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RUSSIAN AND ENGLISH TRIGONOMETRIC FUNCTIONS
Russian English

sin sin

cos cos

tg tan

ctg cot

sec sec

cosec c sc

sh sinh
ch cosh
th tanh
c t h  co th
sch sech
c o c k  each

arc s:r~ s ari

arc  cos cos
— 1arc  tg t a n
— la rc c tg  cot

ar c  ~ec sec ’
ar c cosec  cs c~

—larc  oh sinh
- — 1c rc  oh  c a s h

arc th  t anh
arc o th  c o t h ~~
arc sch sech ~~
arc c s c h  csch~~

rot  cu r l
log

GRAPHICS DISCLAIMER

All figures , graphics , tables , equations , etc.
merged into this translation were extracted
from the best qualit y copy available.
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e

N O V E M E N T  OF A ~I NG W I T H  A S M A L L  ASPECT R A T I O  N E A R  THE I N T E R F A C E OF

F L U I D S  WIT H D I F F E R E NT D E N s l i r E s

S. I. Putilin (Kiev) 
I

A. N. Panchenkov [7] stud iEd the ~robletn of the movem en t of a

W ing with a small aspect ratio ~elcw a free tluid surface. The

integral equation for a w ing w ith a small aspect ratio moving above 
-

t he  i n t e r f ace of f l u i ds w i t h d i f f e t e n i ~ len oit iEs was obtained in a - .

Eimilar manner in [t 3]. But these studi s did nct determ ine the

distribution of the load over the wing chord. In this report we will

solve t he  problem which m akes it possible tc find the load

distribution over th’~ wing chotd when cond ition ~Fr’—’O, is

sa ti s f i e d ,  the Proud e number bcing calculated tor the wing span.

FTD—ID(RS)I—00142—77
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1. The velocity po tential at an airfoil movin g above a fluid

i n t e r f ace sh ou ld  sa tisf y t h e  tollowing conditions on th~ in ter face

(the subscript 1 ret~ rs to the upper and 2 — tc the lower fluid):

Qi(~I¼~e ~IIDU + ‘~‘1~,) — Q,(
~ i~r ~~~~sz+ Va)

~,) —0;

~~~~~~~~

whe r e v ..t3; v is the wing speed. During inverse notion the flow

is directed toward negative x.

Usiny concept [5], by the acceleration potential method

p
~~~~~~~~~~~~~~~~~~~~~~ ~~J~~

e d?4k.

where ~~~f r— b4-~y —~1J k, , we ottain the following expression for ø~:

— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1)

where

N 
~~~~~~~~~~~~ 

rvy~i+k1~~ ‘~~~~; (
~
)

i3)

FTD.-ID(RS)I—00)42—77
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TFE- roots of ejuation ~ = 0 l ie in the l ower  ha l f  p lane , and

they m u s t pass ab~ v~ it duriny integration in the final result. By

transf erring the inte.;ratior contour tc the required half plane , we

obtain the asymptotic concept of the velocity pctential at large

negative values of x—t:

FTD—ID(RS)I—0042—77

________________________ 
..

——~~~~~~



—---- -~~~~ .-— - - - -~~~~~~~~~~~~~ -- -.- -~~-.-- ~~~ .--- - - - - -~~~~ - 

DOC 0042 PAGE 4

——
~~S$~~

t ’v (~~~~( dv+2Je cos~~~~~~*

2(1—a) 

~~~~~~~~~ 
5-(a+IM4k(,_

~)~05 ~~ X — ~ dkj ~~

where

v~~ av.

In tr o d u c i n g  the dimensionless v a lu es

y.m—; 
~~~~~~ (4)

L - _____ - _ _ _ _ _
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an d r~-lating x an d ~ to t h e h a l f  chord and to the

half span , after simple transforwatjo r~s we will ottain the integra l

equa t ion

— 

~~(‘i) fr~~~ _ J e~~~sin k (y — ~ijdk +

+ (1— a)S~~~~e~
At+l) sfn

x sin {.
~
. 
~x ~ Y1~TJ dI

J

t dtd,i, (5)

where it. is assumed that

~‘ (t. v~) — y~(~) y~(v~) S vi t) i~ — 2. 

-.- -
~~~~~L .-~~~----- - .--~~~ --—. -
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The sol u t i o n  is

y1(~) = ô (~ — 1).

fo r a t i a t  p l a t e  w 1 o : ~ ~i ~~rii l..l aspec t ratio in an unbounde~1 fluid. ~e
can also a.n~ ici pate th a t t i e  u i a j o r i t y  ci the lead will be

conce nt :atE- d on th c~ lE~a d i n g  ed~~ n ear the intartace of fluids with

di t t o r ~~~- d en s i t i e s  a n d  w~ car. as~; u m e  t h a t

S ~~~ cos (~ (x — J d~ 2.

Af tei this simplificatio n , equaticn (5) assumes the form at $Le

equaticn tor a wing wi th a finite span and the cptimum load

distrjt~ution solved by A. ~~. Panchenkov and P. 1. Zinchuk [6).

Using the results obtainEd in this study, we have

— ~~ 311 — y’(Ai+ a4~~’+Ay’+ .. .),

- . .. . :.. : 
— — - -

~~~~~~~~~~~ 
- - 

.
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where A~ depcnd on t h e  icad a n d  a~ ’ ~x~ ress€d by special functions

The cx pressions which detcrm in~ th~ force are give n in

(8].

2. J~ ga n.~ral ex ;r~ ssion fox. t~~ e v~ locity p e t e r  t i a l  of an a i r f o i l

movin .j abov — the in~~~~fjccc c~. flui d s with lir fere r.t densities was

c b t a i n d in  [ 6 ].  Tu i s  exp ~~~~~~~ n cali L~ rew~.itt€ n ~s follows:

r. (x—~)~~’ 1 ___________X hf 
~~~~~~~~~~~~~ 

— J ~~ 14~(z +C)2 >~

~_ 1~ _~~~~~[ ~~~~~J 2ici

x e~’9° ’°’dkdo _ f  
f

~~~~
_c0s
L ~~~~~~ dkdO ]

~~~~~~~ 
r_ 1

—2(1 _a) Se ~~~~~~~~~~~~ + ~~~~~~~~~~~~~~~

- ~~- -~~~~~~~~~ _ _ ______ _ ______ _ _____
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where

~ — - ~cosO+~y — ,~j sinO. (8)

Ti~~ ~ 1metision1 i_ .y-; v .jlt~~s t oun~ .iith foruulae (4) are introduced

h e r — . C c n t  ou r  L 2 p a s st s  ~~ iow ~ar ~ i c u lar  p o i n t  k—  —
~~~~~~~

-
~~

_ an~1
Conto ur  L 1 — above  it.

~~~~
- will stud y ~h~- be h avior of d -~r~~vat ive ~: at ~~~~ x<~.

The f i:st two terr~s ~~~~ st u d i e d  i n  [ 2 ] .  T ney can be estimat ed for

~in a t  y ir ~tE - j r a l s  by ~ uccessjve jilt c~yrat ion b y I.ar ts [9], w h i c h

r e s u l t s  i n  this s e n 1~~ ;;

a’
2

— (k) e ’1~~’~ dkd ~ — E cf ~’”(0) (z + ~ ± ia)~~~ dO.

Here the ~1us sign ref-irs to contour L 1 a n d  t he m i n u s  sijn — to

c o nt o r i  L 2 ;

k’cos 0
kcos’O —o

The I irs~ non—z~-~ o t~~r n is obtained at ii = 2. It is on the order of

a 
- -  -

~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - - - -- - - - --~~~~~~~~~~~ --~~~~~~~~~ — --- --- -- - --~,*------ *-—— ---------
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A 3 :
I -

a’
2

A 2 (~ cos0d0 -

w J  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Th~ l a~ t. ~-r~ - can be e st in a te a  LJy t h ~ st a t  i cn a r y  phase  met  hod U 3).
[
~ - For t L ”  i n t e g r a l

7’
2

/ 
~~~~~~~~~~ H(0) ]4

the ncjnts where H ’ (&) = 0 a r e -  aet ~-~r~~i n i n g .  In  cur  case

I X(y — ti) sin OH (O )~~~—~-± 
~~~~~~

a nu  t he- s t a t i o n a r y  p o i n t s  are .  d e t e r m i n e d  b y  t h e  f o r m u l a

w h e r e

d = 

~
. ~~~~~~~~~~~~ 

--- -- .
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F i o m  th e  fou r v a l u c s  of Sif l~ it is necessary to select those
whose  s i g n  is t h e  o p p o s i te  Cf t h a t  of 1 . If we considcr 

~ to b e smal l
and  dj s r~~3~~rd t he  r in s on the  o r d er  of A 3  cr h i g h e r , we w i l l  h a v e

sin ’92-
~ 1— 4d 2 ; Sifl Os =. _ d

T h e  t e r n i  of the asymptotic expansion corresponding to root e 1 w i l l
w~z+~ ) 1contaj.r. 4he factor exp ——-
~
,-—- J

and (‘ d l .  L~ omitt ed. Root e2 co r l e sp onu s  te t h e  t e r m

(9)

After elimina t jnj the  te rn a s  whose order of magnitude is smaller
than that of A from •2,  we will have the equatio n

+
+1 I

+ (I _ a) 2SS~~~~~~~/~
_
~~

-_
f .~
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Integration by ~ ex t ends ov er S E - j m e n t  x<~ <1, s ince

~ =0 at x>~ with this degree or accuracy.

We will limit ourselves to t h e case when the angl e of attack

does not change over the sran . We will rind function v(~ ‘i) in

the tom of the product

? (~ . ii) = 
~ i(~) ~~~~~~~

Onl y cne of t h e  t h r e ~ t e r m s  in  e q u a t i o n  ( 1 0 )  depends  on y ,  w h i c h

results in the equation

~~~)[~~~
_ 

~ _~~~~~~~J d n  const. (1 1)

r... —
~~~~ 

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ :_ -- - - -—--- -— ~~~~~~~~~~~~~~~~~~~~~~~~~ - -- - -
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DO C = 004~ IA(;E .I~’1f)..

E x p r ~~ssion ( 1 1 )  is in th~ f o r m  of t h e  E q u a t i o n  for  a win g  w i t h  a

finite span and t h e  o p t i m u m  loa d di st ributicn m ovin g  above a screen.

The s o l u ti o n  to this 0-l uat ion was obtained in [6] in the form of the

se r i.e s

= 3/ 1 —y’~Aj + A5y’+A ,g4 +...) ,

wh ere t h e  function of A is expresse d b y t h e  pa ramete r

W hence , sett ing  ~he ccnstant in equation (11) equa l

to 1 , we w i l l  hav e

$Yi~ )d~ (i+ ÷i~~~÷
7

~~~+ ) ~~~~~~ h)

W i th  consider ation of this , equation (10) can be rewritten as

~
a (x )_ Sv2 (

~
)4 + 4 (I _ a) h)e 4~~~ .y3(~j x

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- ~
_ --~~~~~-.~~-
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The su~ ~ti tution of variables ~—~ (I — r), x— .( 1— 1) r educes this  equa t ion
to the form

(I Z

w h e r e

! i~~/çst~~~ysp~~~~~as~~~ (13)

This equa t ion  can be solved by the Laplace—Carson transformation

(4). In dicating the expression for the function by asterisks, we wi l l
have  

s(p)

_ _ _ _ _ _ _ _ _ _ _ _ _ _  

-
~~~ ~~~~~~~~~~~~
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whenc e

pa (p) -~ u’(i) + a (0)6 (1).

In troduc ing function °(O=j Iv~r~dv and considering that

we w i l l .  have

— a ~0) v ~t) + a’cr ~ v (1— r~ d~, (1 4~

wher e f u n c t i o n  v ( t )  is determined by its re presentation :

(15)
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The ov ’-r i l l  w i n y  c ha r ac t e ri st ics can h€ ex p r e sse d  d ir e c t l y  by ~~( t )  ;

t h u s , the problem will be solved by finding the resolvent of v (t).

3. Siuilarly, we can study a winy aoving below the interface of

two flui ds. Using the results of  stud y [4 ), we will obtain the H

following expression rot the velocity pctential , ana log ous to

expr essi on (7):

xl  (x—~)~ i1_~— z+~I ~~~~ ~)2~
_2

+~~_,1)s+(z_~~, J (Y—’ +(i~~~$ ~

~( 1—... - ~! C)’~~~Tr(X_ ~~)2),
_2
÷(Y ,~~,+( C~

, 
— —

— (1 ±a) k COS O e~~~~’~°’dkd~ — 

SS
kcOS O

)C e”~~~~’dkdo 2( 1 +:
~~Se~~~~~~~~~~

!
~ H (e) J x

- 
(
~~ )

-~
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The compa rison of formulae (7) and (16) shows that the final

ex~.re ion f o r  this case only diftors from eguation (12) by the value

of ~~ , w h i c h  m ust  be r ep l a c e d  by

— (I +a)~~P (h) e~~~.

With accuracy up to the term s on the or der of )~3/2 as ympto t i c

expre ssion (13) of roo t K (t) can no replaced by the expression

wher e ~~ is the 3~~~~e1 function. Then we will have

—P ( f r p1+w2_...p)
— ~g

for the expression of the resolvont. Reducin g this expression to the

f c r w

* 
P, p ~P1
£ 1  V p I .4.co ‘~I

w h e r e

FTD—ID(RS)I— 00142—77 
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P1=2 nj~tp’~~p c ( j  + i ’)+2~q~w’p—~?;.

we w i l l  ha ve

u (/) = ~~~ f e~~+~~~~ f i~~o÷ P J o~~v~e’
n
~~4’

d r] } .

where P, are the r oot s of equa tion P 1(p~=0.

Fat ar. unboun d ed fluid , ~ = 0 an d  v ( t )  = 1 , and  w e w i l l  h a v e

D (g) ~~a (i).

I f the f u n c~. ion cz (t) is c o nt i n u o u s , ~~(/) is also continuous and

l imi t~~i ~~t t > 0 , i n  p a r t i c u l a r ,  fo r  the trailing edge of the wing .

This pr ovides tor the sa t i s t a c t i o n  of the  Z h u k c v s k i y — C h a p l yg in

condi tion [9). It is easy to see that the equation for lack of

passagc is not disturbed it we place a vortex cf finite intens it y F.

FTD—ID(RS)I—00~ 2—77
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cn the trailin g e’Ige. I f  we set r=—~ (~ )~2 (,1) w e w i l l  hav e
noncircu lating flow .
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