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Design of Parabolic Cylinder Reflector
Systems With Low Sidelobes

1. INTRODUCTION

In this report we will study the illumination required on an offset parabolic
cylinder reflector in order to obtain a secondary radiation pattern with ~-50 dB side-

lobes.

2. GENERAL REFLECTOR ANALYSIS

Let us consider an arbitrary cylindrical reflector with an arbitrarily located
feed, as shown in Figure 1, The electric field incident on the reflector due to the

line source feed can be written as

e—iks

Ve
where ¥ is a unit vector normal to the paper ,2, =% cos Y+ 2siny, & and 2 are unit
vectors along x and z respectively, s is the distance from the center of the feed to
an arbitrary point P on the reflector, Fv(t#) is the field pattern of the vertically
polarized signal and FH(’I/) is the field pattern of the horizontally polarized signal.
The magnetic field incident on the reflector follows immediately from Eq. (1) and is

(1)

B = [y P+ P @)

(Received for publication 17 June 1977)
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B=Y, 0xE)= Y [VFw -3 Faw) (2)

N
where Yo is the admittance of vacuum. The magnetic field scattered by the re-

flector when H, is incident upon it can be calculated using the physical optics

approximation. ! This gives

g /2 kR, F2 Y
Bo=(mi) ¢ o & [2-235) xm] x[2emn6 +2 cos 9]
1
. exp {ik (x sin 6 + z cos 6)] (3)

where Ro is the distance from the center of the reflector to the field point Q and
z = f(x) is the equation satisfied by the reflector surface. Using Eq. (2) we have

af Yoe-iks
(a-ﬁn)xgi=_7_s_ [2rgw
+§ (cos ¥+ sin ¢ g—i—)Fv(lP) + 2 F ) gg] . (4)

We now assume that the line source is located at the focal point of the reflector
ag shown in Figure 2, In this case it is easy to show that for a parabolic reflector,
satisfying the equation z = x2/4F, we can write 8 and 8f/9x in terms of Y as

# tan(!j) (5a)
F sec2 (g) (5b)

1. Silver, S. (1965) Microwave Antenna Theory and Design, Dover, New York.

6




LINE Figure 2. Offset Parabolic Reflector
SOURCE With Feed at the Focus

x = 2F tan (%) (5¢)

z=F tanz(%{) (5d)

where F is the focal length of the reflector. If we now use Eqs. (5) and (4) in Eq,
(3) and convert the integral from one over x to an integral over the variable ¥ we get

4

H - A fw: ay sec) [6F, W) - § F) (cos 6 - sin 0 tan )]
. exp ti 2k F tan &) [sin 6 - sin® (§) tan dg)]% (®)
where
A= (.‘2!;—‘;3) . v, exp [-ik (R + P)].

Also ?) = % cos 8 - 2 gin O = unit vector in 6 -direction, and tl/o.wl are the angular
coordinates of the two end points of the reflector (shown in Figure 2),

It is now convenient to express the integral in Eq. (6) in terms of the dimension-
less variable u = tan ¥//2. We then have

u
1 -1/2 ~ = -
H, = 2 A _‘fl du(1+u2) [9 Fy (2 tan Ly - ¥ Fu (2tan"! w) (cos § - usin 9)]
o
i 29
i . exp [i 2k Fu (sin 8 - u sin -2-)] (1)
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= MR ot
where u, = tan(y,/2) and u, = tan@y_/2).
3. ASYMPTOTIC EVALUATION OF Eq. (7)
For a vertically polarized field, Eq. (7) can be rewritten as
b
H = 2A f du G(u) exp [m ( - u? slnz-g sin~1 0)] (8)
u
0

where G(u) = (1 + uz)'ll2 F, (2 tan'lu).

Q= 2kF sin 0 .

In the region - (1 +¥3) < 8 < (r - Y,) we can use the results in Appendix A to show
that for large values of Q the principal contribution to Hs comes from the edges of

the reflector. In particular we find

H "H _+H (9)

) eo el
where
F (2tan" ! u ) ( 22
tan " u l4u
2A\ v o o 3 .20 . ~1
H = -( ) < exp [1Qu (1 - u_sin sin 0)]
o i) (l-2u°sin2-g-sin 19) ° 2 z
(10a)
=7 2,1/2
oa) Fy(2tan “u) (144, ") 20 . -1
Ho = ( ) exp [iQu (1 - u, sin sin 9)]
el o) (1-2u, sin® Y sin" " 6) 1 1 z
I z (10b)

Of course Eq. (9) is not valid for § very near to zero because § is no longer large,
In that regime, Eq. (8) must be evaluated numerically. Equation (9) is a good
approximation everywhere else in the illuminated region, but fails at the shadow
boundaries § = -n -y and §= 7 -;. In the shadow region Eq. (9) is again a fair
The use of physical optics integral in the

approximation as we shall see later.
A corresponding

shadow region has been investigated previously by M. Safak.
analysis using GTD has been performed by C. Knop.

Safak, M, (1976) Calculation of Radio Patterns of Reflector Antennas by High

Freguenc'x Asg_"mgotic Techniques, Einhover University of Technology.
epo -E-62.

3. Knop, C. (1976) On the front to back ratio of a parabolic dish antenna, IEEE
Trans, AP-24:109-111,
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It has become common to approximate the scattered fields by a pair of equiva-
lent currents flowing along each edge of the reflector. Unfortunately, this approach
is valid only over a small range of angles 0. In order to see this let us first recall

that the magnetic field due to a line current ] is given by

H= - (k181rp)1/2 I exp [—i(kp -g_')] (11)

where p is the distance from the source to the field point. Upon observing that the
distance from the edgeof Y = 1[/6 to the field point is

_ _ . _ . 20)_ 2
p=R, 2Fuo(sm6 u sin -2-) Fuo

and that the distance from the edge at { = 1[/1 to the field point is

20

_ . . i ] _ 2
p-Ro 2Ful(sm9 u, sin -2-) Fu1

we readily see by equating Eq. (11) to Egs. (10a) and (10b) that the equivalent
currents on the edges at Y = 1[/0 and = 1[/1 are, respectively

= -1/2
P, 2Yo Fv (2 tan L uo) (l + uoz) e-ik F(_uo2 + 1)

1 (12a)
> ik F”2 (sinﬂ -2u sinr-g-
o
-1 g\ ~1/2 2
2Y0 Fv(Ztan uJ(l-!—ul ) -ikF(ul + 1)
Il= 73 g (12b)
ik F (sinﬂ -2ul sin -2-)

We note that the equivalent currents depend on 6; this is impossible because the
equivalent current should not depend on the direction of observation. We must
therefore conclude that the equivalent current method is valid only over a narrow
range of angles 6.

4. USE OF Eq. (9) IN THE SHADOW REGION

The physical-optics approximation in Eq. (8) is known to be a good approxima-
tion in the illuminated region, but we would not expect it to be valid in the shadow
region (6 > 7 - 1[/1). An asymptotic evaluation of Eq. (8) for large values of 2 shows
that Eq. (8) can be approximated by the edge contributions in Eq. (9) plus a con-
tribution due to a stationary point in the integral whichoccursatu= 0, 5 sin 9/ sin2(9/2 ).
That is, in the shadow region (but not too near to the shadow boundary) we find using
Appendix A that

RRE Gor ooy op yoi:




HosH_+H, +Hy (13)

where
Hst= 2A('2'11:_F')1/2 Fv [2 tan-1 (-1—_5%:-9-)] exp[i%(-l_s—::):—y) - %] (14)

and Heo and Hel are given in Eqs., (10a) a:d (10b). A study of Eq. (13) indicates that
the contribution from the stationary point does not correspond to any ray which
could be physically diffracted into the shadow region. Therefore, we would expect
that this term should be ignored and the magnetic field in the shadow approximated

is

Ho=H,,+H,. (15)

That is, the total shadow field is the sum of the fields diffracted by the edges as
calculated by the physical optics approximation, We now desire to compare these
physical optics diffraction coefficients with those calculated using the geometrical
theory of diffraction. Let us therefore consider the field at 6 = 7 which is
diffracted by the edge at ¥ = tpl. From classical diffraction theory we know that
the diffraction coefficient Dp is related to the edge current I via

1= -@r/l/2e ‘v DE (16)

where Ei is the electric field incident on the edge. For a vertically polarized field
we have from Eq. (1) that

F (2 tan~} ul) exp [-ikF(l + uli)]
E = 173 AN IR . an
L F (1 +u, )

Therefore from Eqs. (12b) and (14) we have that
o i

=
= o .
kF u,

Upon equating Egs. (16) and (18) we find that the physical optics diffraction coeffi-~

(18)

cient is

*The contribution from the stationary point does not arise when analyzing the front
to back ratio of the paraboloid reflector because the integrand vanishes at the
stationary point in this case.

10
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B L ¥
)" & € i 5 € > eod (T) (19a)
221024, 202702 sin (wl)
1 =Br

From the geometrical theory of diffraction we find4

D = e-i% [1 —Sin(%l)] ; (19b)
g 2(21;1{)”251,1(-_“72.1.)

The ratio of D_/D _for some values of d/l of interest is given in Table 1. From
Table 1 we see that the physical optics approximation leads to diffraction coeffi-
cients which are in the same ballpark as those calculated by the geometrical theory
of diffraction. Consequently, in most cases of interest we shall be able to use Eq.
(9) to get a ""ballpark" estimate of the field, even in the shadow.

Table 1. The Ratio of D_/D_for
Some Values of zpl p g

\Ul(degrees) gP-
g
30 1.3
45 1.5
60 1.73
75 2. 04

The difference between Dp and D_ is an indication that the physical optics cur-
rent ip = 2(f X Ei) is not exact near the edges of the reflector, and that a correction
3 : 3 " : 5
term Jc is required so that J = ip + ic. as suggested by Ufimtsev,
!

5. SMALL 6 APPROXIMATION

The approximate result in Eq. (9) is valid only for 2kF sin 6 >> 1 and conse-
quently cannot be used for small values of 8. For values of 6 sufficiently small

4. James G., and Kerdemelidas, V, (1973) Reflector antenna radiation pattern
analysis by equivalent edge currents, IEEE Trans. AP-21:19-24, (we have
used Eq. (8) with ¢ = n-y/2, &= 3In+PTIN,

5. Ufimtsev, B. (1975) Comparison of three HF defraction techniques, Proc, IEEE
32:1734~1737.

11

A > &




e e o

that 8 << (2/kF)1/2 we can approximate exp[-i2kFu2 sin2(0 /2)] by unity and sin 8
by 8. In this case Eq. (7) becomes

u
1 -
~ du -1 & -1 i2k Fub
H - 2A 7177 [0F (tan " u) - ¥ F,, (2 tan u)] e (20)
g ‘{10 (1+u") Y B

By using Eq. (20) one could readily obtain the feed distribution necessary to obtain
a prescribed radiation field Hp(o ) for small 8. For a vertically polarized field
(FH = 0) we find,

[ o]
Fv(lP) = B sec (!g)_f«o de HP(O) exp [—i2kF ] tan(g)] (21)

where B is a constant. Equation (21) was obtained from Eq. (20) by multiplying
Eq. (20) by exp(-i 2kFu 8) and integrating on 0.

By using Eqgs. (9) and (20) we can get an estimate of the ratio of the magnitude
of the near-in gidelobes of the reflector to the mean beam magnitude. If we assume
that the feed horn is pointed at the center of the reflector as shown in Figure 3 and

has a symmetric pattern with the peak at P then
2

wir| = (|7 | ()

Figure 3. Geometry Assumed
for Eq. (22)

12
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where FV(O) corresponds to the field in the direction OE in Figure 3 and #/B is the
total angle subtended by the reflector. For example the sidelobe § = 5.7° from a
reflector with WB = 7/2, an edge taper of -36 dB, and kF = 188, 5 is predicted by

Eq. (22) to be -56.6 dB. An exact calculation from Eq. (7) gives -55.7 dB.

6. NUMERICAL COMPUTATIONS

In order to design a parabolic cylinder reflector system with very low sidelobes
everywhere, it is clear from Eq. (22) that one necessary condition is that the edge
illumination be quite small compared with the illumination at the center of the re-
flector. However, this is not enough because the tolerances on the manufacture of
the reflector surface must also be held very close, and in addition, we must require
that there be very little spillover of the radiation field of the feed system beyond the
edges of the reflector, For example, if we require that all of the reflector side-
lobes be more than 50 dB below the main beam, and the gain of the reflector is
14 dB, then the sidelobes of the feed antenna must be more than 36 dB down from
the peak of the feed antenna pattern. If the feed-antenna sidelobes were no problem
we could easily obtain very small values of Fv(dle)/Fv(O) with a conventional (with
phase correction) horn with TE10 mode across its aperture. However, as we
clearly see from Figure 4 this leads to sidelobes which are too large. One way to
get low feed antenna sidelobes is to allow higher order modes in the feed distribu-
tion. The rationale for this is presented in Appendix B, When the horn aperture

distribution consists of a TE, , mode plus 0, 1666 of a TE30 mode it is evident from

10
Figure 4 that the feed-antenna pattern is satisfactory. We have not extended our

plots beyond ¥ =+ 90°, because we have used the result of Chu6
(T1 + cos ¥) 3a (T3 + cos Y)

R -1 [Eone] - =

F, W) = C, cos(l? sin yl/)

for the radiation pattern of a rectangular waveguide with a TE10 mode plus a fraction
a of TE30 mode, and this result is of doubtful validity for |¢/| > 90°, I[n Eq. (23)
Cy is a constant and b is the length of the feeg aperture (the electric fie,sld across the
feed aperture is assumed to be cos ”%-rcos (_gﬂ)and T, =1[1- (-23) 54

A computer program has been written which utilizes Eq. (7) to calculate the
radiation pattern of the reflector. When F is given by Eq. (23) withb = 2.7TA
and o = 0. 1666 it is found that for a reflector with 4! =025 4’1 = 90°, A = 45°, and
kF = 188, 5 the radiation pattern is as shown in Fxgure 5. We observe that all side-
lobes are less than 50 dB below the main beam.,
6. Chu, L. (1940) Calculation of the radiation properties of hollow pipes and horns,

J. Appl. Phys. VLL:603-610.

*In obtaining Figures 6 to 8 we have ignored the scattering by the feed element.
Feed scatter (or aperture blockage) gives rise to sidelobe levels which are about
61 dB below the main beam level.
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We would now like to put all our previous ideas together to design a parabolic
cylinder antenna with a 2° (3 dB) beamwidth and -50 dB sidelobes which can operate
from 3.1to 3.6 GHz. We choose a reflector which satisfies z = x2/4F and pick
t],/o = 5°, 4/1 = 80°, A = 42,5° and F = 8,802 feet. This leads to a cylindrical re-
flector with a diameter (see Figure 3) of 14 feet. This reflector has a gain of 14 dB
so that in order to get sidelobes smaller than -50 dB we require a feed antenna
such that: (1) the edge illumination on the reflector is -36 dB below the illumination
at the center and (2) the spillover of the feed pattern beyond the edges of the re-
flector must be smaller than -36 dB (relative field smaller than 0.016). This can
be achieved by a planar aperture of widthb = 10. 895 in, with a TE10 +o TE30 dis -
tribution. Typical feed (E-field) radiation patterns Fv(lll) are shown in Figure 6 for
different values of v for a frequency (3. 35 GHz) #* the middle of the required oper-
ating band. By making similar plots for 3.1 GHz and 3.6 GHz, we have found that
a= 0. 14 is a good compromise value which leads to edge illuminations below ~-36 dB
and spillover below -36 dB over the entire band of operation (3. 1 to 3.6 GHz). If we
choose ¢ = 0, 14 and assume that the feed aperture distribution remains TEl0 +0.14
TE30 over the entire frequency band (3.1 to 3. 6 GHz) then we obtain the radiation
patterns shown in Figures 7 to 9 for f = 3.1 GHz, 3.35 GHz and 3.6 GHz, respective-
ly. Observe that the 3 dB beamwidth is approximately 1,8° and that the sidelobes
are generally well below -50 dB over the entire band.

o ] T
=0 EDGE OF -
-— REFLECTOR
_20 —
-30+

SIDELOBES MUST LIE
BELOW THIS LEVEL

FEED RADIATION PATTERN (dB)
Y
o
T

-850} :E
b if
-60 [ ‘ f -
-70 =
| 1 1 1
(o) 10 40 80

20
¥ (DEGREES)

Figure 6, Effect of Varying @ on the Radiation Pattern of a Planar
Aperture Withb = 3,09) = 10, 895 in. at a frequency of 3.35 GHz
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Figure 8. Radiation Pattern at 3.35 GHz of a Parabolic Cylinder
With Y, = 5°, ¥y = 80°, A = 42,5°, F = 8,8002 ft [lluminated by a
Feed Aperture With b = 10,895 in, and @ = 0. 14
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In the next section of this report we will discuss a method for achieving a feed
distribution consisting ofTEm +0.14 TE30 modes over a planar aperture which is
approximately 3 wavelengths wide.

7. FEED DESIGN

We now discuss a feed design which can give the low-spillover we require, In
particular we desire that the feed aperture be 3.09 wavelengths wide at 3,35 GHz
with an aperture distribution of TEIO + 0,14 TE30 modes. In addition we shall re-
quire that the feed be compact (less than 1-ft long) and not contain any lenses.
These requirements force us to exclude horns because they would have to be too
long in order to have small quadratic phase errors across the aperture. The de-
sign we actually chose was suggested by W, Rotman and is shown in Figure 10.
Because b = 3,09 it is clear that all modes up to the TEGO can propagate, whereas
we want only the TEIO plus TE30. If the feed probes are asymmetrically located
about the center of the guide then the TEZO’ TE40 and TEGO will not be excited.
Moreover if the probes are located at the zeros of the TESO’ as shown, then this
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mode will not be excited. Therefore, only the TEIO and TE30 will exist. We will
now calculate the probe currents required to produce the required fractions of

TE]O and TE30 modes.

IMETAL WALLS

T
5
+ $PROBE | T
w5
44 PROBE 2 .
4
* PROBE 3
~+ ¢ PROBE 4 i
/5 Figure 10. Geometry of the Feed
1 1 ] Antenna
TOP VIEW
/METAL WALLS
i PROBE I«A/Z
i 4
SIDE VIEW

In the region z < 0 in Figure 10 we can write the electric field as
$ nwx
v r
E=ﬁ'y}:1 Cn sm(T) sinh I ‘z + 1) (24)

whereas for z > 0 we have
5 ( 'rnz I.‘nz nwx
E=% E:l Dn e + Rn e ) sln(T) (25)

where § is a unit vector, I‘;‘: = "'/b)z - (2#/}\)2. A = wavelength, and C , D , and
Rn are unknown coefficients. Because the aperture is more than 3 wavelengths wide
we expect that the reflection coefficient R, will be small for both the TE]O and TE30
modes. If we ignore Rn and require that the electric field be continuous across the

z = 0 plane we get
C, sin rﬂt: D_ . (26)

If we assume that the probes are infinitesimally thin we can write their total cur-

rent density as
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4
J=3Z B, 0(2) 0 x - x)

(27)

(28)

p=1
where 8 p is to be calculated and xp = pb/5. Then from Maxwell's wave equation
we have
2 2 4
89°E  0°E 2 q
—y+—a+k E=iwu G(Z)Z B. . o0(x-x).
ox oz ° =1 P p

If we multiply Eq. (28) by sin(nmx/b) and integrate we get
4

2
d“e 2 2 nrx
n+(k2_nﬂ)e =iwp 5z 2 B s"‘(‘FE)
dz° pe /| n g p=1 P
where

b
& =_£ dx sin(g-?) E(x,z) .

Upon integrating Eq. (29) from z= 0" to z = 0" we find
+
nmx )

(a—z-)o-= lw,-l.o p=1 ﬁp Sln(—FB-

If we use Eqs. (24) and (25) in Eq. (30) we get
4 nrx
l"n D +C, T'n cosh I"n2= -lwp 21 3p sin(—FP-) 0
Finally upon combining Eqs. (26) and (31) we get
-iwu.o nrx

4
Dn:l"n (1+ coth T_7) 2139 sm(—B-P-).

(29)

(30)

(31)

(32)

When there is perfect symmetry and xp = Eg— we find that only D1 (TE10 mode)
and D3 (TE30 mode) are nonzero. From Eq. (32) we can then solve for 31 = 34 and
By=83 in terms of D1 and D3. If we require that the aperture distribution consist

of a TE10 mode plus & of a TE30 mode then
D, = @ exp [(1"3 - rl)L] D, .

We then find from Eqs. (32) and (33) that

I"3 1 + coth raz
B 1= 0.47022 + 0.76084(1.;
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1"3 ’1+cothr‘3£)
= - = SR
B, =0.76084 - 0.47022 T {m o exp [(1"3 X L] H (35)

For a system operating at 3.35 GHz with L =8, 12in., # = 0.88 in., andb = 10. 90 in.

we find

B 1= B4 = 0.588909 exp (- i 16.07193°) ,

ﬁzzﬁs‘—‘ 1.

Unfortunately, it is generally impossible to locate each probe at precisely the
correct location and to achieve precisely the desired amplitude and phase for its
current, We have used Eq. (32) to study the effect of these errors. For example,
suppose the required value of 8 on the pth probe is 8 p° = |Bp°| expli ¢p°). Be-

cause of phase and amplitude errors we get instead
=1 T °| ex i S +1i 6 .
Bp=T, |Bp lexpligy 9o

Also, suppose the error in probe position is € P Then including errors we have

: 4 i
~iwl ip °+id¢ p
=200 o o P .:.(DTP ., n=e
D = Z r |B |e P sm( + —B_) (36)
n rn(1+ cothrni) p=t P P 5
This leads to an aperture distribution
[~ <]
= = yy . NTX
Epp = El Dn exp( rn L) sm(-g—) (37)
and a corresponding feed radiation field
q b nm
B sin{ 22 sin ¢ +
N )( n (T T)
E(w) = Z D (T) EXP(' rnL < + Cosw"—ﬂ — w ) —7nm 2 (38)
n=1 7 (T -7

where

B 9. 1/2
+=[1-m/20)7] .

We have studied the effect of all the errors on the feed radiation pattern, We have
found that the tolerances required to meet the low spillovers specified are

€

1? + 0,0015,

6 = 2.5°,
¢P

(39)

[l = 1% ouozs .
p
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Appendix A

Asymptotic Formuiae

For large Q the integral
u

1 . 3
N@ = [ fw W gy (A1) 3
J |

o

can be evaluated as’
N(® = N_(@ H{(u_-u )u;-u )] + N (@ + o(3/2) (A2)

where u is the solution of dy//du = 0, H(t) is the unit step function, and

1/2
- 27 . 4 >
N, (@ = [m] tug) exp (i@¥(u ) P for @ v, 0, (A43)
inP(ul) iQ\L(uo)
f(ul) e f(uo) e
Ne@ =gy~ TIOgEg — !
The upper sign in Eq. (A3) is for Wuu>0 and the lower is for Qtpuu< 0. wu = dy//du,

‘puu = dztp/duz. Also Eq. (A2) is written for the case when there is one stationary

7. Felsen, L., and Marcuvitz, N, (1973) Radiation and Scattering of Waves,
Prentice Hall, New York.
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point ugs if there are more than one we simply sum over the different stationary

points.
The result in Eq. (A2) is valid so long as the stationary point ug does not
approach either end point ug Or u;. When us"u or us"'ul a more careful treat-

o
ment is necessary, For the case when u is near Uy we get 1
T
T lz > 1
N(Q = Ne(Q)+ NS(Q) W(So e )for Q\l/uu <0 (A5) 3
where y
1/2
] >
S, =% [|Q[1l/(us) - tP(uo)]| for (uo -ul) L0, .i
e 2. T
o T e 1)
W Soe = Q SO e —————17-2—— (A6)
\ 2(m) S,

We note that

1
Q(0) =
2 2 .7

Tif S
e
Q(Soe )= H('So) +2—S(-1-171—,-2—— for ‘SO‘ oo
(o]

On the shadow boundary (uS = uo) we then find from Eq. (A6) that (for us> uo)

Til i
w(s e Z)=1+ e . (AT)
© 1/2 i
22 |Q W) -y )l

If we recall that Y(u) can be expanded in a Taylor series about u as
Y=Y+ iy ) w@-u)y?ae
872 %uu s s i
we can rewrite Eq. (A7) as

Fia\ i
) 1 e
w<s e ): i
o 2 728
2m™ % 1F Wy u) (u-u)

Tll/? )
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If we then use Eqs. (A9), (A3), and (A4) in (A5) we finally obtain for the shadow 1
boundary |

iQy(u,)
f(u,) e H 1/2
Np® = o — * 3 T
L wuul l q/uu sl

f(us) exp zi[ﬂlll(us):t %]’

for QU 2 0 - (A10)

Therefore, there is no singularity on the shadow boundary ug =u.. A similar pro-

cedure follows for the shadow boundary ug = u,.

Bt o

e
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Appendix B

Optimum Synthesis

We will now show how one can approximately synthesize a low-sidelobe radiation
pattern. We shall assume FH = 0 and then set

t=au+b
where
2
a= ., -u
i | o s

Then we can rewrite Eq. (20) as

2kFb
-i(—a—-)sin g 1 i(sz )sin 0
H_(sin§)=e J dGwre'?® (B1)
L, %1
|
where ]
t-b
2AF [2 tan‘l( a°)]
G(t) = % (B2)
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We note that Eq. (B1) is the standard form for the radiation pattern of a line source.
Of course, it is not accurate for all values of 8 because in writing Eqs. (20) and
(B1) we have neglected the quadratic phase term exp[-i 2k Fu2 sin2(9 /2)]). However,
our synthesis method will be to temporarily neglect this term, obtain a distribution |
which gives low sidelobes with this term neglected, and then use this distribution in
the exact integral in Eq. (7) to see what actual field is obtained when the term
exp[-i 2k Fu? sin2(9 /2)] is included.

Our procedure for obtaining low sidelobe will be to maximize the energy in the

main lobe while keeping the total radiated energy fixed. The energy in the main

lobe can be written as ;
Yo 9 1 2 1
_fu | w]% du = sin o, {1 lm_ )% a (B3) ﬂ
o A

where u = sin 8, u, = sin 00. and § = sin 8 /sin 90. The total energy radiated is
o0 o0

S lagwl?au = sine, [ In@)]* e (B4)

00

so that the ratio of the energy in the main beam to the total radiated energy is

1
2
[1 |HS(E Y2 at
- (B5)

R= —x— .
2
J el a

Inorder to maximize Eq. (B5) it is convenient to expand the radiated field interms

of the angular prolate spheroidal functions Son(c.E )= Son(c, sin 8 /sin 90). That is,

we write
[
HE) = :éo a S, (e §). (B6) :

Now it can be shown that the prolate spheroidal functions have the following

pr'opertics8

o0
Lson (c, £)S__ (e, )0k =6, (B7) *

8. Slepian, D., and Pollak, H. (1961) Prolate spheroidal wave functions, Fourier
Analysis and Uncertainty I, Bell System Tech. J. \i?.:“'“’

28




1
fl Sop (Cr £V Sgp (en )8 = A 8, (B8)

where bnm equals O if n# m and equals 1 if n=m, and An is given by

Ay =22 [Ron (cs 1)]2 (B9)

where Ron (c, n)is the radial prolate spheroidal function, The An have the property
that

A0>A1>A2>A3... . (B10)
One final useful property of son is
1 .
n _ icu
[2" Rop e 15 (e = [ o sy (e w . (B11)

If we now use Eq. (B6) in (B5) and then employ the biorthogonality relation-
ships in Eq. (B7) and Eq., (A8) we find that

s 2

Z=o lanl Al
R=br — . (B12)
T a2

n=0

Finally, upon using Eq. (B10) it is clear that R is maximized when a,= 0 for all n
except n= 0, Therefore, the energy in the main beam is maximized when

. - sin @
Hs =] SOO (c, &)= SOO (c, —s;m-;) o (B13)

A table of Sy, (c, £)for c = 5 and c = 6 is given in Table B1,
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Table Bl. Values of Soo(c. £)

£ Sgolse & 13 Sgo(6s &)
00[5' ) 00"’

()} 1 ()} 1
0.0874 0. 9842 0,174 0. 924
0.174 0.9383 0. 342 0.7314
0.259 0. 8673 0. 500 0.5012
0. 342 0.7776 0,643 0. 3026
0.424 0.6773 0.766 0. 1653
0.500 0.5742 0. 866 0. 0850
0.575 0.4748 0.9659 | 0,0362
0. 645 0. 3989 1.0 0.0205
0.709 0. 3046 1.0583 | 0.00564
0.768 0. 2380 1,117 | -0,00299
0. 866 0. 1419 1, 1667 | -0. 00653
0. 9307 0. 08609 1.25 -0. 00694
0.9848 0.05845 1.3333 | -0.00364
1. 000 0.05024 1.42 0.000478
1. 07 0.01927 1.50 0. 00356
1. 14 -0.001257 1.58 0. 00477
1. 20 -0,011665 1. 666 0.00414
1.40 -0. 013556 1.75 0.00220
1.60 0. 003182 1.835 | -0,000190
1. 80 0. 01099 1. 92 -0.00225
1.90 0, 009285 2,083 | -0.00339
2,0 0. 005035
2,2 ~0, 004719
2,3 ~0.007472
2,4 -0.007858

We next need to find the aperture distribution which yields the optimum radia-

tion pattern expressed by Eq. (B13). Upon returning to Eq. (B1) we see that

(ignoring the phase term)

1 ( 2k FF
. ! a
Hs (sin §) = '-{1 G(tl e

)t sin 8
dt .

Now from Eq. (B11) we have that

30
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| R _———

1
/| sin 8 )_ . .sin @
u SOO \C. Eﬂ: = _fl SOO (c, t) exp( 1 Ct;mu-—y—o)dt (B15)

where 1 = 2 Roo(c. 1). Upon comparing Eqs. (A14) and (A15) it is clear that if
= (2k F/a) sin 90 the required aperture distribution G(t) must be

2kF .
G(t) = Spp (e, t)= soo( kE sino,, t) (B16)

and that when this illumination is present on the aperture the radiation pattern is

. - 2kF sin 8
Hs (sin ) = SOO( ~ sin 6 o’ m—) (B17)

Upon combining Eqs. (B16) and (B12) we see that the feed horn illumination
pattern required to yield the radiation pattern in Eq. (B17) is

F (ll/) = gec (g) So0 (H—F sinf , a tan-'g+ bo). (B18)

A plot of the radiation pattern given by Eq. (B17) for 90 = 1,52° and
(2k F sin 90/3) = 5 is given by Figure Bl. This radiation pattern has 99.9361 per-
cent of its energy in the range ~1,52° < 90 <1.52°, The radiation pattern for
6, = 1.82° and (2k Fsin 6 o/8) = 6 is shown in Figure B2. This pattern has 99. 9903
percent of its energy in the range -1, 82° < 6, <1.82° 1Itis clear from Figure B2
that if we design the reflector so that 2k F sin Oola = 6 we can easily (assuming
reflector tolerances can be met) achieve sidelobes whichare 50 dB or more below
the main beam, once we are beyond the second sidelobe. The problem now is to
design a feed to give us a radiation pattern

Fv(l,l/) = sec (%) So00 (6, a tan % + bo) o (B19)

In order to study Eq. (B19) further let us make the transformation y=¢+4
where tan (A/2) = -(b/a). Then after using the trigonometric identities for the
tangent of a sum of two angles we can rewrite Eq. (B19) as (ignoring the constant
(1+b27a?11/?

2
b
a(l + —) tan (¢
89

S 6,

00 1)
1+ T° tan (¢/2)
F (¢) = é

cos (%) +§sin (-g)
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We now assume that our reflector will be the portion of the parabolic cylinder
shown in Figure B3. For this case it is evident that
b, _ tan(5t) + tan(g)
_ tan -+ tan -5

RO <
a ) 1 (B21)

because 4/0 and 4/1 are both less than 7/2. In addition it is also evident that
¢/2 << 1 so that

tan @ ST (B22)

Figure B3. Geometry Used for Eq. (B21)

Therefore because ¢/2<< 1 we can rewrite Eq. (B10) as
b2
= a ol .
FV(¢) = Soo 6, -2'(1 + ;z)sln ¢ . (B23)

A comparison of this approximation with the exact result in Eq. (B19) for d/o = 15°
and 4/1 = 75° is shown in Figure B4.

We next desire to see if the approximate result in Eq. (B23) can be synthesized
by a planar aperture lying in the focal plane of the reflector and oriented as shown
in Figure B5. The electric field in the Fraunhofer zone due to a planar aperture
of length 2L can be written as

] 3
Eg(@ = [ T(y el¥LYsindqy (B24)
-1

where T(y) is the aperture distribution. If we equate Eq. (B24) to Eq. (B23) we get
that T{(y) must satisfy

2
b 1 .
500[6- %(1 + —g)sin ¢] = f T(y) g T dy . (B25)
a -1
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We can identify T(y) by using Eq. (B11). We readily find that (ignoring constants)

T(y) = Spo (6, §) -LSysL (B26)
where

_‘LL_Z_ =8 (B27)

%(1 + 20-2-)

which means the aperture length 2L. must be

. p2
2L = (3a/‘n)( 1+ —g ))\ . (B28)
a

In order to see what this means suppose we choose d/o = 15° and “‘1 = 75°; then
2L = 3.61A. This gives a feed radiation pattern Fv(gﬁ) = SOO(S. 1. 885 sin ¢). For
wo = 20° and d/l = 0° we get 2L. = 4,35X and this gives a feed radiation pattern
Fv(#/) = SOO(S. 2,27 sin ¢).

We have shown that the required feed aperture distribution is S(6, £} for
-15 £ <1 where £ = y/I.. This function is an even monotonically decreasing func-
tion and can therefore be approximated (for -1 < ¢ < 1) as

San(6, £) San(6, 1) 2
e () = 2 a_cos T_2n+1 7t . (B29)
S00®: 0~ Spo® 0~ pZp m ( )

The coefficients a, can be determined by multiplying t.q. (B29) by cos (m + %) €3
and integrating on £ from -1 to 1, We find

. 1
S, (6, &) S..(6, 1) sin(n+=)7
_ 00 [ né] 00'°’ 2
£ e =507 °oS (2n+ 1)7 d¢ - 2'5'—(3—07__1_—— (B30)
2 -fl S00 ’ 00"’ (n+-2-)n

If we note, because SOO is real and even, that

1 1
[, Soos: ) costarrde = [ sgo. &) 8 g

and then use Eq. (B11) we can evaluate the integral on Eq. (B30) to obtain

(2n+ l)n] ] 1
5. 5 Pith Ui SOO[S' = =y 3 SOO(S. 1) sm(n+-2-)1r i
n 00’ SOO(G. 0) 80016, (1)) T °

(n+§)n
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Vialues of a, for the first few n are given in Table 32, From Table 132, we see that
the required illumination function 500(6, g)/Soo(G, 0) can be approximately achieved

by an illumination which has a constant term (over -1 < £ £ 1) egual to

SOO(G. 1)

- 90~
W = 0. 0—0.)

plus the first two lowest order even waveguide modes, with the Tl-:lo having an
excitation of 0, 8273 and the Tl:‘30 having the excitation 0. 1569, That is, for

-1 < g < 1
S (6, £)
Tle) =Dy = 0.0205 + 0, 8273 cos (22) + 0. 1569 cos (375 (B32)
S0 O T. S

where £= v/1. and 2I. is the length of the source. Therefore if we had a reflector
subtended by the angle 15° < < 75° (this requires 2. = 3,61)) we would need a

feed distribution

e b e

T(y) = 0,0205 + 0, 8273 cos (1) + 0.1569 cos (%”T-‘i) s
(1333) :
for -1. < v = 1. and 21. = 3,61X, o
Table 132, Values of a ;
%
n a liquivalent Waveguide ;
n

Mode E

0 0.8273 TE]O mode

{ 0. 1569 TE';O mode

2 ~0.00987 TE%O mode

3 +0.003536 TE,70 mode
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METRIC SYSTEM

BASE UNITS:
Quantity Unit St Symbol Formula
length metre m
mass kilogram kg
time second s
electric current ampere A
thermodynamic temperature kelvin K
amount of substance mole mol
luminous intensity candela od
SUPPLEMENTARY UNITS:
plane angle radian rad
solid angle steradian st
DERIVED UNITS:
Acceleration metre per second squared ms
activity (of a radioactive source] disintegration per second (disintegration]’s
angular accelerstion radian per second squared rad's
angular velocity radian per second rad's
area square metre m
density kilogram per cubic metre kg'm
electric capacitance farad [ AsV
electrical conductance siemens S AV
electric field strength vol( per metre Vim
electric inductance henry H V-s'A
electric potential difference volt \Y WA
electric resistance ohm VA
electromotive force volt \Y WA
energy joule } N-m
entropy joule per kelvin 4S8
force newton N kg-mvs
frequency hertz Hz (cycleys
illuminance Tux Ix Im'm
luminance candela per square metre oa cdm
luminous flux lumen Im cd-sr
magnetic field strength ampere per metre o0 Am
magnetic flux weber Wb Ve
magnetic flux density tesla T Wb/m
magnetomotive force ampere A
power walt w J's
pressure pascal Pa N'm
quantity of electricity coulomb (& A's
quantity of heat joule I N-m
radiant intensity wat( per steradian Wesr
specific heat joule per kilogram-kelvin o Jkg-K
stress pascal Pa Nm
thermal conductivity watt per metre-kelvin wmk
velocity me(re per second mis
viscosity. dynamic pascal second Pas
viscosity. kinematic square metre per second m's
voltage volt v WA
volume cubic metre m
wavenumber reciprocal metre : (wave)m
work toule ) N'm
SI PREFIXES:
Mulliplicabon Fac(ors P’refix S1 Symbal
1000 000 (100 000 = t0"? (cra T
1 000 1410 000 = 107 Kiga Y
t 000 000 = to* mega M
1 000 = to* kilo k
100 = 10? hecto® h
10 = t0' deka® da
0.1 = t0~? dnci® d
0.01 = 10-2 wonti® 1
0001 - tn~* milli m
0000 001 to-* micro n
0.000 000 001 = 0~ nano n
1.000 110 DO 001 = 30 ¥ pica )
0.000 DOV DOV POH ()] to-te fomto }
0.000 600 000 000 000001 to ' alto n

* To be avoided where possible:

i







