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ABS TRACT

A n i n i t i a l i z a t i o n  of a spectra l f o r m u l ation of the primi-

t i ve eq u a t i o n s  u s in g a di a gn o s t i c d i v e r g ence  i s t e s t e d f o r  a

glo bal mode l. The i n i t i a l  c o nditions are generated from a

dev e l o p i n g  b a r o c l i n i c a l l y  unstable wave. A s e m i — i m p l i c i t  t i m e

s c h e m e is d e v e l o p ed a n d tes te d a l o n g  w i th the u su a l  ex p l i c i t

method d u r i n g  the course of the experiments. Results show a

re l a t i v e l y  s m a l l  effect of a d ivergent I n i t i a l i z a t i o n  on the

ensuin g integrations. The s e m i — i m p l i c i t  method shows a ten-

dency to smooth out hi gh frequency osc i I lat ions in loca l ten—

d enc i es.
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I . INTRODUCTION

The emp hasis of this thesis is two—fold. The first point

i s to ga in i ns i ght i nto the c haracterist i cs of a spectra l

p r i m i t i v e  equation model. The second is to attempt to take

advanta ge of the spect ral expansions in an i n i t i a l i z a t I o n

e c h n I q u e.

A sp ectra l mo del uses a Galerk i n formulat i on w i th th e

sp he r i c a l  harmonics as its choice of basis functions. The

ba s i s func ti ons a re e i genfunctions of the Laplac ia n op erator

in s p h e r i c a l  geometry and , thus , are use d to ad v an tage for

glo bal integrations. An immediate consequence of the G a l e r k i n

f o r mu l a t i o n  i s  t h a t  sp a t i a l  d e r i v a t i v e s  of a s i n g l e  w av e a r e

computed w ithout the usual truncat ion error present i n f i n i te

difference methods. This means that the spectral model

contains no l i n e a r  phase speed errors .

The n o n — l i n e a r  terms are computed via a transform gri d

in p h y s i c a l  space (Orszag, 1 971). This procedure is respon-

si b l e  for making the efficiency of the spectra l model com-

para b l e  with f i n i t e  difference methods. In a d d i t i o n , t h e

non—l inear terms may be computed without a l i a s i n g .  This pre-

vents n o n — l i n e a r  insta b i l i t y and conserves i nvar i ant i ntegral

properties. Phys ical processes are also computed on the

transfor m grid.

The secon d objective ot th i s  thesis is to test a divergent

i n i t i a l i z a t i o n  for the spectra l mode l . Most static and

10
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v a r i a t i o n a l  i n i t i a l i z a t i o n  techniques of globa l p r i m i t i v e

equation models use a constraint to balance the r o t a t i c r a l

part of the w i n d  w i t h  the mass f i e l d  w h i l e  setting the

diver gent part to zero . P h i l l i p s  (1960) has shown t~~at a

com p l e t e l y  non—divergent i n i t i a l i z a t i o n  cannot e l i m i n a t e  the

g r a v i t y waves w h i c h  w o u l d  be generated and h i s  work suggests

that the qua s i — g e o s t r o p h i c  divergence could tend to suppress

these gravity wave modes for m i d — l a t i t u d e  synoptic scales.

in a d d i t i o n , if the quasi — geostrophic divergence hei interna l

modes close to those wh i c h  would be developed by t~~e model ,

such things as the large scale p r e c i p i t a t i o n  w o u l d  be nore

r e a l i s t i c  d u r i n g  the first few hours of the model forecast.

It i s a n aim of th i s thes i s to d ev elo p a di ag n ost i c

ve lo city divergence to insert into the f i e l d s  of an otherwise

co m p l e t e l y  balanced system and to test the subsequent effect

on the spurious grav ity wave noise and the d e v e l o p i n g  diver-

gence.

A sp ectral formulat i on of the p ri m i t i ve eq u at i on s ca n

lend itself to techniques w h i c h  i n i t I a l i z e  according to scale.

For exa m p l e , the quas i—geostrophic divergence m i g h t  be corn—

pu ted only for the synoptic scales of th~ mo del. Furthermore ,

the model conveniently s u p p l i e s  d iagnostic information about

t he various scales.

The f i n a l  goa l of this thesis is to develop a semi — imp Ii  —
c it time d i fferenc l ng scheme and test its effects d u r i n g  the

f irst few model hours after i n i t i a l i z a t i o n .

11 
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I I . M O D E L  DESCRIPTION

Th e mod el d esc ri b ed h ere has been d eveloped b y Rosmon d

1 977) and the deta i Is are presented here for reference

purposes . Sim i l a r  f ormulations have been done by Hoskins

an d Simmons (1975) and by Bourke (1974). The equations for

an invis c i d , ad i a ba t i c  a n d  h y dr o s t a t i c a t mo s p h e r e  m a y  be

wr i tten as

1 .1 ) .

~~~~~ 

= -V• (~ +f)~ - • Vx (RTVq +

1 . 2) -~~~~~ 
= ~~Vx (~ +f)~ 

- V •( RTV q + 6 -~~
) - + 

~2
)

30 _ .+ 301. 3) —V • ye

1.4) .~~~~~ = —D —
~~~ Vq — 

3a

1.5) ci~~~~= —RT

where
A

— vort ic i ty (
~ = k • V x V)

o — ve l oc i ty divergence (D = V

T — temperature

e — potential temperature

— surface pressure

— hor i zonta l ve l oc i ty vector

• — geopotentia l he ight

R — gas constant

C~— spec ific heat

12
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f — Cor iolis parameter

a — vert ica l coordinate (o = p/u )

a — vertica l ve l oc i ty (& = do/dt)

q — Lnir

The cont i n u i t y  equation (1 .4) may be refined by inteqrat —

ing in the vertical and imposing boundary c o n d i t i o n s  on a;

~ (0) = c(l) = 0. Intro uc i ng the notation G = ~~~~~ we may

rewrite Eq. (1.4) as

1. 6)

where the over bar denotes a ve rtical average.

T h e ve rt i c a l  v e l o c i t y ,  a, may be obtained d i a g n o s t i c a i l ~

by substituting Eq. (1 .6) into Eq. (1 .4) and integrating in

the  v e r t i c a l  to o b t a i n

1.7) a = (~ + ~)a J + D) do

By def i n i n g  a h o r i z o n t a l l y  mean temperature ,

*T = T (a) + T’(a, A , 0, t)

a n d  u s i ng  t h e  f o l l o w i n g  o p e r a t o r

cz(X,Y) = ~~~ +

13

- _ .-rn .rn

~

-~



—‘.--:
.- --

~~~~ ~~~~~~~~~ ~~~~~~~~~~~

_ .-_— . . --- -_

~~~~
- - -— _ - ._ , - -_ - - --- -----—-

~~
.-

We can now expand the vector quantities in our basic

equations in s p h erical coordinates (X ,n) to arrive at

1.8 )  -
~~~~~ 

= -c~(A ,B)

3D 2 2  *

1 . 9) -
~~~~~ 

= c~(B ,—A ) —y (r E + + RT q)

1 . 1 0 )  -ct (U0,V 0) + 0 0 —

1 . 1 1 )  = — (D + G)

1 .12 ) o- ~~~ -RT

where

A = (~+f)U + ~ 
-
~~~~~ + ~~-

‘cos 0

— 
RT’ 3tnir

B = (~+f)V — a -~~~~~ - —
~~~ ~~~~

G 
U 3 ~nir~~ ~2 3X

I -p

U2 + V2
E 22 (1— p

U = u cos

V = v c o s rl/r

A long i tude

= l a t i t ud e

p = sin ri

14 
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E q u a t i o n s ( 1 . 8 )  — (1.1 2 ) are the bas Ic equations used in

the m o d e l .  The equat ions  are rep resen ted  s p e c t r a l l y  In the

hor izontal and f i n i t e  dif ferenced In the vertical. The de-

pendent var i a b l e s  are wrItten in terms of a t r i a n g u l a r l y

truncate d series of spherical harmonics:

X = E X ~ Y~

wh ere the su m m at i on i s a double sum over m ,n f o r  I m i  < M a nd

I m i < 9. < M. The separation is such that the coefficients ,

X~~, are function s of time and vertical coordinate and the

spherical harm on i cs , Y~~, are hor izonta l functions of space.

The normal izat ion and orthogonal lty properties of the

a l l o w  the coefficients to be obta ined as fo l l o w s :

4 = <x , 4> -~i~ f f  X 4 dpdX

The model used for this study has five vert ical layers

staggere d as in Fig. I. The even levels carry a and the odd

levels carry a l l  the dependent v a r i a b l e s  p l u s  the diagnostic

va ri ables , U ,V .

The f i n i t e  d i f fere nce scheme for the vertical advect i on

terms is

= 
2(
~~
ak
) [(x k+l 

- X
k
)c k + l  + (X

k 
- X k l )a

kl.

This form u lat i on co n serves k inetic energy.

1.5



a1 0
~~ —o

~ID,T,U,V 
a2

a3
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‘

~~~~~ ___ _
~J ,L!~.. 
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C.— .’

VERTICAL SCHEME

F igure I . Staggered 5—layer sIgma coordinate system .
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F o l l o w i n g  Arakawa and Lamb (1976) , the hydrostatic eq ua-

t ion (1 .12) can be f i n i t e  differenced as

1.13 ) k+l - k 
= - 

~~ ~~k 
Tk+l + 8k Tk)

where
A A R/O A A R/C

= I — (ak/ak+l
) p and 

~k 
= 

~°k+V°k~ 
p — I .

A bounda ry  c o n d i t i o n  is  fo rmed  by i n t e g r a t i n g  the h y d r o s t a t i c

e q u a t ion f r o m  a = 0 to I w h i c h  gives

a da = -R f T  da

or  

•da - s f c  = R J T  da

where •s f c  is the -terrain geopotential. Th is boundary con-

d i t i o n  is  then f i n i t e  d i f f e r e n c e d  as

1.14 ) 
~ •k

(
~
ak
) - ‘

~sf c = R E Tk(~ak
)

Equat ions ( 1 . 1 3 )  and ( 1 . 1 4 )  are then c o m b i n e d  to g i v e  the

matr ix  e q u a t i o n

1 .15) = ECJT + sfc

w h i c h  is the f i n i t e  difference form of the hydrostatic equa-

tion wher e the vari a b l e s  are now co l umn vectors.

17
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The pressure ten dency equation ( 1 . 1 1 )  can be written as

-

~~~~~ 

= - E (G
k 

+ 0k~~~~~k~

or i n  m a t r i x f o r m  as

1 .16) -
~~~~~ 

= -[NJ (G+D)

S i m i l a r l y  equation (I. ?) can be written in matrIx form as

1 . 17) & = [ZJ (G+D)

The thermo dynamic equation (1 .1 0 ) is differenced consis-

tent w ith the method employed in the hydrostatic equation.

The potential temperature is written in terms of tempera ture

an d t he l a s t  term b ecomes

= - 
2(~a ) 

[~k+I
(T

k+I
(A
k )R/C~ - T

k
)+ ak

(T
k-Tk I  

P J
k °k+l k—I

RT
+ 

~~~~~~~~ 
(G
k 

- G -

For t he purposes of the s e m i — i m p l i c i t  formulation de-

sc r i b e d l a t e r  i n the paper , we separate the temperature into

*

its horizonta l average , T , an d per tur ba t i o n , T’. The

m a t r i x, [YJ, is defined such that

* 
&k R/O * * a

k 
R/O 

*

Tk+l
(__

~~
_) p — Tk 

Tk 
— (

F. ~ 
~~ Tk l

— 
°k-H + 2(

~
ak
) 0k 

[yJ& .
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The v e r t i c a l l y  avera ged dIvergence can be written 0 =

[NJD , so t h a t

- ~I* ~~ 
= - ~!

* 
[NJD

S u b s t i t u t i n g  fo r  & f rom equation (1 .1 7 )  we obtain

- [NID = -[YJ[zJG -([YJ[z] + [NJ D

= — [sJG + [QD

F i n a l l y  th e ent ir e ter m can be written as

& RIO
1 .18 ) &.~~ = —[SJG+[QJD— 2(i

~
ak
) [~k÷l

(T
~÷l~~-

~
—) ~ — T1~

)
0k+ l

~ RIO RT RT’
+ ak

(T
k
_ (

A ) ~ T~~ 1 
)J + 

~~~~~~~~~ ~~~ D
0k—l 

p p

The n o n l i n e a r  terms are computed using the transform

m e t h o d  s u g g e s t e d  b y Orszag (1 971 ) . The l o n g i t u d i n a l  direc-

t ion is done using Fast Fourier Transform and the l a t i t u d i n a l

direction is done with Gaussian Quadrature. The number of

la titudes , N , and longitudes , M , s a t i s f y:

N > (3J+I)/2 and M > 3J+ l

The num ber of points are picked to ensure no n — a l i a s e d  results

fo r quadratic terms. Certain terms containing 6 have t r i p l e

products and are not computed a l i a s  free. Experiments by

the author and a previous study (Hoskins and Simmons , 1 975)

i ndicate that th i s  source of error is n e g l i g i b l e  for the

l ength of the Integrations performed in t h i s  Study.

19
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I l l . SE M I — I M P L I C I T  SCHEME

Th is section gives d e t a i l s  of the s e m i — i m p l i c i t  time

d i f f e r e n c i n g  scheme used in some of the experiments of this

study . Using the matrices defined in the model description

sect i on , equations (I .9)— (1 . 12 ) can be written

2.1) .~~
. + V2(

~~
’ + RT*q) = F

D

2.2) -~~~~~ 
— [Q]D = FT

2.3) .
~~~~~ + [NJD = —

~~~

2.4) •‘ = [C]T

where — 

s f c

F
0 

an d F~. represent the rema i n i n g  terms in each equation

w h i c h  are not e x p l i c i t l y  separated out . Fo l l o w i n g  Robert

et al . (1972) , a l l  the terms on the left han d side of equa-

t ions (2. l)— (2 .4) are time averaged. We define the f o l l o w i n g

averag i ng operator an d represent the l oca l tendenc i es b y a

Leapfrog f i n i t e  difference scheme :

- 
( )t+~t + ( )t..t~t

2

t+~t t— At
t 

= 2(ttt)

20
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E q u a t i o n s  ( 2 . l ) — ( 2 . 4 )  can then be w r i t t e n  as

2.5)

2.6) ~~~ = F
T 

+ [QJ U~

2 .7 )

2.8) Vt 
= [C] T~

El i m I n a t i n g  in equat ion (2.5) by substitution of Eq.

(2. 8), we arrive at a t ime averaged set of equations:

t t—~t 2 t
2.9) D = 0 +(M-)(F

0 
— V ( [OJT + RT q ))

2.10) Tt = 1t-M +(&t)(FT 
+ [Q] 5t)

2.11 )  = q
t_M~ -(~ t)(~ + [Nj Ut )

Su bstituting equations (2.1 1 ) and (2.10) into (2.9) and

solv i ng for Ut w e obta i n a He lmho l tz equat i on fo r t h e t im e

averaged divergence

2.12 ) ([Ij+(M)2[BJV
2)Dt = 0t—M + (M)[F

D
_y2([CJT

t
~~
t

+(M)[CJF~+RT q
t
~~

t_ (M) RI ~J

where [I] is the i d e n t i f y  matrix and [B] = [C][Q] — RT [NJ.

For a s p e c t r a l  fo rmu l a t i o n , the equat Ion i s  t r i v i a l  to

solve since t h e  sp h er i c a l  harmonics are eigenfu n ct l ons of

the Lap l ac an V
2
. Know ing D

t we t h e n co mpu te t h e p r o g n o s t i c

21
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t+~ t t+At t+M
va r i a b l e s  T , q from equations (2. 6) — (2.7). D

Is com pute d fro m th e de f i n i t i o n  of th e ti m e avera gi nq

operator:

Dt
~~~

t 
= 2Ut —

and t h e  v o r t i c i t y ,  +M
, never entere d the s e m i - i m p l i c i t

f o r m a l i s m  and Is computed from a standard Leapfrog scheme.

Calculations with the s e m i — i m p l i c i t  model required 5% more

computer tIme per time step. Stable Integ ’ation s were

po s s i b l e  with a time step of 60 mins .

22 
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IV . QUAS I—GEOSTROPH IC DIVERGENCE

F o l l o w i n g  the a n a l y s i s  of Simm ons an d Ho sklns (1976) , a

diagnostic divergence Is obtained for the case of quasI—

geostrop hic flow with the f u l l  variation of the O or I o l I s

para meter over the sphere. The relevant equations become

3. 1) -
~~~~~~~

= — V~ • V (~+f) —

2 *
3.2) J~~; - V (

~~‘ + RT q) = 0

3.3) .~~~
= _ V

~~.VT + &Q_  1 3 T

w h e r e  V~ — rotational part of V

— sigma dot at odd levels

= V (fV (V 2D))

Mak ing use of the hydrostatic r e l a t i o n s h i p ,  equati on

(1 .1 5 ) , we may write equation (3.3) as

= - [ c J t v ~~, 
. 1) + 

:

* 
~

where = [C] (i— ~ — )~

TakIng V2 of this equation , ~~ of equation ( 3 . 1 )  and -~-~-

of eq. (3.2) and subst Itut ing we arrive at the f o l l o w i n g
A

equation for 6:

~.4) Y
*~ 

= —v~~

2
E: (V~,’V(~ +f))+ 

2
DJ+[C](V~,.VT)+RT V2 ~.a

23
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A seco nd equation for & Is obtained from the c o n t i n u i t y

equation in the form of eq. (1 .1 7 ) , wh i ch when expl i c i tly

wr i tten out , is

3.5) & = a(~ + ~) f
a 

+ G) do

w here 6 Is specified on even levels.
A

Th e diagnostic & from equation (3.4) can be used to com-

put e the divergence using eq. (3. 5) provide d we specify a

boundary condition. For the purposes of I n i t i a l ization , th i s

Is most conven ient l y  chosen to be

= — (~ + ~) 0

since this w i l l  tend to el i m i n a t e  external gravity waves.

A p p l y i n g  this constraint to equations (3.4) and (3. 5) we ob—

ta m

3.6) y &  = -V 2( (V~•V(~+f))+ ~~D) + [cJv~,’VT

3.7) & = -f (D + C) do . 

A

The method of solution w i l l  be to compute 6 usIng equa-

tion (3. 6) from an i n i t i a l  guess of the divergence. The even

level 6’s are then found by Interpolation and a new guess of

the divergence is obta ined by invert i ng equatIon (3.7). The

updated divergence can be substituted back into equation (3.6)

and the procedure continues iteratively u n t i l  s u f f i c i e n t

acc uracy is obtained.

24



Equat ions (3.6) and (3.7) w I l l  now be put Into spectra l

form. The equations contain three s i m i l a r  advect ive terms .

It w i l l  be s u f f i c i e n t  to show the spectra l form of one of

t h em:

3.8) V~,.V(~ 4-f) = —J (u~,~ +f) = — 
2 

— ~~~~~

F i r s t , the terms are I n d i v i d u a l l y  transformed to phy s i c a l

space by the summations:

m 9. ImA

m ,,rn imA
.
~~~~~~~

- im~~9. r9. Z

-
~~~~~ =~~~~ im ~~~~~ 9.

imX

______ 
m 9. imA

_ _ _ _  - + 
~,m

The m u l t i p l i c a t i o n s  in eq. (3.8) are then computed at

gr id p o i n t s  and the r e s u l t  i s  t r a n s f o r m e d  back  to s p e c t r a l

space by computing the inner product defined as:

3.9) J~ = 
~~~
/

JJ (~~c+f)Y~ dAdp <J (~,~~+f),

T h e i n t e g r a l  i s  computed u s i n g  Gauss i an q u a d r a t u r e  i n

the p direction and Fast Fourier Transforms in the A direc-

t ion. The first term of equation (3.6) can then be

e va I ua ted :

~~(V •V(1 +f)) = V •(fV(V2J))

— 2~ (I— ii ) 3 2
~~~~~ 

r2
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and expanded in spectra l form using the previous computation

of J~~:

+1 + 1 M - M

< (Vup’V (~ +f)) Y~> = ~/U(EJ P
M)P~dP_c~f (I_u

2)(z 
Lit-s- I ) -~~~.)P~ dp

where the A integration has already been done.

Ma king use of the recurrence re l a t i o n s h i p

pP
~ 

= £9,+I  P9.~s- 1 + 
~9. ~

‘L—l

M f9.2 - M
2

~~ 2 ‘
— I

we can w rite the first integrand as

p J~ P~ 
= 

~ J~~_ 1 c~ P9~ + ~ ‘
~9.+l ~9.+l 

~t

and  us ing the o r t hogona l  i t y  of the Legendre  p o l y n o m i a l s  we

o b t a i n  for  the f i r s t  i n t e g r a l

3 .lO)
J

~~(E J~ P~ )P~ dp = J~~ 1 c~ + J~~ 1 c~÷~

The second integra l can be done sim i l a r l y  u s i n g  the

re l at io n s h i p

= (9.+l) c~ P~_ 1 - tc
~~ 1 

P
9.~ 1

26
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to ob ta i n

3.Il)f (~ _p2)(E 
9.(L+l) ~~~~~~ 

dp = + 1 
- 
~~~ ~~

Com b i n i n g  eqs (3.1 0) and (3. 11 )  we obtain

3.12) <~ (V~•V(~+f),Y~> = 
~
[
~?L ~~ + ~~~ 

~~~

The second order operator X
2
D can now be for mulated.

Us i ng the notat i on , <ED , Y~ > = F~ , we can wr i te b y a n a l o g y

with equation (3.12 )

M L+l M M L M MF
L 

= 

~~~~ 
C
L 
DL I  + t~r 6L+I ~L+l~

Thus ,

= E F~ Y~

and

<~~
2D, Y~> = <~~(~ D), Y~> = c~[.! -~! c~ F~~ 1 + 

~ ~~~~~ F~~ 1 j

S u b s t i tu t i ng i n f o r  F~~~1 a n d  F~ ÷ 1,  we ob ta i n t h e  r e s u l t

3.13) <J~ D,Y~> = ~2[((L+ i )L 
c~1~ c~_ 1 )D~_2

+ ~L
2
-l (CM)2 + 

~L l ~~ 

(c~~ 1
)2)D~

L
2

- s - L  M M M+ L+ l L+2 CL+l CL+2
) DL+2J -
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F i n a l l y ,  eqs (3.6) and (3.7) may now be fu l 1 y expanded

as

3.14) = 
4~

[R~ + ~~~~~~~~~~~~~~~~~~~~~~ + <~
2
D,Y~

>)j

3.15) &~ 
= _f (D~ + G~) da

where

R~ = [C] <V~ • VT , Y~>

28 
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V. DESIGN OF THE EXPERIMENTS

The i n i t i a l  conditions used in the experiments of this

th es i s were d evelope d fro m a b a ro c l i n i c a l l y  u nsta b le mea n

flow an d a s m a l l  perturbation in zonal wave no. 6 (m=6) .

The m ass f i e l d of th e mean flow was con str ai ne d to be in

geostrophic therma l bal ance with the mean w i n d .  The vertical

p r o f i l e  of the mean w ind  w a s  l i n e a r  v a r y ing f rom 4 . 5  rn / sec

at a = I to 49.5 rn/sec at a = 0. The l a t i t u d i n a l  structure

varied as si n 2(2~~) pl acing a jet max at r~ = 450~~ The ve rti-

cal tem perature p r o f i l e  approximated the U. S. Standard

At ”~osphere.

The perturbation in wave no. 6 corresponded to a maxim u m

.— component of .1 m/sec. The model was integrated for 192

hrs a l l o w i n g  the baroc l i n i c  wave to grow to f i n i t e  amp l itude.

F ig. 2 shows a time series of the vorticity d u r i n g  this

per iod . The growth is s t r i k i n g l y  l i n e a r  u n t i l  192 hrs where

there is evidence of the mean flow (m = 0) changing due to

f eedback f rom the eddies. The linear growth corresponds to

a do u b l i n g  time of roughly 26 hrs for rn = 6. The f i e l d s  at

1 92 hrs pro vid ed the balanced f i e l d s  for the i n i t i a l i z a t i o n

experiments.

Three types of experiments and one control ca se w ere

integrated for 72 hrs of mode l time.

29
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Fi gur e 2. Vorticit y time series du ring the fi r s t  192 hrs
Vert ica l axis is l o g a r i t h m i c .  Units are secs~~~.
Sol id curve is the magnitude of wave no . 0 at
lat itude 60°N. Dotted curve is m=6 , short
dashes are m=2 and long dashes are m =I8.
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The contro l case co r sisted of i n i t i a l i z i n g  w i t h  the

balanced f i e l d s  and integratinc i . The experiments consisted

O~ the tol l o w i r g :

E x p e r imert A: l n i t i a l i z e w i t h the balanced f i e l d s  but
no divergence

Experiment B: I n i t i a l i z e  w i t h  the balanced f i e l d s  p l u u
the quasi — geostrophic divergence

Ex p eriment C: l d e n t i ~ . i ! to E x p e r i m e n t  A b u t  w i t h  a ser r i—
i m p l i c i t  scheme

A l l  experiments and the control were f i r s t  inte grated

w i t h  a spectra l t r u n ca li or of wave no . 2 1 . These w i l l  be

referre d to as low resolution experiments. H i g h  r e s o l u t i o n

experiments were integrated for the contro l and Experiments

A and B. These cases were truncated at wave no. 42. Time

st eps of 1 2 m in s fo r t h e low resol u t i on and 6 m i ns for t he

i gh were used. Experiment C wc~ i n t e g r a t e d w i t h t im e s t e p s

of 12 and 60 mins . A l l  e xperimen ts had a weak Robert tim e

l i t e r  of 0 .1 and no d i s s i p a t i o n  term was used.
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V I .  RESULTS

A. CONTROL CASE

Figures 3—6 show the i n i t i a l  f i e l d s  at level 5 for the

lo w resolution experiments. Figures 7—1 0 are the correspond-

ing h i g h  resolution fi e l d s .  They are characterized by a

develop ing fronta l zone. The advantage of the ni g h resolu-

t ion is apparent in the temperature gradients across the

cold front and warm front and in the surface pressure. The

low in the hi g h  resolution surface pressure f i e l d  I —  5 mb

deeper. The ne gative and positive areas of the divergence

an d vortic i ty f i e l d s  are a p p r o x i m a t e l y  symmetr i ca! in t he

low resolut ion f i e l d s  and quite asymmetric in the hi g h  reso-

lut ion f i e l d s .  The reg ion of maximum positive vorticity

corresponds very w e l l  w ith the maximum temperature gradient.

The mea n f i e l d s  cons i st of a n ind i rect c e l l  i n d uce d b y

th e growing baroci i n i c  eddies . The indirec t c e l l  develops

in order to decrease the vertical w i n d  shear wh i ch must remain

in approximate therma l balance with the decreasing pole to

equator temperature gradient. The effect is more pronounced

in the low resolution f i e l d s .  The high resolution mean

f i e l d s  contain a weak indirect c i r c u l a t i o n  and a strong

direct c e l l .

The dynamic situation d u r i n g  the period of the control

case is one of a rapid cascade of energy to sm a l l e r  scales.
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Tre horizonta l scale of the frontal zone decreases. Fiq u r e s

I I — 1 3  show t h i s  effect in the h i g h  r e s o l u t i o n  t-~mp E 1~~tur e

f i e l d s  for times out to 36 hr . Beyond t h i s  po u t , the

energy b u i l d s  up at the spectra l l i m i t  of the mode l since

there is no d i s s i p a t i o n  ard the 72 hr f i e l d s  are non—meteoro—

log i c a l  (F l-p . 4 and lb ) .  Because the energy b lock a ge occu~~s

at s m a l l e r  scales , the h i g h  r e s o l u t i o n  case (Fig. 1 4 ) is ,

p a r a d o x i c a l l y ,  n o i s i e r  and in greater error .

B. GRAVITY WAVES

In a n t i c i p a t i o n  of later sections , we discuss the

characteristics of i n e r t i a l  g ravit y waves for the model used

in t his study. The divergence is the most sensitive indica-

Tor or gravity wave motion. As discussed i n H o sk i ns and

Simmons (1975) , equation (2. fl i s the s e m i — i m p l i c i t  a nalogue

of the gravity wave equation for a m u l t i — l a y e r  m o d el. The

e i g e n v a l u e s  of the matrix [B] (eq. 2 .12 ) g ive the p e r m i s s i b l e

e i g e n v e l o c i t i e s  of the gravity wave modes. Th~ corresponding

elgenvectors ai ve the vertical structure. F i g u r e  l 6 d e p i c t s

the e igenm od e s for the experiments in t h i s  study . Table I

q ives T h e  periods of the gravity wave modes for zonal wave

no. 6 in hrs.

TABLE I

E~~~~r n a l F l r~,t Second T h i r d  I oi~~th

3fl1 1 1 . 1  28 . Oj  r l . 7 54
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The to tal divergence may be thought of is con s is tI ng of

a sum of the i n d i v i d u a l  eigenmo des:

4.1) D = Z a
k Dkk

where the 0k are the eigenv ector s . The w e i g h t i n g  c o e f f i c i e n t s ,

a k. may be obtained from the s i m u l t a n e o u s  equations formed

by t h e  dot products of the i n d i v i d u a l  eigenvectors w i t h  equa-

t ion (4.1). A t lme series of the coefficiert s w i l l  p r o vide

useful diagnostic information in later sections. Figures 1 7

and 18 are a time series of the externa l and first internal

mo de s f o r  t he l o w  re s o l u t i o n c o n t r o l  c a se a t a po i nt  on t h e

60° lati t u d e  c ircle. It is apparent that the coefficients

c o n t a in bo th  t he m e t e o r o l o g i c a l  mode s and a n y  e x c i t e d  g r a v i t y

modes. Fi gure 17 contains no high frequency o s c i l l a t i o n  and

is pure l y m e t e o r o l o g i c a l .  Fig ure 18 contains a meteoro l og i-

cal mode with a period of roughly 3 days p l u s  a s m a l l e r

a m p l i t u d e  wave whose period of a p p r o x i m a t e l y  1/2 day corr e—

sponds w e l l  w i t h  the calculated va l ue for the first internal

mode from Table I . The remaining i n t e r n a l  gravity modes

have periods approaching meteorologica l v a l ues and are d i f f i —

c u l t  to d i s t i n g u i s h .

C. E XPERIMENTS A AND B

I . Low Resol ution

Neg l ecting the divergence in the i n i t i a l i z e d  f i e l d s

(Experiment A ) generated computational g r a v i t \  wav es. Compar-

ing the pressure tendencies of the control case (Fig. l- -’c )

48
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w i t h  those of Experiment A in Fig. I9a , it is apparent that

hi gh frequency o s c i l l a t i o n s  of roughl y 3 hr period are

excited. The i n i t i a l  m agnitudes of the o s c i l l a t i o n s  are

approximatel y 1—2 mb/hr. The o s c i l l a t i o n s  dampen out w i t h

time as the geostrophic adjustment tapes place a l t h o u g h  the

dispersal of the gravity waves d u r i n g  the adjustmert process

is hampered by the l o n g i t u d i n a l  per i o~~i c i t ~ a r d  the symmetry

of the f i e l ds about the equator .

Fi gure 19b shows the pressure lendencies wi t h  the

quasi — geostrophic divergence inserted into the i n i t i a l i z a -

t ion f i e l d s  (Experiment B). The highest frequenc y osci h a —

t ions have been reduced over Experiment A by a factor of

approxi matel y 2.

Compar i son of t he di v e r g e n c e  modes in F i gs 2 0, 2 J , 22

a l l o w s  us to be more quantit ative. The figures have the

contro l case su btracted out and contain the gravit y wave

n oise generated by the approximations of each experiment.

The noise generated in the internal modes by the non —d ivergent

i n i t i a l i z a t i o n  is an order of magnitude lar ger than the ex—

ternal mode and is g e n e r a l l y  25% of the total divergence.

T h e f i g u r e s  s h o w  t h a t  t h e  e x t e r n a l mode  of E x per imen t B is

about 68% of Experiment A. The first internal mode shows

more no ise in Experiment B i n i t i a l l y  and then decreasin g to

50% and the second intern a l  mode shows a decrease of about

50% over Experiment A. In general the effect of the q u a s i —

geostroph ic divergence is to reduce the gravity wave nois e.

52
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2. Hi g h Reso l utio n

Figure 23 shows the quasi—geostrophic divergence at

level 5 w h i c h  was used for Experiment B. A q u a l i t a t i v e  com-

parison w i t h  the actual model divergence (Fig. 0) shows the

phases to be in igreement but that the quasi—geostrophic

approximation is an overestimate for the perturbation f i e l d s .

The zonal mean f i e l d s  do not compare w e l l .  The qu a s i—

geostrophic divergence shows a strong i n d i r e c t  c i r c u l a t i o n

w h i c h  is d i s p l a c e d  po l eward relative to the model divergence.

There is no evidence of a direct c e l l .

Figures 24—26 depict the noise generated in the

divergence modes for Experiments A and B. G e n e r a l l y  they

show that the gravity wave noise of Experiment B is 66%—72%

of that in E xperiment A. The effect of the qu a s i — g e o s t r o p h i c

divergence is to reduce the noise. However , this reduction

is less than in the low resolution experiments.

In v iew of the fact that the h i g h  r e solution experi—

m e n t s  w e r e  l e ss s u cces s f u l t h an  t h e  l ow r eso l u t i o n and t h a t

q uasi—geostrophic formulations are v a l i d  o n l y  for s m a l l

v a l u es of t h e  Ross b y n umb er , it is i nteresting to compare the

i n i t i a l  model divergence of the control case w i t h  the q u a s i —

geostro p h i c  divergence in a spectral manner. Referring to

Fig. 27 , it is seen that there is good aqreement between the

model and quas i— geostrophic divergences for zonal waves

corresponding t o m  = 6, 2, 18. The overestim a tion b y the

qu as i—geostrophic divergence noted e a r l i e r  is pri r r~i r i l y  in

wave no . 6. The mean f i e l d s  (m 0) and waves c o r r e s I ’ o n d i r -~

to m = 24 , 30 , 36 , 42  do not compare w e l l .
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One motive for i n i t i a l i z i n g  w i t h  the n ua s i—geostro—

p h i c  d i - .erge nce is that , p r e s u m a b l y ,  t h e  “tru e” divergence

w o u l d  be appr ox imated at the start and that the model w o u l d

thus develop t h i s  divergence f i e l d  e a r l i e r  than a non—

divergent i n i t i a l i z a t i o n .  Figures 28 and 29 address t h i s

po int. They show that at 6 hours into the integrations , zonal

wave numbers 6, 12 , l B  do , i n f a c t , approach the control

divergence s l i g h t l y  faster. There is almost no difference

for the h i g h e r  wave numbers and the mean f i e l d  shows poor

adjustment in either case. This mi g h t  be e x p ec t e d f o r t h e

mean f i e l d  since the geostrophic adjustment process is very

i n e f f i c i e n t  at this scale in a bounded region. On the other

h a n d , t he h i g h e r  w a v e n u m b e r s  a d j u s t  ve ry  r a p i d l y  and after

6 h r s , t h ey ~re in good agreement wit h  the contro l case.

I n l i g h t  of the results showing good agreement in

the i n i t i a l  q uasi—geostrophic divergence w i t h  the con irol

divergence for zonal wave number 6, 12 , 18 and bad agreement

for other scales , i t i s n a t u r a l  to m o d i f y  E x p e r i me n t B s u c h

t h a t  o n l y  sc a l e s  c o r r e s p o n d i n g  to m 6, 12 , 18 are used

in the qu a si—geostrophic divergence. F i g u re 30 sh ows t h e

tim e series of the external divergence mode for 1- his e x p e r i —

ment . F i g u r e  31 shows the spectra l adjustment of the diver-

ge nce at 6 hours. The corresponding results for the unmodi-

fied Experiment B are Figs. 24 and 29. The results are

almost i d e n t i c a l  to the un m o d i f i e d  quasi—geostrophic diver-

gence results.
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0. EXPERIMENT C

As discussed in H oskins and S i m m o n s  ( 1 9 7 5 ) , a l i n e a r  sta—

bi  I ity a n a l y s i s  of the s e m i — i m p l i c i t  scheme shows that the

ti m e  step is l i m i t e d  o n l y  by the Rossby waves. The effect

of t h e sc he m e i s  to s l o w d o w n  t he f a s t e r  mov i n g  g r a v it y w av e

modes so that the integrations do not a m p l i f y in time.

Slower moving atmospheric motions are less affected. Table Ii

presents sam p l e  c a l c u l a t i o n s  of the distortion of the periods

of the gravity waves present in these experiments for two

tim e steps. These may be compared w i t h  Table I . The general

behavior is that the periods increase wi t h  i n creasing t i m e

steps.

T A B L E  I I

E x t e r n a l  F i r st Second T h i r d  Fourth

l 2 m i n s  3.31 1 1 . 1 4  28.0 61 .7 154.0

60 m i n s  5.7 2.2 28.5 61 .9 1 54. l 
-

Two po i n t s  w i l l  be investi gated in t h i s  experiment. The

f i r s t  is that the s e m i — i m p l  i c i t  scheme sh o u l d  tend to smooth

out h i g h  frequency o s c i l l a t i o n s , p a r t i c u l a r l y  w i t h  a l a r g e

t i m e  step. The second is that the s e m i — i m p l i c i t  method

mi ght pos si b l y  hamper the geostrophic adjustment process

since i t  slows down the g r a v i t y waves w h i c h  are the m e c h a n i s m

for the adjustment.
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F igure 32 shows the pressure tendencies us i n g  the semi—

i m p l i c i t  method with t ime steps of 12 and 60 m i ns. Compar-

ing this wit h  the corresponding results for the e x p l i c i t

integrations (Fig. 19a ), it is evident that the ef# ect  of

t he s e m i — i m p l i c i t  method is to smooth out the 3 hr osci I Ia —

t ions . F igure 33 shows the relative effect of a s m a l l  vs.

large time step in the s e m i — i m p l i c i t  method on the external

g ravity waves. The larger period of the 60 m m time step is

ev ident. The larger time step i n i t i a l l y  a m p l i f i e s  the com-

putationa l noise , but after 24 hrs it is c onsiderably damped.

T he sm oot h i n g  i n t h e  p r e s s u r e  t e n d e n c i e s  i s  p o s t u l a t e d to

come abot ’t from the decreased velocity of the external

grav ity mode assuming an advective time scale.

Th e second point of thi s  experiment is shown in F i gs. 34

ann 35. Comparison of the divergence coefficients for time

s t e p s  of 12  a n d  60 m i n s  s h o w s  no d ’fference at 3 hrs. The

adjustment of the divergence to the contro l case is apparent—

l y the same for e ither time step.
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V I I .  SUMMARY AND CONCLUSIONS

The results of th i s  study are based upon tne divergence

developed by a b a r o c l i n i c  wave on a unifor m  earth. I n i t i a l i -

zatio n without the divergent w i n d  component generated spuri o u s

S 

i n e r t i a l  grav ity waves. The internal state of the i n i t i a l

f i e l d s  had n e a r l y  zero mean divergence. Thus , t he ex te r na l

mode of the generated gravity waves was an order of magni-

tu de less than the tota l divergence and was not s i g n i f i c a n t .

However , the internal gravity wave modes generated were signi-

f icant. An important source for the external mode , namely

topo graphy, w as neg l ected.

I n i t i a l i z i n g  with the quasi—geostrophic divergence

g e n e r a l l y  decreased the spurious gravity wave noise and aided

the en s u i n g  integrations to develop a diver gence closer to

the contro l case , but both effects were s m a l l .  F u r t h er mo r e ,

th e advantage of the quas i—geostroph i c di vergence decreased

when s m a l l e r scales were i n c l u d e d  in the in t egrations. I n —

s e r t i n j  the quas i—geostroph i c divergence into o n l y  synoptic

scales gave no advantage. However , the ~ ffect of t h i s  experi-

ment may have been reduced by the fact that there were no

p l a n e t d r y  scale waves.

U s i n ~ a s e m i — i m p l i c i t  scheme w i t h  the sam. - t i m e  step ~s

an e x p l i c i t  i n t egration had po e f fe on tri o d i v e r q e n c e  mod es

b ut d i d  smooth out o s c i l l a t i o n s  in t he ~— r e s s ure tendencies.
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A larger ti me step i n i t i a l l y  increased the a m p l i t u d e  and

per iod of the fast external gravity waves and had less effect

on slower mov ing motions w h i l e  s t i l l  s t a b i l i z i n g  pressure

ten denc i es.

In ge nera l , the effect of a d ivergent i n i t i a l i z a t i o n  for

a glo bal p r i m i t i v e  equation model is s m all. This same con—

clu s ion has been reached by two s i m i l a r  studies — Houghton

et at (1 971 ) and Dey et at (1975). ThIs study, however , h a s

neglecte d any physica l processes such as precipitation as

w e l l  as orography and the effect of an i n i t ial divergence in

these cases may w e l l  be more important.
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