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1. Intrcduction.

In the winter of 1973, some major oil exporting countries joined

!~~‘~k tngether z n ~ declared an embargo on oil exports to some western

~: t ntries for political reasons. Elated by their success and the realization

that they cont rolled a j or share of the oil exports. they s zequ~~t ly

rnisod the price of oil four-fold and cut back production obt aining (in the

f’~ c of an almost inelastic demand) increased revenues.

The major oil importing couutrie s have been trying to work out an

opt1~aa3. policy designed to obtain their energy needs ~.t 1o~~ st possible

p~’ 2S . One of the strategies considered by there countries is to attempt

to spl i t  up the oil cartel by b ilatcral  dealings or by try ing to play one

menher country off against a~.~ther. This paper analyzes the feasibility

of such a strategy and its cost in financial terms using the theory of

n-pei’scn co~~;erative games.

In Shenoy [29], the world oil market is modelled as a 2-person non-zero-

sum ga.ae with ~~~ oil ir;porting countries denoted by OPIC as one player

nf l  the oil exporting countries denot~d by OPEC as the second player.

if this paper , we wil l  divide OPEC into two groups - one led by Saudi Arabia

(S.~) and the oth ’~r led l y  Iran (IR) . Despite many common characteristics of

t~~~ two groups , each greup displays different national attribute 5 and long

term coinnercial interests. IR , with a larger ropulation , re lr t ivcly small

petroleum reserves , aggressive plan s for economic development and mil i tary

build-up , can use all the revenue available through major price increases.

~A on the other hand , has a very small popu lation ~nd hence l i t t l e  ca pital

~bsorp~.ion capability, large petroleum reserves and enormous financial

rcs~rves~ In a period of rapid inflation,
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~A ~o u d  p~’ef ~r ~o ha~’e oil in the ground r ath er  than in~ rcace production .

And SA also would prefer to keep prices below the substitution th ;cshold

new energy sources because of the fear that a flood of nei; energy will

d ~~ the price downward substantially in advance of the time SA’s petroi~um

rt ” or ~•os are exhausted . Although huge lag time of seven ycacs ~~~ ~rorc are

iuv~~vc-d in energy substitution , SA fears the impact of large potential

~cc~v~~ics of scale in coal liquefi.cation and other related techniques and

1! possibility of a significant break-through in terms of the leaning curve,

all of which would help to bring dowu the future price of ene~gy. IR , facing

a much 3horter tiue horizon for the exhaustion of its energy reserves , can

P~~T;i the prica of cr~~e Cli very 11i~h without much fenr of the conSequCflCe3

from accelerating new discoveries and the innovation of new sources of

energy (see Thrall, Doran , Owen, Wall and Young [31]).

2. The Models.

TI.~ world oil market is modelled as a 3-person cooperative game with

and uithout side payments, in characteristic function form . The characteristic

function form of the game is chosen because it focuses on the bargaining

process and allocation of payoffs among the players.

Player 1 called OPIC represents all the oil importing countries. Here

we assume that all the major oil importing countries have formed into a

cartel and bargain collectively as one unit. Player 2 called IR and player

~ called SA represent the two groups in the OPEC cartel that have between

them all the oil exported to OPIC, who we assume is the sole market for

the oil cxports.

We shall assume that OPIC needs a total of I million barrels of oil

daily (mmbd) assuming consumption required for a maximum growth of their 

—
- - - - - —  - -.. - -~~~~~~ _ _ _
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economy. A pert of this r:~uiremett can be met by domestic production of

oil. By a large investnent, the domestic production of oil can be inc:eased

by f ind ing  new sources or just  by working the exist ing wells harder using

i’~~r..~v t d  technology . A ’t e rnat ive ly ,  the demand for oil can partly be

~~tis1ied by other fuels such as coal , nuclear fission, shale oil and other

:t:.. sources that could be developed by large investment in research and

develcpmcnt . Purthermore~ the consumption of oil could be reduced by voluntary

c:~ uanciatory methods such as rationing the supply of oil , an energy tax ,

ctc .  Thi s may ho~:ever , result in losses in the nation ’s economy . In short ,

t~.e strategy for OPIC i3 to decide the quantity of oil imports. More fo rmal ly ,

we ~i1l denote the strate~y’ space cf 0PC by

= {x1 c E
1: 0 < x1 < I}.

Associated with a stra~tegy x1 ~ 
is a monetary cost to OPIC, denoted

by f1 (x 1) for restricting its imports to x1 mmbd. f 1(x 1) does not include

the cost of imports. A sketch of a method of computing f 1(x .) is as follows .

Let h(y) denote the tetal cost in million dollars daily (num~d) to

en ;ure that domestic production of oil is at least y anbd. Let g(z)

denote the loss in mm$ d in OPIC ’ s G . N . P . t if the total oil (energy)

consumption is restricted to z mmbd . Then we have

fjx1) mm [h(y) + g(y + x)]
0<y<I-x 1

tGross National Product. Other indicators of a nation ’s economy can also
be used.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _
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~.‘e e u !  assu 1c that f1(x1) is a mn-increasing positive rcal-va 1 ued ,

fuuct ion defined on the strategy space 
~~ 

of OPIC. Sevexal studies have

hc:~i made to determine the function f 1(x 1) for the case of United States

c~: c.  See Shenoy F29~ for more detai ls .  A sketch of the possible nat ’:rc

f 1(x~ ) is indic~.tc’J in Figure i.

Let C2 and C3 d )ote the production capacities in million barrels

cf cii dcii ’? of ~~ and SA respect ively .  Let c 2 and e 3 der.ote the

e’:traction cost in dollars per barrel of oil ($/b) for I~ and SA rsspectiveyy.

Also let ‘2 and ~h. denote the c:’pital investi~ciit in mi l l ion  dollars

daily ~miu~d ) ,  necessary to achieve a maximum growth rate of IR’ s and SA’ s

ecenony . for 0 < y < H , ~ud 0 < z N .3 , let f2fy) and f 3(z) denote

the losses in mm$d to TRs and SA’ s economy if capital investment is

restricted to y and z mm$d respectively. Any capital in excess of H2
and M., i ;  available as capitnl reserves. We will assume that f , and

arc ncn-increasi~mg real-valued fu.nc~. ion defined on the real interval [0 ,~ ) .

A sketch of the possible nature of these functions is shown in Figure 2.

The s trategy for both IR and SA is to decide on the quantity and price

c f  oil exported.

Let

{ (x1,p2,x2,p3,x3): 0<x 1<I e2~p2<~ ,

e3•~p3<°°, O<>~ <C21

0<x 3<C 3 and

x1 
= x 2 +x 3 }

_ _  _ , - - --- ~~~-—-—~~~~~~~~~~~~~~~~~~~~~
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f1(x)

f 1(0)

f
1~ 0) -~~~~~ 

______

_ 

f
1 (x) 

= ( ~~)e - 
- ai-

~~ l-e l-e

u is a posit ive constant.
z

U,

x

0 I
Oil I mports mmbd

Figure 1. A sketch of the possible nature of function f1 .

f 2 (0)

f 3(O) -

Z 
3

(X)

J R

U,

SA

0 x
0 M 2 ~~~~

Revenues from oi l  exports  mm$d

F igu r e  2.  A sketch of the possible nature of functions f2 and f3.

L~~~~. ~~~. ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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c~~~ te the set of all possible outcones .

For each outcome in ~~, there results a monetary payoff to each

player. Let A .: ~ -~E
1 denote the (monetary) payoff function of piayer

i (i = 1,2,3). Then we define

A 1(x 1,p ,,x 2 ,p 3, x 3) = -f 1(x 1) - -
= -f 2 ((p 2-e 2)~ x 2

) , and

A3(x1,
p2,x2,p_ ,x3

) = -f 7( (p 3-e3) x 3)

Before def ining the characteristic functions of the side payment and

the non-side paymen t 2amc . We will  make the followinc assumptions regarding

the parameters of the prcb l~u.

A . l .  C < C... < I < C + C .2 .~ 2 3

A .2. L 3(0) < < f 1(0)

A. 3. ?43 < 2

~ . -i .  e2 < l f ’ ( x , ) t  0 < I

A .S. e3 
< j f ’ ( x 1) J  0 c x 1 < I

A.G.  I f & (x 2 ) > 1 0 < x 2 <

A .7.  I f ~(x 3) I > 1 0 
~ ~~ 

.
~~

Assumptions A.l - A.7 represent the realities of the situation being modelled .

3. The Side Pay~iient Model.

In this section , we wil l  assume that unrestricted side payments are

allowed. We will  use the von Neumnann-Morgenstern model of the characteristic

____ ______
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function (See yen r~cunann and horgenstern [23~ ) .  This  is d rived by

ct nsidering the na xi mmmn each coai i tion  can guarantee i tself  under any

c c r ~.u~t an ces.  Al so , ‘ic assume that  u t i l i t y  is l inear in money.

Let N = t l~ 2 ,3} denote the set of 
~~~~~~~~~~~~ 

2N , the set of all subsets

of N calle( 1 ccali t ions and v: -~~ the characterist Ic ~Tun c~~ on

uhich is defined as fo1l~ us.

= 0 , v( {1}) = —f 1 (0)

v( {~~}) = .‘({3}) =

v( {l , 2 }) = ‘a’ [ — f  (x ) — _~~ -v~ .-
1 —

— 2-- 2

= - f 3 (O) ,

v (~ l , 3}) = max {-f
1

(x 1
) - p7.x

1 
- f

3((p 3-e3
) .x

1
)}

0<x 1<c 3
e3~p3<~

and

v ( {l , 2 ,3 }) = max {-f 1(x 2
+~ 3) - p

2
.x
2 

- p3 x3 - f 2 ((p 2-e2)~ x ,)
0<x 2cc 2

- f
3 ((p - e3) x 3)

~~~~~~

We shall now determine the relat ive magnitudes of the valuec of the

characteristic function. We havei

To condense notation, we shal l drop the parenthesis around the players in a
coalition and denote, for example, v({l,2}) by v(l2).

_ _ _ _ _ _  _ _ _ _ _ _  __ - .~~~~~~~~~~—-~~~~~— .—
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v ( i 2 )  = max —f 1(x~ ) — p,~ x 1 - f,((p2-e2)x 1)}-

e < ~.,<o~

Clearly, by Assumptions A .4 and A.6, the maximum in the above expression

is a~:hieved at x 1 = C2, p2 = 02 
+ -

~

-

~~

- and so we get

v( 12) = -f 1(C2) - e7~C2 - -

= -f 1(C 2
) - e

2~C2 
-

Similarly,  we get

v(l3)  = -f 1(C 3
) - e

3~C3 
- M3

and

v( l23)  = -f 1(I)  - K - il l - H2

= — K — H, —

where K = mm e2 ’C 2 + a3
. (I-C a) ,  e3 C3 + e2~ (I-c 3)

In 0-normalized form, the characteristic function is as follows.

v(Ø) = v(l) = v(2)  = v(3) = 0,

v ( l2 )  = f l (0) + f2(0) — f
1(C 2) — e

2~C2 
-

v( 13) = f
1(0) + f3(0) 

- f
1(C3) 

- e3 C3 
-

v(23) = 0,

and

v(l23) = f 1(0) + f 2 (’.)) + f3(0) - K - -
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uc m a~ c t~ o addi ~~ona1 a~ : minpti o..s a. fol lows .

A .8. f
3
(U) - f 1(C 3

) - e3~C3 - H 3 > f 2 (0) - f
1 (C 2 ) - e2~C2 

-

~~~ f2(0) - K - 

2 > -f 1(C 3
) - e

3
.C

3 .

~~~ u have the following relation .

0 < v ( l 2 )  < v(13) < v( 123) .

4. T’~~ Non-Side Paymen c m dcl.

Ve consider coope~ ative games without side payments because it

:‘pp~oximates the real ~.ife siteation more closely than games with side

payments. .\lthough side payments are legal , u t i l i ty  is usual ly  nonlinear

in r mey ami this results  in a s itua t ion not covered by the von N eu~a:m-

horgunst ern theory. (See Aumann [2 ,4 ] ) .

!~efore defining the characteristic function of the non-side payment

garme , we w i l l  define the u t i l i ty  function of each of the players. Each

monetary payoff 1~as a particular u t i l i t y  to each player.  Let u~
: A~ (~ ) ÷ [0 , 1]

denote the u t i l i t y  function of player i (i = 1, 2 , 3) .  Define:

1f,(O) +

J f 1(0) - K I  if -f 1
(0) < z < -

u 1(z) =

1 if z > - K ~I
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t i
1 

( 3 )

t~iiIII-f 1~~0) - L I

Figure 3. The utility function of player 1.

u ( z)

2ii1111 11
- f 2 (0) 0

Fi gur e 4. The u t i l i t y  f u n c t i o n  of p layer  2.

u (z )

-f ( 0)  0

Figure 5. The u t i l i t y  f u n c t i o n  of p layer  3. 

-- —~~~~~~-- . —. — -~~~~~~ --- -—- - -  -..---~~ -—— ..—~~~~~~~~ —--—---
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J f 1(3) + z
if -f (O) < z < C

u
2(z) =~~~ 

t 2~ 
) 2 —

1 if z > 0

1f3(0) + ~

u3
(z)  = ~~ f 3 (0) — if  -f3(0) 

< z < 0

1 if z > 0

We can now define the characterist ic function of the mon-side payment

game. Denote by E5 th~ subspacc of spanned by the axes belong ing to the
7

playcrs in a subset S C U . The character~.stic function V: 2’ ÷ E~ associates

with each coalition S CU , a subset V(S) of ES. lntuitivcly, V(S)

represents the sat of payoff vectors that coalition S can guarantee it self .

Let E3 denote the positive orthant of E3. Also let Cornr{a1,.. .,
a }

denote the convex hul l of the vectors in ~~~~~~~~~~~~

We d fine V as fo l lows .

v (ø)
V ( l )  (u 1(-f 1( O ) ) ,  0, 0) -

= (0 ,0,0) - F

V(2)  = (0 , u 2 (-f 2 (0) ) ,  0) - E3

= (0 ,0 ,0) - E3

V(3) = (0 ,O ,u3(-f 3(0)))  -

= (0 , 0 , 0) -

V(l2) = Conv{(u1(—f 1(C2) 
— e2 C 2 

- H2) ,  u2 (—f 2 (M 2) ) ,  0),

(u1(—f1(C2) 
— e,.C 2), u2(—f 2(0)), 

0)) 

. . . --. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Ccnv (u1
(-f 1 (C 2) - e2 C2 

- ‘~2~ ’ 1,0) ,

(u 1(-f 1(C2 ) - e2 C2),  0,0))  - E~ .

V(l3) = Conv { (u 1(-f 1(C3) - e3.C 3 
- H3) ,  0 , u 3(-f 3 (M 3 ) ) ) ,

(u 1(-f 1( C )  - e..~ C3) ,  0 , u 3(-f 3( 0 ) ) ) }  -

Conv {(u 1(-f 1(C3) - e3 03 
- H3) ,  0 ,1),

Cu 1 (-f 1(C3
) - e

3 C3), 0,0) 
} - E~ .

V(23) (0 , u2 (-f 2 (0) ) ,  u. ,(-f 3(0)))  - E~

= (0 , 0 ,0) - E .

V(l23) = Conv {(u
1(-f 1(I) - K I ) ,  u .~(-f .,(0)) ,  u3 (-f 3 ( 0 ) ) ) ,

L01
(f

1
(I) — K~ I — H

2), 
u,(— f 2 (~ 2 ) ) ,  u. , (— f 3( 0 ) ) ) ,

(~c1~ —f 1(I)  — K~ I — M
3), u2(—f 2(0)), u3(—f3(T43))),

(u 1( — f 1(I)  — K~I — ~m 2 — h3)~ u2(—f 2(M2)), u3(—f3(r~3)))}

-

= Conv((l ,0,0) , (u 1 (— f 1(I) — K~ l — H,) ,  1,0),

(u1(— f 1(I)  — K~ I — M
3), 0,1),

(u1(-f1(I) 
- K~I - H2 

- ~13)~ 1, 1)) - E3

Here we assume that

A. l0. -f 1(I) - K~ I — h 2 
- H3 > -f 1(0) .

This completes the formulation of the world oil market as a non-side payment

game. In the subsequent sections , we study the solutions of the side payment

and the non-side payment ganc.

_ _  ~~~~---- ~~~ ~~~~~~~~~~~~ .- -- . .~~~~~~ --- ~~~~~.- -  ~~~~~~~~~~~~~ ..— ..- ..-.
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5 . Solutions of the Side Paynent_Game .

There are many solution concepts for n-person cooperative games with side

rayments . Each solution has its own intuitive justification. In this section

we wi l l  study the core , the Shapley value , the bargaining set and the nucleolus.

Let us denote the characteristic function defined in Section 3 as follo- :s .

v( 123) = y , v( 13) = B, v ( l2 )  =

where Y > B > ~~~

5.’~. The Core.

The core of a game with side payments was f i rs t  studied by Cillies [15]

and ~‘ aj. 1ey. An imputation in th in  gam e is any vecoor (y 1 ,y 2 ,y 3) such that

> v(1), y2 
> v(2) , y3 > v(3) (individual rationality)

and

y
1 

+ + y_ = v( 123) (group rationality)

y1,y2 and y3 represent possible payoffs to players 1,2, and 3 respectively.

The core of our game consists of those imputations (if any) which satisfy the

f.~ llcswing relations .

) 1 + Y 2 >
~~ ’ y 1

+ y 3 > B ,  y2 + y 3~~~0.

Let Co denote the core of our game. Then it is given as follows:

Case (i) . B a + ~3.

Co = Conv (Y,O,O), (B ,y -t3 ,0),  (a+ B-y , y-~~, y_ a) , (ct ,0 ,y_ a )}

Case (ii) .  Y > U +  B

Co = ConvI(~’, O ,O), ( f 3 ,Y- t3,0),  (C ,~ -B, B), (0,u,y-a), (c~,0,y_a)}.

(Sec Figure 5.)
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Case ( i ) .  B y U + B

(y 0) 1/
a, B

.4. a,
(1 

_~ ._— (B,’~’-B,0)
\\‘,

c.

Co
(U ,O,y- u)

(~~~B-Y ,  ~~ - 5 ,  Y-~~)

(0,0,y) (0,y,0)

Case ( i i ) .  y > a - t  ~

(y,0,0)
A B

a,—,

Co 

(B,y-B,0)

(a , O , ~a)

(0 , v , 0)

(0 ,0 ,y )  (0 , u , ’~’
_
~ ) (0 , y - B , B )

Figure 8. Representat i on of the core in barycentric coordinates

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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T~ c outcc,~es in the core have to be interpreted careful ly .  The core

as def .acd above assumes that IR and SA (players 2 and 3) arc acting independ-

ently without any collusion between themselves. Also we assume here that all

the oil consumers are acting together as one player . (These assumptions are

not based on reality but describe a scenario where OPEC splits up into two

and the oil consuming countries form a cartel). In this situation, we have a

narhet with one buyer (CPIC) and two sellers (Ill and SA) . As would b~

expected from intuitive considerations, OPIC is at an advantage since he

can play one seller off against another . The outcomes in the core reflect

this fact. Also the core indicates that SA is in a relatively better

position compared to IR. This is also very intuitive as SA has more oil than

I~ and also has a lesser need for revenues compared to Ill. The core consists

of many outcomes and does not distinguish any particular imputation as more

likely than others.

5.2. The Shapley value.

The rationale for the Shapley value is in terms of the bargaining power

which each player imagines he possesses . Th is power (as estimated by the

player in question) is based on what his joining each coalition contributes

to that coalition.

For a 3-person game , the Shaplev value , denoted by 
~~~~~~~~~~ 

is

as follows

= l/ 3 (v( l23)  — v (23) )  + l/ 6(v(12)  — v(2))
+ 1/6(v(13) - v(3 )) + 1/ (v(l) - v ( p ) ) .

= l/3(v( 123) - v(l3))  + 1/6(v( 12) - v ( l ) )

+ 116(v(23) - ~‘(3) ) + l/ 3(v(2)  - v (IP) ).

_____________________________________________ 
~~~~~~~~~~~~~~~~~~~~~~~~ —-- —-. .- .- ~~~~~~~~~~
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= 1/3(v(123) - v ( 12))  + 1/6(v( 13) - v( 1))

+ l/ 6 (v (23 )  - v ( 2 ) )  + !/3(v(3) - v ( 4 ) ) ) .

Substituting the values of the characteristic function in the above

expressions, we get

= (2Y+ a + 8)/b

= ( 2 ’r +  a - 28)16

4) 3 
= ( 2 Y -  2” + 8) 16

Note that + 

~2 + 4)
3 

= y. Also s ince y > B > ~, we have

> 

~3 ~ 
‘1)2

The Shapley value also indicates that OPIC has an advantage over UI and SA

and SA has an edge over IR. The Shapley value besides determining a unique

allocation of the payoff solely by tiiC characteristic function of the game,

has built into it a certain equity principle. This solution might therefore

be a strong contender for the status of a “normative ’ solution, i.e., one

which “rational players” ought to accept. It’s weakness is that it derives

entirely from the characteristic function of the game and not from what is

“beneath” the characteristic function, i.e, the strategic structure of the

game itself rather than the bargaining positions of the players in the process

of coalition formation.

5.3. The &argaining Set

The bargaining set was first introudced by Aumann and Maschler (A-!’I) [5].

The A-H bargaining set was developed to attack the following general question :

p

-
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If the players in a coop~:ative n-person gam e have decided upon a specific

coalition structurc , how then wil l  they distribute among themselves the values

of the various coalitions in such a way that some s tabi l i ty  requirements wil l

be satisfied (cf. Davis and Maschler [11 , p. 39]). These stability requirements

~~~ based on the idea tha t a “stable” payoff configuration should offer  some

security in the sense that each “objection ” could be met by a “counter-

objection”. Several kinds of bargaining sets were defined. One u~ these

denoted by ~I9~ was shown by Peleg [25] to be nonempty for each parti t ioning

— of the players into a coalition structure.

The bargaining set for our game is given by:

1(0,0,0) if P = (fl (2) (3) t

(a,O,0) if P = (l2)(3)

M hi) (P )  ~ (a ~~~I~ I ~,3 , 8_ y1)
tt if P = (13)(2)

i 

(0 , 0 0 )  i_ f P = (l)(23)

~~Co if ~ = (123) .

The bargaining set corresponding to the grand coalition coincides with the core.

The bargaining set also indicates that when OPIC and IR are in a coalition

against SA. IR has no bargaining power at all vis-a-vis OPJC. An observation

of all the outcomes in the bargaining set reveals that it is in the mutual

i;4cerest of all the players to form the grand coalition (consisting of all

the 3 players).

5.4. The Nuclelolus and the Normalized-Nucleolous.

The nuclelolus, V, was defined by Schmeidler [27]. Let y = (y1,y2,y3)

ho an imputation. Then the excess of coalition R with respect to imputation

Y is

tFor conven ience of notation , the partition {(l},{2},(3}) is denoted by
(1) (2) (3) . etc .

ttDenotes the set {(y1, O, B-y 1):  ~‘ 
< y1 

<

_ _ _  

_ _ _ _ _ _
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e~ (y) = v(R)  - y.
icR 1

The excess of ccal i t ion R with respect to imputation y is a measure

of coalition R’s “complaint” against imputation y. The nucleolus is tha ’

imputation which minimizes the “loudest complaint.” (in case of a tie in

the largest complaint , the next largest excesses are coupared end so on.)

The nucleolus consists of a unique imputation in the bargaining set M~
1)

and the core if the lat ter  is noncapty

Thc normalized-nucleolus (n-nucleolus) ~ suggested by Lucas and studied

by Grotto [16) is defined in the san e manner as the nucleolus except that

that excesses 
~
•R (y) are replaced by normalized-excesses (n-excesses)

e1~~y) =

where JIfl &notes the cardinali ty of coalition R.

The nucleolus V for our game is given as follows

Case (i). y > 38

v = (~y/3 , y/3 , y/3)

Case (i i) .  8 + 2a < i < 38

v = ((y + 8) 14 , (y - 8)12 , (y +8) 14)

Case ( ii i).  “ + B < y < 8 + 2”

v ((a + fl)/2, (y -8) 12 (~ - a) / 2 )

_ _ _ _ _ _ _ _ _ _- ,  - ~-- - ~-.
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Case (iv). B < y < ~~ + B

V = ((“ + 8)!?, (y - 8)/2 , (y - a) / 2 )

The n-nucleolus ~i for our game is given (in all cases) by

ii = ((2y + ~~ + 3ct)/ô, Cy- 8) 13 , (2y + B - 3u)/6).

If we denote V = (v1, v2,v3) and ~ = (p
1~~’2,~~3

) then in all cases we

have

and 
~l

t 2~~~~3~

6. Solution s of the Non-Side Payment Game.

In this section , we will study the core and the bargaining set of the

non-side payment game defined in Section 4 .

6.1. The Core.

The core of a game without side payments has been studied by Aumann [3] ,

Billera [8 ,9] and Scarf [26 ] . A vector of utility levels is suggested which is

feasible for all the players acting collectively and an arbitrary coalition is

examined to see whether it can provide higher u t i l i ty  levels for all of its

members . If this is possible , the ut i l i ty  vector wh ich was originally suggested

is said to be dominated by the coalition. The core of the n-person game

consists of those utility vectors which are feasible for the entire group of

players and which can be dominated by no coalition .

_ _ _ _ _ _ _ _  -~~ - - . . - ~~~~~~ -~~~~~~~-.- .- - —~~~~- . - . -~~~~~~ -. _ _ _ _ _ _ _ _ _
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2 .
For our ga’n e, the core C is given as follows .

C = Conv{(l ,0 ,0) ,  (u1(-f 1(C .,) - e3
.C

3) ,  p2, 0) ,

(u 1(-f 1(Cj -e3
.C

3-M3) ,  p~ , l ) ,

(u 1(—f 1(I)  — K . I — ~’I3) ,  0 , 1) }

l— u 1(—f 1(C3)- ~~~~
tin~re p2 

= 
i-u 1(—f 1(I)-K~I—M 2r

aa I
u 1 (-f 1 (C~ ) — e 3 .C .~— M 3 ) — u 1 (— f 1 ( I ) — K . I — ” 1 3)

p2 
— 

u
1
(-f 1

(I)-K.T i-~~~ 3)-u1(-f1
(I)-K.I- Ji

3)

(See Figure 9).

The core again exhibits the advantage of OPIC over SA and JR and the

advantage of SA over JR.

6.2. The Bargaining Sot.

The A-M bargaining set was generalized by Peleg [24 ] to games

without side payments . However he showed that it nay be empty for some

games. Billera [7] proposed another bargaining set based on the

following simple principle. A pay ff vector y is said to belong to the

bargaining set if whenever play k has a justified objection

(i.e. an objection that has no counterobjection) against player £ at

y, then there exists a chain of justified obj ections all at y leading

from player 9. to ~‘laycr k (via other players) Asscher [1] proved

that is never empty for games without side payments.

- . - ~~~~~~~~~~~~~~~ . 
~~~.

- :~~~~~~ _ . .  
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(j) ~~~j )
~or our garles uc have Il

l 
= ‘ .

~~~ 

and it is given as foJ lows (see

Figure 10)

1~°’°’°~ 
if P =

(u1( — f 1(C 2) -e 2~ C 3) ,  0 , 0) if P = (12) (3)

(0,0,1)) ii P = (1) (23)

= ~~Conv { (u 1(-f 1(C3)-e 2
.C 3) ,  0 , C) ,  i f  P = (13) (2)

(u1 
(_ f

1 
(C 2

) -e2~C2), 0,p3) I

C if “=(123)

~~ 
(-~~ (C )-

~~~
C
~
)
~
ui (-C 

(C ) -c .C )
p3 = u 1(-f 1(C ) — e 3

.C
3)-u 1 (-f 1(C_ ) - e .~.C

3-M 3)

As in the side payment case, the bargaining set for the grand coalition

coincides with the core as determined i~a Section 6.1. Also it is observed that

it is in the mutual interest of all the players to form th~ grand coalition.

- — . ‘  ~~~~~~~~~~~~~~~~~~~~~~~ 
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