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~ABSTRACT

There is given a single input-output linear, time-invariant

ADAG46050

plant with large parameter uncertainty consisting of two parallel
branches, one of which has rf internal sensing points. The
objective is to satisfy specified frequency domain bounds on the
system response to commands and disturbances over the parameter :
range, and to do so with sensibly minimum net effect at the plant 'j
input, of the n + 1 sensor noise sources. The basic problem is

how to best divide the feedback burden among the n + 1 available

feedback loops Li' The procedure developed has high transparency,
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giving early perspective on the loop bandwidths, permitting
approximate loop trade-offs without a detailed design. While
the development is more difficult than in the single cascaded
plant system, the procedure and final results are very similar:
Each L; has only one distinct frequency range say Wy in which

there is trade-off between Li and Li and w. > w.: with

+17 i+l i

steadily increasing loop bandwidths going backwards from plant
output to input. It is shown that for a class of problems the
sensor noise effects can be tremendously reduced, when compared

to an optimum single-loop design satisfying the same specifica-

tions.
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NOMENCLATURE

lower bound of k; (following 4)

bounds on |T(jw)| (1, Fig. 2)

upper bound of ki (following 4).

bounds on Lio(jm) (Fig. 3, II Design example)

hf boundary on L, {6b; 7, Fig. 3)

o

bandwidth of Lio (IV)

output of Py (Fig. 1)

system output due to D (Fig. 1)

disturbance input (Fig. 1)

system function (3, 8)

excess of poles over zeros (before 4)

prefilter (Fig. 1)

system function (4)

compensation function (Fig. 1)

high-frequency (range) (following 3)

j =A,B,C,; i =1,2..significant w intervals of
By (7, Fig. 4)

i # e, hf parameter (4)

effective hf parameter (4, 6)

loop transmission (3, 6, Fig. 4)

nominal value of Li (II Design example, Fig. 4)

L, for xi > A

- (Fig. 3, IV)

imax

linear state variable feedback (I)

= |L;| (Fig. Alb)
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L.
= Iy
i

sensor noise input (Fig. 1)

(2, Fig. 3)

as sub indicates nominal (Fig. 4)

ith plant section (Fig. 1)

effective plant (3, 6, 12, Al, Fig. 1)
system command input (Fig. 1)

as sub indicates single loop (II, Fig. 4)
system transfer function (1)

variation of a set (5, 9, 12)

plant input (Fig. 1)

trade-off parameter (Fig. 3, IV)

bound on M (2, Fig. 3)

= Pi/Pio (9, 12)

frequency radians per sec.

i=1,2,... significant w values of Lio (7, Figs 3, 4)

w at which Arg B =~ (Fig. 7, Appendix 1)




A SYNTHESIS THEORY FOR A CLASS OF MULTIPLE-LOOP
SYSTEMS WITH PLANT UNCERTAINTY

I. INTRODUCTION

There are two distinct approaches to the design of multiple-loop
linear time-invar}ant systems. One of these LSVF (linear state-
variable feedback), uses the optimal quadratic regulator solution and
originally secured the desired system poles via a constant feedback
gain matrix, driven by all the plant states [1, 2, 3 for bibliography.]
Later refinements were observers for states which could not be sensed
and of prefilters to obtain desired zeros [3, 4]. The problem of
parameter uncertainty is being currently intensively researched using
the concept of ''robustness' [6-9]. LSVF is attractive because direct
crank-turning gives a feedback design for a multiple-loop plant of

any finite complexity, which has the desired poles at the nominal plant

values and remains stable for sufficiently small parameter variations.

A major shortcoming is that one cannot 'design to specifications' i.e.,
secure specified performance bounds over a given range of plant parameter
values. Another is its complete neglect of the price paid for the benefits
of feedback—the bandwidths of the loops. Thus, LSVF insists on a feed-
back structure even when there is exact knowledge of plant parameters

and disturbances - a situation where feedback is not needed. In this

sense LSVF is a continuation of classical network synthesis, using a
different set of building blocks, because its primary purpose is

pole-zero realization and only incidentally considers the uncertainty

problem.




The second approach'denoted here as ‘'quantitative design' is
characterized by (1) 'design to specifications' for significant plant
uncertainty and disturbance attenuation. (2) emphasis on loop band-
width minimization. So far, these have been secured only in terms of
frequency response so it is often called the 'classical' approach,
incorrectly because classical control theory almost completely over-
looked both these problems. There is no crank-turning here, but purpose-
ful design for seﬁsitivity reduction. It has been czveloped only for
- the cascade plant structure [10], and to a certain extent for the
multi:variable two matrix degree-of-freedom structure [11]. This need
at present of separate development for different structures, compares
unfavorably with LSVF generality. But in return there is highly
economical design to specifications, and deep understanding of the
feedback mechanism. Also, the concept of 'set equivalence' enables
these techniques to be rigorously applied to large classes of linear
and nonlinear uncertain time-varying systems with the same structures
[12, 13]. This paper extends quantitative design to the cascade-

parallel multiple-loop structure of Fig. 1.

Problem Statement

In Fig. 1 the Pi are transfer functions of sections of the uncertain
plant and Ni are the sensor noise sources - drawn heavy to emphasize
they are constrained and unalterable. There is independent uncertainty

of the parameters of each P Despite this uncertainty, the system

.
frequency response to commands T(jw) = C(jw)/R(ju) 1is to satisfy

specified bounds

0 <A (W) < [T(W] < A, (w) (1)
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It has been shown that time-domain bounds on the output and its deriv-
atives of any order [13] can be achieved by satisfying such w-domain

bounds. The problem is to find a sensibly optimum systematic means of
dividing the 'feedback burden' among the n + |1 available loops. All

the feedback signals go to the plant input -X , because 'plant modification'

" [11] is assumed not allowed. Thus, in Fig. la, X = C/P and each Ci is

determined by X and the Pj , so the Ci needed to obtain a desired

are
output C , independent of the Gi . This is not the case if feedback to

_internal plant variables is allowed.

Disturbance attenuation is another major reason for using feed-
back. To simplify the presentation, for the present the only require-
ment in Fig. 1 a, (with L defined by (3) later), is that |C/Dl=|(l+L)-l\5

some constant. It is more convenient [15] to use

A L
M= 'Tiflf Y a constant, V¥ w. (2)

Nonminimum-phase plants, unstable plants and the generality of the
structure in Fig la, are postponed for later discussion, except to note
that any n + 2 degree of freedom system structure [11] may be used e.g.,
Fig. 1b for the case n = 2.

The above is a very difficult problem, with very little treatment
in general and none at all for Fig. 1. It obviously does not lend itself
to a rigorous mathematical theorem-proving treatment. The approach taken
is to find the principal design factors and trade-offs, based on the
following design philosophy: The outer loop L from C may be designed
to cope only with the uncertainty in Pb’ Pc’ which can give an L much
more economical than in a single-loop design in which L must cope
with all P. The first inner loop LI from Cl may be designed to

cope only with Pl’ with possible great saving compared to an Ll which

e e e e




copes with PIPZ"'Pn' Similarly the second inner loop need cope only
with PZ’ etc. The result is considerable transparency and insight,
enabling the designer to decide how to divide the feedback burden among
the loops.

Simplifications initially made in order to concentrate on the

essentials, are covered in Sec. V.

Il DESIGN OF OUTER LOOP

If the plant is minimum-phase and open-loop stable (1,2) are
achieveable [15] with a single loop Gi =0, i=1,..,n, G = GS# 0 in
Fig. la. But the resulting LS = GSP may then require very large band-
width, causing great amplification of the sensor noise N, as in a later
example - Fig. 5. The simplistic approach, later justified, is to
therefore use the inner loops to ease, as much as possible, the outer

loop burden. In Fig. la, let

4 4
Py = B P yrrilPy, BB R HE s
A
d e PnGn 3 PnPn-lGn-l T Pn PIGI) Bt
A A _PGA
=16; + PG = 10’1(1'!'[_), L —éi— = PeG. (3a-f)
Ts) = El5) . Fep . Feply o
R(s) & l+(GP/.,5’IT +L
o By B o BEC
N4 £,0+0) 1L

In (3f) the sensor noise effect is examined at the plant input X
where it tends to be large [16, and Fig 5 here], causing plant saturation.
In the high-frequency range (denoted as hf), (3f) > L/P where |L(jw)|<<|
but |L/P| can be very large (Fig. 4), - the hf range is the major

trouble source. Thus, in Fig. 5b the lowest ® range with large and

s Bl AR i N

A BN

v o A



5

sharp peaking of lX/N[ is ~ 300 rps at which, from Fig. 4, the nominal
L] ~» ~k6db. Hence, the major effort in sensor noise effect minimiz-
ation will be made in hf. Since P is constrained in (4), such minimiz-
ation requires |L| minimization. But from (3) L must cope with

ée = PA&% uncertainty. Therefore, for maximum economy of L , choose

the G,p i=1,..., n in G of (3c) to minimize the uncertainty in

R
P = PL;.
PIPZ"'PnPb+Pc
Consider accordingly the uncertainty in Pe = I+PnGn+"‘+Pn"'P2P]G| in

e,
i

- hf where each Pi->ki/s SCH the excess of poles over zeros of Pi'

Since P.P .PnPb parallels Pc in Fig. 1, it is assumed that (el+e2+...en)

1 2°
A -
+ e = ea+eb e Hence, at hf
k_k, +k 13
P = L AN al < g —% , where

e 4 s®cll+k g +..+k g,] s

>
(]
b=
ne>
(]
+
(¢}
1

g 105 S £ s Uy G| 9,s (4a,b)

The range of ki is taken as [ai,bi], bi>ai>0' In the logarithmic
complex plane (Nichols chart), PeAis not a point but a set {Pe}
because of the uncertainty. For any fixed kl""’kn values the set
{Pe} , due to ’{kb} b {kc} in (ka), is a vertical line whose length,

kabb+bc

—— i i d i
i s a function of ka , and is
ab ¢

Lgth {Pe}=
o db
maximum at k_=a_ if b /a_ > bb/ab (at b, if b /a < b /a). The

former is assumed because Pc is in parallel with Pan - see Sec V.




Hence, due to all the k, uncertainty sets Lgth{Pe}z(aabb+bc)/

(aaab+ac), with equality iff 3 g; such that the sets

{ke(k kb,kc)} of (ha) ¢ {ke(aa,kb,kc)} as the ki independently

a,
range over [ai'bi]' It is readily seen that such g, exist e.g.
gz=...=gn=0, bb/bc_sgI < ab/ac, compatible with the previous

b /a b, /a . (In the case b /a; < by/a, the analagous, compatible
condition is bb/bc 2 q, Zab/ac). Thus, at hf the best the inner

loops can do for the outer loop L, leads to it coping with a gain

uncertainty set

A 7o
Gtk ) 2V R}, of
afo aabb+bc (Sa’b)
Lgth ‘/ = 5‘ e
ab ¢

For example if n =2, all a, = ) bi = 4o, 10, 60, 200 for i =1,2,b,c

then in a single-loop design LS must handle at hf {P} of length

——

[(babb+bc)/(aaab+ac)]db==8\-7 db whereas (5b) given 42.3db, a saving of

39.Ldb.

The hf region is most important for sensor noise, and the hf form )]

of Pi in (4) greatly simplifies the problem there. But design of the

outer loop requires the uncertainty set for the entire spectrum. The
complexity of the calculations for general Pi with uncertain poles
and zeros would obscure the important featurgs, for the sake (Sec. V) of.
a minor point. Therefore, in the meantime let Pj = kj/sj Jj = a,b,c

so (4,5) apply for all w . Outer-loop design is now a single-loop

problem with the equivalent plant P_ of (ha) denoted by




0 FaoutPe

Pe ™ ToF G 7., 4P
no n

no""P20P10G|

o
aakb+kc A EE (6a,b)
ec e s
(l+angn+...+aagl)s s ©
and L0 = POG
e

The super-oh on Pe, ke’ L indicates P,ke, L with P],Pz,...Pn at

their nominal values. The problem is to find G or equivalently a
g 0_,0 . Ay ()

nominal Ly = PeoG so that (2) and An|T(jw)|< &n K;TZD of (1),

are satisfied. The optimum design for this single-loop problem [16] is

briefly reviewed here, with an example which is very helpful in

explaining the muitiple-loop design theory.

Design Example

: ; o 2 o ¢ s 3.
in Fig. lalet n=2, Pj = kj/s, j=1,2,b; Pc = kc/S :

]
]

a, =20, a, =50, a =1, a_=1000, b, =800, b, = 500, b, = 60,

2 b i b
200,000. The bounds Al(w), Az(w) of (1) are in Fig. 2, and

b
c

]

Y = 2.3db in (2). The nominal plant values are taken as a; (with no
loss in generality) Note 1: The specifications must be consistent

with physical reality i.e., it is crucial [16] that] wys such that 1
A, (w) |
2

for w>wo, the largest variation of Pe <fn K;TZD , in order that no

sensitivity reduction be needed at large enough w, permitting

L{(jw) > 0 as w » ». From Fig. 2, woz 55 for a multiple loop design,

280 for a single-loop design.




Design of Outer Loop

0
The procedure in [15] is followed. From (3a), AZn[T[ = ¢n o
0 0 0 e 0 1+L
L” = PG = ks € of (6) with k. uncertainty (5), equal to 42.3db.
Hence in the Nichols chart, 2%n Lo = 4n Pz + 2n G is any point on line

AB in Fig. 3, of length 42.3db. By means of G(jw) this vertical line
which is the variation set Qro = kaPg} can be translated, but not

rotated to any region in the Nichols chart, giving the variation set of

Lo, zfiLo} , with the nominal Lg = GPeg at A . Note that the nominal
g : LoV
L of (3d), denoted by L0== L0 and the nominal Peo of (3d) _.Peo i

. L 2 L0l 0
justifying G = LO/PeO = LO/Peo -

For any w say w, , one finds the boundary B(wl) of the set

: A, (w)
Lo(jwl) which satisfy (2) and 2n|T| < 2n 3;757" For example, in

Fig. 3 at w =20, X

is satisfactory for Lo(jZO) because the range of
ol °
M =

|
ol is From A (M° = =23.9 db)} ta B (¥ = - & 4b) giving the

1+L A2(20)
allowed 23.5 db for . Similarly, at X the variation is from
AIZZ ) 2

-22.7 to .8 db. Any larger |L at the same Arg L_ is satisfactory,

ol 0

but not smaller lL B(20) is thus found. Due to (1) and Note 1

ol

of Design Example, as w » » B(w) would - a vertical line at -180°

extending from -42.3 db to 0 db. But (2) gives the boundary BH of Fig. 3
s . ! L
obtained by projecting the locus of lgL =y=2.3 db downward by 42.3 db.
0

At small w , e.g., w = .5, (1) dominates - see Fig. 3. At larger o
e.g., w =2 , 10, part of B(w) is due to (1) and part is due to (2).

There always exists Wy such that for o > Wy
~ 70 rps. The generality of P at hf (ka) and of By, lead to a general

B(w) = BH[IS,IG]. Here

“H
shape for Lo(jw) (Fig. 3,4) in large hf uncertainty problems, as follows.

-
o b T RADE 7, 2

A A YR e o € B, = P TR R e £ TR LT N




Lo(jw) must satisfy B(w) but (3f) at hf suggests [Lo(jm)l be
decreased as rapidly as possible vs w. As s >, Lo(s) + kL/seL. A
reasonable definition of optimum LO is one satisfying the B(w) with
a minimum kL for a fixed e - Such an optimum exists, is unique,
lies on B(w) at each ® and can be approximated as closely as des-
ired by é rational function [16]. There is trade-off between complexity

of the rational Lo(s) and k , S0 a practical sensibly optimum

lmin
Lo(jw) is as shown in Figs. 3,4. The shape and length of BH are

' important. LO;opt. tries to decrease ILOI rapidly vs w, but in

Fig. 3 B, constrains min [Arg Lo(jw)] > - 130°, with corresponding

H
minimum average dlLo(jw)I/dw = - -%%%-(40): - 29db/decade [11]. Thus,
|L0(jw)i must decrease rather slowly up to o in Figs. 3,bh after
which the permitted decrease of Arg Lo(jw), at bottom of BH, permits
ILo(jw)l to decrease very rapidly.

This paper is devoted to problems where 3 an [md,wz] interval
in which the sensibly optimum Lo(jw) has the shape shown in Fig. 3.
Plénts with uncertain highly underdampled pole-zero pairs (e.g. bending
modes) could be included, if these occur at w < W, and/or w > w, .
However, the multiple-loop problem is complex enough without bending
modes, so this class is omitted here.

It is seen from Figs. 3,4 that the hf uncertainty i.e. of ke in
(6), is the factor which can give large cost of feedback. This is
because the length of B

is that of {k }. On B ILOI must

H H’
decrease slowly vs @ while IPOI may decrease faster and at hf from
(3F), |x/N] = ILo/Pol may then be >>1 even though ILOI<< 1

(Figs: .4,5). Hence, it is desirable to minimize Lgth (BH) = Lgth'{ke}.

Use of an inner loop permits a maximum reduction of 39.4 db here. The

saving in bandwidth is ~ 40/29 decades (LSo ve L, in Fig. L). The




L]

" these intervals of the outer loop L

10
reduction in sensor noise effect at X is enormous (Fig 5b), because the
rms noise value is obtained by integrating arithmetic values on a
airthmetic w scale.

For later use, the following w intervals in Fig. 3,4 are emphasized:

A . A =
a - 0,0) ¥ 10,90), 15 = [w,w) = [90, 330)

¢ & o, ®) 7 (330, ©). (7)

The design of the first inner loop Ll is decisively influenced by

o

111 DESIGN OF INNER LOOPS

First Inner Loop L‘

In Il the inner loops were apparently sacrificed, in order to f

obtain the most economical outer loop and thereby minimize the effect of ‘
e
H = = = = a
sensor noise N at X. G2 = e s Gn o, GI s bb/bC were found
satisfactory for this purpose. The obvious criticism is that this G|,

besides being impractical, would tremendously amplify hf NI noise J

effect at X (Fig. 1) and likely more than cancel the benefit gained
for L. The answer is that while these Gi are satisfactory, there |

are other much smaller acceptable values. This is due to the mechanics

of sensitivity reduction such that Lo(jwi) optimally designed to handle

an uncertainty set V(wl) can in practice handle a set Vy(m])

much larger than V(ml) (e.g. Fig 8 of [10]). So, the next step is to

find the bounds Bl(w) on the first inner nominal loop L‘o(jw) such
that the economical Lo of 11 is satisfactory. The bounds on LIo are,

in fact, very modest.
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For this purpose (3c,f) are entended as follows. Let

b =B a0 = 1Oep 6 ap L6 + 6 1000 & )+ P (141)

é.ﬁz(lu)(lu), L, =P.6

| !
£

LBy e 8

SR (W () =ﬁ+Ll)(]+L)

i
'
|
L,/P
I a (8a-c) ’

e

= Ll/Pa in the crucial hf. Hence to minimize IX/N][ at fixed L ,

minimize ILll . But Ll must cope with the uncertainty in P,, P P

a2 an
s 0
ignored by L

However, if G, can cope with P

2 2,...,Pn then LI need i
only cope with Pl . LI is designed accordingly and denoted by L? to {
indicate its neglect of PZ""’Pn uncertainty. So now, P: of (7a) is i
replaced by 3 |

E
o1 8 PiPao-c-PooPutPe o
P L W (L
A gt |
P (9a-c)
with 1)" -—='U/{P1}—’ )flaakb + k
e 1 +5A1LIO l
40 | i |
instead of " = {aakb+kc} of (5a). In (9) LIo is the nominal
0 = 0 = = )/ i 1 =
Lo = Lo (cf Ly = Lo) and,za;o 132 at nominal Pigr for i =1,..., n.

l.o was designed to handle Pg with its Zfo, but now it must handle
Pl with its TVSYC. “Unar are the bovnds B,(w) o L,5liw) so that
the original L0 remains satisfactory? This equestion may be answered
by simple trying LIO values and checking if (1,2) are satisfied. It
is found that the B'(w) are decisively influenced by the intervals
'A’ Igs e of Ly in (7). The results are stated here and their

explanation in Appendix 1.

‘\\\\\\\--"__—"/"___,

:
e
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Nature of Bl(m) bounds on Ll0

(1) For we IA = [0,90), Bl(w) are upper bounds, i.e.,
ILIO(jm), must be < some value which is a function of
Arngo(jw) - Fig. 6a.

(2) For we IB = [90,330), B‘(w) are lower ones precluding
L]0 =0 (Fig. 6b).

(3) For we Ic = [330,«), Bl(m) in Fig. 6b are closed curves in

the Nichols Chart which tend to a vertical line BlH of length
&

— at ArglL, . = - m.

a ! ap 10
0’ S° the optimum LIO would lie on

Bl(w) at all w but is in practice approximated by a rational function -

Just as in the design of L

Figs. 4,6. One may define intervals of LIO similar to ‘A’ 'B’ Ic of

D g = Loy o0)s 1= luggt=)

k 1x

0’ i.e., in Figs. 4,6: llA = [0,w

Here < 0 because has zero width. In practice, one would

1B Bin
likely (in addition to (2)), assign bounds in Fig. 1, on

€

i
D.
i

1
STy T (10)

H and larger IiB . Such finite BiH are |

easily added in Figs. 6,7, but are omitted here for simplicity. |

leading to finite-width Bi

Second Inner Loop L2

The above discussion is repeated for L2’ but now P2 uncertainty is

included with (8) extended to

L - ‘&2(|+LI)(|+L) = [(14P 6 +.. 4P L. PG) + P L. PoG,] (14)) (141)

2 (,53 + Pee PoGy) (141 (14L) é‘9;(l+Lz)(l+Ll)(l+L),
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o B Lzan...Pz ;!

ﬁ; =*—: " (I+L27(I+Ll)(l+L) (11a-¢) i

= L2/Pn...P2 in the crucial hf. To minimize the latter it is best to let ?

L, handle P, uncertainty only, leading to (cf (9a))

2 2
3

02 : M122Pa0fbtPe |

s PN ST
X no***"30%3*Pno < P30P2C2 o0 - -P3oP2P 6y
{
H o o L B 0

. ) s = 2a-c¢ !

O30T L0 A oL o T+, )] 2 Py . -F
with

}

A Aa k +k

2/2=7ﬂpz}= 172%a"p" ¢
[

1+#A, L, +)
AL (I+L20)

2720 "17°2710

instead of the smaller uncertainty st W of (9¢).

- oo
The next step is to the find Bz(w), the bounds on. L, = Lyor SO

L

that L designed for,zf*% remain satisfactory for 2[2. The i I

0’ "10 3o
resulting Bz(uﬂksimllar to Bl(m): upper bounds in I, = [0,m]x),

lower ones in IIB and closed curves merging intb a B2H etc. of

b
length (Eg) - see Fig. 7. The explanation is given in Appendix 2.
2/ db .

One can continue indefinitely in this manner. The resulting L20 }
|

(Fig. 4,7) has three intervals 1,,, 1,5, Iac which decisively influence f

i AN e AR N 3o it s e i o

the bounds on a L30 designed to handle P3 uncertainty, etc. The /

general forms for thelS", Li’ etc. are for i =1,...,n /




'O)i =‘\Fj,i.+l(’+l‘i)’ i _E.:—l_

2 e
N, TR () (132-d)

P (A l a At Paon + Fc)

e JH’_H OTI+A Li o™ Y lLi—l,O(l+Lio)+”+)‘i l IO(I+L207...(I+L307T

Note that F in Fig. la is available from Eq. 3e as soon as LO is

known, by associating a nominal - To(s) with the nominal Lo(s) . But Gi

is not known until Ln, Ln-l ooy Li are known. Thus from (13b)

R 5 § ;
- _ho n+l,0 _ g
Gn . P Lno/Pno’ Gn- n o Oler’ /PnoPn—l,O
no i
with /5};0 =1+ LnO’ etc. b

Generality of structure. In the system considered, input R in Fig. 1

and D + 1 plant outputs are available for processing, permitting an
infinitude of n + 2 degree of freedom structures [11]. The n + 2
fundamental system functions are the system transfer function T(s) = ¢/R
and the n+ 1 loops 1L, LI""’Ln' In any acceptable structure, L is
gotten by cutting the outer loop just after the C sensor, giving in

Fig. 1b, L = PQHHlﬂzll%, ,éL =1 + P Hy + PIPZHIHZ Keeping the first
cut and with another cut after the Cl sensor, gives Ll =P P|HIH2ﬁé;
JBZ =1+ P,H,. T(s) is always of the form T = yL/(1+L), ¢ independent
of Pi’ Y =1/H in Fig. 1b. The design technique provides T and

the nominal Lio from which the compensations Gi (of Fig. 1a) or

Hi (of Fig. 1b) or those of any other structure are derived. The

excess of poles over zeros assigned to T(s) eT) must pe compatible /

with the structure. In Fig. la, er e te =e te + e each a

positive integer but in Fig. 1b, e = Zci = e + ey i= Q,HI,HZ.P.H. //

—— ,;zn—-—-————"_'_—"
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IV__PRACTICAL DESIGN PROCEDURE AND TRADE OFFS

Sections |1, 11l described a design procedure based on the best
(most economical) L » subject to the best L,-y» --- » subject to the
best Ll » in turn to the best L ; first preference is given to L ,

then Ll ,» etc. This section shows how Il, Ill provide the perspective
for making reasonable trade-offs between the loops early in the game,
without a detailed design. The display in Fig. &4 is used. The first
step is an approximate single-loop LS design. The low frequency bounds

Bs(w) based on P of (3b) are used which are hardly different from

those based on Pg of (7a) - see Sec. V. There is no need for a detailed

et <

design of LSo for w > Wy » at which LSO reaches BHS (analogs of |

Wy s BH in Fig. 3). Thus, the slope of LSO is known on BHS and the

length of BHS is that of the hf uncertainty of P . The slope of LSo

for w>w

e (analog of mx) is the same as of L, for w > w -(cf

0

L0 5 LSO in Fig. 4). Having Lso the approximate LO is immediately |
available because B, is known (39.4% db shorter than BHS) 3
Next, sketch an approximate LIO as follows. lLlolmax is near

w, and its approximately value is obtained by the method of Appendix 1,

Fig. Alb. The shape of |L for w >, s fairly standard. Its

tol
slope is = =30 db/decade from w, to w. in Fig. 4 until

ILIO(jw)' =20 log a,/b, - A db is attained (A a small gain margin), after
which it is ~ constant for 1 - 1.5 octaves (mlx to Q3) , followed by a

slope of -20 ey db/decade , with e the chosen excess of LIO poles

L1
over zeros. Analogous to LSo ; Lfo (Fig. &) is LIO coping with all of

Pa uncertainty. Similarly, an approximate L20 is obtained. |L20|max

is between T and Q3 (Fig. 4) and its value can be found from Appendix 2.

For w > Qg , its shape is similar to that of lLlO' for w>w, . For

- S
I S e "-—W‘
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n > 2 , the procedure is continued with near w s ELc.

IL30'max 2x
The next step is to sketch (Fig. &) |Po|, |P|0...Pno|, |P20...Pn0|, IPnol

The noise amplifications in hf (3f, 13) are |LSO/PO| , 1L0/90| J
|L|0/Pao|, Rt ILnoanol for IX/NIs , |X/N] o, lx/nlli, I lx/nnl
respectively, easily obtained by subtraction of the db values. The sensor
noise effect IX;I is gotten by multiplying IX/NiI by |Ni| .

Trade-of fs between the Li are now considered, e.g., L0 vs. LIO .

L0 of Il is one'extreme, Lso is the other and intermediate designs are

possible. One poorer by o = 5 db is shown in Fig. 3, postponing the

J)Jpd; pattern in Fig. L until L is less by 5 more db with

o

(wz)new > (wz)old' In return, the peak of the new ILIO‘ (Appendix 1, \

-

Fig. Alb) is ® -18.5 instead of -9db. Trade-off between LO and L

is made with no reference to L2, L3,.... Trade-off between LIo and

L20 is done in the same manner etc.

Bandwidth Propagation and Similarity with the Cascade Plant structure

Let the bandwidth Bw(Li) be arbitrarily defined as that at which

L achieves its final asymptotic slope: w_ for L Q3 for L

" i
X2 for L20 in Fig. 4. Bw(Li) increases with i. This phenomenon

occurs in precisely the same manner in the cascade-system [10]. The

10’

relations between the Lio’ the role of bi/ai’ the sensor noise effects
and trade-offs etc. are very similar in the two structures. However, the

values of IL. are different and the derivation is more difficult

|0'max

here. Here, at each new Li stage, one must use a more complex form
of Pe‘ In the cascade system the step from i to i + 1 is identical ‘
the that from i - 1 to i. But the final results are remarkably similar.

In Fig. &, aw(Lno) = X, is comparable with Bw(Lso) at X

2 o’ @

little larger due to the extra few db of gain margin needed per section.
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Thus, the final cut-off frequency for a single-loop design is comparable
to that for a multiple-loop design, but they are associated with different
loops so there can be a great improvement in sensor noise effect. Thus,
in Fig. &4, (x2-xo)db = -22 + 91 = 69 db, while |P20|d5~ |P0|db = 127 db,
an improvement if |N2/N| < 127-69 = 58 db. In practice it is reasonable
to assumé that the plant power levels and with them the sensor noise
levels increase in proceding from input to output. The design procedure
is highly transpa}ent permitting a good estimate of the optimum division /

between the feedback loops, without a detailed design. ;

High-frequency uncertainty

Clearly, multiple-loop design can be highly superior to single-loop, i
for large hf plant uncertainty. Thfhlinearized plant model is usually |
due to linearization of a nonlinear{lbout an operating point or trajectory. \\ j
i Large variations can exist due to different operatiﬁg points, e.g. in

flight control [17], where values > 1000 have been reported.
It has been proven that in a large class of linear and nonlinear

time-varying uncertain plants the latter can be represented for synthesis

purposes by an equivalent linear time-invariant uncertain plant set Peq[s]
[12, 13]. The set equivalence is exact with respect to a prescribed
acceptable plant output set. Linear time invariant design applied to

the Peq[s] problem is guaranteed to work for the original nonlinear
with no vneertainty
problem. A nonlinear plantAFan thus generate large hf uncertainty in

Peq[s], e.g. consider y = k3x3 , X the input and y the output.
|

!
i
i

Suppose fairly linear response is desired for y = A3(l-e-t)3, A £ [0.5,5]).

. 2
Yo find Peq[S]’ sl %%E%-= Peq = T;;g;%gxiy in this case. Since /
A €[0.5,5], the hf gain of Ped varies by a factor of 100, due to "
1/3

For a simple dynamic example, consider ¥ + By sgn y = kx, giving
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6ka> 2, 2
F = > 6kA“/Bs“ at hf, with uncertainty f
’ t
€9 (s+3) [BAs+6A3+28A] o
of 100.
V. JUSTIFICATION OF ASSUMPTIONS
General plants. This section is devoted to the justification of ’\\
e.
simplifying assumptions in Il, Ill. One was use of Pi = ki/s ' for \
\
all w, not just in hf where it is applicable. Recall in Sec. Il the \
first step was to find the smallest {Pg} of (6a), by minimizing over /
. o L . = + .
Gl’ G and the values of PlO’ ’PnO Suppose Pj kj/(s qJ)
with kj’ qj uncertain. This minimization problem is extremely ;f

/

difficult at medium w. Fortunately it makes little difference if it . I
is not done at all. The reason is that which made LIo unnecessary in

'A’ L20 in _llA etc., i.e. under certain conditions there is little |

difference in |L.=GP| . needed, whether {P} = set S or set §,<<§ . ! ‘
0 ©o'min. 1 .

In Fig. 3, suppose that instead of AB (A at X2), the uncertainty set
is ABEFG with E,F extending even to «. L0 at X2 results in almost the
same - Alan] for both (23.85 db instead of 23.5db).

It is therefore concluded that in most of 'A’ {P} of (3b) be used
for L0 design, just as in Ls design. Pg is used only for w where '
P. is well approximated by kj/sej. This has been verified for several

J

numerical examples; e.g. for n =1 with P_= k/(5+qa)J Py = kb/s

Pc = kc/5(5+qc)’ ka e[1,400] kb e[1,60], kc e[1,200], q; e[0.5,2],

all independently uncertain. Thé maximum difference in the two B(w) ;
is only three db even though the difference between {P} and {Pg} s

hodb. If this conclusion is incorrect for an unusual case, then it is
also likely that the obligations on LIo in lA will be greater too. )

By using {P} in medium w, one is certain that the obligations on L'0

e e g e
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in IA will be negligible, as in Sec. Il. The simple and transparent
forecasting of Sec. IV may then be used. |f these indicate less than de-
sired saving in sensor noise effect, then one can return to check if
greater saving is possible with P: in lA -

Another assumption in Il was bc/ac > bb/ab . If the opposite is
true then minimum Lgth {Pg} is at ka = ba of value (babb+bc)/(baab+ac)'
There exist a set of 9; which achieve this and the procedure is precisely
the same as before. A third assumption is that e, te =e giving (4)
with {Pe} in hf a vertical line in the Nichols chart. |{f

Ie + e, - e | 2 § #0 is even, the result is also a vertical line
a c

whose length is a function of w. The design proczdure is bas}cally'~
the same. It is possible that P(jw) =0 at finite = w, at some \x
combinations of parameters, giving T(jw]) = 0. |If so, the specifica- .\
tions on T(jw) and C€/D(jw) must allow for this. If & s odd,
design is more complicated because min. Lgth'{Pg} does not necessarily
exist. The range of {Pg}a (i.e., at any fixed R value) is no
longer a line but a two-dimensional region and there may not exist a
set of g; values in (4a) such that the resultingg/{Pg}a fits into
any one {Pg}a. It is then a matter of judgment how to exploit the
available freedom to optimize Lo. This case has not been studied in
detail. However, the design technique of secs. Il, 11l provides the
understanding for good use of the design variables. One knows the kinds
of distortions of the uncertainty set which are useful in relat}on to
'A’ 'B’ etc.

Another assumption was that the disturbance attenuation was a minor
problem, dealt with by (2,10). The procedure is basically the same if
it is a major problem, for then CD = C/D must satisfy ICD(jw)ISYOJ) over

{P}. This can be translated [15] into bounds Bo(w) on Lo(jm). The
>
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more stringent of BD(w) and of B(w) due to (1), is used but there-

after the design procedure is the same.

Unstable and Nonminimum-phase plants. Open-loop stable minimum-phase

plants were assumed in Il, Ill for simplicity. But clearly the design
procedure applies so long as the Lio exist which satisfy the Bi(m).
Consider Lo first. It must handle {P:} giving (Sec. 11) a single-loop
problem. The latter is solvable if {Pg} contains open-loop poles whose
range of uncertainty includes part of the right-half as well as the
left-half plane [15,18]. If however, {Pz} includes nonminimum-phase
elements then L0 exists only if the performance specifications are com-
patible with the now limited bandwidth [18] of L0 "
The same conclusions apply to the inner loops. Again, right half-

plane Pi poles pose no problem, but such zeros impose limitations on

LiO .

VI. CONCLUSIONS

For a class of feedback systems with large uncertainty, a multiple-
loop design results in sensor noise sensitivity much smaller than in a
single-loop design satisfying the same specifications. The designer can
divide up the feedback burden among the loops in a sensibly optimum
manner, wherein the uncertainties of the plant sections, their levels and
associated sensor noise sources play important roles. An important feature
of the design techniques is its transparency. |In return for learning the
mechanics of sensitivity reduction in the language of frequency response,
there is gained excellent insight into the trade-offs between the loops
and the overall cost of design in terms of bandwidth and noise sensitivity -

even without performing the detailed design.

S i

T
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It is discouraging that we must at this time separately develop a
design technique for each different structure. However, it is encouraging
that although the present derivation is much more difficult than for the
cascade system, the results are remarkably similar. This leads to the
expectation of similar results for any multiple-loop single input-output
structure. It is probably necessary to extend quantitative design to some
additional complex structures before the general pattern will become clear

for any multiple loop, single input-output plant.

PR e
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APPENDIX | - BOUNDS B, (w) ON FIRST INNER LOOP
[}

Sec. t11 presented without explanation the bounds Bl(w) in terms of the

intervals | | . of Lo(jw). The explanation is available by considering

AY eB* €

the uncertainty or variation set (9c)

xa k, + k i
l_-Jlab c 0 _ 2 £
V' = e} e 157 4 {a_k, + k_} of (5a). :
1710 i
270 is the line AB in Figs. Ala-Cwhereas Qfl ‘g
is the larger set ABC.D. , a function of L and A . The point A is !
JJ 10 Imax |
/ 1 = = = i 1 |
always the nominal Lo 5 Al | kb ap> kc a. irrespective of the value E
of LIO , because that is the objective of the Bl(w) . Attention is focused on
the range -w < Arg LIO < 0 . The following properties of lf] are important.
|
(P1) In Fig. Ala, as |L OI is increased at fixed Arg Lio boundaries
SCi 5 BDi shift downward - compare BC3 3 at 0 db with BCZCZ' at -20 db and
BCICI' at -40 db; and similarly the BDiDi'.

(P2) For fixed LIo , the effect of increase in Al is extension of the BCi,

ADi’ i.e., widening of the regions by decreasing amounts, to a maximum of

msind l

le R l4mcos8

at AI = o, where L =m [L_ This effect of large A] is important in explaining

the nature of Bz(w)

’ 1 // X . . %
(P3) For given Almax and ILIOI S Llo ® is the mirror image
(about AB) of lfl at fLIO = -9 .

The upper bounds of Blﬁn) in lA are explained by property (P1)
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Fig. Ala. A family of 1fl at fixed /// Py = -90° s tried at w = 40 ¢ lA

i.e., point A of lfl is set at L (Jh =-32 db /130° (from Fig. 3)

at which Fig. 1 requires

max

< 34.3db . -

min

At w =40 (1), (2) are precisely satisfied. It is seen in Fig. Ala that at

Arg L, = -90° , |L|0| < =20 db is OK while ILIOI > 0db is not because

10

A|T| = |-34-2.3] = 36.3 db and larger gives larger A|T| . The upper

Iyl
bound here is between 0 db and -20 db. From a study of the shape of constant

[L/1+L] 1Yoci on the Nichols chart, it is seen that this result applies for all
we 'A at which Arg Lo < -90° . In Fig. 3, there is a small interval in which

Arg L, > -90° and in general there may be a low frequency region where

0
Arg L0 > -90° . However, the final result is basically the same, because of
the very small sensitivity of the loci of constant |[L/1+L| on the Nichols

chart at large |[L] .

It is worth noting that if L‘0 did not exist at all, then V' yw |

...n would only be a much longer vertical line with lowest point at A .

From Fig. Ala, both (1) and (2) would still be satisfied. Thus for we lA s

P. uncertainty only, automatically handles P, ...P_
>

L., designed for P I i

0 B’

uncertainty as well. However L| is needed in lB , precluding Llo

in IA and giving there upper bounds as in Fig. Ala. Similarly note that in

0

R R W OV Wy PO TP WP T e

s Bl(w) are hardly affected by large increase of A, - see Fig. Ala. 3

Therefore LIO could handle the entire uncertainty of Pa i.e. Aa in place of

A, if GZ = G Gn = 0.

l 3= ..
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Property (P1) also explains in Fig. Alb the lower bounds in g

At IL =m, 7f] penetrates into M < 2.3 db, violating (2). Thus in

tol
Fig. Alb, at Arg L,, = 6, !Llolmin = m,. In this range, (2) easily dominates
so there is no danger of violating (1) (cf Fig. Ala) except possibly at

very large IL]OI’ which would not be used anyhow. Here too, A could be
increased to « without affecting Bl(m) - recall (P2), the effect of large

Al on 2{' in Fig. Ala and the critical factors in Fig. Alb. Thus there is.

no need for L,,...L in IB as well. (P1) also explains in Fig. Alc the

upper and lower bounds in 1.. Thus, atlfflg = 0, lL]0| must be either < m,
or > mg. From (P2) the width of Ir] is < |Arg LIOI' Hence, Fig. Alc

shows that as w increases in ]C’ the value of -Arg LIO for which all.lLlol are

acceptable, increases steadily, explaining why the Bl(m) closed curves shrink

: . 5 1 :
to By, in Fig. 6b. Bin length is ET-db because at Arg L,y = - 7 (say at
a
~ b : e .
Wiy~ 1,000 here) 1 + AILIO =1 = AIILIOI with lLlol < I/Almax = ETQ,Otherwnse

lf' extends in length to = and being 360° wide, must intersect with the
forbidden IT%I1 <y = 2.3 db regions located at Arg L = * nm, n = 1,3,...

This is also seen from (10), for let L; = AL, and P =P for a # i.

Then at Arg L, = - m, ILiol < I/Aimax is essential, otherwise -Lci/Dil is

infinite at Aimax'
Increase of A' affects the bounds at my, requiring =L10| < Bmz,

B < 1, but not the lower boundary at Mg« In Fig. 6b it is seen that LIo

lies on the upper part of B](w) for most of 1,,, so L, designed to

handle PI only, can also cope with PoseresPp if LZE...ELnEO.
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APPENDIX 2 - BOUNDS ON SECOND AND HIGHER IHNER LOOPS

The function of L20 is to guarantee that Llo is satisfactory

despite its design on the basis of Pe of (9a). 1t was seen in

Appendix | that for w € IA’ lB and part of IC’ Llo suffices i.e..

L,, may be zero. This is so only for w < w at which

20 Lo ™

A5 = 1 " _
It was noted also that 'LIO(len)I< XT;;x' so L2 is needed for w = w

I -Ww.

i’

Hence, L,. = 0 is impossible in llA and it is not surprising that

20 ©
the Bz(w) there are upper bounds (recall in Appendix 1 precisely

the same situation for Llo(jw) in IA). At w=w €l ., 14+

€>0 (.38 in the example), so the denominator (12a) of Pi is

lmaxLlO =

1 1

1730 (1-2,+eX,*ed,L ), and for it # 0 at Arg L,,=0, |L20|> Sl oo

= 1.4 here. So there is a lower bound on ILZO(jwlﬂ)l which is a function

of Arg LZO’

K To find Bz(m) in it is necessary to use PZ of (12a) in

e
place of Pl of (9a). It is convenient, however, to express' Pz in
terms of Pl* , defined as Pl with XIAZ replacing Al, because
ﬂﬁP:} is easier expressed in terms of QﬂPl*} , while QKPL*} is’
easily gotten from 'U?Pl} shown in Fig. Ala by letting A; >, . . From

(12a) and replacing Al in (9a) by AIAZ’

2
ke 2 (+2\,L,0) _ov Al
1% T+ L oc:
P 2208 | 531 L
= '1———+L20 1”2%10

in Fig. A2, as follows. Let 0Q = Alszlo (Arg LlO< - inIB‘ lCl)' Qu=1,
b}

1 QD‘=a, IDiVI = laLzo" Arg EiDiv = Arg EiDic = Arg L

Dici = AZDiV

i 20°

= AZaLZO’ so OV =0Q + QV = AIAZLIO +1,
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e QCi 5 QDi + Dici ; a+ aAZL20 = 1 + AZLZO ik
i ] QDi + Div a+ aL20 1+ L20
P+ AZLZO
0C, = 0Q + QC; = AL, 0+ —T—:_EEE— , giving (Al).

Fig. A2 was sketched for w = 2000, Al = 40, AZ = 10, at which (Fig. 6b)

Llo = -.0158 /-230°, Lo = =127 db f-h30°, for assumed Arg Lo = ~117° constant.

{

The D, describe an arc of a circle as (L is varied, as do the C; drawn for

20I

A, =10 = X, max, i.e.’D;C; = 10 D,V. Clearly for |L20| << 1, ov/oc > 1

2 i
and for ‘LZOI >> 1, Jovsoc| < 1, so such ILZO' are acceptable. Obviously

3 AZ < XZmax’ D resulting Ci circle passes through 0, giving infinite OV/OCi
and the resulting ’LrTPz} passes thru M = 2.3 db. Thus, 3 upper and lower
bounds in this w range. As w increases, lLIOI and its angle drecrease, so
the arc CiCj... does not extend to 0 in Fig. A2 and any |L20| is acceptable.

Hence, the Bz(w) tend to a line B,y at -, from 0 to (aZ/bZ)db’ Bz(w) are

shown in Fig. 7, including a sensibly optimum Lzo(jw) with its intervals

'ZA’ |28’ 'ZC'

For the third inner loop (if n > 2), Pg is needed and there is an
analogous situation with respect to IZA' At lZB’ Wy (at which Arg L20 = -7)

is very large (v 6500) and as before, there is a lower bound on L. at

30

- Forw2>w,, [Lol, |L]o| < < 1, so (in 13d), Denom. (PZ) > 1 + AL

. 3-30

w

v 2 ik e
+ A3A2L20(l + L30)’ similar to Denom. (Pe) if i is replaced by i 1.
PZ/sz similar to (A1) is obtained giving a figure similar to Fig. A2 and

analogous 83(w). The process is continued to Bh(w), Seey Bn(w).
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