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MOVEMENT OF A WING WITH A SFMALL ASPECT RATIC NEAR THE INTERFACE OF

FLUIDS WITH DIFFERENT DENSITIES

Se I. Putilin (Kiev)

A. N. Panchenkov [7] studied the fproblem cof the movement of a
wing with a small aspect ratio belcw a free fluid surface. The
integral equation for a wing with a small aspect ratio moving above
the interface of fluids with different densities was obtained in a
similar manner in [8]. But these studies did nct determine the
distribution of the load over the wing chord. In this report we will
solve the problem which makes it possible tc find the load
distribution over the wing chord when ccndition AFri=0, is

satisfied, the Froude number being calculated tor the wing span.

FTD-ID(RS)I-0042-77
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1. The velocity potential of an airfoil moving above a fluid
interface should satisfy the tollowing conditions on the inter face

(the subscript 1 refers to the upper and 2 - tc the lower fluid):

A(@y— pOu + vou) — Q(Dypy= POy vDy,) = 0;
®h == o’ 20

where V—-g;; v is the wing speed. During inverse motion the flow

is directed toward negative g,

Using concept [5], by the acceleration potential method

dAdk,

I S T Y
Ve—0Fu—wte—tp o= 5‘

vhere Mm(x—{A+(y—mk , we obtain the following expression for Oy

o= (fres|ff rei] [fhAeaa el o
vhere c
A ey -m(m(w;
N mlﬂfﬁi+? Ae @
Q = av YV NF B M- fp; @
a—0
a-a—'+°' .

FTD-ID(RS)I-0042=77
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The roots of ejuation Q = 0 lie in the lower half plane, and
they must pass above it during integration in the final result. By
transferring the integratior contour toc the required half plane, we

cbtain the asymptotic concept of the velocity pctential at large

negative values of x—§

FTD-ID(RS)I-0042~77
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o__-—z-:‘j'j'r(;.m { “a%- (-r’-) dv + 25:"""‘"0031:@—1\)4&_

2(—a) M
- ._(_;_")_ j__?_ A=) o Alx—§) dk} i

where

b 4 e,
A%-{--!-%vam

V= qv.

Introducing the dimensionless values

: g, r o
0= vb; h=gpi Vel ?=5p 0}
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and relating x and € to the half chord and w2zt to the

half span, after simple transformations we will oktain the integral

equation

+! 1 1 . e
1 AL -
v.-—mjfv:(&v.(m {y—n~§e sin & (y — n)dk+
-l x L

+6(1—a) _f '—1",-—'- e i GV TTEFT) y—m)1x
0

X sin [i;’-(x—a)w‘-;-‘x"]dt} dRdn, ‘ ®)

where it is assumed that

o+

1
Y (&) = vi(®) va(m) am-d J ndt=2. ©)

-l
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The solution 1is

@) =8E—1).

for a flat plate with a small aspect ratio in an unbounded fluid. we
can also anticipate that the majority of the lcad will be
concentrated on the leading edge near the interface of fluids with }ﬁ

different densities and we carn assume that

, .
fntreosie—p g <o,

After this simplification, equaticn (5) assumes the form of the
equaticn for a wing with a finite span and the cptimum load

distribution solved by A. N. Panchenkov and P. I. Zinchuk [6].

Using the results obtained in this study, we have j

Va(y) = AV T — (A + A+ A+ .. ),
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vhere A¢ depend on the lcad and are

expressed by special functions

® : 2 . ; A
Gap(;-). The expressions which determine the force are given in

[81.

2. A g2neral expression for the velocity pectential of an airfoil

moving above the interface of fluids with different densities was

cbtained in [6]. This expressich can be rewritten as follows:

+1 4l
‘P-'—r

—3

Ve {m o

[ gt

V x=y2 =+ (y—n)t+ @ —0)

(x—=5r~

SR PR . .
'] G—F IO *

{V =3 akt 1 1 —a _kcosf .. G
(=B AT 4 (y — )2 (2 -2 kcos8—a

N

X MR 1 gy — J{ ’a_ﬁ.s";‘t:*o
-_—0

5 b _ B o
—2(l—a)a)j o os] @ x—E

—_—

6 A

-=
7

R gy

4 wsing df dndt, M

cosis U—" |5
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wvhere

a-“:;—gcosa-l-(y-n)sinﬂ. ®)

The dimensionless values found #ith formulae (4) are introduced

; : : ®
here., Contour L, passes below particelar point k--;a?F and

contour L; - above it,

e will study the behavior of derivative @ at A—0, x<t.

The first two terms were studied in {2). Thney can be estimated for

binary integrals by successive integration by parts [9], which

results in this series:

£f (k) e-*‘ﬁ{tw) dkd § =~ — i f"')(O) z+2 ode ic)"""ds,
n=0

ol
Nia® N

Here the plus sign refars to contour L, and the minus sign - to

contotr Ly;

k3cos 8

o kcos?f— o

The first non-zero term is obtained at n = 2. It is on the order of

R S~ PSS
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A1= —E—
[0}

cos 8d8 . :
x—E M T {
{z+§¢l[ T cos&+(q--n)sm0}}

“ulac"'"ﬁ”nl

The last term can be estimated by the staticnary phase method s,

; [9] For the integral

n
{ g |
1=5

cos[“’(x-i) H(a)]

cos%y

the pcints where H' (#) = 0 are determining. In cur case

1 Aly—m) sinb
ke cosf + x—& cos*

and the stationary points are determined by the formula

sintg= L —2d°+ VT —8a%
20l —df

vhere

=3
d-xx—ec
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From the four values of sine it is hecessary to select those
vhose sign is the opposite cf that of d.

and disregard the terms on the order of X3 cr higher, we will have

Sin%;= | — 442 Sinfy= — g,

The term of the asymptotic expansion corresponding to root 6, will
]
contairn the factor expf ul-(—:BTC)J

and can be omitted. Root 82 corresponds tc the ternm

_q;(;+;) 23!)» 6 X—E' ’!
[=e¢ ‘/mu_g' (_Lx-—“-*.?}' ©)

After eliminating the terms whose crder of magnitude is smaller

than that of A from #2, we will have the equation

o 1 4
1 | —n
M(x.y)-—g;,ffv.(i.n)[y_ G:,]!;Tmh—,]dﬁdn-!-

5 -
+ :’“jfva.mr“ -—ﬁcos[“’"'-,‘:e-’-+1:-]didn -

21 ¥ w)x — ]

If we consider \» to be small
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Integration by t extcnds over segment x<E<l, since

e:=0 at x>t with this degree of accuracy.

Wwe will limit ourselves to the case when the angle of attack

does not change over the span. We will find function Y( n) in

the form of the product

Y 6 1) = 116) vs(m).

Only cne of the three terms in equation (10) depends on Y. which

results in the equation

+l
R i, : 1
J"v“")[y—n (y—n')-f-mﬁ]d"'“"“' ' an
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Expression (11) is in the form of the equation for a wing with a
finite spanr and the optimum load distributicn mcving above a screen.
The sclution to this equation was obtained in [6] in the form of the
series

V() =V 1— A+ A+ Ay'+. . ),

where the function of A is expressed bty the parameter
1-1/4;;!.;."‘1_2;,. Whence, settiny the ccnstant in equation (11) equal

to 1, we will have

+! .
- d oyl o
fv.(ﬂ) dn n(l to v+ igvt.- .)_,q,(h),

With consideration cf this, equation (10) can be rewritten as

1 1
M) = [ +50—ady e [y x

x

oM [@@—x ],
VA 52 03]
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The substitution of variables }=A(l—r), x=A(l—f) reduces this equation

to the form

[] t
j Y1(%) df—u; Y@ Kt —v)dv=a (), (12)
where
YO _ L ko) v*(e) = 0¥ N E)

This equation can be solved by the Laplace-Carson transformation

(4]. Indicating the expression for the function by asterisks, we will

have

' pa*(p)
'Y‘(P) - l'.__ I‘K‘@T ’
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whence
pa*(p) > a’(f) + a (0) 8 (f).
14
Introducing function Q(O-ny(f)dt and considering that
l o -
b= 5 (I —a) ot (r) e 1

K(t)-—Vﬁm(&+£).
\ of 4

we will have

0°(o-¢(O)v(l)+S¢'(f)v(l—f)df. (14)

vhere function v(t) is determined by its representation:




The overall wing characteristics can be expressed directly by @) ;

thus, the problem will Le solved by finding the resolvent of v(t).

3. Similarly, ¥e can study a wing zoving below the interface of
two fluids. Using the results of study [4], we will obtain the

following expression tor the velocity pctential, analogous to

exrression (7):

+1 1
—t
¢=—4an*<¥» [—n)z'+(z =T e—o
[ =g e 2+
Ve— 90" =+ =0 J G=F T

[ (x— g~ = 1J __
Vie—tn—"p(y— — ) (z— ()

kcoso M+ kcosv
j 5 k cos*g— i J 5

k cos’e—- ®

|
Xwlpidn o 0 g |
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The ccmparison of formulae (7) and (16) shows that the final

expression for this case only differs from €quation (12) by the value

of p, which must be replaced by
F oo o
P=— 5 (I +-a)o™p (k) e~

K, With accuracy up to the terms on the order Of A¥? asymptotic

expression (13) of root K(t) can be replaced by the expression

K (t) = nJy(1),

where J, is the Bessel function. Then we will have

for the expression of the resolvent. Reducing this expression to the

fcrm
ada- r B
e Vors B
where
FTD-ID(RS)I-0042-77
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Py= 2nup*— p% (1 4 7% + 2mptp — &%
Py= pnp*— plo - mpa’p — o
PO- ’q"p (P'+ ;,’)!

\

we will have

' ’ .
e l(pn) (pn) By o=
v(t) Z { e P' o [ Jo(ot)+ pnbflo(m)e""'.“’dt J} .

vhere A, are the roots of equation Pi(p) =0.

For an unbounded fluid, pw = 0 and v(t) = 1, and we will have

D () =a(l).

If the function a(t) is continuous, @() is also continuous and
limited at t > 0, in particular, for the trailing edge of the wing.

This provides tor the satisfaction of the Zhukcvskiy-Chaplygin

condition [9]). It is easy to see that the equation for lack of

passage is not disturbed if we place a vortex cf finite intensity T.

FTD-ID(RS)I-0042-77
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cn the trailing edge. If we set P"T°(§)W(nk we will have

noncirculating flow.
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