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A NUMERICAL STUDY OF UNSTEADY VISCOUS FLOWS
AROUND AIRFOILS

J. C. Wu, Professor
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and N. L. Sankar, Research Assistant
School of Aerospace Engineering
Georgia Institute of Technology
Atlanta, Georgia 30332
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SUMMARY

The application of an integro-differential approach in the numerical study of unsteady viscous flows
about airfoils is described. Two different procedures are presented. A procedure based on a stream
function-vorticity formulation and on a transformation technique is used in a study of a flow about an
impulsively started 9% thick Joukowski airfoil at an angle of attack of 15° and a Reynolds number of 1000.
Numerical results are presented and compared with available finite-difference results. A second procedure
based on a velocity-vorticity formulation and on a hybrid finite difference-finite element technique is used
in a study of a flow about an oscillating 122 thick Joukowski airfoil at a Reynolds number of 1000. With
either procedure, the unique ability of the integro-differential approach to confine the solution field to
the vortical region of the flow is utilized. It is shown that this ability offers great computational
advantages.

| INTRODUCTION

During the past two decades, there has been a gradual but persistent increase in the willingness of
aerodynamicists to accept the computer as a valuable, perhaps indispensable, tool in the prediction of fluid
flows. This willingness is a consequence of the impressive progress made in recent years in the routine
numerical solutions of differential equations describing many types of potential and boundary layer flows.
For general viscous flows, i.e., flows past finite solid bodies and involving apprecisble regions of
separation, a capability for the routine computation of the flows has yet to be established, and the
willingness to accept computer solutions has spurred extensive research efforts in this regard.

Because of its fundamental nature and practical importance, the general viscous flow problem has been
a focal point of fluid dynamic research for more than a century. The mathematical difficulties attendant
to the analytical solution of the equations describing the general viscous flow are known to be formidable.
Numerical methods offer at the present the only prospect of accurate quantitative solutions under reasonably
general circumstances.

Until relatively recently, computational aerodynamicists have emphasized the application of the
finite-difference approach to the general viscous flow problem. This emphasis is an outgrowth of the success
enjoyed by the finite-difference methods in the solution of various boundary layer problems. Although the
boundary layer equations are simpler than the Navier-Stokes equations describing the general viscous flow,
the two types of equations are both non-linear partial difference equations. Furthermore, the momentum
equation for the time-dependent general viscous flow is parabolic, as is the boundary layer momentum
equation. It had been hoped, therefore, that the finite-difference approach would lead to a routine
computational capability for the time-dependent general viscous flow, with steady flow solutions, when they
exist, considered as asymptotic limiting solutions at large time levels. In reality, however, the
application of the finite-difference approach to the general viscous flow problem has fallen far short of
earlier expectations. Most of the general viscous flows of practical importance in aerodynamics today remain
beyond the scope of the finite-difference approach.

Several years ago, the first author of this article identified several major obstacles that caused the
disparity of successes oi the finite-difference approach as applied to the boundary layer and to the general
incompressible viscous flows. Subsequently, a program of research was initiated with the goal of developing
new approaches transcending the limitations of the finite-difference approach. This research program has
now reached a reasonable stage of completeness. Progress made to date in applying a new approach to the
study of unsteady incompressible laminar flows is summarized in this paper. Selected numerical results are
presented for flows past airfoils to illustrate the application of this new approach. Additional numerical
results as well as detailed descriptions of the specific numerical procedures are presented in doctoral
dissertations of the second author (Ref. 1) and of the third author, the latter still being prepared. A
major emphasis of the present article is to bring into focus the authors' understanding, acquired during the
past few years of research, of the interplay between the numerical and physical aspects of the general
viscous flow problem.

The distinguishing feature of the present approach is the formulation of the general viscous flow
problem as a set of integro-differential equations. This feature represents a major departure from finite-
difference methods based on the formulation of the problem as differential equations. Various attributes of
the integro-differential approach have basn studied and described in earlier articles (Refs. 1 to 11). In
particular, it has been conclusively demonstrated by analyses and numerical illustrations that the approach
possesses a unique ability to confine the solution field to the vortical region of the flow. For most
problems of practical interest, the flow Reynolds number is high and the vortical region represents only a
small fraction of the total flowfield. The ability to confine the solution field to the vortical region
therefore offers the possibility of a drastically improved computational efficiency.

Although the present paper is concerned only with unsteady incompressible laminar flows, the utility
of the integro-differential approach is not restricted to such flows. In & recent article (Ref. 3), the use
of the integro-differential approach in conjunction with a two-equation turbulence model was demonstrated.
Turbulent flow results obtained were found to agree well with experimental data. An integro-differential
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formulation was presented for compressible flows three years ago (Ref. 4). Because of the limited resources
available, however, efforts of the present authors in implementing the integro-differential approach have
been limited to incompressible flow problems. It has also been found that the general viscous flow problem
may be formulated as a set of integral representations (Ref. 5) of field variables. The solution procedures
developed for the integro-differential approach are directly applicable to methods based on the intcgr’l-
representation approach. In particular, for steady flows, a method based on the integral representation
approach has been established (Ref. 6) and a general computer code for internal flow problems is being
prepared.

Recent literature contains several articles by other researchers describing results obtained using
the integro-differential approach (Refs. 12 to 15). The relatively large amounts of computing needs
associated with these efforts as well as with our earlier work (Ref. 7) led to the opinion that, even though
the integro-differential approach permits the solution field to be confined to the vortical regiom of the
flow, the approach is computationally inefficient (Ref. 16). This impression is misleading. The present
authors have, in the past few years, progressed through several stages of development of the integro-
differential approach; each stage has led to a substantial reduction in computing need. The present
computing need is about 1/20 of that reported in Ref. 7 and for two-dimensional problems is about 1/5 of that
required by the more efficient finite-difference methods available today. The reduction in needed computer
time is expected to be much greater for three-dimensional problems.

Two different numerical procedures are outlined in this paper. A procedure utilizing a transforma-
tion technique is used in a study of a flow about an impulsively started 92 thick airfoil. A second procedure
utilizing a hybrid finite difference-finite element technique is used in a study of flows abouz an
oscillating 12% thick airfoil.

;v KINETICS AND KINEMATICS OF THE FLOW
The time-dependent Navier-Stokes and continuity equations for & fluid with constant density p ,

constant kinematic viscgsity Vv, and subject to negligible body forces are well-known and are expressible in
terms of the velocity v and pressure p as:
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where t is the time.
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Equations (1) and (2) are in principle sufficient for the determination of v and p, provided that
adequate initial and boundary conditions are known. The boundary conditions occuring most frequently are the
"no-slip" condition at the surface of solid bodies over which the fluid passes. For problems involving an
infinite fluid domain, v and p at infinity must also be specified.

» 3
It is convenient to introduce the vorticity vector w defined by

Vxv = & (3)

and to consider the "vorticity transport" equation

-

Boo @ xd) e WG )
obtained by taking the curl of both sides of Eq. (1) and using Eqs. (2) and (3).

The set of equations (2)‘co (4), with ; and & as dependent variables, replaces the set of
equations (1) and (2) in which v and p are dependent variables. There are several reasgns for using w in
the formulation of the problem. A principal reason it that the formulation in terms of w allowe clear and
separate delineation of the kinetic and kinematic aspects of the problem. As a consequence of this clear
g.liuution several important characteristics of the general viscous flow problem, not obvious in the p and
v formulation, become manifest. Major obstacles to the finite-difference solution of the general viscous
fiow problem are then traceable to physical processes involved in the development of the flow patterns. The
identification of the physical origin of these obstacles is of course a prerequisite for the establishment of
solution methods that overcome these obstacles.
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The kinetic aspect of the problem deals with the change of the vorticity field w with time. This
aspect is described by Eq. (4). For an inviscid fluid, the last term in Eq. (4) vanishes and the vorticity
is convected with the fluid in the sense that the vorticity flux w .nds, vhere n is a unit normal vector of
the surface element ds, associated with each material element de moving with the fluid remains a constant
for all times. This well-known theorem of Helmholtz is modified in the case of a real fluid by the process of
vorticity diffusion. According to Eq. (4), changes in the flux of vorticity across a surface element that is
moving with the fluid and is in the interior of the fluid domain takes place only by diffusion. Vorticity
flux cennot be created in the interior of a fluid.

If the fluid is in contact with solid bodies in motion, the no-slip condition provides a mechanism for
the generation of vorticity at the solid surfaces. In the case where the fluid is initially at rest and
occupies an infinite domain bounded internally by surfaces of solid bodies also initially at rest, the
vorticity is obviously zero everywhere initially. Subsequent motion of the solid bodies sets up correspond-
ing motion of the fluid. Immediately after the onset of the motion, since the vorticity flux in the interior
of the fluid domain can change only as a consequence of diffusion, the vorticity is everywhere sero except at
the solid surfaces. That is, the flov immediately after the onset of the wotion has a non-szero tangential
velocity relative to the solid bodies at the s0lid boundaries. The discontinuity in tangential velocity
represents & sheet of concentrated vorticity at the solid boundaries. At subsequent time levels, this
concentrated vorticity at the solid boundaries spreads into the interior of the fluid domain by diffusion




and, once there, is transported away from the boundaries by both convection and diffusion. At the same time,
vorticity is continually generated on the solid boundaries. The general flow pattern therefore includes
vortical regions surrcunding the solid bodies and vortical wake regions trailing the solid bodies. Outside
of these vortical regions, the flow is essentially free of vorticity and is therefore potential. If the
Reynolds number of the flow is not small, then the vorticity spreads by diffusion only a short distance from
the solid surface before being carried away with the fluid. Thus there exists a large region of the fluid,
ahead and to the side of the solid bodies, which is free of vorticity. In fact, at any finite time level
after the onset of the motion, the vortical regions are finite in extent while the potential flow region is
infinite in extent.

The kinematic aspect of the problem relates the velocity field at any given instant of time to the
vorticity field at that instant. This aspect is described by Eqs. (2) and (3) together with appropriate
velocity boundary conditions on the solid surfaces and at infinity. If the velocity field is known at any
given instant of time, the corresponding vorticity field is immediately obtainable by differention, using
Eq. (3). If the vorticity field is known, the velocity field is obtainable by integrating Eq. (3), subject
to the solenoidal condition, Eq. (2). One method of evaluating Vv is to take the curl of Eq. (3) and, by
using Eq. (2), obtain a vector Poisson's equation for Vv in the form

VY o= U oxw (s)
Alternatively, Eq. (2) implies the existence of a vector potential ¥ which is related to v by
> +>
vo= Ux¥ (6)
Equation (3) and (6) gives a vector Poisson’s equation:
Vxwa-K) (7)

A general solution procedure based on the kinetic-kinematic formulation which enables the pettern of
flow development to be followed coupuutxonally is as follows. With known spatial distributions of ¥ and S
at a given time level, the kinetic aspect, i.e., Eq. (4) together with epproprute boundnry conditions on m ’
is treated numerically and a new distribution of vorticity at a subsequent time level is established. The
kinematic aspect, i.e., Eqs. (2) and (3), or Eq. (7), together with appropriate boundary conditions for v,
or f,. is then treated and a new velocity du:ubuuon corresponding to the new vorticity distribution at the
new time level is obtained. This completes a computational loop to advance the solution from an old time
level to a new one. Repeated applications of this computational loop yields a transient solution. In the
limit of large time, if the velocity boundary conditions are independent of time, then either a steady state
solution or a periodic vortex shedding solution is obtainable.

The implementation of the above outlined solution procedure consists of a number of component
problems as shown in Figure I. The literature contains a variety of numerical methods that differ from one
another in the specific techniques for treating the component problems. The geneul framework for these
numerical methods, however, are identical.  If the “primitive" variable p is used in place of the "derived”
variable p, or xf \y is used in place of v, the component problems are then concerned with the co-putnuon
of these different variables. The spirit of the general solution-procedure framework, however, remains the
same. The major difficulties encountered by researchers can be conveniently reviewed by a critical
examination of the component problems.

3. MAJOR OBSTACLES AND ALTERNATIVES

In this section, several major obstacles experienced in previous finite-difference solutions of the
general viscous flow problem are reviewed. As stated earlier, the finite-difference approach enjoys
remarkable success in the prediction of boundary layer flows. The present obstacles are traceable to the
important differences between the boundary layer flow and the general viscous flow in flow patterns and in
the physical processes of flow development., It is worthy of note that except the establishment of the
initial solution, each of the component problems for the general viscous flow, as shown in Fig. 1, present
difficulties that are absent in the boundary layer flow. These difficulties dictate the development of
innovative approaches for the general viscous flow problem. Several such approaches are described here.

3.1. Grid System--Coordinate-Transformation and Finite-Element Methods

As discussed earlier, the flowfield in general consists of vortical regions surrounded by a potential
flow region. For high Reynolds number flows, if no appreciable flow reversal occurs near the solid bodies,
the vorticity spreads to the sides of the solid bodies mainly by diffusion. Since the diffusive process is
relatively slow at high Reynolds numbers, the vortical regions near the solid bodies are thin and the
boundary layer simplifications are justifiable there. The vortical wakes derive their vorticity from the
thin boundary layers and are therefore also thin. The success of the boundary layer theory is attributable
to the fact that the effects of these vortical layers on the potential flow may be treated as a relatively
small perturbation to the potentisl flow past the solid bodies in the absence of the vortical layers. This
fact permits the potential region to be studied separately from the vortical regions. In particular, it
becomes possible to establish the flow velocity immediately adjacent to the boundary layer through potential
flow analyses, employing iterative or matching procedures if needed to properly account for the effects of
the vortical layers. Consequently, it is possible to confine the solution field of the boundary layer
equation to the thin vortical layeres near the solid bodies.

In general viscous flows, appreciable regions of flow reversal occur near the solid bodies. The
vorticity now spreads to the sides of the solid bodies by both diffusion and convection. The vortical
regions are not thin and their presence "strongly" influences the potential flow. With the finite-difference
approach, the solution field must include the potential region as well as the vortical regions. Matching
procedures are not easily applicable.

Por attached boundary layers, it is permissible to employ an orthogonal coordinate system with one of
the coordinate axes coinciding with the solid surface. Such a coordinate system is curvilinear. However,
since the solution field is restricted to the thin region of the boundary layer, the scale factor of the




curvilinear system changes negligibly across the solution field. The differential equations describing the
flow, when expressed in terms of the curvilinear coordinates, are formally identical with the equations
expressed in the Cartesian coordinates, the curvature terms being negligibly small within the context of
boundary-layer approximations. As a consequence, it is straightforward to use a finite-difference grid
system with the airfoil surface represented by a grid line. Such a grid system is "boundary-fitted" in the
sense that data points on the solid boundaries are permitted to coincide with grid points.

For the general viscous flow problem, the solution field is not thin and the scale factor in a
curvilinear coordinate system fitted to the solid boundaries can change substantially across the solution
field. The differential equations describing the flow, when expressed in the curvilinear coordinates,
contain curvature terms that are not nejligible. The use of a boundary-fitted finite-difference grid is
considerably more complex than it is in che case of an attached flow.

Much of the earlier works using the finite-difference approach to treat the general viscous flow
problem attempted to avoid the complexity introduced by the use of curvilinear coordinate system. In these
works, the differential equations are expressed in Cartesian Coordinates and a rectangular grid system in the
physical plane is used. Such a system is not boundary-fitted. That is, grid points representing the
boundary in general do not coincide with the solid boundaries, and interpolation procedures are needed to
accommodate the boundary geometry.

Various authors treating different types of flow problems (Refs. 17 to 21) are in agreement that the
proper handling of the boundary conditions are of dominant importance in the numerical solution of flow
problems. Existing evidsnce points to the use of grid systems that are not body-fitted as one of the
culprits for the very limited capability of earlier methods in treating the general viscous flow problem. As
is well-known, the Navier-Stokes equations describing the general viscous flow are common to an astonish-
ingly rich variety of flow phenomena drasticallydiffering from one another not only quantitatively but also in
character. The drastic differences are results of diffarences in the geometries and the imposed conditions
at the flow boundaries. Clearly, accurate representation of the flow boundaries and of the boundary
conditions are of paramount importance in the prediction of general viscous flows.

Boundary-fitted grid systems are obtainable by the use of coordinate transformation methods.
Alternatively, the finite-element wethods (Ref. 18) accomplish the same purpose. With either approach, the
relative simplicity of the Cartesian finite-difference representation are bartered for a better numerical
representation of the boundary geometry.

Until recently, successful numerical solutions of the general viscous flow problem have been obtained
only for those boundary geometries for which convenient analytical transformation formulas are available.
In particular, conformal transformations which permit straight forward calculation of the scale factor for
the curvilinear coordinate system and of the curvature terms in the differential equations have been utilised
by several researchers. In recent years, numerical methods for the establishment of boundary-fitted
coordinate systems have been developed (Ref. 17). The numerical transformations need not be conformal and is
not restrictive regarding the boundary geometry.

The basi.c finite-element mathods involves the following components: (a) the reformulation of the
differentisl equations as integral relations, (b) the division of the solution field, i.e., the region of
integration, into small subregions, called elements, of arbitrary ecises and shapes, (c) the use of
interpolation functioms, usually polynomials, to express the dependent variables in each element in terms of
their values at selected data points, called nodes, associated with the element, and (d) the evaluation of
the integrels over each element, yielding a set of algebraic equations containing the nodal values of the
dependent varisbles as unknowns. Since the elements are of arbitrary sises and shapes, it is straightforward
to devise a boundary-fitted system of elements. The resulting set of algebraic equations, however, possesses
coefficient matrices more complex than thoss of finite~difference equations.

In the present work, both the transformation method and the finite-element method are utiliszed in
conjunction with the integro-differential approach in studies of viscous flows about airfoils. The studies
demonstrated that both methods are effective in removing the difficulty of accurate numerical representation
of the solid boundaries. The added algebraic complexity of either method is not excessive for two-
dimensional flows. There exist, however, several other difficulties that are not removed by either method.
These difficulties are described below.

3.2. Vorticity Solution~ Kinetics

A major source of difficulty in the kinetic part of general viscous flow computation is the
simultaneous occurrence ofthe diffusive and convective processes in the flow. These two processes proceed at
drastically different rates at high Reynolds numbers. The length and time scales of these processes are
vastly different. This fact leads to vastly different, often overly stringent, requirements on the time
interval end grid spacing because of accuracy and stability comsiderations. In comparison to problems in
vhich either the diffusive process or the convective process is alone important, the kinetic aspect of the
general viscous flow is immensely more complex. For boundary layer flows in two-dimensions, the diffusive
process is of negligible importance in comparison to the convective process along the direction parallel to
the body surface. In the direction perpendicular to the body surface, the convective and diffusive processes
are of comparable importance and the length ecales of the two processes are not vastly different.
Consequently, the boundary layer momentum equations do not contain the above described difficulty associated
with the general viscous flow.

In Ref. 5, an integral representation for the vorticity vector is presented. This integral
representation is completely equivalent to the differential vorticity transport equation (4). A solution
procedure based on this representation is suggested im Ref. 5. This procedure has been calibrated recently
using simple problems with known amalytical solutiome. A moteworthy feature of this procedure is that the
kinetic processes of diffusion snd comvection are uroonu‘ by separate iategrale and the eontributions of
these two processes to the time variation of verticity cen be evaluated separately in a couvenient manmer.
This nev procedure is being developed for complex time—dependent problems. The work reported in the present




paper, however, are based on extensions of existing finite-difference and finite-element methods. For the
impulsively started airfoil, a method of flowfield segmentation is developed and used in conjunction with a
modified strongly implicit procedure. For the oscillating airfoil, a hybrid finite difference-finite
element method is established. These methods will be outlined in later sections of this paper.

3.3. Kinematics - Integral Representation and Flowfield Segmentation

It is well known that the computer time requirement for the finite-difference solution of a general
viscous flow problem in general increases rapidly with the flow Reynolds number. The basic cause of this
difficulty is that the kinematic aspect of the general viscous flow problem is described by elliptic
differential equations, e.g. Eq. (5) or Eq. (7). The finite-difference solution of v at any given point in
the flowfield depends on the value of v at the neighboring points. It is therefore not possible to evaluate
the value of v explicitly, point by point, using a finite-difference method. The solution field, in fact,
should be infinite so as to satisfy the freestream condition at infinity. For numerical solution, the
infinite solution field needs to be represented by a finite number of grid points. Substantial inaccuracy
can result if one truncates the solution field and specifies freestream velocity condition, or some other
condition, on some outer boundaries at finite distances from the solid boundary (Reference 8). In many
previous works, this outer boundary is placed at a distance of ten chord lengths or more from the solid
boundary in hope that the inaccuracy resulting from the replacement of an infinite region by a finite one is
then unimportant. Such practices may lead to fundamental difficulties and must be handled with great
caution. For example, it can be shown that if the steady state equations are to be treated and the freestream
velocity boundary condition is applied at a closed outer boundary at finite distances from the airfoil, then
no solution for an airfoil with non-zero lift force is possible.

- As discussed earlier, for high Reynolds number flows, the vortical regions surrounding and trailing
the solids are relatively small. The effects of viscosity are important only in this region. The gradients
of field variables are large and the corresponding length scale for this region is small, particularly in the
boundary layer. Consequently, in order to have sufficient solution resolution in this region, the grid lines
must be very finely spaced. If this fine spacing is continued into the potential region of the flow, which
has been made finite but is still large, a gigantic number of grid points invariably enter the computation
procedure. This implies that an excessive amount ofcomputer time is needed to solve the equations. With
increasing Reynolds number, the length scale in the vortical region decreases. The number of grid points,
and hence also the needed computer time, therefore increases with increasing Reynolds number.

The coordinate transformation and finite-element methods provide a degree of relief from the
excessive computing needs at high Reynolds numbers. For example, Ref. 17 describes a method which maps the
fluid region into the interior of a rectangle. A uniformly spaced grid system is used in the transformed
plane to numerically solve the transformed differential equations. In the physical plane, the corresponding
spacing between grid lines increases as the distance from the solid boundaries increases. With the
"expanding" grid system in the physical plane, it is possible to substantially reduce the number of grid
points entering the solution procedure and to make this number less sensitive to the Reynolds number.
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With a finite-element method, since the elements can be of arbitrary sizes and shapes, an expanding
grid system is not difficult to devise. To researchers accustomed to the finite-difference approach, the
finite-element procedure for setting up a set of algebraic equations may appear to be circuitous. It should
be noted, however, that the coordinate transfomration approach, usually considered an improved finite~
difference procedure, also would appear to be circuitous to those accustomed to the use of uniformly spaced
finite-difference grid in the physical plane. The added complications of coordinate transformation, or of
the finite-element approach, however, are amply justified by their ability to accurately represent the
boundary geometry, as discussed in Section 3.1. The ability to have an expanding grid system is an
additional important property of these approaches. However, these approaches by themselves do not permit an
explicit, point by point, evaluation of the velocity values, and therefore the solution field needs to
include the potential region as well as the vortical regions of the flow.

As discussed in Section 3.1, in treating the attached flow problem, the solution field for the
boundary layer equations can be confined to the thin vortical layers near the solid bodies. There is no need
to concurrently solve the potential and the vortical flow problems. Rather, the two problems are solved
individually and matched. With attached flows, therefore, the difficulty of simult ly ac dating
the potential and vortical regions is sabsent. This fact is a major reason contributing to the success of the
finite-difference approach in solving boundary layer problems.

For the general viscous flow problem, the kinetic aspect of the computation can be confined to the
vortical regions of the flow. From Eq. (4), it is obvious that if the vorticity and velocity fields in the
vortical regions are known at any given time level, then the time rate of change of vorticity at that time
level is determinate. There is no need to go beyond the vortical regions and their immediate neighborhood to
establish a new vorticity distribution at the subsequent time level. Consequently, if the kinematic aspect
of the computation can also be confined to the vortical region, then the solution field need not extend into
the potential flow region and the difficulty of simultaneously accommodating the potential and the vortical
regions is removed. In Ref. 2, it is shown that the confinement of the kinematic aspect of the computation
to the vortical region is possible if the differential equations describing the kinematics of the general
viscous flow problem is recast into &n integral representation of the velocity vector (or of the vector

’ potential). In this research, the integral representation for the kinematice of the problem is used together
with the differential vorticity transport equation (4). The formulation of the overall problem is named the
integro~differential formulation.

8 In Ref. 2, it is shown that Eqe. (2) end (3), together with velocity boundary conditions, can be
recast into the following integral representation for the velocity vector:
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vhere r is the position vector, 6 ,is the vorticity vector, R is any region occupied by the fluid or the
solid, B is the boundary of R, and n is the unit normal vector directed outward from R, A = 47 and d = 3
in three-dimensional problems and A = 27w and d = 2 _in two-dimensional problems. The subscripts "o" in
dlomd dlo indicate that the integrations are in the r, spece.

Bquation (8) is valid for all position vectors imn R and on B and is completely equivalent to
Eqs. (2) and (3) together with the velocity condition on the boundary B. The use of Eq. (8), in place of
Eqs. (2) and (3), permits the explicit, point by point, computation of the velocity distributiom in R,
provided that the vorticity distribution in R and the velocity condition on B 4re known.

The second integral in Eq. (8) represents the contribution of the velocity boundary condition to the
velocity field within the boundary. For the problem of an external flow past a solid body umdergoing
translation and rotation, it has been shown (Ref. l)‘thu thip contribution can be expressed in terms of the
instantaneous rectilinear and angular velocities, b and , of the solid. Equation (8) then reduces to

G(?o. t) x (?o -0
v, dlo
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where R. and l. are respectively the regions occupied by the fluid and the solid body. The coocrdinate
system tgnnhtu with the solid but does not rotate with it.

vortical regions at any finite timu level after the onset of the motion are of finite extent and

finitg distances from the solid boundaries. The region of integration is therefore finite.
as r goes to infinity, the integrands in Bq. (9) vanish. The freestream boundary condition is
isfied at infinity.

quation (7), together vlt; appropriate boundary condizions, can be recast into an integral represen-

for the veccor potential Y. For two~dimensional flows, has only one non-vanishing component in
the direction perpendicular to the plane of the flow. This component is familiarly interpreted as the stream
function ¥. An integral representation for ¥ is (Ref. 10):

-
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o
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The second imtegral in Eq. (10) again represents the contribution of the boyndary condition. Por a
solid bedy tramslating im an infinite fluid, this comtribution is simply (v, x ?).k, where k is the unit
vector ia the directiom perpendicular to the flow. Equation (10) becomes for this case

v, ) = {-; ["‘(’o' t) ln l—;lglﬁao + KDk a1
Q

Bquations (10) end (11) are valid in the physical plame (x, y) and in any plane, say & ,n), related to
the physical plane by a conformal tramsformatiom, with the stresm function Y an invariant uader the
transformstion. The vorticity in the (x,y)plane is velated to that in the (£,n) plane by the following
formula

oEn, t) = Hlx, y, ¢t) (12)

where N is the scale factor for the transformation and is definmed by

- @)@ - )

The i:}u vector in the (x,y) plane is given by Teale ﬂ and that in the (£,n) plane is given by
f= 5.0 v

Bquation (11) or, equivalently, £q. (9) forms the basis of earlier studies of the integro-
differential approach by the present suthors and by others. It has been pointed out (Ref. 8) that the
operation count of mumerical procedures based on these equatioms can be high. Por example, suppose the
mtl:.l region of the flow comtaine W grid peints. Bquation (11) is represented by the algebraic
equations

'!(c) . J;I n’(t)l“ * l‘. i=1,2 ...,0 (18)

where i refers to & grid poiant at which the valus of ¥ ie to be computed, | refers to a boundary peint or
s vortical peint, l“ ave gecustric cesfficionts whese valuse dspend on the relative position of the points




i and j, and G. are constant values corresponding to the last term of Eq. (11). The computation of each
stream function value using Eq. (14) requires about 2N algebraic operations (N multiplicatons and N
additions), provided that the geometric coefficients F., are known and need not be computed., The use of
Eq. (14) to evaluate stream function values at all the grid points requires a total of 2N algebraic
operations. It is well known that an efficient finite-difference or finite-element solution of the two-
dimensional form os Eq. (7) for a field containing N grid points requires a much smaller number of
operations than 2N°. The use of the integral representation in the form of Eq. (11), or, equivalently,
Eq. (9), is therefore computationally efficient only if the confinement of the solution field to the vortical
regions results in a substantial reduction in the number of grid points required.

For many high Reynolds number flows, the vortical region constitutes only a small portion of the
entire flowfield so that a substantial reduction in the needed number of grid points is indeed accomplished
by the use of Eq. (11). It should be emphasized, however, that even if the reduction in the number of grid
points is not substantial, the integro-differential approach still offers highly efficient numerical
procedures.

One method of accomplishing superior computational efficiency is to use Eq. (11) only in the
computation of stream function (or velocity) values at grid points surrounding the vortical regions. Once
this is completed, the computation of stream function values at grid points in the vortical regions can be
carried out using a finite-difference or a finite-element method. In this manner, the superiority of the
integro-differential approach is assured since an optimum method, including a method that may appear in the
future, can be incorporated into the numerical procedure and the solution field can be confined to the
vortical regions.

Another method of improving the computational efficiency is to utilize a flowfield segmentation
technique (Ref. 11). This technique has been suggested in conjunction with the velocity integrals,
Eqs. (8), and (9) and tested on the problem of a flow past a finite flat plate. The application of this
technique in conjunction with the stream function formulation is outlined here.

The flowfield is segmented into compartments each containing a suitable number of grid points. With
known vorticity values at all grid points at a new time level, new stream function values at grid points
located on the boundary of the partments are computed from Eq. (14). Values of the normal gradient of the
stream function at the compartment boundary are computed from an equation similar to Eq. (14) derived by
differentiating Eq. (11) and representing the result by algebraic equations.

Stream function values at grid points located interior of the compartments are now computed using
Eq. (10). Suppose the vortical region is segmented into several compartments each containing P number of
grid points, with Q number of grid points located on the rtment boundary. Equation (10) is now
represented for each compartment by the algebraic equations:

P

P Q
Y
y.(&) = § @(oF,. + J(¥M. 4+ N..)»
& PO D Tt an j i as

Y B (AR T

where the first summation is over all grid points of the compartment and the second summation is over all
g7id points on the compartment boundary. The use of Eq. (15) to compute each stream function value requires
2(P+2Q) algebraic operations. This operation count is clearly substantially smaller than 2N if N is
large. If the solution field is segmented into a larger number of compartments, then the operation count
2(P+2Q) decreases. On the other hand, with an increasing number of compartments, the total number of grid
points located interior of all the compartments decreases. As a result, there are fewer grid points in the
solution field for which the segmentation technique offers a computational advantage. At the same time, the
number of grid points located on compartment boundaries increases with the number of compartments; and on
these grid points not only the stream function value but also its normal gradient must be computed. There
exists, therefore, an optimum number of compartments for each problem considered. This optimum number
depends on the total number of grid points in the vortical region and the geometric distribution of these
grid points. It is not difficult to show, however, that the optimum number of compartments in general
increases with the total number of grid points. Consequently, the factor of reduction in the operation count
also increases with the total number of grid points. For example, with 1089 grid points arranged in a
33 x 33 array, the operation count can be reduced by a factor of about 2.5 with the segmentation technique.
With 4225 grid points erranged in a 65 x 65 array, the operation count can be reduced by a factor of about
4.6.

Substantial reductions in the total operation count for problems requiring a large number of grid
points is a highly significant feature of the flowfield segmentation technique since it is precisely for
these problems that excessive computer time presents a serious obstacle. An additional highly significant
feature of this technique is the inherent flexibility it offers. The compartments utilized in the solution
procedure can be of any arbitrary size or shape. Once the stream function (or velocity) values are
established on the boundary of a compartment, the cooputation within that compartment can be performed
independently of that in other partments. C quently, the flowfield asegmentation technique is well
suited for parsllel programming.

S8ince the compartments can be chosen to be of standard simple shapes, such as rectangles, except near
solid boundaries of irregular shape, various efficient methods can be adopted for the interior point
computation. That is, one does not always need to use Eq. (15) for the interior point computation. Rather,
highly efficient methods such as the fast Pourier transform method that are particularly well suited for
simple boundary geometries can be utilized. If Rq. (15) is used, then the number of geometric coefficients
that enters the computation procedure is drastically reduced by the use of compartments of standatd shapes.
Note that with Eq. (14), the number of geometric coefficients entering the computation is N°. Thes
geometric coefficients are independent of time. However, if N is very large, then the storage of the N
coefficients may present a problem, and the coefficients may need to be computed repeatedly for different
time levels. With Eq. (15) and standard shape for compartments, the number of geometric coefficients is




P(P+2Q). This number can be further reduced to P+2Q if the compartments are rectangles and uniformly spaced
grid is used in each compartment. These numbers are generally small enough so that all geometric
coefficients can be stored.

As discussed earlier, the length scales for the potential and vortical regions of the flow are
generally vastly different in magnitude. The use of the integral representation for the kinematic aspect of
the problem makes it possible to confine the solid field to the vortical regions only. However, in the
general viscous flow, the length scale within the vortical regions varies greatly. In the boundary-layers,
the length scale is represented by the boundary layer thickness in the direction perpendicular to the solid
surface. In the wake and recirculating regions, the length scale is represented by the body dimensions. The
segmentation technique offers a convenient means of oeparating these parts of vortical regions in the
solution procedure.

The above features of the segmentaioi. technique are expected to be highly important for three-
dimensional flows requiring the use of very large number of grid points. For the present studies of two-
dimensional flows, only a few of these features of flowfield segmentation are incorporated into the solution
procedure. It is noteworthy that the segmentation technique is useful also in the solution of the kinetic
aspect of the problem. In the present study of the impulsively started airfoil problem, the solution field
is divided into compartments in the kinetic part as well as the kinematic part of the computation.

3.4. Extraneous Vorticity Boundary Condition

The solution of Eq. (4) requires a knowledge of the vorticity values on the boundaries of the fluid as
a function of time. The establishment of new vorticity values on solid boundaries is a necesaary part of the
overall solution procedure. In most of the previous investigations, one-sided difference formulas have been
used to estimate the vorticity values on solid boundaries from the no~slip condition and the computed stream
function (or velocity) values at grid points near the boundary. The computer time required for such
calculations is very small compared to that required for the calculation of field values of vorticity. It
has been found, however, that one-sided difference formulas of first-order accuracy tend to yield stable
solutions, while second-order accurate formulas tend to give unstable results at high Reynolds numbers. In
fact, for some problems, second-order formulas, even when stable, gave less accurate solutions than did the
first~order formulas (Reference 19). The use of first-order formulas, however, restricts the overall
accuracy of the solution. In particular, it has been shown (Reference 8) that first-order formulas do not
permit the effect of tangential pressure gradient on the local boundary vorticity generation to be accounted
for. There existed, therefore, considerable uncertainties regarding the correct one-sided formula to use,
and regarding the limitations of each formula. These difficulties are independent of the computer time
needed for the componant problem under consideration, and are discussed more fully in Reference 8. They are
referred to as the extraneous boundary~condition problem since the proper boundary condition for the
physical problem is that for the velocity (or the stream function). The specification of the vorticity on
the boundary of the fluid domain overspecifies the problem. These difficulties of extraneous boundary
conditions, however, are not peculiar to the formulation of the problem using the vorticity as a field
variable. 1f Bq. (1) is to be solved numerically instead of Eq. (4), then it is necessary to know the
pressure on the solid boundaries in addition to the velocity.

The extraneous boundary-condition problem is absent in the boundary layer problem since the pressure
in a direction normal to the boundary (vortical) layer is practically constant. Thus the pressure on the
solid boundaries is equal to that at the outer edge of the boundary layer where it is determined by the outer
flow., For the general viscous flow, the vortical region is not necessarily thin and the above simplification
may not be valid.

In Ref. 8, it is shown that the prescribed velocity boundary condition imposes a kinematic
restriction on the boundary vorticity values. The integral representation for the velocity vector then
permits an accurate determination of the boundary vorticity value through the solution of an integral
equation.

Consider, for example, & solid undergoing translation only. The second integral in Eq. (9) vanishes.
If the vorticity distribution is known interior of the fluid domain l,'. then the first integral in Eq. (9)
can be written as a sum of an integral over R.' and an integral over the sglid boundary B_ on which a layer
of vorticity { exiets. PFor tm—diundmmf flow, one then has, since v = 0 in the n&lid.
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-hor’ r. ie a point interior of the solid, n indicates a normal component, F, is the tangential component
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with § known in R.'., F is determinate. Equation (16) therefore is a Fredholm integral equation
containing ¢ as the utuv‘ function. This function { is rendered unique by the principle of conservation
of total vorticity (Ref. 8) which requires

I gdB + wdr = 0 (18)

% t

In previous studies, the integral equation (17) is approximated by a set of simultaneous algebraic
equations containing { values at boundary grid points as unknown. The set of equations is solved using




iterative methods. In the present study, closed form solutions of the integral equation (17), subject to the
restriction (18), are obtained. These closed form solutions make it possible to evaluate values on the
solid boundaries explicitly, point by point. It is found that these explicit calculations yield highly
accurate values of vorticity on solid boundaries. The derivations of the closed form solutions are presented
in Ref. 1 and'will also appear in future articles.

4. IMPULSIVELY STARTED AIRFOIL

The integro-differential formulation in terms of the stream function and vorticity is particularized,
transformed, and applied to the study of the time-dependent incompressible viscous flow past an impulsively
started 9% thick symmetric Joukowski airfoil at an angle of attack of 15 and a Reynolds number of 1000. This
problem has been studied previously by Mehta (Ref. 22) who mapped the fluid domain into the interior of a
unit circle and used a finite-difference method to so.#e the transformed vorticity transport and Poisson's
equat:onu. In the present study, the geometry of the airfoil is identical to the one studied by Mehta. The
vorticity transport equat\on and the xntegrnl representation are re-euzpressed in Mehta's transformed plane
and Mehta's grid spacings are adopted in order to facilitate a compar.son between the integro-differential
results of the present study and the finite-difference results of Mehta.

The major features of the numerical procedures used in this study is described below for the component
problems shown in Fig. 1.

The grid system is obtained through a transformation. This system is boundary-fitted and expanding.
The shape of the 9% symmetric Joukowski airfoil is given in Figure 2 in the complex plane 2z = x + iy. By
using the conformal transformation

KC2

Bl
z K'Y‘r’_K_ (19)

where K = re L , C and y are real conltlnts. the airfoil surface transforms into a circle and the exterior of
the airfoil, 1 e., the fluid domain, is mapped in the ¢ plane as the interior of the lircle.

For the present problem, the values of C and y are taken to be 0.9241635 and -0.05214 respectively.
The coordinates and the flow variables are to be non-dimensionalized with respect to the radius of the circle
and the freestream velocity. The non-dimensional chord length, L, of the airfoil is, according to
equation (19), 3.71281277. The airfoil is 8.99982 thick.

The kinematic part of the computation is performed in the k plane. A non-conformal transformation is
utilized to obtain an efficient distribution of grid points for the kinetic part of the computation. The
coordinate in the K plane is not modified. The r coordinate is "stretched" by the relation (Ref. 22)

- zla- tlnh-l(l.996590918r - 1.032563339)+2.8 (20)

This transformation maps the annular region between r = 0.02 and r = l in the x-plane into the interior of
a unit circle in the p-© plane.

The grid system in the p- 0O plane is formed by using Ap = 1/47 and A@ = m/40. The coordinates
of the grid point i,j are

p =1.0~(j~1)8p and 6 =(i - 1)40

Note that j = 1 corresponds to the airfoil surface and j = 48 (p =Q) corresponds roughly to a circle of
radius 13 L in the physical plane. The corresponding grid system is shown in Fig. 2.

The vorticity distribution immediately after the start of the airfoil motion consists only of a vortex
sheet on the airfoil. The determination of the initial vorticity distribution does not require a special
proccdure. Rather, the procedure outlined inSection 3.4. u applicable. With the vorticity everywhere zero
in R_', the vector F, defined by Eq. (17), is simply ~21v_. With this value of F, Eq. (16) can be solved
nuuglcnlly to give the initial distribution of vorticity (vortex strength) on the airfoil surface.
Alternatively, the closed form solution of Eq. (16), subject to the condition (18), is recognized to be

¢ = 2v _Sin(6+a) (21)

in the transformed plane . The corresponding vortex strength in the physical plane 2 is equal to L /H, H
being the scale factor defined by

-l 2 (22)

The vorticity transport equation expressed in the working plane in terms of non-dimensional variables
2 oW dp (aY aY dw
A 'z;(rm wr)
__ dp a’u
[ 3.2) “ '(F - _-E) e .] (23)

where  is the vorticity in the physical plane.

is
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The vorticity transport equation (23) ie approximated by an implicit finite-difference equation using
8 3-point backward differencing to represent the time derivetive:

w 1 nel_ . n n-1
T . )13 (W w +w )

where the superscript refers to the time level. Space derivatives of vorticity are represented by central
differencing at the time level n+l. The finite difference equation is of the form

nel

* P Y,

nel nel nel
b MR WS Rl WL R WL

n+l = i B 1 n-l (24)
L WL TR W iR LR
The coefficients B, D, F and H contain derivatives of Y and are time-dependent. In the present work, the
coefficiente are evaluated at the time level n.

The selection of central differencing for the spece derivatives of vorticity was made after comparing
computed results for the firet few time steps using central differencing with those using upwind differencing
and using Arakava differencing (Ref. 23). Mo eignificaat deviations between the numerical values of
vorticity was revealed. Mehta (Ref. 22) used Arakawva differencing, which requires more asrithmetical
operations than central differencing, to ensure total vorticity comservation. Since the present msthod of
determining surface vorticity distribution conserves the total vorticity, the use of central differencing
requiring fewer arithmetic operations is eppropriste. B8mall amounts of spurious values of vorticity was
found to occur in portions of the outer field where the vorticity values are expected to be negligible. Such
occurences are perhaps attributable (Ref. 24, 25) to the large grid spacing, and hemce cell Reynolds
numbers, used in the present study in regions of the flow far from the asirfoil surface. The use of upwind
differencing in place of central differencing removes this amomalous solution behavior. Arakava differ-
encing was not found to be effective in removing this spurious vorticity. Since spurious vorticity values
are very small and since they do not seriously affect the solution, it was decided to use central
differencing which is higher ordered than upwind differencing.

A wodified zicongly implicit procedure (8IP) (Ref. 26) was used to solve the sat of simultaneous
algebraic equations (24) for vorticity values at the time level n+l. This method is selected amonget several
competing methods on the basis of its solution efficiency and acecuracy. The relative requirements of
computer time using ths various methods were, for the firet few time steps, (a) Modified SIP - 100X,
(b) SIP - 220%, (c) Alternating Directionm Implicit (ADI) method - 154X, (d) Successive Lime Relazation -
254%, and (@) Successive Point Relaxation Method (weed in Referemce 22) - 363X. The ADI methed is faster
than the SIP method; but did not yield acceptable solution using the same time step siszes employed by the SIP
method,

The SIP method was proposed by $ (Ref. 26). Lin et al. employed the methed successfully to obtain
solutions for viscous flows past a cylinder. The basic coucepts of this method as applied te the present
problem is as follows. The coefficient matriz fer Bq. (24) is ep and in emly five mem-sero
diagonals. With a direct elimination procedure, ons would festorise the coefficient matrix into the product
of a lower and an upper triangular matrixz, or use a procedure that is esseatially equivaleat. In such cases
the trisngular matrices gemerated are not in gemsrsl sparse. With the SIP, the coafficient metrix is altered
in such a manmer that the altered matriz is easily fsctored iate a product of a lower end am wpper triamgular
matrix and that the matricee each have ocnly thres mow-sero elemeats ia eech rew.

With the SIP method, the solution field is bounded by the solid surface (p = 1) and a comatant p line,
say p * p, vhich is sufficiently removed from the mon-megligible vorticity region. The value of p is
generally determined by the extent of the wake region. At large time levels, the wake extends far bchh’l the
airfoil while the vortical regions to the sides and shead of the airfoil eztend only a relatively short
distance frow the asirfoil. As a result, a large number of dats peinte where vorticity velues are megligible
enter into the solutiom procedure. The modification of the SIP method iatroduced in the preseat study
consists of a division of the solution field into several compertments along comstent® lines, the imdividual
spplication of SIP method in each compartment, and the use of successive lime relaxation methed for ebtaining
vorticity values slong the dividing comstent 0 lines. With the solutiom field divided in this msmmer, esach
solution block is beunded by two cometant © limes, & part of the p= 1 line, and o= lines. can ba
different for different blocks. Therefore much fewer data pointe at which verticity values are mef§ligidle
enter into the computation. In the present study, the solution field is divided into four compartments. The
location of the constant 0 dividiag lines and p; valwss are kept flexible and sre changed in accordance with
the shape of the non-megligible vorticity ml‘- as tims progresees.

The vortex strengthe on the airfoil surface sre computed using an explicit formula in the tramaformed
plane:

1] . -
e i-'- "9('9 1) !‘:o
Ry 1o r: “2r, Cos (8- @)

+ 2V _Sin(a 8 ) (2%)

The value of the airfoil-boundary werticity im the physical plame at a grid poiat located on the
sirfoil boundary is then ebtained by dividing ¢ by the scale factor N and by the phyeical distance
corresponding to A0 nearest the airfoil surface. The surfece verticity values are re-calculated for each
iteration. Wew boundary verticity valwas for the subsoquent iteration are obtained using a relamation
mdm in the SIP procedure for the ecaleulatism of verticity values at grid peisnte swey frem the
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The computation of the stream function is accomplished using the flowfield segmentation technique
described in Section 3.3. The flowfield is divided into several compartments. The boundary of the
compartments are the 6 = 0 line and two p = constant lines. Stream function values on constant p
compartment boundaries are computed using Eq. (14) in the transformed plane. Stream function values at the
interior points of each compartment are then calculated using the strongly implicit method described
earlier.

Instantaneous pressure distributions and shear stress on the airfoil surface are determined from the
computed vorticity values and gradients on the surface in accordance with the following equations

p . W

5-5 v (26)
and :

T = pw z7)

Note that the direction of the normal coordinate is away from the fluid domain. Equation (26) is a
specialization of Eq. (1) to the solid boundary 8 where the "no-slip" condition applies. The pressure and
skin friction coefficients CP and C. are, from Egs. (36) and (37), expressible as a function of © as
follows:

]
2L dp w
c (@ = i d9 (28)
P ﬁaﬂp-l o 5-‘;p-l
e cile) = E | (29)
e o=1

The force and moment are readily obtained from the computed values of C @) and C_(9), by numerical
quadrature. In the present work, the values of 3w /3p are obtained by numeridal differentiation using the
values of @ and W,

5
Numerical results cotained for the airfoil problem are presented in Figs. 4 to 9. The chordwise
distances from the leading edge, x_ and the load coefficients C,, C_ ., and shown in the figures are

normalized with respect to the chordclon;th. The Reynolds number of l100 is based on the chord length and the
freestream velocity. All other quantities shown were normalized with respect tc the freestream velocity and
the radius of the unit circle. The reference time is the radius of the circle divided by the freestream
velocity.

A check on the program coding was carried out by obtaining the solution for a flow past a circular
cylinder at a Reynolds nuwber of 40. The solutions were carried out up to a dimensionless time level of
t = 9.5, the reference time being the cylinder radius divided by the freestream velocity. The drag
coefficient at this time level is found to be 1.67 which is in reasonable agreement with an experimental
value of 1.5 for steady state flow. The computed pressure distribution on the cylinder is compared with the
experimental values (Ref. 28) in Pigure 3.

Additionally, for the airfoil problem, the acceptibility of block subdivision was checked out by
comparing the numerical results for a few first time steps of the following cases: (1) Successive Point and
Line Relaxation Procedures without block subdivisions (2) Strongly Implicit Procedure (SIP) with no flow
field subdivision (3) SIP method with four block subdivisions and for three different locations of block
boundariee for the block enclosing the trailing edge. The excellent agreement of computed vorticity values
for all these cases indicated the acceptability of block subdivision technique. The major aspects of the
flow phenomena past the impulsively started airfoil at an angle of attack of 15 and at a Reynolds number of
1000 are described below.

At time ¢t = 0, the flow around the airfoil corresponds to that of a non-circulatory potential flow.
After the impulsive start the rear stagnation point (RSP) moves very rapidly to the trailing edge (TE) from
its potential flow location of X, = 0.9808. This rapid movement of the rear stagnation point is accompanied
by a small separation bubble located between RSP and TC at time levels 0.003 and 0.004. After the RSP has
reached the TE, plots of equi-vorticity contours show "curling up" of vorticity field near irailing edge with
positive vorticity values in the curled up regions. The curling up of vorticity field is indicative of
vortex roll~up and the formation of starting vortex. The vorticity in this starting vortex diffuses rapidly.

An adverse pressure gradient on the upper surface becomes noticeable at time ¢t = 0.068. At time
t = 0.404 this adverse pressure gradient is more pronounced (Fig. 4) and this leads to the birth and growth
of the first separation bubble with clockwise flow. This bubble eventually extends over almost the entire
upper surface of the airfoil, st time t = 6.228 (Fig. S5a). At the very next time level, t = 6.74, its re-
attachment point separates from the airfoil. 1In Pigure 5, streamlines are shown around the airfoil for
several time levels. The values of the stream function are in the range -0.48 to 0.8 in steps of 0.04. As
the bubble sigze increases the pressure gradient on the upper surface decreases as seen from Fig. 4. The lift
coefficient which has been rapidly decreasing after the impulsive start (Fig. 6), begins to increase with the
growth of the clockwise bubble A, as seen from Fig. 7. This increase in lift is associated with the fact that
the attached bubble effectively increases the camber of the airfoil. After the burating of the bubble at
time ¢t = 6.74, the lift coefficient increases at much slower rate and it starts falling off at time
t = 9.0 (Fig. 8). The bursting of the bubble causes the drag coefficient to increase (Fig. 8), since the
wake width is increased for the separated flow.

An adverse pressure gradient for the reversed flow on the upper surface from X 0.82 to X_ 0.6 is
noticeable in Fig.9.A counterclockwise bubble, ¥, appears in this region and grows witl time. The frowth of
this counterclockwise bubble causes the lift coefficient to fall off rapidly (Jig. 8). From time t = 6.74
to t = 17.62 there is no rear stagnstion streamline and the rear stagnation point becomes the separation
point of a counterclockwise bubble, C (Pig. 56). The growth of bubble B partitions the recirculating region
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A into regions A' and D (Fig. 5b). Also bubbles B and C merge together and then lift off from the surface at
time t = 17.748 (Fig. 5¢). At this time level region D becomes an attached clockwise bubble, and
subsequently at time t = 18.26 a counterclockwise bubble, E, appears within the attached bubble D. Growth
of this counterclockwise bubble E divides bubble D into two parts (Fig. 5d). As time progresses, bubble D'
of Fig. 5d moves towards the trailing edge and bursts. After the bursting of D', the bubble D grows rapidly
in size and at time t = 25.428 it extends over almost the entire upper surface of the airfoil.

The present results are in good agreement with those of Mehta (Ref. 22) until the bursting of the
first separation bubble. After this the sequence of occurence of bubbles and their bursting or lift off from
surface are different between these two studies. The key differences are the following: (1) In the present
study, whenever there is no rear stagnation streamline, a small counterclockwise trailing edge bubble is
always present and the rear stagnation point becomes the separation point of this bubble. This is not found
true in Mehta's study. (2) After bubbles B and C merge they stay merged and lift off from the surface
together. In Mehta's study they separate again and only bubble C lifts off to surface. Bubble B stays on the
surface to play the roll of bubble E of the present case.

The following general conclusions are similar between the two studies. (1) Immediately after
impulsive start the rear stagnation point moves very rapidly to the trailing edge. (2) Subsequently a
"starting vortex" is visualized through concentric equivorticity lines. (3) The formation of a separation
bubble is preceded by an adverse pressure gradient (4) Clockwise bubbles extend or move towards trailing
edge and burst (5) Anticlockwise bubbles either lift off the surface or open up to streamlines from above
the surface (6) The lift increases with increase in the size of attached clockwise bubbles and decreases
when attached anticlockwise bubbles grow.

3. OSCILLATING AIRFOIL

The integro-differential formulation in terms of the velocity vector and the vorticity is utiliszed in
the study of incompressible flows past a 12X thick symmetric Joukowski airfoil oscillating in pitch about a
pitching axis located 1/4 chord from the leading edge. The major features of the numerical procedures are
described below in terms of the component problems shown in Fig. 1.

The solution field, already confined to the vortical region, is divided into an inner region and an
outer region. In the inner region, the grid system consists of grid points, or nodes, that are not uniformly
spaced. The nodes represent vortices of triangular elements. In Fig. 10 is shown the specific grid system
for the inner region used with the 12X thick airfoil. This system has 232 nodes, including 48 nodes on the
airfoil surface and 62 nodes on the outer boundary of the inner region. This system gives 354 triangular
elements. The grid system for the outer region consists of uniformly spaced grid points forming a
rectangular array. The outer region overlaps the inner region by one layer of elements. That is, in the
outermost layer of triangular elements, each pair of elements form a rectangle whose boundaries coincide with
the rectangular grid lines of the outer region. The grid spacings used for the airfoil are Ax = 0.05 and
Ay = 0.025. This grid system for the outer region is not shown in Fig. 10. The number of grid points in the
outer region is large. In the oscillating airfoil case, more than 3500 points are used in the outer region.

A finite-element method is used to treat the kinetics of the problem in the inner region. In the
outer region, finite-difference methods are used. This hybrid finite element-finite difference method
permits the grid system to "fit" the airfoil boundary geometry and to have relatively closely spaced grid
points near the airfoil boundary. By using a relatively small number of nodes in the inner region, the sise
of the relatively complex coefficient matrices involved in the finite-element method is kept small. Most of
the solution field is covered by the finite-difference grid which leads to relatively simple coefficient
matrices.

Associated with each node "i" in the inner region at (x,y ), there is a composite linear interpolation
function .i(' ,y ) with the property

Ni(xj. yj) - cij (30)

where (.. is the Kronecker delta. The interpolation function is continuous across the element boundaries
(It is #dro in elements not containing the node i) though its first derivatives are not necessarily
continuous. The velocity and the vorticity fields are assumed to vary linearly within each element. Thus
one writes

w = (ni N. N)juw. (31)

k
for the triangular element with nodes i, j and k. Using Galerkin's procedure, an approximation to the two-
dimensional vorticity transport equation is

{ (ferofeev 5 - W) N(x, yxdy = 0 (32)

The above weighting process is applied at all nodes in the inner region pt th on the boundary of that
region, By the use of the divergence theorem, one obtains

vf (WuNdxdy = -v [ W, o b dxdy
R i R i

. v{ u‘(h )*nds (33)
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The line integral is performed over the boundary of the inner region. Since i is not a boundary node, this
line integral vanishes by virtue of Eq. (30). By the use of Eq. (33), the integrand in Eq. (32) is re~
expressed as one containing only first derivatives of w.

Equation (32) can be written as the sum of component integrals over all elements in the inner region.
Upon introducing Eq. (31) into the integrals, each of the component integrals in the sum can be integrated,
yielding a system of simultaneous differential equations of the form

d
(n) ‘Hﬁ . (C)M . (D)M - H (36)
Using a backward difference scheme for the time de‘rivutive. one obtains

m){gfgéiiil . (c“)‘m“"} . (n){w“"} - {z"“} (35)

The terms on the left hand side of Eq. (32) represent respectively the local time rate of change os
vorticity, the convection of vorticity, and the diffusion of vorticity. The coefficient matrices (u) and (@
are depdendent only on the node coordinates and are independent of time, they do not need to be evaluated
repeatedly for different time levels. The matrix (C ) represents convective processes and is dependent on
time through the time-varying velocity distribution. To avoid iterative computation of the velocity values
for each time step, the velocity field is computed only for the old time step "n". The column matrix {E} on
the right hand side of Eq. (35) is also time dependent. It represents the contributions of the boundary
nodes of the inner region. With known vorticity values on the boundary nodes, {E} can be explicitly computed.
In the present work, the boundary of the inner region consists of the solid surface and the boundary located
within the outer region. (Recall that the two regions overlap). Vorticity values st boundary nodes that are
located inside the outer region are computed as a part of the finite-difference procedure. Vorticity values
at the solid surface are determined as a part of the kinematic computation as described in Section 3.4.

Since the matrix (C) is tiu;gfpendent. the coefficient matrix of the system of simultaneous
algebraic equations for the unknown y must be inverted at each time step. 1t should be noted, however,
that fairly large time intervals can be used in the solution procedure.

In the outer region, the vorticity transport equation is treated using a two-point backward time
differencing scheme, with successive point overrelaxation method used to solve the resulting algebraic
equations.

The velocity values are computed by a numerical quadrature of Eq. (9). The first integral in Eq. (9)
is expressed as a sum of component integrals over individual elements. (For this purpose, each rectangle
bounded by grid lines in the outer region is treated as a rectangular element). The use of interpolation
functions then leads to exact analytical expressions for the component integrals. These exact expressions
have been derived for interpolation functions of all degrees. In the present work, linear interpolation
functions are used for the triangular elements of the inner region of the grid system. The vorticity in the
rectangular elements of the outer region, however, are represented by a concentrated vortex filament placed
at the centroid of the element and its contribution to the velocity field is computed in accordance with the
Biot-Savart law. The evaluation of the second integral in Eq. (9) is simplified by considering the rotating
coordinate system and the nonrotating coordinate system to coincide with one another at the time t. The
second integral can then by re-expressed as

-> ->
fite) x [ o SRR (36)
2 t) x ¢ |‘§ < T—ld
s o

The integral therefore needs to be evaluated only for unit angular velocity @ = 1 since it is directly
proportional to 8 .

The computation of the pressure and skin friction coefficients are carried out in the manner described
in Section (4).

The numerical procedures used in this study were calibrated by treating the problem of a flow past an
impulsively started finite flat plate at a Reynolde number of 1000 and at zero angle of attack. The results
obtained are in excellent agreement with earlier results (Ref. 8) obtained using finite-difference methods
instead of the present hybrid method in treating the vorticity transport equation. The solution was carried
to a dimensionless time level of 2.4, the reference time level being the plate length divided by the
freestream velocity. At this time level, the solution varies very slowly with time in the vicinity of the
plate. The velocity and vorticity profiles at midplate obtained for this large time level are, as expected,
in excellent agreement with the Blasius profile.

As an additional calibration, the flow past an impulsively started circular cylinder at a Reynolds
number based on the cylinder diameter of 40 was treated. The solution was carried to a dimensionless time
level of 20.4. At this time level, the computed drag coefficient varies only in the fourth significent digit
between successive time levels, the time step being 0.125. The computed stresmline and constant vorticity
contours are shown in Fig. 11, in the upper and lower halves of the figure respectively, for this large time
level. The computed pressure distribution around the cylinder is shown in Pigure 3, compared with the
results described in Section 4 and experimental results (Ref. 28).

The case vhere the airfoil is set into translational motion impulsively at an angle of attack of 5
and a Reynolds number of 1000 was studied. The transient solution after the onset of the motion is carried to
s dimensionless time level of 2.07, the reference time being the chord length divided by the freestream
velocity. The streamline pattern at a time level of 0.87 is shown in Fig. 12. The adverse pressure gradient
on the upper surface was not sufficiently strong to cause flow separation. The streamline pattern, however,
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shows a thick boundary layer region on the upper surface.

The loads on the airfoil are very high immediately after the impulsive start. They decrease rapidly
at small time levels, up to a dimensionless time level of 0.35. Prior to this time level, the loads are due
primarily to the impulsive start effects. Subsequent to this time level, viscous effects, particularly the
thickening of the boundary layer, results in further changes of the loads. The surface pressure decreases
relative to the trailing edge pressure. The upper surface pressure, however, decreases at a more rapid rate
80 that the lift coefficient increases with time. Figure 13 shows the variation of the lift coefficient C
and of the drag coefficient C over the time interval form 0.3 to 2.07. Both the lift and the dra
coefficients vary relatively slowly at the time level 2.07.

A flow past the airfoil oscillating at a moderate reduced frequency of 0.3 and a Reynolds number of
1000 was treated. The airfoil is set into translational motion impulsively at t = 0. The amgle of attacka
is given by

a = 3°+1° gin(0.6t) a7

The solution vas carried to a non-dimensional time level of 10.4. The airfoil undergoes a complete
cycle of oscillation during this period.

The main feature of the load history is that the lift and moment agree qualitatively with the time-
dependent linearized potential flow solution. The calculated lift variation is in phase with the potential
flow result. The magnitude of the lift coefficient is lower than the lift predicted by the potential flow
analysis. This is expected since at the moderate Reynolds number of 1000, the boundary layer on the upper
surface is thick and its displacement thickness results in a significant change in the effective shape of the
airfoil.

The viscous drag is much larger than the pressure drag for the present case of low angle of attack.
This viscous drag is relatively insensitive to the pitching motion of the airfoil. Numerical results
indicate & very small separation bubble appearing near the trailing edge on the upper surface during the down
stroke (not at maximum angle of attack). However, the size of this bubble is very small and the presence of
the bubble does not affect the integrated load significantly.

The solution obtained at the end of the wmoderate-frequency oscillation cycle was used as the initial
solutica for a high frequency oscillation computation. The flow Reynolds number is 1000 and the reduced
frequency is 3 for this case. The angle of attack is given by

a = 3°+1° gin(6t) (38)

The computation was performed for more than two cycles of oscillation. The transient effect, due to
the initial condition used, is present during the first cycle but became very small during the secomd cycle.
The load history is presented in Figures 14, 15, 16 and 17.
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