT
st(a,X)[Z\r].

2) st(a,X)[z]\r

2 ¢ 2k X implies g
Be X g el +7 Ktta, 001"

st(a,X)[ZN\t].

= St(a,X)[kal], and

2) sta X)L\t




C. T Xel, X¢€dz1, Xnt# @ imply 1) lkst(a,x)[Z]T = st(a,x\r)[lkzr],

2) 2k a.(t\O) = (X\0) .2k (X v 1), and

stla . X)[ZIN\s
3) sta,X)EN\t\a. (1\X) = st(a,X)[Z\t] (wherc we define

stla,X)[i\ct]l = T\t for X £ Z\z).

- i ies 1 k : = 3X. gk
D. Xc t implies 1} & st(a,x)[z7? (t\X) = 3X.2 ;U and

2) st(a,X)zI\a.(1\X) = st(a,X)[z\r].

The right hand sides are all (weakly) k-decomposable by induction on the
number of simplices and applications of Propositions 3.2.1 and 3.2.2
(noting in € and D that dim(a.(t\X))< k), and since A,B,C,D,

cover all cases for T, the theorem follows.

A. 1) gk = gk

st(a.X)[£]" T (Lemma 2.3.1, since 1 ¢ g.aX.szX)

E\X

i

kaT (since 1T u X ¢ %)

?2) st(a,X)[z]\r

CCENONT] v a.aX.pk X (Lemma 2.3.1, since

T a.BX.QkXX)

[(z\TI\X] v a.ax.gkz\rx (Lemma 2.3.3 and X u 1 € )

1]

st(a,X)[z\r]

Ba L) e T L lkx\xr u ng.BX.QkZXT (since 1 ¢ (I\X)

n (E.ax.akyx)) ;

! ? € A 2302
(Qkxt)\x U ngﬁ.lkaxﬂ.ﬂkzerr (Lemma 2.3.2)

(kTN U S.ax.zkz(x ut) (Lemma 2.3.u)




i

(Zkzr)\x u a.BX.QkaZTX (Lemma 2.3.4)

1"

ﬂt(a,X)(lkzt].

2) stla ,XIENs = [N\ v [(Slax.zkzx)\g] (Lemma 2.3.1, since

T e (E\X) n (Slaxzkzx))

(Z\T)\X U Elzx.[(zkzx)\xj (Lemma 2.3.3 and

Lemmma 2.3.2, since 1 ¢ a, T ¢ 9X)

il

(Z\T)\X u E.ax.zkz\Tx (Lemma 2.3.3)

st(a,X)[Z\z].

Lk« ot U G- (Lemma 2.3.1, since

Gar ) E\X 3.9%. Rk X'

ﬂkst(a,X)[E]T ]

T ¢ (Z\X) n (E.ax.ngX))

= lkz\(X\;)T 0] [ng(r n a)].[QkBX(T o X ek

(Lemma 2.3.5 and Lemma 2.7.2)

[(lkZT)\(X\T)] U a.3(X\(t n X)).2k.T U X

(Lemma 2.3.3 and Lemma 4)

[Cek, NG\ ] v a.a (XNt 2k X\t

"

st(a,X\ﬂ)[lkyT]-

QkZX

101

P T Ty g

(t\X)]




2) st(a,X)aN\r = [(Z\ON\r] v [(a.ax.szX)\y] (Lemma 2.3.1i)

= [ENON\r] v a.[ax\(t n X) 1. ek X

u E.ax.[(zkzx)\(w\x)l

a.(t\Xx) = & a.(t\x) (Lemma 2.3.1,

S0 I 01E) EUENCE RO

a.(t\X) ¢ (I\X)\t and

a.(1\X) ¢ E.ax.[(zkzx)\(T\x»J)

(Rk—alkpk )
a

ax\(t n )P g x(TVO

I

{9}.9x\(1 n X). kT U X

"

(ii}}.nkzr u X

3} stla, Mzl = LEEEINT 51(?(?).zkzx u Elax.[(ekzx)\(r\x)J

(from 2)

st(a,XZI\t\a-(t\X) = [(E\I\t] v [(SZ(XK?).zkEX)\(a.(r\x))]
u Elax.[(zkzx)\(r\x)] .
(Lemma 2.3.1, since a.(t\X) ¢ (I\X)\t

a.(1\X) ¢ a.dX.[(2k X). (1\X)])
= LENONTT o La (RO L LREXON(\X)]
) (ii?).nkij v H.nx.[(zer)\(r\x)]

(Lemma 2.3.2, since a.(t\X) n X\t = ¢

and  (a\a).(X\r).tk.X = (ii?).zkyx>




= [(EN¥N\x ] v E;BX.[(mkzx)\(r\x)]
(since (X\1).2k:X © (E\X)\r,

a. (1) € a.9x)

IR
>

~ (Z\NT\X U E.ax.QkZ\Tx T

(by Lemma 2.3.3, Lemma 2.3.5)

(E\oN\X = I\t T e X

_ (since ZkZX\{ﬂ} = 9)

st(a,X)[Z\t].

a.(t\x) = RS ax gk Xa.('r\X) (Lemma 2.3.2, since

2
a.(t\X) ¢ I\X)

L) Akt ca iz

(nga).lkaxﬁ.lk (t\X) (Lemma 2.3.2)

kax

{ﬁ}.BX.ZkXX U T

BX.kar

2) st(a,X)[z]\a.(T\X)

(ENX) 0 [(E.ax.zkxx)\d.(r\x)}

(Lemma 2.3.1, since a.(T\X) ¢ I\X)

(E\X) u Eﬁax.[zkzx\(o\x)l U AX. Lk X
(Lemma 2.3.2, since a.(t\X) n X =

(a\a).aX.ek.X = 3. 2k, X)
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= (INX) u a.ax.lkz\(T\x)X (Lemma 2.3.3

and 3X.2k X € E\X)

= (ENOW U a.3%. Tk X (X <t and

Lemma 2.3.5)

= st(a,X)[z\1]

This completes the proof.
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APPENDIX 2

DIAMETERS OF GENERAL SIMPLICIAL COMPLEXES

Let C(n,d) be the class of (simplicially) path connected
d-dimensional complexes on n vertices. We present upper and lower

bounds for the maximum of the diameters of elements in C(n,d).

Proposition A2.1: The diameter of any element of C(n,d) is at most

(Pra.

Proof: Let 2 be an element of C(n,d), and T: ¢..0

0 Ty &

g e n =ty

shortest simplicial path between the simplices % and o Notice
F

that the only d-simplices in T which intersect in a (d-1)-face must

be adjacent in the ordering, otherwise T would not be a shortest path

from 9 to o . So the number of (d-1)-simplices in such a complex
o f
o

is d+l times the number of d-simplices in T minus the number of
(d-1)-simplices which are in the intersection of two d-simplices, or
(d+1)p-p = dp. But the total number of (d-1)-simplices in T 1is at

n
mos t (1), and therefore

I 1
p < (d)/c.

- n n s . .
Note: The ratio of (d)/d to (i+l)’ the number of d-simplices in T,
e C
d+ ] $h. . ‘ & § y |
TGT—%;, so this is a slight improvement over a straight d-simplex
( —-( 1

count.

Proposition A2.2: There exists a complex I ¢ C(n,d-l1) whose diameter

4 La/2]

is Ln/ (L J =least inteper).
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Proof: Let V be the set of n vertices. Divide V into [1d/2]

groups Si = {vl,...,v; }, where By = lenfdil, i < fid/2).
3
Plaso] = n - (Ld/2J-1)L2n/d]). Note that if 2 does not divide d,

then Plase) > L2n/d]. Start with Ty < {9}, and suppose by induction

that T is a shortest simplicial path of dimension 2k between the

k k
k
2k -simplices AO’AL on the vertex set U §. with  lm/dy
3=
2k-simplices, for 0 < 1 < |d/2]. Denote F;l the reverse path from
Al to AO. Detfine
k+1 k+1 k+1 k+1 -1 k+1 k+l k+l k+l
P = _ Ui A . R o R
T Bl 1% Yy i ™ vy Vs
k+1 k+1
U . U
Fpr¥s g
if 2 divides 4 or i < |ld/2] and
r 2 vk+1vk+l k+1 ook Vk+lvk+lvk+l " T_l vk+l k+lvk+L
k+l kY1 Yz V3 1% 78 “a k"'a "u s
g & vk+lvk+1 k+1 U T vk+1vk+lvk+l
o'y Vs Vg K5 "B 7

if 2 does not divide d and 1 = |d/2J. Then the d-simplex pairs
which intersect at a (d-1)-simplex are precisely those adjacent in

the ordering given, hence is a shortest simplicial path

rk+1

between the simplices A_.v v?(va) and A .(vk+] ) Kl oot

o %1 s b,-2 VP-‘lvP- where
i 1 i

0 Ps (pi—l respectively) = 0 or 1 mod 4

1 Py (pi—l respectively) = 2 or 3 mod 4




The number of 2k-simplices in Ik+l is at least
2n/d k
L2n/dd ({n/afr) = Ln/as(ln/d i)

(n/d ¥t 4 (nsa) > Lozal®ta

i

and so for I = cl(T 4/, )

diam I > Ln/dJLd/QJ. K

M \

An example of such a complex for n = 1lb, d = 7 1is given in Table 6.
S

Its diameter is 15, which is greater than Lau/f7 3 A more careful

anilysis of the proof of Proposition A2.2 shows in fact that diam I is

Ld/2 -1

2)

i o hdd
vt least Ln/fdl

+ n/df + {n/d].




1 1 it 1 i 1 1
1 IL 1 1 i 1 i
1 1’ E 1 1 I
1 1. 1 1 14 i 1
1 1| 1 1 L 1 I
1 1 1 i 1 3 i
L 1 1 1 i i 1
1 1 i i 1 11 &
1 13 1 Al i il L
1 1 L 1 i 1 1
1 ! i 5 1 i 1 1
1 i i 1L L 1 1
Table 6

A 6-dimencional complex with LU vertices of large diameter




APPENDIX 3

FACE DECOMPOSABILITY

We outline in this appendix the dual notion of k-decomposability,
namely "face decomposability.'" This involves the removal of a face
and all of its subfaces from a polyhedron in such a way that the
removed faces form a "pure'" and '"face decomposable'" set and the
remaining faces also form a '"pure" and 'face decomposable' set.
It turns out that there is a class of convex sets whose face structures
reflect this operation. They are not themselves polyhedra, but what
we will call "generalized polyhedra." The remainder of the appendix
will be spent making precise the connection between generalized polyhedra
and k-decomposability. We reiterate that this appendix is merely a
sketch, and hence the lemmas and many of the assertions, all of an

elementary nature, will be stated without proof.

Definition A3.1: A generalized polyhedron is any set of the form

d : :
P = {x 8 |Ax a b}, where A 1is an nxd matrix, b an n-vector,
n v - :
and o ¢ {<,¢<,=} . The base polyhedron for P 1is the polyhedron

' o
P = {x Pu|Ax < b}. (Note that P depends not only on P, but

also on the representation of P by A, b, and a). Given any
i {1,...,n} for which a. is <, define the deletion and link
4 &

generalized polyhedron, respectively
/ L ! J

P (i) = {x « Fd,Ax a b u; =
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A peneralized polyhedron P is clearly a convex set, and hence has

110

a well defined face structure. We define vertices, edges, and diameters

just as in Chapter 2. Pﬁ(io) and P_(io) are likewise generalized
polyhedra, and their face structure is related to that of P as

follows:

Lemma A3.2: Let P, PO, P<(i), Pz(i) be defined as above., Then for
any face I of P, P<(i), or Pz(i), F = the topological closure
of F 1is a face of g. Farther, if F 1s a face of P, then

F = Hl for scme face Kl in P (i) iff F fhP:(i), and F = E

for some face LQ in Pz(i) iff F < P:(i).

2

Throughout this appendix, we will always take the base polyhedron

o
P to be a simple d-polyhedron. Hence we can define the dual complex

2 to P exactly as we did for simple polyhedra, that is, for

fl' ..,fm the facets ((d-1)-faces) of P, Z; is defined on set
E = {vl,. .,vm} by

£, = {v, ...v, |f, n ...n f, is a non-empty face of P}.

P I 1 o' 1

1 k 1 k
Then L. is a simplicial gomplex, since 1f £, 5. eesF, intersect
P 2 i ? i
in a face of P, then any subcollection of fi TR also
i
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intersect in a face of P. Further, any face of P can be represented
as the intersection of those facets containing that face. With the

help of Lemma A3.2 we have

Lemma A3.3: let P, f., and Z; be defined as above, and

i ¢ {li;..-;n} be chosen so that ay is < and the hyperplane

{xI(Ai,w) = b} intersects P in a non-empty face F. Let

Bl e a e n e o Then

= I
0 B = Zﬁ\y. eV, o and
P
P (1) d e K
2) Z::_ =l vl v
P (i) e %

})

We now have convex sets whose face structures correspond exactly to
deletion and link in the dual simplicial complexes, and hence are in a
position to define the properties of generalized polyhedron which
correspond to a k-decomposition of the dual complexes. We will use
Definition 3, and so to complete the connection, we need to define

the

properties dual to the initial and dimensionality conditions in

Definition 3.

Lemma A3.4: Let P, P<(i), P:(i), E = Ei ([ oden AT fi be defined as
o e ] k

in Lemma A3.3. Then
1) X? ie a (d-1)-gimplex iff every facet (equivaiently, every

face) of P contains the same vertex

i
1
1
{
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o =N

2) X"( and X": are (d-1)-dimensional and (d-k-1)-
B (1) P (i)
dimensional, respectively, iff they contai<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>