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A NUMERICAL STUDY OF UNSTEADY VISCOUS FLOWS
AROUND AIRFO ILS

.1. C. Mu . Profes sor
S. Sampath , Research Assistant

and N . L. Sankar , Research Assistant
School of Aaroepace Engineer ing
Georgia Institute of Technology

Atla nta , Georgia 30332
U.S.A.

SUMMARY

The app lication of an integro—diff.rential approach in the numerical study of unsteady viscous flows
abou t airfoils is described . Two different procedures are presented. A procedure bated on a stream
function—vorticity formulation end on a transformation technique is uset in a study of a flow about an
impulsive ly started 92 thick Joukowski airfoil at an angle of attack of 15 and a Reynolds number of 1000.
Numerical results are presented and compared with available finite—difference results. A second procedure
bated on a velocity—vortici ty Formulation and on a hybrid finite difference—finite element technique is used
in a study of a flow abou t an oscillating 122 thick .loukowski a i r f o i l  at a Reynold e number of 1000. With
either procedure , the unique ability of the integro—differential approach to confine the solution field to
the vortical reg ion of the flow is utilized. It is shown that this ability offers great computational
advantages .

I. INTRODUCTION

During the past two decades , there has been a gradual but persistent increase in the willingness of
eerodynamicist s  to accept the computer as a valuable , perhaps indispensable , too l in the prediction of f l u id
flows . This willingness is a consequence of the impressive progress made in recent years in the routine
numerica l solution. of differential equations describing many types of potential  and boundary layer flows .
For general viscou s flows , i . e . ,  flows past f i n i t e  solid bodies and involving appreciable regions of
separation , a capability for the routine computation of the flow, has yet to be established , and the
willingness to accept computer solution s has spurred extensive research efforts in this regard.

Because of its fundamental nature and practical importance , the general viscous flow problem has been
a focal point of fluid dynamic research for more than a century. The mathematical difficulties attendant
to the anal ytical solution of the equations describing the general viscous flow are known to be formidable.
Numerical methods offer at the present the onl y prospect of accurate quantitative solutions under reasonably
general circumstances.

Until relatively recentl y, computational serodynamicists have emphasized the application of the
finite—difference approach to the general viscous flow problem. This emphasis is an outgrowth of the success
enjoyed by the finite—difference methods in the solution of various boundary layer problems. Although the
boundary layer equations are simp ler than the Wavier—Stoke, equations describing the general viscous flow,
the two types of equations are both non—linear par t ia l  d i f f e r e n c e  equation, . Furthermore , the momentum
equation for the time—dependent general viscous f low is parabolic , as is the boundary layer momentum
equation . It had been hoped , therefore , that the finite—difference approach would lead to a routine
computational capability for the time—dependent general viscous flow, with steady flow solutions , when they
exist , considered as asymptotic limiting solutions at large time levels. In reality, however , the
app lication of th, finite—difference approach to the general viscous flow problem has fallen far short of
earlier expectations . Host of the general viscous flows of practical importance in aerodynamics today remain
beyond the ecope of the finite—difference approach.

Several years ago , the first author of this article identified several major obstacle, that caueed the
dieparity of successes ot the finite—difference approach as applied to the boundary layer and to the general
incompressible viscous flows. Subsequentl y, a progra. of research was initiated w i th the goal of developing
new approaches tranecending the limitations of the finite—difference approach. This research progra, has
now reached a reasonable stage of completeness. Peogrene made to date in applying a new approach to the
st~iy of unstead y incompreseible laminar flows is su arized in this paper . Selected numer1cel results are
presented for flows past airfoil. to illustrate the application of this new approach. Additional numerical
results as well as detailed descriptions of the specific numerical procedures are presented in doctoral
dissertation. of the second author (Ref. 1) and of the third author , the l i t ter  eti ll being prepared . A
major empha.i. of the present article is to bring into focus the authors ’ understanding, acquired during the
past few years of research , of the interplay between the numerical and physical aspects of the general
viscou s flow problem .

The distinguishing feature of the present approach is the formulation of the general viscous flow
problem as a set of int.gro—differenti.l equations. This feature repre.ents a major departure fro. finite—
differance methods bae.d an the formulation of the problem as differential equations. Various attribute, of
the integro—differentiat approach have bean studied and described In eerli.r articles (Ref ..  I to 11). In
particular , it has been conclusively demonstrated by analyses and numerical illustration s that the approach
possesse , a unique ability to confine the solution field to the vortical region of the flow. For most
probl ems of practical interest , the flow Reynolds number is high and the vortical region represents only a
small fraction of the total flowfield. The ability to confine tha eotution field to the vortlcal region
therefore offers the possibility of a drastically improved computational efficiency .

Al though the present paper is concerned only with unsteady incompressible laminar flows, the utility
of the in te gro— d iffere n tta l appro ach is not restricted to such flows . In a recent articl e (Ref. 3),  the us.
of the integr o—d ilfere nt ia t approach in conjunct ion with a two—equation turbulence model wee demonstrated .
Turbulent flow results obtained were found to agree well with experi mental data. An int. gr o—d iffer enti sl



formulation was presented for compressible flows three yeare ago (Ret . 4 ) .  Because of the limited resourcea
ava i lab le , h owever , efforts of the present authors in implementing the integro—differential approach have
been limited to incompressible flow problem, . it has also been found tha t  the general  viscous flow problem
may be formulated as a set of integral representations (Ref. 5) of field v a r i a b l e s .  The solution procedures
deve lo ped for the integro— differential approach ar e directly app l ica b le to methods based on the in teg r a l—
represen ta t i on  approach. In particular , for steady flows , a method based on the integral  representation
approach has been e s t ab l i shed  ( R e f .  6) and a general  computer code for Internet flow problem. is being
prepared.

Re cent l i t e r a t u r e  conta ins  several  a r t i c l e s  by other researchers describing r e su l t s  obtained us ing
the int e g r o — d i f f e r e n t i a l  approach (Ref.. 12 to 15). The re la t ive ly la rge amounts of computing needs
associated with these efforts as well as with our earlier work ( R e f .  ~) led to the op inion tha t , even though
the integro—d ifferential approach permits  the solution field to be confined to the vor tice l  regiem of the
flow , the approach is computationally inefficient (Ref. 16).  This impression is mis leading . ?bs present
authors have , in the past few years , progressed through several stages of develop ment of the imt.gro—
d i f f e r e n t i a l  approach; each stage his led to a substantial reduction in computing need . The present
computing need is about 1/20 of that reported in 1sf. 7 and for two—dimensiona l problem. is abou t 1/5 of that
required by the more e f f i c i e n t  f in i t e—dif fe rence  methods available today. The reduction in needed c~~~ uter
time is expected to be much greater for three—dimensional problems .

Two d i f f e r en t  numerical procedures are outlined in this  paper. A procedure u t i l i z i n g  a transforma-
t ion techni que is used in a study of a flow about an impulsivel y started 9% thick a i r f o i l .  A second procedure
u t i l i z i n g  a hybrid f init e  d i f f e r ence—f in i t e  element techni que is used In a study of flows about an
osc i l l a t ing  122 thick a i r f o i l .

2. KiNETICS AND KINEMATICS OF THE FLOW

The tine—dependent Navier—Stokes and continuity equations for a fluid with constant density p
constant kinematic visco,,sit y v , and subject to negligi ble body forces are well—known and ste expressible in
te rms of the velocity v and pressure p as:

+ (~ ‘v) ~~ 
- - 

~ 
3p + VV

2 (1)

and 3 ‘ — 0 (2)

where t is the time .

Equation, (1) and (2) are in principle sufficient for the determination of v and p . provided that
adequate initial and boundary conditions are known. The boundary condition, occuring most frequently are the
“no—slip” condition at t~e surface of solid bodies over which the fluid passes. For problems involving an
infinite fluid domain , v and p at infinity must also be specified .

It is convenient to introduce the vorticity vector w defined by

± .. a
v x v  — w (3)

and to con s ider the “vort ic i ty  transport ” equation

- ~z( z ~
) + (4)

obtained by taking the curl  of both aid es of Eq. ( 1) and using Eqs. (2 ) end (3) .

The set of equations (2)~~to (4), wi th v and as dependent variables , rep laces the s,~ of
equations (1) and (2) in which v and p are dependent variables. There are several reas2ns for using w in
the formulation of the problem . A principal reason it that the formulation in terms of w allow. clear and
s.parste delineation of the kinetic and kinematic aspects of the problem. A. a consequence of this clear
gelineation several important characteristics of the qsneral viscous flow problem , not obvious in the p and
v formulat ion , become manife.t. Major obstaclss to the finit.—diff.r.nce aolution of the general viscous
flow problem are then treceable to physical  processes involved in the development of the flow patterns. The
identification of the physical ori$±n of these obstacles is of course a prerequisite for the establishment of
solution methods that overcome these obstacles.

a
The kinetic aspect of the proble. deals with the change of the vorticity field w with time. This

aspect is described by Eq. (4). For an inviecid fluid , the lae t~ter. in Eq. (4~ vanishes and the ,orticity
is convected with the fluid in the sense thst the vorticity fl ux ~ Teds, where n is a unit normal vector of
the sur face element da , associated with each mate r i a l  slemant ds moving with the fluid remain. * constantfor all times. This well—known theorem of N.lmholts is modified in the case of a real fluid by the process of
vorticity diffusion . According to Eq. (4), changes in the f lux of vor tici ty across a surface claman t that is
moving with the fluid and is in the interior of the fluid dom.in takes place only by diffusion. Vorticity
flux cannot b. created in the interior of a fluid.

If the fluid is in contact with solid bodies in motion, the no—slip condition providas a mechanism for
the generation of vor tici ty at the solid surfaces . In the case deere the fluid is initially at rest and
occupies an in f init e  domain bounded internally by surfaces of solid bodies also ini tially at rest, the
vor tici ty is obviousl y zero everywhere Ini tially. Subsequent motion of the solid bodies sets up correspond-
ing motion of the fluid. I~~~dia tel y af ter the onset .f th* m.ti.m, since the vorticity flux in the interior
of the f lu i d domain can change osly as a consequen ce of diffu sion , th. vorticity is everywhere asro eacept at
the solid surfaces. That is, the flow i diately after the o.s.t •f the meet.. has a non—nero tangential
velocity relative Ce the ellid bodies at the solid hi’andeyies. The discsatimstty in tangential velocity
represent, a eh.et of concentrated vort ici ty  at the solid boundaries. At subsequent tins Levels , this
conc.ntr.ted vorticity at the solid boundaries spread. i.e. the interior Sf the fluid d~~ain by diffusion

___________________________________________________________________
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and , once there, is transported away from the boundaries by both convection and diffusion . At the same time ,
vorticity is continu all y generated on the solid boundaries . The general flow pattern therefore includes
vortical regions surround ing the solid bodies and vortical wake regions trailing the solid bodies. Outside
of these vorticel regions , the flow is essentially free of vorticity and is therefore potential. If the
Reynolds number of the flow is not small , then the vorticity spreads by d i f f usion only a short distance from
the solid surface before being carried sway with the fluid. Thus there exists a large region of the fluid ,
ahead and to the side of the solid bodies , which is free of vorticity . In fact , at any finite time level
a f t e r  the onset of the mot ion , the vor tical regions are finite in extent while the potential flow region is
i n f i n ite in extent .

The kinematic aspect of the problem relates the velocity field at any given instant of tine to the
vorticity field at that instant. This aspect is described by Eqs. (2) and (3) together with appropriate
velocity boundary conditions on the solid surfaces end at infinity. If the velocity field is known at any
given instant of time, the corresponding vorticity field is im.ediately obtainable by differention, using
Eq. (3). if the vorticity field is known, the velocity field is obtainable by integrating Eq. (3), subjec t
to the solenoidal condition , Eq. (2). One meth od of evaluating ‘4 is to take the curl of Eq. (3) and , by
using Eq. (2), obtain a vector Poisson ’s equation for in the form

V~~ — — 3 x w  (5)

Alte rnatively ,  Eq. (2) implies the existence of a vector potential which is related to by

v - 3 x Y  (6)

Equation (3) and (6) gives a vector Poisson’s equation:

V x V x ~~ (7)

A general solution procedure based on the kinetic—kinematic formulation which enables the pattern of
flow development to be followed computationally is as follows. With known spatial distributions of ~ and~w
at a given time level, the kinetic aspect , i.e., Eq. (4) together with appropriate boundary conditions on w ,
is treated numerically and a new distribution of vorticity at a subsequent time level is established. The
kin~~atic aspect , i.e., Eqs. (2 )  and (3) , or Eq. (7), together with appropriate boundary conditions for ,
or ‘P , is then treated and a new velocity distribution corresponding to the new vorticity distribution at the
new time level is obtained. This completes a computational loop to advance the solution from an old time
level to a new one. Repeated applications of this computational loop yiel ds a transient solution . In the
limit of large time, if the velocity boundary conditions are independent of time , then either a steady state
solution or a periodic vortex shedding solution is obtainable.

The implementation of the above outlined solution procedure consists of a number of component
problems as shown in Figure 1. The literature contains a variety of numerical methods that differ from one
another in the specific techniques for treating the component problens . The general framework for these
numerical .rethods , however, are identical. 

•
1f the “primi tive” varia ble p is used in place of the “derived”

variable in, or if y is used in place of v, the component problems are then concerned with the computation
of these different variables. The spirit of the general solution—procedure framework, however, remains the
same . The major difficultiea encountered by researchers can be conveniently reviewed by a critical
examination of the component problems.

3. MAJOR OBSTACLES AND A1.TERNATIVES

In this section , several major obstacles experienced in previous finite—difference solutions of the
general viscous f low problem are reviewed. As stated ear l ier , the f in i te—difference  approach enjoys
remarkab le succ ess in the prediction of boundary layer flows. The present obstacles are traceable to the
important differences between the boundary layer flow and the general viscou s flow in flow patterns and in
the physical processes of flow development . it is worthy of note that except the establishment of the
Initial solution , each of the component problems for the general viscous flow , as shown in Fig. 1 , present
difficulties that are absent in the boundary layer flow. These difficulties dictate the development of
innovatIve approaches for the general viscous flow problem. Several such approaches are described hare .

3.1. Grid System-—Coordinate—Tran sfor .ation and Finite—Element Methods

Ia d iscusssd ea r l ier , the flowfield in general consists of vortical reg ions surrounded by a potential
f law region . For high Reynold s number flows, if no appreciable flow reversal occurs near the solid bodies,
the vorticity spreads to the sides of the solid bodies mainly by diffusion . Sinc. the diffusive process is
relatively slow at high Reynolds numbers , the vertical regions near the solid bodies are thin and the
boundary layer simp lifica tion. are justif iabl e there . The vertical wakes derive their vorticity from the
thin boundary layers and are therefore also thin. The success of the boundary layer theory is attributable
to the fact that the effects of these vortical layers on the potential flow may be treated as a rela t ivel y
small perturbation to the potential flow past the solid bodies in the absence of the vertical layers . This
fact permits the potentIal region to be stud ied separa tely from the vorticel regions. In particular , it
becomes poasible to eatablish the flow ve locity Imesdiatel y adjace nt to the boundary layer through potential
flow analyses , employ ing iterative or matching procedures if needed to properly account for the affects of
the vertical layers. Consequently, it is possible to confin, the solution field of the boundary layer
equation to the thin vertical layers near the solid bodies.

in general viscous flows , appreciable reg ions of f low reversal occur near the solid bodies. The
vor t i c i ty  now spreads to the sides of the solid bodies by both d i f fu s ion  and convection . The vertical
reg ion, at. not thin and their pressnce “strong ly” influences the potential f low.  With the finite—difference
approach , the solution f ie ld  must inc lude the potential reg ion as well  as the vertical regions. Matching
procedures are not easily applicable.

For attached boundary layers , it is permissible to employ en orthogonal coordinate system with one of
the coordinate axes coinciding vith the solid aurface.  deach a coordinate system is curvil inear .  However ,
since th. solution f ie ld  is restricted to the thin rsgiom of the boundary layer , the scale factor of the
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curvilinear system changes neg lig ibly across the solution field. The differe nti al equations describing the
flow , when expressed in terms of the curvilinear coordinates , are formally iden tical with the equations
e*pressed in the Car tes ian  coordinates , the curvature termS being negligIbly small within the context of
boundary—layer approximations . As a consequence , It ia straightforward to use a f i n i t e — d i f f e r e n c e  grid
system with the a i r fo i l  surface represented by a grid l ine . Such a grid system is “boundary-fi t ted” in the
sense that data points on the solid boundaries era p ermi t ted  to coincide with grid points.

For the general viscous flow problem , the solution field is riot thin and the scale factor in a
curvilinear coordinate system fitted to the solid boundaries can change substentia lly across the solution
f ie ld .  The d i f f e r e n tl i l  equat ions desc r ib ing  th, flow , when expressed in the curvilinear coordinates ,
contain curvature terms that are not ne~ li gible. The use of a boundary—fitted finite—difference grid is
considerably more comp lex then it is in he case of an attached flow .

Much of the earlier works using the finite—ditference approach to treat the general viscous flow
problem attempted to avoid the complexity Introduced by the use of curvilinear coordinate system. In these
works , the differential equations ers expressed in Cartesian Coordinates and a rectangular grid system in the
physical plane is used. Such a system is riot boundary—fitted. That is , grid point, representi ng the
boundary in general do not coincide with the solid boundaries , and interpolation procedures are needed to
acco odete the boundary gsc.stry.

Various authors treating different types of flow problems (Rat.. 17 to 21) are in agreement that the
proper handling of the boundary conditions are of dc.inant importance in the numerical solution of flow
problems . Existing evidence points to the use of grid eyst that are not body—fitted as one of the
cul prits for the very limited capabi l i ty  of ear l ie r  methods in treating the general viscous flow problem . As
is well—known , the Bavier—Stokee equations describing the general viscous f low are c~~~on to an astonish-
ingly rich veriety of f low phenomena drastical lydif  faring from one another not only quanti tat ively but also in
character.  The drastic differences are results of diffarences in the geometries and the imposed conditions
at the fl ow boundaries . Clearly,  accurate representation of the flow boundaries end of the boundary
conditions are of paramount importance in the prediction of general viscous flow. .

Boundary-fitted grid system. are obtainable by the use of coordinate transformation methods.
Alter natively, the finite—element methods (R ef .  1$) accomp lish the same purpose. With either approach , the
relative simplicity of the Cartesian finite—difference representation are bartared for a better numerical
representation of the boundary gao.etry.

Until recen t ly , successfu l numerical solutions of the general viscous flaw proble. have been obtained
only  for those boundary g.o.etrias for which convenient analytical transformation formulae are aveilable.
in particular , conformal transformations which permit straight forward calculation of the scale fac tor for
the curvilinear coordinate system and of the curvature term. in the differential equations have been utilissd
by several researchers. In recen t years , nu.arical methods for the establishment of boundary—fitted
coordinate eyste me have been developed (R ef .  17). The numerical tra nsformatio ns need not be conformal and is
not restrictive regarding the boundary geometry.

The bee - c finite—element method. involves the following components: (a) the reformulation of the
differen t iel equations a. integral relatio*s , (b) the division of the solution field , i.e., th. regio. of
imtegrat ie., into 1l sabregioma, called elements, •i arbitrary ala.. end shapes , (a) the use of
interpeletion fv.ctiass, usually polynomials, to express the dependent variables in each el~~~nt in terms of
their values at selected data poises, called nodes, associated with th. •l nt , and (d) the evaluation of
the tmt agrals over e.ch element , yielding a see of algebraic equations containi ng the medal valises of the
dependent variables as unknowns . Since the ele.sate are if arbitrary sises and shapes , it is etre ightiorvard
to devise a boundary—fitted system of elements. The resulting set of algebraic equatio ns , however , possesses
coefficient matrices mere c~~~lex than those of finits—dilf.re sce equations .

In the present work , both the transformation method and the finite—element method are utilised in
conjunctio, with the ineegro—differential approach in studies of viscous flows about airfoils. The etudie.
demonstrated that both methods are effective in r.o,,i,g the difficulty of accurate numerical representation
of the solid boundaries. The added algebraic co.pl.zlty of either method is not excessive for two—
dimensional flows. The re exist , however , several other difficulties that are not removed by either method.
These difficulties are described below.

3.2. Vor ticity Solution— Rinetics

A major source of d i f f icul ty  in the ki.etic pert of general viscous flow comput at ion is the
simultaneous occurrence of the diffusive and convective processes in the flow. These two processes proceed at
drastically different rates at high Reynolds ~~~~.r s. The length and tins scales of these procesa ee are
vastly different. This fact leads to vastly different, ef ten overly stringent , require ts on the time —

interval and grid spacing because of accuracy end stability considerations. in comparison to problems in
which either the diffusive process or tha convective process is alone important, the kinetic aspect of the
general viscous flow is i~~~nsely more complex. lot boundary layer flows in two—dimensions, the diffusive
process is of negligible importance in co.parisom to the convective process along the directio, parallel to
the body surface . I. the direction perpendicular to the body surfac e , the convective and dii fuai,e pr.eeessa
are of comparable importance and the length seals, of the two processes are not vestly different.
Consequently, the boundary layer womentun equatiese de sot contain the above described 41ff leulty associated
with the general viscous flow.

In Sa l.  3 , an integral repr.s .meati o. for the verti eity vector is pr esented. This integral
repre sestation is comp letely aqu ivalent ii the differenttalwartieiey tra nsport equation (4). A solution
precedes. based cm this representation is sue_pasted in Sal. 5, This presodote has beam calibrated recently
using simple probleme with ~~ema snaly tisal solutions . £ noteworthy feature ef this pesesderm is that the
kinetie processes .1 diffusion and c.nveceiss as. repsesensed by separate integrals and the ssmtribstie,s of
hiss two prem seses to the time variation of vertietty sea ha evaluated separately in a eenvsniset ~~~asr.This new prm..dvre is being develeped for e.mplsn time-dependent pr.bl~~~ . The work reported in the present



5

paper , however , are based on extensions of existing finite—difference and finite—element methods. For the
impulsively started airfoil , a method of flowfield segmentation is developed and used in conjunction with a
modified strongly implicit procedure . For the oscillating airfoil , a hybrid finite difference—finite
element method is established . These methods will be outlined in later sections of this paper.

3.3. Kinematics — integral Representation and Flowfield Segmentation

It is well known that the computer time requirement for the finite—difference solution of a general
viscous flow problem in general increases rapidly with the flow Reynolds number. The basic cause of this
difficulty is that the kinematic aspect of the general viscous flow problem is~ dcscribed by e l l i ptic
differential equations , e.g. Eq. (5) oj Eq. (7). The finite—difference solution of v at any given point in
the flowfield depends on the value of v at the neighboring points. It is therefore not possible to evaluate
the value of v explicitly, point by point , using a finite—difference method. The solution field , in fact ,
should be infinite so as to satisfy the freestream condition at infinity. For numerical solution , the
infinite solution field needs to be represented by e finite number of grid points. Substantial inaccuracy
can result if one truncates the solution field and specifies freestream velocity condition , or some other
condition , on some outer boundaries at f i n i t e  distances from the solid boundary (Reference 8). In many
previous works , this outer boundary is placed at a distance of ten chord lengths or more from the solid
boundary in hope that the inaccuracy resulting from the replacement of an infinite region by a finite one is
then un important. Such practices may lead to fundamental difficulties and most be handled with great
caution . For examp le , it can be shown that if the steady state equations are to be treated and the freestrea.
velocity boundary condition is app lied at a closed outer boundary at finite distances from the airfoil , then
no solution for an a i r fo i l  with non—zero lift force is possible.

As discussed earlier , for high Reynolds number flows , the vortical regions surroundins and t r a i l i ng
the solids are relative ly smell. The effects of viscosity are important only in this region. The gradients
of field variables are large and the corresponding length scale for thi s region is s.all, particularl y in the
boundary layer.  Consequentl y ,  in order to have sufficient solution resolution in this region, the grid lines
Oust be very fine ly spaced. If this fine spacing is continued into the potential region of the flow, which
has been made fiuite but is still large , a gigantic number of grid points invariably enter the computation
procedure. This Implies that an excessive amount ofcouputer time is needed to solve the equations. With
increasing Reynolds number , the length scale in the vortical region decreases. The number of grid points ,
and hence also the needed computer time , therefore increases with increasing Reynolds number.

The coordinate transformation and finite—element methods provide a degree of re l Ief  from the
excessive computing needs at high Reynolds numbers. For example , Ref. 17 describes a method which maps the
fluid region into the interior of a rectangle . A uniformly spaced grid system is used in the transformed
plane to numerically solve the transformed differential equations. In the physical p lane , the corresponding
spacing between grid lines increases as the distance from the solid boundaries increases. With the
“expending” grid system in the physical pl ane, it is possible to substantially reduce the number of grid
points entering the solution procedure and to make this number less sensitive to the Reynolds number.

W ith a finite—element method , since the elements can be of arbitrary sizes and shape. , an expanding
grid system is not difficult to devise. To researchers accustomed to the finite—difference approach , the
finite—aleisent procedure for set t ing up a set of algebraic equations may appear to be circuitous.  It should
be note d , however , tha t the coordinate transfonration approach , usually considered an improved finite—
difference procedure , also would appear to be circuitous to those accustomed to the use of uniformly spaced
finite—difference grid in the physical plane. The added comp lications of coordinate transformation , or of
the finite—element approach , however, are amp ly jus t i f ied  by their ab i l i ty  to accurately represent the
boundary geometry, as discussed in Section 3.1. The abi l i ty  to have an expand ing grid system is an
additional i.portant property of these approaches. However, these app roaches by themselves do not permit en
exp licit , point by point , evaluation of the velocity values , and therefore the solution field needs to
Include the potential rsgion as well as the vertical regions of the flow.

A. discussed in Section 3.1 , in treating the attached flow problem , the solution field for the
boundary laye r equations can be confined to the thin vertical layers near the solid bodies . There is no need
to concurrently solve the potential end the vortical f low problems . Rather , the two probleas are solved
individual ly  end matched . With attached flows , therefore, the difficulty of simultaneously acco~~~deting
the potential and vortical regions is absent. This fact is a major reason contributing to the success of the
f i n i t e — d i f f e r e n c e  approach in solving boundary layer problems.

Far the general viscous flow problem, the kinet ic  aspect of the computation can be confined to the
vert ical  regions of the flow . Prom Eq. (4), it is obvious that if the vorticity and velocity fields in the
ver t ica l  regions are known at any given time leve l , then the time rate of change of vorticity at that time
level is determ inate. There is no need to go beyond the vortical regions and chair i sdiate nei ghborhood to
establish a new vorticity distribution at the subseq uent time level. Consequently, if the kinematic asp ect
of the computation can also be confined to the vortical region , then the solution field need not extend into
the potential flow region and the d i f f i c u l ty  of simultaneously scco odsting the potential end the vertical
regions is removed. in Ref. 2, it is shown that the confinement of the kinematic asp ect of the computetion
to the vertical region is possible if the differential equations describing the kinematics of the general
viscous flow problem Is recas t into an integral representation of the velocity vector (or of the vector
potential). in this research , the integral representation for the kinematics of the problem is used together
with the differential vort ici ty transport equation (4) .  The formulation of the overall problem is named the
integro—differenti el formulation.

in Ref. 2 , it is shown that Eqe. (2)  and (3) ,  together with velocity boundary conditions , can be
recist Into the following integral representation for the velocity vector :

r • • . . . . . . 1
w * (r — r) (v . n ) ( r  — r )  — (v x n ) x (r — r )

v(r, t) - - 

~ 
[ ~ ° ~~_ ;1 a 

dR0 
~~ 

- ~~ ° ° d5~
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where is the position vuctor , ~ •
l. the vorticity vector , & is any region occupied by the fluid or the

soli d , Ii. the boundary of R , and n is tha unit normal vector directed outward from R , A — 41, end d — 3
in three—dimensional probla.. and A 2* and d — 2 

•
in two—dimensional problems . The subscript. “o” in

dR
0and 

~~~ 
indica te that the Integrations are in the r0 space.

Equation ($) is valid for a l l  position vectors in I and on 3 and is completely equivalent  to
Sqe . ( 2 )  and (3) together with the velocity condition on the boundary B. The use of Eq. ( B) , in place of
Eqs. ( 2 )  and (3), permits the exp l ici t , poin t by point , compu tation of the veloc ity dis tr ibut ion in 1,
provided that the vorticity distribution in I and the velocity condition on B are known .

The second integra l in Eq. (8) rep resen ts the contribution of th. velocity boundary cond ition to the
ve locity field within the boundary. For the problem of an ezter na l flow pest a solid body undergoing
translation and rotation , it has been shown (Ref. B) tha t thip contribution can be expressed in telme of the
instantaneous rectilinear and angular velocities, — and 0, of the solid. Equation (I) then redness to

t) x (r — r )
f( , t) — — 

~~ 
° 

- ;~a ~~~

a. .. +, t )  z (r — r)
• 2 ~ 

— 
• dl • j t)  (9)

where R~ and R, a re respective ly the region. occupied by the fluid end the solid body. The coordinate
system t fa nelatss with the solid but does not rotate with it.

vertical regions at any finite tine level after the onset of the metion are of finite extent and
finit1 distances fro, the solid boundaries . The region of integration is therefore finite .

-e as r gone to inf ini ty ,  the ieteg~ends in Eq. (9) vanish . The freestreen boundary condition is
isf ied at infinity.

~at~on (7), togeth er witb appropriate boundary condition~, can be recast into an integ ral represen—
ion or the vector potential ~~~, For bps—dimensional flows , $ has only one non—vanishing component in

the atrect ion perpendicular to the plane of the flow. This ce.pone.t is f iliarly interpreted as the stream
function Y. An integral representation for ‘V is (Sal. 10):

y ( ‘, t) — ~~—. 
~ ~~~~~~ 

t ) lo 

~~~~ 

gR
~

~ ~~~ ~~~~ t))4 —(t( , t) 4))ln _41 ,dI (10)

The second integral in Eq. (ID ) again represents the contribution oJ the bc*ndary con4Ltion. b r  a
solid body tramela ting in an infinite flmin, this contribution is simply (.~~z fl.k , there k is the unit
vector is the direcdas perpeadia.l ar to the flow. sqoation (10) bec~~~e for this case

~ (I, t) - 
~~ f ~~~ t) Is 

•
1~~ ~ + ~ (11)

Equations (10) end (11) are valid La the physical plane (g , y) and in any plane , say (~,n), related to
the physleal pirn by a eenfor.al tr ans formation , wish the stream function ‘V an invariant under the
trae. f.aneU en. The vorticity in the (z ,y)pleae is related to that in the (~~,r~) plane by the Relieving
formula

t)  — ~~~~ y ,  t)  (12)

there I is the scale factor for the tr ansformation and is defined by

. (ft)1. (p)t — (
~
)‘.(

~
)‘ (~3)

The ptsittom vector ia the (x ,y) plane is given by ‘
~r — • and that i~ the (~~,n) plane is given by

1’ ~~~~~~
Iquatisn (11) or , equivalently, Sq. (B) loves the basis of ear lier studies of the intsgro—

differential mppreesk by the present authers and by ethers. ft has been psieted onE (let. 4) that the
operet ta. count .1 ~~~~rieel ps.e.dures based em these equations can be high. Per e*~~~ te, suppose the
vertical region of the flew contains I gr id points. Equation (11) is represented by the algebraic
equatisus

e 

~ 
is~(t)V~~ • I~ , i — 1, 2, .. ., I ( 14)

there t refers to a paid point at thieb the value of ~ is to be e~~~sted j refe r s to a boundary point or
~ vorttsal p.1st P~~ 

__ psunseris e.sfftsiomts those values ~~paod the relative position of the paints

-
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i and j ,  and C
~ 

are constant values corresponding to the last term of Eq. (11). The computation of each
stream function value using Eq. ( 14)  requires about 2N algebraic operations (N multiplicatons end N
additions), provided that the geometric coefficients F.. are known and need not be computed .2 The use ofEq. (14) to evaluate strea, function values at all the ~* grid points requires a total of ZN algebraic
operations. It is well known that an efficient finite—difference or finite—element solution of the two—
dimensionel for. of

2 Eq. (7) for a field containing N grid points requires a much smaller number of
operations than 2$ . The use of the integral representation in the form of Eq. (11), or , equivalently,
Eq. (9), is therefore couputationally efficient only if the confinement of the solution field to the vortical
regions results in a substantial reduction in the number of grid point, required .

For many high Reynolds number flows , the vortical region constitutes only a s*all portion of the
entire flowfield so that a substantial reduction in ths needed number of grid points is indeed ectompljshed
by the use of Eq. (11). It should be emphasized , however , that even if the reduction in the number of grid
points is not substantial , the intsgro—differentiel approach still offers highly efficient numerical
procedures .

One method of accomplishing superior computational efficiency is to use Eq. (Il) only in the
computation of stream function (or velocity) values at grid points surrounding the vortical regions. Once
this is completed , the computation of stream function values at grid points in the vortical regions can be
carried out using a finite—difference or a finite—element method , in this manner, the superiority of the
integro—differentisl approach is assured since an optimum method, including a method that may appear in the
future, can be incorporated into the numerical procedure and the solution field can be confined to the
vortical regions.

Another method of improving the computational efficiency is to utilize a flowfield segmentation
technique (Ref. 11). This technique has been suggested in conjunction with the velocity integrals,
Eq s. (8) , and (9) and tested on the problem of a flow past a finite flat plate. The application of thin
technique in conjunction with the stream function formulation is outlined here.

The f lovfield is segmented into compartments each containing a suitable number of grid points. With
known vorticity values at all grid points at a new time level , new stream function values at grid points
located on the boundary of the compartments are computed from Eq. (14). Values of the normal gradient of the
stream function at the compartment boundary are computed from an equation similar to Eq. (14) derived by
differentiating Eq. (11) and representing the result by algebraic equations.

Stream function values at grid points located interior of the compartments are now computed using
Eq. (10). Suppose the vortical region is segmented into several compartment, each containing P number of
grid points, with Q number of grid points locetad on the compartment boundary. Equation (10) is now
represented for each compartment by the algebraic equations:

— 

~~ 
w~(t)F~~ • + 

i - 1 , 2, ... p 
( 15)

where the f i r s t  sU st ion is over all  grid points of the compartment and the second sunseation is over all
grid points on the compartment boundary. The use of Eq. (15) to compute each stream function value requires
2(P+2Q) algebraic operations. This operation count is clearly substantiall y smaller than 2$ if N is
large. If the solution field is segmented into a larger number of compartments , then the operation count
2(P+2Q) decreases. On the other hand , with an increasing number of compartments , the total number of grid
points located interior of all the compartments decreases. A. a result , there are fewer grid point. in the
solution field for which the segmentation technique offers a computational advantage . At the same time , the
number of grid points located on compartment boundaries increases with the number of compartments ;  and on
these grid point, not only the strea , function value but also its norma l gradient must be computed. There
exis ts , therefore , an optimum number of compartments for each problem considered. This optimum number
depends on the total number of grid points in the vortical region and the geometric distribution of these
grid points. It is not difficult to show , however , that the optimum number of compartments in general
increases with the total number of grid points. Consequently, the factor of reduction in the operation count
also increases with the total number of grid points. For examp le , with 1089 grid points arranged in a
33 x 33 array , the operation count can be re duced by a factor of about 2 . 5  with the segmentation technique .
Wi th 4225 grid points arranged in a 65 x 65 array , the operation count can be reduced by a factor of about
4.6.

Substantial  reductions in the total  operation count for problem. requiring a large number of grid
points is a highly s ignif icant  feature of the ftovfiald segmentation techni que since it is precisely for
these problems thet excessive computer time presents a seriou s obstacle. An additional highly significant
feature  of this technique is the inherent flexibility it of fsrs . The compartments utilized in the solution
procedure can be of any arbitrary sise or shape. Once the strea, function (or velocity) values are
established on the boundary of a compartment , the computation wi thin  that compartment can be performed
independently of that in other compartments. Consequently, the floufield segmentation techni que is well
suited for parallel  progra ing .

Since the compar tments can be chosen to be of standard simple shapes , such as rec tang les , except near
solid boundarie, of irregular shape various efficient methods can be adopted for the interior point
computation. That is, one does not .lvsys need to ups Eq. (13) for the interior point computation. Rather,
high ly e f f ic ien t  methods such as the fast Fourier tr ansfor . method that are particularly well sui ted for
simple boundary geometries can be utiliaed . If Eq. (13) is used , then the number of geometric coefficients
that enters the computation procedure is drasticell y reduced by the use of compartments of standa~d shapes .lots that with Eq. (14), the number of geometric coefficients entering the computation is $ . Thss~
geometric coefficients are independent of tine. However , if N is very lar ge , then the storage of the N
coefficients may present a problem , and the coefficients may need to be computed repea tedly for different
time level.. With Eq. (15) and standard shape for compartments , the number of geometric coeff ic ients  is



S

P(P+2Q). This number can be further reduced to P+2Q if the compartments are rectangles end uniform ly spaced
grid is used in each compartment . These numbers are generally small enough so that all geometric
coefficients can be stored.

As discussed earlier , the length scale. for the potential and vortical reg ions of the flow are
generally vastly different in magnitude. The use of the integral representation for the kinematic aspect of
the problem makes it possible to confine the solid field to the vortical regions onl y. However , in the
gener al viscous flow , the length scale within the vortical regions varies greatly. In the boundary—layers ,
the length scale is represe nted by the boundary laye r thickness in the direction perpendicular to the solid
surface. In the wake and recirculat ing regions , the length scale is represented by the body dimensions. The
segmentation technique offers a convenient means of separating these parts of vorticai regions in the
solution procedure.

The above features of the segmsnta?io.. technique are expected to be highl y important for three—
dimensional flows requiring the use of very large number of grid points. For the present studies of two—
dimensional flows , only a few of these features of tioufield segmentation are incorporated into the solution
procedure. It is noteworthy that the segmentation technique is useful also in the solution of the kinetic
aspect of the problem. In the present study of the impulsively started airfoil problem , the solution field
I s divided into compartments in the kinetic part as we l l  as the kinematic part of the computation.

3.4. Extraneous Vorticity Soundary Condition

Th, solution of Eq. (4) requires a knowledge of the vorticity values on the boundaries of the fluid as
a function of time . The establishment of new vorticity values on solid boundaries is a necessary part of the
overall solution procedure. In most of the previous investi gations , one—sided difference formulas have been
used to estimate the vor t ic i ty  values on solid boundaries from the no—slip condition and the computed stream
function (or velocity) value, at grid points near the boundary. The computer tine required for such
calcula t ions is very small compared to that required for th. calculation of field values of vorticity. It
has been found , however , that one—sided difference formulas of first—order accuracy tend to yield stable
solu tions , while second—order accurate formulae tend to give unstable results at high Reynolds numbers . In
fac t , for some problems , second—order formulas , even when stable , gave less accurate solutions than did the
f irs t—order formulae (Reference 19). The use of first—order formulae, however, restric ts the overall
accuracy of the solution. In particular , it has been shown (gefarence 8) that f i rs t—order  formulas do not
permit the effect of tangential pressure gradient on the local boundary vorticity generation to be accounted
for . There existed , therefore , considerable uncertainties regarding the correct one—sided formula to use ,
and regarding the limitations of each formula. These difficulties are independent of the computer time
needed for the component proble. under consideration, and are discussed more fully in Reference 8. They are
referred to as the extraneous boundary—condition problem since the proper boundary condition for the
physical problem is that for the velocity (or the stream function). The specification of the vorticity on
the boundary of the fluid domain overspecifie. the problem. These difficulties of extraneous boundary
conditions, however , are not peculiar to the formulation of the problem using the vorticity as a field
variable. If Eq. (1) Is to be solved numerically instead of Eq. (4), then it is necessary to know the
pressure on the solid boundaries in addition to the velocity.

The extraneous boundarrcondition problem is absent in the boundary layer proble. since the pressure
in a direction normal to the boundary (vortical) layer is practically constant. Thus the pressure on the
solid boundaries is equa l to that at the outer edge of the boundary layer where it is determined by the Outer
flow, For the general viscous flow, the vorticel region is not necessarily thin and the above simplification
may not be valid ,

In 1sf. I , it is shown Chat the prescribed velocity boundary condition imposes a kinematic
restriction on the boundary vorticity values . The integral representation for the velocity vector then
permits an accurate determination of the boundary vorticity value through the solution of an integral
equation.

Consider , for examp le , a solid undergo ing translation only. The second integral in Eq. (9) vanishes.
If the vorticity distribution is known interior of the fluid domain Li

’, then the first integral in Eq . (9)
can be written as a sum of an integral over 1,’ and an integral over thi so~li d boundary B on which a layer
of vorticity ~ exists. For two—diusasional flow, one then has , since v • 0 in the s8lid ,

+ + -

1 ° ° ° °7 d$ — F (16)

• i~ —~;~ 
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thee1 r is a point interior of the solid , n indicates a norma l component , Tb is the tangential component
of 1, ~~ich is defined by

. .-
+ ~ x ( r — r  )
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~
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4
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~ .s 
( 17)

Wi th ~ known in 1,’., V is determinate. Equation (16) therefore is a Fredhoim integral equation
containing ~ a. the unkn ovt function . This function c is rendered unique by the princip le of conservation
of tøtal vorticity (let. •) which requires

u dl — 0 (18)

1* previous studies , the integral equation ( 17) is appro ximated by a set of siaalts neou s algebraic
equations containing ~ velues at boumdarp grid points as unknown . The set of equations is solved using
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iterative methods. In the present study, closed form solutions of the integral equation (17), subject to the
restriction (18), are obtained. These closed form solutions make it possible to evaluate values on the
solid boundaries explicitly, point by point. It is found that these explicit calculations yield hi ghly
accurate values of r,rticity on solid boundaries. The derivations of the closed form solutions are presented
in Ref. I and will also appear in future articles.

4. IMPULSIVELY STARTED AIRFOIL

The integro—differenti al formulation in terms of the stream function and vorticity is particularized ,
transformed , and applied to the study of the time—dependent incomprens~,b1e viscous flow past an impulsively
started 91 thick syimnetr ic .Ioukowaki airfoil at an angle of attack of 15 and a Reynolds number of 1000. This
problem hae been studied previousl y by Mehta (Ref. 22) who mapped the fluid domain into the interior of a
unit circ le and used a finite—difference method to so~~e the transformed vorticity transport and Poisson ’s
equations. In the present stud y, the geometry of the eirfoil is identical to the one studied by Mehta. The
vorticity transport equation and the integral representation are re—e~.pressed in Mehta ’a tranaformed plane
and Mehta ’s grid spacings are adopted in order to facilitate a coepar ..0n between the integro—differential
results of the present atud y end the finite—difference results of Mehta.

The major features of the numerical procedures used in this study is described below for the component
problems shown in Fig. I.

The grid system is obtained through a transformation . This system is boundary—fitted and expanding .
The shape of the 9% syansetric Joukowski airfoil is given in Figure 2 in the complex plane z x + iy. By
using the conformal transformation

(19)

where K — re~~ , C and Y are real constants , the airfoil surface transforms into a circle and the exterior of
the airfoil , i.e . ,  the fluid domain , is napped in the it plane as the interior of the ircie.

For the present problem , the values of C and 1’ are taken to be 0.9241635 and —0.05214 respectively.
The coordinates and the flow variables are to be non—diinensionalized with respect to the radius of the circle
and the freestream velocity. The non—dimensional chord length , L, of the airfoil is, according to
equation (19), 3.71281277 . The air fo i l  i s  8.9998% th ick.

The kinematic pert of the computation is performed in the it plane. A non—conforma l transformation is
utilized to obtain an efficient distribution of grid points for the kinetic part of the computation. The
toordinate in the K plane is not modified. The r coordinate is “stretched” by the relation (Ref. 22)

P — ~~~~~ tanh ’(l.996590918r — 1.032563339)42.8 (20)

This transformation maps the annular region between r — 0.02 and r 1 in the K—p lane into the interior of
a unit circle in the p—e plane.

The grid system in the 0-0 plane is formed by using tip • 1/47 and A0 — it/40 . The coordinates
of the grid point i,j are

p — 1.0 — (j  1)tip and 8 —(1 — I)tiO

Note that j — I corresponds to the airfoil surface and j — 48 (p —o) corresponds roughly to a circle of
radius II I. in the physical plane . The corresponding grid system is shown in Fig. 2.

The vorticity distribution imeediately after the start of the airfoil motion consists only of a vortex
sheet on the airfoil. The determination of the initial vorticity distribution does not require a special
procedure . Rather , the procedure outlined inSection 3.4. is appli cable . With the vorticity everywhere zero
in Re’, the vector E defined by Eq. (17), is simply —2gv . With this value ut ~~, Eq. (16) can be solved
numsftcally to give the initial distribution of vortic’Tty (vortex strength) on the airfoil surface.
Alt ernatively, the closed form solution of Eq. (16), subject to the condition (18), is recognized to be

— 2v Sin(0+ci) (21)

in the transformed plane . The corresponding vortex strength in the physica l  plane z is equal to C IN , H
being the scale factor defined by

H (22)

The vorticity transport equation expressed in the woiking ~ ilflC in terms of non—dimensional variables
is

~~iaw dp /aP aw a? awr ..~
. - 

~~~~~~~~~~~~~~

•
~~_. ~~~~~~~~~~~~~~~~~~~~~~~~~ .~+L~J (23)

where w is the vor ti c i ty  in the physical p lane.
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The vorticity transport equation (23) is epproximeted by an imp lici t finite—difference equation using
a 3—point backward differencieg to ,s~rssest the ti.e derivative:

Re 1 mel a n—I
IT - -~~~~~ e m

utt ers the superscript refers to the time level. Ipaco derivatives of vorticity are represented by central
differencing at the tine level me!. The finite diftereece equation i. of the for.

mel n,1 mel n.l
L ,J ~i,j—l 

+ ~~~ 
~~~~~ ~~~~ ~~ 

• Pi , j  (d~~ 1~~

+ ~~~ ~~~~~ ~~~~~~ ~ ,j + ~~~~~~~ 
)

The coefficients B , D , P and I contain derivatives of P end are time—dependent. In the present work , the
coefficien ts are evaluated at the time level m .

The selection of central difterenci.g for the space derivatives of vorticity wa. made after comparing
computed results for the first few time steps using central differe nc ing with those using upvi~d differeecing
and using Arakava difforencing (R ef .  23). Rn significant deviations between the ntnsrical ,alue e of
vorticity was revealed. Ishte (Ref. 22) used Ar.kava ditferencing which require, more arithmetical
operations than central differencing , to ensure tota l vorticity conservation. Sinc, the present method of
determining surface vorticity distribution conserves the total vortici ty, the use of central differeacing
requir ing fewer ar ith. etic operat ion. is appropria te . Resli ~~~umts of spurious values of vorticity was
found to occur in portions of the outer field where the vorticity values are expected to be negli gible. Such
occurencas are perhaps attributable (1sf. 24, 25) to the large grid spacing , and hence c.ll Reynolds
nu.bera , used in the present study i~ regions of the flow tar frau th. airfoil surface. The use of upwind
d ifferonc ing in nIece of central differencing removes this anomalous solution behavior. Axakava di! far—
encing was not found to be effective in removing this spurious vorticity. Since spurious ,or ticity values
ar , very smell end since they do not seriously effect the solution, it wee decided to use central
differ oncing which is higher ordered than upwind differencing.

A modified eta on$ly implicit procedure (SIP ) (Ref. 26) was used to solve the set of simultaneous
algebraic equations (24) for vorticity values , at the tIns level mel . This method is selected ongst several
competing methods on the basis of its solution efficiency and accuracy. The relative reçsir~~~nts of
computer time using the various methods were, for the first few tIme scope, (a) Isdifted SIP — 1001,
(b ) SIP — 2202 , (c) Alternating Direction Implicit (aDI) method — 1342 , Cd) guccaseiwe Li.. Relaxation —

2542 , and (a) Successive Point Relaxatio, Nsthod (vied in Refars.ee22) — 360. The III method is faster
than the SIP method; but did not yield acceptabl e e.&st i.n u.iag lbs s time step eisa. ptoy,d by the RIP
method.

The RIP method woe proposed by Stone (Ref. U). Li. et at . ~~~lo7ed the thed sveeeeetully to obtain
eolut ioms for viscous flame pest a cyliadsr. The bseis esma.pts of this method as applied 5• the present
problat is as follows , The coefficient metri, fee q, (24 ) 1. sparse d contain only five men—cern
diagonals. With a direct elimination preesdure, one would fasten ., the cesffieiemt matrix into the product
of a loner ond me upper erianguter matrix, or wee a pr.se~ e that is ese..tially equivalent. In such cases
the triangular metrices generated are not In general apse... With the RIP , the e.afficie.t ani r ia is altered
in such a meaner that the altered metrim is aestly f.etarmd fat. a product of n l~~~r and an upper tni~~~larmetric and that the triaee neck ha,, snIp them. nan-ear. el st. in e.sb vow.

With the RIP method , the solution field t• k .1s8 by lbs solid swrfaee (p • 1) and a constant p line ,
say p — °l which i. sufficiently r~~~,ad from the sen—negligible vorticity region. The value of p is
generally d.tnsuiasd by th. exten t of th. wake regis.. At large time levels , the wake extends far behiJl the
airfoil while the vertical regions to the sid.. and absad of airfoil satamd only a relatively short
distance from the airfoil. A. a r.eult, a large ~~~~er of data points there ,.rticiey values are negligible
enter into the solution pr.e.dur.. lbs modification of the UP method iaueduesd in the puv. ..t study
consists of a division of the eolutiam field into se,srsl e~~ eTtesete el~~~ aemeta.t S lists, the individual
application of UP method 1. each a~~aruesmt, and the wee of successive Its, relaxation method for obtaining
vorticity values along the dividing constant I ii~~.. With who solution Stu d divided in this me..er , sack
solutt.mb1ookis t. .~~~by tv.eometentI ti.es, e part .f the p • l l t a ., sad D • O ~ lines. p~~esm b.
different for different blocka. Therefore much fewer data points at thick ,erticity values see nellisiblo
enter int , the c~~~uta tt on, I. the pve.eet study, the solmtto . fL.ld ie divided into tour c.mpar ~~~ete. The
location of the constant S dividing line. and 04 vatmet are kept flexible and are ahanged in eeeerd.nce with
the th.pe of the .am-.agligible vsrti aity regide vi tins progr s.ses.

Ths vertex stren gths en th . airfoil sur face see a~~~uted using am explicit formula in the tranafosmed
planet

I ~ I i~0
(r — 1) ,~~~ C lY $im(~ .e (25)

R~ 1+r: -zr.
C.e (Ø~—e )

lbs valve of the airfoil-b oun da ry v.rtl..ity in the .i.. l plane at a grid point located on the
airfoil bausdavy is the. obtained by dividing I by who seal, factor I end by th. physical distance
o.rrs.pendt.g so 1g nearest the airfeil surface. lbs senfeas vertiatty vaisss are ee—eelaml.ted fur each
iteration. — 

~~~—~~—y veettaity value. few the b.u~~~.t iteratio, are obtai..d using a relanetien
prosedure med used La the SIP ,ecaedsma far the enl,,in’ .1 vuttieity valves at grid pu Ma men, fri. the
boundary.

——__ —.---n
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The computation of th. stream function is accomp lished using the ftovfield segmentation technique
desc ribed in Section 3.3. The flomfield ia divided into s.var al compartments. The boundary of the
compartasnts are ths 9 • 0 line and two p — constant lines. Stream function values on constant P
compartment boundaries are couputed uaing Eq. (14) in the transformed plane . Stream function values at the
interior points of each compartment are then calculated using the strongly imp lici t method described
earl i e r .

Instantaneous pressure distributions and shear stress on the airfoil surface are determined fro. the
computed vor ticity values and gradien ts on the surface in accordance with the following equation.

— (26)

and
I — p~*~ 

(2 1)

Note that the direction of the aor.al coordinate is away from the fluid domain. Equation (26) is a
specialization of Eq. (1) to the solid boundary 8 where the “no—slip’ condition app lies . The pressure and
skin friction coefficien ts C and C

f 
are , fr om Eqs. (36) and (37) ,  expressible a. a function of 0 as

follows : I’

C~(e) — 

~ ~
;(•_~ 

e 
~~, (28)

and
C~(e) — 

~~~~ 
(29)

The force and moment are readily obtained from the computed values of C ~~) and C1
(9) . by numerical

quadrature. In the present work , the values of ~w/3p are obtained by nu.eriJ~st differentiation using thevalues of w
1 1 and 

~i 2~
Nt~~~ric*l results cotaine d for the airfoil  problem are presented in Figs. 4 to 9. The chor dwise

distances from the leading edge , x and the load coefficients C C , end C~ shown in the figurea are
nornalised with respect to the chordClen$th. The Reynolds number of 1i00cP~s ba setT on the chord length and the

J freestrea. velocity. All other quantities shown were normalized with respect to the freestrean velocity and
the radius of the unit circle. The referanca time is the radius of the circle divided by the free.treaa
velocity.

A check on the program coding was carried out by obtaining the solution for a flow past a circular
cylinder at a Reynolds number of 40. The solutions were carried out up to a dimensionleas time level of

— 9.3 , the reference tine being the cylinder radius divided by the freeetr ean velocity. The drag
coefficient at this time level is found to be 1.67 which is in reasonable agreement with an experimental
value of 1.5 for steady state flow. The computed pressure distribution on the cylinder is compared with the
expe r imenta l values (1sf. 28) in Figure 3.

Additionally, for the airfoil  prob lem, the accaptibility of block subdivision was checked out by
comparing the numerical results for a few first time steps of the following cases ; (1) Successive Point and
Line Relaxation Procedures wi thout block subdivisions (2) Strongly Imp licit Procedure (Si?) with no flow
field subdivision (3) SIP method with four block subdivisions and for three different locations of block
boundaries for the block encloeing the trailing edga . The excellent agreement of computed vorticity values
for all these cases indicated the acceptabil ity of block subdivision t.cbniqu . The major aspects of the
flow phenomena past the impulsively started airfoil at an anile of attack of 15 and at a Reynolds u mber of
1000 are described below.

At time t — 0, the flow around the airfoil corresponds to that of a non—circulatory potential flow .
After the i.pulsiva start the rear stagnation point (KS?) wove. vary rap idly to the trailing edge (TI) from
its potential flow location of I, — 0.9808. This rapid wova.ent of the rear stagn ation point is accomp anied
by a small separation bubble locatad between ISP and It at tim, levels 0.003 and 0.004. After the KS? has
reached the Ti, plots of equi—vorticity contours show “curling up” of vorticity field near ~riitiag edg. with
positive vorticity values in the curled up regions. Th. curling up of vorticity field is indicative of
vortex roll—up and the formation of starting vortex. The vorticity in this starting vortex diffuses rapidl y.

An adv eree pressure gradient on the upper surface becomes noticeable at time t — 0.068. At t ime
t — 0.404 this adverse preeeure gradient is wore pronounced (Fig. 4) and this Lasde to the birth and growth
of the first separation bubble with clockwise flow. This bubble eventually extend s over almost the entire
upper surface of the airfoil , at tine t — 6.225 (Pig. Sm). At the very next ties level, t 6.74, its ra—
attachment point separates from the airfoil . In Figure 5, streamlines are shown around the airfoil for
several time levels. The values of the str ean function ar , in the range —0.48 to 0. .8 in steps of 0.04. La
the bubble s h e  increase. the preeaur. gradient on the upper .unfacs decreases as see~ from Fig. 4. Th, lift
coefficient which has been rapidly decreasing after the impulsive start (Fig. 6), begins to increase with the
growth of the clockwise bubble A , as seen from ti5 7. This incrsase in lift is essociated with the fact that
the attached bubble effectively increases the camber of the airfoil. After th. bursting of the bubble at
time t — 6.74, the l i f t  coefficient increases at much slower rate and it starts falling off at time
t • 9.0 (Pig. 5). The bursting of the bubble causes the drag coefficient to increase (Fig.  S) since the
vske width is incr.ased for the separated flow.

An adverse pressure gradient for th. reversed flow on the upper surface from X 0.82 to I 0.6 is
noticeable in Fig ,9.A count.rclockvise bw~tle, I, appears in this region and grows wL t~ tins. The %rowth of
this comaterclockvis. bubble causes the lift coefficient to fal l  off  rap idly (flg. 8) .  From time t • 6.74
to t • 17.62 thee . La a. rear stagnation streamline and the rsar stagn ation point becomes the .eparati on
point of a counterclockwise bubble , C (Fig. 56). The growth of bubble I parti tions the rec irculet ing region
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A into reg ions A’ and D (Fi g. 5b ) .  Also bubbles  B and C merge together and then lift off from the surface at
time t — 17.748 (Fig. Sc). At th i s  time leve l reg ion 0 becomes an attached clockwise bubble , and
subsequently at time t • 18.26 a counterclockwise bubble , E, appears within the attached bubble D. Growth
of this counterclockwise bubble E divides bubble 0 into two parts (Fig. 3d). As time progresses , bubble 0’
of Fi g. 3d moves towards the trailing ed ge and bursts. After the bursting of 0’, the bubbls 0 grows rapidly
in sice and at tine t • 23.428 it extends over al m ost the entire upper surface of the airfoil.

The present results are in good agreement with those of Mehta (Ref. 22) until the bursting of the
first separation bubble. After this the sequence of occurence of bubbles and their bursting or l i f t  off from
surface are different between these two studies. The key differences are the following: (1) In the present
study ,  whenever there is no rear s tagnat ion streaml ine , a small counterclockwise trailing edge bubble is
always present and the rear stagnation point becomes the separation point of this bubble. This ia not found
true in )4ehta ’s study. (2) After bubbles B and C merge they stay merged and lift off from tha surface
together. In Mshta ’ s stud y they Separate again and only bubble C lifts off to surface. Rubble I stays on the
surface to play the roll of bubble B of the present case.

The following general conclusions are similar between the two studies. (1) I diately after
impulsive start  the rear stagnation point moves very rapidly to the trailing edge . (2)  Subsequentl y a
“starting vortex ” is visualized through concentric equivorticity lines. (3) The forma tion of a separation
bubble is preceded by an adverse pressure gradient (4 ) Clockwise bubb les extend or move towards trailing
edge and burst (5) Anticlockwise bubbles either lift off the surface or open up to streamlines from above
the surface (6) The lift increases with increase in the size of attached clockwise bubbles and decreases
when attached anticlockwise bubbles grow.

5. OSCILLATING AIRFOIL

The intagro—different ia l  formulation in terms of the velocity vector and the vorticity is utilised in
the study of incompressible flows past a 122 thick sy etric .Joukoveki airfoil oscillating in pitch about a
pitching axis located 1/4 chord from the leading edge. The major feature. of the numerical procedures are
descri bed below in terms of the component problems shown in Fig. I.

The solution field , alread y confined to the vortical reg ion , is d ivided into an inner region and en
outer reg ion . In the inner reg ion, the grid system consists of grid points, or nodes, tha t are not uniformly
spaced. The nodes represent vortices of triangular elements. In Fig. 10 is shown the specific grid system
for the inner region used with the 122 thick airfoil. This system has 232 nodes, including 48 nodes on the
airfoil  surface and 62 nodes on the outer bâundary of the inner region . This system gives 354 triangular
elements. The grid system for the outer region consists of uniformly spaced grid poin ts forming a
rectangular array.  The outer region overlaps the inner region by one layer of elements. That is , in the
Outermost layer of triangular elements , each pair of elements form a rectangle whose boundaries coincide with
the rectangular grid lines of the outer reg ion . The grid spacings used for the airfoil are ~~x — 0.05 end

— 0.025. This grid sys tem for the outer region is not shown in Pi g. 10. The number of grid points in the
outer reg ion is large. In the oscillating airfoil case , mor e than 3300 points are used in th. outer region.

A finite—element method is used to treat the kinetics of the problem in the inner region. In the
outer region , finite—difference methods are used. This hybrid finite element—finite difference method
permits the grid system to “ f i t ” the a irfoi l  boundary geometry and to have relatively closely spaced grid
point, near the airfoil boundary . by using a relatively small n,~~~er of nodes in the inner region , the size
of the relatively couples coefficient matrices involved in the finite—element method is kept ll. Most of
the solution field is covered by the finite—difference grid which leads to relatively simple coefficient
matrices .

A.sociatad with each node “i” in the inner reg ion at ( x ,y ) • there is a composite linear interpolation
function I

~
(x ,y ) with the property

N1
(z., y~) (30)

where ~ is the Xronecker delta. The interpolation function is continuous across th. element boundaries
(It is k~ro in elements not containing the node i) though its first derivatives are not necessarily
continuous. The velocity end the vorticity fiel ds era assumed to vary linearly within each element. Thus
one wri tes

— (N ~ N~ Nk){w~

} 

(31)

for the triangular element wi th nodes I , j and k . Using Gal.rkin’s procedure , an approximation to the two—
dimensional vorticity transport equation is

r ISW he he j - ~• u + v — uP wj  8
1
(x , y)dzdy — 0 (32)

The above weight ing proces. is applied at all nodes in the Inner reg ion except those on the boundary of that
reg ion. ly the usa of the divergence theorem , one obtains

vJ (P~w)N1
dx dy • - v f Gti . ‘ ~w dzdy

I K

• vJ N
1(*w 1441 (33)I
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The line integral is performed over the boundary of the inner region . Since i is not a boundary node , this
line integral vanishes by virtue of Eq. (30). 5y the u.s of Eq. (33), the integrand in Kg. (32) is re—
expressed as one containing only first derivatives ofw .

Equation (32)  can be w r i t t e n  as the sum of component integrals over al l  elements in the inner reg ion .
Upon introducing Eq. (31) into the integrals , each of the component integrels in the su, can be Integrated ,
yielding a sy.tem of s imultaneous d i f f e ren t i a l  equations of the form

(H) + (C){w~ + (D) (~ } 
— ~~ (3’.)

Using a backward difference eche,e for the time derivative , one obtains

(H) (w At ~~~ I .  (C n) {W n•l) • (D){w”’~ — (E~~1} (35)

The term, on the left hand side of Eq. (32) represent respectively the local time rate of change 0
vorticity, the convection of vorticity, and the d i f fus io n of vorticity. The coefficient matrices (H) and (o
are depdendent only on the node coordinates and are independent of time , they do not need to be evaluated
repeatedly for d i f f e r e n t  time levels. The matrix (c) represents convective processes and is dependent on
time through the time—vary ing velocity distribution. To avoid iterative computation of the velocity value.
for each time step, the velocity field is computed only for the old time step “n”. The columu matrix (E} on
the righ t hand side of Eq. (35) is also time dependent. It represents the contributions of the boundary
node, of the inner region. With known vorticity values on the boundary node., (B) can be explicitly computed.
In the present work, the boundary of the inner region consists of th~ solid su rface and the boundary located
within the outer region. (Recall that the two regions overlap). vorticity value, at bounda ry nodes that are
located inside the outer region are computed as a part of the finite—difference procedure. Vorticity values
at the solid surface are determined as a part of the kinematic computation is described in Section 3.4.

Since the matr ix  ( C )  is time_ftpendent, the coefficient matrix of the system of simu ltaneous
algebraic equation. for the unknown ~

n must be inverted at each time step. It should be noted , howeve r ,
that fairly large time intervals can be used in the solution procedure.

In the outer region, the vorticity transport equation is treated using a two—point backward time
d i f f e r encing scheme , with successive point overrelaxation method used to solve the resulting al gebrai c
equat ions .

The velocity values are computed by a numerical quadrature of Eq. (9). The first integral in Eq. (9)
- - is expressed as a sun of component integrals over individual elensnts. (For this purpose, each rectangle

bounded by grid lines in the outer region is treated as a rectangular elemen t ) .  The use of interpolation
functions then leads to exact analytical expressions for the component integrals . These elact expressions
have been derived for interpolation functions of all  degrees . In the present work , linear interpolation
function s are used for the triangular elements of the inner region of the grid system . The vorticity in the
rec tangu lar el emen ts of the outer region, however , are represented by a concentrated vortex filament placed
at the centroid of the element and its contribution to the velocity f iel d is computed in accordance with the
Biot—Savart law . The evaluation of the second int egral in Eq . (9) is simplified by considering the rotati ng
coordinate system and the nonrotat ing coordinate system Co coincide wi th one another at th. t ime t .  The
second integral can then by re—expressed as

+ 4

2~~(t) x L 1~ 0
_~~ 1

d dl (36)

The integral therefore needs to be evaluated only for unit angu lar velocity 0 — 1 since it is directly
proportiona l to SI

The computation of the pressure and skin friction coefficients are carried out in the manne r described
in Section (4).

The nu.srical procedures used in this study were calibra ted by treating the problem of a flow past an
impulsivel y started finite f la t  plate at s Reynolds number of 1000 and at zero angle of attack . The results
obtained are in excellent agreement with earlier results (1sf. 8) obta Ined using fi nite—differenc e method s

4. instead of the present hybri d method in treating the vorticity transp ort equat ion . The solution was carried
to a dimensionless t ime leve l of 2.4 , the refe rence time leve l bling the plate length divided by the
freestrsan velocity.  At this time level , the solution varies very slowly with ties in the vicin ity of the
plate. The veloc i ty  and vorticity profile. at midptat. obtained for this large time level are , as ezpscted ,
en excellen t agreement wi th the Ilasius profile.

As an additional calibration , the flow pas t an impulsively started circular cylinder at a Reynolds
number based on the cy linder diameter of 40 was treated. The solution was cartied to a dimensionless time
level of 20.4. At th is time level , the computed drag coefficient varies only in the fourth significant digit
between successive time levels the time step being 0.125. The computed streamline and constant vorticity
contours are shown in Fig. L I , in the upper and lover halves of the figure respectively, for this large thus
level. The computed pra .surs d i s t r ibu t ion  around the cylinder is shown in Figure 3 , comparad with the
re sults ai scribed in Section 4 and experimental results (Ref. 28).

The cass where the airfoil is set in to trans lationa l motion impulsively at an eag le of att ack of 3
0

end a Reynolds number of 1000 was studied. The transient solution after the onset of the motion is carried to
• dimensionless time level of 2.07, ths reference tins being the chord length divided by the freeetrean
ve locity.  The streamline pattern at a tins level of 0.87 is shown in Fig.  12 .  The adverse pressure gr adient
on the upper sur face was not s u f fi c i e n t l y  strong to csuse flow separation . The streamline pa ttern , however,

=
~1



r shows a thick boundary layer region on the upper surface.

The loads on the airfoil are very hi gh imeediately after the impulsive start. They decrease rap id ly
at smell time levels , up to a d imensionless tine leve l of 0.15. Prior to this time level , the loads are due
primaril y to the i.pulsive start  effects. Subsequent to this time level , viscous effects , particularly the
thickening of the boundary layer , results in further changes of the toads. The surface praesure decreases
relati ve to the trailing edge pressure. The upper surface pressure , however , decreases at a more rapid rat e
so that the lift coefficient increases with time. Figure 13 shows the variation of the lift coefficient C
and of the drag coefficient C

0 
over the time Interval form 0.1 to 2.07. Both the lift end the drak

coefficients vary relatively slowly at the time level 2 07.

A flow past the airfoil oscillating at a moderate reduced frequency of 0.1 and a Reynolds n,~~~er of
1000 was t reated.  The airfoil is set into t ranslat ional  motion impulsivel y at t • 0. The angl, of attack a
is given by

a — 3
0 

+ 10 Sin(0.6t) (37)

The solution was carried to a non—dimensional time level of 10.4. The a i r fo i l  undergoes a complete
cycle of oscill*tion during this period.

The main feature of the load his tory is that the lift and moment agree quali ta t ively with the t ies—
dependent lineariaed potential flow solution. Th. calculated l i f t  variation is in phase with the potential
flow result. The megeitude of the lift coefficient is lovsr than the l i f t  predicted by the potential flow
anal ysis. This is expected since at the moderate Reynolds number of 1000, the boundary layer on the upper
surface is thick end its disp lacement thickness results in a significant change in the effective shape of the
airfoil.

The viscous drag is much larger than the pr e,sur e drag for the present case of low angle of attack.
Th is vis cous drag is relatively insensi tive to the pitching motion of the a irfoi l .  luesrical results
indicate a very small separation bubble appearing near the trailing edge on the upper surface during the down
str oke (not at maximum angle of attack). However, the size of this bubble is very small and the presence of
the bubble do., not affec t the integrated load significantly.

The solution obtained at the end of the moderate—frequency oscillation cycle was used as the initial
solutjt,n for a high frequency oscillation computation. The flow Reynolds number is 1000 and the reduced
frequency is 3 for this case. The angle of attack is given by

a • 3~ + 10 Sin(6 t ) (38)

The computation was performed for more than two cycles of oacillation. The transient effect , due to
the initial condition used , is present during the first cycle but becw very small during the secoed cycle.
Th. load history is presented in Figure. 14, 13, 16 and 17.
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