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I. INTRODUCTION

Although the finite element method is a proven effective method
for obtaining numerical solutions of solid mechanics problems!,
its impact on computational fluid dynamics has been felt only in the
past few years?. Because of the diverse applications of this method in
continuum mechanics, many departures from the original method used in
structural analysis have been made. Our adaptation of the finite
element method for direct application to unsteady gas flows in two
spatial variables is based, in part, on Lynn and Arya's least squaies !
formulation® *“ and on Polk's one dimensional study®. Lynn and Arya's
approach is based on the elementwise least squares minimization of
the differential residual error which allows a direct finite element j
formulation from the governing differential equations. Furthermore, k
since the governing equations are hyperbolic, the finite elements
can be constructed in both space and time so that they approximate the
domain of determinancy associated with hyperbolic problems. Polk com-
bined these two concepts and applied them to the unsteady isentropic
flow of an inviscid gas expanding behind a piston. Using both linear
and quadratic approximations to the dependent variables, he showed
good agreement between the finite element results and the exact solu-
tion for the smooth portion of the flow. Near the gradient discontin-
uities which occurred in the flow, Polk constructed the finite elements
so that a side of the element and the locus of discontinuities coincided.
Using this special construction, good agreement was obtained everywhere
in the flow.

Zafes

This report is concerned with a finite element method for unsteady
inviscid compressible flows in two spatial dimensions, a corresponding
pilot computer code and some resulting numerical experiments.

10.0. Zienkiewicz, The Finite Element Method in Engineering Science,
MeGraw-Hill, 1971. f

2J.T. Oden, 0.C. Zienkiewicz, R.H. Gallagher, C. Taylor, eds., Finite
Element Methods in Flow Problems, University of Alabama in Huntsville
Press, 1974.

Sp.p. Lynn and S.K. Arya, "Use of the Least Squares Criterion in the
Finite Element Formulation," Int. J. Num. Meth. Engng., 6, 75-88, 1973.

p.p. Lynn and S.K. Arya, "Finite Elements Formulated by the Weighted
Discrete Least Squares Method," Int. J. Num. Meth. Enging., 8, 71-90,
1974.

5J. Polk, "A Least Squares Finite Element Approach to Unsteady Gas
Dynamice," BRL Report No. 1885, May 1976. (AD #A026531)
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The system of governing equations are nonlinear hyperbolic equa-
tions. We take advantage of this fact to simplify the general finite
element methodology. This is contrary to the parabolic regularization
method of Oden, et. al.® for hyperbolic problems. In the techniques of
Oden, et al., certain terms which depend on the discretization para-
meters are appended to the equations so that they become parabolic.
This parabolic problem is then solved by a finite element technique.
It can be shown for a class of problems that the solution of the
parabolic problem converges to the original hyperbolic solution in the
limit as the mesh size tends to zero. On the other hand, our formu-
lation deals directly with the hyperbolic equations.

Our construction of the finite elements is reminiscent of Polk's
construction in that they are in both space and time but differ in that
they enclose, not coincide with, the domain of dependence. It will be
shown that this construction simplifies the necessary integration
routines while satisfying a Courant condition. No special construction
of the finite element is provided near steep gradients and discontin-
uities in the flow. Consequently, no special knowledge of the solution
is required and all interior nodes in the calculation are treated
identically. Furthermore, by applying Lynn and Arya's least squares
minimization to each finite element, we can avoid the large matrices
generally associated with the finite element method for elliptic prob-
lems while still retaining the essential advantages of the method.

The general methodology; the construction of the finite elements,
the approximations to the flow variables and the formulation in terms
of the least squares error criterion, is explained in Section II.
Section III contains a brief discussion of the computer code, the
form of the governing equations and certain approximations used within
the code. The results of two numerical experiments are given and
discussed in Section IV. Section V contains a summary of the method and
areas in which future work is required.

II. GENERAL METHODOLOGY

The first step in the finite element methodology is to divide the
solution region into elements. We divide the computational domain for
a given time (a two dimensional region) into triangular elements. The
vertices of the triangles are called nodes. We assume that the bound-
aries are stationary so that the triangular divisions remain unchanged

6J.T. Oden, L.C. Wellford, and C.T. Reddy, "A Study of Comvergence and
Stability of Finite Element Approximation of Shock and Acceleration
Waves in Nonlinear Materials," U.S. Army Research Office Report P-11860-
M/DAAG29-76-G-0022, August 1876,




with time. The system of governing equations for compressible fluid
flow include coupled nonlinear partial differential equations which ex-
press conservation of mass, momentum, and energy plus an algebraic
equation of state. Because the governing equations are hyperbolic,

the solution at a point (X,y,t+At) in the solution domain depends only
on the value of the flow variables within the intersection of the domain
of dependence (the mach cone) from the point (x,y,t+At) and the (x, y,t)
plane. Consequently, given a union of triangles in the (x,y,t) plane
with a vertex at the point (x,y t) and the values of the flow variables
at the corresponding nodes, we can compute a value of At such that the
mach cone from the point (x, y,t+At) lies within the union of triangles.
Since the computed value of At will vary from node to node, we take the
minimum value of At over all nodes as the next time step. This value
allows a systematical advance in time.

We now define our finite element at a point_(Xx,y,t+At) as the union
of all prisms with a base vertex at the point (x,y,t) and with a uni-
form height At. See Figure 1. The present one offers several desirable
simplifications over other possible constructions of the finite element.
From the discussion above it is clear that the values of the flow vari-
ables at a node are independent of the values at the other nodes at the
same time level. Thus, the interconnection of the nodal values which
is characteristic of finite element formulations of elliptic problems
and which result in the manipulation of large matrices can and will be
avoided. We will solve for the central nodal values at the new time
level by considering only the finite element at the central node.
Futhermore, any necessary time integrations over the finite element are
simplified, since the sides of the elements are independent of time.

The next step is to choose the interpolating or trial function over
the finite element. Let w be a flow variable; that is, a dependent
variable computed directly from the governing differential equations,
not the equation of state. The interpolating function for w is

N(X»Y,t) = wo(x,}',t) s t'(aix a7 ai"‘ly * ai+2)) (1)

where the points (x,y,t) lie within the finite element at (x,y,t+At) and
the parameters a., a, 5 are to be determined. The function

w_(x, y,t) represénts t e f}ow variable w at time t and is assumed known.
These interpolation functions form over each finite element a linear
approximation in space to the time derivative of w.

To complete the model, a technique to determine the parameters a,
and thus the flow variables, is needed. A basic idea in the finite
element methodology is to minimize the errors arising from the residual
of the governing differential equations in terms of the interpolating
functions. Thus, the finite element method approximates the minimum
residual whereas the finite difference method approximates the differ-
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Figure 1. Typical Finite Element at an Interior Node (X,y,t+At)
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ential equation. Since the proposed analysis is elementwise, we desire
a minimization technique for each element. To this end, we choose

the elementwise least squares minimization of the differential residual
error employed by Lynn and Arya.

We substitute the interpolating functions into the kEE governing
differential equation, make the result dipensionless and deneéte the
resulting residual by Dy (x,y,t;a), where a is the vector of unknown
parameters a;. Each residual Dy is dimensionless so that no individual
Dy will numerically dominate the least squares sum of all the residuals
because of dimensional disparities. The Dy's are explicit algebraic
functions of the independent variables x,y,t and the parameters a. The
total error in the sense of least squares over a particular finite
element is denoted by E(a) and is given by

NOEQ 2
E@) = ” 2 Dbyt dayi, )

v

where NOEQ is the number of governing equatjons and V is the volume of
the finite element. We wish to minimize E(a) with respect to the a.'s.
A necessary condition for the existence of a minimum is BE/Bai = 0 or

NOEQ a,
]]/ 3 D, = dxdydt = 0 , for each i 3
k=1 i

Note that the derivatives 3D /da. can be explicitly calculated. By
solving the nonlinear algebraic éystem of equations (3) for the un-
knowns a., we can determine the values of the flow variables at the
nodal point (X,y,t+At). We repeat this process for each interior
node in the solution domain.

For a boundary node, the above procedure is slightly altered. We
rewrite the given boundary condition(s) at the boundary node in terms
of the interpolating functions (1). We then solve for the unknown
parameters a. in equation (3) at the boundary node subject to the re-
written bounaary conditions. Thus, at a boundary node we no longer
have a pure minimization problem as at an interior node, but rather a
constrained minimization problem.

11




ITI. PILOT COMPUTER PROGRAM

The pilot computer code is written in a modular structure fashion in
order to clarify the logic of the program and to allow changes in the
form of the governing equations, the interpolating functions, the method
selected to solve the nonlinear system, etc.. Such flexibility is highly
desirable for this pilot code. For example, in the finite difference
techniques, the formulation of the equations have a profound affect on a
method's performance (see, for example, Moretti 7). Similarly, the form
of the equations may affect the performance of the finite element method.
Different forms of the equations for unsteady compressible flows are
listed in Appendix A.

The code has three major components. The first component, sub-
routine START, accepts the geometric and control parameters. Further-
more, this section accepts and/or generates the nodal positions within
the x-y solution subdomain and necessary initial and boundary value
data. The second component, subroutine TIMESTEP, calculates the time
increment (subroutine DELTAT) and the flow variables' values at each
node at the new time (subroutine CALCI for i#terior nodes and CALCB
for boundary nodes). The 'heart'" of the piiot code is clearly the
TIMESTEP routine, since the general method outliied in Section II is
implemented in this portion of the code. The third component, sub-
routine DISPLAY, provides the output and graphics capabilities for the
program. The code as listed in Appendix D uses the non-conservation
inviscid form of the governing equations in Cartesian coordinates,
where body forces, heat absorption and heat fluxes are neglected (see
equation system (Al) of Appendix A), the Newton-Raphson iteration
method and certain approximations. We briefly discuss this specific
situation below.

The governing equations in dimensional variables are:

g_§+ug—§+v§%+p<§%+g—‘;>=o, (4)
o (%%-+ u %% + vV %§.> + %% =0, (5)
) (%% +u %% + Vv %§>+ P <§§-+ %%) =0, (7)

p =p(p,e) . (8)

7 Gino Moretti, "A Pragmatical Analysis of Discretization Procedures for
Initial - and Boundary - Value Problems in Gas Dynamics and Their Influ-
ence on Accuracy or Look Ma, No Wiggles!," Polytechnic Institute of

New York Report No. 74-15, September 1974.
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Here the spatial coordinates are x and y, t is the time, u is the
x-component of the velocity, v is the y-component of the velocity,
p is the pressure, p is the density and e is the internal energy per
unit mass. The functional form of the equation of state is given by
equation (8). The particular equation of state used in a given cal-
culation is specified in the subroutine EQNST.

In the actual calculations for a given finite element at the
point (X,y,t+At), we translate the origin of the coordinate system
to the point (X,¥,t) (see subroutine TRANSL). Conceptually, the
translation enables each finite element to have its base centered at
the same point (x,y,t) = (0,0,0) and practically, it simplifies the
calculations. The interpolating functions for the variables u, v, p,
e within a finite element are:

ulx,y,t) = uo(x,y,O) +t (alx * 3y # 83)’ (9)
v(x,y,t) = vo(x,y,O) + t (a4x vacy + a6), (10)
P(x,y,t) = p (x,y,0) + t « (ax + agy + ag), (11)
e(x,y,t) = eo(x,y,O) +toe (agx *agy a5,), (12)

where the variables x, y, t are in the translated finite element, the
variables with subscript zero denote the variables at the known time
level t=0, and the aj's, i=1, 2, ..., 12 are the unknown parameters.

We define the dimensionless residuals D, (x,y,t;3), k=1,2,3,4 as

the quantities obtained by substituting equations (8)-(12) into the
four differential equations (4)-(7), respectively, and then by dividing
the first result by a ratio of a characteristic density to At, the
second and third results by a ratio of a characteristic velocity to At,
and the fourth by a ratio of a characteristic internal energy per mass
to At. The values of the characteristic quantities are the density,
sound speed and internal energy per unit mass at the center node and
At=0. The derivatives of p with respect to the variables x, y and t
can be obtained by the chain rule. The subsequent partial derivatives
of p with respect to p and e are calculated directly from the equation
of state and are coded into the subroutine EQNST. The functions u_,
Vs Pgs € are estimated by a linear approximation on each triangl
based®on heir values at the vertices. Although other approximations
are possible, the present one is easily computable and is independent
of the number of prisms in the finite element. The partial derivatives

13




of u_, Vor P €. required in D, (x,y,t;3) vary from triangle to
triaggle and congequently equation (3) must be rewritten as

- 3E(a NUMTRI 4 BDk
F.(R) = 2B(a) joidas TD =E dxdydt
1 da. =1 k oa.
: 2 k=1 8
2th prism
=100, e 2, 12, (13)

where NOEQ is now four and the finite element contains NUMTRI prisms
(or triangles).

The Newton-Raphson method is used to solve the system of nonlinear
algebraic_ equations (13) (see subroutine SQLVER) gince the terms
Dy (x,y,t;a) are known functions of the parameter a. The second partial
derivatives of the least squares error can be explicitly calculated and
are given by

aFi(Z)_L @) | N{MI‘RI % I[[ ] aZDk
3, A BaJ. ( 3a; > =1 | Lo Ik W
£th prism
) P I dxdydt i,5=1,2 12, (14)
aai aaj & . et

(see subroutine FU). The initial values for a., ac, a,, al2 in the
Newton-Raphson scheme for the finite element aé (0,0, gt) are taken as
the previously computed values of these parameters for the finite
element at (0,0,0), (see subroutine INITZR). However, at the first

time step a special calculation is needed to find the appropriate
initial values (see subroutine INITNG). These parameters are determined
by solving for 3/3t in each of the equations (4)-(7), by approximately
the spatial dependence of the variables at the initial time by linear
functions on each triangle, by finding the corresponding values of

3/3t at each vertex, by equating these to the time partials of equations
(9) - (12), by averaging the resulting values of the a;'s over the tri-
angles and by translating the result. In all cases, the initial values
of a;, a5, 3y, ag, a7, ag, a10» and a are set to zero. In the sample
problems, the iteration converged faster with the zero values than

with the more obvious choice ay #0, 1#3,6,9, 12. The integrals

of Dk-(asz/aaiaaj), Dy + (3D, /9a;) and (3Dk/aai)-(aDk/aaj) are
approximated by a”two point Gaussian quadrature in time and by a pro-
duct of first order functions in space. For example,

14
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3D, aD 2 aD
k 2 ~ Bt b 3
[]I 3o 3o dxdydt = = m);l l ]/ %, (x,y,t_;a)
¢th prism * 2th triangle
ab
k ‘-b
. 55; (x,y,tm,a) dxdy I ; (15)

where t , m = 1,2, are the two Gaussian quadrature points between zero
and at.™ In the spatial integrals at each Gaussian time, both factors
are approximated by first order functions in x and y which are then
multiplied and integrated exactly over the desired triangle (see sub-
routines DSUB, EVALPR and AREAIN).

Once the values of the parameters a, are known, the desired values
of the flow variables at the center nodé at the new time (t = At) can
be determined easily from equations (9) - (12), (see subroutine VALNEW).

The above discussion applies equally to interior and boundary type
nodes. However, as noted at the end of Section II, the minimization at
a boundary node is a constrained minimization. The type of constraints
will depend on the type of boundary condition imposed at a given node.
As an example, the zero normal velocity boundary condition imposed at a
solid wall is incorporated into the equation system (13) in Appendix B.

IV.  NUMERICAL EXPERIMENTS

In this section the results of two non-steady flow calculations,
the flow behind a cylindrical blast wave and the flow across a prop-
agating normal shock, are presented. These two examples are computed
in order to ascertain the scheme's characteristics on interior nodes
for a smooth and discontinuous flow, respectively. Both of these time-
dependent flows are essentially one dimensional in space, however, they
will be treated as two dimensional problems. Furthermore, since closed-
form solutions are known for each problem, the accuracy of the finite
element formulation can be precisely evaluated,

The similarity solution of the blast wave problem is discussed by
Sedov® and the formulas for the cylindrical case are summarized in Appen-

8L.I. Sedov, Similarity and Dimensional Methods in Mechanics, Academic
Press, 19689.
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dix C. The flow behind a cylindrical blast wave rather than a planar
wave is computed because of its associated circular solution domain.
The computational domain for a given time consists of an annulus from
radius r; to radius rp which is the position of the shock front at the
initial time t,. PerRaps the most important advantage of the finite
element method is its capability of dealing with complex geometrical
shapes by using arbitrarily shaped simple elements. The ease by which
this cylindrical problem is handled by the Cartesian finite element
program, especially the circular boundaries, demonstrates this advan-
tage in an elementary manner. In Figure 2 the first quadrant of a
computational domain for a given time is drawn, where r, = 2.2[m],

ry, = 3.0[m], the nodes are equally spaced at four degree intervals on
a given circle and the radial divisions are computed so that approxi-
mate equilateral triangles result. Consequently, the size of the tri-
angles increases with the radial distance from the origin. Note the
good approximation to the arc boundaries by the series of straight
lines forming the base of the triangles. A finite difference method
in Cartesian coordinates either would approximate the arc boundaries
by a series of horizontal and vertical lines or would require a trans-
form of the solution domain. In both cases special treatment of the
boundaries would be required. On the other hand, no special program-
ming is needed to treat the arc in the fiaite element code.

Numerical calculations were performed for the case rp = 2.2[m],
r, = 3.0[m] and the initial time t, = 3.85342034x10-3[s]. On the
initial time plane the values of f?ow variables are calculated from the
exact solution (see Appendix C). For the inflow condition at r, and
outflow condition at rp we again assign the exact value to the flow
variables. The computed ratios of p/ps, vy/vrg, e/eg and p/pg (sub-
scripts denotes value at the shock front) are compared to Sedov's
exact values (solid line) in Figures 3, 4, 5, and 6, respectively. The
symbols[><] and X denote the computed value on the triangular finite
element mesh with nodes spaced at two degree intervals (the computed
radial subdivisions range from 0.07[m] to 0.09[m]) and at four degree
intervals (the computed radial subdivisions range from 0.14[m] to
0.18[m]), respectively. Both sets of values are at the same time
(4.12516608x10-3 [s]). The former used four timesteps (At = 0.68x10-4[s])
and the latter two timesteps (At¥~ 1.36x10-4[s]) to reach the termination
time. The maximum absolute value of the percent relative error for the
ratios of pressure, radial velocity, internal energy and density are
1.15%, 0.12%, 0.10% and 1.24%, respectively, for the finer mesh and
2.68%, 0.30%, 0.36% and 3.04%, respectively, for the coarser mesh. We
recall that the density is computed from the equation of state once the
pressure and energy are calculated from the differential equations.
Hence, the error in the density includes both the pressure and energy
errors. We note that the maximum relative error in each flow variable
occurs where the finite elements are the largest; that is, near rp. At
the opposite end, near r,, the finite elements are the smallest and the
absolute value of the percent relative error of the pressure, radial

16
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velocity, internal energy and density ratios for the finer and courser
mesh are 0.11%, 0.01%, 0.02%, 0.14%, and 0.44%, 0.18%, 0.19%, 0.64%,
respectively. Hence, overall and despite the relatively large size of
the triangular elements, the agreement is fairly good.

A normal shock of strength five (p,/p; = 5) propagating into a rec-
tangular field is the second calculation. The subscripts 1 and 2 on the
variables denote their value in the pre- and post shock states, respec-
tively. The flow domain consists ideally of the infinite slab of the
(x,y) plane, -» < x < @, y5 <y < y; for time greater than the initial
time t,. The shock is initially at the position Yoo Y2 € Y5, 'S ¥y
and is moving in the positive y-direction. The quiescent stafe is char-
acterized by zero velocities and by pressure and density of air at sea : i

level and at temperature 288.15°[K]. The values of the flow variables
in the disturbed region are computed by the Rankine-Hugoniot relations.
The formulas and values used to calculate the exact solution are listed
in Appendix C. The nodes are equally spaced along constant y values
and the y directed divisions are computed so that approximate equilat-
eral triangles result. The computational domain for a given time is
very similar to that in Figure 2 except that the radial and angular
variables now correspond to the y and x variables, respectively. How-
ever, all the triangles in this case are the same size. On the initial
time plane t,, the values of the flow variables are calculated from the
exact solution. The boundaries at y, and y; are taken sufficiently far
away from the shock front so that the constant values in both the dis-
turbed and quiescent regions are obtained by the flow variables.

For the calculations the y directed subdivisions are small in order
to model the shock with its extremely thin thickness. The y directed
divisions are 0.005[m], ¥g = 2.965[m], y; = 3.050[m], yg_ = 3.0025[m]
and t, = 0.0[s]. The graphs of the computed ratios for he pressure
(p/ps), the y-velocity (v/vg), the internal energy (e/eg) and the density
(p/pg) versus the y-axis are given in Figures 7, 8, 9, 10, respectively,
for three times; 1.1524902x10-4[s] (fourth time level), 2.5986071x10-4[s]
(ninth time level) and 4.0654310x10-4[s] (fourteenth time level). The
symbol O denotes the theoretical position of the shock front. The
Figures 7, 8, 9, and 10 show fair resolution of the locations of the
shock front for the given times. Spurious oscillations develop at the
shock front as expected, since no artifice was introduced into the equa-
tions or scheme to suppress them. The oscillations occur about the exact
solutions p/ps = v/vS = e/eS = O/Ds = 1 in the disturbed flow region.

A major objective of future work is to curtail these oscillations
(see Section V of this report).

We close this section with a discussion of the calculation time. The
times needed to calculate the flow variables both for an entire time
level and at an individual interior node are given to help ascertain the
time characteristics of the scheme. All the calculations were done on |
the BRLESC computer facility at the Ballistic Research Laboratory. The
calculations of the flow behind a cylindrical blast wave took approxi-
mately 1.3 and 0.5 minutes for the finer and coarser grids, respectively,
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of run time per time level and approximately eight seconds per interior
node for both grids. These times include, on the average, two iterations
per node in the Newton-Raphson method. The shock propagation calcula-
tions took approximately 4.5 minutes per time level and approximately

16 seconds per interior node. The shock propagation problem typically
required 4 iterations per node in order to find convergent values of

the unknown parameters aj. Although the above times are not as small as
one might hope, they can be reduced substantially by simple modifica-
tions of the algorithm (see Section V). Such simple optimizations must
be investigated in future work.

V. SUMMARY

We have presented a numerical scheme for solving time dependent
hyperbolic equations in two space dimensions. This method merges the
concepts of the finite element method and the properties of hyper-
bolic systems of equations and is applied to unsteady gas flows. The
corresponding hydrocode is summarized and listed. Finally, numerical
calculations involving both smooth and shocked flows are given and
discussed.

The purpose of this report is to give a summary of the work al-
ready accomplished rather than a definitive description of the quality
and usefulness of this numerical scheme. However, several positive
aspects of the method can already be seen. The formulation of the
method is straight-forward and avoids the large matrices associated
with the finite element method. The method handles different geomet-
rically shaped boundaries easily and accurately. Even for relatively
large mesh sizes, the results for a smooth flow are accurate. Finally
in a propagating shock problem, the shock's position can easily be
discerned.

From the example calculations in Section IV, it is clear that
improvements must be made in several areas before the method's pr*~n-
tial can be accurately ascertained. Listed below, not necessar )
order of importance or difficulty, are several such areas.

1. Curtail the spurious oscillations near shocks. Several meth-
ods; such as the flux-corrected transport techniques of Boris, et al,®
and the well-known artificial viscosity method (see Roache!?), can be

9D.L. Book, J.P. Boris, and K. Hain "Flux-Control Transport II:
Generalizations of the Method," J. Comp. Phys., 18, pp. 248-83,
July 1975.

JOP.J. Roache, Computational Fluid Dynamics, Hermosa Publishers, P. O.
Box 8172, Albuquerque, New Mexico, 1976.
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applied. Although the latter is simpler to use, the former technique
may hold mcre promise because the oscillations do occur about the
correct solution and the flux correction will not significantly reduce
the resolution of the shock as does artificial viscosity.

2. Sherten computing time. The run time can be significantly re-
duced by simple alterations in the algorithm. Recall that the spatial
derivatives of the variables at the known time level (uo, V., Pos © )
were computed on every triangular base of the finite e18€menf which
resulted in the repeated calculation (up to NUMTRI times) of the resid-
uals Dy and their partial derivatives at the nodes (see equations (13) -
(14)). 1If these derivatives at the nodes were computed once for a given
finite element, the time reduction would be a factor of 0.5. The run
time could be further reduced by an order of magnitude if the calcula-
tions were done on a machine similar to the CDC 7600. 4

3. Rerun examples with different equation formulations. Certain
formulations may increase the accuracy of the computed results and
decrease the oscillations due to shocks. See Appendix A for different
form of the governing equations.

4. Apply the method to actual numerical problem. By applying this
method to a problem with complicated boundaries, not only could the
method's treatment of boundaries be tested, but also the entire method
could be compared to another numerical solution technique.

5. Extend the method with respect to "infinite" strength shocks
and moving boundaries. Once these extensions are incorporated into
the method, this scheme could hopefully be used to finally develop an
adequate model of the severe transitional ballistics environment.
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APPENDIX A

VARIOUS FORMULATIONS OF THE GOVERNING EQUATIONS

The system of governing equations for fluid flow consists of dif-
ferential equations which express the conservation of mass (continuity
equation), momentum (Navier-Stokes equations) and internal energy
(energy equation) plus an algebraic equation of state. We list four
different formulations of these time dependent differential equations
in two spatial variables. In the first three subsections the follow-
ing definitions are used: the first and second coefficients of viscos-
ity, heat absorption, the x and y components of the bcdy force and heat
flux are denoted by u(x,y,t) [kg/(mes)], A(x,y,t) [kg/(m>s)], H(x,y,t)

[J/(kg*s)], By(x,y,t)[N/kg], B,(x,y,t)[N/kgl, q(x,y,t) [9/(n’+5)1, and
qz(x,y,t)[J/(mz-s)], respectively.

1. Independent Cartesian coordinates are x,y,t and dependent
valuables are u, v, p, p, €.

p . 3 3 _
st * 5 (pu] ¢ 3y (pv) =0

Ju du du )P u 2_fa 8%
"(E*“ax*"ay) PBy - 5x * 3% I(“z“) x| T (A ay)
% LW
dy ¥ dy  9x
LA SRS | B %p , 3 al L2 _ag)

P ( el 5 il ay) K sz T dy b oy |(A+2u) 0 (A
u v
“(w*a‘f)l ey
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PRee ™" = ay)” P ax 3y P \3x " 3y
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Ju v Ju! v
”‘(H*W) * 4 ‘(a i (’a?;l

+

2
X
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2. Independent Cartesian variables are x,y,t and dependent
variables are 1, V, & p, p. The variables T = pu, V = pv, B = PBy,
B2 = pBy, & = pe, H = pH are the x and Y components of the momentum
and body force, internal energy and heat absorption per unit volume,
respectively.

R+K+W=O
éi-a—. ﬁ_+a .‘-,_l-“:E -§R+3_A+2u a_u_gap
t ax \p 3y \p 1 9x X P 9x p 90X
i 3 |xr fov v oap
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9x Jp \d3x dy p 3x p dy
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o " ¥
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3. Independent Cartesian variables are x,y,t and dependent vari-
ables are vy, 0, S, p, p. The variables v, (x,y,t)[m/s] given by Vyp =
(2 + v2)1/2Z° | o(x,y,t)[rad] given by tan6= v/u, S[J/K], and T[K] are
the modulus of the velocity vector, the argument of the velocity vector,
entropy and temperature, respectively.

2 L 0], gino [2 2] _
e cos0 [ X (pvr) + pvr 3y]+ sino [ay (pvr) - PV, ax] =0

v
) 30 r
thgs A (vr T cosO + 3y smO)]
v v
) T 30 . by
+ 3y u [Qx - vr -37> sinoO + (a—— Vr 5 cosO]
(A3)
v_cos0 = + v a—O—cosO + -a—‘i sin®
i e 3t | 'r ax ax

aVr 30 aVr
5 - e AT ~ :
+ sin0® 3t + Vr 3y cosO + Vr _ay sino®

v
= _%p L3 30 £
sz 3y + 3y (A+2yu) (vr 3y cosO + 3y sino)

[ v
d T 90 .
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v v
) 90 r T 90\ .
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4. Independent variables are r,z,t and dependent variables are
U.s Ugs Wy g% p* 1. In the governing equations listed below, the fol-
lowing definitions apply: r is the radial distance (r = (x2 + y2)1/2)
[m], z is the axial distance [m], t is the time [s], up(r,z,t) is the
radial velocity [m/s], u,.(r,z,t) is the swirl velocity [m/sl, w(r,z,t)
is the axial velocity {w/s], p*(r,z,t) is the density [kg/m>}, p*(r,z,t)
is the pressure [Pa] and I is the internal energy per unit mass [J/kg].
Furthermore, the first and second coefficients of viscosity, the radial
and axial components of the heat flux vector, the heat absorption term
and the radial, angular and axial components of the body force are
denoted by v(r,z,t)[kg/(m*s)], n(r,z,t) [kg/(m*s)], hp(r,z,t) (J/(m2+s)],

hz (r,z,t) [J/ (m2+s)], H¥*(r,z,t)[J/(kg*s)], B.(r,z,t) [N/kg], By(r,z,t)

[N/kg], Bz(r,z,t)[N/kg], respectively. In this formulation, the flow is
three diménsional and axially symmetric; that is, the six unknowns de-
pend only on the three variables, r,z, and t.
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APPENDIX B

BOUNDARY NODE FORMULATION FOR A ZERO NORMAL VELOCITY BOUNDARY CONDITION

Let Q be a node at a stationary wall where the tangent is defined.
The normal velocity being zero at Q implies that

u(x,y,t) sino - v(x,y,t) cosa = 0 (B1)

where (X,y) are the spatial coordinates of node Q and ais the angle
between the tangent line at Q and the x-axis. Since the wall is sta-
tionary o is a constant and_equation (Bl) holds for all times. By
translating the axes to (x,y,t), (the plane corresponding to t is the
initial plane), and using the interpolating functions for u and v,
equations (9) and (10), respectively, equation (Bl) becomes

[uo(0,0,0,) + ast] sina - [vo(0,0,0) + a6t] cosa = 0,0<t<At. (B2)

Since the solid wall is stationary, equation (B2) reduces to

az sina - ag cosa = 0. (B3)
To minimize the least square residual error over the finite element at

the point (x,y,t + At) subject to equation (B3), we use Lagrange multi-
pliers to obtain

e ) e

cosa
2th prism
NUMTRI
ssina I[[(z D, -aa—>dxdydt =0, (B4)
2th prism
a;sina - ag cosa = 0. (BS)

In the minimization of the residual error over the boundary type ele-
ment at which zero normal velocity is imposed, equations (B4) and (BS)
replace equations 3E(3)/8a3 0 and aa(i)/aaG = 0 of equation system
(13), respectively.
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APPENDIX C

EXACT SOLUTIONS OF TEST PROBLEMS

Cylindrical Blast Wave. Sedov's solution® (pp. 219-20) for a
cylindrical blast wave generated by the instantaneous release of a
finite amount of energy proportional to E_ into a gas with initial |
density p, is summarized below. For the calculations, the specific i
heat ratio of a perfect gas y and two constants E° and P, are: ]

y = 1.40,
Eo, = 6.887025656E+06 [J/m], (C1) !
Po = 1.262523446 [kg/m3] . i

The similarity solution which uses the Rankine-Hugoniot strong shock
conditions can be expressed in terms of a parameter B as follows:

re = 48.32791537(t) /2 [m] ,

Vrs = 973.1614183/r¢ [mw/s] ,

Pg = 7.575140676 [kg/m3) ,

Ps = 1.434797011x105/rs2 [Pa] , (€2)
r/rg = 0.9562806477(148 - 5)Y/7 (58 - 78%)71/2,

vr/vrs =2.40 « B - r/rs i

o/ = 2.512993254x10™% -+ (148 - 5)%/7 [(5-78)/(1-28)11%3,

p/pg = 6.618423368x10™°> - 8 - [(5-78)/(1-28)]"/3 ,

where the subscript s denotes the value at the shock front and the para-
meter B satisfies the inequalities 5/14 < B < 5/12. Note that B = 5/14
corresponds to the origin of the blast, a singularity for the energy
and sound speed and B = 5/12 corresponds to the position of the

shock front at a given time. The internal energy for a perfect gas of
specific heat ratio y = 1.4 is given by e = 2.5 p/p. The x and y compo-
nents of the velocity are easily computed by the formulas v,cosé and
vrsin 6, respectively, where the tan 6 = y/x.
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Propagating Normal Shock. The quiescent state into which the nor-
mal shock is propagating is characterized by

Tk T 0.0 [m/s] ,

[=4
]

p, = 1.01325x10° [Pa] ,

3 ]
1.225570786 [k !
[kg/m™] , (3) }

[¢]
"

2.06689408x105 [J/kg] ,

where e, is computed from the perfect gas formula e = 2.5p/p for y = 1.4.
The Ranﬁine-Hugoniot relations for a normal shock wave in a perfect _
gas!l imply: i

P
1 + %—g
o ahadnd. ) quk
°1 h 5. 1N P,
YR e
Py
2y 1/2
Vv L) pL <p—2 - 1) ————’Y+1 ’
7. JYDI Pl P__Z_ : v-1 (c4)
Py y+1
|
;
1/2 |
| f.o-v  peen] Y
| C s - A\
U B S
2 y-1 °2

11!1. W. Liepman and A. Roshko, Elements of Gas Dynamics, Wiley and Sons,
1967, pp. 62-665.
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where the subscript 1 and 2 denote the value of the variables in the
quiescent and disturbed states, respectively, cg is the shock front
velocity and y = 1.4. In particular for a shock of stremgth (p,/p;)
five and a quiescent state characterized by equations (C3), we have

<
i

4.6190563x10° [m/s] ,

2
u, = 0.0 [m/s] ,
p, = 5.06625x10° [Pa] , (c5)
o, = 3.4538813 [kg/m’],
e, = 3.6670701x10° [J/kg] .
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Ce##2% THE FOLLOWING PILOT HYDRO-CODE USING A FINITE-ELEMENT

aglalasNelaloslaolalNasleslsNaEalaNaaNaNaNaNaleNe Nal

[aNal

oo

(o B o T o

METHOC TO SOLVE THE UNSTEADY GAS FLOW EQUATICNS. THE FOLLOWING LISTING
CORRESPONCS TO THE VERSION OF THE CODE WHICH PRODUCED FIGURES 7,8,9,10 OF
THIS BRL REPORT

CONTENTS OF COMMON BLOCKXS BLOK1,BLOK2 AND BLOK3 ARE

XY(1,J)=ABSCISSA OF NODE J

XY(2,J)=0RDINATE OF NODE J

K=KOLC OR KNEW-TIME LEVEL AT WHICH THE ABOVE VARIABLES ARE KNOWN
OR UNKNOWN

VAR(KolyJ)=ABSCISSA VELOCITY COMPONENT AT NODE J
VAR(K424J)=0RDINATE VELOCITY COMPONENT AT NODE J
VAR(Ky3,J)=PRESSURE AT NODE J

VAR(Ky4,J)=SPECIFIC INTERNAL ENERGY AT NODE J

VART(LeJ)=PARTIAL CERIVATIVE CF VAR(KNEWsL,J) WITH RESPECT TO TIME
AT NOCE J

NR(MyJ)=NUMBER OF THE NEIGHBORING NODE M TO NODE J

DEFINITION OF VARIABLES

FOR
SET
CER

19

52

s

NUMBER=TOTAL NUMBER OF NODES IN THE PROBLEM,.LE.2000
NUMONC=TOTAL NUMBER OF NEIGHBCRS FOR A GIVEN NODE

NOEC=NUMPER OF CIFFERENTIAL EQUATIONS TO BE SOLVED, MOST OFTEN 4
MUA=NUMBER OF UNKNOWN PARAMETERS A(I) I=192900eMLA,MOST OFTEN 12
ORCGTIM=0RIGINAL OR INITIAL TIME

EXNTMS=MAXIMUM NUMBER OF TIME STEPS

COMMON/BLCKL/XY(2,2CCO)yNR(9,2C00)/BLOK2/VAR(2+4,2000)/BLOK3/VART(
14,2000)

SHOCK PROBLEM, THE SHOCK STRENGTH (RATIO OF PRESSURE) MUST BE
IN BOTH EXTSOL ANC GRAPHIT **MANUALLY*%*%
TAIN OTHER PARAMETERS MUST BE SET MANUALLY IN EXTSOL

CALL START(NUMBER,NUMOND,NOEQyMUAyKOLD9yKNEWCRGTINMMXNTVMS,BEGPOS)
INCEX=0

OTIME=ORGTIM

TIMF=ORGTIM

INCEX=INCEX*]

CALL TIMESTEP(NUMEERyNUMOND,sNCEQyMUA4KOLDyKNEWyOTIME, TIME, INDEX)
CALL CISPLAY(NUMBERKOLDyKNEW, TIME, INDEX,ORGTIM,BEGPOS)

[F(INDBEX «LT. MXNTMS) GO TC 19

PRINT 52

FORMAT(1H,13X,*PROGRAM IS FINISHED-STOP*)

sTOoP

ENC

SUBROUTINE START(NUMBER¢NUMOND¢NOEQsMUA,KOLD yKNEW4ORGTI My MXNTMS,

1 BEGPOS)

#START-GENERATES ENTRIES FOR ARRAYS XYyNR,VAR(KNEW+4,2000) 4 VART
-ASSIGNS NUMBERS TO ITS ARGUMENT LIST

COMMON/PLOKL1/XY(2,2000)yNR(S5,2000)/BLOK2/VAR(244,2C00)/BLOK3/VART(

14,2000)

THE FOLLOWING ARE GEOMETRIC PARAMETERS FOR A NORMAL SHOCK PROBLEM
Y1=INITIAL VALUE OF Y IN COMAIN

Y1=2.965

Y2=FINAL VALUE OF Y IN DOMAIN

Y2=3,050

Cy=SIZE OF MESKH IS Y DIRECTION

LY=0.005

NOXC=NUMPER OF CIVISIONS IN X-DIRECTION

NOXC=4

BECPOS IS BEGINNING POSITION CF SHOCK
45
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BECP0S=3.0025
XBEGIN=INITVIAL X POSITION
XBEGIN=0.0
ORGTIM=0.0
MXNTMS=14
CALL MESGEN(NUMBER,Y1,Y2,DY¢NCXD¢XBEGIN)
PRINT 103
103 FORMAT( 1F¢//+20Xy* MATRICES XY(292C00) AND NR(9,2000) ARE'*,//)
PRINT 104
104 FORMAT (1H,5Xy*NODE®*,13X,*CORRDINATES® 25X, *"NEIGHBORING NODES(1-8
1)%,24Xe"NOCE *)
PRINT 105
105 FORMAT (1F,105X,*TYPE"')
PRINT 101
101 FORMAT (Lbo6Xo®T® g llXo "X g lTXg 'V g L3XNy L 96Xp"2°,6X9"3,6X,"4",6X,
L1'50,6X9 6" 96Xy T"y6X,y"8'96X,°9°)
CO 51y I=1,NUMBER
SL PRINT 102,01, XY(1pl)yXY(2,1)3(NR(JeT)yd=1,9)
102 FORMAT (1Fy 2X9I593Xe1PEL15e8¢3X,1PEL1S.841Xy 9(2X,15))
NUMONC=9
NOEC=4
KNEw=1
KoLC=2
rUBA=12
CO 10 NONUM=1,NUMBER
X=XY(1,NONUM)
Y=XY(29,NONUM)
T=0RGTIM
CALL EXTSOLIXyYeT4UV,VV,P,E,SPECV, IBAD)
IF(IBAC.NE.QIGOTO 20
VAR(KNEWs 19 NONUM) =uV
VAR (KNEW 2y NCNUM) =VV
VAR({KNEW, 3y NONUM) =P
VAR(KNEW, 49 NONUM) =E
10 CONTINUE
CALL INITNG(NUMBERyNUMOND,NOEQyKNEWsMUA)
CALL OUTNO4{NUMBER,KNEW, ORGTIM)
RETURN
20 PRINT 21,NONUM
21 FORMAT(1Hs/,* TROUBLE WAS INCURRED IN FINDING EXACT VALUE AT
100E=*y164/4* PROGRAM IS STOPPED BY PROGRAMMER')
STOP
RETURN
ENC

SUBROUTINE TIMESTEP(NUMBER NUMONDyNCEQsMUAyKOLD yKNEW,OTIME , TIME,
1 INCEX)
COMPUTES VALUES OF FLOW VARIABLES AT INITIAL TIME+DT AT ALL NODES
KOLC INCICATES LEVEL OF KNOWN INFC IN VAR
KNEW INCICATES LEVEL OF UNKNOWN INFQO IN VAR
COMMON/BLOK1/XY(292000)yNR(9,20C0)/BLOK2/VAR(2¢442000)/BLOK3/VART(
14,2000)
##THE FOUR KEY SUBROUTINES OF CALCI ARE TRANSL,SOLVER,INITZR,VALNEW
EXTERNAL TRANSL9SOLVER.INITZRyVALNEN
SWITCH INCICATORS FOR CALCULATION AT NEW TIME LEVEL
OTIME=TINME
ISAVE=KNEW
KNEW=KOLD
KOLC=ISAVE
COPPUTE TIME INCREMENT
46




CALL DELTAT(NUMBER,NUMOND,NOEQ,KOLD,0DT)
C COMPUTE NEW TIME
TIVME=OTIMECT
PRINT 4000,0TIME,CT ,TIME
4000 FORMAT (LlF,/,TXe°SUB TIMESTEP OLD TIME=",lPELS5.84/¢22X, 'DELTAT="
1olPEL15.89/7922Xy 'TIME TO BE USED IN CALCULATIONS=',1PELS5.8)
LOOP OVER NOCES
**BECAUSE ALL THE VALUES OF THE FLOW VARIABLES ARE EQUAL FOR CONSTANT
Y VALUES ONLY ONE VALUE AT A GIVEN Y MUST BE CALCULLATED
ANONUM=3
28 CONTINUE
C IF NR(NUMONCoNONUM)=1,USE CALCI(NON-BDY NQOE) ELSE CALTB(BOY NODE}
IF(NR(NUMCNCo,NONUM) .EQ.1)COTO 25
CALL CALCE(NONUM,KNEW, TIME, INCEX)
GOTO 20
25 CALL CALCI(NUMBER,NUMOND,NOEQsMUAKOLDsKNEW, TIME ,OT,NONUM, TRANSL,S
IOLVFRGINITZRyVALNENW)
**USE THE VALUE AT THE NODE(NONUM) YO COMPUTE VAR AND VART ENTRIES FOR
A GIVEN Y VALUE
20 CHKRC=XY(2,NONUM)
RACVEL=VAR(KNEW,2,NONUM)
N=ANONUM-3
26 A=N¢]
IF( N «GT. NUMBER) RETURN
RC=XY(24N)
IF(RC «GE. (CHKRD+0.0C0001)) GO YO 27
VAR(KNEW, 14,N)=VAR(KNEW, 1, NONUM)
VAR(KNEW,2,N)=RADVEL
VAR(KNEW,3,N)=VAR(KNEW,3,NONUM)
VAR(KNEW o4y N)=VAR(KNEW, 4, NONUM)
VART(14N)=VART(1oNONUM)
VART(2,N)=VART (2, NONUM)
VART(3,N)=VART(3,NONUM)
VART(44N)=VART (4, NONUM)
GO 10 26 4
2T NONUM=N+2 j
CO TO 28 :
ENC |

[aNaNal

aNal

SUBROUTINE CISPLAY(NUMBER  KOLD ¢KNEW, TIME, INDEX,QRGTINM4BEGPOS)
#*CISPLAY-GENERATES OUTPUT AFTER THE FLOW VARIABLES ARE COMPUTED AT A MNEW
TIVE
COVMMON/BLOK2/VAR(294,2000)/BLCK1/XY(2,2000)¢NR(9,2000!)
c ##0LTNO6 GIVES LISTING OF VAR AND DENSITY AT NEW TIME
CALL OUTNOG6(NUMBERy TIMEsKNEW)
*3GRAPHIT USES THE CALCOMP PLOTTER TO GRAPH PRESSULREsY-VELOCITY, INTERNAL
ENERGY PER UNIT MASS AND CENSITY
CALL GRAPHIT (TIMEsKNEW)NUMBER, INDEX¢ORGTIM,BEGPQS)
RETURN
ENC

(aNal

[aNal

SUBROUTINE INITNG(NUMBER,NUMOND NOEQ KNEW,MUA)

C COMPUTES INITIAL VALUES OF THE PARAMETERS OF FLOW VARIABLES AT THE INITIAL

C TIFE LEVEL ONLY
COMMON/BLOK1/XY(242000)¢NR(9,2C00)/BLOK2/VAR(2+44,2000)/BLOK3/VART{
14,2000)
CIMENSION ALPHA(L12)oRHOINT(3¢9)eX(3)oY(3)sGT(443)4G(443),00G6(4,42),
1A1(12),RHOT(3), TRHOIN(3,3)

C INITNG IS WRITTEN FOR MUA=12., CHANGES MUST BE MADE IF INITNG IS NOT 12. INITNC

C CHECKS FOR MuA=]2.
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IF(MUA.NE.12)GOTO 101

THE NUMBER OF NOCES IN DOMAIN(NUMBER) CANNOT BE GREATER THAN 2000. INITNG

CHECKS NUMBER

IF(NUMBER.GT.2C00)GOTO 201 f?

LOOP OVER ALL NOCES
CO 20 NONUM=1,NUMBER
CO 25 J=1,MUA
25 ALPHA(J)=0.0

COUNT NUMBER OF NODES PER PRISM -=NDPPRM

NCPPRM=1
NONM]1 =NUMONC-1
CO 30 J=1,NONM1

IF(NR(JoNONUM) . EQ.0)GOTO 35

30 NCPPRM=NCPPRM¢]

COMPUTE VARIABLE FROM EQUATION OF STATE AND ITS FIRST DERIVATIVES AT PRISHM

NODES

35 CALL INARES(NUMONCyNOEQy)KNEWyNONUMyNDPPRM,RHOINT)
TRANSFER CENTER NOCE DATA TO WORKING ARRAYS

X(1)=XY(1,NONUM)
Y(1)=XY(2,NONUM)
CO 40 I=1,NOEQ

40 G(Is2)=VARIKNEW, I,NONUM)
DETERMINE NUMBER OF TRIANGLES PER PRISM NDPPRM=1 FOR NON-BDY AND NDPPRM-2 FOR

BCY NOCE
NUMTRI=NCPPRM=]

IF (NR(NUMONC yNONUM) ;NE.1)INUMTRI=NDPPRM=2
LOOP OVER THE TRIANGLES OGF THE PRISM

RNT=NUMTRI

CO 45 ITRI=1,NUMTRI
THIRC VERTEX OF TRIANGLE IS

IV3=1TRI+]

EXCEPT WHEN CENTER NOCE IS NOT ON BOUNDARY AND LAST AGHB. NODE OF PRISM IS

CONSICEREC

IF(ITRICEC.NCPPRM=-1)1V3=]
TRANSFER DATA OF NEIGHBORING NODES TO WORKING ARRAYS

JSUB2=NR(ITRI,NONUM)
JSUB3=NR(IV3,NONUM)
X(2)=XY(i1,J5UB2)
X(3)=xXY(1l,JSUB3)
Y(2)=XY(2,J5UB2)
Y(3)=XY(2,J5UB13)

ABSOLLTE VALUE OF CET IS THE AREA OF THE TRIANGLE/2
CET=X(L)*Y(3)=X(3)*Y(1)eX(2)*Y(1)=X(1)®Y(2)+X(3)*Y(2)-X(2)*Y(3)

IF(CET.EC.0.)GOTO 19
COG(I4J)=PARTIAL DERIVATIVE

Y(J=2) ON THE TRIANGLE WITH CENTER AT NONUM

CO 50 T1=1,NOEQ

G(Is2)=VAR(KNEW,I,JSUB2)
G(Iy3)=VAR(KNEW,I,4SUB3)

OF VAR(KNEWysIoNONUM) WITH RESPECT TO X(J=1) OR

COGUIoL)=( (G(Io2)=G(1,2))8Y(3)=(G(Io1)=G(I,43))#Y(2)4(G(I,2)-G(I,3

1 ))*Y(1))/DET

50 COCUIo2)=(=(G(Is1)=G(I,2))%X(3)¢(G(Io1)=G(I,3))*X(2)=(G(I42)-G(I,3

1 ))*X(1))/CET

TRANFER INFO FROM RHOINT TO TRHOIN AND COMPUTE APPROXIMATE DERIVATIVES OF U,V

ANC INT ENG WITH RESPECT TO
GOVERNING ECUATIONS
Co S5 I=1,3
TREOIN(I,1)=RHOINT(I,1)

TREOIN(I,2)=RHOINT(I,ITRI*1)
TREOIN(I,3)=RHOINT(I,1IV3+¢1)

TIME BY SOLVING FOR TIME DERIVATIVES IN THE
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GT(1,1)=-(G(1,0)*00G(1,1)¢G(2,1)*D0OG(1,2)+DOG(3,1)/TRHOIN(1,1))
GT(21)==(G(Lo1)*COG(2,1)4G(2,1)%D0G(2,2)¢D0G(3,2)/TRHOIN(1,1))
S5 GT(4s10==(G(1lyI1)%D0G(4,1)4G(2,1)%D0G(4,2)¢G(3,1)*(D0OG(1,1)¢D0G(2,2
1))/TRHOIN{Ll,1))
C COMPUTE INITIAL VALUES OF PARAMETERS FOR UeVy INT. ENG.(A(1-6,10-12))

C SOLVE FOR A(1l)eA(2),A(3) BY EQUATING A(LI*X(I)eA(2)*Y(I)¢A(3)=GT(1,I)s1=1,2,3

CO 60 I=i,NOEQ
IF(1.EQ.3)GOTO 60
Jal*3
JM1=J-1
JM2=J=2
AL(I)I=(GT (I, 1)8(X(3)8Y(2)=X(2)¢Y(3))+CT(I,2)¢(X(1)*Y(3)=-Y(1)*X(3))
1 +GT(Io3)%(X(2)%Y(1)=X(1)*Y(2)))/DET
AL(IML)=(=GT(I,41)8(X(3)=X(2))4GT(I,2)%(X(3)=X(1))=GT(I,3)*(X(2)=-X(
11)))/0ET
ATUIM2)=(CTUT,1)%(Y(3)=-Y(2))=-GT(I:2)%(V(3)=Y(1))+GT(I,3)%(Y(2)-Y(1
1)))/0ETY
60 CONTINUE
C COMPUTE CERIVATIVES OF DENSITY ANC PRESSURE WITH RESPECT TO TIME AND
C PARAMETERS A(7-9) FOR THE PRESSURE
CO 65 I=1,3
C RKOT IS THE TIME DERIVATIVE OF DENSITY
RHOT(I)==(G(1,I)*(TRHOIN(2,1)*D0G(3,1)+TRHOIN(3,1)*D0G(4,1))
1 +G(2, I)*(TRHOIN(2, 1 )*D0G(3,42)+TRHOIN(3,1)*D0G(4,2))
2 +TRHOIN(1,I)*(DCG(1,41)4D0G(242}))
C GT(3,I) IS THE TIME DERIVATIVE OF PRESSURE AT VERTICES
65 GT(34I)=(RHOT(I)-TRHOIN(3,I)*(AI(1C)*X(I)+AT(L1)*Y(ID+AI(12)))/TRH

10IN(2,1)
AL(T)=(GT(3,1)%(Y(3)=-Y(2))=GT(3,2)%(Y(3)=Y(1))eGT(3,3)%(Y(2)-Y(1))
1)/CET
AL(B)=(=GT(3,1)%(X(3)=X(2))+GT(3,2)¢(X(3)=X(1))=GT(3,43)%(X(2)-X(1)
1))/CET
AT(9)=(GT(3,1)%(X(3)2Y(2)-X(2)%Y(3))+GT(3,2)¢(X(1)*Y(3)-Y(1)%*X(3))
1 +GT(3,3)%(X(2)%Y(1)-X(1)*Y(2)))/DET

C SUM THE A(I)*S OVER THE TRIANGLES IN THE GIVEN PRISM
CO 70 I=1l,MUA
70 ALPHA(I)=ALPFA(TI)+AI(I])
45 CONTINUE

C THE AVERAGE OF THE A(I)*'S IS THE INITIAL VALUE OF THE A(I)*S FOR THE PRISM

€O 75 I=1,MUA
75 AI(I)=ALPFA(I)/RNT

[aNaNal

ANC A(I1#3)=VART(I,NONUM)
€O 80 I=i,NOEQ
80 VART(I,NONUM)=AT(1%3=-2)%XY(1,NONUM)I+AT(T%*3=-1)%XY(2,NONUF)+AI(]2*3)
20 CONTINUE
RETURN
101 PRINT 102,MUA
sTOP
201 PRINT 202,NUMBER
sToP
19 PRINT SyNONUM
stToP
5 FORMAT(Llhe//s* CET=0.0 IN SUB. INITNG®'9/9* CNE CF THE TRIANGLES
1ASSOCIATEC WITH NODE®y15,' HAS ZERO AREA'y/,*' CHECK THE ORDERING A
LNC NUMBERING OF NGHBos NODES'y/,*' STOP')
102 FORMAT (1Fy' MUA=',15,' BUT SUBROUTINE INITNG IS WRITTEN FOR MUA=
112,STOP*)
202 FORMAT (iF, * NUMPER=',17,°* BUT INITNG IS WRITTEN FOR NUMBER NOT

49

STORE IN MATRIX VART THE INITIAL VALUES OF THE PARAMETERS AT THE CENTER NODE
IN THE TRANSLATEC COORCINATE SYSTEM. WE TAKE A(1,294+5+798,10 AND 11)=0




LGREATER TFHAN 2C00. STOP')
ENC

SUBROUTINE MESGEN(NONUMF,R1,R2,DY¢NOTD,THETAB)
C THIS SET OF SUBROUTINES GENERATE A FINITE ELEMENT MESH IN CARTESIAN
C COORCINATES(XsY) TFEY WERE ADAPTED FROM THE CLYDRICAL COOR. PROGRAM
C R IS THE Y COORDINATE AND THETA THE X COORDINATE
C**#9*FINITE ELEMENT GENERATING PACKAGE MAY BE CONFUSING IN ITS LOGIC
C BECAUSE IT HAS BEEN ADAPTED FROM POLAR TO RECTANGULAR
c GEOMETRY
COMMON/BLOK1/XY(242000),NR(9,20C0)
CIMENSION RACII(200)
NOTD IS NUMBER OF DIVISIONS IN THE X DIRECTION
NOTCP1=NOTC+1
THETAB IS INITIAL X POSITION
CY IS INCREMENT IN Y-CIRECTION
R1 IS INITIAL VALUE OF Y
R2 IS FINAL VALUE OF Y
DR IS INCREMENT IN X-CIRECTION TO INSURE EQUILATERAL TRIANGLES
CR=1.154700538%CY
THETAE=THETAR®NOTD*CR
C NOCPOS INDICATES TYPE OF POSITION THE FIRST NODE WILL HAVE-SEE AUTGEN
KOCPOS=1
NONUMB=NOTO+2
RACII(1)=R1
I=1
23 I=]+1
RACIIC(I)=RACII(I-1)+DY
IF( (RADII(1)+0.,0C001) .LT. R2) GO TO 23
PRINT 24, (RACII(IKL)oIKL=1,1)
24 FORMAT (1F,10X,°*THE Y SUBDIVISIONS FROM SUBPROGRAM MESGEN FOR X-Y
1 FIN. EL. MESH ARE'y(/,13X,1PE15.8))
C AUTGEN GENERATES GRID FOR Y.GT.Y1l=R1l
CALL AUTGEN (RADIIoI,NODPCS,NCNUMB,NOTDyTHETAB,THETAE NONUMF)
C GENERATE GRIC FOR Y=Y1=R]
CO 20 I=1,NOTOP1
NR(9,1)=7
CO 20 J4=5,8
20 NR(JoI)=0
CO 21 I=24,NOTOP1
NR(leI)=1-1
NR(2¢1)=14NOTD+1
NR(3,1)=14NOTD+2
21 NR(4,I)=]9]
NR(1s1)=NOTC+2
NR(241)=NCTC+3
NR(3,1)=2
NR(4,41)=0
NR(4,16)=0
CTHETA=(THETAE-THETAB)/NOTD
CO 22 I=1,NOTCP1
RI=[~-1
THETA=THETAR+DTHETA®RI
XY(LoI)=TFETA
22 XY(2491)=R]
RETURN
ENC

s NaNalaNel (o}

50




(g NaNaNel

c

C

SUBROUTINE AUTGEN(RADII,NyNODPOS,NONUMB,NOTD, THE TAB y THE TAE s NONUNF )
THE AUTOMATIC GENERATION OF THE FINITE ELEMENTY GRID STARTS WITH Rl¢
CELTARI=RACII(2)

NOTC [S NUMBER OF THETA DIVISICNS, NONUMF=TOTAL NLMBER OF NODES (NONUMB+
THOSE GENERATEC

COMMON/BLOKL/XY(2,2C00)ysNR(9,20C0)

CIMENSION RACII(200)

PI=3.1415926535891719324
NONUMB=THE REGINNING NODE NUMBER AT RADII(2).

NONUM=NONUME -1

NCP1=NOTD+1$ NCP2=NQTC+2

CTHETA=(THETAE-THETAB)/NOTD
NOCPOS=0 IF NOCE NONUMB IS A VERTEX OF A COMPLETE ECLILATERAL TRIANGLE,
IF NOT NODPOS=1

KNOW=NOCPOS

KK=KNOWe 1

KBEFOR=XMCDF(KK,2)

CO 20 I=2,N

IF(KNOW.NE.1)GOTO 60
VERTEX OF AN INCOMPLETE EQUILATERAL TRIANGLE IS ON THE RIGHT BOUNDARY

IF(1.EQ.NIGOTO 30
RleLT.RACII.LT.R2 AND THETA=THETAB

NONUM=NONUM+ ]

XY(1,NONUM)=TFHETAB

XY (2,NONUM)=RACII(I)

AR(9,NONUM)=2

NR(1,NONUNM) =NONUM=NCP1

AR (2 ¢ NONUM)=NONUM+

NR (3 ,NONUNM)=NONUM+NDP 2

CO 36 J=4,8
36 NRUJ¢NONUM)I=O

THETA=THETAR+0.5%*CTHETA
R1ALTRACITI.LT.,R2 ANC THETA=THEYAB
RleLTRACII.LT.R2 AND THETAB.LT.THETA.LT.THETAE
40 NONUM=NONUMe]

XY(1yNONUM)=THETA

XY(2¢,NONUM)=RACTII(I)

NR(9yNONUM)=]

NR(1¢NONUM)=NONUM=-1

NR (2 ¢ NONUF ) =NONUMENCP2~-1

NR(34NONUM)=NONUMNCP 2

NR (4 ¢ NONUM)=NONUM+ ]

NR (5 ¢NONUM) =NONUM-NCP1

NR (6 ¢ NONUM ) =NONUM=NDP1~-1

NR(T4NONUNMI=(C

NR (84 NONUM) =0

THETA=THETA+CTHETA

IF(THETALLE.THETAEIGOTO 4C
R1.LT.RADII.LT,R2 AND THETA=THETAE

NONUM=NONUM+ L

XY(1,NONUM)I=THETAE

XY (2yNONUM)=RACII(I)

NR (94 NONUM) =)

NR(1,NONUM)=NONUM=NDP 2

NR {2, NONUM)=NONUM-1

NR (3, NONUM)=NONUM+NCP1

CO 39 J4=4,8
39 NR(J,NONUM)=0

GOTC 50
VERTEX OF A COMPLETE EQUILATERAL TRIANGLE IS ON THE RIGHT BOUNDARY
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60 IF(I.EQ.NIGOTO 35
NONUM=NONUM+ 1
RL.LT.RACII.LT.R2 AND THETA=THETAB
XY(1yNONUM)=THETAR
XY (2oNONUM)=RACIIII)
NR(9¢NONUM) =2
AR (1 ¢ NONUM)=NONUM=NCP2
NR (2 ¢NONUM)=NONUM-NDP2+1
NR(34NONUM)=NONUM+1
NR (4o NONUM)=NONUM#NCPL+1
NR (5 ¢ NONUM ) sNONUM+NDP L
NR(69NONUM)=C
NR (7oNONUM)=(Q
NR(8¢NONUM) =0
THETASTHETARB+DTHETA
RL.LTRACIT.LTeR2 AND THETAB.LT.THETA.LT.THETAE
44 NONUM=NONUMe]
XY{1oNONUM)=THETA
XY 12, NONUM)I=RADIIIT)
NR(9oNONUNM) =}
NR(14sNONUM)=NONUM-1
NR (23 NONUF)=NONUM4NCPL
NR (39 NONUM)=NONUMNCPL+1
NR (49 NONUM) =NONUM¢L
NR(S¢NONUM)=NONUM-NOP 241
KR (69 NONUM)=NONUM=NCP 2
AR (T4 NONUM)=0
NR(ByNONUM)=0
THETA=THETA+CTHETA
IF(THETALLT ITHETAE~-DTHETA/2.))G0TO 44
R1.LT.RACI1.LT.R2 AND THETA=THETAE
NONUM=NONUM+ ]
XY(14NONUM)=TFETAE
XY (29 NONUM)=RACII(I)
NR (99 NONUM) =3
NR(1+NONUM)=NONUM-NCP1
NR (2 ¢NONUM)=NONUM=-NOP1-1
NR (3¢ NONUWM ) =NONUM=-1
NR (49 NONUNM ) =NONUM+NDP2~1
NR (S yNONUM)=NONUM+NDP 2
NR (69 NONUM) =0
AR {7 oNONUM) =D
AR {8 NONUPM)=0
50 ISAVE=KNOW
KNOW=KBEFOR
KBEFOR=ISAVE
GOTO0 20
30 NONUM=NONUM+]
RACII=R2 AND THETA=THETAB
XY(LoNONUVM)=THETAB
XY (2 yNONUNM)=RACTIL(])
NR{9,NONUPF)=S
NR (1, NONUM)=NONUM+]
NR (29 NONUM)=NONUM=NDP1
CO 51 J=3,8
51 NR(JyNONUVM)=0
THETA=THETAB+0.5%*CTHETA
€2 NONUM=NONUM+]
RACII=R2 AND THETAB.LT.THETA.LT.THETAE
XY(1oNONUM)=THETA
52
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XY (2,NONUM)=RACTI(T)
NR(9,NONUNM) =4
NR(1,NONUM)=NONUM¢1
NR (29 NONUM)=NONUM=NDP 1
NR (3, NONUM) =NONUM=-NDP1~1
AR (4 ¢ NONUM ) =NONUM=-1
CO S2 J=5,8

52 NR(J,NONUM)=0
THETA=THETA+CTHETA
IF(THETA.LE.THETAEIGOTO 62
NOANUM=NONUMe L

RACII=R2 AND THETA=THETAE
XY(1,NONUM)=THETAE
XY (2oNONUM)=RACII(I)
AR (9o NONUPM) =5
NR (1, NONUM)=NONUM=-NDP 2
NR (2 ¢ NONUNM ) =NONUM=- |
CO 53 J=3,8

53 NR(JyNONUM)=C
GOTO 20

35 NONUM=NONUM+ L

RACII=R2 AND THETA=THETAB
XY(19NONUM)=THETAR
XY(2,NONUM)=RACII(])
NR(94NONUM) =5
NR(1,NONUM)=NONUM®]
AR (2, NONUM)=NONUM=NDP2+¢1
MR (34NONUM)=NONUM=-NCP2
CO 54 J=4,8

54 NR(JyNONUNM)=Q
THETA=THCTAB+DTHETA

49 NONUM=NONUM+]

RACII=R2 ANC THETAB LT .THETA.LT.THETAE
XY (L oNONUM)=THETA
XY (2,NONUNM)=RACII(I])
NR (94 NONUM)=4
AR (1 oNONUM)=NONUM+ ]
NR (2o NONUM ) =NONUM=NDOP 241
NR (3, NONUM)=NONUM=NCP2
AR (4 ¢ NONUM)=NONUM=~]
CO 55 J=5,8

55 NR(J,NONUM)=20
THETA=THETASCTHETA
IF(THETA.LT.(TFETAE-DTHETA/2.))GOTQ 49
NONUM=NONUM+ ]

RACII=R2 ANC THETA=THETAE
XY{(1,NONUP)=TFETAE
XY (2yNONUM)=RACTII(])
ANR(9¢NONUV)=6
AR (14NONUV)=ANONUM=NCP1
NR (29 NONUM) =NONUM=NCP1-1
NR {3y NONUM) =NONUM=]
CO 56 Js4,8

56 NR(JyNONUM)=C

20 CONTINUE
NONUMF=NONUNM
RETURN
ENC

SUBROUTINE INARES (NUMONDyNOEQ ¢KNEW)NONUM,NDPPRM ,RHOINT)
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C COMPUTES VARIABLE FROM EQUATION OF STATE AND ITS FIRST DERIVATIVES AT PRISM
C NOCES
COMMON/BLOKL/XY(2,2000),NR(9,2000)/BLOK2/VAR (2,4,2000)
CIMENSION RHOINT(3,NUMOND),R(2)
CALL INEQST(VAR(KNEW,3sNONUM) ¢ VAR (KNEW 49 NONUM) 4R)
CO 20 I=1,3
20 RHOINT(I,1)=R(I)
CO 25 K=2,NCPPRM
JSUPR=NR(K=1,NONUM)
CALL INEQST(VAR(KNEW,3,JSUB)yVAR(KNENWs49JSUB)R)
CO 25 I=1,3
25 RHOINT(L,K)=R(1)
C IF NUMBER OF TRIANGLES IS LESS THAN MAX NUMBER ALLOWED IN A PRISM, SET
C REMAINCER OF RHCINT TOQ ZERO.
IF(NOPPRM.EQ.NUMONDIRETURN
NFPPL=NCPPRM+]
CO 30 J=NPPP1,NUMOND
CO 30 I=1,3
30 RHOINT(I,J)=0.0
RETURN
ENC

SUBROUTINE INECSTI(P,E4R)
COMPUTES THE CENSITY AND ITS CERIVATIVE WITH RESPECT TO PRESSURE AND INT,
ENERGY FOR A NOBEL-ABEL GAS.
GAMMA AND ETA ARE TWO PARAMETERS IN THE NOBEL-ABEL ECUATION OF STATE
TWO PARAMETERS ARE GAMMA AND ETA (UNITS FOR ETA ARE VMe23/KG)
CIMENSION R(3)
CATA GAMMA,ETA/1.40,40.0/
G=GAMMA-1.0
C=G*E+ETA*P
CC=Ce*C
C RU1)=DENSITY
R(1)=P/C
C R(2)=FIRST CERIVATIVE OF R(1) WRT PRESSURE
R(2)=G*E/CC
C R(3)=FIRST DERIVATIVE OF R(1) WRT INTERNAL ENERGY
R(3)==G#*P/CC
RETURN
ENC
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SUBROUTINE OUTNO4(NUMBER,KNEW,CRGTIM)
C *¢ QUTNO4-LISTS THE VALUE OF MATRICES VAR AT KNEW LEVEL AND VART
COMMON/BLOK2/VAR(2,442000)/8LCK3/VART(4,2000)
PRINTY 399,0RCTIM
399 FORMAT (1lFe/41X,*THE VALUES OF UyVyPoE AND RHO AT THE INITIAL °*,
1 °TIME (*,1PEL16.8,") ARE',/)
PRINT 397

397 FORMAT(L1Ho5X ¢ *NODE® 910Xy 'U 18Xy 'V 'y 18Xo*P*y18X,'E*y17X,*'RHO")
CO 11 I=1,NUMBER
RHO=VAR(KNEW,3,1)/(0.4*VAR(KNEW,441))

11 PRINT 40241 (VAR(KNEWoJeI)yoJ=1,44)4RHC

402 FORMAT(1H¢3X,15,5(4X,1PELS.8))
PRINT 398,0RGTIM
PRINT 4059(Io(VART(Jsl)yJ=1y4),1=1,NUMBER)

398 FORMAT(1Hy/?® INITIAL VALUES CF D/DT OF UyV,PyE ARE AT TIME=",
L1PELS B9/ /95X o *NOCE 98X,y *CU/DT* 314X, 'DV/DT* 14X, '0P/DT*,14X,*DE/PT
2°)

405 FORMAT(1H,y(2X,16,4(4Xy1PEL5.8) ))

RETURN
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SUBROUTINE EXTSOL(XoYoToUVeVV,P,E,SPECV,IBAD)
*4 EXTSOL~FOR A GIVEN X,YoT,EXTSOL COMPUTES THE X AND Y VELOCITY COMPONENTS,
THE PRESSURE, INTERNAL ENERGY BEHIND A NORMAL SHOCK PROPOGATING INTO
A CUIESCENT FIELD. PERFECT GAS IS ASSUMED ON EITHER SIDE
*+ VEL1,PLlyR14T1 ARE Y-VELOCITY,PRESSURE,DENSITY,TEMPERATURE OF QUIESCENT
STATE
CATA VEL14P1leR1yT1/0.091.C1325E591.225570786,9268.15/
** ORGSHP,ORGSTMySHKSTH ARE INITIAL POSITION,VIME,STRENGTH OF SHOCK
*¢ G IS RATIO OF SPECIFIC HEATS
CATA ORGSHP,0RGSTMyG/3.0025+0.091e4/
CATA SHKSTH/ 5.0/
#¢ SPECV AND IBAD ARE UNUSED PARAMETERS
SPECV=1.0 §$ [IBAC=0
*¢ Al=SOUNC SPEED
Al=SQRT(G*P1l/R1)
COM=(G+1.0)/(G-1.0)
*% CS=SPEEC CF SHOCK FRONT
CS=A1*SQRT((G=1.0)/(2.0%G)+(G+1.0)*SHKSTH/(2.0%G))
POS=Y
SHKPOS=0RGSHP+CS*(T~0RGSTM)
IF (POS .GT. SHKPOS) GO TO 15
UP=(AL1/G)*(SFKSTH-1.0)*SQRT (((2.0%G)/(G*+1.0))/(SHKSTH+1.0/COM))
UV=0.0
vv=ue
P=SHKSTH#*P]
R=R1#(1.04COM*SHKSTH)/(SHKSTH+COM)
E=2,5%P/R
RETURN
15 UV=0.0
vVv=0.0
P=P1
E=x2.5%P/R1
RETURN
ENC

SUBROUTINE CELTAT(NUMBER,NUMONDNOEQ.KOLD4DT)
COMPUTES THE TIME INCREMENT FOR THE ENTIRE DOMAIN BY USING BI-CHAR. AND VALUES
OF THE FLOW VARIABLES AT TIME=0LD TIME
COMMON/PRLOK1/XY(2,2CCO)yNR(9,2000)/BLOK2/VAR(2,4,2000)
INTEGER START,SKIP,START2
START IS STARTING NODE SKIP IS NUMBER OF NODES TO BE SKIPPED
CATA START,,SKIP/1,y 1/
FINC MINIMUM LENGTH(RADII) OF THE FIRST PRISM AND SOULND SPEED AT START NODE
JSUB=NR(L,START)
AR=(XY(1,JSUB)=XY(1,START) )*#2
YR=(XY(2,JSUB)=XY(2,START))*#2
RMIN=XR+YR
NONM1=NUMONC-1
D0 20 I1=2,NONM]
JSUB=NR(I,START)
IF NR(I,START)=0, THEN THERE IS NC MORE NGHB., NODES TO THE START NODE,ELSE
THERE ARE
IF(JSUB .EQ. O) GO TO 25
XR=(XY(1,JSUBI=XY(1,START))*%2
YR=(XY(2yJSUB)=XY(2ySTART) ) #*%2
R=XR+YR
20 RMIN=MINIF(RMIN,R)
25 RMIN=SQRTF(RMIN)
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CALL SNDSPD(VAR(KOLDy3,START),VAR(KOLD ¢4y START) 4A)
| C INCLUCE POSSIBILITY FOR UNKNOWN (SWIRL VELOCITY IN PCLAR COORD)
} SWRLSP=0.0
1F (NOEQ.EC+5)SWRLSP=VAR(KOLD ¢S START)
C FINC THE FIRST VALUE OF DELTA T
TMIN=RMIN/ (SGRTF(VAR(KOLDy1,START)##2¢VAR(KOLD,2,START) #42 :
1 +SWRLSP#SWRLSP ) +A) :
C INCREMENT START BY SKIP AND PROCEED THROUGH THE FINITE ELEMENT NET |
START2=START+SKIP
CO 30 NONUM=START2,NUMBER,SKIP
JSUB=NR( 1,NONUM)
XR=(XY(1sJSUBI=XY(1,NONUM))*#2
YR=(XY (24 JSUB)=XY(2,NONUM) )82
RMIN=XReYR
NOAM1=NUMONC-1
CO 35 I=2,NONMI ‘
JSUB=NR( [, NONUM) '
C IF NR(I,NONUM)=0, THEN THERE IS NO MORE NGHB. NODES TO THE START NODE,ELSE
C THERE ARE
IF(JSUB.EQ.0)GOTO 40
XR=(XY(1yJSUB)=XY(1,NONUM))##2
YR=(XY(2,JSUE )=XY(2,NONUM) ) ##2
I R=XR¢YR
% 35 RMIN=MINLF(RMIN,R)
40 RMIN=SQRTF(RMIN)
| CALL SNDSPD(VAR(KOLOD93oNONUM) ¢ VAR (KOLD ¢4 yNONUM) ¢ 8)
‘ C INCLUDE POSSIBILITY FOR UNKNOWN (SWIRL VELOCITY IN PCLAR COORD)
SWRLSP=0.0
1F(NOEQ.EC.5)SHRLSP=VAR(KCLD+5¢NONUM)
TH=RMIN/ (SQRTF(VAR(KOLD, 1, NONUM)##24VAR (KOLD 42 NONUM) %2+
LSWRLSP#SWRLSP ) +A)
C FINAL VALUE OF CELTA T IS TMIN
30 TMIN=MINLF(TMIN,TM)
CT=TMIN
RETURN
ENC

SUBROUTINE CALCI(NUMBER,NUMOND ¢NOEQsMUA¢KOLD¢yKNEWTIME,DT,
1 NONUM, TRANSL ¢ SOLVER g INITZRy VALNEW)
COMPUTES FOR A NON-BOUNDARY NODE NEw INITIAL VALUES FOR THE PARAMETERS AND
VALUES OF THE FLOW VARIABLES AT THE OLD TIME + DT (KANEW) LEVEL
; EXTERNAL TRANSL,SOLVER,INITZR ,VALNEW,FU,FUSPEC
t COMMON/BLOK1/XY(2,2000)yNR(992CCO)/BLOK2/VAR(244,2C00)
1 /BLOK3/VART (4, 2C00)
THE VECTOR OF UNKNOWN PARAMETERS A IS OFTEN REDEFINEC AS B
THE VECTORS X ANC Y ARE XY(1lyJ)¢XY(2,J) FOR J CORRESPONDING TO NEIGHBORING ANC
CENTER NOCE OF NODE NUMBER(NONUM),
MATRIX VALS CONTAIN VAR DATA FOR NEIGHBORING NODES
CIMENSION B(12)9X(9)yY(9),VALS( 499}
NCPPRM=NUMBER OF NODES PER PRISM CENTERED AT NONUM (.LE.9)
CALL TRANSL(NUMONC,NOEQyMUA,KOLCyNONUM,NDPPRIMyXyYoVALS,B)
CALL SOLVER(NUMOND¢NOEQyMUA, TIME,DT,NDPPRMyNONUM XYy VALSBsFU,FUS ’ -
1PEC)
CALL INITZR(NOEQ,MUA,NONUM,B)
CALL VALNEW(NUMONC,NOEQ,MUA,KNEWsDT,NONUM,VALS,8)
RETURN
ENC
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SUBROUTINE CALCB(NONUM,KNEW,TIME, INDEX)
COMMON/BLOKL/XY(2,20C0)4NR(9,2000)/BLOK2/VAR(2¢4,2000)/BLOK3/VART(
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14,2000)

X=XY(1,NONUM)

Y=XY(2,NONUM)

T=TIME

CALL EXTSOL(XsYoToUV,VV,P,E,SPECV,IBAD)

[F(IBAC.NE.O)GOTO 20

VAR(KNEW, 19 NONUM) =UV

VAR(KNEW 2y NONUM) =VV

VAR(KNEW, 3,NONUM) =P

VAR(KNEW, 49 NONUM) =E

RETURN
20 PRINT 21,NONUM
21 FORMAT(1r,/y"' TROUBLE WAS INCURRED IN FINDING BOUNDARY VALUE AT N

10CE=*,16,/9,* PROGRAM IS STOPPED BY PROGRAMMER')

sTOP

ENC

SUBROUTINE TRANSL (NUMOND,NOEQ¢MUAsKOLDoNONUM,NDPPRM,X Y ,VALS,8)
COMMON/BLCK1/XY(2,20C0)yNR(9,2CC0)/BLOK2/VAR(2,44,2C00)/BLOK3/VART(
14,2000)
TRANSFERS INFO OF A GIVEN PRISM INTO WORKING ARRAYS AND FORMS INITIAL GUESS
T0 A(I).
CIMENSION X(NUMONC),Y(NUMOND)B(MUA)VALS(NOEQ,NLUMOND)
CETERMINE NUMBER OF NODES OF PRISM=~NDPPRM
NCPPRM=1
MK=NUMONC-1
CO 20 J=i4MK
IF(NR(JoNCNUM) .EQ.0)GOTO 25
20 NCPPRM=NCPPRM+]
TRANSFER CATA INTO X,Y,VALS FROM XY,VAR AND SET TO ZERO UNUSED PORTION OF
XeYoVALS
CENTER NOCE INFO IN CCORCINATE SYSTEM WITH ORIGIN AT CENTER NODE
25 X(1)=0.0
Y(1)=0.0
CO 35 I=1,NCEQ
KOLC REFERS TO INFO AT KNOWN INITIAL LEVEL
35 VALS(I41)=VAR(KOLC,I,NONUM)
NEIGHBORING NODE INFO IN COORDINATE SYSTEM WITH ORIGIN AT CENTER NODE
CO 30 K=2,NCPPRM
JSUB=NR(K=1,NONUM)
X{K)=XY(1,JSUB)=-XY(1,NONUM)
Y(K)=XY(2,JSUB)=XY(2,NONUM)
CO 30 I=1,NOEQ
30 VALS(1,K)=VAR(KOLC,I,J5UB)
IF NUMBER OF TRIANGLES IS LESS THAN MAX NUMBER ALLOWED IN A PRISM, SET
RFVMAINCER OF Xo,YoVALS TO ZERO
IF(NCPPRM.EQ.NUMOND)GOTO 40
JIV=NCPPRM+]
CO 45 K=JIM,NUMONC
X(K)=0.0
Y{K)=0.0
CO 45 I=1,N0OEQ
45 VALS(I4K)=C.C
ASSUMPTION MUA/NOEQ IS AN INTEGER(PARAMETERS A ARE ECULALLY SPACED AMONG
UNKORNS)
40 MCIV=MUA/NOEC
FORM INITIAL GUESS OF PARAMETERS A(I)
IN THE TRANSLATEC COORDINATE SYSTEM, WE TAKE A(1,42¢4+5,798,10 AND 11)=0
AND ALI#%3)=VART(I,NONUM)
MCIVM1=MCIV=-1
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CO 50 I=1,NOEQ
B(MDIV*I)=VART(1,NONUM)
0O 50 J=i,MCIVM]

50 B(MCIV*I-J)=0.0
RETURN
ENC

SUBROUTINE SOLVER (NUMOND,NOEQ,sMUA,TIME DT ¢NDPPRNM,NONUM,X,Y,VALS,B,
LFU,FUSPEC)

THIS SOLVER IS THE BASIC NEWTON-RAPHSON SOLVER
COMPUTES THE FINAL VALUE OF THE PARAMETERS A(I) BY THE NEWTON-RAPHSON METHOD
wITH THE TERMINATION CRITERIA GIVEN BY THE SUBROLTINE TERMIN
FU ANC FUSPEC ARE SUBROUTINES TO COMPUTE NECESSARY QUANTITIES FOR NEWTON-

RAPHSON ITERATION PROCEDURE

EXTERNAL FU,FUSPEC

LOGICAL INDICT,PROCED

CIMENSION B(MUA), X({NUMOND),Y(NUMOND),VALS(NOEQ,NUNMOND)

CIMENSION CAJVNI(12912)9F(12)¢SAVE(12)¢A(12)uTS(12)+DMCRFA(12)
MXITPJ IS THE MAX NUMBER OF ITERATIONS ALLOWED PER JACOBIAN EVALUATION
MXNOJE IS THE MAX NUMBER OF JACOBIAN EVALUATIONS ALLOWED.

IF PROCEC=T, PROGRAM WILL CONTINUE EVEN THOUGH CCNVERGENCE CRITERIA IS NOT
MET AFTER ALL ALLOWABLE ITERATIONS,
IF PROCEC=F, PROGRAM WILL STOP.

CATA MXITPJ,MXNOJE/1,10/, PROCED/.FALSE./

CO 20 I=1,MuA

SAVELIL)=R(1)

20 A(I)=B(I)
C THE NEWTON-RAPHSON METHOD
C*#**THE MAX NORM IS USEC FOR THE CONVERGENCE CRITERIA SINCE A(I) ARE
C CIMENSIONAL, CMCRFA(I) IS USEC TO MAKE THEM NON-DIMENSIONAL FOR TESTING
C CONVERGENCE

CALL SCALFA(NUMONC,NOEQ,MUA,DT,VALS,DMCRFA)

CO 30 L=1,MXNQJE
C COMPUTE THE VECTCR F AND JACOBIAN

CALL FU(NUMONDyNOEQyMUA, TIME,CT,NDPPRM,XoYoVALS,AyF,CAJVNI,RES)
C COMPUTE THE INVERSE OF JAC-CAJVNI
C MATINV IS SUBPROGRAM AVAILABLE ON BRLESC SYSTEM

CALL MATINV(CAJVNIoMUA,F,MUA,C,DET)

IF (CET .EQ. 0.0) GO TO 35
C ITERATE MXITPJ TIMES BEFORE EVALUATING JACOBIAN AGAIN

CO 30 K=1,MXITPJ
C CALCULATE NEw VALUES CF PARAMETERS

0O 45 I=1,MUA

CO 45 J=1,MUA

45 A(L)=A(1)=-CAJVNI(I,J)%F(J)

C CHECK FOR CONVERGENCE
C STPCRT,RELERR,INCICT,SAVE,WTS ARE DEFINED IN TERMIN

CALL TERMIN (NUMONC,NOEQ,MUA,CT NDPPRM, INDICT,STPCRT,RELERRyVALS,

1A, SAVE,WTSoOMCRFA,NONUM)
C IF A(I)*S ARE WITHIN TOLERANCES, INDICT=TRUE

IFCINCICT) GO TO S0
C ITERATE AGAIN

CO 55 I=1,MUA

55 SAVE(I)=A(])

C **FUSPEC COMPUTES ONLY F OF NEWTON-RAPHSON, NOT THE JACOBIAN

IF(KLT.MXITPJ) CALL FUSPEC(NUMONDoNOEQ,sMUA, TIME ,OT;NDPPRM,X,Y,oVAL

1SsA,F4RES)

30 CONTINUE
C NO CONVERGENCE

NOITER=MXITPJ*MXNOJE

[aNeNaNalel

[aNaEaNaNel
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PRINT 80
PRINT 81 ,NONUM, TIME,DT,NOITERsSTPCRT,RELERR,PROCED
PRINT 82
PRINT 83,(BlI)sA(T)yWTS(I)yI=1yMUA)
IF(.NOY.PROCEC)STOP
CONVERCENCE IS OBTAINED

50 CO 60 I=1,MUA

60 B(I)=A(])
PRINT 92,NONUM,L

92 FORMAT(1Hy15X¢ *NOCE®¢I5y3X9e14y*ITERATIONS®)
RETURN

TROUBLE WITH FINCING THE INVERSE JACOBIAN

35 PRINT 91
PRINT 85, NONUM,TIME,DT,L
PRINT 86
PRINT 87, (X(I)yY(I)yI=1,NUMOND)
PRINT 90
PRINT 88
CO 47 1=1,NUMOND

47 PRINT 89,1,(VALS(J,1),J=1,NCEQ)
sTQP

80 FORMAT(1H,//,* NO CONVERGENCE®)

81 FORMAT(1H,' NUMBER OF NODE IS',I5¢* TIME=',F12.7,' DELTA T=',FB.5
19//+* NUMBER OF ITERATIONS=',14,°* CRITERION FOR CONVERGENCE IS*,El
24¢59//7 * LAST COMPUTED RELATIVE ERROR IS*,El4.5, / +* PROGRAM
IWILL NOT STOP==',L3)

82 FORMAT (LFe* INITIAL A(I) VALUES'+5Xy*LAST A(I) VALUES®,7X,
1*'WEIGHTS')

83 FORMAT (1H, 3X,E14.5¢8X,EL14.594X9EL14.5)

85 FORMAT(1H,' NUMBER OF NODE IS'y15¢' TIME=*,E15.8,' DEL T=',E15.8
lo/* JACOBIAN WAS BEING EVALUATED THE*yI3,°TH TIME')

86 FORMAT (1F, 3X,°'X-VALUES',10X,*Y-VALUES"')

87 FORMAT (lty El4.5,4X,E14.5)

88 FORMAT (1F,* NODE NUMBER',3X, *U-VELOCITY®$3X,*V=-VELOCITY®,4X,*PRES
LSURE® y4X,y *INT.~ENERGY*y3X, *SWIRL VELOCITY®)

89 FORMAT (lFy SXeI336X9ELl2e5¢1XyE12e501X9EL2.5+92X9EL12.592X9EL12.5)

90 FORMAT (1lFs* VALUES AT INITIAL SURFACE (DT=0) ARE *)

91 FORMAT (1ky //4* STOP IS OUE TO DET=0.0 IN MATIAV-SOLVER')

ENC

SUBROUTINE TERMIN(NUMOND,NCEQyMUAsDT,NDPPRM,INDICTySTPCRT,RELERR,

1 VALSy Ay SAVEsWTSoyDMCRFA,NCNLM)
USES MAX NORM OVER I=lyeee9sMUA TO DETERMINE CONVERGEANCE

LOGICAL INCICT

CIMENSION VALS(NOEQyNUMOND)yA(MUA) 4 SAVE (MUA) ¢wTS(MUA)

CIMENSION CMCRFA(L12),EXT(12)
wWTS(I) IS THE WEIGHT ASSOCIATED WITH A(I)
WTS ALLOWS MOCIFICATICN OF MAX NORM TO A WEIGHTED MAX NORM
STPCRT IS UPPER BOUND OF ALLOWABLE RELATIVE ERROR
THIS PROGRAM HAS A DATA STATEMENT, CHANGE DATA TO AGREE WITH CIMENSION
OF ARRAY WTS(MUA),

CATA EXTSTC/1eE=S/3(EXT(I)e1=1412)704090e091¢09Ce0¢0e041¢0¢0s0,

10041,0,040,0.,0,1.0/

STPCRY=EXTSTC

CO 20 I=1,MuA

20 WTISCLE)=EXT(I)

COMPUTE THE MAX RELATIVE ERROR

RELERR=(DMCRFA(1)* WTS(L1)*(A(1)-SAVE(L)))%e2

CO 40 I=2,Munp

ST=(OMCRFA(T)I*NTS(I)S(A(I)=SAVE(])))*s2
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C RELERR=RELATIVE ERROR
40 RELERR=MAX1F(ST,RELERR)

RELERR=SCRTF(RELERR)

C COMPARISON

C INDICT HAS VALUE TRUE IF CONVERGENCE, ELSE FALSE
INCICT=RELERRLT.STPCRT
RETURN
ENC

SUBROUTINE SCALFA(NUMOND,NOEQ,MUA,DT,VALS,SF)
C COMPUTES DIMENSICNAL CORRECTION FACTORS FOR EACH A(I) SQUARED
Ce¢s%¢ FOR EXAMPLE U=UO+(A(L)*X+A(2)*Y+A(3))*T UNITS FOR A(1),A(2) AND
(% A(3) ARE 1/(SEC*SEC), 1/(SEC*SEC), METRES/(SEC*SEC) SO THE
C EVERY TERM HAS UNIT (METRES PER SECOND)

CIMENSION VALS(NOEQ,NUMONC),SF(MUA)
C CHARACTERISTIC VELOCITY IS SOUNC SPEED AT DT=0 AND CENTER NODE

CALL SNOSPD(VALS(3,1)sVALS(4,1),REFVEL)
C CHARACTERISTIC LENGTH IS DT*SNDSPC

REFLNG=CT*REFVEL
C CHARACTERISTIC PRESSURE AND INTERNAL ENERGY ARE THOSE VALUES AT CENTER
C NOCE ANC CT=0

REFPR=VALS(3,1)

REFIE=VALS(4y1)
C COMPUTE TH. CIMENSIONAL CORRECTION FACTORS FOR THE A(I)*S

SF(1)=0T =*0T

SFL2)=SF(1)

SF(3)= CT/REFVEL

SF(4)=SF(1)

SF(5)=SF(2)

SF(6)=SF(3)

F= CT*REFLNG

SF(7)=F/REFPR

SF(8)=SF(T7)

SF(9)=0T /REFPR

SF(10)=F/REFIE

SF(11)=SF(10)

SF(12)=CT /REFIE

IF(NOEQ.NE.5)GOTO 30

SF(13)=SF(1)

SF(14)=SF(2)

SF(15)=SF(3)

30 RETURN
ENC

SUBROUTINE FU(NUMOND¢NOEQ)MUA,TIME sDToNDPPRM (XY ,VALS yByFoFA,RES)
C CCMPUTES TRIPLE INTEGRAL(F(I),I=1-MUA) OVER A PRISM CF THE SUM OF TERMS D(K)*
C D(KyI)yK=1-NOEQ ANC ITS FIRST PARTIAL DERIVATIVES (FA(I,J)),IF DESIRED
C D(K) IS THE RESICUAL CORRESPONDING TO THE KTH EQUATICA
CIMENSION X(NUMONC)oY(NUMOND) ,B(MUA) oVALS(NOEQ,NUMOND)F(MUA),
1FA(MUA,MUA)
CIMENSION RHC(9,10)4PF(12),PFA(12412)
Cs#*%% [N SOLVING A(NEW ITERATE)=A(OLD ITERATE)-INVERSE(JACOBIAN)*F, UPDATE
c JACOBIAN ANC F IF INDI=0, ONLY F IF INDI=1
CO 20 I=1yMUA
CO 20 J=1i,sMUA
20 FA(I,4J)=0.0
INCI=0
C##+#% RES [S THE LEAST SQUARE RESIDUAL THAT IS TO BE MINAMIZED
RES=0.0
GOT0 25
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C

C

fNE?V FUSPEC(NUMOND¢NOEQyMUA, TIME DT ,NDPPRMy XYy VALS¢BoFoRES)
NCI=1
RES=0.0
25 CO 30 I=1,MuA
30 F(I)=0.0
APPROXIMATE TIME INTEGRAL BY A TWC PT. GAUSSIAN QUADRATURE
JUCGE=0
FIRST GAUSSIAN TIME POINT
GAUST=0.2113248654%DT
CALCULATE VARIABLE FROM EQUATION COF STATE AND ITS DERIVATIVES AT PRISM NODES
35 CALL ARECQCST (NUMOND,NOEQyMUA,NDPPRM,GAUST¢XyY,VALS,B,RHO)
CALCULATE SPATIAL INTEGRALS OVER PRISM FOR A GIVEN GAUSSIAN TIME
CO 40 K=1,NOEQ

Cese» PF ANC PFA CORRESPOND TO THE SPATIAL INTEGRALS ASSOCIATED WITH F AND FA AT

€

A GIVEN GAUSSIAN TIME
CALL EVALPR(NUMONC yNOEQyMUA,NDPPRM, INDIyGAUST Ko X,Y,VALSyB,RHO,PF,
LPFA,PRES)
RES=RES+PRES
CO 40 L=1,MUA
FOL)I=F(L)+PF(L)
IF INCI=1 DO NOT CALCULATE FA
IF (INCI .EC. 1) GOTO 40
CO 40 J=1,MUA
FA(LyJ)=FA(L,J)+PFA(L,J)
40 CONTINUE
SECONC ANC LASY GAUSSIAN POINT
IF (JUDGE «NE. 0) GOTO 45
JUCGE=1
GAUST=0.7886751346%CT
GOTO 35
MULTIPLY SUMS BY CONSTANT WEIGHT FACTOR 0.5%DT
RES=0.5%DT*RES
45 CO 50 L=1,MUA
FIL)=0.5*CT*F(L)
IF INDI=1 CO NOT CALCULATE FA
IF (INCI .EC. 1) GOTO 50
CO 55 J=1,MUA
55 FA(LyJ)=0.5%CT*FA(L,yJ)
50 CONTINUE
RETURN
ENC

SUBROUTINE EVALPR(NUMOND,NOEQ¢MUA ¢NDPPRMy INDI yGALST oK ¢XoYoVALS,B,
1 RHO,PF,PFB,PRES)
CCMPUTES SPATIAL INTEGRALS OVER A PRISM FOR A GIVEN K RESIDUAL TERM AND
GAUSSIAN TIME
COMMON/ INARRS/XTRI(3)sYTRI(3)4U(3)4V(3),4P(3),E(3),5V(3),RHOTRI(3,1
1 0)/OUTARRS/D(3)4DA(1243),0AA(1241243)
IN COMMON/OUTARRS/yWE HAVE MUA=12. WHEN MUA IS NCT 12, MANUALLY CHANGE
CIMENSIONS IN OUTARRS
CIMENSION X(NUMONC)yY(NUMOND)yVALS(NOEQyNUMOND) yRHO(NUMOND410) 4B (M
1 UA) ¢yPF(MUA) 4PFB(MUAyMUA) ¢RR(3)4RR2(3),4RR3(3),RR4(3)
SV CENOTES SWIRL VELOCITY (NOEQ=5)
PRES=0.0
CoO 10 I=1,MuA
10 PF(1)=0.0
IF INCI=1,THEN JACOBIAN IS NOT TO Bt CALCULATED
IFCINDI .EC. 1) GO TO 15
CO 16 I=1,MUA
CO 16 J=1,MUA
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16 PFE(1,4)=0.0
C COLLECT INFO FOR A GIVEN TRIANGLE INTO XTRIZYTRIoUeV4P4E,SV,RHOTRI
15 XTRI(1)=x(1)
YTRI(1)=Y(1)
U(l)=vALS(1,1)
V(1)=VALS(2,1)
P(1)=VALS(3,1)
E(1)=VALS(4,1)
SV(1)=0.0
IF(NOEQ.EC5)SV(1)=VALS(S,1)
NUMTRI=NCPPRM=]1
C LOOP OVER TRIANGLES COMPOSING THE PRISM
CO 20 ITRI=]1,NUMTRI
C COLLECT REMAINING CATA FOR A GIVEN TRIANGLE
Iv2=1TRI¢1
IV3=1TRI+2
IF(ITRILEC.NUMTRI)IV3=2
XTRI(2)=x(IV2)
XTRI(3)=x(1IV3)
YTRI(2)=Y(IV2)
YTRI(3)=Y(IV3)
U(2)=VALS(1,1V2)
U(3)=VALS(1,1IV3)
V(2)=VALS(2,1V2)
V(3)=VALS(2,1V3)
P(2)=VALS(3,1V2)
P(3)=VALS(3,1V3)
E(2)=VALS(4,1V2)
E(3)=VALS(4,1V3)
IF(NOEQ.EC.5)1GOTO 25
SV(2)=0.0
SV(3)=0.0
GOTO 26
25 SVI(2)=VALS(5,1V2)
SV(3)=VALS(5,1IV3)
26 CO 27 J4=1,10
RHOTRI(1,J)=RHO(1,4)
RHOTRI(2,J)=RHO(IV2,J)
27 RHOTRI(3,J)=RHO(IV3,J)
COMPUTE QUANTITY PROPCRTIONAL TO TRIANGLES AREA
CET=CETERM(XTRILYTRI)
DSUB COMPUTES KTH RESIDUAL (D) AND ITS DERIVATIVES AT VERTICES OF GIVEN
TRIANGLE (CA,CAA)
CALL CSUB(MUA,GAUST, INDI,K,DET,8)
PROCEEC TO CALCULATE THE SPATIAL INTEGRALS
CALL AREAIN(C,C,DET,SOROS)
PRES=PRES+SOROS
CO 30 I=1,MUA
CO 35 J=1,3
35 RR(J)I=0A(I14J)
CALL AREAIN(CoRR,DETySXY)
30 PF(I)=PF(I)+SXY
C IF INDI=1 THEN JACOBIAN IS NOT TO BE CALCULATED INCREMENT ITRI.
IF(INDI.EQ.1)GOTO 20
CO 40 I=1,MUA
CO 42 L=i,3
42 RR4(L)=DA(I,L)
CO 40 J=],MUA
CO 47 L=1,3
RR2(L)=DA(J,L)

o 00 o
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47 RR3(LI=CAA(I,J,L)
CALL AREAIN(C,RR3,DET,SXY1)
CALL AREAIN(RR4,RR2,DET,SXY2)
40 PFBE(I4J)=PFB(IoJ)¢SXYL#SXY2
20 CONTINUE
REFLECT CALCULATED UPPER TRIANGULAR PORTION OF PFB TC OBTAIN PFB,IF NECESSARY
IF (INDI .EQ. 1) GO 7O 101
MMUA=MUA-1
CO S0 I=1,FMMUA
111=1+1
CO 50 J=11I,MUA
S0 PFER(J,[)=PFB(I,J)
101 RETURN
ENC

SUBROUTINE CSUB(MUA,T,INDIJKSPEC,DET,A)

CIVMENSION A(12)

CIMENSION WTS(4)

COMMON/ INARRS/AX(3)yAY(3)4AU(3),AV(3),AP(3),AE(3),ASV(3),ARHO(3,10

1)/0UTARRS/D(3),0A(12,3),0AA(12,12,3)
WTS ALLOW FOR A WEIGHTED LEAST SQUARES RESIDUAL FORMLLATION IF DESIRED

CATA ‘NTS‘I)Q[‘I'*’ /1-00100'1-09100/
CSUB COMPUTES THE VALUE OF THE RESIDUALS D AND ITS DERIVATIVES (DA,DAA) WRT
A(J) AT THE VERTICES OF THE TRIANGLE BEING CONSIDERED.
TC MAKE THE INCIVIDUAL TERMS CF THE LEAST SQUARES RESIDUALS NON-DIMENSIONAL
CIVICE EACH TERM BY AN APPROPRIATE FACTOR-DMCF SEE THE END OF EACH SUBSECTION
KSPEC=1,2493¢4
CSUB IS CODEC PRESENTLY FOR MUA=12 AND K=1,243, OR 4, DSUB CHECKS FOR THESE
VALUES

IF(MUANE.12)GOTO 101
ON EACF TRIANGLE USE A LINEAR APPROXIMATION TO U,V,P,I AT TIME LEVEL CORRES~-
PONCING TO DT=0. BELOwW ARE FACTORS NEEDED FOR THIS APPROX,

FX1=AX(3)-AX(2)$ FX2=AX(3)=-AX(1)$ FX3=AX(2)-AX(1)

FYL=AY(3)-AY(2)$ FY2=AY(3)=-AY(1l)$ FYI=AY(2)-AY(1)
IF (KSPEC <.ECe. 1) GO TO 15

IF (KSPEC .EQ. 2) GO TO 3C

IF (KSPEC .EC. 3) GO TO 45

IF (KSPEC <ECe 4) GO TO 60

PRINT 99,KSPEC

sTCP

PEGIN CALCULATIONS FOR K=1 (CONTINUITY EQN.)

195 UOX=( (AU(2)=-AU(3))*AY(1)=(AU(L)=-AU(3))I*AY(2)¢(AL(1)=-AU(2))*AY(3))
1 /CEY
EOX=( (AE(2)-AE(3))*AY(1)=(AE(L1)=-AE(3))*AY(2)¢(AE(L1)-AE(2))*AY(3))
1 /CET
POX=( (AP(2)-AP(3))*AY(1)=(AP(1)=-AP(3))*AY(2)+(AP(1)-AP(2))%*AY(3))
1 /7CET
VOY=(=(AV(2)=AV(3))*AX(L)+(AV(1)=AV(3))*AX(2)=(AV(1)=AV(2))*AX(3))
1 /CET
EOY=(=(AE(2)-AE(3))*AX(1)*(AE(L)-AE(3))*AX(2)=-(AE(L)-AE(2))*AX(3))
1 /CET
POY=(=(AP(2)=AP(3))*AX(1)+(AP(1)-AP(3))*AX(2)=-(AP(1)=AP(2))*AX(3))
1 /7CET
PX=POX+T*A(7)8 PY=POY+T®A(8)
EX=EOX+T*A(10)8$ EY=EOY+T#A(1])
CR=UOX4VOY+T*(A(1)+A(5))
TTIT=T»*7
CO 20 I=1,3
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X=AX(I)$ Y=AY(])
R=ARHO(I41)$ RP=ARHO(1,2)$ RI=ARHO(I,3)
RFP=ARHO(1,4)8 RII=ARHO(1+5)8 RPI=ARHO(I,46)
RPPP=ARHO(I,7)8 RIII=ARHO(I,8)8 RPPI=ARHO(I,9)8 RPII=ARHO(1,10)
UT=A(L)eX+A(2)0Y*A(3)
VT=A(4)oXtA(S)eY+A(G)
U=AU(T)eTOUT
V=AV(1)eTaVY
PT=A(TISX+A(B)ISY+A(T)
ET=A(10)*X¢A(11)%YeA(12)
CRP=PT+U*PX+VEPY
CRI=ETeU®EX+VSEY
C THF FIRST RESIDUAL D AT THE VERTICES OF THE TRIANGLE (I=142,3)IS
C(I)=RP*CRP+RISCRI+R*CR
C THE CERIVATIVE OF THE 1ST RESIDUAL WRT A(K) IS DA(K,I) AT THE VERTICES
C (I=142,3)
RTT=R*T
XPTTU=X¢T*U
YPTTV=YeToV
STOR=(RP*PX+RISEX )T
CA(LloI)=STOR®XRTTS DA(2,1)=STOR*Y$ DA(3,1)=STOR
STOR=(RP*PY+RISEY )*T
CA(4,1)=STOR®XS DA(S,I)=STOR*Y+RTTS$ DA(6,1)=STOR
STOR=(RPPOCRP+RPISCRI+RP*CR)*T
CA(To1)=RP*XPTTU+STOR®XS DA(B,1)=RP*YPTTV4+STOR*YS DA(9,1)=RP+STOR
STCR=(RPISCRP+RII*CRI+RI*CR)*T
CA(I04I)=RI®XPTTU+STOR®XSDA(11,I)=RI*YPTTV+STOR*YSDA(12,1)=RI+STOR

C 2NC CERIVATIVES OF D (CAA(L,K,I)) ARE NOT TO BE COMPLTED IF INDI=1
IF(INCI.EC.1) GO TO 20
C DAA(L,K,I) IS THE CERIVATIVE OF THE 1ST RESIDUAL D WRT A(L) AND A(K) AT THE
C VERTICES (1=1,2,3)
XTT=X*T$ XTT2=XTT*T
YTT=YSTS YTTc=YTT*T
RPTT2=RP*TTTS RITT2=RI*TTTY
XPTUTT=XPTTU*TS YPTVTT=YPTTV*T
SPITXU=RPI*XPTUTTS SPITYV=RPI*YPTVTT
GPXT=(RPPSPX+RPI*EX)*TTTS GIXT=(RPI*PX+RIISEX)*TTTY
GPYT=(RPPHPY4RPI*EY)&TTTS CIVT=(RPISPYSRITSEY)ISTTY
CO 24 L=1,6
CO 24 M=L,6
24 CANL.H.!)'0.0
STORA=GPXT#X+RPTT 2
STORB=GIXT*X+RITTZ
CAM(Lly7,y1)=(STORA4RPTT2)%XS DAA(1¢8s1)=STORA®YS DAA(1+9,[)=STORA
CAA(Lo10,1)=(STORB4RITT2)¢X$ CAA(1ly1141)=STORB*Y$DAA(Lly12,1)=STORB
STOR=CPXTeY
CAA(2,7,1)=STORA*®YS DAA(2,8,1)=STOR*Y$ DAA(2,9,1)=STOR
STOR=GIXTey
CAA(2,10,1)=STORB*YS DAA(2,11,1)=STOR®*Y$ DAA(2,12,1)=STOR
CAA(3,7,1)=STORAS DAA(3,8,1)=GPXT*#Y$ DAA(3,9,1)=GPXT
CAA(3,1041)=STORBS DAA(3,11,1)=STORS DAA(3,12,1)=GIXT
STORA=GPYT*Y+RPTT2
STORB=GIYT#Y+RITT2
STOR=GPYT#X
CAM(4oTo1)=STOR®XS DAA(4,8,1)=STORA®XS DAA(4,9,1)=STOR
STOR=GIYT*X
CAA(4410,1)=STOR®XS CAA(4y11,1)=STORBSXS DAA(4,12,1)=STOR
CAA(S5¢7,1)=STORA*®XS DAA(5,8,1)=(STORA+RPTT2)¢YS DAA(5+9,1)=STORA
CAA(5,10,1)=STORB*XS DAA(S¢11,1)=(STORB4+RITT2)*Y$DAA(S5,12,1)=STORB
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CAALGoTo1)=CPYT*XS DAALG6yB,1)=STORAS DAAL6,9,1)=GPYT
CAA(6,10,1)=STORS DAA(6,11,1)=STORBRS DAA(6,12,1)=GIVT
STORC=RPPPE*CRP+RPPISCRI+RPPECR
STORD=RPPI*CRP+RPII*CRI+RPI*CR
STORA=RPP#XPTUTT
STORB=STORC*XTT2
CAA(To7¢1)=(2.¢STCRA*STORB)*X
CAA(T¢8y1)=(STORA+STORR)*Y+RPPSYPTVTT*X
CAA(T49,1)=STORA+STORB*RPP*XTTY
STORA=SPITXU
STORB=STORD®*XTT2
CAA(T¢10,1)=(2.,*STORA+STORB)*X
CAA(TolleI)=(STORA+STORB)*Y+SPITYVSX
CAA(T912,1)2STORA+STORB4RPI®XTT
STORA=RPPSYPTIVTT
STORB=STORC*YTT2
CAM(BeByl)=(2.#STORA*STORB )*Y
CAM(8,9,1)=STORA+STORB+RPP*YTY
STORA=RPI#YPTVTT
STORB=STORCsYTT2
CAM(B84i0,1)=(STORA+STORB)*X+SPITXUSY
CAA(By11,1)=(2.,#STORA®STORB )*Y
CAA(B8,412,1)=STORA+STORB+RPI#*YTT
CAA(9¢941)=(2.0%RPP+STORCET ) *Y
STORA=(STORC*T+RPI)*T
CAA(9410,1)=STORA®X+SPITXU
CAA(9911,1)=STORA®Y+SPITYV
CAA(9412,1)=STORA+RPI*T
STORE=RPII*CRP+RIII*CRI+RII*CR
STORA=RII*XPTUTT
STORB=STORE®*XTTZ2
CAA(1041091)=(2.0*STORA+STORB)*X
CAA(1Os1lisI)=(STORA¢STORB)*Y+XSRII*YPTVTT
CAA(10,1241)=STORA+STORB+RIJ*XTT
STORA=YPTVTT#*RII
STCRB=STORE*TTT
CAA(LLolle1)=(2.%STORA+STCRB®Y)»Y
CAA(L1Llel29I)=STORA+STORB*Y+RII®*YTT
CAA(12,12,1)=2.,0%RI1*T+STOR®
CO 28 M=1,11
KPl=M¢]
CO 28 L=KPl,12
28 CAA(LoMeI)=DAA(M,L,I)
20 COATINUE
C FOR CONTINUITY ECUATICN THE CHARACTERISTIC QUANTITY(CMCF) IS DOENSITY AT
C T=C AND CENTER NOLE
CMCF=ARKHO(1,1)
CO 200 IC=1,3
C(IC)=WTS(1)*C(IC)/CMCF
CO 200 JC=1,MUA
CA (JCoIC)=WTS(1)*DA(JC,IC)/DNMCF
CO 200 KC=1,NMUA
200 CAA(KCoJCoIC)=WTS(1)*DAA(KC,JC,IC)/7DMCF
RETURN

C EEGIN CALCULATIONS FOR K=2 (X-MOMENTUM EQN.)
30 UOX=( (AU(2)=AU(3))*AY(L)=(AU\L)=AU(3))I®AY(2)¢(ALIL)-AU(2))*AY(3))
1 /CET
UOY=(=(AU(2)=AU(3))*AX(L)+(AULL)=AULD))®AX(2)-(AL(L)-AU(2))*AX(3))
1 /CET
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lPOI=( (AP(2)=AP(3))%AY(L)=(AP(L)-AP(3))*AY(2)¢(AP(L)=AP(2))%AY(3))
/CET g
UY=UOY+A(2)8TS UX=UOX+A(L)*T
UYTTT=Uuv*TsY
CR1=1.0¢ToUX
CR1TT=CR1*T
CO 35 I=1,3
X=AX(I)S Y=AY(]) i
R=ARHO(I,1)8 RP=ARHO(I,2)$ RI=ARHO(I,3)
RFP=ARHO(I,4)$ RII=ARHO(I,5)% RPI=ARHO(I,6)
UT=A(L)*X+A(2)%Y+A(3)
VTI=A(&L)eXeA(S)eY+A(6)
U=AU(T1)eToUT
V=AV(I)eTaVY
CR=UT+USUX+V*UY
C THE SECONC RESIOCUAL O AT THE VERTICES OF THE TRIANGLE (I=1,2,3) IS
C(I)=RSCR4POX*A(T7)*T
C THE CERIVATIVE OF THE 2ND RESIDUAL WRT A(K) IS DA(K,I) AT THE VERTICES
C (I=1,2,3)
STORA=R*CR1
STORB=R*T
CA(1,1)=STORA®X+STORB*US DA(241)=STORA*Y+STORB*VS DA(3,1)=STORA
STOR=STORE®*UY
CA(4yI)=STOR*XS$S DA(S,I)=STOR*YS DA(6,1)=STOR
STORA=CR*T
STOR=STORA®RP
CA(7,01)=STOR*X+T$ DA(B8,1)=sSTOR*Y$ DA(9,I)=STOR
STOR=STORA#*RI|
CA(10,1)=STOR*X$ CA(11,1)=STOR*Y$ DA(12,1)=STOR
C 2NC CERIVATIVES OF D (DAA(LyKyI)) ARE NOT TO BE COMPLTED IF INDI=1
IF(INCI.EC.1) GO TO 35
C CAA(LyK,1) IS THE CERIVATIVE OF THE 2ND RESTIOUAL DO WRT A(L) AND A(K) AT THE
C VERTICES (I=14243)
RTT2=R*T*T
CRTT2=CR*T2*T
CAAULyloI)=2.0%RTT2*XS DAA(142,1)=RTT2%Y$S DAA(1,3,1)=RTT2
CAA(144,1)20.08 DAA(1451)=0.C8 DAA(Ll,46,1)=0.0
STORA=(CRL#X+T*U)*T
STOR=RP*STORA
CAA(Lly7,1)=STOR®*XS$ DAA(1,8,1)=STOR®Y$S DAA(1,9,1)=STOR
STOR=RI*STORA
CAA(1410,I)=STOR®*X$S DAA(1y11s1)=STOR®*YS DAA(1,12,1)=STOR
CAA(2,2,1)=0.08 DAA(2,3,1)=C,.C
CAA(2+491)=RTT2%XS DAA(2,S,1)=RTT2%Y$S DAA(2,6,1)=RTT2
STORA=(CR1#Y+T#V)*T
STOR=RP*STORA
CAA(24To1)=STOR®XS DAA(2,8,1)=STOR*YS DAA(2,9,1)=STOR
STOR=RI*STORA
CAA(2410,1)=STOR*XS DAA(2y11,1)=STOR®YS CAA(2,12,1)=STOR
CAA(343,1)20.08 DAA(344,1)=0.08 DAA(345,1)20.08 DAA(3,6,+1)=0.0
STOR=CRL1TT#*RP
CAA(3,7,1)=STOR*XS DAA(3,8,1)=STOR®*YS DAA(3,9,1)=STOR
STOR=CR1TT#*RI
CAA(3,10,1)=STOR*X$ DAA(3,11,1)=STOR®*Y$ DAA(3,12,1)=STOR
CAA(4y4,1)20.08 DAA(4y5,1)=0.C$ DAA(4,46,1)=0,0

STORA=UYTTT*X

STOR=RP#*STORA

CAA(&4,7,1)=STOR®*XS CAA(4,8,1)=STOR®YS DAA(4,9,1)=STOR
STOR=RI*STORA

CAA(4910,1)=STOR*XS DAA(4y11,1)=STOR*YS DAA(4,12,1)=STOR
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4«0
35
C FOR

500

C PEG
45

CAA(S5¢5,1)20.08 DAA(S5,6,11=0.0

STORA=UYTTTeyY

STOR=RP*STORA

CAA(SeTo1)=STOR®XS DAA(S,8,1)=STOR®YS DAA(S¢9,1)=STOR
STOR=RI*STORA

CAA(5410,1)=STOR®XS DAA(S,11,1)=STOR®Y$ DAA(S5,12,1)=STOR
CAA(646¢1)=0.0

STOR=RP*UYTTT

CAA(64Ty1)=STORSXS DAA(6,8,1)=STOR®YS DAA(649,1)=STOR
STOR=RI*UYTTT

CAA(6910,1)=STOR*XS DAA(6911,1)=STOR®YS DAA(6,12,1)=STOR
STORA=CRTT2%x

STOR=RPP*STORA

CAA(To7,1)=STOR®*XS DAA(7,8,1)=STOR*YS DAA(T7,9,1)=STOR
STOR=RPI*STORA

CAA(T510,1)=STOR*XS DAA( 7911, 1)=STOR®YS DAA(T7,12,1)=STOR
STORA=CRTT2#Y

STOR=STORA®RPP

CAA(8,8,1)=STOR*YS$ DAA(8,9,1)=STOR

STOR=STORA*RPI

CAA(B,10,1)=STOR*X$ DAA(By11,1)=STORSY$S DAA(B,12,1)=STOR
CAA(9+9,1)=RPP*CRTT2

STOR=RPI*CRTT2

CAA(9,10,1)=STOR*X$ DAA(9,11,1)=STOR*YS DAA(9,12,1)=STOR
STORA=CRTT2#*RII

STOR=X*STORA

CAA(10,10,1)=STOR*X$ DAA(10,11,1)=STOR*Y$ DAA(10,12,1)=STOR
STOR=Y*STCORA

CAA(1ly11,1)=STOR®Y$ DAA(11,12,1)=STOR
CAA(12,12,1)=STORA

CO 40 M=;,11

KPl=M¢l

CO 40 L=KP1y12

CAA(LoMyI)=CAA(M,L,I)

CONTINUE

X-MOMENTUM EQUATION THE CHARACTERISTIC QUANTITY(CMCF) IS VELOCITY
-=-TAKE SOUNC SPEEC AT T=0 ANDO CENTER NODOE

CALL SNDSPD(AP(1),AE(1),DMCF)

CO 300 IC=1,3

COIC)=WTS(2)*D(IC)/DMCF

CO 300 JC=1,MUA

CA (JCoIC)=WTS(2)*CA(JC,IC)/DNMCF

CO 300 KC=1,MUA

CAA(KCoJCoIC)=WTS(2)*DAA(KC,JC, IC)/DMCF

RETURN

IN CALCULATIONS FOR K=3 (Y-MOMENTUM EQN.)

VOX=( (AV(2)=-AVI3))*AY(1)=(AV(1)=-AVI3))I*AY(2)¢(AV(L1)=-AV(2))*AY(3))
1 7CET
VOY=(=(AV(2)=-AV(3))*AX(1)+(AV(1)=-AVI3))*AX(2)=(AV(1)=-AV(2))*AX(3))
1 /CET
POY=(=(AP(2)=AP(3))*AX(1)+(AP(L1)=AP(3))*AX(2)=(AP(1)=AP(2))*AX(3))
1 /CET

VX=VOX*A(4)*TS VY=VOY*A(S5)*T

TIT=TeT

CRS5=1.,04TovYy

CR5TT=CR5*7

CO 50 I=1,3

X=AX(I)$ v=AY(])

R=ARHO(I,1)$ RP=ARHO(I,2)$ RI=ARHO(I,3)
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RFP=ARHO(I,4)8 RII=ARHO(I,5)% RPI=ARHO(1,6)
UT=A(1)*X*A(2)*Y+A(3)
VIzA(Q)eXeA(S)eV+A(6)
UsAU(T)+ToUT
VaAV(I)eToVT
CR=VTeUsVXeVRYVY
C THE THIRD RESIDUAL D AT THE VERTICES OF THE TRIANGLE (I=1,2,3) IS
C(I)=R*CR+POY¢A(B)*T
C THE CERIVATIVE OF THE 3RD RESIDUAL WRT A(K) [S DA(K,I) AT THE VERTICES
C (1=1,2,3)
STOR=R*VX*T
CA(1,I)=STOR*XS$ DA(2,1)=STOR®*Y$ DA(3,I)=STOR
STORA=R*CRS
STORB=R*T
CA(4eI)=X3STORA+STORB*US DA(S,1)=Y*STORA+V*STORBS DA(6,1)=STORA
STORA=CR*T
STOR=RP*STORA
CA(T7,1)=STOR*XS$S DA(B,1)=STOR*Y+TS DA(9,1)=STOR
STOR=R{#STORA
CA(10,1)=STOR®*XS CA(1ll,I)=STOR®*YS$ DA(12,1)=STOR
C 2ND CERIVATIVES CF DO (DAA(LyKoI)) ARE NOT TO BE COMPLTED IF INDI=1
IF(INCI.EC.1) GC TO S0
C CAA(LyK,1) IS THE CERIVATIVE OF THE 3RD RESIDUAL D WRT A(L) AND A(K) AT THE
C VERTICES (I=1,2,3)
RTT2=R*TTT
STCRB=TTT*X
CAA{l,y1,1)=0.08 DAA(1,2,1)=C.C$ DAA(1,3,1)=C,.0
CAA(Llo4y I)=R*STOREBS CAA(1,5,1)=C,08 DAA(1l,6,1)=0.0
STORA=VX*STORB
STOR=RP*STORA
CAA(LyTo1)=STOR®*XS DAA(1,8,1)=STOR®YS DAA(1,9,1)=STOR
STOR=RI*STORA
CAA(1,10,1)=STOR*XS DAA(1,11,1)=STOR®*YS DAA(1,12,I)=STOR
STOREB=TTTeY
CAA(29241)=0.,08 DAA(2,3,1)=C,C
CAA(294¢1)=R*STOREBS CAA(2,5y1)=C,.08 DAA(2,6,1)=C.0
STORA=VX*STORB
STOR=RP*STORA
CAAL2,To1)=STOR*XS DAA(2,8,1)=STOR*YS DAA(2,9,1)=STOR
STOR=R[*STORA
CAA(2410,1)=STOR®XS CAA(2,11,1)=STOR®*YS DAA(2,12,1)=STOR
Caat3, 3,1)=0.0
CAA(3,4,1)=RTT2S CAA(3,5,[)=0.08 DAA(346,1)=C.0
STORA=VX*TTY
STOR=RP*STORA
CAA(347,1)=STOR®XS DAA(3,8,1)=STOR*YS DAA(3,9,1)=STOR
STOR=RI*STORA
CAA(3,1001)=STOR®XS CAA(3,11,1)=STOR®*Y$ DAA(3,12,1)=STOR
CAM(444y1)=20.08 DAAlL4y5,]1)sRTT2%XS CAA(4,6,1)=20.C
STORA=X*CRSTT+TTTsU
STOR=RP*STORA
CAA(47,1)=STOR®XS DAA(4,8,1)=STOR®*YS DAA(4,9,1)=STOR
STOR=RI*STORA
CAA(4410s1)=STOR®XS DAA(4y11,1)=STOR*YS DAA(4,12,i)=STOR
CAA(SyS5, 1 )=2,0%RTT2¢YS DAA(S,6,1)=RTT2
STORA=YSCRSTT4TTT®V
STOR=RP*STORA
CAA(SeTo1)=STOR®XS DAA(S5,8,1)=STOR*Y$ DAA(S,9,1)=STOR
STOR=RI*STORA
CAA(S5410,1)=STOR*XS CAA(S,11,1)=STOR*YS DAA(S5,12,1)=STOR
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CAA(646,1)=0.0
STOR=CRSTT*RP
CAA(69T,1)=STORSXS DAA(6,8,1)=STOR®YS DAA(6,9,1)=STOR
STOR=CRSTT*RI
CAA(6910, 1 )=STOR®*XS DAA(6,11,1)=STOR®YS DAA(6,12,1)=STOR
STORB=CR*T*7
STORA=STORB#*X
STOR=RPP*STORA
CAALT 37,1 )=STOR®XS DAA(T7,8,1)=STOR*YS DAA(T7,9,1)=STOR
DAA(T¢10,1)=STOR®XS DAA(T7,11,1)=STOR®YS DAA(T7,12,1)=STOR
STORA=STORB®Y
STOR=STORASRPP
CAA(8y8,1)=STOR®YS CAA(B,9,1)=STOR
STOR=RP[*STORA
CAA(By10,1)=STOR*XS DAA(3,11,[)=STOR®YS DAA(8,12,[)=STOR
CAA(999,1)=RPP*STORSB
STOR=RP[*STORE
CAA(9410,1)=STOR*X$ DAA(9,11,1)=STOR®Y$ DAA(9,12,1)=STOR
STORA=RII*STORSB
STOR=STORA®X
CAA(10410,41)=STOR®*XS DAA(10,11,1)=STOR®Y$ DAA(10,12,1)=STOR
STOR=STORA®Y
CAA(11e11,1)=STOR*YS DAA(11,12,1)=STOR
CAA(1241241)=STORA
CO 55 M={,ll
KP1l=M+]
CO 55 L=KP1l,12
55 C“‘Ll". I ”D“(".L'l,
50 CONTINUE
C FOR Y-MOMENTUM ECUATICON THE CHARACTERISTIC QUANTITY(CMCF) IS VELOCITY
C -=TAKE SOUNC SPEEC AT T=0 AND CENTER NODE
CALL SNODSPD(AP(1),AE(1),DMCF)
CO 400 IC=1,3
C(IC)=WTS(3)*D(IC)/CMCF
€O 400 JC=1,MUA
CA (JC,IC)=wTS(3)*DA(JC,IC)/DMCF
CO 400 XC=1,MUA
400 CAA(KCoJC,IC)=wTS(3)*DAA(KC,JC,IC)/DMCF
RETURN

C HEGIN CALCULATIONS FOR K=4 (INTERNAL ENERGY EQN.)

60 UOX=( (AU(2)-AU(3))*AY(L1)=(AU(L)=-AU(3))I®AY(2)+(AL(L)-AU(2))*AY(3))
1 /CET
VOY=(=(AV(2)=-AV(3))*AX(L1)+(AV(L1)=-AV(3))*AX(2)=-(AVI(1)=-AV(2))*AX(3))
1 /CET
EQOY=(=-(AE(2)-AE(3))*AX(1)+(AE(L)~AE(3) )*AX(2)-(AE(L)-AE(2))*AX(3))
. /JCET
EOX=( (AE(2)-AE(3))*AY(1)=(AE(L1)~AE(3))*AY(2)+(AE(L)-AE(2))*AY(3))
1 /CET
EX=FOX+A(10)*T$ EY=EOY+A(11)*T
UXPVY=UOXeVOY*T®(A(L)+A(S))
TTT=T*T
CO 65 I=1,3
X=AX(I)$ vy=AY(I])
R=ARHO(1,1)8 RP=ARHO(I,2)$ RI=ARHO(I,3)
RFP=ARHO(I,4)% RIT=ARHO(I,5)8% RPI=ARHO(I,6)
U=AU(T)eTo(A(L)®X+A(2)%Y+A(3))
V=AV(IDeTo(A(&)*X+A(S)*Y+A(E))
P=AP(1)+To(A(T)I*X+A(B)*Y+A(9))
CR=A(10)*X+¢A(11)%Y+A(12)+USEXSVSEY
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C THE

C THE

CRTV=CR*T

CR10=X¢T#y

CR11=Y+Tey

FOURTH RESICUAL D AT THE VERTICES OF THE TRIANGLE (I=1,2,3) IS
C(I)=R*CRePOUXPVY

CERIVATIVE OF THE 4TH RESIDUAL WRT A(K) IS DA(K,I) AT THE VERTICES

C (1=1,2,3)

C 2NC

STORB=PeT

STORA=R®T

STOR=STORA®EX

CA(1,1)=STOR®*X+STORBS DA(2,1)=STOR*Y$ DA(3,1)=STCR
STOR=STORASEY

CA(4y I )=STOR*XS DA(S5,1)=STOR®Y+STORBS DA(6,1)=STOR
STOR=RPECRTT+UXPVY*T

CA(T,1)2STOR®XS DA(8y1)=STOR®*YS DA(9,1)=STOR

STOR=RISCRTT

CA(10,1)=STOR®*X+R*CR10$ DA(11,1)=STOR®Y+R*CR118 DA(1l2,1)=STOR¢R
CERIVATIVES OF C(CAA(L,K,I)) ARE NOT TO BE COMPUTED IF INDI=1
IFCINCI.EC.1) GO TO 65

C DAA(LyKoI) IS THE CERIVATIVE OF THE 4TH RESIDUAL D WRT A(L) AND A(K) AT THE
C VERTICES (I=152,3)

RTT2=R&¢TTT$ RTT2TY=RTT2%Y$ RTT2TX=RTT2%X

RPTT=RP*T$ RITT=R[*T

CRILTT=CRL1*7

CRTT2=CRTT*T

CR10RPT=CR10*T*RPS$ CRLITRP=CR11LTT#RPS CRLLIRIT=CR11TT*RI
STORB=TTT#EX

STORA=STORB#*X

STOR=TTT+STORA®RP

CAA(l,4141)20.08 DAA(1,2,1)=0,0% DAA(1,3,[)=C,.0
CAA(ly4,[)=0.08 DAA(1,5,1)=2CeCS DAA(Ll,6,1)=0.0
CAA(1,T7,1)=STOR®X$ DAA(1,8,1)=STOR*Y$ DAA(1,9,1)=STOR
STCR=STORA®*R]

CAA(Ly1041)=RTT2TX+STOR®XS DAA(1,11,1)=STOR*YS DAA(1,12,1)=STOR
CAA(2,2,1)=0,08 DAAL2,3,1)=C,0C

CAA(24441)=0,.08 DAA(2,5,1)=0.08 DAA(2,641)=0.0

STORA=YSSTORE

STOR=RP#*STORA

CAA(247,1)=STOR®*XS DAA(2,8,1)=STOR*Y$ DAA(2,9,1)=STOR
STOR=RI*STORA

CAA(2410,[)=STOR®X4RTT2TYS DAA(2,11,1)=STOR*Y$ DAA(2,12,1)=STOR
CAA(3,3,11=0.0

CAA(3,4,1)=0,08 DAA(3,5S,1)=C.C$ DAA(3,6,1)=0.0

STCR=STORB*RP

CAA(3,T7,1)=STOR®*XS CAA(3,8,1)=STOR®*YS DAA(3,9,1)=STOR
STOR=STORE*RI

CAA(3,10,1)=STOR*X+RTT2$ DAA(3,11,1)=STOR®YS DAA(3,12,I)=STOR
CAA(4& 4, 19=0.0% DAA( & 5' 1)=0.Cs D“("b'l )=C.0

STORB=TTTEY

STORA=STORB#*X

STOR=STORA®RP

CAB(44T,1)=STOR®XS DAA(4,8,[)=STOR®*YS DAA(449,1)=STOR
STOR=STORASRI

CAA(44510,1)=STOR®XS CAA(4y11,1)=STOR*Y+RTT2TXS DAA(4412,[)=STOR
CAA(S545,1)20.08 DAA(S,6,1)=CeC

STORA=STORE®Y

STOR=STORASRP+TTT

CAA(Sy7,1)=STOR*XS DAA(S5,8,1)=STOR®*YS DAA(S,+9,1)=STOR
STOR=STORA®RI

CAA(S5,101)=STOR®XS DAA(S,1141)=RTT2TY+STOR®*YS DAA(5,12,1)=STOR
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CAAL646,1)20.0
STOR=STORB*RP
CAA(G69To [ )=STOR®*XS DAA(6,8,1)=STOR*YS DAA(6,9,1)=STOR
STOR=STORE*RI
CAA(6:10,1)=STOR*X$ DAA(6,11,1)=RTT2¢STOR®YS DAA(6912,1)=STOR
STORA=CRTT2#Xx
STOR=STORA®RPP
CAA(ToToI1)=STOR*X$ DAA(T7,8,1)=STOR®YS DAA(T,9,1)=STOR
STOR=STORA®*RP I
CAA(T7,10,1)=(STOR+CRL1ORPT)#*XS DAA(T,11,1)=STOR®Y+CR11TRP*X
CAA(T912,1)=STOR+RPTT*X
STORA=CRTT2#*Y
STOR=STORA*RPP
CAA(8,84,1)=STOR®*YS$ DAA(B,9,1)=STOR
STOR=STORA®RPI
CAA(B,10,1)=STOR*X+CRL1ORPT#YS DAA(B,114I)=(STOR+CRLLTRP)*Y
CAA(8412,1)=STOR+RPTT®Y
CAA(9,9,1)=CRTT2%RPP
STOR=CRTT2*RP1
CAA(9910,1)=STOR*X+CR10RPTS DAA(9,11,1)=STOR®*Y+CR11TRP
CAA(9,12, 1)=STOR+RPTT
STORA=RII®CRTIT2
STOR=STORA*X+RITT#*CR10
CAA(10410,I)=(STOR+RITT®CR10)*X$ DAA(LO,11,1)=STCR*Y+CR1LRIT*X
CAA(1091251)=STOR4RITT*X
STOR=STORA®Y
CAA(11,11,1)=STOR*Y+2,0*%*CR1IRIT*YSDAA(11,12,1)=STOR+CRLIRIT#+RITT»Y
CAA(12912,1)=STORA+2.0%RITT
CO 70 M=],11
KP1l=Me+]l
CO 70 L=KP1l,12
70 CAA(LoMoI)=DAA(M,L,I)
€5 CONTINUE
FCR ENERGY EQUATION THE CHARACTERISTIC QUANTITY(OMCF) IS INTERNAL ENERGY
AT T=0 ANC CENTER NOCE
CMCF=AE(])
CO 500 IC=1,3
CUIC)=WTS(4)*D(IC)/CMCF
CO S00 JC=1,MUA
CA (JCoIC)=WTS(4)*DA(JC,IC)/DMCF
CO0 500 KC=1,MUA
500 CAAM(KCoJC,IC)=wTS({4)*DAA(KC,JC,IC)/DMCF
RETURN
101 PRINT 98,MUA
STCP
98 FORMAT(1lHe®* MUA=',15,°'BUT SLBROUTINE DSUB IS WRITTEN FOR MUA=12,ST
1cP*)
99 FORMAT ( 1H,* K=',[5,°BUT SUBROUTINE DSUB IS WRITTEN FOR K=1,2,3 0
1R 4. STOPY)
ENC

SUBROUTINE AREQST(NUMONDyNOEQMUANDPPRMoGAUST ¢y X,Y,VALS4B,yRHO)
COMPUTES CENSITY AND ITS DERIVATIVES AT ALL NODES OF A PRISHM
AT A GIVEN GAUSSIAN TIME
CIMENSION X(NUMOND),Y(NUMCND)VALSINOEQNUMOND) B (MLA) yRHO (NUMOND,
110)oR(10)
CO S0 K=i,NCPPRM
P=VALS(3,K)+GAUST*(B(T)*X(K)+B(B)I*Y(K)+B(9))
E=VALSUA,K)+GAUST#*(B(10)*X(K)+B(11)eY(K)+B(12))
CALL EQNSTI(P,E4R)
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C

[aNalal

CO 50 I=1,10
50 RHC(K.I)=R(1)
IF NUMBER OF TRIANGLES IS LESS THAN MAX NUMBER ALLOWED IN A PRISM, SET
REMAINCER OF RHO TO ZERO
IF (NOCPPRM.EQ.NUMOND) GO TO 101
J=ACPPRM+1
CO 60 K=Jy,NUMOND
CO €0 I=1,10
€0 RHOIK,1)=0.0
101 CONTINUE
RETURN
ENC

SUEROUTINE EQNST(P,E,R)
COMPUTES CENSITY FOR A NOBEL ABEL GAS AND ITS FIRST 9 PARTIAL DERIVATIVES
AT A GIVEN GAUSSIAN TIME
HAS TWC PARAMETERS GAMMA AND ETA (UNITS FOR ETA ARE M*%3/KG)

CIVMENSION R(10)

CATA GAMMA,ETA/1.40,0.0/

G=CAMMA-1.0

C=G*E+ETA*P

IF(C.EQ.0.0)COTO 101

CO=CsQ

CCC=0D*D*C

CCcCcc=cos*cCC
K(1)=CENSITY

R(1)=P/D
RU2)=FIRST CERIVATIVE OF R(1) WRT PRESSURE

R(2)=G*E/CD
«(3)=FIRST CERIVATIVE OF R({1) WRT INTERNAL ENERGY

R(3)=-G*P/CC
R(4)=DERIVATIVE OF R(2) WRT PRESSLRE

R(4)=~-2,0%ETA*G*E/CCD
R(5)=DERIVATIVE OF R(3) WRT INTERNAL ENERGY

R(5)=2.0*C*G*P/CDC
R(6)=CERIVATIVE OF R(2) WRT INTERNAL ENERGY OR OF R(3) WRT PRESSURE

R(6)==G*(C*E-ETA*P)/CCO
R(7) IS THE 3RC PARTIAL OF DENSITY WRT PRESSURE

R(7)=6.0*ETA®ETA*G*E/CCDD
R(8) IS THE 3RD PARTIAL OF ODENSITY WRT INT. ENERGY

R(B)==6.0%GoC*C*P/CCCD
R{9) IS THE 3RD PARTIAL OF DENSITY WRT INT. ENERGY AND PRESSURE SQUARED

R(S)=2.0%ETA*G*(2.0*G*E-P*ETA)/0DOD
R{10) IS THE 3RC PARTIAL OF DENSITY WRT PRESSURE AND INT. ENERGY SQUARED

R(10)=2.0#%G*G*(G*E~-2.0%ETA*P ) /DCDD

RETURN
101 PRINT 102
102 FORMAT(1K,//¢42X, *EQUATION OF STATE DENSITY(PRESSLRE,INTERNAL ENERG

1Y), 1S WRONG SINCE OENOMINATOR IS ZERO. STOP SUBR. ECNST®)

sTCP

ENC

SUBROUTINE SNDSPD(P4E,SS)
COMPUTES SOUNC SPEED FOR A NOBEL-ABEL GAS WITH PARAMETERS GAMMALETA
UNITS FOR ETA ARE M##*3/KG

CATA GAMMA,ETA/1.40,0.0/

G=CAMMA-1.0

S=CAMMAS(ESGHETA®P )#%2/(E*G)

SS=SQRTF(S)

RETURN




ENC

SUBROUTINE AREAIN(A,ByDEToVALLE)
C COMPUTES INTFCRAL OVER A TRIANGLE OF A PRODUCT OF TwWO FIRST DEGREE POLYNOMIALS
CIMENSION A(2),B(3)
C=A(1)*B(1)+A(2)%B(2)+A(3)%B(3)
C=A11)%B(2)+A(2)%*B(1)
E=A(1)*B(3)+A(3)%B(1)
F=A(2)%B(3)+A(3)*B(2)
VALUE=ABSF(CET)*(C/12.0¢(D+E+F)/24.0)
RETURN
ENC

FUNCTION CETERM(X,Y)

C CCMPUTES (141,1)COT(Y CROSS X)
CIMENSION X(3),Y(3)
CETERM=X(1)#(Y(3)=Y(2))+Y(1)*(X(2)=X(3))+(X(3)*Y(2)=-X(2)%Y(3))
RETURN
ENC

SUBROUTINE INITZR(NOEQ,MUA,NCNUM,A)
C REPLACES INITIAL CATA USED AT TIME=0LD TIME WITH INITIAL DATA TO BE USEC AT
C TIME=O0OLC TIME+CT

COMMON/BLOK3/VART (4,2000)

CIMENSION A(MUA)
C ASSUMPTION PARAMETERS A(I) ARE EQUALLY SPACED AMONG UNKNOWNS

MCIV=MUA/NOEQ

CO 20 K=1,NCEQ
C SAVE ONLY LAST PARAMETER IN EXPRESSION FOR EACH FLOW VARIABLE--INITIAL VALUE
C OF THE FLOW VARIABLE AT NEXT TIME STEP

20 VART(KyNONUM)=A(MCIV*K)
RETURN
ENC

SUBROUTINE VALNEW(NUMONDyNOEQ,MUA,KNEW,DT,NONUM,VALS,A)
C SUBSTITUTE Ncw VALUES OF THE FLOW VARIABLES AT TIME=OLD TIME+DT INTO MAIN INFO
C MATRIX VAR AT LEVEL KNEW

COMMON/BLOK2/VAR(2,4,42000)

CIMENSION VALS(NOEQyNUMOND),A(MUA)
C ASSUMPTION PARAMETERS A(I) ARE EQUALLY SPACED AMONG UNKNOWNS

MOIV=MUA/NOEC

CO 20 K=1,N0cQ

20 VAR(IKNEWsKyNCNUM)=VALS(K,1)+DT*A(MDIV*K)
RETURN
ENC

SUBROUTINE OUTNO6 (NUMBER,TIME,KNEW)
C UUTNO6 IS AN OUTPUT ROUTINE WHICH PRINTS THE KNEw LEVEL OF VAR AND THE
C CENSITY
COMMON /PLOK2/VAR(244,2000)
PRINT 400
400 FORMAT (1Fy//,20Xy *MATRIX VAR, AND DENSITY?*)
PRINT 401
40%L FORMAT (LFo/oS5Xe*NODE®*99IXy"X VEL'9l4Xy*Y VEL'ylaX, 'PRESSURE® 14X,
1 CINT ENG*y 11X, *CENSITY")
€O 15 J=1,NUMBER
CENS=2.5¢VAR(KNEWy 3y J)/VAR(KNEW,4yJ)
15 PRINT 40243JyVAR(KNEWy19J) 9 VAR(KNEWy29J), VAR(KNEW34J)
1 VAR(KNEWs44J),DENS
402 FORMAT(LHy3X,15,5(4X,1PELELB))
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RETURN
ENC

SUBROUTINE GRAPHIT (ToKNEW,NUMBER, INDEX,ORGTIM,BEGPOS)

C SUBROUTINE GRAPKHIT TAKES THE VALUES FROM VAR(KNEW,I,J) NORMALIZES THEM
C BY THEIR CORRESPONCING SHOCK VALUES, PRINTS THEIR VALUES, AND CALLS
C SUBROUTINE PLOTTO TO PLOT THEIR GRAPHS
C THE CURRENT GRAPHIYT IS WRITTEN FCR NODPOS=1, NOTD=4
CIMENSION R(200), OATP(4,2CC)
COMMON/BLOK1/XY(2,2000)yNR(S920Q00)/BLOK2/VAR(2,4,2000)
C COMPUTE SHOCK VALUES
C SUBSCRIPT 1 CENOTES QUIESCENT STATE
C FORMULAS ARE FCR GAMMA=1,.4
OTIME=ORGTIM
0POS=BEGPCS
V1=0.0
P1=1.01325E5
R1=1.225570786
T1=288.15

A1=SQRT(1.4*P1/R1)
SHVV=AL*SCRT((1.046.0%SHKSTH)/7.0)
SHKPOS=0PCS+SHVV*(T-0TIME)
SHKV=5,0%A1#(SFKSTH=1.0)/SQRT(42,.0*%SHKSTH+7.C)
SHKR=R1#(1.C+6,0*%*SHKSTH)/(SHKSTH+6.,0)
SHKP=P1#SFKSTH
SHKE=2,5%SKKP/SHKR
NOCPOS=1$ I=0
NOTC=4
NICR=NOTC/2

C RIGHTISH POSITICN

S1 IF(NICR.GT.NUMBER)IGOTO 34

I=1+1
R(I)=XY(2,NICR)
CATP (1oI1)=VAR(KNEWy3,NICR)/SHKP
CATP (2,1)=VAR(KNEW,2,NICR)/SHKY
CATP (4,1)=VAR(KNEWy4yNICR)/SHKE
CATP (3,1)= DATP(1,1)/DATP(4,1)

C CENTER POSITION
NICC=NICR4NOTD+2
IF(NICC.GT.NUMBERIGOTO 34
I=1+1
R(IN=xXY{2,NICC)
CATP (ls[)=VAR(KNEW,3,NICC)/SHKP
CATP (2,1)=VAR(KNEWy2,NICC)/SHEKY
CATP (4,1)=VAR(KNEWy4,NICC)/SHKE

CATP (3,1)= DATP(1,1)/DATP(4,1)
NICR=NICC+NQTD+1
GOTO 51

34 PRINT 198,T
198 FORMAT(1Hy/// 910Xy *TIME=*,1PEL16.8y10Xy *PRESSLRE,VELOCITY,DENSITY,
LENERGY ARE NORMALIZED WRT THEIR SHOCK VALUES?®)
PRINT 197
197 FORMAT(LH,//94Xe* Y POSITION®,7X, *PRESSURE",
19X,* Y VELOCITY'y8Xy 'DENSITY®*,9X,*INT. ENG."')
PRINT 199, (R(K)o(CATP (JoK)yJ=1,4)eK=1,1)

199 FORMAT(1Hy(5(3Xy1PEL6.8B)y/))
CALLPLOTTC(T,1,0ATPyRySHKPOSy SHKP 4 SHKV 9 SHKR o INDE X )
RETURN
ENC
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SUBROUTINE PLOTTO (ToNODP DATAP (X SHKPOSoPV,VYV,RV,INDEX)
C PLOTTO USES THE COMPLOT ROUTINES TO PLOT INFO IN DATAP
C SEE TECHNICAL REPORT ARDC TR6 FOR DEFINITIONS OF VARIABLES AND SUBROUT
C INES
CIMENSION SCF(4),TTLB(10)
CIMENSION TTTLB(10)
CIMENSION TLEB(10)
CIVMENSION SX(20),SY(20)
CIMENSION BUFF(3000),0ATAP(4,200),X(200),TLB(10),SLA{&) ,ARR(200)
CATA (SLA(T),I=1,4)y/" PRESSURED>'y* Y VEL>',
1 * DENSITY>*,* [ ENERGY>* /
SCF(11=PV
SCF(2)=VV
SCF(3)=Rv
SCF(4)=2,5¢SCF(1)/SCF(3)
XMIN=2,.8
XMAX=3,3
YMIN==0.6
YMAX=1.6
X0=12.5
YC=11.0
xXS=0.04
¥5=0.2
X8=10.0
YB8=-11.0
XOR=2.8
YOR==-0,.6
CX=0.01
CY=0.1
FT=0e2
XFAC=1.0
YFAC=1.0
XPAGE=27.C
PRINT 199y XMINoXMAX,YMIN,YMAX 3 XD9YDoXS9YSeHTyXCR,yYOR,XPAGE
499 FORMAT (l'-.lx.'leNz'.EIS.B.SX.'XHAXt'.ElS.B.Jx.'YHIN='.EIS.8'JX.
1 'YPAK='.E15.8./.31(.'XD-"615.8.31.'VDt'.El‘.’o.B.BX,'XS!"EIS.B.SK.
2 'YSEY'LELS.By/ 3 IKs'HT=® L EL1S.B 3K, *XOR=¢H,EL1S5.8,3%,*'YOR=',EL1S5.8,
3 3Xy'XPACE=',E15.8)
SX(1)=SHKPOS
SX(2)=SHKPOS
SX(3)=SHKPOS
SX(4)=SHKPOS
SY(1)=1.4
SY(2)=1.0
SY(3)=0.2
Sv“')"o-‘
M=2
CALL PLYCCB(XPAGE,My BUFF(1),BUFF(3C00))
CO 224 JKL=1,4
CO S50 JMN=1,NOOP
50 ARR(JMN)=CATAP(JKLyJMN)
YB=YB+18.0
CALL PLTCCS (XByYByXOR,YORyXS,YS)
T
CALL PLTCCA (DXyDY,XMIN,XMAX,YMINGYMAX,MM)
SINA=],.0
C0SA=0.0
XY=2.72
YX=0.2
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C

c

99

11

105

112

224

CALL PLTCCT(FToSLA(JKL)ySINAyCOSAXY,YX)
INDICATE TIME VALUE

ENCODE(S50,99,TLB) T

FORMAT (* TIME= *4E15.8,1H>)

SINA=0.0

CO0SA=1.0

XY¥=2.76

¥YX=-0.95

CALL PLTCCT (HT,TLB(1),SINA,COSA,XY,YX)

INCICATE THE NORMALIZING FACTOR

SPSQ=SCF(JKL)

ENCODE(S0,111,TTLE) SPSQ

FORMAT (°* NORMALIZING FACTOR ='yEL1S5.841H> )
YX=-1.15

CALL PLTCCT(HT,TTLB(L1),SINA,COSA,XY,YX)

INDICATE THE TIME LEVEL

ENCODE (50,4105, TTTLB) INDEX

FORMAT( * TIME LEVEL=',14,1H> )

YX=-0.85

CALL PLTCCT(HT,TTTLB(1),SINAyCOSA,XY,YX)

ENCODE (5C,112,TLEB)

FORMAT ( * ABSCISSA IS Y-COORCINATE IN METRES °*,1HD>)
YX=-1.05

CALL PLTCCT(FT,TLEB(1),SINA,CCSA,XY,YX)

CALL LABELA(CXyCYoXMINyXMAX,YMIN,YMAX,XFAC,YFAC)
MMF=1 $NS=0 $ IC=0

CALL PLTCCC(MMMyNSyX(1)yARR(1) oNODP,IC, XMIN,XMAX,YMIN,
1 YrAX)

NS=108 M=2 § N=4 §$ IC=0

CALL PLTCCE (MyNS»pSXC1),SY{1) Ny ICy XMIN,XMAX,YMIN,YMAX)
CONTINUE

CALL PLTCCP

RETURN

ENC

COMPILE OISC,LABELA,ALL
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>
a

a.
1

e(x,y,t)

p(x,y,t)

u(x,y,t)
v(x,y,t)
ve(x,y,t)
X

X

Y

\<|

-

D, (x,y,t;a)
->

E(a)

F, (@)

LIST OF SYMBOLS
vector of unknown parameters
ith component of vector a

internal energy per unit mass [J/kg]

pressure [Pa]
polar radial coordinate [m]

radii of annular region for blast wave calcula-
tion [m]

time [s]
given value of time [s]
time increment [s]

Gaussian quadrature points used in time integra-
tion [s]

velocity component in x direction [m/s]
velocity component in y direction [m/s]

velocity component in the radial direction [m/s]
Cartesian spatial coordinate [m]

given value of the x coordinate [m]

Cartesian spatial coordinate [m]

given value of the y coordinate [m]

nondimensional residual error from the kth differ-
ential equation at a point (x,y,t) 2

total residual least squares error over a finite
element

the first partial derivative of 5(2) with respect
to a,
i

i




NOEQ

NUMTRI
Vv
p(x,y,t)

w(x,y,t)

number of differential equations to be solved
simultaneously

number of prisms composing a finite element
volume of a finite element [m3]
density [kg/ms]

generic flow variable

SUBSCRIPTS
corresponds to known value at a given time
corresponds to value at the shock front
corresponds to value in the pre-shock state

corresponds to value in the post-shock state
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