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ABSTRACT

Various computer—oriented numerical schemes are

availaUe to evaluate the velocity potentials for

inviscid fluid flow past submerged objects. The use of
a surface distr ibution of sources of uniform strength

cver panels representing the object ’s surface requires

a relatively fine grid to obtain accurate results. A

new variation of this scheme using distributed sources

of linearly varying strengths over triangular panels

appears tc reduce the number of panels needed for gcod

results , thereby reducing computer time and ~torage

requirements. In the present study, this technique is

applied tc the problem of determining fluid forces and

dynamic response resulting from interaction between an

arbitrarily shaped object and surface waves.
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I. INTRODUCTION

Ocean waves interacting with large marine structures

p~ cduce substantial hydrodynamic forces. These forces are

experienced by floating objects such as ships or moored

platforms as well as submerged bodies near the free surface ,

such - as submarines at periscope depth or bottom mcunted

caissons in shallow water .

It is desirable from an engineering standpoint to be

able to determine the wave forces and resulting dynamic

response for any large ocean structure under dnsign. Until

recently, howev er, such determinations were not possible in

the general case. Application of the well—known Mcrison

eguaticn to calculate wave forces is limited to cases in

which structure dimensions are small ccmpared to wave

length , as in the case of a small diamete r pile.

The usual analytical approach in dealing wi th the

hydrodyna m ic interaction of large bodies with waves is based

on a m athematical modeling of the fluid flow using potential

flcw thecry, which assum es the fluid to be inviscid and

irrotational. While such an ass~inption is unrealistic for

steady flcw past bluff bodies (because of boundary layer

separaticn effects) , experime nts indicate that it yields - ;

valid results for the case of unsteady flow past an cbject

as produced by surface waves provided have amplitude is

small compared to the characteristic dimensions cf the

cbject.

Numerical schemes based on the use of the Green ’s

function (Cr source distribution) method whic h utilize

-
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high—speed ccmputer capabilities have had considerable

success in solving problems of wave/body interactions.

Garrison, et. al. [Refs. 1—5] have developed numerical

procedures for calculation of wave interaction with large ,

three—dimensicnal , fixed and floating bodies. These

proce dures, which represent the immersed surface by a grid

of distributed source panels of uniform strengths , have

proven to be powerful in practical applicaticn as

demonstrated in Refs. 6—9.

The most severe limitaticn of the above mentioned

prccedures is the rather large amount of computer (C.P.U.)

time required to obtain an accurate solution . Thus , any

improvements to the method which would imprcve convergence

of the so].uticn would be of considerable value.

A natural extension of the technique based on a unifcrni

distribution cf sources over eac h grid panel is to ailcw the

source strength to vary linearly over the extent cf each

panel . Since this is not convenient when using quadrilateral

panels , it is a~ propriate to divide the source surface into

a grid of triangular panels . The linearly varying source

strength may then be represented in terms of the values of

the source strength at the ccrners of the triangles.

Webster ERef . 10] has developed such a scheme for the

case of uniform flow of an unbounded fluid past a

three—dimensicnal body. The body was represented by use of

the three—di i~ensional source potential of the form 1/R where

R denotes the distance from the source . In the present study

this general method is extended to the probl em of

representing a body of arbitrary shape located in fluid of

finite depth in the presence of a free surface.

a 
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The basic approach used in solvin g the problem of wave

interaction with large floating objects is to decompose it

into compcnen t par ts w hich are more sim p ly analyze d , and

then superimpcse the results to yield the overall solution.

A group cf boundary—value problems are generated in terms of

velocity potential ; one problem is solved for each of the

six possible degrees of freedom of body motion, and one for

the scattering of the incident wave by the body. The

solutions are then formulated in terms of tae Green ’s

function . The resulting integral equation is then converted

to a system of linear equations which are subsequently

sclved by ccaputer .

9 
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II. ~CRN (JLATION OF THE WAVE INTERACTION PROBIE~

A. RESTRICTIONS AND ASSUMPTIONS

All of the usual simplifying assumptions iacorporat~~d in
linear gravity wave theory are adopted in the present s t u dy .
In summ ary, these are:

a The flow is considered to be incompressibie ,

izrotaticnal , and inviscid.

• The wave amplitude to wave length ratic is

small.

• The pressure is uniform above the free surface ,

and the density is uniform throughout the fluid.

• The bottom boundary is represented by a

horizontal, irnpermeable plane.
• The velocity—squared tern in Bernoulli’ s

equation is neglected.

• The waves are regular and periodic.

In addition , it is assumed that

• The object has a smooth , rigid , and im~ er~ eable

surface.

-• The wave amplitude is small compared to tne

object’s diaensions.

B. PROBLEM DESCRIPTION

The general description of the problem is sno~ n in F i .

10 
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1 , in which twc cccrdinate systems are defined. The inertial

coordinate system , positioned at the mean free surface , has

directions defined by x, y an d z, while the coordinate

system positioned on the object has directions indicated by

x ’, y ’ an d z ’. The origin of the body coordinates is taken

to be at the center of gravity of the body, and the bcdy is

submer~ ed an arbitrary distance , d, below the mean free

surface. The incident wave is assumed to propagate in the

direction defined by the angle ~ indicated in Fig. 1.

The analysis of tne ficating object located in a train

of regul ar waves is decomposed into seven prcblems which are

uncoupled and can be solved independently and superimposed

to obtain the complete solution.

The first six problems are identical in fcra , and

consist cf determining the fluid forces due to os~-illation

of the object in the six degrees of freedom , in an cthe:wise

still fluid. The six modes of oscillation are all considered

to take place with angular frequency, c~~27r/T, which matches

the frequency cf the incident waves . These harmonic m ctions

of the object may be expressed as

X k = R~ [X~~e~~~ t]  k = ~ ) 2~) . .~ 6 
(1)

o o 0
in w h i c h  X =aQ when k=4 , 5, 6, and where e denotes the

k k

angular displacement about the x ’, y ’ and z ’ axes ,

respectively. The subscripts k=1 , 2, 3 correspond to su r g e ,
heave , and sway modes of motion , respectively, while the

subscripts x = 4 , 5 , 6 correspond to the rotational modes of
roll, yaw , and pitch , respectively, as depicted in Fig. 2.

0
The parameter X d€notes the complex amplitude of the linear

k

L 
~

_
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modes of motion , while the term aG ° denotes the complex

amplitude of the rotational degrees of freedcm .

The seventh problem to be considered is the interaction

of waves with t h e  object  held f i x e d  in pos i t i on .  This

interaction cf an incident wave with the fixed body results

in “scattered” wave-s which radiate from the body. From the

sclution of this problem the excitation forces and mcments

acting on the bo.dy are detetmined.

C. EQUATICNS OF ~0T ION

For a ficatin c body with linear elastic ccnstraints the

equation of notion for the six degrees of freedom is given

in R e f .  1 as

Z E~~(m~ ~M - i ~~~~ (
~~ tK~~)] =

w h e r e  ~.)r ~~~ /3 , a n d  C - ~ 2 Tt/ T de-io tes  t he  f r e qu e n c y  of t he

incident wave and resulting notion. (In E~~. 2 and all
e q u a t i o n s  w h i c h  f o l l o w , the use of the lower case letter , i,

as a subscript denotes an i n d e x .  A p p e ar a n c e  of i e l se w ner e

in an e q u a ti c n  d e n o t e s  the  i m a g i n a r y  n u m b e r  .i= 4/ T’ .)  The

surface elevation of the incident wave at the origin is

given by

(3)

in w h i c h  is a rea l  n u m b e r  d e n o t i n g  t h e  h a l f — a m p l i t u d e  of

12 
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t h e  inc iden t  w a v e .  All phase  angles  a r e  r e f e r r e d  to the
w a v e  crest wi th positive values indicating lag.

In E g .  2 , m denotes the dimensionless body mass tensor
iJ

an d is d efine d by

m~2 = = rn/ i’ a.3 ( 4 a )

rn~~= rri2~ = m%3~~
rn3I =.rr1l3 rn

~ Z =o ( 4 b )

in which  m deno tes  t h e  mass of the  b o d y ,  ~O deno tes  t h e  f l u i d
density and a denotes the characteristic l e n g t h  scale cf t he
body. Similaily,

m44 = .ç~, /P~t’, tz~~~ Z5~~/~a ~~ m~~~l~ / i ’a~ 
(~4c)

m~~- ~~~~~~ 2~~ /i°4”~ .z’~~ ~~~ —2~~ /Pa ‘

m - 
~~ /p~ 

(4 e)

where the mcaents of inertia are defined typically as

~nf x ’y ’dri~’ 
(5a)

y ‘z ’ d~r (5 b)

in wh ich  t h e  i n t e g r a t i o n  ex t e n d s  over the  comple t e  m a s s  of
t ne  body  d e n o t e d  by  m .

The excitation force and moment coefficients are defined

13
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as

c~ 
F~(ma~)e~~ i Js (6).

~ ~~~z3 ’r

~~~
. =  _ _ _ _ _ _ _ _  

~~~~~~~~~ 

(7)

~‘

wh ere 8~~d e n o t e s  the phase shift of the force with respect to

the crest cf the incident wave. A positive value of

denotes a lag. The tern F (wax) , (j=1 , 2, .. .6) , deno tes
J

the  m a x i m u m  va lue  of the force  ( j= 1 , 2 , 3) and  m o m e n t  (j = L 4 ,

5 , 6) a c t i n g  cm the body .

In the case of the forces (and moments) due to r a e

F motion of t h e  body , it is more c o m m o n  to descr ibe  the

h y d r o d y n am i c  f o r c e  in t e r m s  of the  added mass t e n s o r , M
iJ

a n d  d a m p i n g  tensor N . These  pa r ame te r s  are  d e f i n e d  as
i j

- M~ -i N~ i~~/)2,3; /)~~~... 6

— ~ ax) 
~~ j  :/ ~~2... ~

~Po 2-a4X j
w h ere F (mar) denotes the amplitude of t h e  f o r ce  or ~cm en t

ii
in t he i—tb direction resulting from the motion of the

f i ca t in g bod y in the j-th degree of freedom.

The f C r C E S  defined in Eqs. 6—9 are given in terms of

s u r f a ce in t e g rals of the hydrodynam ic pressure as

F13 (t) = —ff r~ Ii~ ~,4 =  l) 2 )... (Ø 
( 10 )

14
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F1<t) —ff P0~ ~~ ~~. 6 
( 1 1 )

where P denctes the i—th component of wave excitaticn forte
1

or moment  and F denotes the i—th component of force or
i j

m cm e n t ar is in g f r o m the j—th component of body motion. The

. f un c t ion s li are defined as

(12a)

(12b)

(12c)

y ) f l z . Z  fl y (12d)

hc Z fl x X r ~L (12e )

xri~ — (J-~.y) r~ 
(12f)

in which n , n and n denote the three ccmp onents of the
x y z

outward  u c it  normal  vector on the surface of the body.

The p a r a m e t e r s  P , (j~~1, 2, ...6) , deno te the pressure

on the immersed surface associated wit h motion in the six

degrees cf freedom and P deno tes the pressure associated
07

15
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with the incident wave (0) and scattering (7) cf the

i n c i d e n t  wave. F inal ly ,  in Eq. 2 the dhnensicnless

coefficients K denote the hydrostatic restoration fcrce
1J

(or mom e n t )  tensor and are defined as

K22 ±~.ir ~~ (13a)

K Zk K~$.Z .. 
*3Jj ~

z r 1 y d s  ( 13~~)

K~~-= ±iff (y iz m n~~z~~ny) d s  (13c)

~~~~~~~~~~~~~~~~ ds ( 13d)

~ C2. a.~J1~ 
fl y d~ (13e)

K~~= ~~f ç (~
IY f l~~ X Iz fl Y )~~ ( 13f)

w h e r e  A denctes the waterline area.
w

Mooring line reactions depend , in general , on tue

mocr ing line conf ig ura tion , weight , shape (cate nary) ,
h y d r o d y n am i c  and elastic p r o p e r t i e s .  a ow e v e r , i t  is

g e n e r a l l y  pe rmiss ib le  to disregard d y n a m i c  e f fe c t s  and

approximate the reactions by a linear relationship with the

six components of body displacements as indicated by Eq. 2.

The term K’ in Eq. 2 represents the dimensionless force
i j

(or moment) produced in the (negative) i—direction my a unit

displacement cf the body in the j—direction. Given the

mooring line configuration and elastic properties , the

16
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spring constant tensor can be evaluated.

D. REPRESENTATION BY VELOCITY POTENTIALS

Ihe fluid motion in each of the seven flow situations

previously described can be represented by a velocity

~otential. Specification of the velocity potential of a

flcu completely describes the flow , since fluid velociti-~s

at any pcint are obtainable turough the relation

(14)

where ~ (x ,y , z,t) represents the velocity vector , ~ (x ,y , z,t)
represents the tim e dependent velocity potential , and

V~ denotes the gradient of the  po ten t i a l .  Thus , f o r  the
si x modes of oscillation of t h e  body in still w a t e r , the
f l u i d  v e lc c i ty  vector  is g iven  by

(15)

in wri ich ~~~(x ,y , z) denotes the complex space dependen t part

of the total potential induced by the k-tb mod e of

oscillation. The velocity potential associated with tae

seventh problem , waves interacting with the fixed body, is

ac tua l ly  composed of two components. One component is the

potential due to the linear incident wave , the space

dependent part of waich is given by

- i ~~r (co ~h k (h~y) ~ e t
~ 

oS~~rk~ S~n~~ ( 1 6 )
0 cr ~Ccs~~,~’,% /

17
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in w h ich  ~‘7°=E/2 denotes wave amplitude (half—amp litude ) and

k=2lc/L d e n o t e s  w a v e  n u m b e r .

The seccnd componen t of the  wave  i n t e rac t ion  p o t e n t i a l
is due to the presence of waves whose characteristics have

been altered by interacting with the object. This potential

is referred to as the scattering potential and is denoted by

the subscript (7) . The total potential for the motion cf the
body in regular waves is expressed through the superposition

~(x )y,z ,t)~ ~ (x~,i~) (17 )

E .  T H E  E C U N ~~A R Y — V A L t J E P R O B L E ~1

Each cf the velocity potentials 4 ,  k 1 , 2 . . . 7 )  mus t

satisf y the  c o n t i n u i t y  equ a t i o n , w h ich in tue case of

irrctaticnal flow takes the form

0 , t~~~o) t .~..1 ( 1 d )

In additicn , the pctentials must also satisfy tue kinematic

bottom bcundary condition

( 1~~)

where h denotes the wean w a t e r  d e p t h , as well as the

linearized dynam ic and ~inematic free surface boundary

conditions expressed by

18
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~~ct 2 (20)

where g denotes the acceleration of gravity.

While the free s u r f a c e  a n d  bot tom b o u n d a r y  condi t ions
are exac t l y  the same for  all of the p o t e n t i a l s , the

kinematic bcundary condition applied on the surface of the

object is different for each case. This boundary condition

results fzcm the assumption that the surface of the cbject

is rigid and impermeable; it simply imposes the condition

that there be no normal componen t of fluid velocity relative

to the surface at any point on the surface , and is expressed

mathematically as follows:

For oscil lat ion of the body in the still fluid ,

- . 0
— — 

(21a)

.—
~~~ 

aX z fl y ( 2 1b )

-
~~ = - (2 1c)

~~~ ~~~~~~~~, [( cA i.y) r~~~ f Zri yl (21d)

~~~~ [Zflx - Xf l i~ (21e)

~~~~~~~~~~~ - e ~~ X n ( d4-y~nx] ( 1 ~~)

where  n , n and n denote the x, y a n d  z component s oi the
x y z

unit outward normal vector on the immersed surface which is



- ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~~~~~~~~ -.---~..- - - - —~~-~~~~-,—-~~ --- --~~~~ _ -  ~~~~~~~~~~~~~~~~~~

d e f i n e d  in its mean posi t ion by S ( x ,y , z ) = 0 .

For wave interaction with ttL e fixed body,

g :~~~~~~~.o =  L~~ °k ~(kxc c s~’ t kz s~r’~’)
r~ d”Co~$k(Kh)

•[fly S~n~ Ck (hey)1+L 
(r
~

c.osY+n~ s~rt~ )’ ~o~~ [k(ti s~y)]] 
(22)

in w hich ~ denotes the angle between the incident wave

propagaticn direction and the x ’—axis. Equations 21 and 22

are applied only on the immersed surface as defined by

S (x,y , z) =0.

20
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A. GREEN’S flJNCTION SOLUrI0N

In using Green ’s function representation of the velocity

potential , each of the seven unknown potentials is

considered to be induced by fluid sources which are

distributed over the surface of t he  body in a con t i n u o u s
manner. The strength of the source at any location cn the

body surface is a function of position and is denoted h y

f (ç,~~q) , w h e r e  
~~~~~ ~ 

) indicates a point on the immersed

surface. (Figure 3 i l l u s t r a t e s  t h e  concep t  of the  c o n t i n u o u s

source distribution.) The velocit y potential associated with

€ach  of t he  b c u n d ar y  value  p r o b l em s  is t h e n  g i v e n  by  t h e

s u r f a c e  i n t e g r a l

~~~~~~ 
-~~~ ~~~~~ &(x )~~z) c, ,Md~ 

(23)

$ k~ I ,2. . , 7
w h er e  G ( x , y , z; ~~~~ ç ) is re fe r red  to as t h e  Green ’ s
function . Its value depends upon tue location of the point

(~ ,-7, ) on the sourc e surface , and the point (x,y , z) in the

fluid field. The Green ’s function for the present case,

which  sa t i s f i es  the  bo t tom and  f ree  s u r f a c e  b o u n d a r y
conditions , is given by

G ~/R + + G-t (2U)

in which
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R = ~ /~~_x) 2 
~~~y) Zt( c z ) 2 ’ (25a)

S’ ~ (y ~~~~~~c-z~
2 (25b)

The G* term is given by Ref. 3 as

= 2P V _ f
(,a )

~~ e~~~ ccs h La (~‘th)1 cos h iLi, (y~*) l J (j i r) ~~
~A’ SIt7/ £~qh) -

+ ~zir (k 2 -)
~~ cosh Ek(~ 4) J côsh (k(y,*)J~~(k i-)

k 2h 
~~~ 

(2b)

in which

r~~
f(x - ~~ ÷~z-~~ 

(27)

The term J denotes the Bessel function of the first kind ,
0

cf order zero, and ~.
) represents dimensionless wave

frequency. P.V. indicates the principal value of the

infinite integral.

An alternate series form of the complete Green ’s

f u n c t i o n  is g iven  b y

& z~~(~~-k 2) 
~~ I1 ~~~~~~~~~~~~~~~~~~~~~~~k h— ~~h’~

)
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(~ 8)

in wh ich  I denote s t h e  Bessel f u n c t i o n  of the  second k i n d ,
0

of order zero, K denotes the modified Bessel function of

the second kind , of order zero, and ,24:epresents the real

positive roots of the equation

(29)

In numerical evaluations either form of the Green ’s

function may be used with the exception of the case where r

approaches zero. Here the series form given in Eq. 28 is

singular so the integral form given by Eq. 26, which has a

well—defined 1/R singularity, is used. However , w hen : is
not small the series form is generally used for numerical

calculation hecause it requires less computer t i m e  for
evaluaticn.

The Green ’s function representation cf the potential

given by Eq. 24 satisfies the laplace eguaticn as well as

the free strface and bottom boundary conditoas fcr all

cases. The scurce strength function f ( ~~ ,T1.~~) is unknown

and is determined by application of the kinemati c boundary

conditions ca the body surface (Eqs. 21 and 22) . This

results in the following integral equation:

~~~~~~~~~ff ~~ (c~~ )~~~(c ,,Mx,y,z)ds (30)

in w hich ‘b~/~ denotes the de :iviative of the Gr e e n ’s
f u n c t i o n  in the  o u t w a r d  n o r m a l  di r e c t i o n , w h i c h  is g i v e n  by



= (30a)

where  ~ r ep resen t s  t h e  o u t w a r d  u n i t  no rma l  vector at (x,j,z)

and w h e r e  (x ,y , z) now represents a ccntroi point on

S ( x ,y , z) = 0 .

For the  seven problems , all quantities in Eq. 30 are

known except for  t h e  scurc e s t r eng th  f u n c t i o n s  f ~~~~~~~~ ) ,

( k=1 ,2 , . . . 7 ) . H o w e v e r , t ne  i n t e g r a l  e q u at i o n  canno t  be

solved analytically for an arbitrarily shaped body, and a

numerical approach must be adopted. The numerica i a~ p:oach

developed herein involves discretizing bcth the source

strength function and the body surface boundary condition

f u n c t i o n s , g , (k=1 ,2,. ..7)
k

B. DISCRETIZATION OF TH2 PROSLE?1

1. 
~~~~ ~~~~~ ~~~~~~~

Ih e t e c h n i q u e  p r ev ious ly  used [ R e f .  1]  to i i s cr e tiz e
the integral equations given by Eq. 30 is to divide the

source d i s t r i b u t i o n  into a g r id  of N q u a d r i l a t e r a l  p a n e l s ,
and to assume  t h a t  the  source s t r e n g t h  has a d i s’inct ,
cons tan t  va lue  over  each p a n e l .  H ence , fo r a n y  of t h e  seven
flcw problems of interest here , f denotes the stren;th o~

the source everywher e on panel j, (j=1 ,2. . . N) , ~or the k—th

p rob lem ( k 1 , 2 . . . 7 ) . The area of pane l  j is denoted by

and t h e  induced  p o t e n t i a l  a n y w h e r e  in  th e  f l u i d  t h u s
r e s u l t s  f r c m  a s u m m a t i o n  of t h e  e f f e c t s  of all t h e  source

2’4
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panels. figure 4 depicts the discretized source surface and

resulting potential.

Additionally, the normal boundary condition

functions g ( x ,y,z) , (k=1 ,2...7) , of Eq. 30 are disc etized

ny a p p l y i n g  the  k i n e m a t i c  body  su r f ace  b o u n d a r y  c o n d i t i o n  at

only i selected points on the surface . In practice , the

n u m b e r  of b o u n d a r y  cond i t ion  (“ con trol”) points are chosen

to be equal (N=N) . For convenience , the control points are

chosen to 11€ at the centroids of the source panels. rnus ,

fo r  each d i scre t i zed  i n t e g r a l  equa t ion , a sys ten  of ~I linear

equations in N unknowns results:

I 
~~ ç 

f~~~~~~~
(x ; 1 Z

~~~~~~c) dS~~~~ 
~~~~~~~ (31)

in which (x ,y  ,z ) represents a control point i on the boxy
i i i

surface , at which the boundary condition is being ap~~lieh ,

and g denotes the value of g (x,y , z) a: point i. ;uation

31 is e xp r e s s e d  in matrix form as

~i ~c~} ~~ k 2... 7 (32)

where [o< is an NXN na :rih composed o~ elements

= ~~ ( 33)

~j:i AS,~

The vectcrs and represent the N unknown source

strengths and the kinematic bound ary condition appli ed at

the N ccntrcl ~cints , respectively, for the K— th il~ w

25
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prob l em.  I t  should  be noted tha t  the ma t r i x  £ o )  d ep e n d s
o n l y  on t h e  body conf igu ra t ion, wa te r  depth , and pe r iod  of
the  mot ion  an d  is the same fo r  all seven cases.

The discretized potential which is induced by the N

source panels is specified by a matrix equation similar to

Eq. 20:

~ 
= [

~
] [ç} k .l~ ....7 (3 4)

The m a r t i x  [~3J is composed of e lements

E .- , y~ z~ a1s 3

As in the case of matrix [
~~

), mat r ix  [
~

] is the same fcr all

seven f l c w  cases.

Integratio n of the Green ’s function and its

derivatives in E~ s. 33 and 35 poses no great difficulty. I:

is most convenient to separately integrate the singular

t e r m s .  Special  considerat ions  in p e r f o r m i n g  these
i n t e g r a t i o n s  and necessary f o r m u l a s  are provided in R e f .  2.

A c cm pu t e r  solut ion of Eq.  32 is accompl i shed  u s ing
matrix inversicn and multiplication , yielding the previously

u n k n o w n  va lues  of the source s t r eng ths .  Values  of ve loc i ty
poten t ia l  at the control  points  (panel  cent ro ids)  a re  then
o b t a i n e d  d i rect i~ us ing Eqs. 34 and 35. F l u i d  veloci t ies  at
t h e  c on t r c l  po in t s  are s imi la r ly  obta ined  a f t e r  f i r s t
differentiating the elements of the [PJ matrix with respect

to the  x ,y  and z d i rec t ions . D y n a m i c  p r e s s u r e s  are
c a l c u l a t e d  f r c m  the  l inea r ized  f o r m  of B e r nou l l i ’ s e q u a t i o n .
F i n a l l y ,  t h e  f o r ce s  act ing on the  object  are d e t e r m i n e d  by
p re s su re  i n- t e g r a t icn  (Cr m o r e  p r ec i s e ly ,  s u m m a t i o n )  o v e r  t ie

26 
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s u r f a c e  area  of the  object  as indica ted  by Eqs.  10 and 11.

2. N e t h o d  of L inear li  Va~~ in~ ~ ource Stren~~~ Elements

An alternative method of disccetizing rae Green ’s

f u n c t i o n  i n t e g r a l  equa t ions , proposed by Webster [Ref. 10]

for  u n i f c r m  u n b o u n d e d  f low past a submerged  body ,  utiliz es

t r i a n g u l a r  scurce  panels  over whic h the  source s t r e ngt h
function is considered to vary linearly . In this way, the

discontinuities or “jumps ” in source strengths at adjoining

panel  edges ( w h i c h  exis ted in t he  p rev ious  s c h e m e )  are
eliminated. also, since source strengths are not held

constant over the extent of each panel , the discretization

results in a less crude approximation of the continuous

strength function . An additional “smoothing ” effect on the

velocities induced near the body is achieved by submErging

the source panel surface inward a selected distance frcrn the

actual body surface , although the kinematic body boundary

condition is still applied at points on the true body

surface. It is noted that while some smoothing effect can

be accompl i shed  ~y subm erg ing  the sources , th i s  is n ot a

necess i ty  as long as the  singularity is a c c oun t e d  fo r
p r o p e r l y .

P i g u r e  5 dep icts the  l i nea r ly  v a r y i n g  source
strength function for a single triangular panel. The local

c o c r d i n a te  s y s t e m  fo r  each panel  is d e f i n e d  such t h a t  two
t r i ang le  cczners  (denoted by a and  d) lie on the  local
x— ax i s , and the third corner (b) lies on the positive

y—axi s .  A p p e n d i x  A gives the  t r a n s f o r m at i o n  b e t w e e n  the
body c o o r d i n a t e  s y s t em  and the  local coord ina te  systen  fo r  a
given p an e l .

In panel coordinates , the linearly varying source

strength functio n may be written

27

-

~

- ——

~ 

— _ —— --- -- -~~~~ --~~~~~~~~~ ---



_ -~~~~~~~~~~~~~~~ -- ~~~~~~~~~~~~~ -- - -~~~~~~~~~~~~~~~~ -- ~~~ -- - -- ~~-~~~~~~~~~ -- ~~~~~-— ~~~~~~~~~~~~~ --- 

(36)

in w h i c h  oC~~ /3 an d ‘3 deno te  cons tan t  c o e f f i c i e n t s  and  t he
tildes indicate local coordinate values as defined in Fig.

5. The values of the source strength at tne three ccrners

are

E (37a)

E (37b)

(37c)

S u bst i tut u i o n  of Eqs .  37 in to  Eq .  36 a l l o w s  the
ccnstant coefficients to be expressed in terms cf the

triangle geometry and the values of the strength at the
ccrner s:

~~ (38a)

(a~~ -d~~)/ (a- d) (38w

(38c)

Thus , the ccntribution to the potential at (x,y, z) due to
the single panel of area ~~S is denoted by ~~~(x ,v ,z) and is
given by:

28
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cIS (39)

where ¶ and denote local panel coordinates and (x,y,z)
denotes a general point expressed in terms of local

coordinates.

Substituting Eqs. 38 into Eq. 39 and collecting

terms allc~ s the contribution to the pctential to be

expressed in terms of the values of the source strength at

the corners of the panel :

f~ A4~~t ~~

in w h ich

(141a)

if ~~~~~~~~~~~ & ( ; ~i~~~) a’s

‘~~d ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(41c )

For convenience i~4~ bcb b and will be referred to as

simply the “corner integrals” associated with corners a,b

and d , respec tively, for a given triangular panel .

The velocity induced by a single scurce panel is

obtained by taking the gradient of Eq. 40:

29
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The gradients of the corner integrals are given by

iT
= ..~L c7 G- (~~~~~x)~ ,z) dS (4 3b)

\7(Ac~j~z 5~ ~~~~~~~~ (.~3c)

The e v a lu a t i o n  of the three corner tnteg:als (Eq.

41)  and  t he i r  g rad ien t s  ( E q .  43) must  be accompl i shed  in

local ccord ina t es  f o r  each p a n e l .  In  p e r f Or m i n g the

integrat ions , it is most efficient to separate the Green ’s

function into its singular and non—singular components , and

t:~ at the integrals separately, as follows:

Jf ~#‘~ (~“i~) c1s ~f w ~ (Y~’) ds 4-Jç we. (&i ds

~~~~~~~~~~~~~~~~~~~~~ ~~~~ 
(4 4 b )

~ (Yc~a~ + 
~~~~~~~~~~~~~~~ 

(V RI)~:.f ~ ~~ (~~) d (44c)

~~ c7(If ~) ~s w~ c’(I/R’) ds ~
. f I ~7(c~

-
~) ds ~ ~a)

A 3

c~ 4~) ~ff ~
1
bt~

(
1/R)’~

’5 if ~7(//R ’)ds-1-Jj W 
~~~

~~~~~~ =5S WA c7(’/I~)ds ~Jj~’~ ~~~~~~~~~~~~~~~~~~~
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in w h i c h  1
~a ’ ~b ’ and W are  l inear f u n c t i o n s  in ~ a n d 1~and

are given by

W t
~~ 46

~t 7Tb ( a - c J )  
( a)

vi (L4 bb)
2ilT b

\,~~- ~ —~o~~~-- a.~~ 
(4óc)

~ 7r~~a-d)

Appendix B provides formulas developed by Webster

(Ref. 10] for the closed form evaluation of those integrals

in Eqs. 44 and 45 whic h involve derivatives of h R  and 1/R’

as well as similar formulas developed by Yeung and Bai [Ref.

11] for integrals of h R  and 1/R ’. The integrands are

sin gul ar , and it is therefore necessary to evaluat e the

integrals analytically.

Integration of the G* components of Eqs. 44 and 45

is wade pcssible by assuming that the G* function and :ts

gradient vary linearly over the triangular panel , (as was

done fo r  the  source  s t r e n g t h  f u n c t i o n )  . This is a

reasonable approximation since G* is a veil—behaved fu flction

that varies slowly with position on the body surface. The

wave lengtn cf its oscillation is approximately the same as

the wave length of the incident wave , and this tends to be

large relative to the panel dimensions in typical

applicaticns.

~ith G* and VG * expressed as linear functions of

their values at the panel corners , tne terms in Eqs. 414 and

45 involving these two functions may be expressed as

31
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— I. ~~~~~~~ G-~ &b G.J) (47 a)

ç ç W ~G.~~ts tb(a.~b) d) G-~~ ~~~, C—d”~) 
(47b )

J J wa G~~h = I 4 ( a ) 6)~.t ) G. 4 G.1~~&/) (47c)

~~~~
W

~. c7G
~d5 I~(a ) b.d ,~c-I ~~~~~~ *) (48a)

~~L “~ ~GY~li ~ 
i~ (a ) b) d~ 

cT&~ 
~~~~~~ 

t) (48 b)

w ~~~ (48c)

where I , I , I , I’ , I ’ , I ’ , r ep resen t  t h e  i n t eg ra l s  of t he
a b d a b d

product of the twc linear functions over the triangular

area. The integrals in Eqs. 47 and 48 were  e v a l u a t e d  us ing
the formulas given in appendix C for integrating the product

of two linear functions over a triangular area and the

resulting integrals are given in Appendi x D

The total potent ia l  and velocity at  any  po int  in tu e
f l u i d  is a resul t  of the combined  e f f e c t s  of all the  source
panels .  For a g r i d  composed of ~ pane ls , the po t en t i a l  is
g i ven  b y

(49)

and the velccity vector is given by

~E ~~~~~~~~~~~~ V(~4~,,(x z’))f f.~ ~~~~~~~~~~~~~X )h1~~Z.)) 
(50)

k k
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in w h i c h  f ,f , f~ , denote the strengths at the three
ak bk

corn ers of the k — t a  panel .

It should be emphasized tha t the corner integrals

and their gradients are evaluated in their own individual

panel coordinate systems. £ransformation back to the global

cocrdinates , described in Append ix A , must be accomplished

pricr to performing the summations of Eqs. 9 and 50.

The summ ations given in Eqs. 39 and 5) can be

re—arranged by reversin-; the order of the summation. That

is, if ccefficients of the strength at a given node are

first summ ed , then the summation may me written

C t ( x )~,z) = i~4~ (X,~ )z) (51)

= ~~ M~ (x1y ,Z~) (52)

in which f denotes the source strength at corner node j
J

(j=1 ,2...~ ) and ~~~ represents the sum of the corner
3

integrals associated with node j,  for all panels which share

ncde j  as a mutual corner. A -graphic representation of the

meaning of is p r o v id e d  in Fig .  ó for clarity, since it
J

is difficult to express mathematically . As indicated in

Fig. ó ~~~~ (x ,y , z) denotes the contribution to the
J

potential at (x, y , z) from the panels surrounding node j.

Each of the surrounding panels may be considered to have

unit strength at the corner coincident with node j a n d  zero

at the other two corners as depicted in Fig. 6.

33
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The kinematic boundary condition at the body surface

may now be appl ied at N selected points .  It is convenient

to use points  on the  su r face  w h i c h  lie di rec t ly  o u t w a r d  f r o m
the  corner  nodes of the submerged source s u r f a c e .  In
pract ice , it is best to in i t ia l ly  d e f i n e the  nodes  cn the
actual body surface , and then establish the point s on the

submerged grid at scne pre—selected submergence distance

a lcng  the  c o r r e s p o n d i n g  i n w a r d  normal  vectors .

Appl ica t io n of the  k i n e m a t i c  b o u n d a r y  c o n d i t i o n s  fo r
each  of t h e  seven p rcb l em s  of in teres t  resul ts  i n  the
discretized versicn of the integral equaticn :

(53)

where the ze~ eated index j indicates summation. The tern

denotes the sum of the corner integrals for node j ,
e v a l u a t e d  at  contr c l  point  i. The derivative with respect

to the outward normal vector is obtained by

( 5 1 4 )

where ~ is the unit outward normal vector at toe ccntrol
1

pcint i, cn the body surface.

Equation 53 may be expressed more simply as

[
~

] 
~~k} 

= 
~~k} 

) ~~~~~~ 
(55)

where the NxN matrix , [~~~
. ], is composed of elements

-

~ 
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Equation 55 is solved by computer , (for k=1 ,2. . .7 )

using matrix inversicn and multiplication , yielding the

unknown source strengths . Substitution of the source

strengths into Eqs. 51 and 52 wit h evaluation at (x ,y  ,z
l i i

(i=1 ,2,...N), gives the values of the potential and the

fluid velccities at the control points on the body surface.

-the dynamic fluid pressure is determined using the

linearized form of Bernoulli’s equation. For oscillation of

the body in its six degrees of freedom , the pressures at the

surface ncdes (denoted by i) are given by: -

R~ ~i~ o e~’°~] k I , ~ . ..7  (57)

P0~. = Re ~~~~~~~ ~~°L ~~~~~~)&W
~ ~ (58)

where p denotes fluid density, and P and denote

dynamic pressure and potential , respectively, at node i

(denoted by the subscript i) due to motion in the K — t h  mode

of oscillaticn.

The pressure integrals given by Eqs. 10 and 11

cannot be utilized directly to obtain total forces and

momen ts, because only discrete values of pressures are

available. However , it is consistent with the numerical

scheme tc assume that the pressure varies linearly over each

triangular panel. Based on this assumption , the pressure at

any point on a surface panel is expressed as a linear

function of the panel geometry and the values at the corner

35 
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nodes , which are given by Eqs. 57 and 58.

The fcrces and moments are tnen calculated using

M (1
,C~~(t) =

~~~~~ JJ A~ / i~ ds , ~~~~~~~~~~~ 
(5’ ;)

~~
. (~

) E 
[f 

)~7 h1~ d (60)

~~~~

where F denctes the i—tb component of wave excitaticn force
1

or moment and F denotes the i-th component of force or
ik

mcient arising from the k—t h component of bcdy moticn. The

su~ mations cf Eqs. 59 and 60 are carried out over the !~i

panels on the actual body surface. The functions h are
1

given by Eq . 12 and are functions of position cn the

immersed surface. It appears to be consistent with the

numerical scheme to approximate these functions as linear

functions so that they way be defined at interior points by

their values at the corners of the triangles. Thus the

integrands of Eqs. 59 and 60 contain the products of two

linear functions . The integrals are evaluated in a

straight—forward manner using the integration formulas given

in Appendix C

The resulting forces F~ (i,k=1 ,2. . .6) and F
i

(i=1 ,2...6) are substituted into ~gs. 6, 7, d and 9 to

evaluate the excitation force coefficients C (j=1 ,2,...6),
.1

and the added mass and damping coefficients , M , and N
ii ii

(i,j=1,2,...6) . Finally, the equations of motion for the six

degrees cf freedom (Eq. 2) are applied to determin e the

36



ccmplete dynamic response of the body.
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IV. NUMERICAL RESULTS

A computer code based on the numerical method outlined

was develcped to calculate the hydrodynamic coefficients as

well as the dynamic response of a floating body in ~~~es.

Using this prcgram , example calculations were nade for two

simple gecmetric shapes: a vertical circular cylinder which

extends ficm the bottom and passes through the free surface ,
and a semi—immersed sphere. Com~uter produce -i drawings o~
the grid configurations used are shown in Figs. 7-10.

The vertical circular cylinder represents the only

three—dimensicnal geometry for which a closed—form soliti~ n

exists (of the type of interest in the present study), and

therefore , it is o.f interest for making a coinparisca of

numerical results computed by the present method. ~acCamy

and Fuchs [Ref. 12] have developed a closed form solution

for the hcrizontal force acting on the cylinder and this

result is plotted in in Fig. 11 in the form of the

dimensionless amplitude of the force versus the wave length

parameter , 2fla/L.

Corresponding results computed by the triang-iiar panel

method using grids of two different finenesses are shoin on

Fig. 11 for comparison with the results of MacCam y and

Fuchs . These results indicate rather rapid convergence of

the solution , particularily at small values of 2iTa/L . The

slower ccn v e r ç~ nce (or greater error) at the larger values

of 2rc a/L app - . rently indicates the inaccuracies associated

with the assumption of linearly varying source strength. As

2rc a/L b e c c m e s  l a r g e  ( t h e  wave  l e n g t h  becomes s m a l l )  t he
variation of the G* part of the ~reen ’s function with

38  
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distance beccwes more rap id. Thus, as 2~a/L increases , a

point is reached wher e the assumption cf the linear

variation of the (reen ’s function becomes appreciably

invalid. Of course , as the fineness of the grid is

increased the numerical results tend to agree witn the

clcsed—fcrm exact results up to higher values of 2fla/L.

Havelock [Ref. 13] has presented results for the added

mass and damping coefficient in heave f-o r a semi—imme rsed

sphere and these results are presented in Fig. 12 for

comparison with numerical results computed by the present

method. The figure shows the heave added mass and danp ing

coefficients , ~1 and ~ , respectively , for the
22 22

se~ i—immezse d sphere alcn g with the numerical results

computed using grids of two different finenesses. These

results indicate -that the numerical results are tending to

ccnverge althcugh even fcL the finer grid the results are

nc-t yet converged.

~oreover , given the damping coefficient , the wave force

coefficient can be computed by use or the Haskind ’s

relations which , in general , relate the force coefficients

to the far—field solutions of the correspondin-; radiation

problem. For the case of the heaving motion or an

axi—symme tric body a closed form relaticnship exists between

the heave damp ing coefficient and heave excitation force.

Thus , Havelcck’s results for the damping coefficient in

heave were used to compute the neave excitation force and

this result is presented in Fig. 13 ;cr ccmparison with the

num eric al results.

The numerical results presented for conparison with

Havelock’s results in Fi g. 13 show a trend towar d

convergence and , in tact , the results cor:esoniing to tne

finer grid indicat E adequate agreement.
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Finally, the dynamic response in heave and surge for the

case of the semi—immersed sphere are shown in Fig. 144.

These results, showing the dimensionless response in terms

of the respcnse amp litude to wave amplitud e ratio , indicate

very little difference between the the two grid finenesses.

“ O  
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V. CONCLUSIONS

A new numerical procedure based on the use of triangular

source panels has been developed for computin g the

interaction of fixed or floating bodies with waves.

Numerical results based on this procedure ccmpare well with

existing results, and , in general , the procedure appears to

ccnverge to the correct solution.

The value cf the triangular panel proced’:re as coapared

to the procedure based on quadrilateral panels of uniform

strength remains uncertain. This will be determined cnly

throug h experience in application of the two methods.
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APPENDIX A

COORDINATE TRANSFORMATION

In the following , the coordinate transformaticn is

developed which relates the local coordinates attached to a

particular panel , as indicated in figure la , to the gicoal

coordinates with origin located at the mean water level. The

glcbal system is denoted by O(x ,y,z) and the local

t coordinate syste m is denoted by ~~~~~~~~

/~A\~
/0  

A

Figure la—Coordinate System Locations

The location of the origin of the local coordinate

system expressed in global coordinates is given by

{x~ ,y 0 , z~] = [ (X d ~~ (~~
_ x 4)), (~~~ (

~~~~
-

~~~~
))
, 

(z ~ ~~(z4~~ J
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in which (x ,y ,z ) , ( x ,y ,z ) and (x ,y ,z ) are the glcbal
a a a b b  b d d d

system cocrdinates of the triangle corners a,b and d,

respectively , and where

0< _____________________________________

(x A-x4~ ~- (yg~~Y~)2 # ( z4 - z4)’1
The unit vectors in the ~

,y and ~ directions of the

iccal ccordinate system are given in terms of their

respective gictal system components as

I Lix, r ~
.. 

~~~~~ 
3- 

~

I = U~, j  #~ J ~

Liz, 1
. 

# L/z21 ~ U~ /C

in which ~~, 
j  and ~ are the unit vectors in the 2 , ~ and Z

directions , and i , j and ~ are the unit vectors in the x , y

and z directions .

The t e r m s  u , u , ... u are defined as fcllows:
x l x 2.

(xi- x~~/~ ~•a\

Ux~~ (‘f~i~ Y~)/i d~~~t

~~~~

u~ , = (x~— x 0)/ I o~oI

t~L y~2• ~~~~~~~~~~

(43
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Uy 3 (z b .-z O)/t ~~

U~~Uy~~ Uc 3 Uy2

~~~~ 
Lt~~~Uy 1

— ~~~~~~~

U13 U~, L1~~ LJ x~ L4~ ,
where

~~da~~ ~~~
_ X (y 4 y 4)

Z F(z~~z~)~
and

t~b~ ~\/kxØ x b l~&o _ Y ~)
Z 

~~Z~~~Z b’~

The t r a n s f o r m a t io n  m a t r i x  is t h e n  d e f i n e d  as

L4~ L~/~ Lix

[TI : ~~ I.I~l

U~ , LI~ LI

Transformation between global coordinates ~r~d local

coordinates is accomplished in the following manner:

1x — x 0~ 
x

~ [T] ~
y - y 0  y 

~~T]
T 

~ + yo

Lz-z0 z Z
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1~in which  C T ]  denotes  the t ranspose  of the  m a t r i x  [T ] .

S i m i l a r l y ,  a vector qu a nt i t y ,  F , ev a l u a t ed  in t h e  local

coordinate system is transformed back to global coordinates

using

in which ~ , B and  F are t h e  x , y and ~ c om p o n e n t s  in
x y z

local coordinates  and F , F and F are the ccrrespcnding
x y z

ccmponents in the global system.
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A P P E N D I X  B

F O R M U L A S  ~OR E~IALU lTING INTEGPJ~LS INVOLV ING 1/F AND 1/i’

The t e rm s  or Eq . 44 which involve l/R and 1/P’ are

eva lu at ed as f o l l ows , us ing  the  panel g e o m e t r y  d e f i n E d  by

Fig. l b .

Y~ 7

(O’~)

(d ) o~ ~Q ) O’)

Figure ib— Panel Geometr y

SI - b 
z ~~~ 

a - 
2 P + d R

~d +

- 
~

+e( i2 _
~~

Z )t~~
_ 

~~~~~~~~~~~~~~~
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(( b&- -o.~~~ — ______

))A5 ‘turb (a-d) R — 

2b (a -d) 41~ 
) 2Pz T- ~a

+(b~+ ad)Fd6 /~
2 - f E2YP ’-

~ L iyp - a (~~t ?)J ~~ }
=

+ ~~~~~~~ ~~~~ (~~
z
~~~~~Jt~~/c -

— L2~~~~
’- d ( ~~~~~

2) ] r ~ /e
in which the following definitions are applicable

~~~~ 
~~~~~~~~~~~~~~~~~~~~~ * ~~

1—2 — /
Yb ~~ j  x ~&_ b) z 

~ 
c. ~~~~~

P= bX ~-a~~-ab

p4~~~~a~~ 
_ b~~~a

z

‘b a~~ ~~~~~~~~

~ ~~~~~~~~~~~~~~~ ~

+ tag’ ~~~~~ — ~~~~~~~~~~~~~~~~~ (~~-M]~~~~~
Z b  ~~

= ~~ 
( I - a) J / [ r~ ~~~~~

-
~~)]

/ [(c’: A)/(c~ ~~~~
= /c9 [(ev ~ ~-~

‘)/(e 
~~
, t~-~’)]
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= ~~~ (~~~-~~) -~~~~( g-~~)

Formulas for evaluating the terms of Eq. 45 which

involve the gradients of the 1/B and l/R’ integrals are

given by Webster [Ref. 10] as

~~1 ~~~~~~~~~~~~ ~~~~ = ~Y1~d tZT ~ (r -r
~~~~~~~~~~~ 

/

~ç 
ba. _ b c - a

~7~~~ (V p )4 S . .  ~~~~~~~~~~~~~~~~~
~ it irI ) (a-j ) (a /) e -

+ r p ’ _ b;
~ 1r

t io~~~L e (a ~
) e ~ -

~~~~~~~~~ 
C ’ /R)ds = 

[~~~~~
ç-

~~~~~~~~~~~~~
-
~~~~ 

-b[~ 3~~~~~~~]~

çç~~~~~~~~~~~~ ( ’/ R) ds =V~~~~ -~~;-c~
~~~~~~~~~~~ ~~~~ ] 1 ÷ . dP ’..2~.~

, -
~~~~~ 

C. 3 bc(a -~’/) ~ b~ (a - c1)

(4 8

_ _ _ _ _ _ _  

-*-_
~~~~~~~~~~ 

—
~~

--
~~~~
----

~~~~~~~~~~~~~~~~ 
--



f (u / ~ds ~~~
- 

~~~~~~~~~~~~ 
~~ (r~

-~~

_ _  

- ~~~ ~~ 
- 

b

~~~~~~~~ = {~~~ b
+2

~~ ~~ ~

÷ r~~ ~~~~~~ r~~ ~& 1— ~~L 
~~~~~~ 

b ~ 
L ~~ J ~

j
’~ _ b~~~~+d~

l
~ ~ 4YR’)ds P

’
~~~~~~~~~~~~~~~ a~~~+e 1~~~~

~5~~~~~~~~~~~~~
I
~) ds = 

~~~
j )  ~~~~~~

~~~~~~ ~~~~~~~~~~
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A P P E N D I X  C

F C R M U L A S  FOR I N T E G R A T I O N  OF L I N E A R  F~J N C T I O N S  O V E R  T h I A N G I J L A R

AREAS

All rormulas given are applicanie for a triangle

positioned as shown in Fig. ic , with a>d and b>O .

Y

Q (4~~ 
X

Figure ic— Triangle Geometry

If f (x ,~ ) and g(i~,~ ) are any linear functions expressed

as

f (~~~ o < +p ~~ t~7

~~(~S~,9) = o<~ tp 1
x~ #-?~

and the function values at the triangle corners are denot ed

50

—--

~

-- - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -



— -.-—--,- - - -w__
~~~~~~

_ 
~~~~~~ 

— -— - — 
~~~

.— - - - -_ --,-.- - -~~ - --- ~~ ~-- --
~
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by f , f , f , g , g , g , then :
a b 8 a b d

~~~~~~ 
af d-d ( ~ ~~‘=a ~j~ -~~d

a —cl

~ Q -d)~~-aFj ~~ 

-

b(a -d) bca-~ 
—

and the integral s of f (x , y )  ds and  f (x ,y)  g (x ,y) -is are  given

by - -

11f c(~ v) d ~ 
(
~ ~~ c~) 

~~ ,

an d

ft ~~ ~(~~~ds 
~~~~~~~~~~~~~~~~

+(o~’~~ f o )~~3+(~~~’~~~~~’)~~~ ~~~~~~~~~

w h e r e  —

W =

W~~~~~~çç .~~~~d~~~= (a~~dz) b
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W.3~~j ;~
;7cLs:: (~~b)6~

w~-= Jç~~?d.s = 
_ _ _ _ _ _ _

- w5=çf rd~ = ( a d~~c/~a-d)~

cc5 ~~~~~~~ = ~~(a-J)
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A P P E N ~)IX D

INTEGRA 1CN FOR?~tJ L A S  FOR INT E GR A L S  I N V O L V I N G G~ AN~ VG~

The assump tion of a linear variation of 3~- (~~ ,~~ ;x ,y , z)

over  a g iven  t r i an g u l a r  panel , a nd the  su n s e g u e n t

ap p l ica t ion  of the  fo rmu l a  fo r  th e  i n teg r a l  cf t h e  p r o d u c t

of two li near  f u n c t i o n s , gi ven in A p p e n d I x  C , le ads  to t he

following expres sions f.r Eq s. 47 and 44d wnich inv ’~1v€ the

G* term . (refer to FIg. 1~ for applicable triang le

gecmetry.)

SL~~~~~~
Ii

~ 
G~~cts = ~~~~~~~~~

—
~~~

--

~ [C~~
A I + C Z A~

4 C~ ‘~
j

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ _ _  = 
b~~~-J)  

[ C 1 J ~c~~~~~ c~~3]

i n w h i ch

c 1 = ~:-~:
c~~= [ça -

~
)
~~~-~~ G-c~ ~~~~~]/b

c~ LaC~ ~~~~

-—-

~ 

- - -_ - - - - - -~~--- ~~~~~~~~~~~~—- - - - .~~~~--~~~~~~~- --- -~~~~



-w~ - -‘--
~
---

~~~
- 

~~~~~ ~
-
~~

.
~-—- —-—--  - - - -—-—

~ 
.— ——---- - - -  -,—- 

A b(~ i-ci) A b,.
ZLf  /

_ _ _ _ _  
B b4

~~L.f 
12

D~~ 
b (’~~~1-~z) p ’a~.

Ihe integra tions invoiiing the gradients of G* s in i lar l y
result in the following expressions:

411 (a~/)z 
~~~~

1)i
~ 

r(VC2)4~~~~~ )~~]

(1 ba i- b~~—a~ — _ _ _ _ _ _  

‘.

~t ir~ ~:7—J) 
— 

c~ -a
’) L L(VC.1) B ~-(c~ C.~) ~~ -~(vc3y~3 7

(r 
~? /

~~ & ds 
~~~~~~ ~

c~ c 1~p 1 ~~C~) D c ~~ 7

wh -~ re

~~~ 1~~~~
a
~
ô) ÷~~ 

*
(~1~~,) ÷~~

— 
~~~~

(d ,o) — j
~ 

‘ 
.-.

-

~~~ ~~~(do)

cTç= [ ~i-~r~(r  ~~ o b) ~~~ .(c- b’) ~~

54 

- - -~~~~~ -~~ -~~~~~ .- - -- --~~~



_ _ _ _ _ _

-
~~~~~

‘
~~~~~ 

.
~~ 

÷. 

~~~3~j
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— a~ 
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55

—~~~ .—.-~~~ “--——~~~ ---—- .. -~--- -- —--- - - -  — —  -



y
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y~ ~2 
(H EAVE )

( ) X . ( Y A W )

X4 (~~3LL )

I ~~flc.g. Li 
_ _ _

~~~
/

~~~~~~~~~ I~fCII) 

X1 (SURG E )

7// f/ /I/f/ /f  / 1/ 1/ 7/

Fig. 2-. Definition of Body i~1otion
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S(x ,y, z)=O R

as

f ( ;

/

Fig. 3— Potential Due to Distributed
Sources
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y

~(x,y , z)

S ( x  , y , z ) = O

p 1

/

Fig. 4— Uniform Source Strength Discretization
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Added mass and
Damping Coefficient

2.0

* 13 node hemisphere

1 6 • 25 node hemisphere
— Havelock (Ref. 13)
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*
. 11
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Fig. 12— Heave Added ?ilass and Damping Coefficientsfor a Floating Hemisphere
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Pig. 13— Heave Excitation Force for a Ploatinc
Hemisphere
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