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I .  INTRODUCTION

Although the finite element method is a proven effective method
for obtaining numerical solutions of solid mechanics problems1,
its impact on computational fluid dynamics has been felt only in the
past few years2. Because of the diverse applications of this method in
continuum mechanics, many departures from the original method used in
structural analysis have been made. Our adaptation of the finite
element method for direct application to unsteady gas flows in two
spatial variables is based, in part, on Lynn and Arya’s least squai~es
formulation3 ‘~~~ and on Polk’s one dimensional study5. Lynn and Arya’s
approach is based on the elementwise least squares minimization of
the differential residual error which allows a direct finite element
formulation from the governing differential equations. Furthermore,
since the governing equations are hyperbolic, the finite elements
can be constructed in both space and time so that they approximate the
domain of determinancy associated with hyperbolic problems. Polk corn-
bined these two concepts and applied them to the unsteady isentropic
flow of an inviscid gas expanding behind a piston. Using both linear
and quadratic approximations to the dependent variables, he showed
good agreement between the finite element results artd the exact solu-
tion for the smooth portion of the flow. Near the gradient discontin-
uities which occurred in the flow, Polk constructed the finite elements
so that a side of the element and the locus of discontinuities coincided .
Using this special construction, good agreement was obtained everywhere
in the flow .

This report ~is concerned with a finite element method for unsteadyinviscid compressible flows in two spatial dimensions, a corresponding
pilot computer code and some resulting numerical experiments.

10. C. Zienkiewica , The Finite Element Method in Engineering Scienc,~~
McGraw-Hill, 1971.

2J.T. Oden, 0.C. Zienkiewicz, R.H. Gallag her, C. Taylor, ads., Finite
Element Methoda in Flow Problems, (In ivera ity of Alaban-a in Huntsville
Press, 1974 .
3P . P. Lynn and S. K. Arya , “Use of the Lea8t Squares Criterion in the
Finite Element Formulation ,” m t .  J. Num. Meth. E~gng.,~ 6, 75—88 , 1973.
4P. P. Lynn and S. K. A.rya, “Finite Elements Formulated by the Weighted
[) iscrete Least Squares Method,” m t .  J. Num. Meth. Enqing.,~ 8, 71-90,
1974.
5J .  Polk, “A Least Squares Fini te Ele~nent Approach to Unsteady Gas
Dynamics,” BRL Report No. 1885 , May 1976. (AD #A026531)
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The system of governing equations are nonlinear hyperbolic equa-
tions. We take advantage of this fact to simplify the general finite
element methodology. This is contrary to the parabolic regularization
method of Oden, et. al.6 for hyperbolic problems. In the techniques of
Oden, et al., certain terms which depend on the discretization para-
meters are appended to the equations so that they become parabolic.
This parabolic problem is then solved by a finite element technique.
It can be shown for a class of problems that the solution of the
parabolic problem converges to the original hyperbolic solution in the
limit as the mesh size tends to zero. On the other hand, our formu-
lation deals directly with the hyperbolic equations.

Our construction of the finite elements is reminiscent of Polk’s
construction in that they are in both space and time but differ in that
they enclose, not coincide with, the domain of dependence. It will be
shown that this construction simplifies the necessary integration
routines while satisfying a Courant condition. No special construction
of the finite element is provided near steep gradients and discontin-
uities in the flow. Consequently, no special knowledge of the solution
is required and all interior nodes in the calculation are treated
identically. Furthermore, by applying Lynn and Arya’s least squares
minimization to each finite element, we can avoid the large matrices
generally associated with the finite element method for elliptic prob-
lems while still retaining the essential advantages of the method .

The general methodology; the construction of the finite elements,
the approximations to the flow variables and the formulation in terms
of the least squares error criterion, is explained in Section II.
Section III contains a brief discussion of the computer code, the
form of the governing equations and certain approximations used within
the code. The results of two numerical experiments are given and
discussed in Section IV. Section V contains a summary of the method and
areas in which future work is required.

II. GENERAL METHODOLOGY

The first step in the finite element methodology is to divide the
solution region into elements. We divide the computational domain for
a given time (a two dimensional region) into triangular elements. The
vertices of the triangles are called nodes. We assume that the bound-
aries are stationary so that the triangular divisions remain unchanged

6J .  T. Oden, L. C. Weliford , and C. T. Reddy, “A Study of Convergence and
Stability of Finite Hiement Approximation of Shock and Acceleration
WaVe8 in Nonlinear Materials,” U.S. Army Researc h Office Report P- 11860-
M/DAAG29-?6-G—0022, August 1976.
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with time . The system of governing equations for compressible fluid
flow include coupled nonlinear partial differential equations which ex-
press conservation of mass , momentum , and energy plus an algebraic
equation of state. Becau~e_t~e governing equations are hyperbolic ,
the solution at a point (x,y, t+At) in the solution domain depends only
on the value of the flow variables within the intersection of the doma in
of dependence (the mach cone) from the point (x ,y, t+At) and the (x,y,t)
plane . Consequently, given a union of triangles in the (x ,y, t) plane
with a vertex at the point (x,y,t) and the values of the flow variables
at the correspond ing nodes , ~e_can compute a value of At such that the
mach cone from the point (x ,y,t+At) lies within the union of triangles.
Since the computed value of At will vary from node to node , we take the
minimum value of At over all nodes as the next time step. This value
allows a systematical advance in time.

We now define our finite element at a point_(~ ,~~,~ +At) as the union
of all prisms with a base vertex at the point (x,y,t) and with a uni-
form height At. See Figure 1. The present one offers several desirable
simplifica tions over other poss ible constructions of the f inite elemen t .
From the discussion above it is clear that the values of the flow van-
ables at a node are independent of the values at the other nodes at the
same time level . Thus, the interconnection of the nodal values which
is characteristic of finite element formulations of elliptic problems
and which result in the manipulation of large matrices can and will be
avoided . We will solve for the central nodal values at the new time
level by considering only the finite element at the central node.
Futhermore , any necessary time integrations over the finite element are
simplified , since the sides of the elements are independent of time.

The next step is to choose the interpolating or trial function over
the finite element. Let u.~ be a flow variable; that is, a dependent
var iable computed directly from the governing differential equations ,
not the equation of state. The interpolating function for w is

u(x,y,t) = w (x,y,~) + t(a
1
x + a .~~1

y + a.~ 2) , (1)

where the points (x ,y, t) lie within the finite element at (i,y,E+At) and
the parameters a., a.+1, a. +2 are to be determined . The function
w (x,y,t) repres~nts tile fl ow variable w at time t and is assumed known.
T~ese interpolation functions form over each fin ite element a linear
approximation in space to the time derivative of w.

To complete the model , a technique to determine the parameters a.
and thus the flow variables, is needed. A basic idea in the finite ~
element methodology is to minimize the errors arising from the residual
of the governing differential equations in terms of the interpolating
functions. Thus, the finite element method approximates the minimum
residual whereas the finite difference method approximates the differ-

9
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Figure 1. Typical Finite Element at an Interior Node (~,7,T+At)
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I
ential equation . Since the proposed analysis is elementwise , we desire
a minimization technique for each element . To this end , we choose
the eleinentwise least squares minimization of the differential residual
error employed by Lynn and Arya.

We substitute the interpolating functions into the k~~ governing
di fferen tial equation , make the4result di~ension1ess and denete the
resulting residual by Di~(x ,y,t ;a) , where a is the vector of unknown
parame ters a1. i~ach res idual Dk is dimensionless so that no individual
Dk will numerically dominate the least squares sum of all the residuals
because of dimensional disparities. The Dk’S are explicit a1geb~aic
functions of the independent variables x ,y, t and the parameters a. The
total error in the sense~of least squares over a particular finite
element is denoted by E(a) and is given by

NOEQ
E(~) J J J  ~ D~ (x ,y,t;~ ) dxdyd t, (2)

k=l
V

where NOEQ is the number of governing equat~ons and V is the vol ume of
the finite element . We wish to minimize E(a) with respect to the a. ‘S.
A necessary condition for the existence of a minimum is ~E/3a. 0

NOEQJ f J  ~~~ 
Dk ~~~~

— dxdydt = 0 , for each i (3)
k=l i

Note that the derivatives 
~
D
k
/3a. can be expl icitly calculated. By

solving the nonl inear algebraic ~ystem of equations (3) for the un-
knowns a., we can determine the values of the fl ow var iables at the
nodal point (~~V,T+At). We repeat this process for each interior
node in the solution domain .

For a boundary node , the above procedure is slightly al tered . We
rewri te the given boundary cond ition(s) at the boundary node in terms
of the interpolating functions (1). We then solve for the unknown
parameters a. in equation (3) at the boundary node subject to the re-
wri tten boun~ary conditions. Thus, at a boundary node we no longer
have a pure mini m iza tion problem as at an inter ior node , but rather a
constrained minimization problem.

11



III. PILOT COMPUTER PROGRAM

The pilot computer code is written in a modular structure fashion in
order to c lar i fy  the log ic of the program and to allow changes in the
form of the governing equations, the interpola ting funct ions , the method
selected to solve the nonlinear system , etc.. Such flexibility is highly
desirable for this pilot code. For example , in the fin ite difference
techn iques , the formulation of the equations have a profound affect on a
method ’s performance (see , for example, Moretti 7). Similarly, the form
of the equations may affect the perfnrmance of the finite element method .
Different forms of the equations for unsteady compressible flows are
listed in Appendix A.

The code has three major components. The first component, sub-
routine START , accepts the geometric and control parameters. Further-
more, this section accepts and/or generates the nodal positions within
the x-y solution subdomain and necessary initial and boundary val ue
data. The second component, subroutine TIME(’.TEP, calcula tes the time
increment (subroutine DELTAT) and the fl ow var iables ’ values at each
node at the new time (subroutine CALCI for i’~~erior nodes and CALCB
for boundary nodes).  The “heart” of the pLot code is clearly the
TIME STEP routine , since the general method outli . ed in Section II  is
implemented in this portion of the code . The third component, sub-
routine DISPLAY , provides the output and graphics capabilities for the
program . The code as listed in Appendix 0 uses the non-conservation
inviscid form of the governing equations in Cartesian coordinates,
where body forces , heat absorption and heat fl uxes are neglected (see
equation system (Al ) of Appendix A) , the Newton-Raphson iteration
method and certain approximations. We briefly discuss this specific
situation below.

The govern ing equations in dimens ional variabl es are :

ap 3p / au  av\
(4)

(5)

l a y  av a v \  
~2

~ 
+ U + V 

~~ 
+ 

a>’ 
= 0 , (6)

~~~~~~~~~~~~~~~~~~~~~ (.~.a +~!~) = 0 , 
(7)

p = p (p,e) . (8)

7Gino Moretti, “A Pragmatica l Analysis of Discretization Procedure s for
Initial - and Boundary - Value Prob lems in Gas Dyr ianics and Their Inf lu-
ence on Accuracy or Look Ma, No Wiqg tes! , ” Polytechnic Institute of
New York Report No.  74-15 , September 1974 .
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Here the spatial coordinates are x and y, t is the time , u is the
x-component of the velocity, v is the y-component of the veloci ty ,
p is the pressure , p is the density and e is the internal energy per
unit mass. The functional form of the equation of state is given by
equat ion (8) . The particular equation of state used in a given cal-
culation is specified in the subroutine EQNST.

In the actual calculations for a given finite elemen t at the
point (x ,y,t+At), we translate the origin of the coord inate system
to the point ~~~~~~ (see subroutine TRANSL). Conceptually, the
translation enables each finite element to have its base centered at
the same point (x ,y,t) = (0,0,0) and practically , it simplifies the
calculations. The interpolating functions for the variables u, v, p,
e within a finite element are :

u(x ,y,t) = u0(x ,y,O) + t . (a
1
x + a

2>’ 
+ a

3), (9)

v(x ,y,t) = v ( x ,y,O) + t . (a~x + a
5

y + a6), (10)

p(x ,y,t) = p0
(x ,y,O) + t . (a7x + a8y + a

9), (11)

e (x,y,t) = e
0

(x ,y,0) + t . (a~0x + a11y + a
12), (12)

where the variables x , y, t are in the translated finite element, the
variables with subscript zero denote the variables at the known time
level t=0, and the at ’s, i=1 , 2, ..., 12 are the unknown parameters.
We define the dimensionless residuals D

k
(x ,y,t;l), k=l,2,3,4 as

the quantities obtained by substituting equations (8)-(l2) into the
four differential equations (4)-(7) , respectively, and then by dividing
the first result by a ratio of a characteristic density to At , the
second and third resul ts by a ratio of a characteristic veloc ity to At,
and the fourth by a ratio of a characteristic internal energy per mass
to At. The values of the characteristic quantities are the density,
sound speed and internal energy per unit mass at the center node and
At=0. The derivatives of p with respect to the variables x , y and t
can be obtained by the chain rule. The subsequent partial derivatives
of p with respect to p and e are calculated directly from the equation
of state and are coded into the subroutine EQNST. The functions u
v0, p ,  e are estimated by a linear approximation on each triangl~
based on £heir values at the vertices. Although other approximations
are possible , the present one is easily computable and is independent
of the number of prisms in the finite element. The partial derivatives

13
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of u , v , p0. e , 
required in D~ (x ,y,t;~ ) vary from triangle to

triaRgie and consequently equation (3) must be rewritten as

-* NUMTRI 4 ao
F.() = 

a a )  
= 

k-i 
Dk

ith prism —

= 0 , i l ,2,. ..12, (13)

where NOEQ is now four and the finite element contains NUMTRI prisms
(or triangles) .

The Newton-Raphson method is used to solve the system of nonlinear
algebraic~equations (13) (see subroutine S4~LVER) ,~ince the terms
Dk (x ,y, t;a) are known functions of the parameter a. The second partial
der ivatives of the least squares error can be explicitly calculated and
are given by

aF.(~) 
- 

a / aE( ) \ — 

NUMTRI 
~~11 a Dk

— aa.  aa . ) — 

1=1 k=l ‘1  1 1
01( aa~aa~

Lth prism

ao
k aD j

+ i— ~~~~~~ j dxdydt , i,j=l ,2 ,. .. ,12 , (14)
i j

(see subroutine FU). The initial values for a , a6, a , a
1 

in the
Newton-Raphson scheme for the finite element a~ (0,0, ~t) Je taken as
the previously computed values of these parameters for the finite
element at (0,0,0), (see subroutine INITZR). However, at the first
time step a special calculation is needed to find the appropriate
initial values (see subroutine INITNG). These parameters are determined
by solving for a/at in each of the equations (4)-(7), by approximately
the spatial dependence of the variables at the initial time by linear
functions on each triangle , by finding the corresponding values of
a/at at each vertex, by equating these to the time partials of equations
(9) - (12), by averaging the resulting values of the a1’s over the tri-
angles and by translating the result. In all cases, the initial values
of a1, a2, a4, a5, a7, a8, a10, and a11 are set to zero. In the sampleproblems , the iteration converged faster with the zero values than
with the more obvious choice a1 � 0, i ~ 3, 6, 9, 12. The integrals
of Dk.(a2Dk/aa~aaJ ) ,  Dk.(aDk/3a1) and (aDk/aal).(aDk/aaJ ) are
approximated by a two point Gaussian quadrature in time and by a pro-
duct of first order functions in space. For example,

14
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3D 3D 2 anI ~~~ ~~ 1 (x ,y , t ; )

Zth prism R.th triangle

an
~_! (X,y,t ;~ ) dxdy , (15)

3

where t , m = 1,2, are the two Gaussian quadrature poin ts between zero
and A~ .m In the spatial integrals at each Gaussian time, both factors
are approximated by first order functions in x and y which are then
multiplied and integrated exactly over the desired triangle (see sub-
routines DS(JB, EVALPR and AREAIN ).

Once the val ues of the parameters a
~ 

are known , the desired values
of the flow variables at the center node at the new time (t = At) can
be determined eas il y from equations (9) - (12) ,  (see subroutine VALNEW) .

The above discussion app lies equally to interior and boundary type
nodes. However, as noted at the end of Section II , the minimization at
a boundary node is a constrained minimization. The type of constraints
will depend on the type of boundary condition imposed at a given node.
As an example , the zero normal veloci ty boundary cond ition imposed at a
solid wall is incorporated into the equation system (13) in Appendix B.

IV . NUMERICAL EXPERIMENTS

In this section the results of two non-steady flow calculations,
the flow behind a cylindrical blast wave and the flow across a prop-
agating normal shock , are presen ted. These two examples are computed
in order to ascertain the scheme ’s characteristics on interior nodes
for a smooth and discontinuous flow , respectively. Both of these time-
dependent flows are essentially one dimensional in space, however , they
will be treated as two dimensional problems . Furthermore, since closed-
form solutions are known for each problem , the accuracy of the fini te
element formulation can be precisely evaluated .

The similarity solution of the blast wave problem is discussed by
Sedov 8 and the formulas for the cylindrical case are summarized in Appen-

Sedov, Similari ty and Dimensiona l Methods in Mechanics, Academic
Press , 1959.
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dix C. The flow behind a cylindrical b’ast wave rather than a planar
wave is computed because of its associated circular solution domain .
The computational domain for a given time consists of an annulus from
radi us ra to radius rb which is the position of the shock front at the
initial time to. Perhaps the most important advantage of the finite
element method is its capability of dealing with complex geometrical
shapes by using arbitrarily shaped simple elements. The ease by which
this cylindrical problem is handled by the Cartesian finite element
program, especially the circular boundaries , demonstrates this advan-
tage in an elementary manner. In Figure 2 the first quadrant of a
computational domain for a given time is drawn, where ra = 2.2(m],
rb = 3.0[m], the nodes are equally spaced at four degree intervals on
a given circle and the radial divisions are computed so that approxi-
mate equilateral triangles result. Consequently, the size of the tri-
angles increases with the radial distance from the orig in. Note the
good approximation to the arc boundaries by the series of straight
l ines forming the base of the triangles. A finite difference method
in Cartesian coordinates either would approximate the arc boundaries
by a series of horizontal and vertical lines or would require a trans-
form of the solution domain. In both cases special treatment of the
boundaries would be required. On the other hand , no special program-
ming is needed to treat the arc in the fLite element code.

Numerical calculations were performed for the case ra = 2.2[m],
rb = 3.O[m] and the initial time ~ = 3.85342034x10 3[s]. On the
initial time plane the values of f?ow variables are calculated from the
exact solution (see Appendix C). For the inflow condition at ra and
outflow condition at r

~ we again assign the exact value to the flow
variables. The computed ratios of p/ps, yr/yr5. e/e5 and p/p 5 (sub-
scripts demotes value at the shock front) are compared to Sedov ’s
exact val ues (sol id l ine) in Figures 3, 4, 5, and 6, respectively. The
symbols~~~~ and 

~ 
denote the computed value on the triangular fin ite

element mesh with nodes spaced at two degree intervals (the computed
radial subdivisions range from O.07[m) to 0.09[m)) and at four degree
intervals (the computed radial subdivisions range from 0.l4[m] to
0.18[m]), respectively . Both sets of values are at the same time
(4.l25l6608xl0~

3 [s]). The former used four timesteps (At ~ 0.68xl0
4[s])

and the la tter two timesteps (At~ l.36x10 4[s]) to reach the termination
time . The maximum absolute value of the percent relative error for the
ratios of pressure , radial veloci ty, internal energy and density are
1 .15% , 0.12%, 0.10% and 1.24%, respectively, for the finer mesh and
2.68%, 0.30%, 0.36% and 3.04% , respectively, for the coarser mesh . We
recall that the density is computed from the equation of state once the
pressure and energy are calculated from the differential equations.
Hence , the error in the density includes both the pressure and energy
errors. We note that the maximum relative error in each flow variable
occurs where the finite elements are the largest ; that is, near rb. At
the opposite end , near ra, the finite elements are the smallest and the
absolute value of the percent relative error of the pressure, radial

16
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velocity, internal energy and density ratios for the finer and courser
mesh are 0.11%, 0.01%, 0.02%, 0.14% , and 0.44%, 0.18%, 0.19%, 0.64%,
respectively. Hence, overall and despite the relatively large size of
the triangular elemen ts, the agreement is fairly good .

A normal shock of strength five (P2 IP1 = 5) propagating into a rec-
tangular field is the second calculation . The subscripts 1 and 2 on the
variables denote their value in the pre- and post shock states , respec-
tively. The flow domain consists ideally of the infinite slab of the
(x ,y) plane , -~~~ < x < ~~~ y

~ 
< y < y1 for time greater than the ini tial

time to. The shock is initially at the position y50, y2 < y5 < y1,
and is moving in the positive y-direction . The quiescent sta~e is char-
acterized by zero velocities and by pressure and density of air at sea
level and at temperature 288.l5°[KJ . The values of the flow variables
in the disturbed region are computed by the Rankine-Hugoniot relations.
The formulas and values used to calculate the exact sol ution are listed
in Appendix C. The nodes are equally spaced alon g constant y val ues
and the y directed divisions are computed so that approximate equilat-
eral triangles resul t . The computational domain for a given time is
very similar to that in Figure 2 except that the radial and angular
variables now correspond to the y and x variables , respectively. How-
ever , all the triangles in this case are the same size. On the initial
time plane to, the values of the flow variables are calculated from the
exact solution. The boundaries at y2 and y1 are taken sufficien tly far
away from the shock front so that the constant values in both the dis-
turbed and quiescent regions are obtained by the flow variables.

For the calculations the y directed subdivisions are small in order
to model the shock with its extremely thin thickness. The y directed
divisions are 0.005[m], y2 = 2.965[m] , y1 = 3.050[m], y5 = 3.0025[m]
and to = 0.0[s]. The graphs of the computed ratios for ~he pressure
(p/ps) , the y-velocity (v/v5)1 the internal energy (e/e s) and the dens ity
(p/p 5) versus the y-axis are given in Figures 7, 8, 9, 10, respectively ,
for three times; 1.l524902xl0 4[sJ (fourth time level), 2.598607lx10 4[s]
(ninth time level) and 4.06543l0xl0 4[s] (fourteenth time level). The
synbol >~ denotes the theoretical position of the shock front. The
Figures 7 , 8, 9, and 10 show fair resolution of the locations of the
shock front for the given times. Spurious oscillations develop at the
shock front as expected, since no artifice was introduced into the equa-
tions or scheme to suppress them . The oscillations occur about the exact
solutions p/p 5 = v/v s = e/e5 = p/p5 

= 1 in the disturbed flow region .
A major objective of future work is to curtail these oscillations
(see Section V of this report).

We close this section with a discussion of the calculation time . The
times needed to calculate the flow variables both for an entire time
level and at an individual interior node are given to help ascertain the
time characteristics of the scheme. All the calculations were done on
the BRLESC computer facility at the Ballistic Research Laboratory . The
calculations of the flow behind a cylindrical blast wave took approxi-
mately 1.3 and 0.5 minutes for the finer and coarser grids, respectively,
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of run t ime per t ime level and approximately eight seconds per interior
node for both grids.  These times includ e , on the average , two iterations
per node in the Newton-Raphson method . The shock propagation calcula-
tions took approximately 4.5 minutes per time level and approximately
16 seconds per inter ior node. The shock propagation problem typically
required 4 iterations per node in order to find convergent values of
the unknown parameters a1. Al though the above times are not as small as
one might hope , they can be reduced substantially by simple modifica-
tions of the algorithm (see Section V). Such simple opt imizations must
be investigated in future work.

V. SUMMARY

We have presented a numerical scheme for solving time dependent
hyperbolic equations in two space dimensions . This method merges the
concepts of the finite element method and the properties of hyper-
bolic systems of equations and is applied to unsteady gas flows. The
corresponding hydrocode is summarized and listed . Finally, numerical
calculations involving both smooth and shocked flows are given and
discussed .

The purpose of this report is to give a summary of the work al-
ready accomplished rather than a definitive description of the quality
and usefulness of this numerical scheme. However, several positive
aspects of the method can already be seen. The formulation of the
method is straight-forward and avoids the large matrices associated
with the finite element method . The method handles different geomet-
r ica ll y shaped boundaries eas i ly  and accurately .  Ev en for relatively
large mesh sizes , the results for a smooth flow are accurate. Finally
in a propagating shock problem , the shock’s posit ion can eas ily be
discerned.

From the example calculat ions in Section IV , it is clear that
improvements must be made in several areas before the method ’s pr~ ~~i-

tial can be accurately ascertained . Listed below , not necessar
order of importance or difficulty, are several such areas.

1. Curtail the spurious oscillations near shocks. Several meth-
ods ; such as the flux-corrected transport techniques of Boris , et al ,9
and the well-known artificial viscosity method (see Roache’0), can be

1. Book, J.P. Boris, and K. Rain “Flux-Control Transport II:
Generalizations of the Method,” J. Comp. Phys., 18, pp. 248-83,
July 1975.

10 . .P.J. Roache, Con7putat wna l Flutd Dyn~wn-ca, Rer7no8a hthlt.shers, P. 0.
Box 8172, Albuquerque, New Mexico, 1976.
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applied . Although the latter is simpler to use, the forme r techn ique
may hold mcre promise because the oscillation s do occur abou t the
correct solution and the flux correction will not significantly reduce
the resolution of the shock as does artificial viscosity.

2. Sherten computing time . The run time can be significantly re-
duced by simple alterations in the algorithm. Recall that the spatial
derivatives of the variables at the known time level (u0, v , p0, e0)were computed on every triangular base of the f inite elemen~ which
resulted in the repeated calculation (up to NUMTRI times) of the resid-
uals Dk and their partial derivatives at the nodes (see equations (13)
(14)) .  If these derivatives at the nodes were computed once for a given
f in i te  element , the time reduction would be a factor of 0.5. The run
time could be further reduced by an order of magnitude if the calcula-
tions were done on a machine similar to the CDC 7600.

3. Rerun examples with different equation formulations. Certain
formulations may increase the accuracy of the computed results and
decrease the oscillations due to shocks. See Appendix A for different
form of the governing equations .

4. Apply the method to actual numerical problem. By applying this
method to a problem with complica ted boundar ies , not only could the
method ’s treatment of boundar ies be tested , but al so the entire method
could be compared to another numerical solution technique.

5. Extend the method with respect to “infinite” strength shocks
and moving boundaries. Once these extensions are incorporated into
the method , this scheme could hopefully be used to f ina l ly  develop an
adequate model of the severe transitional ballistics environment .
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APPENDIX A

VARIOUS FORMULATIONS OF THE GOVERNING EQUATIONS

The system of governing equations for fluid flow consists of dii-
ferential equations which express the conservation of mass (continuity
equation), momentum (Navier-Stokes equations) and internal energy
(energy equation) plus an algebraic equation of state. We list four
dif fe rent formul ations of these time dependen t differen tial equations
in two spatial variables. In the first three subsections the follow-
ing definitions are used : the first and second coefficients of viscos-
ity, heat absorption , the x and y components of the bc~iy force and heat
flux are denoted by l1(x,y,t) [kg/(m.s)J, A(x ,y,t) [kg/(ns ’s)], H(x ,y,t)

[J/ (kg.s)J , B1 (x ,y,t)[N/kg), B2(x ,y,t)[N/kgj, q1 (x ,y,t) [J/(m2.s)], and
q 2 1 y, t j m ~~~ f l ,  respectively.

1. Indepe ndent Cartesian coord inates are x ,y,t and dependent
valuables are u , v , p . p ,  e.

a a
+ .

~~
— (pu) + ~— (pv) = 0

c~ (.~
i!+ u } ’ !+ v~~~1)c pB l - +

~~~~~~ I ( ~2~ 
.
~

j 
~~~~~~~~~~

a I au  av+ —  ~~ \ ay  ax

l ay  av av\ a av a I 3u
P - + u . ~~- + v ~~—~. ) P B 2 - ay~~~~~ 

(A+2 p) .
~~
— +~~—~~A~~-—

a /au av~+ —  p
~~ — +_ )  (Al)3x ay ax

I a e  3e ae\ / 3q 1 aq 2 ~ I au av
p + u .~— + V pQ - + — - p —

(au av \ 2 lau’~ /av’~*

/ia u av+ U ~~7 +~~
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2. Independent Cartesian variables are x ,y, t and dependen tvariables are ii, 
~~~~~~~~~~~ p ,  p. The variables f f =  pu , V =  pv , B1 = pB 1,B2 = pB2, ~ = pe , H = pH are the x and y components of the momentumand body force , internal energy and heat absorption per unit volume ,respectively.

ap au a~— + — + — =  0at 3x ay

au~ a 
~~~~~~~~~~~~~ ~ ~~~~~~~~~~ ~~~~~~~~~i ~~ 

ay 
~
p ) 1 ax 3x p \~ax p ax)

a x (a~ ~~ap
’
\+

~ i

+1.. ~~~~~~~~~~~~~~~~~~ay p~~ay ax p a y ~~ax)

at ax 
~
p ) ay \~p ,/ 2 ay 3y p ~ y p ay)
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ax p~~~x ay p a x  P a y,)
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3. Independent Cartesian variables are x,y,t and dependent vari-
ables are Vr, 0, S, p, p. The variables Vr (x ,y,t)[m/s] given by Vr =
(u 2 + v2)1!2 , e(x,y,t)[rad] given by tan 0= v/u, S[J/K], and T[K] are
the modulus of the velocity vector, the argument of the veloc ity vector ,
entropy and temperature , respectively.

ap a a® . a a®— + cosO 
~~ ~~

“r~ 
+ PV r ~~ 

+ sin® 
~~ ~~

“r~ 
- 

~~~ ~~ 
= 0

p [coso (a
~ r 

+ 

~
‘r 

a~, cos® - V
2 
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/ av( a® a ® .  r-v sin® i + V — sin® - — cosOr 
\~t r a y ay

pB
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- .
~~2. + .
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.~2. sino)]
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4. Independent variables are r,z,t and dependent variables areur~ u® , W, p*, p*, I. In the governing equations listed below , the fol-
lowing definitions apply: r is the rad ial distance (r (x 2 + y2) l /2)
[m], z is the axial distance [m], t is the time [s], ur (r ,z,t) is the
rad ial velocity [mis] , u ( r ,z,t) is the swirl velocity [m/s~ , w(r ,z,t)
is the axial velocity ~m9sI, p*(r,z,t) is the density ~kg/in ) ,  p*(r,z,t)
is the pressure [Pa] and I is the internal energy per unit mass [J/kg].
Furthermore , the first and second coefficients of viscosity, the radial
and axial components of the heat flux vector , the heat absorption term
and the rad ial , angular and axial components of the body force are
denoted by v(r , z , t ) [k g/ (m •s)] , n (r , z ,t) [kg/ (m .s)J , hr (r , z ,t ) (J/ (m 2 •s ) ] ,
hz(r ,z,t)[.Ji (m 2~s)], H (r ,z,t)[J/(kg.s)], B~ (r ,z,t)[N/kg] , B0(r ,z,t)
[N/kg], B~ (r~z,t)[N/k g], respectively. In this formulation, the flow is
three dimensional and axially symmetric; that is , the six unknowns de-
pend ~ on the three variables , r,z, and t.

* 
au u

!Q— +u  ~e~+ w !E_~ + p * __.a + ~~ +~~ = 0at rar az ar r az

au au u 2 au au
p * + u ~~~ - ...2 ~

_ + w —i = + p *B - + L-. (1) + 2v) _—1.
at r ar r az r ar ar ar

fu  fau u
ar \r az) r \ar r
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APPENDIX B

BOUNDARY NODE FORMULATION FOR A ZERO NORMAL VELOCITY BOUNDARY CONDITION

Let Q be a node at a stationary wall where the tangent is defined .
The normal velocity being zero at Q implies that

u(i,~ ,t) sina - v(i,5~,t) cosa = 0 (81)

where (i,~) are the spatial coordinates of node Q and a is the angle
between the tangent line at Q and the x-axis. Since the wall is sta-
tionary a is a constant and e1uation (Bl) holds for all times. By
translating the axes to (x,y,t) ,  (the plane correspond ing to t is the
initial plane) , and using the interpolating functions for u and v,
equations (9) and (10), respectively, equation (Bl) becomes

[u0(0,O,0,) + a
3
t] sinci - [v (0,0,0) + a

6
t] cosa = O ,0<t<t~.t. (82)

Since the solid wall is stationary, equation (82) reduces to

a3 sinci - a6 cosa = 0 - (B3)

To minim ize_the_least square residual error over the finite element at
the point (x ,y , t + ~t) subj ect to equation (B3) , we use Lagrange multi-
pliers to obtain

NUNTRI aD
cosa Dk dxdyd t

R.t h prism

N UMTRI 4 aD
+sina j L 1  IIf (~ ~ 

D
k ~ .!)dxdYdt } = 0 , (84)

2~th prism =

a3sinct - a6 cosa = 0. (B5)

In the minimization of the residual error over the boundary type ele-
ment at which zero normal velocity is imposed , equations (B4) and CBS)
replace equations aE(~)/aa3 = 0 and aE(t)/aa6 = 0 of equation system
(13), respectively.
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APPENDIX C

E XACT SOLUTIONS OF TEST PROBLEMS

Cylindrical Blast Wa ve. Sedov ’s solution8 (pp. 219-20) for a
cyl indrical blast wave generated by the instantaneous release of a
fini te amount of energy proportional to E0 into a gas with initialdensity p0 is summ arized below. For the calculations , the specif ic
heat ratio of a perfect gas y and two constants and p

0 
are :

y = l . 4 O ,

= 6.887025656E+06 [Jim] , (Cl)

p 0 = 1.262523446 [kg,’m3] -

The similarity solution which uses the Rankine-Hugoniot strong shock
conditions can be expressed in terms of a parameter 0 as follows :

= 48 .32791537~~(t) 1/2 [m]

Vr 973.1614183/r5 [mis]

p 5 = 7 .57514067 6 ~kg / m3)

p5 = l .4347970l1x l0 6/r s2 [Pa ] , (C2)

r/r 5 = 0.9562806477(14 0 - 5) 1/7 (58 - 782 ) _ 1/2 ,

v / v  2 .40~~~ 8 ’ r / rr

p/p 5 = 2.5l2993254x10 4 (148 - 5) 5~’7 [(5_ 7 8) / ( 1_ 2 8)] bo h/3 ,

= 6.618423368xl0 3 
. 8 [(5-78)/(1-28)I~ ”~

where the subscript s denotes the value at the shock front and the para-
meter B satisfies the inequalities 5/14 < B < 5/12. Note that B = 5/14
corresponds to the orig in of the blast , a singularity for the energy
and sound speed and B = 5/ 12 corresponds to the position of the
shock front at a given time. The in ternal energy for a perfect gas of
specific heat ratio y = 1.4 is given by e = 2.5 p/p . The x and y compo-
nents of the velocity are easily computed by the formulas VrcosO and
v sin 0 , respectively, where the tan 0 = y/x.

~~~ 
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Propagating Normal Shock. The quiescent state into which the nor-
mal shock is propagating i~~characterized by

u
1 

= V
1 

= 0.0 (mIs) ,

p1 = l.0l325xl0 5 [Pa]

p
1 

= 1.225570786 [kg/rn3] (C3) p

e1 
= 2.06689408x105 [J/kg] ,

where e is computed from the perfect gas formula e = 2.5p/p for y = 1.4.
The Rankine-Hugoniot relations for a normal shock wave in a perfect
gas1’ imply:

Y+ 1 p21 + — —
p y-l p1

y-l —
p1

1/2

V2 
- l)[~~1 ‘ 

(C4 )
p1 ~~~~~~

c Fl
(
~~

1) 
+ 
P2(Y4.l)] 

1/2

s 
1
~~2p 1 2p

1 
J

1 p2e = — —

2 y-l p
2

11!f . W. Liepmzn and A. Roahko, Elementa of Gaa D~jnamic,~ Wiley and Sane,
1967 , pp. 62—65.
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where the subscri pt 1 and 2 denote the value of the variables in the
quiescent and disturbed states, respectively, c5 is the shock front
velocity and y = 1.4. In particular for a shock of strength (P2/Pl)
five and a quiescen t state characterized by equations (C3) ,  we have

v2 4.6190563x10
2 [m is ]

u2 = 0.0 [m/s] ,

p2 = 5.06625x 105 [Pa] , (CS)

p
2 

3.4538813 [kg/rn 3] ,

e2 
= 3 .6670701x 10 5 [J/ k g] .

41
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APPENDIX D

LISTING OF COMPUTER PROGRAM

43

- 
~~~7PXCEDIr.iG PAQ~ 8LAZ~C~NOT tI1~ g~

L - 
__________________



- -5.- -- -. - --. . - ‘~~~~
.,. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

C *$$* T HE FOLLOWING PILOT HYDR a—CODE US ING A FINITE—ELE M ENT
C METHO D TO SOLVE T IE UNSTEADY GAS FLOW EQUATIONS. THE FOLLOWING LISTI N G
C COR RESPONDS TO THE VERSIO N OF TIl E CODE WHICH PRODU CED FIG U RES 7,8,9,10 OF
C T H IS 8R L R E P O RT
C CONT EN TS OF COMM ON BLOCKS BLOKL,810K 2 AND BLOI(3 ARE
C XY(1 ,J)~~A eSCISS A OF NODE J
C XY (2,J)~ O R D I N A T E  OF NODE J
C K=K OLC OR KNEW—T IME LEVEL AT WHICH THE ABOVE VARIABLE S ARE KN OW N
C OR UNKNOW N
C vAR (K ,1, J )~ Aesc Is s A VELOCITY COMPONENT AT NODE J
C V A R( K, 2 ,J )zO RD INA TE VELOCITY COMPONENT AT NODE J
C V AP( K,3,J )— PRES SURE AT NODE J
C V AR( K, 4 ,J)ZSPEC IF IC INTERNAL ENERGY AT NODE J
C VA RT (L,J ) PART IA L DERIVATIVE CF VA R(KNEW,L, J) WITH RESPECT TO TIN E
C AT NOC E J
C N R (M,J)=NU MBE R OF THE NEIGH B ORING NODE N TO NODE J
C D E F I N I T I O N OF V AR I A B L E S
C NU P P E R = T O T A L  NU N BE R OF N O D E S  IN THE PR O B LE M ,.LE.200Ci
C N U M ONC=TOTAL NUMBER OF NE IG I4BCR S FOR A GIVEN NODE
C N O E C =N U M PER OF C IFFE R ENT IAL EQUATIONS TO BE SOLV ED, M OST OFTEN 4
C MU A = N U M R E R  OF UNKNOWN PARAMETERS A l l )  I=1,2, ...MLA, M OST OFTEN 12
C O R CT I M =O R I G I N A L  OR I N I T I A L  T I M E
C ~X N TM S= M * * IMUN NUM B ER OF TIME STEPS
C

COPMON /BLOK I/XY (2,2C 00 ),NR (9,2COO )/BLOK2/VAR( 2 ,4 ,2000 )/BIO K3/VA R T (
14,2000)

C
C FOR SHOCK PROBLEM , THE SHOCK STRENGTH (RATIO OF PRESSURE) MUST BE
C SFT IN BOTH EXISOL AN D GRAPH IT **MANUA ILY* **
C CE R T A I N OT HE R P A R A M E T E R S  MU ST BE SET M ANUALLY IN E X I S O L

C ALL STA R T (IUMB ER, N UM OND, N OEQ ,MUA, K O LD, KNEW ,CRGT IM ,M XNTM S ,BEGPOS)
LNCE X ZO
OT IME OR GT IM
T IM F z OR G T IN

19 INC EX ~~IN CEX ’l
C ALL T IMEST EPI N UMB ER, N UM OND,NCEQ, MU A,KOL O ,KNE W ,OT IME , TIM E , INDE X)
C ALL C I SPL A Y INU MBE R, KO LD , KNE W, T IM E , INDE X, OR G T IM ,BEGPOS)
IF (LNO EX .11. MXN TM S ) GO TC 19
PRI N T 52

52 F O PMA T (1I ’ ,13X, ’PRCGR AM IS FINIS HED—STOP ’)
STOP
EN C

SU BR OUTINE STA R T (N UM BER ,NUMON D ,NOEQ, M UA ,KOL D ,KNEW, ORGT I P’,MXNTMS .
I BE GPOS )

C $$ST AR T— G E N E R A T E S  ENTRIES FOR ARRAYS XY,NR ,VAR (KNEW,4 ,2000),VA RT
C — ASSIGNS NUMBERS TO ITS ARGUMENT L IST

CO MP ~ON/ P1OK1/XY(2, 2OOO ) ,NR (S ,2OOO) ,BLOK 2 IVAR (2 ,4,2CO O )/BLOK 3IVA RT (
1’~,2OOO )

C ** T H E  FOLL OW I N G  A R E  GEO M E T R I C  PAR A M E T E R S  FOR A NOR M A L SHOC K PR OBLE M
C Y l~~I N I T IA L  VALUE OF V IN COMAIN

V 1=2 .965
C Y2 zF INAI. VALUE OF V IN DOMAIN

Y2 = 3 .050
C CY~ S I L E  O F M ES H IS V D I R E C T I O N

CY 0.005
C N OXC sN UMPE R OF DIVISIONS IN X—D IRECT ION

KOX C =4
C £ECPOS IS B EGINNING POSITION CF SHOCK
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BEGPOS z 3 .0025
C X BEGIt4=INI T IA L X POSITION

XB EG IN=O .O
O RGT IN O .O
M X PTM S=14
CALL NE SGFN (NUM BE R ,Y1,Y2,DY,NCXD,X BEGIN)
P R I N T  103

103 FORMAT I 1P,//,2OX, ’ MATRICES XY (2 ,2C 00) AND NR(9 ,2000) ARE ’,!!)
PRINT 104

04 FORMAT (114 ,SX, ’NODE ’,13X,’CORROINATES ’ ,25X, ’NEIG HBOR ING P4ODE SII—8
1P ’ ,24X,’P4OCE ‘p
PRINT 105

105 FORMAT (IH,105X, ’TY PE’ )
PRI N T 101

101 FOR M AT (1I,6X , ’I’ ,11X, ’X ’ ,17 X ,’Y’,13X ,’t ’,6X,’2’,6X ,’3’ ,6X,’4’,6X,
1’5’ ,6X , 6’ ,6X , ‘7’ ,6X , ‘8’ ,~~X , ‘9’ ) 

p

C O 51, 1 1,NUM BER
51 PR INT 102,I ,XY( 1 ,l) ,XY12, I) ,(NR (J ,I ),J=1,9)

102 FORMAT Ill- , 2X,I5,3X ,1PEI5 .8,3X,IPEI5 .8,IX , 9(2X ,15))
N UM ON C= 9
tsOEC=4
KNEW I
KOLC 2
P’UA=12
CO 10 NO N UM =1,N UM PER
X zXY II ,NON UM )
V= xV 1 2, N O N U M )
T~ OR GT I M
C AL L EXTS OLIX ,Y,1,UV,VV ,P ,E,SPECV, IB AD)
IF (IB A C .NE .O)GOTO 20
V A R (KNEW, 1 ,NONUM ) UV
VA R (KNEW,2,NC N U M ) VV
VAR IKNE W ,3,NO NUM)=P
V AR (KNEW, 4,N ON UM ) E

10 CONTINUE
CALL IN ITNG (MJMB ER ,NUMOND ,NOE Q ,KNEW, MUA )
C ALL OU TNO4IN UMB ER, KN EW ,ORG IIM )
RETURN

• 20 PRINT 21 ,NONUM
21 FO RMA T (1I $ ,/,’ TROUBLE WAS INCURRED IN FINDING EXACT VALUE AT

IO C E= ’,I 6,/,’ PROGRA M IS STOPPED BY PROGRAMMER’)
STOP

• R ETURN
[NC

SUBROUTINE TIMES TEP (NUMBER, P4UNOND,NQE Q ,MI JA ,KOLO,$P ,EW, OT INE,TIME,
1 IN DE X )

C COMPUTES VALUES OF FLOW VARIABLES AT INITIAL T IME +DT AT ALL NODES
C KOLC IN C ICA TES LEVEL OF KNOWN INFC IN VA R
C KNEW INC ICAT E S LEVEL OF UNKNOWN INFO IN VAR

COM MON /BLOK I/XYI2,2000),NR (9,20C0)/BLOK2 /VAR (2 ,4 ,2000)/BLOK3/VART (
14 ,2000)

C **T HE FOUR KEY SUBROUTINES OF CAL C I ARE TRAN SL ,SOLVE R, IN ITZR ,VALNEW
EXTERNAL TPANSL ,SOLVER ,INITZR,VAINE W

C SW ITCH INDICATORS FOR CALCULATION AT NEW TIME LEVE L
OT IME TIM E
I S*VE KNE W
K NE W = 1(01 C
K O L C = I S A V E

C COMPUTE TI ME INCREMENT
46



C A LL DEL T A T I N U N P ER ,NUMOND ,NOE Q,KOLO,OT)
C CO MPU TE NEW T I M E

T I P E ~ OT I N E +CT
PRI NT A000, OT IME ,CT ,T IME

4000 FOR M AT (LI- ,/,7X, ’SUB TI MESTEP OLD TI$E~~’,tPE15 ,8,/,22X, ’OELTATz ’
1,1PI ~15.8,~~,22X , ’TI ME TO BE USED IN CA LC ULA T ION S—’ ,IPEIS.81

C lOOP OVER NO D ES
C **BEC* USE A LL THE V A LUES OF THE FLOW VARIABLES ARE EQUAL FOR CONSTANT
C V VALUES ONLY ONE VALUE AT A GIVEN V MUST BE CALC U LATED

K O N UM = 3
28 CONTINUE

C IF N R (N U MO NC ,N ONU M )=1, U SE CALC I(NON—8D Y NQlJEI,ELSE CALCB(BO Y NODE )
IF (NR (NU NONC,NO NUM).E Q. 1)CO TO 25
C ALL CALC B (NO NUM, KNEW, TI ME, IND EX)
GOTO 20

?5 CALL CA LLI( NUM BF R,NU M OND ,N OEQ ,MUA, KOI D ,KNEW, TEME ,DT ,NONUM ,TRAN S I ,S
1OLVFR ,I NI TZR,VALN EW)

C **USE THE V A LUE AT THE NODE(NO NLM ) TO COMPUTE VAR A N D W ART ENTRIES FOR
C A G I V E N  Y V A L U E

20 CHK R C=XV(2, NONIJM)
RA CV EL =V IR(KNEW ,2 ,NONUM )
N = N ON UM— 3

26 rs=N+ i
I F I N .GT. NUMBER ) RET URN p

RC XY (2,N )
I F I R C  .GE. (CI’KRD ,O .00000l)) GO TO 27
V AP (K N E W ,  I,N )=VA R(KN EW , 1 ,NONUM )
V AR ( KNEW, 2,N I R A D VE L
V A R I K NEW , 3 ,N I =V AR ( KNEW, 3, NONUM
VAP (KN EW ,4,N) VAR (KNEW, 4,N ONU P’ )
V AR T (1 ,N )zVART ( 1,NON IJM )
VAR T (2 ,N ) :VA RT (2,N ONUM )
VAP T (3 ,N)~ V AR T ( 3 ,N ONUM )
V APT(4 ,N )~ VA RT (4,N0NUM )
GO TO 26

27 N O NUM = N +2
CO TO 28
[NC

SUBROUTINE C ISP IAY INUMBER, KO 1O ,KNEW ,TIME ,ENDEX ,OR GT IP ,B(GPO $)
C **CI5 PLAY—GENE RAT [5 OUTPUT AFTER THE FLOW VARIABLES ARE COMPUTED AT A NEW
C TI M E

CO MNON /BLOK2/VAR(2 ,4,2000 )/BLCK 1/XY (2,2000),NR( 9 ,2000)
C **0L.TNO6 GIVES LISTING OF VAR AND DENSITY AT NEW TIME

CALL OUTNO6 (NUMB€R ,TIME ,KNEW )
C •*GR A PHI T USES THE CA ICOMP PLOTTER TO GRAPH PRE SSLRE ,Y—VELOC ITV , IN TER N AL .
C ENERGY PER UNIT MASS AND CENSITY

C ALL GR A P I-I T (T IME,KN [W,NUM BER, INDE X,ORGT IM, BEG POS )
RETURN
[NC

SUe ROU T IN E INITNG(NUM BER,NLJM ON O ,P4OEQ ,KNEW,M UAI
C COMP UTES INITIAL VALUES OF THE PARAMETERS OF FLOW VAR IABLES AT THE INITIA L
C T I M E L E V E L  ONLY

CO WM ON /8LOK1 /XY (2 ,20OO ) ,NR (9,2CO 0PI8 1OK2 /VARI2,4,2 OCOI /8LOK 3~ V ART4
14,2000)
CI ME NS ION ALPIIA (12),RHO INT(3, 9),X(3) ,Y (3),GT(4,3),G (4,3),000(4,2),

1AIU 2 ), RI4OT ( 3  1, T RI0 1N13 , 3)
C I N I T N G  IS W R I T T E N FOR ~~~~~~~ CHANGES MUST RE M ADE IF INI TNG IS NOT 12. IN ITNC
C CHEC K S FOR MLJ A a L 2.
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IF (NU A.N (.12)GOTO 101
C THE N UMBER OF NOCES IN D OM A IN (NUMPER ) CANNOT BE GREATER THAN 2000. IN ITN G
C CHECKS NUMBER

IF (NUM B E R.GT.2C00)GOTO 201
C LO OP OVER ALL NOCES

CO 20 N 0NUM ~~1,NUN 8ER
CO 25 J~ 1,NU *

25 A IPHA (J )=O.O
C COUNT NUMBE R OF NODES PER PRISM ——NDPPR M

NC PP RM~~1NON MI— NU M ONC— 1
CO 30 J~~1,NONM1
IF I NR (J,NONUM ) .EQ .O)GOTO 35

30 NCPPR NZ NCPPR M + 1
C COMPUTE VA RI AeL E FROM EQUATION OF STATE AND ITS FIRST DERIVATIVES AT PRISM
C N ODES

35 CALL INA RES (NUMON C,NOEQ,KNEW ,NONU M ,NDPPR N ,R HOINT )
C IRAN SFE R C E N T E R  N ODE DATA TO WOR K ING ARRAYS

Xl 1)zXY ( 1 ,NONUM )
Y(1 )~~XY (2 ,N ONUM )
CO 40 Izl ,NO€Q

40 G ( I , l ) = V A R ( K N E W , I , N O N U M )
C DE TER MIN E  NUM BER OF TRIANGLES PER PRISM )4OPPRM—1 FOR NON—BOY AND NDPPRM—2 FOR
C B CY ISO C E

NU MT R I=NCPPR M— l
IF l NR( NU MO NC, NO N UM) .NE .1) NUMTR Iz NO PPRN~~2

C LOOP O V E R  THE T R I A N G L E S  OF THE PRISM
RNT NU MTR I
CO 45 ITRI Z 1 ,NU M TR I

C T H I R D  V E R T E X  OF TR IANGLE IS
1V3= ITR 1.1

C E XCEPT WHEN CENTER NOCE IS NOT ON BOUNDARY AND LAST NGHB . NODE OF PRISM IS
C CON S I C E R EC

I F l ITR I .EC.NCPPRM— 1) IV3 —1
C TR A N SFER DATA OF NEIGHBOR ING NODES TO WORKING ARRAYS

JS UB 2z NR(  ITR I ,NONUM )
JS U e3Z NR (  IV3,NONUM )
X (2 ) ’XY (i,JSUB 2 )
X (3 )zXY (1,JSUB3 )
Y 1 2 ) = X Y ( 2 , J S U B 2 )
Y( 3 )=XY (2 ,JSU B 3 )

C A B S O I L T F  VALUE OF CET IS THE AREA OF THE TR IAN GIE/ 2
C E T = X ( 1 ) * Y ( 3 ) — X l 3 ) * V ( 1 ) . X ( 2 ) * Y ( 1 ) ~~X ( 1 ) * Y l 2 ) , X ( 3 ) * Y ( 2 ) ~~X ( 2 ) * Y l 3 )
IF (CET.EC .O.IGOTO 19

C COG (I ,J )=PARTIAL DERIVA TIVE OF V AR IKN EW ,I,NO NUM) WITH RESPECT TO X (J=l ) OR
C Y (J= 2 ) ON THE TRIANGLE WITH CENTER AT NONUM

CO SO I~~1,NOE Q
Cl I , 2 ) = V A R ( K N E W ,  I , JSUB 2)
G I I , 3 ) = V A R I K N E W , I , J S U R 3 )
COG ( 1 , 1 1 = 1  ( G ( I , j ) — G (  1 ,2 )  ) * Y ( 3 1 — ( G ( I , 1 ) — G ( I , 3 )  ) * Y ( 2 ) + ( G ( I , 2 1 — G ( I , 3
I ))$Y(IHIOET

50 COG (I, 2 )= l— (G ( I ,1)—G (I,2 ))*X (3)+ (GII ,1)—G(I, 3 ))*X (2 )— (G( I ,21—G (I ,3
I I I*X (1) I/CU

C T RA N FE R INFO FROM RHOINT TO TRHO IN AND COMPUTE APPROXI M ATE DERIVATIVES OF U ,V
C AND INT ENG WIT H RESPECT TO TIME BY SOLVING FOR TIME DERIVATIVES IN THE
C GOV FR N IN G E CUATIONS

CO 55 Ia I ,3
TRI- O IN I I, 1)~ RHO INT l 1 ,1)
TRH O IN(I,2 )~ R iiO IPi T (I,ITRI.1)
TRH O IN(I ,3)~ RI4O INTl I ,1V 3+1)
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GT Il ,I)~ — (G(I,1 I*COG (t,1) .GI2 ,I)SDOGll ,2)+DOGI3 ,1) !TRHOlNl1 ,I))
GT (2 ,I).~—(G (1,I)*COG (2 ,1i,G(2 ,I)*DOG (2,2),OOG (3 ,2)/TRHOIN (1 ,I))

Si GT I4 ,IIs— lG ( 1,I)*DOG (4,1) +G (2,I )$DOG I4 ,2)+G (3 ,1)’ (DOG (1 ,1)+DOGI2,2
1 ) )/TRHO IN4 1,1))

C COMPUTE INITIAL VALUES OF PARAMETERS FOR U ,V, INT . ENG.lA (1—6, 1O—12)I
C SOLVE FOR A (Ij,A l2),A(3 ) BY EQUATING A (1)*X (1)+A(2) *YII )+A13)aGT (1 ,E ),E z1 ,2,3

CO 60 I~~~,NOEQ
IF (I .EQ .3)GOTO 60
Ja I$ 3
JM I=J— 1
JM2 = J—2
AI (J )— (GT (I ,1 ) * (X ( 3)*Y12)—X (2)*Y (3)I+GT (I,2)* (X( 1)*Y13) Y (1)*X (3))

1 •GTI I,3)* (X (2)*Y ( I)—X(1)*Y (2U)/DET
*I (JNIJ .(—GT( I ,1)*(X ( 3)— X 12 ))4GT (I,2)* (X (3 )—X l1 ))— GT II ,3)•(X (2)—X(

11)) )/CET
A1I JM2 I .IGT (1,1)* (Y (3)—Yl2 ))— GT (I,2)*lY (3)—Y (1)) ,GT (l ,3)* (Y 12)—YU
l)))/OET

60 CONTINUE
C C OMPUTE DERIVATIVES OF DENSITY AND PRESSURE WITH RESPECT TO TINE AND
C PAR AMETERS *17—9 ) FOR THE PRESSURE

CO 65 I~~i,3
C RH OT IS THE T I M E  D E R I V A T I V E  OF D E N S I T Y

RHOT (I)2—( G (1,I)*ITRHO IN (2, I)$DOG (3,1)+TRHOEN (3,I)*DOG (4,1))
1 ,Gl2 ,I)* (TRHO IN (2 ,E)*OOG (3,2 ) ,TRHOIN(3 ,I)*DOG (4 ,2))
2 •TRHO INII,I )*IDOG (1,1 )+DOG I2 ,2 )))

C G T I 3 ,I ) IS THE TIME DERIVATIVE OF PRESSURE AT VERTICES
65 GT ( 3, I)=( PHO T I II—TRHO IN(3 ,I)* (AIllO )*X(I)+AI (II)*Y (I)+A I(12) )) !TR H

IOIN ( 2,1)
AI( 7)= (GT I3,l) * (Y13 )—Y (2 ))—GT(3,2 )* (Y( 3 )—Y(1) )+GT( 3,3 )* (Y(2 )—Y (1))

1 )/C FT
A I (8 ) (~~GT(3 ,1)*(X (3 I~ X (2))+GT (3 ,2 )* (X (3P—X (1))—G T (3,3 )* (X(2 )—X 1II

1) )/CET
AI (9)z(GT (3, I)$ (X l3)SY (2 )—X (2 )*Yl 3 ))+GT I3,2 )*(XI1 )*Y (3)—Y (1)*X (3)I

I +GT( 3,3)*lX (2)*Y (1)—X (1)*Y (2)))/DE T
C SU M THE L I I I ’ S  OVER THE TRIANGLES IN THE GIVEN PRISM

CO TO I=I ,NU *
70 A LP I * (I)= AI P I - * lI ).A L(I)
45 CONTINUE

C THE AV E R A G E  OF THE 4 1 1 1 ’ S  IS THE INIT IAL VALUE OF THE A (I) S FOR THE PRISM
CO 75 I=1 ,M UA

75 A I I I )~~A1P HA(I)/RN T
C ST ORE IN M AT RIX V AR T THE INITIAL V ALUES OF THE PARAMETERS AT THE CENTER NODE
C I N THE TRA N SL A TEC COORDINATE SYSTEM. WE TAKE A (1,2,4,5,7,8,IO AND 1l)zO
C A NC AII $ 3 )=V *RT II ,N ON U M )

CO 80 I 1 ,NOEQ
P0 V A RT II ,NON UM ).A I (I* 3— 2 ) *XY (1 ,P4ONUM )+A I(I*3—1 )*XY (2 ,NONU P )+A I(I *31
20 CO N T I N U E

RETURN
101 P R I N T  102,MUA

STOP
201 PRI N T  2O 2 ,NUMBE R

STOP
I~ P R I N T  5 ,NONUM

STO P
5 FO RM AT (Lt- .,//,’ CETZO .O IN SUB. INITN G ’ ,/,’ ONE OF THE TRIANGLES
1AS SO CI ITEC WITH NODE ’,15 , ’ HAS ZERO AREA’ ,!, ’ CHECK THE ORDERING A
IN C N U M B E R I N G  OF NGHB. NODES’ ,!, ’ STOP’ )

102 FOR M A T  Ill- ,’ MUA = ’,15, ’ BUT SUBROUTINE IN1 TN G IS WRITTEN FOR NUA*
112 ,STO P’ I

202 FOR M AT (lIl , ‘ N (JMBE R z’,1 7,’ BUT INITNG IS WRITTE N FOR NUMBER NOT
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1GR EATE R TI-AN 2C00. STOP’)
ENC

SUB ROUTINE MESG EN(NONUNF ,R1 ,R2 ,DY,NOTO,THETAB ) 
S

C THIS SET OF SUBROUTINES GENERATE A FINITE ELEMENT MESH IN CARTESIAN
C COO R C INATES IX,Y) THEY WERE ADAPTED FROM THE CLYDR ICAL COOR. PROGRA M
C R IS THE Y COORDINATE AND THETA THE K COORDIN ATE
C”$’$FINITE ELEMENT GENERATING PAC KAGE MAY BE CONFUSING IN ITS LOG IC
C BECAUSE II HAS BEEN ADAPTED FROM POLAR TO RECTANGULAR
C GEO M ETR Y

COPMONIBLO K1 /XV( 2,2000 ),NR( 9,20C0)
CIP ENS IO N RA CII(200 )

C NOT O IS NUMBER OF DIVISIONS IN THE X D IRECTION
NOTCPIsNOTC ,1

C TI4ETAB IS INITIAL K POSITION
C CV IS INCREMENT IN Y—C IRECT ION
C R I IS INITIAL VALUE OF V
C R2 IS FINAL VALUE OF V
C D R IS INCREMENT IN X—CIRECT ION TO INSURE E QUILATERAL TRIANGLES

CR~ t. 154 7005 3 8* DY
TM ET AE= T IIET A B ,NOT D*OR

C NOCPOS INDICATES TY PE OF POSITION THE FIRST NODE WILL HAVE—SEE AUTG EP4
N OCPOS=t
NO N UMB X NO TC 42
RACI I ll ) R l
1=1

23 1— 1 .1
RAC II(I) RACII (I—1) ,D Y
IF ( (RA O II(I )+O.OCOO 1) .LT. R2 1 GO TO 23
PRI NT 24 ,(KAC II( IKL), IKL •1,I)

24 FORMAT (1I- ,LOX, ’T l-E V SUBDIV ISIONS FROM SUBPROGRAM MESGEN FOR K—V
1 FIN. EL. MESH AR E’ ,lF ,1 3X ,IPEL5 .8))

C AUTGEN GENERATES GRID FOR Y.GT.YIzR I
CALL AUTG EN (RADI I,I,NODPCS,NCN UMB ,NOTD ,THET AB, THETA E ,NONUMF )

C G E N E R ATE GR IC FOR Y =Y 1~ R 1
CO 20 Ia 1 ,N OTDP I
P ,R (9,E)zl
CO 20 J~ 5,8

20 NR (J, I)*O
CO 21 I=2,NOTDP I
P ,R(1,I) zI~~1 

S

N P (2,1 * £ .PIOT D’1
NR I 3 ,I)=I+ N O TD +2

21 NR (4,I)~~I+j S

NR I1 ,L )zNOTC •2
NR(2 ,1) PICTC43 

5 p

NR ( 3,11*2
NR (4,1) *0
NP (4, 16)20
CT l-ETA =(TI .E TA E— THETA B )/NO TD
CO 22 I=1 ,N OTCP L
RI — I—i
TIIETA aTHETAP4D T I4ETA *R I
XVI I, I Pa TIE TA

22 XY( 2, I)2R1
R E T U R N
EN D
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SUB ROUTINE AUTGEN(RADI I,N,NODPOS,NO NUM B ,NOT D .THE TAB ,THETAE ,NONU PFI
C THE AUTOMATIC GENERATION OF THE FINITE ELEMENT GRID STARTS WITH Ri.
C CE L TAR 1 RAC II (2)
C NUTC IS NUM BER OF THETA OIV IS ICNS, NO P4UM F=I OTA L NUMBER OF NODES INO WUM B +
C T HO SE G E N E RA T E C

CO MMON /BLOK I/XY (2,2C 00),NR(9 .2000)
CI M ENSION RAC I I I200 )
P1=3 .14159265358919324

C N ONUPB =T I4E BEGINNING NODE NUMBER AT RA OII I2 ) .
NO N UM -N ONU MB - 1
N CP I—N O T C+1$ NCP2 ZNOTC +2
CT I4FTA=I THET AE —T HE TAB)/NOTO

C N OCPOS = O IF NOC E NOP JUMB IS A VERTEX OF A COMPLETE EC U ILATERAL TRIANGLE,
C IF NOT NOD PO S=1

KNOW - NOD POS
KK= KNOW. I
KBE FOR XM CO F IKK,2 )
CO 20 I—2,N
IF (KNOW .NE .1)GOTO 60

C VERTEX OF AN INCOMPLETE EQUILATERAL TR I ANGLE IS ON THE RIGHT BOUNDARY
IF (I.EQ.N )GOTO 30

C R I .LT.RACII .LT.P2 AND THET A— THETAB
N ON UM NON IJM+ 1
X Y (l ,NO NUP) =TI ETAB
XV (2,NONUM )=R A CI 1(1)
NP 19 , NONUP ) =2
NP I I, NONUM I =NONUM—NCP1
NR(2 ,N O IM UM )=NO N UM+i
NP I 3 ,NO NUM)Z NONUM+NOP2
CO 36 J = 4 , 8

36 NR I J, N ONU M )a O
11$ El AZTI4 E T A B +0 • 5*CTIIE TA• C Rl .LT .RAC II.LT .R2 AND TI .4ETA=TH E TAB

C R1 .LT .RAC (I.LT .P2 AND THETAS .LT.THETA.LT.THETAE
40 NONUM=NONIJN,1

X VI 1.NONU M )= T H ETA
X Y I 2 ,N O N U M ) — R A C I I I I )
NR(9 ,NON UM )a l
NRII,NONIJP)-NONUM—1
NP (2 ,NONUP )—N ONUM+ N C P2—I
P P I 3,NONUN )-N ONUM+ NCP2
N R I4 ,NON UM)- NONUM+1
NP I 5 ,NONU N)a NO NUM—N C P1
KR (6 , NONUM I -N ON UM —NO P 1—1
N R I 7 ,NON UM )-C
KR (8,NONU P)aO
THETA — TI4E TA ,CT HET A
IF II I-IETA .LE .TIIETAE IGOTO 4C

C R 1 .LT.RAD I! .LT.R2 AND THETA — THETAF
NONU$ NONUN,L
X V I  1 ,NOP ,flaN )— T IETAE
XY (2 ,NONUM I—P A D 1 1 1 1 )
KR 1 9, NONUM a 3
N P (1 ,NONUP) NONUM—N OP2
KR (2 ,NONU P )-N ONUM— i
NR ( 3,NON UM) N ON UM +N CP I
CO 39 J~~4 ,8

39 N R (J,NO N UM I -O
GOTO 50

C VERTEX OF A CO MPLETE EQUILATERAL TRIANGLE IS ON THE RIGHT BOUNDARY

51

IS ---— --.5-.-—- , —- —-—- - _•—-- ——- — - — — _-----. ——-—,-_ — - 5 -  —5- -— --- ,



.5 -.-- . _ . _ • _ . 

60 £FII .EQ .NIGQTO 35
P4ONUNaNONUM . 1

C RL.LT .RAC II .LT.R2 AND THETA aTHETAB
XY ( 1 ,NONLJM ) T P E T A B
XY (2 ,NON UM) — RACI I ( I)
N RI 9 ,NONUM) -2
NR (1,NON LJM )zNONU M—N CP2
KR(2 ,NONUMI -KOI.UM -NCP2.j
NR( 3,NONUM )-NONUN ,i
KR( 4,KONUM)- NONUM sNCP1+L
KR( 5 ,NONUP )-KONUM ,NQPI
KR ( 6, NONUM P
Ps R( 7 ,KONUM ) 0
KR (8 , NONU M )
TM El A THE T AB + CT I4ETA

C RI .LT.RACII .LT.R2 AND TP4ETAB.LT.T I4ETA .LT.THETAE
44 NONUM *NONU M+1

X VI 1,NONUM ) T1 ETA
XY12 ,NONUP ) R A D I I I I )
IR 19,P4ONUM) 1
NR (1,NOP4U P )aNON UM~~1
NR (2 ,NONUM I NOP4UM4NC P I
KP(3,N ON LSM ) NONU M+PI C PL+L
NR (4 ,NONUM ) -NONUM + I
NR (S,NONU M) sP4ONUM— PIDP2 +1
NR(6,NONUM )*NONUM~ P4CP2
PsR(7,NONUM)aO
P. P 1 B p NOP-4UM ) =0
T)4ETA THETA +CTHETA
IF (T HETA.L T .(THE TAE—O THETA /2 .P)GOTO 44

C R1 .LT .RA CII ,LT.R2 AND THETA = T I4ETAE
NO Mi Na P40 NUN ’ 1
XY I 1,N ON UP ) TP-E TA E
X Y (2 ,NONUM )*RA CII ( I)

• NR (9,P,ONUP’)z3
NP (1 ,NONIJM) zKONUM-N CPI
NR(2 ,NO NUM)- NOP4 UM-NO PL— I
~R (3pNONUM)=IiONUM— j
NR (4,NONIJP I NONUM ’ND P2—1

• NRlS ,P4ONUN) P4ONUM+NDP2
NR (6.NONUM)-O
KR 7 , NONUP ) =0
NRlR,PsO N UM )=O

50 ISA VE a KNOW
K NO W K8E FOR
KB EF OR Z ISAVE
GOlD 20

30 NONI JM NO N UM +I
C R*CII.R2 AND THETA TPETAB

X VI 1 ,NONU P ) THE TAB
KY (2 ,P4ONUM I— RA d II I)

KR I 1 ,PONUM ) NONUM .1
NR12 ,N ONUM ) NO PdUM—N C P1
CO SI J— 3,B

Si NR IJ,NONU P’ ) O
THEIA THE TAB ,O.5*CTHETA

62 K ON U M NON U M +1
C PAC ZI-R 2 AND THETAB.LT .THETA.LT.TMETAE

XY (t,N ONUM ) THETA
52
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XY (2,NONUP~P= RA CI%(L)N R I 9,P.ONUN)—4
IW R (1,P4ONUM)a NONUM ,1
N R I2,N ONUN )-NONUM—NDP 1
NP (3, NOI4U14 I 2P4ONUM—NDP1—1
KR(4,P4OP4UN )-NOP4UM—t
CO 52 J S ~ Ø

52 N RI J ,NON UM) sO
THET A— THET * .CTIsETA
1FITI4ETA. LE. T HETAE)G OTO 62
NOPUNaNONI.JM.j

C RAC II — R 2  AND THETA ’TIIETAE
X VI 1, NONUM ) =T I~E TAE
XY (2 ,PIONU N) — RA CIJ(I)
KR (9, PIONUM)
NR( I ,NOP4UN)aNONUM-NOP2
NRI2,NO PI UNI-N O NUM— L
CO 53 J J,8

5 3 N P (J,N ONU M)= O
GOlD 20

35 KOP.UM -NONUM+i
C R A CI I R2 AND TH€T A= THE TAB

X VI1, NONLJN I a THE T
XY (2,NONUM)— RA CII( I)
FiR l9 ,NONUM) 5
P.P( I ,NOF ( LJ M ) -NOP4U )4 + 1
NR (2,P.OKUP)-P,ONUM—NOP2.I
N R ( 3 , N O N U M ) = K O P d U M — N C p 2
CO 54 J 4,8

54 NR(J,NOPIUM )-O
TN El A THcTAB + D I N E  TA

49 N ON U N aNO NLM 4 1
C R *C II- R 2 ANC THETA B .LT.T HETA. LT .TI4ETAE

XV I I  ,P4ON UP )-THETA
X Y I 2 , N O N U M  ) = R A C I I  ( I )
N R I 9,NONUP’ )x4
KR( 1  ,KONUM)aNON UM4 1
NR(2 ,N0 NUPIa KONU M~ F4CP2 ,t
K R (  ~,NONUP ’ )aNONUM— NC P2
N R (4 ,NONU N) aN ON UM—1
CO S5 J=5, 8

55 N R I J ,P4O NUM)-O
THETA — T I4ET *+C THE T *
I F I T IIE TA.L T. (T I-ETAE —DT HETA /2 .IIGOT O 49
NOP.UM NO’4UM, 1

C P A f (~~~sp~~ AN C TM ETA * T PETA E
XVII, NONUP’ ) aT HE TAc
£Y (2 ,N ONUM)* RACII(1 )
N P (9, NONU M ) *6
NR ( 1 ,N O NU M )a POPUJ M— P4C P 1
KR I 2 ,NON UM)-NONIJM—N CP 1—1
P.R l 3,PiONIJM)aNONUM—j
CO 54 Js41$

S6 NR (J,N ONUMI O
20 CONTINUE

N O N UMF - NO MUM
RETURN
ENC

SUBROUTINE INARFS (NUMOND ,NOEQ,KP4EW ,NCNUN ,ND PPRN ,R H O I K T )

53
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C CO MPUTES VA R I A B L E  FROM EQUATION OF STATE AND ITS F IRST DERIVATIVES AT PRISM
C NODES

COMNON /PLOK 1!XVI 2,2 000) ,NR (9,2000)FBLOK2/VAR (2.4,2000)
DIMENSION R IiU1NT (3,NUHO ND ),P13)
CALL INE QST (VAR IKNEW,3, N ON IJM ) ,VAR IKNEW, 4 ,NONUN ),R I
CO 20 1—1.3

20 RP4 O INT II ,1 )—R (l )
Co 25 K=2,NCPPRN
JSUP —N R IK— i, N ON UM I
CALL INE QST IV *R IKNEW ,3 ,JSUB ) ,VA RIKNEW ,4 ,JSUB ),R )
CO 25 1— 1 , 3

25 RH O IN T (I ,KI— R (I)
C IF NUMB E R OF TRIANGLES ES LESS THAN MAX NUMBER ALLOWED IN A PRISM, SET
C REMAINDER OF RHO INT TO ZERO.

IF (NOPPRM .EQ •NUNOND )RETURN
NF PPIaNCP PR M+i
CO 30 Ja P4 PPPL,NU M O P4O
CO 30 1—1 ,3

30 RP4OIN T (I,JP•O .O
RETURN
END

SUBRO UTINE IKECST (P ,E,R )
C CO MPUTES THE CENSITY AND ITS CE PEVATIVE WITH RESPECT TO PRESSURE AND INT .
C E NERGY FOR A NOBEL—ABEL GAS.
C GA M M A  AND ETA ARE TWO PARAMETER S IN THE NOBEL—ABEL E CLATION OF STATE
C TWO PAR AM ETERS AR E  GAMMA AND ETA (UNITS FOR ETA ARE P**3/KG I

CIP’ FP4 SION P (3)
CATA GAMM * ,ETA/1 .40 ,O.O/
G— GAM N A— 1.0
C— G *E +FTA *P
CCaC*C

C M 1 1 ) S C E N S I T Y
R I LI — P /C

C k 12 )—FI R ST CE P I V A T I V E  OF P 11) WR T PRESSURE
P1 2 )=G*E !CC

C P 13 )a F IR ST D E R I V A T I V E  OF P11 ) W RT INTERNAL ENERGY
P1 3 1=—G A P/ CC
RETURN
ENC

SUBR OUTINE OLaTNO4 (NUMBER ,KNEW,CRGTIM)
C S* OUTN O 4—L ISTS THE VALUE OF MATRICES VA R AT KNEW LEV EL AND VART

COP’MON /BL.0 K2 /V *R l 2 ,4,2000)/BLCK 3/VART IA,2000)
PRI N T 399,ORGT1N

399 FORMAT (1H ,I,IX , ’TIsE VALUES OF U ,V,P,E AND RHO AT THE IN ITIAL ‘,
I ‘TI ME (‘,lPEi 6.8,’) ARE’ ,!)
PRI N T 397

391 FORNA TU H, 5X, ’NODE ’ ,IOX , ‘U ’ ,1BX , ’V’ ,i8X, ’P’,18X, ’E’ ,17X, ’RHO’)
CO 11 I=1 ,NUNB E R
P110= VAR I K Ps E W, 3, 1) / (0 .  ‘,*VAR ( KNE W, 4, 1)

11 PRINT 402 ,I, (V*R(KNEW ,J ,I),J— j,4),RHO
402 FORNAT (IH,3X ,I5 ,5(AX ,IPE15. 8))

PRI NT 398 ,ORGTEM
PRINT 405,(I ,(V*RT (J,I),J—i ,4),1 i,NIjMBER )

398 FORP A TI1I ~,/’ INITIAL VALUES OF D~OT OF U,V,P ,E ARE AT TIME ’,
1IPEI5 .8,F/,SX ,’NOCE’,BX, ’OU/DT’ ,iAX, ’DV/DT’ ,14X , ’OP!DT’ ,IAX, ’OEFPT
2’)

405 FO RM A T (1H,(2K,I6,4(AX,lPEi5.8) I)
R E T U R N

54
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END

SUBR O U r IP4E EXTSOL (X,Y ,T ,IJV,VV ,P ,E,SPECV,EBAD )
C ‘* E XT SOL— FOR A GIVEN X,Y ,T ,EXTSOL COMPUTES THE K AND V VE LOCITY COMPO NENTS,
C TIlE PRES SUR E ,INTER P4AL ENERGY BEHIND A NORMAL SHOCK PROPOGAT EPIG INTO
C A CUIESCENT FIELD. PERFECT GAS IS ASSUMED ON EITHER SIDE
C *$ VEL 1,PI ,R 1,T1 ARE V—VEL OC1TY ,PRESSURF ,OENS ETY, TEMPERATURE OF QUIESCENT
C STATE

CAT A VELI ,P1 ,Ri,Tl/O.O,1 .01325E5,i.2255?0786,288.15/
• C *+ ORGS N P ,ORGSTM ,SP4K STH ARE INITIAL POS ITION,T IME ,STRENGT H OF SHOCK

C sA  G IS RATIO OF SPECIFIC HEATS
CAT A ORG S HP,ORGSTM,G/3.O025 ,O.0,l.41
CAT A SHKSTH/ 5.0/

• C *+ SP E CV A ND EB A D ARE UNUSED PARAMETERS
SPECV — i.O $ IBAC — O

C *+ A 1*SOUNC SPEED
A l -SORT (CAPt/Ri )
COM= (G+1.O)/IG— 1.0)

C *+ CS=SPEEC CF SHOCK FRONT
CS= Al*SQRT (IG—1 .OI/ (2 .O*G)+ (G+i .0)*SHKSTH/(2 .O*G))
POS = Y
SHKPOS=ORGS HP+CS * I T—ORGSTM )
IF (POS .GT. SPIKPOS ) GO TO 15
UP— (Ai/G)* (SI-KSTH—L.O)’SQRT I((2.O*G)/(G.I.OII/ (StIKSTH+1.O/CONI)
U V zO .0
V V sUP
P = S HK ST H *P 1
R= RISI I.O.COp4*Sp,KSTH I/I SHKSTP-4+COM )

RETUR N
15 UV O.O

V V =0 .0
P— P t
E*2.5*P/R1
R E T U R N
EPIC

SUBROUTINE CELTAT (NUMBER,PIUMONO,NOEQ,KOLD,DT)
C COMPUTES THE TIME INCREMENT FOR THE ENTIRE DOMAIN BY USING BI—CHAR. AND VALUES
C OF THE FLOW VARIABLES AT TIME-OLD TIME

COMMON/ P L O K I /X Y (2,2CCO) ,NR (9 ,2000 )IBLOK2/VAR (2 ,4,2000)
IN TEGE R ST*RT ,SKIP,START2

C ST ART IS STARTING NODE SKIP IS NUMBER OF NODES TO BE SKIPPED
D ATA STA RT ,SKI P~ 1, 1/

C F INC MINIMUM LE NGT H( RAD II) OF THE FIRST PR I SM AND SOUND SPEED AT START NODE
JSU f~~NR( t ,ST AR T I
A R — I  XY I1 , isue ) XY ( 1, START ) ISA?
YR=( XY (2,JSUB )—XY (2 ,STAR T ) )~ *2
RM IPs=X R+Y R
KOK W1 aN U NON C~~i
DO 20 I2 ,PIOKM1
JSUB NR ( I, ST A RT I

C IF NR II ,STAR T )— O , THEN THERE IS NC MORE Pl&H8. NODES TO THE START NOCF ,ELSE
C THERE ARE

IFI JS UB .E Q . 0) GO TO 25
K R-I XVI 1, JSUB I—XY ( 1, START ) 1*52
YR= ( KY(2 ,J SU BI— XY (2 ,STA RT ) )**2
P. K R +YR

20 RM I P4 P ’INlF (RM IN, R )
25 R NIPI—SQR T FI RM IN )

55
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CALL SND SPD (VAR (KOLD,3,START hVAR (KOLO ,4,START) , A )
C INCL UC E POSSIBILIT Y FOR UNKNOWN (SWIRL VELOCITY IN PCLAR COORO )

SW RL SP O.O
EF (N OE Q .EC .5)SWRLS P—VAR (KOLD, 5 ,STAR T)

C F I N C  THE F I R S T  VALUE OF DELT A T
TM IN — RM IN /(SC RTF (VA RIKOLD ,i,STAR T)**2+VA RIKOLO ,2,START) **2

1 +SWR L SP *SW RLSP )+A)
C INCREMENT START BY SKIP AND PROCEED THROUGH THE FINITE ELEMENT NET

STA RT2 =S TA RT ,SK IP
CO 30 NONUM-START2,NUMBER,SK1P
JSUP—NR (1,PIOPIUM)
XR = (XY I 1 ,JSUP )— XV (i,NONUM ) )*‘2
YR - (XY 12,JSU B )—XY (2 ,NONUM ) 1~ *2
PM IN—XR .Y R
KON MI— NUMONC— I
CO 35 I 2,NONM1
JSUP NR ( I,NONUM )

C IF N R (I,N ONU M ) O, THEN THERE IS NO MORE NGHB . NODES TO THE START NODE,ELSE
C THE R E A RE

IF (JSUB .EO.O)GOTO 40
XR—IXY(1 ,JSUB)—XYII,NONUM ) )**2
YR— (XY (2,JSUFI—XY I2,NONUM ) )**2
R a X R+ Y R

35 RNIK aM INIFI RM IN ,R )
40 RMI N SQRTF(PMIN I

C ALL SNDSPD (VAR IKOLD,3,NONUM ),VARIKOLD,4,NONU N),A)
C I NCLUDE POSSIBILITY FOR UNKNOWN (SWIRL VELOCITY IN PCLAR COORD)

SWRLSP=O .0
IF (NOE Q .EC.5)SWRLSP-VAR (KOID,5,NOPIUN)
TM—RM IN/( SQRTF(VAR (KOID, t,NONUM)**2+VAR (KOLD,2,PIOPIUM)**2+

ISWP LSP*SWRLSP 1+4)
C F I N A L  V A LUE OF CE L T A T IS TH IN

30 TN IPIaMIN 1F (TMIN,TN)
CT—TM EN
RETURN
EPIC

SUBROUT INE CALCI (NUMBER,NUMOND,NOEQ,MUA ,KOLD,KNEW ,TIME,OT,
1 N ON IJM ,TRAN SL ,SOLVE R , INITZR ,VALNE W I

C COMPUTES FOR A NON—BOUNDARY NODE NEW INITIAL VALUES FOR THE PARAMETERS AND
C VALUES OF THE FLOW VARIABLES AT THE OLD TIME + 01 (KNEW) LEVEL

E XT E RNAL TRAN SL,SOLVE R,I N ITZR ,VALNEW ,FU, FUSP E C
CO MMONI BL OK1 /XY I2, 2000),NR( 9, 2C00) I810K2 !VAR (2,’. .2000 )

1 /BLO K3/VART (4,2C00)
C THE VECTOR OF UNKNOWN PARAMETERS A IS OFTEN REDEFINEC AS B
C THE VECTORS X ANC V ARE XY (i,J),XY(2,J) FOR J CORRESPONDING TO NEIGHBORING AN D
C CENTER NOCE OF NODE NUMBER (NONUM) .
C MATRIX VALS CONTAIN VAR DATA FOR NEIGHBORING NODES

CI M EN S ION B (i2),X (9),Y (9) ,VALSI4,9
C N CPPRM KUM BER OF NODES PER PRISM CENTERED AT NONUM (.LE.9)

C ALL TRANSL (NUMONC,NOEQ ,MUA ,KOL C ,NONUM ,NOPPRM, X ,Y,VALS ,B)
C ALL SOLVE R I NUMOND,NOEQ, MUA ,TIME,OT ,NDP PRN ,NONUM ,X,Y,VALS ,B,FU,FUS
IPEC)
CALL £N ITZR(NOE Q,MUA ,N ONUM ,B)
C ALL V *LNEW INUMONC ,NOE Q,M UA ,KP4EW ,O T,N ONUM, V A IS,B )
RETURN
EPIC

SUBROUTINE CALCB(NONUM ,KNEW ,TIME ,INOEX)
~0PNOP,IBL OK 1~ KV (2,2OCO ),NR (9,2OOO)/8LOK2/VAR (2 ,4,2O0O )/BLOK3/VART (
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14 ,2 000 )
X X V I 1,PIOKUM )

• Y XYI2,NONUM )
T = T I M E
C ALL EX TSOL (X ,Y,T,UV ,VV,P ,E,SPECV, IBAO )
EF( IBAC.NE.O )GOT O 20
VA R (KNEW, 1 ,NO NUM I UV
V AP(KNEW,2,NONUM) VV
V A R I K N E W , 3 , N O P 4 L J M ) P
VAR(KNEW ,4,NOPIUMI E
R E T URN

20 PRINT 21,PIONUM
21 FORP 4AT( II-,/,’ TRO UBLE WAS INCURRED IN FIND ING BOUNDARY VALUE AT P4

IO C E = ’,I6 ,l,’ PR OGRAM IS STOPPED BY PROGRAMMER’ )
STO P
END

SUB ROUTINE TRANSI (NUM OND ,NOEQ,MLJA, KOLD ,NOPIUM ,NDPPR M,X,Y,VALS,B )
CO MMONI BLO K I/XV (2 ,2 0C0 ),NR (9 ,2C00 )/BLOK2 /VA R (2,4,2COO )/BLOK3FVA RT I
14, 2000 I

C IRAN SFE R S INFO OF A GIVEN PRISM INTO WORKING ARRAYS AND FORMS INITIAL GUESS
C TO A l ! ) .

DI MFNSEON XINUMONC ),Y (NUMOND ) ,RIMUA ),VALS (NOEQ,NL.MOKD )
C C E T E R M I N E  NUMBER OF NODES OF PRISM—— NDPPRM

NCPPR M= 1
MK=NUM O NC— I
CO 20 J L , MX
IFINR(J ,NO~4 U M ) . E Q . O ) G O T O  25

20 NCPPR M NCPPR M+1
C TRANSFE R CATA ~NTO X,Y,VA IS FROM XY ,VAR AND SET TO ZERO UNUSED PORTION OF
C X , Y ,V A LS
C CE NTER NOCE INFO IN CC O RCIN A T E SYSTEM WITH ORIGIN AT CENTER NODE

25 X ( 1 ) = O . O
Y l 11=0.0
CO 35 L~~1 ,NCE Q

C KOIC REFERS TO INFO AT KNOWN INITIAL LEVEL
35 VALS II,I)-VAR (KOLD,I,NONUM )

C NEIGH BOR ING NODE INFO IPI COORDINATE SYSTEM WITH ORIGIN AT CENTER NODE
CO 30 K 2,NCPP RM
JSUB—NR (K—l,NONUM )
X ( K ) = X Y ( 1 , J S U B ) — X Y ( 1 , N O N U M )
V ( K  ) z X Y ( 2 , J S U B ) — X Y ( 2 , N O N U M )
CO 30 I=1,NO EQ

30 V A L S ( I , K ) =V A R ( KO L C , I , J S U B )
C IF NUMBER OF TRIANGLES IS LESS THAN MAX NUMBER ALLOWED IN A PRISM, SET

• C ~ F MAIN C ER OF X , Y , V A L S  TO ZERO
IFI NCPPRM .EQ .NUMONO )GOTO ‘,0
JIM— NC PPRM+1
CO 45 K J IM,NUMONC
X( X )aO .O
V I K 1—0.0
CO 45 l*1,NOtQ

45 VALS (I,K)—C. C
C ASSUMPTION MU AFNO EQ IS AN INTE GERI PARAMETE R S A ARE ECLALLY SPACED AMONG
C UNKO.,NS)

40 MCIVaMUA/N OEC
C FORM INITIAL GUESS OF PARAMETERS A ll )
C I F. THE TRANSL ITEC COORDINATE SYSTEM. WE TAKE A (l ,2 ,4,5,7,8,1O AND ii) 0
C AND 4 ( 1* 3 ) vART( I ,NONIj M )

MCIVMi MC IV— 1
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CO SO I—l ,NOE Q
PIPOI V AI )—VA R T (I,NONUM)
CO SO J-~~,M C1VM i

50 B (MCIV 5I—J) -O.O
RETURN
EN D

Sue ROUT ENE SOLVER (NLJMON D,NOE Q ,NIJA, T1M E ,DT,NDPPR P ,NOPIUP ,X,Y ,VALS,B,
1FU .FUSPEC )

C THIS SOLVER IS THE BASIC NEWTCN—RAP HS ON SOLVER
C COM PUTES TIlE FINAL VALUE OF THE PARAMETERS Al l )  BY THE NEWT ON—RAP HSOPI METHOD
C WIT H THE TERMINATION CRITERIA GIVEN BY THE SUBROUTINE TERMEN
C FL AN C FUSPEC ARE SUBROUTINE S TO COMPUTE NECESSARY QUANTITIES FOR NEWTON—
C RA P HSON ITERATION PROCEDURE

E XTERNAL FU ,FUSPEC
LOGICAL INDI CT ,PROCED
DIMENSION B( M UA) , X (NUNOND ) ,Y (NUMOND ) ,VALS(NOEQ ,NUPO PID )
CI ME PI S ION CAJVN IIi2,i2 ),F li2 ) ,SAVE(12) ,A (12 ) ,WTS (l2),DMCRFA (12)

C M XITPJ IS THE MAX NUMBER OF ITERATIONS ALLOWED PER JACOBIAN EVALUATION
C PXN OJE IS THE MAX NUMBER OF JACOBIAN EVALUATIONS ALLOWED.
C I F PROCEC — T, PROGRAM WILL CONTINUE EVEN THOUGH CCNVERGENCE CRITERIA IS NOT
C PET AFTER ALL ALLOWABLE ITERATIONS.
C IF PR OCEC — F , PROGRA M WILL STOP.

CAD M X I TPJ, MXNO JE/i, IO/, PROCEO/ .FALSE./
CO 20 I= 1,M UA
SAVE 11 )= P I I)

20 4 (11=8 (1 )
C THE N EWT ON — RAP H SON METHOD
C’*+THE M AX NORM IS IJSFC FOR THE CONVERGENCE CRITERIA SINCE A l l )  AR E
C C I M E N S IO N A L ,  CMCRF A( I ) IS USED TO MAKE THEN N O N — D I M E N S I O N A L  FOR TESTING
C CONVERGENCE

CALL SC ALFA INU PONC ,N O EQ, NUA ,D1 ,VA IS,DMCR FA )
CO 30 La 1,M X PI OJE

C COMPUTE THE VECTOR F AND JACOBIAN
CALL FU (NUNOND ,NOEQ ,M UA,T IME,CT ,NDPPRM ,X ,Y,V A LS ,A,F,CAJVN I ,RES )

C COMPUTE THE INVERSE OF JAC — CAJVN I
c NAT IN Y IS SUB PROGRAM AVAILABLE ON 8RLESC SYSTEM

CALL M *T INV (C AJVN I, MIJ A ,F,MUA, C,DET )
IF (CET .EQ . 0.0) GO TO 35

C ITERATE M X ITPJ TIMES BEFORE EVALUAT iNG JACOBIAN AGAIN
CO 30 K 1 ,MXIT PJ

C CALC ULATE NEW VALUES CF PARAMETERS
00 45 I 1 , MUA
CO 45 J 1 ,MUA

‘.5 AI I ) a A II )— C A JV PI I (I,J ) S F (J )
C C HEC K FO R CO N V E R G E N C E
C ST PC R T , RELERR ,INC ICT,SAV E, WTS ARE DEFINED IN TERMIN

C ALL TERM IN I NUMONC ,NOEQ, M UA, CT ,NDPP RM ,INDICT, STPCRI ,RELERR,VA LS ,
1A ,S AVE .WTS,O FCRFA,NONU M )

C I F * 111’ S ARE WIT HI N TOLERAN CES , INDICT — TRUE
IF(IP ICICT ) GO TO 50

C I T E R A T E  A G A I N
CO 55 I=1,M UA

55 S*VE (I ) A( I )
C AS FUSPEC COMPUTES ONLY F OF NEWTO K— RAPHSON , NOT THE JACOBIAN

IF (K .LT.MX ITPJ I CALL FUSPEC (N IjM OND,NO EQ ,MUA ,TIM E ,CT, PIDPPRM ,X,Y,VA L
iS, I, F ,R E S

30 C O N T I N U E
C NO CONVERGE NCE

N O I T E R MX ITP J *NXNO JE
58
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P R I N T  80
PRINT 81,NONUM ,TI ME,DT,NOITER,STPCRT,RELERR .PROCED
PRINT 82
PRI NT 83,IBII ),AI I),WTS (I),I=l,MUA )
IF I .NO T.PROCED )STO P

C CO N V E R G E NCE IS OBT A I N E D
50 CO hO I= i,MU *
60 8(I) A 1 1 )

PRINT 92,NONUM,1
92 FORMAT I IH,1SX, ‘NOCE’ ,I5,3X,14,’ITERATEONS’)

RE TURF.
C TROUBLE WITH FENCING THE INVERSE JACO BEA N

35 PRINT 91
PRINT 85, NONUM ,TIME,DT ,L
PRINT 86
PRINT 87, (X 1I), Y( I) ,I= 1, F4UMO ND )
PRINT 90
PRINT 88
CO 47 I—1 ,NUMON U

47 PRINT 89,I,(VALS (J,I ),J—I ,NOEQ )
STOP

80 FORMAT (IH ,//,’ NO CONvERGEN CE ’)
RI FORP’AT ILH, ’ NUMBER OF NODE IS’,15,’ TIME ’,F12.7,’ DELTA T=’,F8.5

~,I/, ’ NUMBER OF ITERATI ONSa ’ ,I4,’ CRITERION FOR CONVERGENCE IS’,El
24.5,/I ‘ LA ST COMPUTED R E L A T I V E  ERROR IS’ ,E14.5, / ,‘ PROGRAM
3 W I L L  NOT STOP—— ’,L3 1

82 F0R’~AT (IH, ’ IN IFI AL A l l )  VAIUES’,SX,’L*ST A l l )  VAL IJES’ ,7X,
I’WEIGHTS’ I

83 FORMAT 1 1)4, 3X,E14.5,8X,E14.5,4X,E14.5)
85 FORMAT (jI.1,’ NUMBER OF NODE I5’ ,I5,’ T (ME—’ ,E15.8,’ DEL T= ’,ElS.B
I,!’ JA C O B IA N  WAS BEING EV ALUATED THE ’,13,’TH TIME’ )

86 FORMAT (1*- , 3X , ’X—VALUES ’ ,lOX, ’Y—VAI UE S’ )
P P F0R~~AT Ill- , E14.5,4X,E1 ’..5)
88 FOR M AT (LH, ’ NODE NIJM BER ’,3X, ’U—VELOC ITY’ ,3X, ’V —V ELOC I TY’ ,4X ,’PRFS

L S U R E ’  ,4X , • INT. — ENERGY’ ,3X, ‘SWIRL VELOCITY’ )
89 FOR M A T  I II- , 5X, I3,6X ,E12.5, 1X ,E12.5 ,1X,E12.5,2X ,E12.5,2X,E12.5)
90 FOR M A T  II)- ,’ VALUES AT INITIAL SURFACE IDTzO ) ARE ‘I
91 FORMAT (ii- , /1, ’ STOP IS DUE TO DET—O .O EN MAT INV—SOLVER ’)

E N D

SUBROUTINE TERMI N INUMONO ,NO EQ, MUA ,OT,NDPPRM , INDICT,STPCRT,REIERR,
VA LS ,A ,SAVE,WTS,DMCRFA,NONLM )

C USES MAX NO R M  OVER 1=1,...,MUA TO DETERMINE CONVERGE N CE
L O G I C AL I N C I C T
CI MENS ION VALS (NOEQ ,NUMONC),A (MUA ),SAVEIMUA ) ,WTS (MUA )
C I M t N S I O N  CM C R FA I I 2 ) ,EXTI12)

C ~ T S(I) IS THE WEI G H T  ASSOCIATED WITH A l l )
C M IS ALLOWS MOCI FICATI ON OF MAX NORM TO A WEIGHTED MAX NORM
C STPCRT IS UP)’ER BOUND OF A L L O W A B L E  RELAT iVE ERROR
C THIS PROGRAM HAS A DATA STATEMENT. CHANGE DATA TO AGREE WIT H DIM E NSION
C OF ARRAY W TSIMUA ).

CATA EXTSTC/I.E—5/, (EXT ( I),I—I,12)/O.O,O.O,l.O,C.0,O.O,l.O,O.O,
10.0, 1.0,0.0.0.0, 1.0/
ST PC RT= EX IS TC
CO 20 I—1 ,MUA

20 WTS (E ) EXT (II
C COMP UTE THE M AX R E L A T I V E  E R R O R

R E L i R R a I O M C R F A (1 ) S  W TS (i )*IA II)—SAVE (i)))**2
CO 40 I 2 , M U A
S T = (C M C R F A l i ) *W T S ( 1 )*lA (I)—SAVE4I)))* ~ 2
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C W FLERR = RELA T IVE ERROR
40 PELFRR — MA XI F(ST ,REL ERR )

RE LE R R S  OPT F (P EIERR
C C O M P A R I S O N
C INDICT HAS VALUE TRUE IF CONVERGENCE, ELSE FALSE

EPIC ICT=RELERR.LT.STPCRT
RETURN
E NC

SUB ROUTINE SCALFA INU M OND,NOE Q ,MUA ,DT,VALS,SF )
C COMPUTES DIMENSIONAL CORRECTION FACTORS FOR EACH A l l ) SQUARED
C**$’ FO R EXAMPLE U—UO+ (A (i)SX+A 12)*Y+A (3))ST UNITS FOR A (i),A(2) AND
C *13 ) ARE 1/ISEC~ SEC), 1I(SEC*SEC), ME TRES/(SEC*SEC) SO THE
C EVERY TERM HA S UNIT (METRES PER SECOND )

CIM E N S ION VAL S (NO E Q ,NUMONC),SF (NUA )
C C HARA C T E R I S T I C  VELOCITY IS SOUND SPEED AT 07—0 AND CENTER NODE

CALL SNCSPD (VAL.S (3,1),VALSI4,1),REFVEL )
C CHARACTER I STIC LENGTH IS DT*SPIDSPC

RE FL NG=OT A RE F V EL
C C HARACTERISTIC PRESSURE AND INTERNAL ENERGY ARE THOSE VALUE S AT CENTER
C N ODE ANC CT=0

REFPR V*1S13, 1)
REF IE=U ALS I4, 1)

C C O M P U T E  T I-4~ CIMENS IO NAL CORRECTION FACTOR S FOR THE A II)’S
SF II )=O T *CT
SF (2 ) SFI 1 )
SF1 3)— CT/REFVEL
SF 14 1—SF lii
S F ( 5  ) S F(  2)
SF (6 )= S F I3 )
F= CT $REFLNG
SF17 )— F/REFPR
SF ( B ) SF ( 7)
SF (9)=O T /REF PR
S F ( I O ) F/ P EF I E
S F 1 1 1  )=SF 110 )
S F 1 1 2 1 — C T  / R E F IE
I F I N O E Q . N E .5 ) G O T O  30
SF 113 ) SF( 1)
SF1 14 I—SF 12)
SF 1 l5)~~SF (3)

30 RETURN
ENC

SUB R OUTINE FU (NUMOND ,NOE Q ,MUA ,T IME ,DT ,NDPPR M ,X,Y ,VALS,B,F,FA,R ES )
C CCM PL TE S TRIPLE INTEGRAL (F(I),1 1— M U A ) OVER A PRISM CF THE SUM OF TERMS 0(K)S
C 0(K ,I),K 1—NOE Q AND ITS FIRST P A R T I A L  D E R I V A T I V E S  (FA(I,J)),IF DESIRED
C 0(K) 15 THE R E S ICUAL CORRES PONDING TO THE KTH EQUATION

C I P E N S I O N  X ( N U M O N C ) , Y ( NUMOND ) , B I M U A ) , V A L S ( N O EQ , N I.j MO N DI ,F ( MUA ) ,
IFA (MUA ,MU A )
DIMENSION RHC I9, LO ) ,PF(12),PFA( 12,12)

C*’$~ IN SOLV I NG A INEW  ITERATE )-A IO ID IT FRA TE )— INVERSE (JACO BI AN ) *F , UPDATE
C J A C O B I A N  ANC F IF lN Ol aO , ONLY F IF IN OI—1

CO 20 I=1,M UA
CO 20 J=i ,MU A

20 F A I I , J ) 0.O
I N C  I O

Cs * S *  R ES IS THE LEAST SQUARE RESID UAL THAT IS TO BE PIN *P4 IZED
RE S=O .0
GOTO 25
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ENT RY FUSPECINUMOND,NOEQ,MUA,TIME,OT,NDPPRM,X,Y,VALS,B,F,RES)
INC I—I
RES— O.O

25 CO 30 I— i , MU *
30 F I I )—O.0

C A PPROXIMATE TIME INTEGRAL BY A TWO PT. GAUSSIAN QUADRATURE
JUDGE

C FIRST GAUSSIAN TIM E  POINT
GALST—O .21132 48654*DT

C C A L C U L A T E  V A R IA B L E  FROM EQUAT ION OF STATE AND ITS DERIVATIVES AT PRISM NODES
35 CALL ARE O ST INUMOND,NOE Q,MI JA,NDPPRM ,GA IJST,X ,Y ,VAL S ,B,RHO )

C C AL C U L A T E  S P A T I A L  INTEGRALS OVER PRISM FOR A GIVEN GAUSSIAN TIME
CO 40 k—1 ,N OEQ

C”S PF ANC PFA CORRESPOND TO THE SPATIAL INTEGRALS A SSOCIATED WITH F AND FA AT
C A G I V E N  G A USSIAN TIME

CALL EVALPR INUMON C ,NOEQ , MUA ,NDPPRM ,INDI,GA IJST ,K ,X,Y ,VALS , B ,RHO,PF ,
L PFA ,PR ES I
RES— RES+PRES
CO 40 L— 1 ,M U A
F IL 1 F(L I .PF (1 I

C IF I N C I = 1  DO NOT CALCULATE FA
IF (INCI .EC. 1) GOTO 40
CO 40 J-~~,M U A
F A I L ,  J )— FA ( L , J ) ‘PFA (L, J)

40 CONTINUE
C SECOND AN C LAST G A U S S I A N  POINT

IF (JUDGE .NE. 0) GOTO 45
J U C G E = i
GAL ST— O.7 8e67 51 346*CT
GOTO 35

C MU L T I P L Y  SUMS BY CONSTANT WEIGHT FACTOR O .5*DT
RES=O.5 SC T SRES

45 CO 50 L—1 , M U A
F IL )—O .5*C T*F IL)

C IF (NCI= I CO NOT CALCULATE FA
IF (INCI .EO. 1) GOTO 50
CO 55 J= 1, M U A

55 FA( t ,JI—O.5*CTSFA (L ,J )
50 CONTINUE

R E T U R N
E N D

SUB R O U T I N E  EV A L P R IN U M O N D ,N O E Q , MUA,N D PPRM,IN D I ,GAL ST,K ,X .Y ,VALS, P ,
1 R Il0,PF ,PFB,PRES )

C CCM PUT E S S P A T I A L  INTEGRALS OVER A PRISM FOR A GIVEN K R E S I D U A L  TERM AND
C GAUSSIAN TIME

CO MMON/ IN*RRS/XTR II 3) ,YTRI ( 3I,)J(3) ,V131 ,P131,E (3) , SV I3 ) ,RHOTRII3,1
I O)/OUT*RR5/D (3),DA (12,3),OAA (12,12,3)

C IN COM PON/OU TA RR S/,WE HAVE MU A=12 . WHE N MUA 15 NCT 12, MA N U A L L Y  CHANGE
C DI MENSIONS IN OU T*RRS

C I M E N S I O N  X (NUM ONC) .Y INUM OND) ,VALS IN OEQ ,N UMOND), PHO (N UMOND ,LOI ,8 (M
1 UA ) ,PF (M UA ) ,PFB (M IJ A ,MU A I ,RR I 3) ,RR2 (3) ,PR3 (3) ,RR413)

C SV DENOTES SW I R L  VELOCITY (NOEQ=5 )
PRES zO .O
CO 10 I= 1,M UA

10 PF (I)— 0.U
C IF IN C I= 1, T H E PI JACOBIAN IS NOT TO BE CALCULATED

IF (INDI .EC. 1) GO TO 15
CO 16 I= L , M U A
CO 16 J~~~,MUA
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16 PFB (I,J)—O.O
C C OLLECT INFO FOR A GIVEN TRIANGLE INTO XTR I ,YTRI,U,V,P ,E,SV,RHOTRI

15 XT RI (1)— * (1)
YT RI ( I I — Y l l )
U I!) VA L S It , 1)
V I 1 ) — VA LS (2 ,1)
P1 1)—VALS I3, 1 )
El 1 )—VALS I4 , 1)
SVI 1I—O.O
IF (NOEQ. (C.5 )SV ( 1 )=VA LS (5, 1)
N U P T R I — N C P P R N — L

C LOOP OVER TRIANGLES COMPOSING THE PRISM
CO 20 ITRI—1 ,NUMTRI

C COLLECT R E M A I N I N G  DATA FOR A GIVEN TRIANGLE
IV 2=ITRI .1
IV3 = ITR I-5 2
IF IITR I .EC .P4UMTR I )IV3 — 2
X TR I 12) X(I V2 I
X T R I I 3 ) — X l  IV 3 )
Y TRI( 2) Y 11V 2 )
YT R I ( 3 )=Yl IV3 )
U 1 2 1 — V A L S (i, IV2 )
U (3 )— V *LS I1,I V3 )
V (2 )— V ALS I2 ,IV2 )
V 1 3 I— VA LSI 2 ,1V 3 )
P 12) —V ALS I 3 , IV 2)
P1 3 )—VALS I3, IV3 )
E 1 2 )— V ALS (4, IV2 )
E l 3 )— V ALS I4 , IV3 I
IF (NOEQ.EC.5 )GOTO 25
SVI2 )— O.O
SV (3)sO .O
GOTO 26

25 SVI2 )—VA ISI5 ,1V2 )
SV I 3 )— V A LS IS , 1V3 )

26 CO 27 J=1,1O
RHOTRII t ,J ) RH0 ( t ,J)
RHOTRI (2,J) RH0( 1V2,J)

27 RHOTR I (3,J) 8HO 11V3 ,J )
C COMPUTE QUANTITY PROP ORTIONAL TO TRIANGLES AREA

CET=CETE RP (XTR I.YTRI)
C CSUB COMP UTES KTI- RESIDUAL ID ) AND ITS D E R I V A T I V E S  AT VERTICES OF GIVEN
C T RIANGLE (C* ,CAA)

CALL CSUBIMUA ,GAUST,INDI,K,DET,Bl
C PROCEEC TO CALCULATE THE SPATIAL INTEGRALS

CALL A RFA IP4IC ,C,DET,SOROS )
PR E S—PRES4SO RO S
CO 30 I—1 ,MU A
Co 35 J—1 ,3

35 R R I J ) 0A (I,J)
CALL AREA IN IC ,RR ,DE T,SXY )

30 PF( I)zPF (I)~~SX Y
C IF IN C I= 1 THEN JACOBIAN IS NOT TO BE CALCULATED INCREMENT ITRI .

IF (INOI .EQ .1)GOTO 20
CO 40 I-1,MUA
CO 42 L—i, 3

42 RR ’ .(L I=O * II, L )
CO ‘.0 J-l, MU *
CO 47 L 1,3
RR 2( L I—O A (J, 1 I
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47 RR 3 IL )— CA AII, J,1 )
C ALL AR EA IN IC,RR3,DET,SXY I )
C ALL AR EA IP4(R RA ,RR2,OET, SXY2 )

40 PFe(I ,J)=PFB II,J) .SXYL .SX Y Z
20 CONTIN UE

C REFLECT CALCULATED UPPER TRIANGULAR PORTION OF PFB TO OBTA iN PFB,IF NECESSARY
IF IIPIDI .EQ. L I GO TO 101
MM UA- M UA—1
CO SO I i,MNUA
1 1 1 = 1 +1
CO t0 J-III ,MUA

SO P F B I J , I I = P F O I I , J I
101 RETURN

EPIC

SUBROUTINE CSUBIMUA ,T,INDI,KS P (C,DE T,A )
CI M E N S I O N  *112)
DI M ENSION WTS I4 )
COMM ON/ I NA R R S / A X I 3  I , AY I3) ,AU( 3) ,AV( 3) , AP I3 I, AE (3 1,ASV I3 ) , ARHO ( 3, 10

LI / O UTARRS /D (3) ,CA (12,3 ),DAA (12, 12 ,3)
C WTS ALLOW FOR A WEIGHTED LEAST SQUARES RESIDUAL FORMULATION IF DESIREO

C ATA (WTS (l),I—1 ,4) /1.0,1.0,1.0,1.0/
C O SUB CO MPUTES THE VALUE OF THE RESIDUAL S 0 AND ITS D E R I V A T I V E S IOA,DAA I W R T
C A ( J )  AT THE VERTICES Of THE TRIANGLE BEING CONSIDERED.
C TO M AKE THE INDIVIDUAL TERMS CF THE LEAST SQUARES RESIDUALS NON—DIMENSIONAL
C CIVICE EACH TERM BY AN APPROPRIATE FACTO R—DMCF SEE THE END OF EACH SUBSECTION
C KSPEC—1 ,2,3,4
C ISUP IS CODEC PRESENTLY FOR tWA —I? AND K—t ,2,3, OR 4. DSUB CHECKS FOR THESE
C VALUES

IF ( MU * .NE .12)GOTO 101
C ON EACH TR IANGLE USE A L INEAR A P P R O X I M A T I O N  TO U,V,P,I AT TIME LEVEL CORRES—
C POP4 C I NG TO DDO. BELOW ARE FACTORS NEEDED FOR THIS APPROX.

F X I=AX I 3 )—A X (2 )S FX2 AX I 3 )— A X I I ) $  FX3 = AX (2 )—AX (LI

FY I=A Y I 3 )—AY I 2 ) $ FY2 — AY (3 I—A Y (1 ) $ FY 3— *Y (2)-A Y(1)
IF (KSPEC .EO. 1) GO TO 15
IF I KSPEC .10. 2) GO TO 3C
IF (KSPEC .EG . 3) GO TO 45
IF (KSPEC .EC. 4) GO TO 60
PRINT 99,KSPEC
STOP -

C PEGI N CALCUL ATIONS FOR K— I  (CONTINUITY EON.)
.5 U OX= ( I A U ( 2 1— A U I 3 I  I*AY (1.I— IA U(1 )—AU (3 )) $AY I2 ) ,IAL (1 )—A U(2 )ISA Y (3))
1 ICET
EOX= ( (AE (2 I—AE I 3 ) )*AY (l )— (A E II )—AEI3 ))*AY I2 ) ,l *E (1 )—AE (2 ) )SAY I3))

1 /CET
PO X= I (AP I2)—AP (3))*AY II)—(A P (1)—AP I3))*AY IZI+ (AP (1I—AP I2I )*AY (3)I

I /CET
V O Y= l— (AV (2 )— AV (3) I *AX (1 ) , (A V (1)—AV I3 )) *AX I2 )— (A VILI — A V (2 )) *AX I3 )I
I / C E T
EOY= (—I AE (2 )—AE (3 I ) *AX (1 ) ,IAE (1)—AE I3 ) I*AXI 2 I— IAE IL) —AE (2 I ) *A XI 3 ))

I /CET
PO Y= (—I AP (2 I—AP I 3) I*AX II ) +1 AP (1I—A P ( 3) I SAX(2 I—I A PII )—AP (2)) SAX I 3)
I /CET
PX=POXST’AI7 )$ PY=POY+T*A(8)
EX EOX+T$A(1U )$ EY EOY+T*AUL )
CR— UOX +VOY +T S(A ( L IsA( S ))
TTT=T ST
CO 20 1 1,3

63
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X —* X II) $ Y— AY (II
R .A RHO(I ,1)$ PP .ARHO (I,Z)$ R 1.ARHO II ,3)
RF P= AR HO II ,4)$ RII — A RHO(I,5 )$ RP I—AR HO II, 6)
RPP P=AR HO (I,7 )$ R IIIaARHO (1,8 )$ RPP I—ARHO (l,9)$ RP JI ARHO (I ,1O )
U T— A (I)*XSA(2 )*Y+A (3 1
V T AI ’ .15X 4A 15 )*Y+A(6)
U— J U l  II•T *UT
V— *V (I) ,T $VT
PT— A 17 1 *X SA IB $S Y +A 19)
ET A (1O)*X ,A (11)*Y ,A II2)
CR P= PT,U *PX, V SPY
CR I~~ET .USEX .V ~EV

C THF F IRST RESIDUAL 0 AT THE VERTICES OF THE TRIANGLE (I—1,2,3)IS
CIII— R P*CRP,R 1 5CR IsP 5CR

C THE D E R I V A T I V E  OF THE 1ST RESIDUAL W RT A IK) IS 0*1K ,!) AT THE VERTICES
C 11 1,2 ,3) -

RT T=R $T
XPTTU—X ,T*U
YPTTV — Y+T SV
STO R= (RPsPX+RIS EX )*T
CA( 1 ,II= ST O R SX. RTT $ DA (2 ,II’STOR*YS DA (3, IIsSTOR
STOR— (RP *PYSR ISEY )*T
CA I 4 ,1) STOR * X $ DA (5,I)=STOR *Y4RTT$ OA (6,I)aSIOR
STO P— (RPP’CRP,RPI*CRI+RP*CR 1ST
CA (7,II— R P *X P TTU+ST OR *X $ OA (8,I)—R P$YPTTV+ STOR *Y$ DA(9 ,I)=RP+STOR
S TC R= I PP I*CRP+R IL 5CR I+RI$CR )
C A (’.O,II= RI* XPTTU SSTOR SX SDA (ll ,I )— R I*YPTTV ,STOR SY SDA IIZ,I)— R I+STOR

C 2NC CERIVATIVES OF D IDAA (L ,K ,1 ) ) ARE NOT TO BE COMPUTED IF LNDI —1
IFIINCI .FC.1) GO TO 20

C DA *IL ,K ,1) IS THE DERIVATIVE OF TiE 151 RESIDUAL D WRT AlL ) AND A (K) AT THE
C VERTICES (1—1 ,2,3)

X T T X ST~ XTT2—XTT*T
YTT Y*TS YTT~ — YTT*T
R PTT2—R PSTTT$ R ITT2 = R I *TTT
XPTUTT —XPTTU ’TS YPTVTT — YPTTV*T
SP IT XU— R P I SX PTUT T S SPITYV .RP I*YPTVTT
GPXT —I RP P*PX ’RP I*EX )*TTT $ G IX T—I R PI S PX ,R II *EX )S TTT
GP YD(RPP*PY4RP I*EY )*TTT$ GIYT— (RP I5PY4R I 1*EY ISTTT
CO 24 L~~~,6CO 24 M L,6

24 CAA IL, M ,I )— O. O
STO RA—GP X T IX SRPTT2
STO RB—G IX T *X ,RI T I2
CA A (1 ,7 ,I )— (STORA ,RPTT2) *X $ DAA I1 ,8,I)— STORA SY$ PAA (1 ,9 ,I)=S TORA
C AA (1 ,1O, I I— (STORB .RITTZ)’X$ CAA (1,11 ,I) STORB* Y$OAA (1,12 ,I I—STORB
STO R— CP X T $Y
CAA (2, 7,I)=STORA *Y$ DAAI 2 ,8 ,I)—S TOR *Y $ DAA (2,9 ,II STOR
STO R— GIXT A Y
C*A (2, IO, Il—S TORB*Y$ DAAI 2, 11 ,1)— STOR*Y$ DAAI2 ,12, I)— STO R
C AA (3,7 ,I )a STORA $ DAA (3,8 ,EI—GPXT*Y $ OA * (3,q, I)=GPXT
C*A (),1O ,I)=STO RB S DAA (3, 11 ,I )—STOR $ OAA I3, 12, I )— G IXT
STO RA= GPYT *Y SR PTT2
STORB—GI YT*Y ,R ITT2
STO R—GPYT *X
C A A I 4,7,I) .STOR*X $ DAA( 4,8,I) .STORA*X$ OAA (4 ,9 ,I)=STOR
STOR — G IYT IX
CAA I 4 ,1O ,II.STOR*X$ CAA (4,l1,Il— STORB*X $ DAA I4 ,t2,1$.STOR
CAA (5,7 ,I)— STO RA *XS DAAI 5,8, II— (STORA+RPTT2 )SY $ OAA IS,9,II STORA
CA I(5 ,1O,I )=S TORB*X$ DAA I5,11 ,I)=( STOR 8+R ITT2 I*Y $OAA IS ,12 ,II STORB
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C *A I b, 7 ,I)=GPYT*X$ DAAI 6 ,8, I)— STORA$ OAA I6,9 ,I)=GPYT
CAA (6 ,1O ,E)— STOR $ DA A I 6,L1 ,1 I—STOR B $ DAA I6 ,12,I) G !YT
STO RC=RPP PSCR PSR PP 15CR I+RPP*CR
STORD =RPP ISCRP +RPI ISCR I+R P ISCR
ST OR A— R PP SXP TUTT
S T O R Ba STORC *X TT2
CA J ( 7,7, 11=1 2.*STCRA +STORB I*X
CAJ( 7,8,1 )— (STORASSTORR )*Y+RPP*YPTVTT*X
CA AI 7,9, I )— STORA ,STORB +RPP*XTT
STO RA — SP I TXU
S TOP 8—ST OR CSx TT2
C A A I 7,IO, 1)—1 2. *STO RA + ST O RB I *X
C AA(7 ,11 ,II= (STORA+STORB )*Y+ SP ITYV *X
C AJ( 7,12,1 )-STORA ’STORB +RP I*XTT
STOP A =R PP *YPTVTT
STORB— STORC *YTT2
CAJI 8,8 ,I )—1 2.*STORA .STORB )*Y
CAA (8,9, I )—STOR A .STORB+RPP*YTI
STORA .RP I *Y PT V TT
STORB— STORC *YTT2
CAA I8, IO , II—( STORA ,STORB )*X +S P ITXU *Y
CA * (8,11, 1 )—I 2.*STORA .STORBI*Y
C AIl8 ,12, I )-STORA ,STORB .RP I*YTT
C A AI9 ,9, I )— (2 .O5RPP+STO RC~ T)~~1
STO RA— ISTOR CSTSRP lIST
C A A (9,IO ,I)=STORA SX .SPITXU
C A A I 9 , J 1 ,I )— S T O R A *Y +SP ITYV
C A A 1 9 ,12 .II—STO RA .RP I*T
STO RE= RP I I~ CR P+R I II*CR I ,R 1I *CR
S T O R A — R I I * X P T U T T
S TOP 8— ST OR E TT2
CA A ( 10, 10 ,1)— I 2.O* STORA +STOR 8 )*X
CAA IIO ,IL ,I)— ISTORA ,STORB )*Y+XSRIISYPTVTT
C A JI 10,12,1 )— STORA ,STORB+RII*XTT
STO RA—YPT Y TT IRI I
STC RB a STORE STTT
C*A (11,II,I)— (2.*STOR A+STCRB*Y)*Y
CA I(1I,12 ,I I=STO RA S STORB SY+ R!I SY TT
C *A ( lZ ,12 ,I)—Z .OSRLL *T+ 5TORB
CO 28 M 1,11
(P1 41
CO 28 L .KP I ,12

28 C *JI L, M ,I) .CA A (M ,L,II
20 CON TINUE

C F OR CONTINUITY ECUATION THE CHARACTERISTIC QUANTITY (CMCF ) IS DENSITY AT
C TrO AND CENTER NOL E

CMCF — A RII O ( 1, 1)
10 200 1Cal,3
CI IC )—WTS (1)$C ( IC )/CNCF
CO 200 JC.1,PUA
CA IJC, IC )— WT SII )*D * (JC, IC )/DM CF
CO 200 KC—1 , M U A

200 CAA IKC ,JC, IC I—WTS II )*DAA IKC ,JC, IC )/OMC F
R E T U R N

C FEG I N CALCULATIONS FOR Ka2 I X—MOMENIUM EON.)
30 UOX= I l*U (2 )—AU I3)) SAYU )— (AU ~~1 )—AU (3 I I*A Y(2) , (A I(1 )—AU (2))SAY I3 II

1 /CET
U OY .I— IAU (2)—AU I3 ))S A XlI) .(A U (1 )—AU (3)l *AX I2 )—I AL ILI—AU I2 )) *A X (3))

I I C E T
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POX —I IAP I 2 )—AP I 3 ))SA Y(L )— IAp (1)—AP (3) I*AY (2)•(AP IL)—AP (2) )$AY I3I)
1 /CET
UY— U OY +A 12 1STS UX=U OX ,A (1)ST
UY IT T UY ST ST
CR 1=1 .OS T$UX
CRL TT—C RI ST
CO 35 1—1 ,3
X — A X I I I $  Y A Y I I )
P—A R HO (1,1)$ RP— ARHO( I,2 I$ RI .ARHO (I,3)
RF P= AR HO (I,4)$ R II— AR H O (I ,5I S RP !—ARHO(I ,6)
UT — A I1)SX ,A (2)SY +A ( 3)
VT—A 14) SX ,A(5 I*Y+A (6)
U— AU I I)+TSUT
V AV ( 11 ,T*VT
C P UT +U*UX+ V S UY

C THE SEC OND RESIDUAL D AT THE VERTICES OF THE TR I ANGLE (1 1,2,3) IS
C (I )— R SC RGPOX+A (7 )*T

C THE DERI V A T I V E  OF THE 2ND RESIDUAL W RT A ( K I  IS DA IK ,I) AT THE VERTICES
C (1=1,2,3)

STO RA— R *CP1
STORB—R*T
C A II ,I) .STOR *SX+ STORB *U$ OA (2, I) STORA *Y+STORB*V $ DA (3, I)— STORA
STO R—ST OR P*UY
CA I4 ,II— STORS X$ DAIS,! ) STOR*Y$ DA (6,I I—S TOP
S T OR A—CR ST
STOR—S TORA ’RP
CA ( 7,II— ST O R *X+TS D A I B , I ) STOR*V $ DA (9,1)— SIOR
STOR—STO RA SR I
C A (1O, I )— STOR SX$ CA IZI, I )sSTOR SY $ DA (12, IIzSTOR

C 2N C C E R I V A T 1V E S  OF C (OAA (L ,K, I)) AR E NOT TO BE COM PU TED IF LN D I I
IF IINC I .E C. l ) GO TO 35

C CAA (L, K ,I) IS THE DERIVATIVE OF THE 2ND RESIDUAL 0 WRT All) AND AI K ) AT THE
C V E NTICES (1=1 ,2,3)

RTT 2—R4’TST
CRTT 2—CR*T’T
CAAU ,I,II—2 .OS R TT2 SX $ DAA I1 ,2,II=R TT2 SY$ DAA I1 ,3,I )—RTT2
CAA II ,4,I )—O.O$ DAA (1,5,I)— O .CS DAA II ,6,I)—O .O
STO RA—( CRL ’X ’T ’U )ST
STOR—R P S STOP A
CA A (1,7,I)— STO R S XS DAAII,8 ,I ) STORSY$ OAA I1,9 ,I)— STOR
ST O Q— R I S S T O R A
C AAII ,1O, I )= STOR*X $ DAA I1,11 ,I)=S TOR *Y $ DAA (1,12, I)— STO R
CA AI 2,2, 1)— O .O$ DAA I2, 3 ,I)— C.C
C AA (2,4 ,I) RTT 2*XS DAA I2 ,5 ,I )-RTT2 *YS DAA (2,6,I )—RT I2
STO RA— (CR 1 *Y .TSV )*T
ST OR =RP S STOP A
CA JI2,7,I )—STORSXS DAA (2,8,1 ).STOR*YS OAA (2,9,I I-STOP
STOR= RISSTORA
CA *12 ,1O, I ) STOR *XS DAA (2, 11 ,I )—STOR *Y$ OAA (2,12, I )— STOR
C AA (3, 3 ,II O.O$ DAA I3 ,4,II— O .O $ DAA I3 ,5, I)— O.O $ OAA (3,6,E) 0.O
S TO P= CR iTT ‘PP
CA A I 3,7,I ) STOR*X $ DAA (3 ,e,I)— sToRs y s DAA (3 ,9,l)aSTOR
STOP—CPU TSR I
CA A (3 ,10,II— STOR*X $ DAA I3, 1i ,I 1—STOR SY S DAA (3,12,I I—STO P
CA A I 4,4, I ) 0.0$ DAA I4,5, I )—O.C$ DAA (’ .,6,II—O .0
S T O R A— UY I TT SX
S TO P RP*S TOP A
CA A ( 4,1,I )— STOR SX $ DAA (4,8 ,I)*STORSY$ 0AA I4 ,g ,I)-sTOR
STO P—P ISSTO PA
CA* ( 4 ,IO ,I) STOR *X$ 0AA (4,11,V)—S TOR SYS 0*4 (4,12,1)—STO P
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C*A(5 ,5 ,I)—O.OS DAA(5 ,6 ,I)—O .O
S TOP A UY T TTSY
STOR— R P *STORA
OA A (5,7, I)— STOR*XS OAA (5,8 ,1)—ST OR SY$ 0A*(5,9,I) STOP
STO R—R I$STOR A
CAA( 5,LO ,1)— STOR * X$ DAA IS ,11 ,1)— STOR SY S DAA (5,12 ,I I—STOP
CAA (6,6, 11—0.0
STOR—RPSUYTTT
CAA ( 6,7,I )—ST OP*X$ DAA (6,8 ,!)— STORSY $ 04*16,9,1)—STOP
STOP MI SUYTTT
C AA (6,10 , I)—S TOR *X $ OAA I6,11 ,I) STORSY$ OAA (6,12 ,I)— STOR
STO P A=CRT T2*X
STOR— RPP$STORA
CA A I7, 7,I) STOR ’X $ DAA I7 ,8 ,II STOR*Y$ D** (7,9,I) STOP
STOR—R P I*STORA
C AA (7 ,1O, 1)= STOR SX S DAA (7,11,I) -STOR*YS 0*4(7,12,1)—STOP
STOP A CRT T2$Y
STO R—STORA*RPP
CA A (8,8, I I STORSY S 044(8,9, 1)-STOP
STO R—STORISPP I
CA A I8 ,1O, I ) STOP*X$ 044 (8,11,1 I STOR*Y$ 0*4(8,12,1 I—STOP
CAA (9,9, I I RPP*CRTT2
STOP—PP I*CRTT2
CAAI9 ,10, I I-STOR*X$ DA A (9,11, II=STOR’YS 04*19,12,1 I—STOP
STO RA *CRTT2 SR LI
S TOP K S 5 TORA
CA ll 10 ,I0,I)=STOR*X$ DAA (1O ,11 ,II STOR* YS 0*4(10,12 ,1)—STOP
STO P Y*STCRA
CAA (11,I1,I)=STOR*Y$ 04*1 11 ,12,LI= STOR
CA A( 12 ,12,1 I=STO RA
CO 40 M i,1I
(P 1—M+ I
CO 40 L=KP1,12

40 CA A I L , M ,II CA A (M , L , I )
35 CONTINUE

C FOR X— MO MEMT U M E CUATION THE CHARACTERISTIC QU *N T ITY (CM CF ) IS VELOCITY
C ——T A KE SOUNC SPEED AT Tao AND CENTER NODE

CAL L SNDSPD (AP II),AE (1),DMCFI
CO 300 1C 1,3
CI ICI—WTS I2 )’OI IC)/D MCF
CO 300 JC—1,MIJA
C A IJC, ICI =WT 51 2 ) *CA I JC, IC)/DMCF
CO 300 KC-1 ,PU *

j CiO (A A(K C ,JC, IC I—W TS (2)*OAA (KC,JC , IC)/IDMCF
R E T U R N

C PE G IN CALCULATIONS FOR (-3 I Y—MOME N TUM EON. )
45 VOX= ( IA V ( 2 I —A V (3 ) ) * A Y I I )— IA V (1 I— A V (3 ) ) *A Y I 2 )+ (A V ( I I — A V I 2 I ) * A Y (3 )  I

I ~C E T
V O Y = l — I AV I2 )—AV (3 II SAX (1) , (AV (1I— A V (3 ) )$A X( 2 )— (*V (1 )—AV (2 ) )5 *X (3)I

1 /CET
POY=(— ( A P( 2)— AP I3 )) SA X I1) , (AP I1I—AP (3 ) ) *AX I2 )— IA P(1 )— *P (2) I *AX (3II

I /CET
V X VOX ,A (’ .)ST$ VY—V OY .A (5I*T
TTT— T ST
CR 5=1.OST’VY
CR5TT CR 5ST
CO 50 1—1,3
X — I X I I I $  Y SAY I I )
R — A RHO(I,1)$ RP ARHO II ,2I $ R I ARHO II ,3)
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PFP=AR HO I 1 ,41* P II— A R HO (1,5)$ R PI— *RHO (I,61
UT — A l  IISX ’A( 2) ’Y+A ( 3)
V1 aA 14 )*X ,A (5I*Y +A(61
U AU( I ),TSUT
V JV I I),T*VT
CR -VT +U*V X +V SVY

C T HE THIRD RESIDUAL D AT THE VERTICES OF THE TRIANGLE 11 1,2,3) IS
C III— R SC RS POY ,4l8)*T

C T HE CE R IVAT IV E OF THE 3RD RESIDUAL WRT 4(K) IS 0*1K, !) AT THE VERTICES
C (1=1,2 , 3)

S TOP— P S VX ST
CA 11,II — S T O R*X$ DAI 2 ,I)— STOR*Y $ DA I3, II= STOR
STO P A—R SCRS
STO P B—PSI
CA ( 4,I )—X 5STORA ,STORB SU $ DA (5,I)— Y *STORA +V *STORS $ DA (6 ,II—STO RA
S TO R A— CR ST
STOR— R P SST OR A
CA I 7, I)— STOR ’X $ 0A 18 ,IIS TO R* Y +T$ D* (9,II STOR
STO P—P ISSTORA
CA (LO,I)=STORSX$ CA (tt,I)—STOR*Y$ 04t12,II— STOR

C 2ND DERIVATIVES CF 0 IOAA (l,K,I)) ARE NOT TO BE COMPUTED IF INDI I
IFl!NCI .EC.1) GO TO 50

C CAA (L,K ,1I IS THE CER IVATIVE OF THE 3RD RESIDUA L 0 WRT All ) AND 4(K) AT THE
C VE RTICES (1—1 ,2,3 )

RTT2—RSTTT
STC RB—TTTSX
CI II 1,1,1 )—O .0$ 044(1,2,1 )—C .C$ 0*4(1,3,1 )—C.O
C AA II ,4 ,I)— RSSTOR B$ CAA(1, 5, II— C.O$ 0*4(1,6,11—0.0
STOP A—VX $ STOP B
S TO P a ~P ‘S TOP A
C A A I L , 7 ,I ) STOR $XS OA AII , B ,I )— STOR S Y$ 0*4(1,9,1)—STO P
STO P—P I’STORA
CAA (I , 1O ,1I— S TOR *X $ 0*4(1,11 ,1 )-STOR$YS UA 4lt ,12 ,II— STO R
STO RB —TTT SY
C A I(2,2, II—O.O $ DAA (2,3,I).O .C
C AA (2, 4,I ).RSSTORB $ CAA(2 ,5,I).C .O$ DAA I2, 6 ,I)aC.O
STO RA—VX ’STOPB
STO R— RP S S IORI
CI A I2,7 ,I).STOR SXS DA *12 ,8 ,I)aSTOR $Y $ 0*4(2,9 ,1)—S TOP
STOP—A I*STORA
CA A(2,L 0, I)—ST O R SX S C44(2 ,11, 1 )-STOR’Y$ 044(2,12,1 I—STOP
(*4(3,3,11—0.0
C A AI 3 ,4, II— R TT2 S CAA (3,5, I)—O.0 $ OAA (3,6, 1)—O.O
STO PA— VX S TTT
S TOP * PPSS TOP A
C A I (3 ,7,1 I STOR $X $ DAA I3 ,8 ,II— ST O R $Y $ 04*13,9,1)—ST OP
STOP —P 1 ‘S TORA
(A ll 3, 1O, l )—S TOR SX$ C44 (3,11 ,I)-STOR ’Y$ 04413,12,1 )—STO P
CA AI 4,4,I) 0.O1 DAA I4 ,5, 1 ) R T 12’X$ CAA I4 ,6,I)aO.C
STOP A—X SCR5TT .TTTSU
ST OR— P P S STORA
DAA I4 , 7,II - STOR $X S 0A 4(4 ,8,II STOR*Y$ 04414 ,9,1)-STOP
STO P—RI SSTORA
CA A ( 4 ,1O,I) STOR *X$ 0*414,11,1 I-STOR*Y$ 044(4,12,1)—STOP
ClI (5,’,11 2. O SR TT2 SY$ DAA (5,6 ,I)—R TT2
STORA s YSCRS TT .TTTSV
S TO P a pp ‘S TOP *
CA A (5 , 7,I)-STOPSX$ DA 4(5,8,1)—S TOR* ’V$ 04*15,9,1)—S TOP
STO P— K IS S IORA
(*1(5,10,! ) STOR$XS C4A (5,11,I) 570R$Y* 044(5,12,1)—STOP
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C*l(6,6, 11— 0.0
STOR—CRSTT$RP
CA AI 6,7,I)— STOP*X $ D A * (6,8,U—S TORSY$ 0*4(6,9,1)-STOP
STO R— CR 5T TSR !
CAA (6,1O,I)— STOR*X$ OAA( 6 ,t1 ,I)-STOR~ Y$ 0*4(6,12,1)—STOP
STO RB CRSTST
S TOR A—ST OR 8*X
STO P—R PP SSTO RA
CAA I 7, 7,l)— STOR*X $ DA* (7,8 ,I)—STOR*YS OA AI7 ,9 ,1)-STOR
0*1(7,10,! I-STO RS X$ 0*4(7,11,1 1— STOPSYS D*A I 7,12,1)—STOP
STO RA STORB SY
STOP STORA $RPP
CA II 8 ,8,1)— STOP*Y $ CAA (8, 9 ,I)— STOR
STO R RPI $STORA
CAA ( 8,1O,1 ) STORSX$ DAA I8 ,11,I)— STOR SY $ 0*4(8,12,1)—STOP
C 1*I9,9,1 I— R PP $STORS
STOR—P P ISSTOR B
CA* (9,1O , I)-STOR *X$ D4A 19 ,11,l )—S TORSY$ DAA (9,12, I)— STOR
STO P 4— RI ISSTORB
S TO R— S TO P I 5K
CIII 1O ,IO,II-STOR SXS D AA (10,11,I )rSTOR *Y $ 044 (10,12,1)—STOP
STOR—S TO RA SY
CA I 1II ,11 ,I) STORSY S DAA ( 11,12 ,I)*STOR
C AAI 12,12,1 )—STOR A
CO 55 M=t,11
(P 1= M+1
CO 55 1 KP1,12

55 CAI(L,M ,I)—DI A (M,l,f)
SO CONTINUE

C FOR Y—~ OMENTUM €CUITION THE CHARACTER ISTIC QUANT ITY (CM CF ) IS VELOCITY
C ——T A KE SO~JN C SPE EC A T T— 0 AND CENTER NODE

CALL SNDSPD (AP 1LI,AE (1),DMC F)
CO 400 1C 1,3
C I IC )— W TS (3)S0( IC)/CMCF
CO 400 JC-1,MUA
CA (JC,1C )= W T S (3 )$DA IJC ,IC)/DMC F
CO 400 KC 1,MU*

400 CIA (KC ,JC, IC I .W TSI3 )’DAA( KC,JC, IC)/DMCF
R E T U R N

C tIEGIN CALCULATIONS FOR K— ’ . (INTERNAL ENERGY EON.)
60 LJOX— ( IAU (2)—AU (3))SAY ( 1)— (AUII)—AU (3))$AY (2).(AUl1)—*U (2))$AY13))

1 /CET
V O Y= l— (AV12 )—AV I3 ) ) ’*X(t )+ IAV (1)—AV (3 )) $A X (21— (A V(1) — 4V (2 1 ) ’A X (3 )I

I /CET
FOY— (—I AE 1 2 )—A E13 I)**X ( 1)41 AE (1)—A E (3) IS4X(2 I— IAE( 1)—AE (2)) SAX 13)
/CET

EOX ( (A EI 2 I— A E (3 )  )$A Y(II — IAE (1)—AE (3II ’AY I2) + 1AE1 LI —AE(2 )) $AY I3 I )
/CET

EX —F O X SA IIO )’T $ EY EOY+4(11)’T
UXPVY UOX4VOY$TSI* (1)SA (SI)
TTT T$T
CO 65 1— 1,3
X — A X I I I $  Y— IY( I )
R— IRHO(I,1)$ RP—ARHOI1 ,2)$ P1-APHO II,3)
R FP= *P I4011 , 4I $ RII API4OI! ,5)$ RP L— ARH OI I ,61
U—I UII) ,T$lI (1)*X4* (2)’Y .A (3))
V IV (II,T’I J (4)*X ,*(5)’Y ,A (6))
P—A P (1).TS(A ( 7)Sx ,A (8)SY ,4(9))
CR— A l 1O )SX4A II1 )*Y+A( 12)+U *EX SV *EY
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CRTT—CR ’T
CP IO—X ,TSU
CR1 1=Y .T$V

C T HE FOURTH RESIDUAL 0 AT THE VERTICES OF THE TR I ANGLE (1— 1 ,2,3) IS
CII )aR$C P$PSUX PVY

C IHt CER IVA TI VE OF THE 4TH RESIDUAL WRT 4 (K) IS 041K, !) AT THE VERTICES
C (1*1 ,2,3)

S T OR 8 P51
STOP *—R$T
STOR—STO~l4*EXCA II ,1 ) STOR S X4STORBS OA I2, 1)— STOR $Y $ 04(3,1)—STOP
STO P—STO RI SEY
CA (4,1) STORSX $ QA IS,I) STOR SY +STORBS 04(6,1)—STOP
STO R—RP*CRTT .UXPVYST
D A li , I )zSTOPSXS 01(8,! 1—S IORSYt 04 (9,1)—STOP
STOR*RI$CPTT
C4 (lO,l)-STOR’X+RSCRIO$ DAI11,1)—STOR*Y+R*CR1I$ DA(12,I)—STOR,P

C 21’C CE RI VAT IVES OF C (CAA (L,K,1)) ARE NOT TO BE COMPLIED IF IN0I—1
1F (1NCI .EQ .1) GO TO 65

C CAA (L ,K ,I) IS THE DER IVAT IVE OF THE 4TH RESIDUAL 0 WR T AlL ) AND 4(K) AT THE
C VERTICES 11*1,2,3)

PTT 2—R$TTT$ RTT2TY-RTT2*Y$ PTI2TX—RTT2*X
RPTT— R P$T$ RITT— R1ST
CRIITT—CRL1’T
CR T T2=C R T I$T
CR 1ORPT = CR IO ST SRP$ CRLL TRP— CR IITT SR P$ CRIIRIT-CR1 ITT$RI
STO RB—TTT SEX
STO P A— STOR B $X
STOR—TTT+ STOP ASRP
CA*( 1,1,1 )—0.OS 014(1,2,1 1—0.0* 0*411,3,1 )=C.O
CAA II ,4,f)—O.O l DAA (1,5,l)—C.C$ 04*11,6,11=0.0
CIA I1, 7,I )—STOR$ XS 0A4 (t,B,1) STOR*Y$ DAA (t,9,Ii—STOR
S TOP STOP A SR
CA A II ,IO,I ) R TT2TX +STOR* X $ OAA (1,11,II STOR*Y$ OAA IL ,12, I ) STOR
C 4412 ,2,I)—O.0$ D *A (2,3 ,I)— O.C
CA A (2,4, I)—O.O1 DAA 12,5, I)a 0 .O$ OAA( 2,6 ,I)—O.O
5TO RA — Y S S TOR P
S TOP a RPS S T OR I
CA A (2,7,I) STOR*X$ 0*1(2,8,1 )-STOR*Y$ 044(2,9,1)—STOP
STO R— RISSIORA
CAA (2,1O,I)—STOR’XGPTT2TY$ OAAI 2,l1,11—S TOPSY$ OAA (2,12,Il=STOR
CIII 3,3, 11—0 .0
CA AI 3 , 4,I) 0.OS 0A4 13 ,5 ,I)— C.C $ 04*13 ,6,11—0.0
STOP—STO P PSRP
CA* (3,7,I)—STOP’X$ 04A (3,8,II STOR*Y$ 04*13,9,1 )*STOR
STOR— STORP* R I
CA A (3,IO, 1)—STOR*X4RTT2$ 0*4(3,11,1 )—STORSY$ 014(3,12,1 ) STOR
C A II4,4, I) 0.O$ DA *I’.,5 ,I)—O.C$ 0*4(4,6,11—0.0
S TO RB— T IT S EY
STORA— ST 3PB*X
STOR STO RISRP
CAA I4 , 7,I) STOPSXI OAA ( 4 ,8 ,II—STOR *YS 04*14,9,1)—STO P
STOP-STOP ISP!
CAII 4,’IO,l) STORSX$ CAA (’.,11,I)*STOR$Y+RTT2TX$ 041(4,12,1)—STOP
CAA (5 ,~~,I)O.OS 0A4 (5,6,I)—C .C
STO P A— STOPBSY
STO P STORI $RP+TTT
C*A (5,7 ,I )— $TOR ~ X $ DAA(5 ,8 ,I) STOR* Y$ DAA IS ,9 ,I)-STOR
STOR—STORI’RI
CAIIS ,lO ,1) STOR’X$ 0AA15 ,1L,I)— RTT2 TY +STOR SYS 04*15 ,12,11—STOR
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CAII 6,6 , 11—0.0
S T OR * S TOP B *RP
CAA (6,7, 1)—STOR SX S DAA I6 ,8, I)-STOPSY$ 044(6,9,1 I—STOP
STOR—S TORBS R I
CAA ( 6,IO ,1)-STOR$X$ DAA (6,11 ,I)-RTT2+STOR$Y $ DAA (6 ,12 ,I)— STOR
STO RA —C RTT2 SX
STOR—STORISRPP
CAA I 7,7,11*STOR*X$ DAA( 7, 8 ,II— STOR SY * 0*4 (7,9,1)-STOP
STOR *STORA $RP I
CA I (7,1O ,I)— IST O R ,CR 1ORPT )*X $ OA A I 7 ,11 ,I)—S TO R SY +CRL1 TRP SX
CA A I7 ,12, I)—STOR .RP ITSX
S TO P A—CR I T2 SY
ST 0R STOR A SK PP
CI*1 8 ,8,l)— STOPSY$ 044(8,9,1)—STOP
STO R—STO RI SRP I
CAI ( 8 ,1O ,1)*STOR *X$CR1ORPT*YS DAAI 8 ,I1,I)w( STOR+CR LITR P)* Y
CAI (8,12, 1)-STOR+RPTT $Y
CAA (9 ,9, I I— C RTT2SRPP
STO P—CRTT2’PP I
CA*19 ,1O,I)—STO P*X+CRIORPT$ DAA (9,lI,1)-STORS Y+CR11TRP
C *A l9 ,12, 1)— STOR+RPTT
STO RA = R 1 ISCRT T2
STO R STORI*X+R ITT 5CR 10
CAA (1O,1O,II= (STOR+RITTSCRIO)S XS DA* (1O,I1,1)—STCP*Y+CRILRITSX
CA l l  10,12,1 ) =STOR ’ R ITT S X
STOR STORI *Y
CAI (11,11 ,1)=STORSY ,2 .O*CR 1IP IT*YSDA4 ILI ,12, 1)— SIOR+CR 1IRIT ,R 1TT*Y
C 11112,12,I I=STORA +2.O SR ITT
CO 70 M l,11
(P 1 M +  I
CO 70 L KP I,12

70 C*A ll,M,I )— DAA (M,L,1)
65 CON TINUE

C FOR ENERGY EQUATION THE CHARACTERISTIC QUANTITYICMCF) IS INTERNAL ENERGY
C IT 1—0 INC CENTER NO D E

C M C F*AE I 1)
CO 500 1C 1,3
CI IC )—wTS (4)*D( IC )/CMCF
CO ~OO JC-1,MUA
CA (JC ,IC)—WTS I 4ISDA IJC, IC )/DP CF
(0 500 KC— 1 ,M UA

‘iOO CA *IKC,JC, IC )-~ TSl 4)*DAA(KC ,JC, IC I/DM CF
R E T U R N

101 PRINT 98,MU*
STO P

— 98 FOR MAT I1H , ’ M UA s ’,I 5, ’B UT SUBRO U TINE OSUB IS W RITTEN FOR MUA=12,ST
LOP ’ I

q~* FORMAT I 1t ,’ K- ’,15,’BUT SUBROUTINE DSUB IS WR ITTEN FOR K 1,2,3 0
LR 4. STOP’)

END

SU 8R OUT 1NE ARE Q ST INU MOND ,N OEQ ,M IjA,NDPPRM,GA LjST,X ,V ,V*LS,8,RHO I
C CO MPUTES DENSITY AND ITS DERI VATI V ES AT ALL NODES OF A PRISM
C AT A GIVEN GAUSSIAN TIM E

C !P’€NS IO ’I X INUMON D ) ,Y (P(UMCNO ),VAL S(NOE Q,NUMO PIO ) ,B(M LA ) ,RHO INUMO ND ,
IIO ),Rl 10)
CO SO Ka i ,N CPPPN
P VALS (3,K)+GAUSTS(817)SXIK),BIP)SY (II)+B(9))
E—V A LS ( 4,K).GAUS TS (B I1O)*XIKI ,B(11) SY IK) .B(12)I
C ALL FQN ST (P,E ,R I
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CO 50 1-1,10
50 R HC (K, I )= RII )

C I F NUM B ER O F T R I A N G L E S  IS  LESS THAN MAX NUMBER ALLOWED IN A PRISM , SET
C REMAIN DER OF RHO TO ZERO

IF (NOPPRM.EQ .NUMOND ) GO TO 101
J—NCPP RMs 1
CO 60 K=J,NUMOPI D
CO 60 1=1,10

60 RHO (K, I)=O.O
101 CONTINUE

RETURN
E N C

SUBROUTINE ECNST (P,E,R I
C COMPUTES CENS ITY FOR A NOBEL ABEL GAS AND ITS FIRST 9 PARTIAL D E R I V A T I V E S
C AT A GIVEN GAUSS IAN TiME
C HAS TWC PARAM ETERS GAMMA AND ETA (UNITS FOR ETA ARE MSS3/KG)

CIPENSION R h O )
CAT A GA MMI ,ETA/1.40,0.O/
GaG AM M4— 1. O
C*G SF SET ASP
IFIC.E Q.O.O)GOTO 101
CD—C5O
CCC=DSDS C
C CCC CDSC C

C ~(1I—C EI ~S I T Y
R 11)=P/C

C k (2)— FIPST CERI VA TIVE OF PIll WRT PRESSURE
R (2 )zG$E /CC

C ~ (3 )— FtM ST DERI VATIVE OF R (I) WRT INTERNAL ENERG Y
RI 3) =—GSP/CC

C RI4)-CE R IVAT IV E OF R (2) WRT PRESSURE
RI ’ . )-— 2.OSETISG*E/CCO

C P 15 )-DER IVATIVE OF RI3 ) WRT INTERNAL ENERGY
Pl5)—2.OSG$G*P/tDC

C R (6)-CERI V4TIVE OF R (2) WPT INTERNAL ENERGY OR OF R (3) WRT PRESSURE
R(6) —GS(G$E—ETA* P )~~C CO

C RI? ) IS THE 3RC PARTIAL OF DENSITY WRT PRESSURE
R I? ) -6.OSETASETASG*E/CCDO

C R (8) IS THE 3RD PARTIAL OF DENSITY WRT INT. ENERGY
R IB ) -— 6.O$G$GSCSP/CCCD

C R(’l) IS 114€ 3RD PARTIAL OF DENSITY WRT INT. ENERGY AND PRESSURE SQUAREC
P19 I -2.O .ETISGS (2.OSGSE—P*ETA )/CDDO

C R h O )  IS THE 3RC PARTIAL OF DENSITY W RT PRESSURE AND INT . ENERGY SQUARED
R I 1O)—2.OSG$G$ (GSE—2.OSETA*P)/DCDO
RETURN

L0~ P R I N T 102
102 FORMA I (1H ,//,2X, ’EQUATION OF ST*TE,DENSITYIPRESSL.RE,1NTERN AL EPIERG

IY),(S WRONG SINCE DENOMINATOR IS ZERO. STOP SLBR. ECNST’)
STO P
ENC

SUBROUTINE SNOSPDIP ,E,SS)
C COMPUTES SOUND SPEED FOR * NOBEL—ABEL GAS WITH PARAMETERS GAMM A ,ETA
C UNITS F’)K ETA IRE MS*3/KG

CIII GAMM * ,ET*11.4O,O.O/
C— GAM MA— I .0
S—C IMMAS ( F*G ’ETA*P )S~ 2/l E’G)
SS .SQPTFIS)
RETURN
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SUPROU T PIE A REA IN (A, 8 ,DET,VA ILE )
C COM PUTES INT E GR A L OVER A TRI ANGLE OF A PRODUCT OF TWO F I R S T  DEGREE PO L Y N OM I A LS

CIM ENSIOP I A (3) ,B(3)
C—A (1 )s8(I)SA (2)SB(2),4(3)SB (3I
C— Al1)SBI 2 ) +4 (2 )*B( 1)
E— A (l)’8I3)s4(3)*B(I)
F—I (2 )$ B (3)+ A 13 ) SB( 2 l
V ALUE —A B SF( CET )S(C/12.O+I C+E+F 1/24.0)
RETURN
EP4C

FUNCTION CETERM(X,Y )
C COMPUTES (1,1,1ICOT (Y CROSS K )

C I M E N S I O - ’4 X ( 3 ),Y I3)
CETERM=X (1)SIYI3I—Y 12)).Y11)$(X (2 )—X I3 )l,IX (3 )SYI2)—X 12)SYI3)I
RETURN
[NC

SU BROUT INE IN ITZ RI NOEQ, MUA, NON UM,A)
C ~EP1A CES 1NIT IIL C ATA USED AT TIME=OID TIME WITH INITIAL DATA TO BE USEC AT
C T L M E = O L C  T IM F .CT

CO MMON~~B L O K 3 / V A R T  (4 , 2 0 0 0)
C I M E N S I O N  I ( M U A )

C A S S U M P T I O N  P A R A M E T E R S  A l l )  ARE EQUA LLY SPACED AMONG UNKNOWNS
MC IV — M U A / P i O E Q
CO 20 K=l ,NCEQ

C SAVE ONLY LAST PA RAMETER IN EXPRESSION FOR EACH FLO W V A R I A B L E — — I N I T I A L  VALUE
C OF THE FLOW V IR IAB LE AT NEXT TIME STEP

20 V A P T I K ,NO Ps UMI A IM C I V S K )
RETURN
EPIC

SUB ROUT INE VALNE W I NU MON D, NOE Q, M U A ,K NEW ,DT ,NO NUM ,V A LS ,A)
C S U B S T I T U T E  N~~W V A L U E S  OF THE FLOW VARIABLES AT TIME—OLD TIP’E+DT INTO MAIN INFO
C MATRIX VA R AT LEVEL KNEW

C O P’ MO N/ 8 L0 K2 / V * R(2 , 4 , 20 0 0 )
C I M E N S I O N  V A L S (N OEQ ,NUMONC ),A(M UA )

C ASSUMPTION PARAMETERS A l l )  AR E EQUALLY SPACED AMONG UNKNOWNS
M C IV M UA /NOEC
tO 20 K= 1, N O t Q

20 V * R ( K N EW , K , N C N U M ) V A L S ( K ,  1I , D T*A ( M D I V* K)
RETURN
EPIC

SU B ROUT INE OU T P4O 6 ( NU MB ER,TIME,K N EW I
C ~JUTNO6 IS API OUTPUT ROUTINE WHICH PRINTS THE KNEW LEVEL OF VAR AND THE
C DE N S I T Y

COM MON / PLO K 2 / VI R I2 , 4 ,2000)
PRINT 400

400 FORMAT (11’,//,20X,’M4TRIX VAR, AND DENSITY’)
PRINT 401

4O~ FOR M AT IIH ,/ ,5X, ’NODE’ ,9X, ’X VEL’,14X,’Y VEL’ ,14X,’PPESSURE’,14X,
1 ‘INT ENC•’,IIX, ’CENSITY’)
CO 15 J—1 ,NUMBER
CEN S 2.’5 SVA R( KNE W , 3,J )IVARIK NEW, 4,J )

IS PRINT 402,J,V*RIKNEW, l,J),VAR(KP4EW,2,Jl, VAR (KNEW,3,J),
I VA R I KNEW,4,J),DENS

402 FO RP ’AT ( IH ,3X,  I5 ,5 I4X, IPE16 .8)  )

73

-‘ 4 . . 4  - .

- - - 55 — . . - - . - - 5 5  5 5 - - - - -.---’- - - - - - - . . -



-- _ _ _ _ _

RETURN
ENC

SUBROUTINE GR*PHIT (T,KNEW ,NUMBER,INDEX,ORGTIM ,BEGPOS )
C SUBROUTINE GRAPHIT TAKES THE VALUES FROM VARIKNEW,I,J ) NORMALIZES THEM
C BY THEIR CORRESPONDING SHOCK VALUES, PRINTS THEIR VALUES, AND CALLS
C SUBROUTINE PLOTTO TO PLOT THEIR GRAPHS
C THE CURRENT GRAPI4IT IS WRITTEN FCR NODPOS—1, NOTD—4

C !MEP4SION P1200), OATP (4,ZCC)
COMMON /BLOKI/XYI2,2000),NR (9,2000)/BLOK2/V*R (2,4,2000)

C CO MPUTE SHOCK VALUES
C S U B S C R I P I 1 DENOTES QUIESCENT STATE
C FORMULAS ARE FOR G4MMA- 1.4

SHKSTP = 5.0
CT IME ORGT IN
OPOS BEGPCS
V1—O. 0
P1—1 .01325E5
R1=1 .22557O1B6
Tl=288 .l5
AI =SCRT I 1 .4SPI/R1 I
SH VV— A L~~SCRTl ( 1.046.OSSHKSI14)/7.0)
SHKPOS OPCS4SHVV *IT—OTIME )
SP4KV— 5.O~~A ISl SIKSTH—1 .O )/SQRT (42.0$SHKSTH+7.C)
SIIKR=RIS(1 .G,6 .OSSHKSTH )/ (SIKSTI1+6.OI
S HK P * P 1+ S I-K ST II
SHKE 2. 5*SHKPISHKR
NOCPOS= 1$ 1=0
NOTC=4
PIIC R—NOTC/2

C PIGHTISH POSITION
51 IFINICR .GT.NUMBER )GOTO 34

1=1 + 1
P(I) XY(2,NICRI
CATP (1,I)—VAR (KNEW,3,NICR)/SP4KP
ChIP (2,I)—VARIKNEW ,2,NICR )/SHKV
CATP (4,Il—VAR (KNEW,4 ,NICR )/SHKE
ClIP (3,1)— DATP (1,I)/D4TP (’.,I)

C CENTER POSITION
N ICC— N ICR +NOTD42
IF (NICC.GT.PILMBER)GOTO 34
1— 1+1
RI! ) XY12,NICC )
C ATP (1,II—VAR (KNEW, 3,NICC )/SI KP
CIT P l2,I)—VAR IKNEW, 2,NICC )/SHKV
CATP 14 ,Il— VA R (KNEW,4,NICC)/SHKE
C A T P  (3,1)— CATP (1,I)/DATP (4,II
NICR—N ICCSNOT D+I
GOTO 51

34 PRINT 198,1
198 FORMAT (lui ,///,IOX ,’TIME— ’,LPEI6.8,LOX, ’PRESSURE,VELOCITY,DENSITY,

1E N E R G Y  ARE NORMALIZED WRT THEIR SHOCK VALUES ’)
PRINT 19?

191 FORMAT IIH ,//,4X,’ Y POSITION ’,7X, ’PRESStJRE ’ ,
19K, ’ Y VELOC ITY ’,8X,’OENSITY’,9X,’INT. ENG.’)
PRINT 199,(RI KI,ICATP (J,K),J.l,4),K— 1,I)

199 FOPMAT I1H ,(5( 3X,IPEI6.8),/)
CALLPLOTTO (T, I ,DATP,R,SHKPOS,SHKP,SHKV,SHKR , INDEX)
R E T U R N
[NC
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SU B ROUTINE PLOTTO (I,NODP ,O4TAP,X ,SHKPOS ,PV,VV,PV ,INOFX )
C PLOTTO USES TI- E COMPLOT ROUTINES TO PLOT INFO IN OAT A P
C SEE TEC HNICAL REPORT ARDC TR6 FOR DEFINITIONS OF VARIABLES AND SUBPOU T
C 1P4E5

CI PENSION SCF(4),TTLBUO)
CI MENSEON TTTI8 (LCI
CI MENSION TLBOI 10)
CIMENS ION SX (20),SY(20)
CIMENSION RUFF (3000),OATAPI4,200),X(200),TLBI1O),SLAI4),ARR (200)
DAT A (SUA (1),I.l,4),/’ PRESSURE)’,’ Y VEL)’,

I ‘ DENS ITY)’ ,’ 1 ENERGY>’ /
SC F (1)=PV
SCF (21— VV
SCF ( 3)=PV
SCFI 4I—2. 5*SCFI 1)/SCFI3)
XN IN—2.8
XP’AX 3.3
YMIN—— 0 .6
YMIX 1.6
XO=12.5
YC LI .O
XS 0 • 04
YS=O .2
K B .  10 .0
Y8 —11.0
XO)~=2.8
YOR=—0.6
CX=O.O1
CY 0.1
1-1=0.2
XE A C— 1.0
YFAC=1.O
K P ACE =2 7 .C
PRINT 199, KM IN,XMAX ,YMIN,YMAX,XD,YD,X$,YS,HT,XCR,YOR ,KPAGE

~99 FORMAT l1P,3X , ‘XMIN—’ ,E15.8,3X , ‘XMAX— ’ ,E15.8,3X, ‘YMIN—’ ,E15.8,3X,
YMAX = 1 ,E~ 5.B,~~,3X, ’XD*1 ,E~ 5.8,3X,’YD= ’,[~ 5.8,3X,’X5— ’ ,f15.8,3X,2 ‘YS= ’,EIS.B,/ ,3X, ‘H T ’  ,Et5.8,~ K,’XOR—’ ,EtS.8,3X ,’Y0R=’ ,E15.8,

3 3X, ’XPACEs ’,ElS.B)
SKI 1 )S)4KPOS
SX (2) SHK PUS
SK I l I SHKPOS
SX1 41—S IIKPOS
SY ( 11*1.4
SYI2 ) 1.O
SYI3 )*O.2
SY (4) —O.4

CIII PLTCCB( XPAGE,M, BUFFII),B%JFF (3C00))
CO 224 JK1 1,4
CO SO JMN=1,NODP

50 APP (JMN )=CATA P (JKL ,JMN )
YB YB• 18.0
CALL PLTCCS (X 8,YB,XOR ,YOR,XS,YS )

CALL PLTCCA (OX, OY,KM1P4,XMAX,YMIP4,Y MA X ,MM)
S1N1 1.0
COS A O.0
XY*2.72
Y K O  .2
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1
CALL PLICCT (I-T,SL A IJK L I ,SINA ,COSA ,XY,YX )

C IN DICATE TI ME VALUE
ENC OOEISO,99,TLB) T

99 FOR MAT I’ TIME — ‘,E1 5.8,lI4))
S IN A—O.O
COS A=l .O
XY— 2 .76
YX —O 95
CALL PLTCCT I HT,TLOII),SIN4,COSA ,XY,YX)

C I N D I CATE TH E NOR MA L I Z I N G  FACTOR
SPS Q = SCF I  JKI )
ENC ODEI5O,1t1,TTLB ) SPSQ

~I1 FORMAT I’ NORMALIZING FACTOR ‘,ElS.B,IH> I
Y X —  1. 15
CALL PLTCCT11-T,TTLB( 1),SINA,COSA, XY,YX )

C I N D I C A TE TH E T I M E L E V E L
ENC ODE I5O,105,TTILB) INDEX

105 FORMAT I ‘ TIME LEVEL— ’ ,I4,1P4>
YX ——0 .85
C ALL PLTCCT II-T,TT TLBI 1 l ,SIN A ,CCSA ,XY ,YX )
ENCODE (50,112,1188)

112 FORMAT ( • A eS CI5S 4 15 y— COORC INAT E IN METRES ‘,l14>)
YX—— 1 .O5
C ALL PLICCT (l-T,TLBB (1),SINA,CCSA,XY,YX )
CALL LA 8ELA 1CX,CY,XM IN,XMAX,Y MIPI,YMAX,XF4C,YFAC )
MMM=1 SNS O $ IC—O
CALL PLTCCCIMMM ,NS,XI1 ),ARRI L ) ,NODP,IC, XMIN ,XNAX,Y MIN ,
j YPAX)
NS- lUS M~~ 2 $ N=4 I IC—O
CALL P LT CC C (M,~4S,SX (t),SY(II,N, IC, XMIN,X M A X ,YMIN,YM&X )

224 CONTINUE
C A L L  P L T C C P
RETURN
[NC

S COMPILE CI SC,LA BEI A ,A11
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LIST OF SYMBOLS

vector of unknown parameters
.tha. i component of vector a

e(x ,y,t) internal energy per unit mass [J/kg]

p(x ,y,t) pressure [Pa]

r polar radial coordinate [ml

r , rb radii of annular region for blast wave calcula-
tion [m]

t time [s]

given value of time [s]

time increment [s]

t Gaussian quadrature points used in time integra-
tion [s]

u(x,y,t) velocity component in x direction [mis]

v(x ,y,t) velocity component in y direction [ mi s ]

Vr(X~Y~
t) velocity component in the rad ial direction [mis]

x Cartesian spatial coordinate [m]

x given value of the x coordinate Em]

y Cartesian spatial coordinate [m}

given value of the y coordinate Em]

Dk
(x ,y,t;

~
) nond imens ional residual error from the kth differ-

ential equation at a point (x ,y,t)

E (~ ) total residual least squares error over a f inite
element

the first partial derivative of E() with respect
to a.

1
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NOEQ number of differential equations to be solved
simultaneously

NU MTR I number of prisms composing a finite element

V volume of a finite element [m31

p (x,y,t) density [kg/rn3]

u(x,y,t) gener ic flow variable

SUBSCRIPTS

o corresponds to known value at a given time

s corresponds to value at the shock front

1 corresponds to value in the pre-shock state

2 corresponds to value in the post-shock state

78
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