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ABSTRACT

A statistical analysis of the responses of some linear
and nonlinear edge operators is presented. The input lmage
is treated as a stationary random field from a context in-
dependent ensemble. Several stochastic properties of the
output images are predicted. Some experimental results are

given.
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3 5% Introduction

Often statistical analysis of the response of an image
operator is necessary in order to determine in some optimal
way the nature of further processing of the response. For ex-
ample, edge detection is usually done by thresholding the out-

put of an edge-sensitive operator; the false alarm and false

dismissal rates of this process depend on the statistics of
the edge operatof responses. As another example, thinning of
edges by local nonmaximum suppression [l ] may be done in an ;
optimal way if the average neighborhood size containing a
local maximum is known. Thus neighborhood size can be derived
from the average spatial density of local maxima of the edge
responses for the given input picture.

In this paper we discuss statistical properties of the

outputs of some edge detectors operating on -+ eral class

of images. In order to analyze the outputs <. iage operators

we must have a statistical characterization of the input
image. Often-used assumptions that the intensities or gray
levels in an image are independent and identically distribu-
ted, or that an image is a sequence of single-parameter pro-
cesses, are inadequate. An image is inherently a two-
dimensional spatial process and hence should be treated as
such. The literature in the area of two-dimensional processes
is not as rich as in the area of one-dimensional processes.

A few spatial processes other than images have received some
attention from mathematicians. Examples of such processes

that may have some relevance to image processing are the ran-




dom surfaces encountered in sea waves [2 ], crop yield as a
;;‘ function of spatial location [3 ], and the height field of a
a portion of the earth's surface [4 ]. Fortunately, most of the
? assumptions made in the analysis of these spatial processes

can be reasonably applied to images. Many of these assumptions
are necessary for tractability. We shall now summarize the

assumptions to be made here regarding the statistical

D b

characteristics of the input image.
We assume that the image gray level z(x,y) is a function
b of the vertical and the horizontal coordinates, x and y. We

could also assume that z is a function of time t. This would

be important if we were dealing with the dynamic behavior of
an image, as in tracking a moving object in a scene. How-
ever, we shall be concerned only with static images here,

and the dependence of z on t will, therefore, be dropped.

A o e i i ity

We shall also assume that the parameters x and y and the
gray level z itself are continous real variables. Further-
more, it is assumed that the random field can be represented
as a sum of periodic functions:

z(x,y) = g a, cos (ann,xx + Z"fn,yy + en)

‘ where f and f£ are the horizontal and vertical spatial
n,x n,y

frequencies, a, is the random amplitude, and en is the random

phase, uniformly distributed in (0,27). By the Central Limit
! | Theorem, z(x,y) is normally distributed and is assumed

| stationary. The assumption of stationarity implies that the




first and second moments are independent of translation and
rotation of the spatial coordinate axes. By imposing this 3
restriction we exclude from further consideration the class
of images called context dependent ensembles [ 5] where
specific objects appear at approximately fixed locations.
Hunt's example of such an ensemble [5 ] is the set of facial
portraits taken for driver's license photographs, where
objects such as the nose, the eyes, etc. appear at approxima-
tely the same locations in every picture, and hence, the mean ]
gray level for such an ensemble is definitely a function of
the spatial coordinates. In our case, however, we will
assume that even if objects occur in our images, they can
occur in any positions, and have any orientations, sizes, and
shapes.

Thus for the image ensembles that we will be considering,
the marginal pdf of the gray level is

2

Z=u
exp [- ( z) ]

/7?02 20,

pl(z(x,y)) =

where | M and o, are the mean and the standard deviation of
z(x,y). Strictly speaking, a normal distribution is in-
appropriate for image gray level, which is nonnegative. The
problem is alleviated if we assume that the mean is much
larger than the standard deviation. The value of the mean is,

however, irrelevant in many applications, such as determining

the autocovariance function of the input image. We shall

assume, except when we need certain results explicitly in
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terms of By that the mean has been subtracted from the pro-
cess z(x,y). We also assume that the autocovariance Rz(x,y)
of z and its Fourier transform, the power spectrum sz(fx,fy).
have derivatives of all orders required in the analysis.

We define, for later use, the general (i,j)th order

moment of a spectral density s(fx,fy):

e o (-] i j
m(i,j) = [ [ S(£,.£) £, £, af, df,

In particular, the moments of the input spectral density are

= i gl
m, (i,3) 5] sz(fx,fy) £, fy af, df, .

When (i+3j) is odd mz(i,j) is zero for a real process, since

the spectral density ;s even. When.(i+j) is even
g '1+j
(i+j)/2 _3
m_(i,j) = (-1) R_(0,0) (1)
z 3 iayi z

The above implies that the moments m(-) satisfy the following

relationship:
d-c
c d
E aa :-a ? 3 2 — = (-1)—7— mz(a+b,(c+d)-(a+b))
9x Jy ax 9y

where a,b,c, and 4 are positive integers such that c>a, d>b,
and c(mod2) = d(mod2) (i.e., ¢ = dt2n, n being an
integer). The following is a partial list of the moments for

(c+d) = 4:

mz(o,O) = a:

2
92
nz(2.0) = Blg;l

gewnw

sl i e




mz(o-,z)

mz(l,l)

mz(4,0)

mz(3,1)

mz(2,2)

mz(1,3)

mz(o,d)

2
9z
E [§§1
2
0°z
-E [ |
z ;;7
8z , 2z
E b5 3y
0%z
=[x . 2]
2
92,2
E [—5]
8x2
3
9"z 02
-E [——5 . ]
ax ax
4
9z
E['_T]
ox
2 2
Elfsay - —2-2 3
2
Elaxzylz
2 2
97z 9z
E[—-f s —=]
ox 3y2
2 2
07z 072z
i
2,2
n[i-g-] d
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2. Edge Detector Responses

In this section we derive expressions for the responses
of various basic edge detection operators, including the
Laplacian (Section 2.1), absolute Laplacian (Section 2.2), and
max of horizontal and vertical absolute differences of average

gray levels (Section 2.3).

2.1 Response of the Laplacian

An operator that is used often as an edge detector is the

Laplacian operator V, given by

The edge picture that results when V is applied to the picture

z(x,y) is

el(x,y) = V(z(x,y)]

> 322 ¥ 222
ax2 ay>

Since z is stationary it is earily seen that
E[ell =0

The cross-covariance function between the image and its edge

value is

Rz (x,y)

@ |
2%

2
9
R (x,y) = -3 R_(x,y) +
1 ax .

- v(Rz (x,y))
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Since the autocovariance is a symmetric function, the highest
value being at (0,0), it is easily seen that Rze(o'O) < 0.

The autocovariance function of the edge values is

2 2

9 9
R,  (x,y) = R__ (x,y) + R__ (x,y)
Wy ax2 28 ay? 261

2
=V (Rz (x,y))

The density of the local maxima of the edge values can be com-
puted using various moments of the spectral density of the
edge value. Let m, (i,j) denote the (i,j)th moment of the

1

spect ensity S (f_,f. ) of the edge value. Let
e, "x'7y

m_(2,0) mel(l,l)

e
- 1
"
mel(l,l) mel(O,Z)
and
- 5
mel(4,0) mel(3.1) mél(Z.Z)
M, = mel(3,1) mel(z,z) me1(1,3)
m (2,2) m 2 (1,3) m_ (0,4)
e’ s e ]
and 21 2 22 2 23 be the three eigenvalues of the matrix pro-
duct
0 0 1/2

(2)

M, 0-1 O #
1/20 o0

' P W TN 2 VY Ay > T VLA

D e ey



Then the density of local maxima of edge value is (see [2 ])

D(e,) = ;lf 2113[(123%)*{(22;:1Y F, (k) - (iséiz)* Fz(k)}]

where

|M,| = det(M,)
2302, =2,))

k

and Fl and Fz are the Legendre elliptic integrals of the first
and second kind:

/2
I (1-k2%sin%e)* ae

F (k) =
0

Lk IR
Fz(k) = I (1-k“sin“®) de .
0

Taking the determinant of the appropriate matrix we find that
the three eigenvalues are given by the solution of the cubic

equation

3

42° - 322 - [M,| =0

where
A=im (4,00m (04)-%m (3,m (1,3 +nd (2,2)
* 1 o " g

From the matrix product (2 ) it can be shown that [2]

ll + 22 + 23 =0

111213 >0 .

(3)
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The quantity in the square brackets in egn. (3 ) departs
very little from unity throughout its range [2 ], yielding
by
Bidy) - ey
217 |, |
If the edge response is isotropic we have m_ (i,j) = 0 when i
g

or j is odd [6 ] and

283

Py
]

m_ (4,0) .
b

WIN e

Thus eqn. (3 ) reduces to

2m_ (4,0)
Dilgi] = —ud 1w et s
1 21!2 3 n"elu'ﬁi 2V3
m_(4,0)
- S X (4)
6/3tm_ (2,0)
b
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2.2 Response of the Absolute Laplacian

Let e, (x,y) = |Vz (x,y) |

Whereas el(x,y) was Gaussian, ez(x,y) is not Gaussian. The

mean value of e, can be easily found to be

E[ez(x.y)] =-/% mel(o.O) (5a)

2 o2
=2 v%r, (0,0 (5b)
since e, = Iell. Using Price's theorem for nonlinear systems

with Gaussian inputs [7,8] we obtain
oV “ze

- R 2(x.y) = 3—3\; E(z(a,B) lel(a+x.8+y) |1

.322(0,5) le1(°+x'8+y) " (6)
= El—521a, 81 0e, (atx, B¥y)

where
v = E[z(a,B)e; (a+x,B+y) ]
= Rzel(x,y) .
The derivative in square brackets in egn. (6) is
[-] =1 if el(-) >0
-1 if e1(°) <0

from which it follows that

e Y PSS G v e
5 i gz on L ’




E[*] = Pr{e1(°) >0} - Pr{el(') < 0}
=0 (7)

since el(x,y) is zero-mean Gaussian. Substituting egn. (7))

in eqn. (6 ) we get

v
Rzez(x,y) = I E[-] dv

- 00

Therefore, unlike the Laplacian, the absolute Laplacian at a

point is uncorrelated with the gray level at any point.

Similarly, using Price's theorem it can be shown that the auto-

covariance function of the absolute Laplacian response is

R, (X:¥) = Eley(a,B)e, (x+a,y+8)] - E%[e, (a,8)]

Elle; (a,8) | |e; (x+a,y+8) |1 - 2 mg (0,0)

2 m_ (0,0) [cose + @sine - 1]
1

R

Feoct.




Computing the density of local maxima of the absolute
Laplacian is formidable. But an approximate result can be
obtained if one assumes that the probability of a local
maximum Laplacian being negative, or of a local minimum La-
placian being positive, is negligibly small®*. Under this
assumption the density of local maxima of the absolute La-

placian is twice that of the Laplacian:

D(e,) = 2D(e;) (10)

where we use the fact that the density of local minima of the

Laplacian is the same as that of its local maxima [2].

*For a narrow spectrum the height of a local maximum Gaussian
function has been shown to be nonnegative [2 ].
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2.3 Response of the DIFF Operator

DIFF is an edge operator, defined for discretized images,
which incorporates a local neighborhood smoothing into the
edge detection [9 ] to reduce its sensitivity to noise. The
analog of the operator for continuous domain imagesmay be de-
scribed as follows. Let e3(x,y) be the response at (x,y) of
the DIFF operator that performs smoothing of noise over a kxk

soguare window. Then, by definition
e; = max[|e4x|,le4y|l
€4x = [z(x+§,y) ® Rect (% ' %n -[z(x—%,y) ® Rect (ﬁ. %)]

e4y = [z(x,y+§) ® Rect (% i %H -[z(x,y—%) ® Rect (%. %)l

where
x ¥ [ (X 1 .y 1
Rect (i ) =12 [§ls 3 I§l =3

0 elsewhere.
Here ® denotes convolution and the functions €3r€ .1 and e4y
are functions of (x,y). If we define
s(x,y) = z(x,y) ® Rect (%, %)
then
ux = 9(x+§-.y) - S(x-lf-.y)
e4y = s(x,y+%) - s(x,y-%).

The mean edge value is
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Ele,] = E[max{|e4x|.|e‘ylll.

Let E[e‘x . e4y] = a. Using McMahon's theorem [10] we have
2
9
5% 3[031 = 3[3—04—,‘5":‘—; m{le‘xlo Ie‘yl}]
= Elﬁ(e‘x+e‘y) - G(e‘x-e‘y)l
= Pr(e‘x = -e4y) - 1’!’:(04x = e‘y)

Using the appropriate joint normal pdf's for €4x and e4y we

obtain

-

o Eleg] = 2| L i ]
y2r o:+o§+2a 1/ 2, -2a

2

where Oy E[e4x], o E[e4y] .

¥

Therefore

B[e3] = 3 2 a + B[e3|a-o]
/2_ i+o +20 2+oz-2a

1 ’ 2, 2 , 2, 2
= T[ ox+oy+2aL - ox+oy—2c:[] + 3[¢3|0-0]

1 /5 2 /‘5 2 ,/! 2
7;; [ ax+oy+2a + Ox+0y 20 - 2 ox+oy] + z[e3|u-o] (11)

Equation (11) implies that as the magnitude of the correlation
between the horizontal difference €4x and vertical difference

o‘y increases the average value of e, decreases. l[oala = 0]

can be obtained as follows: Let

ey

.




The marginal pdf's of Band Yy are

2
2
p(B) = — exp(- E—7)0(8)
nox 20

2
p(Y) = 2 exp(- oo
mo 20

Y b 4

When o is zero, and e,, are independent and, therefore,

€ax Yy
B and Y are also independent. The pdf of ey = max(B8,y) can

be easily found to be

p(e3) = [p(B) P(y) + p(y) P(B)]

B=e
rad
Y"e3

In terms of the normal distribution function ¢, P(B) and P(Y)

are given by

P(B) = 2¢(B/ox) -1

P(y) = 2¢(y/oy) -1

where ¢(:) = [ o exp(-£2/2)act.
Varn

n
-c0

The quantity a may be determined as follows:

a = E[e4x e4y]

= E[{s(x,y+§) - s(x,y-g)}{s(x+§,y) - s(x-%.y)}l

= 2(R_(§, -§) - R (3, 5]
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k _k k k x x
= 2[R, (§, -3) - R (5, 311 @ Rect(F, §) ® Rect(f, D)

When a is not zero the pdf of e; can be shown to be

€3 €3
P(e3) = I p(B,e3) dg + I p(e3.v) dy (12)

=00 -Q0

where p(-,+) is the joint pdf of B and y. Letting

K = a/(oxoy), the joint pdf is given by

1 2

2
1 8 2kB
P(B,Y) = —————xe  [exp{- =——— (—5 - + 1;)
"0 0 f1-c2) [ { 2 (1-«?) i ey oy}

:

| 2 2
1 B 2K By
+ exp {} E?I:ZET (—7 ¥ = + 1,}}]0(8)0(7) .

]
Oy e

The average value of e; may also be found using egn. (12).
Following the derivations that led to egn. (8 ) it may
be seen that the gray level z(x,y) at a point (x,y) is un-
correlated with B(x',y') and y(x',y') at any point (x',y').
From this it follows that z(x,y) is also uncorrelated with
max[B(x',y'), v(x',y')]), i.e., with the edge value 33(x',y').

Computing the autoco#ariance function of e3(x,y) seems to be

a difficult task.

shadgie Lo




We shall determine an approximate density of local maxima
of e;(x,y) in the following way. The densities D(e, ) and

D(e‘y) of local maxima of €ix and €4y’ respectively, can be

4
obtained by using egqn. (4 ). The eigenvalues zl,zz, and 13

are different from those used in evaluating D(el), obviously.
The density D(B) of local maxima of B is assumed to be re-

lated to D(e4x) in the same way that D(e,) (see egn. (10)) is
related to D(el). The same argument also holds for D(y), the
density of local maxima of Yy, and D(e4y). Now the density of

local maxima of ey is
D(e3) = D(B) Pr(B>y) + D(y) Pr(y>B)

where Pr(B>y) is the probability of a horizontal edge and

Pr(y>B8) = 1- Pr(B>Y) is the probability of a vertical edge.
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3. Responses for a Class of Synthetic Images

It is desirable to examine how well the theoretical re-
sults given in Section 2 can predict various statistical pro-
perties of edge responses to actual image data. In testing
formulas on actual image data it should be borne in mind that
the accuracy of the predicted quantities depends on two
things: how accurately the power spectrum used to evaluate
the predicted quantities models the image data, and how
accurately the image satisfies some of the assumptions made in
deriving the predicted quantities. Some of the important
assumptions made in the derivations are that

i) the gray levels of the input images and the edge pic-

tures are continuous valued,
ii) the input images are stationary with normally distri-
buted gray levels,

iii) the input images and the edge pictures are random

fields with continuous parameters (spatial coordinates).

In some cases it was further assumed that

iv) the covariance functions are isotropic.
These constraints are imposed for reasons of tractability.
Some of them may not be satisfied by real images. Thus,
errors in the predicted quantities may be due to violation of
any of the assumptions above, or due to the use of an in-
appropriate power spectrum (or autocovariance function) for
the image data. The problem of selecting an appropriate auto-
covariance function for the available image data is a

separate research area. We shall experiment with images that

sl
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are discretized and quantized, thus violating some of the assump-

tions listed above, but that have power spectra that are
known a priori. We obtain test image data with known power
spectra by using synthetic images. ;
» A class of power spectra that is often used to model ‘
images and can be easily achieved in synthetic discrete images
is the class corresponding to a separable exponential auto-
covariance function. These synthetic images can be generated
in a computer by using normally distributed pseudorandom num-

bers and the following expression:
z(x,y) = p;z2(x-1,y) + pyz(x,y-1) - PyPyZ(x-1,y-1)

1 + wix,y) + W, (13)

where x and y are assumed to be discrete valued, w(x,y) is a 1
sequence of normally distributed zero mean pseudorandom num- g

bers with variance (l-pi)(l-pg)mz(o,O), and Py and p, .are two

4
b
L
g
3
by
3
i
5
3
P!
|
§

parameters such that 0 = Pyr 92.‘ l. The mean and variance | i
of the image should be so chosen that the probability of a |
gray level generated by eqn. (13) being outside the image ﬁ
y grayscale becomes very small. This reasonably assures a :

normal distribution of the image gray level. Unfortunately, ]

the power spectrum of image generated by eqn. (13) cannot be

made isotropic. The problem may be partially alleviated by

, choosing Py = Py = P, making the spectrum identical in any

two orthogonal directions, such as the horizontal and the

vertical directions. 1In the sequel such a power spectrum will
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be assumed. Various estimators derived in the last section

will now be evaluated for this power spectrum.

e



3.1 The Laplacian

The cross-covariance function between the image and its

discrete Laplacian is

R 1(x.y) = V[Rz(x.y)]

ze
e i R
=R (x,y) ® |1 -4 1 (14)
0" 6

where ® is discrete convolution, and for the test images

R, (x,y) =m_(0,0) olxl + 1yl (15)
Similarly,
r —
0 0 1 0 0
0 2 -8 2 0
R_ (x,y) = R_(x,y) © l -8 20 -8 1 (16)
el b4
0 2 -8 2 0
0 0 1l 0 0
- P

Specifically, the variance of e is
m,k6 (0,0) =R_ (0,0)
el ’ el ’
= m_(0,0) [20-32p+12p%]. (17)
The covariance coefficient between the Laplacian at two hori-

zontal neighbors is

*This matrix representation of a two-dimensional discrete
function shows the value of the function around the origin.
The origin corresponds to the center of the matrix. Values
of the function not shown in the matrix are zero.
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_[-8 + 250 - 240% + 7031 |

e

[20 - 32p + 12p°]

The vertical covariance coefficient p is the same as p A
ve, he1

The diagonal covariance coefficient of the Laplacian response

is given by
¥ R, (1,1)
s Wi 0 1 7103

1

2 - 16p + 26p°> - 16p° + 4p°

20 - 32p + 12p°

The cross-covariance coefficient between the gray level and

the Laplacian at a point is

e =
1
.ﬁaz(o.omel(o.m

4(-1+p)

R (0,0)
1

L

1&0 - 32p + 12p2

The horizontal (or vertical) and diagonal cross-covariance

coefficients are given, respectively, by




R (1,0)
zel b

‘he " vve 7
1 1 _’/mz(o,O)mel(0,0)

_ _1-4p + 3p2

> 1/20 - 32p + 12p2

Re, (1:1)

de, 1/mz(o,omel(o,o) 1

4 . _p(1-2p+p?)
1 1/3 - 8p + 3p*

Using egqn. (1) we can obtain the necessary moments of the

4 spectral density to determine the density of the local maxima :
of the edge responses. However, determining the necessary
eigenvalues in terms of p is very cumbersom=. We shall

approximate the density of local maxima by

sk o -

m, (4,0)

1 .t i w;; (2,00
e’

In other words, we approximate the density by that of an edge
response which is isotropic Gaussian with the same second
moment m(2,0) and fourth moment m(4,0) as the Laplacian. The |

two necessary moments can be computed from the autocovariance

function by

2
3°R_ (0,0)
e 4

i, ome RN T

ox




4
9 R, (0,0)

1

m (4,0) = %
e | x4

Substituting the appropriate expressions from egn. (16) we

get

2R_ (0,0) - 2R_ (1,0)
e, af e, 4

T

2020 - 32p + 12p% - (-8 + 25p - 24p

2 3

56 - 1140 + 72p° = 1l4p

6Rel(0,0) - 8Rel(l,0) + 2Re1(2,0)

6(20 - 32p + 12p%)

2

-8(-8 + 25p - 24p% + 703)

2 3

+2(1 - 8p + 24p2 - 24p3 + 70Y

186 - 408p + 312p2 - 104p°> + 14p%.

93 - 204p + 156p% - 52p° + 7p%

D(e,) ©
1 6/31[28 - 57p + 36p2 - 7p°)

which is independent of the image variance mz(o,O).




3.2 The Absolute Laplacian

The average absolute Laplacian is, from egns. (5a) and

(17),

Ele,(x-y)] = 2m_(0,0)[20 - 320 + 120%].

From eqn. (9)

& -2
Var(ez) mel(0,0) [1 1T]

-2

T2 m_(0,0) [20 - 32p + 1202].

-2
e Var(el)-

The horizontal (or vertical) and diagonal autocovariance co-
efficients are, using egn. (9 ),

2(cose, +6, sine, -1)

h
m - 2

= p =
ve2

2(cosed+edsined-l)

p =
dez mT -2

M ) i :
where 8, = sin “p, and 83 = sin Pge. * The density of the

1 &
absolute Laplacian local maxima is approximated, following

eqns. (18) and (10), by
2 + 5293 + 794

~

3/3n[28 - 57p + 3602




3.3 The DIFF Operator

We shall now evaluate some statistical properties of the
edge response when the DIFF operator is used as the edge de-
tector. For the 2x2 DIFF operator, s(x,y) (see Section 2.3

for the definition of s(x,y)) and Rs(x,y) are as follows:

0 0 o
s(x,y) = % z(x,y) © |O 1 1
0 1= 1
it =l
o -
0 0 O ) L B
R, (x,y) = -]%Rz(x,y) elo 12 1] e |1 1 o
(0 JE S I 0 0 O
S s e |
- I%‘-Rz(x,y) o2 4 2
1 R o A |
Specifically,
m, (0,0)
Rs(O:O) = -—I— [4 + 8p + Gp ]
m,(2,0) 2 3 4
=—-1—6—-—[20+60 + 6p~ + 2p7]
'—T[l+49+60 + 4p +49]

from which it follows that the correlation a (see Section 2.3)

between e, and e4y is zero. It may be noted that for an

x
image where Rz(x,y) # Rz(-x,y), as, for example, in an image

with more correlation in one diagonal direction than in the

other, a may not necessarily be zero. The variances o: and 03




are equal and

o2
X

El{s(x+l,y) - s(x-1,y)}?

mz(0,0)

=Z—(2+3-0p

2 3

- 3p -041.

For a completely correlated image (p=1) this variance is zero
and for a completely uncorrelated image (p=0) this veriance is

one half of the image variance. From Section 2.3 we have

2
Ple) = —— exp (— f%—) [2cp(e—3) - l]U(e3) : (19)
V2o, 20, Ix

For a given mz(0,0) and p this density can be used to evaluate
E[e3]. Performing the necessary integrations yields a very

simple expression for E[e3] as follows:

2 e 2
E[e,] = r‘e A [ exp (- =3 )]ZI 3L exp -(E )d&de
! 0 : liiox ;;Z 0 /Iibx ; ;;i ;

80 28 by u2+v2
- X u exp|\- —3— dvdu (by substituting
2n
0 0

e
u = 31 and v = éL
x X

o

© n/4 2
i o I J rcose exp (- 57) rdedr (using polar co-

ordinates)




40 n/4 @ 2
X 2 r
’TJ cosedejrexp-«z-dr
0 0
/o

By using the same method we find that

& 12 2
Rt = 0 8

from which the variance of the edge response is
"4 &3 Loed
Var(e3) E[e3] E [e3l

o 2T%2 _ 4
Oy [—Tr - |

-2 2
b et °x -

The density of local maxima of €,x is, using a similar

approximation as for D(e,;),

e e e
D(e4x) ~ 4x 4x 4x <
12/3 « (R, (0,0) - R, (1,0)]
4x 4x

Due to symmetry in R, (x,y) we have D(e4x) = D(e4y). If we assume

thatPr(|e4x|>|e‘y|) -P:(le‘y|>|e4x|) then, from Section 2.3,

D(ey) I 2D(e,,)

e
& 4x 4x 4x ; (20)

WIniR, (0,0 - R, (1,0)
X X




Since
: e, x(*¥y) = si(x,y) & [1 0 -1]

R (x,y) = Rs(x,y) e [-1020 -1)

°4x
-1 -2 1. 4 1 =2 <=1
= ek, (x,y) ® |[-2 -4 2 8 2 -4 -2f.
-1 =2 1 4 1 -2 -1
Thus
mz(0.0) 4
Re‘x(o,O) e .[8 + 12p - 4p” - 12p” - 4p]
m_(0,0)
ogan B i
Re4x(1,0) S T g [2 + 6p + 4p 4p 6p 2p7]
m_(0,0)
Wikl Sl 2 w2 4 _ 6
Re‘x(Z,O) -_— [-4-4p + 8p” + 10p 2p 2p].

Substituting these results in egn. (20) and simplifying yields

the surprisingly simple result

<2022 -p+p%
3/3 1 (3-p2)

D(e3)

For the 4x4 DIFF operator the value of a is zero, just

as it is for the 2x2 DIFF operator. The variances o: and 03

are also equal and

o: = E[{s(x+2,y) - s(x-z,y)}zl

= 2[R.(0,0) - R,(‘,O)].
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4 Now,
; = -
4 00000
3 01111
A
& s(x,y) = I% z(x,y) 8 |01111
! | &3 11 Y '
E | {1121}
!
4
0000 0] 11110
1 ; i S 45 1 | 11118
xl RS(X,Y) = m Rz(XIY) ® |01111 ® X 110000
{ 01124 11110
3 01111 00000
! L. — = -
|
! 't avd- & 9929 2l
g 24 & 8 6 4 2
¢ ; 368329 & 3
] -
i 35 Ry (X,y) @ 48121612 8 4| .
: 36 912 9 6 3
{ 24 6 8 6 4 2
i 12 3 43 21
We obtain, using the above expression,
m_(0,0) 4 .
- SRRt 2 . T & 5 _ 6 _ A A
Oy — [8 + 22p + 27p° + 18p 2p 18p 22p 18p 10p
wdek s o P

-* As in the case of 2x2 DIFF we can compute the density D(e3)

in terms of 0,2‘ . But the computation of the density

' of local maxima is more tedious in the case of 4x4 DIFF than in

the case of 2x2 DIFF and will not be attempted.
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4. Experimental Evaluation

A set of 64x64 test images was generated using egn. (13)
with various values of the correlation coefficient
p( = Py = pz) and variance mz(o,O). The image grayscale was
0 to 63 and the mean u, was set to 31. The highest value of
the moment mz(0,0) was 100, so that the probability of a gray
level being outside the range of 0 to 63 was less than 0.2%.
Specifically, the test images had mz(0,0) =5, 10, 15, 20, 30,
40, 50, 60, 70, 80, 90, and 100, and for each value of
mz(0,0) there were four test images, with p = 0.6, 0.65, 0.7,
and 0.75, thus giving 48 images in total. The test images are
shown in Figure 1. Two samples of the histograms of the test
images are shown in Figure 2.

The responses of the Laplacian, the absolute Laplacian ,
the 2x2 DIFF and the 4x4 DIFF operators to each of the test
images were computed. Various statistical properties were
estimated* from these "response pictures" and plotted as func-
tions of the input variance or the input correlation co-
efficient. Similar graphs of the predicted quantities were
also made and compared with the estimated values. Figures 3
to 6 show the graphs. In some of the figures only one or
two samples of the estimated functions are shown to avoid

overcrowding due to the noisy nature of the estimated functions.

*The ensemble average was substituted by the sample mean to
obtain the estimators.




i |

Figure 1. The 48 test
images, arranged with in-
creasing variance from
top to bottom and increas-
ing correlation from left
to right.
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Figure 2. The histograms of two of the test images,
with mz(0,0) = 100.

a. p=20.6
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The variances.

Figure 3b.
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We chose to plot and compare the covariances rather than the

covariance coefficients because estimation of the covariance

coefficients requires normalizing by the corresponding

estimated standard deviations which themselves can be sources

of error.

The following observations can be made from the com-

parison of the predicted and the estimated graphs.

1)

2)

3)

With a few exceptions the estimated functions seem

to be in good agreement with the predicted ones.

Some quantitative analysis of the effect of quantiza-
tion on the estimateswould be desirable.

The absolute Laplacian and the DIFF responses are
uncorrelated with the corresponding input image gray
levels. This justifies the assumption of un-
correlatedness made elsewhere [11] in the analysis

of joint histograms.

For all p < 0.9 the predicted variance of the La-
placian response is larger than that of the input
image. For input images with large variance the pre-
dicted variance can get so large that a considerable
number of points will have edge values* outside the
range of 0 to 63. Figure 7 shows the histograms

of two such Laplacian responses. In these responses,

*The Laplacian responses have mean value zero. A constant
value of 31 is added to the responses to translate the neg-
ative values to the positive domain.
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Figure 7. The histograms of the Laplacian
responses to two of the test
images with m_ = 100.

a. p=0,6€
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and in all other images in the experiments, the gray
levels and the edge values are truncated at 0 and 63. ]
Hence, the output variances estimated from these
"truncated" outputs are smaller than the predicted ;
variances at high values of the input variance (see )
Figure 3b). The problem is less severe for higher

p. This suggests a normalization of the Laplacian

PO

operator to reduce the output variarnce.

4) The only case where the estimated function is not in
good agreement with the predicted function is the
density of local maxima of the output. The estimated
densities of local maxima of the absolute Laplacian i
and of DIFF (2x2) are approximately half the corres-

ponding predicted values, while there is a good agree-

ment between the estimated and the predicted densities
in the case of the Laplacian responses. The estimated
densities are approximately the same for the Laplacian
and the absolute Laplacian. This suggests that it may
be erroneous to assume that taking the absolute value
of a zero-mean Gaussian random field increases the den-

sity of local maxima twofold.

In conclusion, then, statistical methods available in the
literature can be successfully used in analyzing various
edge operators. Statistical properties of linear as well as
nonlinear edge operators can be predicted using the power

spectrum of the input image. Experiments with synthetic data




having a given image power spectrum indicate reasonable
accuracy of prediction. Successful application to real images
will depend on thg accuracy of the power spectrum model used.
More insight into the choice of power spectrum for real images

should be obtained by further experimentation.
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