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I. Introduction

The Rapid Gravity Survey System (RGGS) provides a means

of quickly measuring precisely non-astrogeodetic values of the
deflections of the vertical. A test vehicle carries an Inertial
Positioning System (IPS) which at each of the vehicle's stops
produces an error.éelocity which can be related to the inertial

platform tilt errors and the deflections of the vertical. An
optimal det2rmination of the gyro drifts and the deflections of
the vertical can only be obtained by a post-mission smoothing of
the data. In this case, accurate data are available a priori
for the deflections of the vertical at the start and stop of thg
vehicle's mission -- as well as the data on the IPS velocity errors
at each stop.

The purpose of this report is to develop the equations for

the position, velocity, and tilt angle errors into a useable algorithm for
the optimal estimation of the deflections of the vertical. This entails
three major.analytic tasks that will be presented in the.pucceeding
section: one,.the development of an expression for the velocity errors
at some time, ty in terms of the known initial conditions at time.
t = 0, and the unkﬁown variables to be estimated -- {.e. the gyro drift
biases and the values of £q and Ny the vertical deflections at previous
time intervals; two, the replacement of £ and ng by a smaller .number of
values Ek and Rk == the needed values of £4 and ny being produced by

statistical collocation from the ék' ﬁk basis set; ‘three. a least

squares solution for the gyro biases and the ék' ﬁk that minimizes the
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mean square deviation of the velocity errors from their estimates.
This mathematical development allows the production of a machine
algorithm for use with actual data. A coded version of the algorithm with

explanatory comments will make up the final section of this report.
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II. Mathematical Development of the Error Adjustment Technique

The differential equations for the horizontal velocity errors are

du , & . o +
e 3 Sgés gép + 8E (1)
dx ,

u = 4¢ (2)
v o dy o 84 - gb + gn (3)
t at N'Z o

d¢z v )

=4 % = + x =

5 tan ¢ R (Qy gy sec ,)R + uyby

uE’N + a 4)

déy o ¥ , wgbg - wép + B ()
dt R
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where the meaning of the symbols 1s as follows:

x north position error

u north velocity error

X north vehicle position

Vk north vehicle velocity

Su north veﬁicle acceleration
y east position error

v east velocity error

Y east vehicle position

VE east vehicle velocity

S east vehicle acceleration

¢z g2imuth plaiform attitw’s error
platform tii¢ =i :or about ncr+th axis
¢;  platform tilt =i : wdout Sasc axis
[ 4 geographic ... .tude

8 normal grav’/ty

R mean earth radius

2 earth's angular rotation rate
Schuler rate = ( g/R y1/2

Ncosp + vE,R north spatial rate
=Vy/R east spatial rate

£ 0 sing + tangp Vp/R vertical spatial rate

ol S P

azimuth axis error angular drift rate
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not really limiting, as we will show below.

is

™m <

Except for the terms in (1) and (3) involving S

set may be solved in a straightforward manner,

dt

north axis error angular drift rate
east axis error angular drift rate
north deflection of the vertical

east deflection of the vertical

’

E

= -g’u + gn

v x
" tanpg R - NcospR + Ncospgp+a
v
_.i.-nainyox-c-a .

and Sy, this
These restrictions are

The reduced set of equations

€))

(8)

9)

(10)

(11)
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dbz u

% R + 0singd ~0cospd, +yv, (12)

where ;e have neglected terms in V/R relative to the earth rotation
rate, 2 . This is also the rationale fo; Hropping ~= at least initially
== the terms containing Sy and SE which are of order vehicle accele-
ration/ g relative to the leading terms.

Equations (7) ~ (12) are of the form

Ap o ¥ | (13)

where A 18 the coefficient matrix,

4 4 1
¥ o ] ~-g¢
- v and % i3 -gn

= - 0

67 a

-8

.N [ Y
L.E

Assume that the solution to the homogeneous part of (13) has a

functional dependence, e’t, Then, the homogeneous part of (13) is

(2 -4) u -0 (14)
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a standard eigenvalue problem. The secular equation, Det(A-A)=0

gives, as its roots, the values of A for which (14) is satisfied.

The secular equation is

A 0 0 0 0 -8

0 A 0 0 € 0

-1 0 A 0 0 )
0 -tan ¢ fQcos ¢ A 0 -Qcosy - 0 (15a)

0 =l 0 0 A Qsiny
R
1

R 0 0 Hicos ¢ -fising A

2% x"(zn: +a) + Az(ﬂz + nﬁa%mz 9 - Qzﬂgcosz o= 0 (15b)

which has roots

A = 20, $10°,2K
where ﬂz'- ( .ﬁ. )1/ 2 the Schuler frequency,
‘et l (02 402y 41 4 2.2 2 4,1/2,1/2 , ,
=y @+ +3 {a +200 (1+2coaz)+-n} 216) 3
s { nz +022 1+ cosZy) }112 !
and ’ .

K = [%( ad + 20202 (1 + 2cos’y) + 04}1/2 -

TRAOT e

1/2

7@? + a%) an
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The eigenvectors may be found by solving (14) for all the other elements

of u in terms of one element, using a specific eigenvalie. The

eigenvectors are

[ 2, 2 ]
*1 (11 + ns )
'g Qsin ¢
. (18)
E 2 2
*1 (Xi + 01 )
2(1) - - {(xi + ni)z + Xiﬂzsin 9} /liﬂ cos 9
- Xins:ln’
2 2
11 + ﬂs

3(1) refers to the eigenvector associated with the 1 - th eigenvalue.
It is also convenient to have the eigenvectors of the adjoint problem,
i.e.,

; W a-p=0

which has the same eigenvalues as (14). The eigenvectors here are
T(1) o] o-1 2 L ady (02 canle ~ 22
w ( [‘1 (01 + 08) (2 cos®p ~ AJ)/R,

3

211

1 sin ,,R. . (19‘)

nzcoszﬂi (li +03)/R.

2 2 2
R cos ¢ 11 01 +a)

Rethy A2 (17 - o )
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where

o 2330202 2 4 a2 & o 0202 . .2
a, = &ga°a2 sinZp + 200f + 07 ) O + 27 cos“p) /A, . (19b)

Note that “T(i) 18 a row vector, and the u's are normalized such that

E‘T(i) e u{l) =3

44 We now diagonalize (13) by applying the

.transformation

where sij - ug(i) and SI} - uijé since u}(i) u}k) - ‘1k'

Equation (13) becomes

dgi _ (20)
e T My =Ty
At
vhere r = 8Y with a solution, - qa = ¢,e - rilx1 (21)

vhere <y is a constant, The boundary conditions at t = 0 imply

ci - qi (t=0) + r“/xit and

xit Xit
q(t) = q,(t=0) e +r /Ay (e” -1 (22)

To get back into the original basis, we apply the inverse transform to

(22) and have

At At
"1(t) - s71 (e : qj(t-o) +-% (e : -l)rj)
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~ which completes the solution of the reduced set (7) - (12).

Returning now to the neglected terms involving SN and SE' ve !
try a perturbation addition to the solution (23). Thus, for example,
u(t) = uo(t) + ul(t) + ... ]

vhere u, 1is found from (22), and evidently

d“1.
o = =Sgé,(t) , or
t
u(t) = uo(t)- IOSEOZO(:')dt, (24)

Equation (24) could be integrated numerically given the functional
form of SE(t). However, the integration time is expected to be a

few minutes (3 - 5) and the typical time scale, 1/98, for variation of

the solution is ~ 1/2 hour. This suggests trying a Taylor series for

ton ;
d(e) = uo(t) - Lt) sE g_o ¢§;‘) ng dt c

Keeping the first two terms in the expansion and integrating by parts

gives t d¢zo t
w(®) = w(®) - 4, (e=0)Vy lo - 5 (=0 {va.'lo .

t
jov,_,(:')d:‘) ;

d¢, (t=0)
= u (t) + (Y(t) - Y (0)) 0 (25)
0

dt
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vhere Y(t) 18 the east position of the vehicle and we assume that the

vehicle is stopped at time t. If we differentiate and approximate
dé

dé z
zZ, ‘ by naoz since
dt 0 dt

0 < 8,4, , we can compare the

size of the two tems in (25), and £ind

du,
- SQE
dt : g/R na
du T Toive. | oen “
i) - OgVgé, VR Ve/r ‘
dt 5

or the same order as terms thrown out earlier. However, we wish the
equations for u and v to be as accurate as possible, since they are

the ones that enter directly iiito the determination of the deflections

g

of the vertical, A further improvement on (25) can be gained by

et

expanding the Taylor series gor ¢_ about the mid-point of the integration
s

z
interval. Then, the &£ __ 7 term will integrate to near
3 s

zero, because the acceleration of the vehicle will be close to an odd

function about the midpoint. In this cas; (25) is
At/

WO = 5 (8) + (X() - YO (57100 s ££%0)
' L M .
+ 5yl e Sy ¥y (26) ;

vhere the subscript ¢, indicates the index required to couple to

the variable, ‘z’ A similar expression can be derived for v(t). The

full solution can be written as




At L aqt/2
ug(e) = 57} e 7 sy + u, Sygdie T Sy (£0)

-1 th A, t/2
+ [Sij(e --1)8:,k + “135_11" slk] "
j H
= &, (t)y, (t=0) + Aik(t) Y @n

’

= [0 ‘i u,v and j#z
(T(t) - Y(0)) i=u, J=¢_
-(X(t) - X(0)) 1=v, §=4,. : ‘

where uy 3

So far we have been concerned with the time evolution of the variables ;
while the vehicle is moving. The vehicle makes frequent stops, however. : '_q
During these stops the gyro angular errors, oz, ’N‘ ’E keep evolving,
while the other variables are held constant by fiat, To describe the
evolution of angle errors, we extract the relevant eguationb from

(7) - (12) and find

g‘_z_ ®* Qcos o ¢, + [a -8 cosp ) (28) ‘:

dt 9 R . :

]

&y :
at " “Qsing 4y + B (29)




d’!
3¢ = fsingy - R cos p ¢, + ¥ (30)

vhere u = v =0 identically and since x is constant, we have
lumped it with © 4{n (28). The secular equation of (28) - (30) is

v (v+a?) = 0

with roots v = 0, v = 2{Q

and transformation matrices

-

7 = - c;s ) sin ¢ %’f
- co; ® 3112\ [ % (31a)

sin ¢ cos ¢ 0

s’ = B cos - CO8 sin ¢
b 72 2
sin sin cos ¢ | 1b
2 7‘9'2 (31b)
-1 . i
2 2 0
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_vhere the rows in S° and the columns in 8° are the eigenvectors

corresponding to eigenvalues 12, -ift, 0, respectively. Referring

to (23), we see that the solution of (28) - (30) is

"1 \’jt
ni(t) = s 19 0% S ™ (t=0)
-1 1 vjt
+ sS4y ‘Tj (e -1) 55 Y (32)
¢ a-Qcos o §
where u; - | 4y and Y; - B
‘e Y
vjt
and 1 (e - 1) can be understood for v= 0 as 1lim = ¢t ,
vy v+0

We rewrite solution (32) in terms of all of the variables, 1i.e.

Cwy = T (0) uy(em0) + Agy(e=0) ¥y | | (33a)

L 3
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- rij - 1l { ok = y,vx
-1 V3¢,
sij e sjk 1, k= ¢z, ¢y g (33b)
I v,t R cos o 1 =4,, ég) ¢
s: 0wl ed -1s;, (- R ) 2 4 te
13 3 3, kex
0 elsevhere
\2 ~l-1 Vit . .
Aik sij Vj (e 1) sjk i, k ’z’.‘ ’N’ ’E
(33¢)
0 elsevhere

During the course of time during whihc the vehicle is first stopped
for a time &t and then in motion for a time «t, " the evolution of

» is given by

ug(r + 81) = ¥y (0) Typ(67) wy (£=0)+[0,, ()4, (87) + A (V) ¥y
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= 4 (180w (e0) + Ry (ri800n (36)

where '; * and Ki

1K are defined by (34). We will refer to

k

3(t.6t) and R(t.&t) as time shift operators since they have the
effect of updating'ﬂ(t) to E(t.t,&t) for any ¢t .

What we wiog to do is to expre=s the observed quantities at
some time to the unknown gyro biases, a, 8, and y and unknown
vertical deflections. Let us denote the value of u at time tn as
u?, and 1let i (tyeps th_l) E i?'l where tn-t =t it .

- a-1 n-1 n-1

Then, for example

u2 = $1pt 4 ‘1!1
b - Eii'u° + 3"ﬁ° *+ 5171
and in general
n o n-l n ag a A,
wtl e 1 # o4z T #1i3vd 4+ foyn . (35)
- 1-0 [ J.o 1-3...1 Lol B ) [

In (35) the value of u and, in particular u and v are seen to

depend only on the quantities for which we wish to solve and on the

.

dnens.
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initial boundary conditions. Three further points need to be made.
One, the development so far has assumed that the initial values for
the succeeding time steps are simply those of the end values of the _
preceding time step. In fact, however, at each vehicle stop the velocity

errors, u and v, are set to zero, and the integration continues with

u=ve=0 as a starting condition. These boundary conditions can be

incorporated by simply replacing the i‘ operator by

Yo = € (61 - Mpp)

vhere
M - 0 1¥k; 1, kéu, v
1 l=k=u, v
So finally we have
n _ n=-1 a - ® a
W e § ¥ye+ £ o ¥iAded 4 A0y {36)
- {a0 = "  jmQ {myep = -~ =~ - - :

Two, the :P vectors are, in general, a function of time -- at
least parametrically through the motion of the vehicle. In order to
achieve best accuracy, we should time center the vslues taken to repre- !
sent Y . Thus, for the gyro drift rates a1l a c(t-(tn+1+tn)12)
gives best accuracy. The vertical deflections do not couple into the
evolution of the system thle the vehicle is stopped, so that the
optimum here is c“'l = f(t = tn+1 - tn_llz). Since the vehicle motion

is probably near to being symmetric about this time, we may write

L T e i e il i e e e e



E“'l - E([3P+'Z?-1]/2. [Y" + Y?"1)/2) as & more convenient form of

good accuracy. Thus, we use

go-1 rE([x“ + N2, o0+ vy ) ]

a([x® + x01y2, (" + ¥0°1)/2)
; (37
Q
B ([t +t,1/2)

Y ey, + € 1/2)

as the most accurate representation.

Last, equation ( 36 ) is underdetermined. We want an
overdetermined system, so as to be able to use a least squares solution
for the vertical deflections and gyro biases. Thus, we substitute

for E® and n® by the form

- .kgl ‘nk + E bnk“k
and
N
n
L kgl o’y ik dy 1 M

The terms with 5 in the determination of £, and vice versa, enter
because the deflections are strongly cross correlated. The exposition

is simplified 41f we define

1
B . -_--_‘J

etk de e
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2
L 3
2142 - " ,‘

(e)
th -
| k£1 8k Tk

where the (e) superscript denotes an estimate., We would like to minimize

the variance of the estimation error, or

2
Pz (r - r{e))z - ri - 2riri(°) + r{e)

2 2N 2N 2N
=y - 2ri k£l LI tk +k£l 8] .ik‘iltktl

To minimize F, we find

LA e +2 & ' 8

Taking expectation values of both terms in (38) gives ;

N
rt> =k o <RI

!

The covariances are matrices and we can solve for a, and have 1
a ey, B> <!‘f>-‘ 1

1% 1" 1k b

vhere <t1tk>" is the inverse matrix of <t1tk? + To specify 1
|




11Ty’ T EE >

11 1,1
<fyy10T21-2> = <ETnT> = <niET> (39)
. 2=t
SEoyusi Tagegl IShsnimL >

The needed covatiaﬁces are usually estimated using the assumption of

an isotropic, homogeneous covariance. That is the power spectrum of

gravity anomaly fluctuations is a function of neither position nor
direction. Then the anomaly covariance is a function only of the
distance between two points. The covarlance of the vertical deflections
can be derived given the anomaly covariance (Shaw et al. 1969).

A number of models have been used for the anomaly covariance.

1f OBB(r) is the anomaly covariance, then

2 2 2 2
ta - 0§ [Qgg(r)/a8 + (sin“d - cos“e) fF(t)]

o e 2 28 _ =aclas ‘
fnn 06 { Qgg(r)lo8 + (cos“9 - sir“e) fc(r)]

¢ --Zo: sin 6 cos @ fc(t).

&n E ’nE

vhere 0: is the anomaly variance, °6 - 08/8° Y2, and

rTe (Kz + 12)/n with D the correlation length. The angle 0

is tln'l(YlX). The function fcﬂt) can be derived once ‘88 is known,

.

A number of models for the anomaly have been used, For example,

T T

i
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- exponential, Bessel, (Shaw et al, 1969) and second order Markovian

(Rasper, 1971) models give

exponential
- 2 -’
‘ss 24 exp (-r)
’ 2

£ (r) = T2 - (1+ 2/t + 2/e2) T
Bessel 2

‘88 = 0.8 r Kl(r)

£(r) = &/r? - K (1) - (4/r + 1) K (r)
nd

2" Order Markovian

= g2 T
| ‘88 age 1+ r]

£ = 6/t -eT [e+ 3+ 6/r+ 6/r2)

| .

.3 _ ad
thus, <g¢'n™> 205 sin 0 cos 0 fc(rn)
where 0= tanl ( (Y1 - Yl)/ ! - XJ')]

1
g, = DL a-xH?+ ot - xh2 gt

and the other elements can be filled similarly.
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Rewriting (36) to concentrate on the u" and v® variables,

ve have

“n-l n-1
+ A 'k

u
V’k

vhere the [ ] 1k notation means the i, k'th element of the matrix
enclosed in the bracket. It is also convenient to reqrite Y as a

sum of vectors, i.e,

*oma+ b

vhere [0 ] a {0 ] a [ 8¢
, Sa = |0 and b~ = |-gnn

Gc:
é8
sy?

<" ajooco

[ D—

COO0Q

L

The a vector is the mean gyro drift rates over the mission, and the

8a vector is the deviations of the drifts from the average., Since we

agsume
¢n 2g X
-
T20-1 T km1 "20-1,k%k
o= - 2 a r
2n-2 k=l 2n-2 k ° .

T

R

b g




S n e W “Ton-1t1” Tifi’
k=l
<tyaugfy” TS
0
0
1}
0 )
.
and (40) becomes
n
u n-1
e G S S L5 PR
vn 1-0 Vik
n-2 n-1
+ . n v
1m0 1=3+1
n-2 n-1
+ b3 It
J=0 = =i+l
2N n-2 n-1
+ I n

+ Avl

vk

[
m=l j=0 =3+l

Ry
“T2n-371" 1T’

“T20-471" "1

QOO0

ak +

A “n-1
Ao+ A )y %

v

3 An-1

0000

[<r P ><ryr >t )
23-1"1" ""1'om

‘fzj-2;1"f1fh’-1

<

n-1
éak




which 18 in a form suitable for least squares analysis. The terms
involving &a do not enter into the solution, except to provide an
estimate of the weighting of each term of the optimal solution.
However, for the current report we shall use even weights and thus

drop those terms from the equation. We have then

n

Y -c® r (42)
u . o u k ukak llmﬂ
v v v? Vs

where A, B, and C are defined by (32). We want to minimize

M 2
£ r n = 6 which {mplies
o=l u,v Y
M
g—c-—zz t P = 0 : 43)
‘k n=] u,v ‘Vl g’k
3G

M
§f, =-2I -1 Mcl ¢ = 0
n=l u,v ¥ g -

which gives the following set of simultaneous equations

= M
8 £ ¢ B B +r I cg B°
n‘l ll.v g,l 8.k m n-l u.v v.ﬂ 3.k
M un u 0 n
- § I - ermuted
n=l u,v vh All ul ) Bu L

VI, vk over. k (44)
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n n
a gl t B ¢ e !1 t ¢ ¢ pernuted
o Dl B A 5 S L AT B over p
M n 0 n
- I (:n-An ) ¢
n=l u,v Uy 3,p < pf1,2

'vhich then give the desired gyro rates and deflections of the vertical,
The permutation over p 1s not carried out for ps1l, 2 or p=2N, 2N-1,
These are the values of n and £ at the start and finish of the mission

and are known beforehand.
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III, Machine Coded Algorithm

This section presents a FORTRAN source listing of a coded version
of the algorithm developed in section II. The program has been
debugged to the extent possible without actual test data. Notes on

the programming are contained within the comment cards in the listing.

r

Computer printouts not necessary for
understanding of the report.

A LR SO TR

i,

e e 2




1
|
q
3

¢
C
C
c
C
C

b L «
b « «
' « &
w « L
L «
_ x x
« «
1 « &« -
« x * o~
x L 4 - -
« « n o
€ &4 % —
x 2 L - M
: « L g X
« 2 L r D
1 « O « x O
] ® - L ¢ - - -
4 ® - = ~ o~ o~
1 € g *® - O ©
3 o3 = « [Va) - o
® = Z x - L
« TqID x > W e
€ A+=—r X > N
 Wd+—- & e FT O
® —ogqg «x -~ D ©
« LW X x - D e
® DTD x wn >
- & na « ~ o~ XX
€« 22X « X O g
€ 2xD «x * s >
€ m O x e O 0O
&« NS x ~ w O
X NZX «x OS> >
| et % WWOHE ~—
€ IXLZ «x wwl O
« Tt D & >TD O~~~
X = U x oy e~
3 ®« NI « ~— e oSt
. « Oald & N D e
f ¥« A0 « N o0 Omt—
« —> X st & O
L T x D300 ol
® X L o o _Jw)
® Wy & ~A—D D
] ® N>W « XN WX e
] ®* o~ O & Na- Qda~
4 &« ZTwWwD «x ) eDes
E ®K =ID <« QA NX -~ oo
1 € r——2D.x D e OMmD
q X QA X K= e~ OTD
«® TUL KT NSO Cws
L 3 2 Q3 =N & evens
®« W = x® = o L Crwe
qA I & & ~A> e Opd\
® X At ou O e oFT 0
« S I ~APpAN w~aTTal
£ X" YA TWwODw porn
£ TUX NNV N~ WiCw O
£ wWud X e~ e O
x s | K=t Lr~XQ O IO
€ Tu T - cOD
« s XPZ2ZAZT~ZO0Z o
€ X® XO2D2T =DOD =~
€« O L I ainnd’ Al Bt
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