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ABSTRACT

The threshold operator is an important operator in
image analysis tasks such as segmentation and edge detec-
tion. A statistical analysis of the response of this
operator is presented in this paper. The input grayscale
image is modelled as a two-dimensional homogeneous random
process completely characterized by its mean and power
spectrum.
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) Introduction

Thresholding has played an important role in image pro-
cessing. A grayscale image of a scene is thresholded to
dichotomize the image into (for example) object and background
points [1]. An edge picture can be thresholded to produce a
binary edge picture corresponding to the binary decision of
edge or no edge at a pixel. Binary representation of images,
for storage and data compression, is achieved by nonuniform
dynamic thresholding [2]. Nonuniform thresholding is also
used to extract objects when uniform thresholding is in-
adequate [3 ]. Statistical an '-'sis of the response of the
threshold operator can be us or example, in the error
analysis of edge detection, in determining buffer size require-
ments for connected component analysis [4 ], or in determining
the statistics of "edge/border coincidence" in a picture at a
given threshold [5]). 1In this paper we discuss some statisti-

cal properties of uniformly thresholded grayscale images.
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2. The input image¥*

In order to analyze the outputs of image operators we
must have a statistical characterization of the input image.
Often-used assumptions that the intensities or gray levels in
an image are independent and identically distributed, or that
an image is a sequence of single-~parameter processes, are
inadequate. An image is inherently a two-dimensional spatial
process and hence should be treated as such. The literature
in the area of two-dimensional processes is not as rich as in
the area of one-dimensional processes. A few spatial pro-
cesses other than images have received some attention from
mathematicians. Examples of such processes that may have some
relevance to image processing are the random surfaces en-
countered in sea waves [7 ], crop yield as a function of
spatial location [8 ], and the height field of a portion of
the earth's surface [9 ]. Fortunately, most of the assump-
tions made in the analysis of the spatial processes can be
reasonably applied to images. Many of these assumptions are
necessary for tractability. We shall now summarize the
assumptions to be made here regarding the statistical charac-
teristics of the input image. :

We assume that the image gray level z(x,y) is a function ‘
of the vertical and the horizontal coordinates, x and y. We

could also assume that z is a function of time t. The rele-

*This section is essentially the same as part of Section 1 of
[6].
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vance of the time parameter t would be obvious if we were
dealing with the dynamic behavior of an image, as in tracking
a moving object in a scene. However, we shall be concerned
only with static images here, and the dependence of z on t
will, therefore, be dropped.

We shall also assume that the parameters x and y and the
gray level z itself are continuous real variables. Further-
more, it is assumed that the random field can be represented

as a sum of periodic functions:

z(x,y) = xzna“ cos(2mf  x-+ 2mf .y + O)

where fn and fn y are the horizontal and vertical spatial

X ’

frequencies, a, is the random amplitude, and en is the random
phase, uniform distributed in (0,27). By the Central Limit Theo-
zem, z(x,y) is normally distributed and is assumed stationary.
The assumption of stationarity implies that the first and
second moments are independent of translation and rotation of
the spatial coordinate axes. By imposing this restriction we
exclude from further consideration the class of images called
context dependent ensembles (10] where specific objects

appear at approximately fixed locations. Hunt's example of
such an ensemble (10] is the set of facial portraits taken

for driver's license photographs, where objects such as the
nose, the eyes, etc. appear at approximately the same
locations in every picture, so that the mean gray level for

such an ensemble is definitely a function of the spatial co-

ordinates. In our case, however, we will assume that even if




objects occur in our images, they can occur in any positions,
and have any orientations, sizes, and shapes.
Thus for the image ensembles that we will be considering,

the marginal pdf of the gray level is

(z(x,y)) : [ ‘z‘uz)zl
p(z(x,y)) = exp [~ ———a—
liioz Zoz

where v, and o, are the mean and the standard deviation of
z(x,y). Strictly speaking, a normal distribution is in-
appropriate for image gray level, which is nonnegative. The
problem is alleviated if we assume that the mean is much
larger than the standard deviation. The value of the mean
is, however, irrelevant in many applications, such as deter-
mining the autocovariance function of the input image. We
shall assume, except when we need certain results explicitly
in terms of Mg that the mean has been subtracted from the
process z(x,y). We also assume that the autocovariance
Rz(x,y) of z and its Fourier transform, the power spectrum
Sz(fx,fy), have derivations of all orders required in the
analysis.

We define, for later use, the general (i,j)th order
moment of a spectral density S(tx,fy):

n(1,3) = [° 17 s(g,,1) £l :3dfx at, .

In particular, the moments of the input spectral density are

- i g3
m,(i,3) =[] S, (£, £,) £, £, Af, at,_ .

- ¥




When (i+j) is odd mz(i,j) is zero for a real process, since

the spectral density is even. When (i+j) is even

L i+l
m, (1,3) = (-1) 1*3/2 "¢ (0,0). (1)

axtay]

The above implies that the moments m(-) satisfy the following

relationship:
d-c
d
3%z 92z 2
Bl ——m———— . W . = 0l (-1) m_(a+b, (c+d) -(a+b))
[axaayc ~ ax 9Jy ] = :

where a,b,c, and d are positive integers such that c>»a, d>b,
and c(mod2) = d(mod2) (i.e., c = d+2n, n being an integer).

The following is a partial list of the moments for (c+d) = 2:

mz(0,0) -0 (2a)
9z,2
mz(2,0) = 3[5;1
2
92
=<E [z - ] (2b)
ax?
3z, 2
mz(0,2) = E lwl
2
=-E [z - i—g—] 5 (2¢c)
dy

A longer list may be found in [6].




3 Theoretical analysis of the output

In thresholding, all points (x,y) with gray level z(x,y)
above the threshold z, become black (say) and the rest white.
The result is a binary image consisting of white background
surrounding patches, or connected components, of black points,
that are candidate regions in the segmentation process [l ].
We shall derive some statistical properties of the thresholded
binary image. These properties include moments (Section 3.1);
density of border points (Section 3.2); and number of

connected components (Section 3.3). The material in this

section closely follows the treatments in [7 ,1ll].




3.1 Moments of the thresholded image

We shall adopt the convention that the gray level of a
black point in the thresholded image is unity and that of a
white point is zero. If w(x,y) is the thresholded image then

1 if z(x,y) > z

wix,y) = (3)
0 otherwise.

The probability that a point in the thresholded image is

black is
P(b) = Pr(w(x,y) = 1)
o il [ (z_uz)zl
" e e
z, /7?02 20z
2,-U
= 1-¢ ('J%TE')
z

where ¢(z) is the cdf of a zero-mean unit-variance normal

variable,

®(z) = 2 [% exp(-£2/2) at.
/TE

n =00

The first moment is simply

E[w(x,y)) = P(b)
Z,-U
2
To determine the autocorrelation we make use of the following
result due to Price [12,13]. If two zero mean unit-variance

Gaussian variables z, and zz, with cross-correlation coefficient

. e L e




p;+ are nonlinearly transformed to fl(zl) and fz(zz), respec-~

tively, then the output correlation o is given by

7 il EIEEI £,(2)) 3z, £,(z,)1. (4)

It is easily seen that if z'(x,y) is a zero-mean unit variance
Gaussian field then w(x,y) of egn. (3 ) is obtained by the
following relationship:

Zy=H

1 if z'(x,y) > £

wix,y) = £ (5)

0 otherwise.

Clearly z' can be obtained from z by the relationship
z' = (z-uz)/az, and has the same correlation coefficient as

z. If
zy = z' (x',y")
z, = 2" (x'+x,y'+y)
fl(z') = fz(z') =w
P ™ E[zl,zzl
= R, (x,y)

'—1'2' Rz (x,y)

*]
z

Py = ELf, (2)) £,(2,))

= R, (x,y) + Bz[wl

P S —




From eqn. (5)

-
|

£,(2;) 6(z)-2z4)

o)

d T Sty
3z, £y(z5) = 8(z,-2()

where § is the Dirac delta function, and z6 is a shorthand

notation for (zo—uz)/oz . Thus, from (4)

apo
0p.

1

E[G(zl-zo') 6(22-26)]

2'2

1 0
e @Xp [~ |
21/I=p7 (1+p;)

When Py = 0, Py is also zero. Therefore,

L 2
RW(XIY) = po + E© (w)
2
L (z5=u,)
== [ expl- ———— ] da¢
2x 0 VI=E? Oz (1+€)
2,.=u 2
+ [1l-¢( —QG—EL)] "
z

Alternatively, the autocorrelation function Py Can be obtained

as follows:

Elw(x',y')w(x'+x,y'+y)]

Po

Priw(x',y') = 1, wix'+x,y'+y) = 1]

Priz(x',y') > Zg Z(x"+x,y"'+y) > zO]

ley(zolu) o Px'y‘“l%) o Px'y(zo'zo)

..... - s . s v te S I WD - e o = VA



where Px v is the joint cdf of z(0,0) and z(x,y). Thus o

’
is the integral of the joint pdf of z(0,0) and z(x,y) from
z, to «. When (x,y) = (0,0) o is the mean square value of

the output binary image and is the same as the mean value of

the image:

2,-H
Ev’] = l-g(—2-%)
2
2 2 2
o, = Elw"] - E"[w]

Z,-H Ba=H
0 2 0 4
@l = ) [1-¢(—5

)1,

z z




. YA PR T )

3.2 Density of border points

We shall now ohtain the expected density of border points
in the binary image using certain results first obtained by
Rice (14, 15] for one parameter processes and then extended to
two dimensions by Longuet-~Higgins [7 ]. Let us consider an
infinitesimally small region E(xo,yo) arround a point (xo,yo)
as shown in Figure 1. Since e(xo,yo) is small, we can assume

that only one border passes through it. In the figure

)

dS = area of s(xo,yo

2(A,B) = length of the portion of border intercepted by
e(xo,yo) (at A and B).
@08y = magnitude a and direction © of the gradient of the

image at (xo,yo).

In order for the perimeter to pass through E(xo,yo), the gray
level z(xo,yo) must lie in a small interval (zl,zz) around the
threshold zg- As long as a and © are constant, changing the

gray level z(xo,yo) in the range zy and z, will correspond to

changing the normal n between ny and n, given by
z)-z, = an,
z,-2z, = an,

2
[ % dn = as.
i |
The expected length of this portion (A,B) is

z
E(L(A,B)|a,8] = [ 2 2 p(z|a,®) 4z
z
1
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Figure 1. An incremental region'e(xo,yo)
around the point (xo.yo) .




e
f* g p(zolu,e)a dn
™"

E[%A,B)] = E[E[%(A,B) |a,8]]

n
¥ IZ“ ! ‘ 2 p(zolale) o dn P(G,G) deda
n

i
1

: i 9z 3z
Since z is independent of 3 and 3y and
2 2
o =‘/(%§) + Gy

e = tan-l(%%)/(%%)

z is independent of o and €. So

n
E[L(A,B)] = p(zy) [ % ¢ dn E[a)
o |

< P(zo) das Ela]
from which
E(2] = p(2)E[a] £ds

= p(zy) Elal HV (6)

#here the image is assumed defined over a rectangular space
S, and H and V are the horizontal and vertical dimensions of

the image. Since z is normally distributed, so are %; and

%% . We can choose the axes of the coordinate system so that
%; and %% are uncorrelated. If the image is isotropic then

2z 0z

the variances of X and 3; are the same and in such case 0 is




Rayleigh distributed. Hence

Ela) ‘-'/}- a (0,0)

=7/§ m, (2,0) (7)

Substituting egn. ( 7) in eqn. (6 ) we obtain

E[2) 2 exp (- (zy=n) /2nz(0 on../- m_(2,0) HV

sz ’

Q)

"V (2 0)
T mT exp[ (Z -u) /zm (0 0)]
4

keeping in mind that m, (2,0) = mz(o,2). When the image is

not isotropic %% and %5 have unequal variance, i.e.,

mz(Z,O) # mz(O,Z)

and a is no longer Rayleigh distributed. The mean perimeter

per unit area can be found to be (see [7 ])

w_fo (2,004, (0,2) (2g-u,)
e el iy £

E[2) =

where v is the ratio of the smaller to the larger of the two

moments nz(2,0) and mz(o,z), i.e.,

min[mz(2.0) umz (0,2) l

S uxﬁsz o‘zmam




s e ——

m,(2,0)+m,(0,2) - |m,(2,0)-m,(0,2)|
= m, (2,00, (0,2) + [m(2,00+m,(0,2) ]

F, (V1-v?)

f(y) =
¢1+72
n/2

Fy(k) = [ 1-k“sin“e de
0

which is Legendre's complete elliptic integral of the first
kind. The value of Y can vary between 0 and 1. It has been
shown [ 7] that £(y) does not depart much from unity for

0 =y =1 increasing monotonically from £(0) = 1 to

£(1) = -2
2/2

1.1107. Thus, in general,

>2

2z

(2,0)+m_(0,2) (z,=u
~ HV [ "z z 0 "z
AN fr1/ m_(0,0) SRR W To,00




3.3 Number of connected components

3.3.1 Number of connected components in a row

Let C(zo) be the average number of connected components
in a row of the thresholded image. Figure 2 shows two ex-
amples of gray level fluctuations along a particular row
Y =Y,- In Figure 2a z(O,yo) < z, and the number of com-

ponents (number of shaded regions) Cy (zo) in the row Yo is 2.
0

In Figure 2b z(o,yo) > z, and the number of components is

0
3. It is easily seen that

Cyo(zo) = Nyo(zo)/z + ¥

where Ny (zo) is the number of times the image crosses the
0

gray level z, in the row Yo- The value of Y depends on
N, (zg) and z(0,y;). When N, (z) is odd ¥ is %+ when

Yo 0
Nyo(zo) is even Y is 1 if z(O,yo) > 24, 0 if z(O,yo) <-z°.
Thus

C(zo) = Etcyo(zo)l

1
-3 B[Nyo(zo)] + E[Y]

E(y] = % Pr(N=odd) + Pr(N=even ,z, > z) (8)

where N = Ny (zo). z, = z(o,yo). The probability of N being
0

odd or even depends on the length of a row. If z, is the gray

level at the right end point of the yoth row then




Z(x'yo)

(a)

)

z (x;yo)

X-»

(b)

Figure 2. Two examples of gray level fluctuations
along a row.




Pr (N=odd) = Pr(zz>zo,zr<zo) (9a)
+ Pr(zl<zo,zr>zo)
and

Pr (N=even) = Pr(zz>zo,zr>zo) (9b)

+ Pr(zl<zo,zr<zo).

If H is the length of a row then the correlation between z,
and z, is given by the covariance function Rz(H,O). For most
image processing applications, where H is large, RZ(H,O) can
be assumed to be zero. Therefore, the jointly normal random

variables z, and z_ are independent, and from egns. (8) and

r
(9) we have

E(Y] % Pr(zz>zo) Pr(zr<zo) + % Pr(z£<zo) Pr(zr>zo)

+ Pr(zz>zo) Pr(zr>zo)

Z,.-\u
2.

= l—w(

Let us use g as a shorthand notation for %% . If the

gray level z crosses the value zZ, at some point (xo.y) be-

tween (xo,yo) and (xo,yo+dy) in the row Yo with horizontal
slope lying between gy and g0 * dg then at the point (xo.yo) "

itself the gray level will lie between z and zo-dz, where

~ 92
dz = 5x dx
P godx.

The probability of getting this infinitesimal gray level




range at some point between (xo,yo) and (xo+dx,yo) is,
assuming g, t o,
p(zolgo) dz (10)
= p(zolgo) ggdx .

When 99 is negative this probability is

- p(zolgo) ggdx. (11)
Combining egn. (10) and egn. (11) the probability is given by

P(zolgo) lggl ax.

The probability of the gray level crossing the value z, be-

tween (xo,yo) and (x°+dx.y0) is

P, = [ P(zylgy) plgy) gyl ax dg.

0
Therefore, the total number of such gray level crossings be-

tween (0,y,) and (H,yo) is
H
N (z,) = [7 p_ dx.
(WS

'The cross-correlation between z and g is

Elz(x,y)g(x,y)] = Rzg(°v°)
)
S Tx‘ Rz(0,0) .

Since the autocorrelation function Rz(x,y) is always

symmetrical, - é% Rz(o,O) is zero. Therefore, if the background

image is normally distributed then z and %% are independent.




Thus

o
]

- H
plzg) -I_m P(go)lgoldg (.g dx

P(zy)Ellgyl] H

i 2
.l_(ﬁ)__)

V2710 Ty

& m_(0,2)

H expl- (z4-w2/2m,(0,0)) 710,07




3.3.2 A lower bound on the number of connected components in

the image

We shall now determine a lower bound on the average num-

ber of connected components in a thresholded binary image.
Roach [16] has derived upper and lower bounds for this number
when the points in the binary process are independent. In our
case the points in the process are always correlated. We
shall take the following approach to the problem. Let C(zo)
and H(zo) be the average numbers of connected components and
holes in a thresholded image. Suppose we traverse the
perimeter of a component and measure the angle covered, with
counterclockwise movement corresponding to positive angle.
The traversal at the picture border is done in the manner
shown in Figure 3 . For a component with no holes this angle
is 2n. For a component with one hole the angle is 0, for a
component with two holes the angle is -2n, and so on. In gen-

eral the average total angle traversed is

E[E(zo)l = 2n[C(zy) - H(zo)l

<

C(ZO) e H(ZO) - 2."

E[Z(zj)]
Clzg) 2 5= E[E(zq)]

For isotropic images the average E(zo) is, following 1],

ki -
% mz(O,Z) (zo u)
E[:(zo)] = HV e — (zo-u) exp(- "———)
(Zwmz(0,0)) Zmz(0,0)

which is negative when Zy < M. Since c(zo) is always non-

negative a lower bound L(zo) on C(z,) is given by




Figure 3. The convention of traversal along a
component perimeter at the picture
border.




2
p Hsz(O,Z) (zo-u)

L(z,) (z,-u)exp(- Ju(z,-u)
0 (27 mz(0'0)3/2 0 2m215.0) 0

where U(-:) is the unit step function.

If we can estimate the average number of connected com~
ponents, then we can use the results of Sections 3.1-2 to

obtain estimates of the average area and perimeter of a con-

nected component.
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4. Comparison with measured data

In this section we compare some of the theoretical re-
sults of the last section with corresponding quantities
measured from digitized and quantized test images. Four test
images selected for this purpose are shown in Figure 4.

Two of the test images, Pl and P2, show background regions
selected from forward-looking infrared (FLIR) imagery. The
third image, P3, is a computer-generated two-dimensional
moving average (MA) process of order (2,2) [17], and the
fourth image, P4, is a computer-generated white noise process.
The images are 62x62 pixels in size, and have grayscale 0-63.
Figure 5 shows the histograms of the test images. From these
histograms the assumption of a normal pdf seems to be a
reasonable one.

Each image is thresholded at several gray levels in its
dynamic range and the number of border points in each
thresholded image is counted. The average of the number of
white border points and black border points is considered to
be the number of border points in the thresholded image. This
number is plotted against the probability of a black point,
which is the ratio of black points to the total number of
points, in each thresholded image. Corresponding to these
thresholds the predicted number of border points and the pre-
dicted probabilities of black points are computed and plotted.
The necessary moments of the spectral densities are estimated
by substituting spatial averages for ensemble averages in

egqn. ( 2). The graphs of the measured and predicted numbers

e . ———— - WIS s TR | Pl W




; Figure 4. The four test images:
3 bottom right = Pl, top right = P2,
g top left = P3, and bottom left = P4,

D e e e




Figure 5. The histograms of the four
test images in Figure 4.




of border points are shown in Figure 6 .

Similarly, the measured and the predicted average num-
bers of components per row are plotted as functions of the
probabilities of black points for each of the test images.
These graphs are shown in Figure 7. Figure 8 shows the
graphs of total numbers of components counted in the images
compared with their predicted lower bounds.

The functional forms of the predicted and the measured
quantities appear to be in good agreement with each other.
The results on the numbers of components per row are
especially encouraging. But, regarding the total number of
components in the image, a tighter lower bound, for that
matter, an upper bound, would be desirable.

Further theoretical as well as experimental work on
classes of more complex images would be useful. Examples of

such complex images may be textures whose pdfs are mixtures

of two or more normal pdfs.
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Figure 7. Average number of connected components
per row as a function of P(b): solid
lines = predicted values, dashed lines =
measured
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