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A Fast Merging Algorithm

*1
Mark R. Brown Robert E. Tarjan -’
Department of Computer Science Computer Science Department
Yale University Stanford University
New Haven, Connecticut 06520 Stanford, California 91~3O5

Abstract.

We give an algorithm which merges sorted lists represented as

balanced binary trees. If the lists have lengths in and n (m < n~

then the merging procedure run s in 0(m log steps, which is the

sane order as the lower bound on all comparison-based algorithms for

this problem.

Keywords and phrases: AVL tree, balanced tree, 2-3 tree, linear list,

merging.
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0. Introduction.

Suppose we are given two linear li:t: A ~c i i  , C f  re

elements contains a key from a line-ir~y- rW :eJ r e .  :C t’~at a~h l~:

is arranged in ascending order acc. ’rdinC t: ~ey . . The Lrei)l (i:

is to merge A and B , i . e ., to combine the  tW )  t~ 11110 a riii~~it

linear list whose elements are in :or teJ order.

Thi s problem can be studied on d if fe ren t  levels. One a : ; i acb :i:

to ask how many comp arisons between hey: in the two l i rt :  are :ui ’1 ic i u n ’

to determine the ordering in the combined list. This is an ai~~raet ive

problem because it is relatively easy to prove lower bound s on t h e  l l u n l l d ,  1-

of comparisons as a function of the list size:, using an “ i i i :  ~

theoretic’t argument . If the lists A and. B have m and n element: ,

respectively, then there are ( m~~~
) 

possible i :nceriett: f l i t

elements of B in the com bined list : it follows that ~i~(’Y )1
comr ari son s are necessary to distinguish these ~osrible  er C l e r i m i g s .

II we take in < n then ~ig(m ~~ )1 = Q( m  log ~~ df~~~ best

merging i rocedure presently known within this framework is the

“binary merging” algorithm of Hwang and Lin [1 ,5], winch require: fewer

than ~lg(m~~
)
~~+ min (m,n) coml arisons to combine set.: of :15t ’

and n

A different approach is to study the actual running : J . c

‘j~ori tbnc on real comm uters or on nero  ab:tr ~ct model: such a:

T ter  ~ch~ rles [7). If we asrit : that col d ari:otir are t h e

~y wa, of g O  n i n g  J ml
. 

fTh5~ t , ~ T i (S I) I I key Va ] U ’ L ~ h i - fl the (~ t 

~~ 
)

~ Th~~ L. I ho i tt  h~u l i  O l e  l ia r  rder exac t ly in log ~ - e~ ~
(]  or

•1 
.,., c 0 . e dot init ie i i  ol’ the ~ nd ~ not atIon:.



lower bound still applies to the running time of merging algorithms,

but it  is not clear how to achieve this bound using the Hwang - Lin

procedure. The problem lies in implementing this algorithm

to run in time proportional to the number of comparisons it uses.

In this paper we give a merging procedur e which runs in 0(m log 
~ 
)

t ime on a real computer or a pointer machine. The algorithm uses balanced

binary (AvL ) trees [ 5 ]  to represent the linear lists; 2-3 trees [1] could

also be used.

In Section 1 we present the binary merging procedure of Hwang and

Lin, and. note why it seems difficult to give an efficient implementation

of this algorithm. We develop a merging procedure for balanced trees

~n Section : , and in Section 3 we irove that the procedure runs in

O (m log 
~ 
) t ime . Section ~ gives the result: of eqleriments comp aring

cur algorithm with three straightforward merging methods. A high-level

language im~lementation of the fast merging algorithm is contained in the

Appendix.



p..... -

1. Binary Merging.

We begin with an informal description of the Hwang-Lin binary

merging algorithm. Let A and B be lists containing distinct element:,

of respective lengths in and n with m < n , such that

a < a  - ]...<a , and.1 2 in

b < b  < . . . < b1 2 n

The merging method is most easily desc ribed recursively. When m 0

(i.e.., the shorter list is empty) there is no merging to be done and

the procedure terminates. Otherwdse we attempt to insert a1 , the

smallest element in the shorter list A , into its proper 1.o:ition in

the longer list B . To do this, let t = L1g(n/m)J and compare

a1: b~~ ( ~~~~ is the largest power of two not exceeding n/rn ‘ . See

F~ig’~u- 1.

[Figure 1]

If a1 
( b , then a

1 
belongs somewhere to the leIt of b

2 2
in Figure 1. By using binary search the proper location of a1 

among

b1.b,), . . ., b can be found with exactly t more comparison:. The
2 - 1

result of this search is a position k such that bk l  
.] t < bk

this information ~ iow: us to reduce the problem: to the situation

illustrated in Figure 2(a’I. To complete the merge it is sufficient

to j erform binary merging on the lists A’ and B ’

[Figure SJ

I f .  011 Lh”~ tite r hat , a a
1 

- it , t h i n a1 bei ng: :em: iwhi re to

~ gJtt in i i  mr , ~ l } ~~ j.robj i ’’ 1mfl lfl eel1 at c-~: reduces to

: 1  ia~.i I i l t : t r ) t t  - i  i n  Figure ~‘ ( i ) .  W- can f in ]  h i t im: m-ierg by 

-~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ‘-, - --
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applying the binary merging procedure to the lists A’ and B’ . Note

that A’ may be longer than B’ , so that in the recursive calls to the

binary merging procedure the roles of A and B may become reversed;

this may also happen in the first reduction above.

This algorithm uses comparisons very efficiently, as evidenced by

the small gap between the upper bound of ~ ~~~~~~ 
+ min (m,n)

comparisons required for binary merging [lfl and the lower bound of

fl (m+n\1 . .lg n ) comparisons for any merging method based on comparisons.

But representing the lists A and B as arrays, which is the obvious

way of making the individual comparisons take constant time, forces

insertions to be expensive: they involve moving items over to make

room for the inserted items. Hwang and Lin [l~] were concerned with an

application in which A and B are read from tapes and the merged

result is written onto a tape; in this situation the merge requires

linear time (since the entire result must be written), and binary

merging can only improve on the traditional tape merging algorithm by

a constant factor. We w cul d like to be able to merge list structures

A and B and produce a result list of the same type in o( m log ~

total op erations.



Balanced Pree Merging.

Baia- ~~ I binary trees [ 2 , 5 ]  are good data strustures for representing

l inear  list s  when h st i i ~a-’: -hes ati I ~:i~ -i~rt ions must be performed.

A binary tree is called balanced if the height of the left subtree

of every node never d i f fers  by no more than +1 from the tm ieigh t .15 its

sight subtree. (The height of a tree is the length of the lon gest 1, at] i

from ‘:- ‘t-~ 
ryj i; ~~ an o-ci~ rna1 node.)  When representing a list by a

balanced binary trees, the i-th ole -meat of a list becomes the i-th node

vis i ted  during a sv-~’~e t ric  order Lra er .~e - tI of the balance-i t ro t s ; if the

list is sorto ~gure  3, then its iceys appear in increntcing .)rder

daring such ~ ~~L. When a sorted list of length n is iai.sta mi ed.

1:1 this  way , w~ can locat e the proper position in the list for a new

in O(iog 11’) st. CpG , using ordinary binary tree search. To

insert this  element into  the l i s t  nay ~ ~quire O(log n)  additional

:tei s for rebalancing -the tree . We shal l ase-~~~e r’~~ -ier familiarity

with Algorithm ~.2.3A , the bal anced t ree  soar -Om asd i - i , ’ m ” t i  O’L al~~~r it hm

of [5].

[Figure 3j

An obvious method of merging two sorted lists re~ res nst~ed as

balanced t.r- e: is to insert  the elements of the smaller l i s t  int o the

1 ir g Cr  list one by one. The result of merging tb :  two lists of Figure 3

on i n g  this  scheme is shown in Figure t~. If the smaller l ist  cor i t a ’  i o

o - 1. --- - n t~ and the larg r ha: n elements then this  algorithm performs

i i  :r t io r i s  of O(log n )  st.01 each , f o r  a total cost of ~) ( n  l g  mi ~

But w i~ e s  k i ng  a method which run s in O(ei log time .

[F irlre i l l



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

To see why there is some hope of improving this simple merging

procedure we refer again to Figure 14., which shows the search paths traced.

out during the insertions. An interesting property of these paths is

that they share many nodes near the top of the tree. The root is visited

on all of the searches, and its two offspring are each visited on roughly

half of the searches; we must descend at teast lg m levels into the tree

before all of the search paths become disjoint . It appears that our

simple merging strate~ r spends ig ma steps on each insertion, or

O(m ig m) steps total, examining nodes in the top lg m levels of

the tree. Since there are only 0(m) nodes contained in these levels,

eliminating duplicate visits should make our algorithm run in

O(m log n - m log ma + m) = O (m log time.

We can eliminate extra visits since the items being inserted. are

themselves already sorted; by simply inserting these items in order we

can ensure that once an item has been inserted, no smaller item will be

inserted later. Figure 5, which shows the situation after a node x has

been inserted, indicates how this can help. If node y > x is now

inserted, then y must lie somewhere to the right of x in the tree.

To determine where y belongs it is sufficient to climb back up the

search path, comparing y to nodes on the path which are greater than

x until a node is found which is greater than y ; then y can be

inserted into the right subtree of the previous node examined during

the climb. (For this purpose it is convenient to think of the root as

having a parent with key +
~~ 
.) In Figure 5, if y 

~ ~ 
but y < ~ ‘

then y should be inserted into the right subtree of node 
~ 

; if y <

then y becomes the righ t offspr ing of x

[Figure 5]

7
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An algorithm based on this idea is easy to state informally. As in

our description of binary m erging, let A and B be sorted lists of

length m and n , with in <z n , and assume that these list s are

r eir esented as balanced trees. In the f irst  step of our algorithm we

insert a1 , the smallest element of A , into the tree B . At the

start of a general step, elements a1 ,a2, . . ., a~ have been inserted

hito B , and we have a record of the search path to ak (Figure 6(a)).

Thi s ia th acts as a “ f i nger ” into the tree B during the algorithm,

moving from left to right through B as elements from A are inserted ;

the finger is useful because only nodes to the right of it can be visited

daring later insertions.

[Figure m -]

The general step has two parts. First the finger is retracted

toward the root , just far enough so that the position of element ak÷l

lies within the subtree rooted at the end of the finger (Figure 6(b)).

Then ak+l is inserted into this subtree, and the finger is extended to

fellow the i ath of this insertion (Figure 6(c)). After m-l executions

of this general step the merge is complete.

This scheme is complicated by the fact that rebaian:in,~ may be

necessary during insertions into a balanceO tree. When rebalancing

takes ~iace, it may remove a node from the finger path traced

out by the search. It is possible to update the r e cor d - h  a i m ,

con s f s t~ nt with this rearrangement, but it seems easier  bus : t “ l or F e t ’

about the part of’ the path which is corrupted, i. ., to retra- ’ h e

fi rtg r jath back to the joint of rebalancing. The algorithm t he- n take:

h- form shown in Figure 7. At the start of a general H- - 1 w ” e  w have

8

- ~~~~~~~~~~~ ---~~~~~~~~~~~~~ -~~--~~~. - - -~ - ---~~~
- ‘  



___________________________ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - --,.‘ — - - - - —..~

I

~~ recorded. oniy 
~~~~ 

of the search path to the last element inserted . The

general step proceeds as before, but after the insertion a part of the

search path may be discarded. There is no need to treat the first

insertion specially in this algorithm; we s imply ini tial ize  the finger

path to be the root of B (which is certainly on the path to the first

insert ion~~, and execute the general step m times.

[Figure 7]

In an imp lementation of this scheme it is useful to maint - in a

record. of those :i- d.es on the finger path at which the path tui-’~s left

(i.e., nodes on the path whose left offspring is also on the path ’,.

It is easy tc see that these are precisely the nodes on the path

(excluding the last node) which are larger than the most recently

soerted item; according to Figure 5, only these nodes must be examined

while climbing upward. in the tree in the first part of the general step.

Bad cases may occur if we don’t record these nodes and must examine

small nodes on the finger path, as illustrated in Figure 8. If a node

y > x is inserted in the situation shown, the entire path up to the

root must be climbed to see if y > c~ . If it turns out that y < n

then y becomes the right offspring of x and the same situation can

be repeated.

[Figure 8]

Usi ng these ideas we can express the balanced tree merging algorithm

in an Algol-like notation . (The control constructs used in this  mmo t a th - e

are adajted from Knuth [6].) We k~~e 1 pointers t0 nodes on the finger

p ath in a stack and pointers to the ‘large” ath nodes (in the

sense of the previous ~-arag r aph ) in a successor stack. The node: of



the balanced t r-’e are taken to hav e fields Key , lLi nk , rLink , and B

(Ia ’Laoe- ;a ct o ”) ,  as in Algorithm ).2.5A [5]. The balance factor may

tale on the values leftTaller, balanced, and rightTaller, which have

oe~~’1eu : ~nteri  r ota t i on: ;  the rebalancing :tej. depends on the relation

io! ’tlall - i  = -rightTaller which is assumed to hold.

: ri f~- ’ aH balanced tree merge ]

. hei t ~~-d l se  : ath to cont ain the  r ut of the larger tree, and

b-H gal to be thc ‘ - ~zht of the larger tree
4 : m i t . a l iz e  : - m- :cc ~ sor to be -s:i~ ty

~~~~ ‘: : r  ~:- tch ~iod~ in tb ,- r,alI--r ~ree:

y . — it :-:~ node f r  s ,  1,hie :ms’d.ler t ie e , in  o.-s~e-t ric order , init ial ized

so ,bnt .  lL ink [x]  = r L i nk [x j  = Nil and Bjx] = 0

f~~lii~L uj ’]

1-~ j: -ie~ 1 successor is emp ty or K -~I x J < ~~~~[ to j - of successor] :
— -‘ -—-~~~~ 

—

until toi of } ath tcc of successor:

ro~-evc top from

-
~~ -V - °~ 

‘ s :~oc c’ - ‘- 5 -

c - I’ - ’ ’ L i-

p .- toi o f~~~~~~

_ _  —- -
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[- ~‘arch dow~i and m i : :rt

~~~~~

- 

~~ [~ 1 ~~ [~ 1 ~~~
if lLink[i’] = Nil th e n  goto leftNil
_ - _

else push p onto success or
-

.- lLink[~~} 
____

else
ii rLin~:l~~] = Nil then goto rightNil

- — ~~ —

el:- ’ — rLink [p) enmlif
- - =~~~~~~ ‘-~ --

udil

1 ush p nt: ~t~h-

re cat

‘ mm 1o ’t-~ il iLiukl :- J —

r’.i Fi l h I  rLink ! I -

._o1d_ i 0-, ’

(at ,hm .’t n h : - - -: foa l  i s ]

a t l i  I i t t - -:
.-‘ - ,  - - w-•. -

1 :-J � )a,l- Ln S -~ ‘ tt b i t ’S :  ty

~ H~~~~- ’~~ y .}  < -~- H ° 1  i h i e ; m  leftTafler

else rightTafler )
ii suc c’± .’-~~ m 1: -f •“~m~ f :~’ a:H f-:j of = top u t :ucc- -:t’:r

t be r m r ’ ’  ‘y e L m m  ‘ ‘r im’ - u cm - - m : s o r  endif
-~~~ war ,.

5-0 ‘ j i

a — (H’ K’~~ [x ]  < ~~~~[s ]  th em l ”tlaller else rightTailer)— — — — - -
~~ ,r_ -- — ‘- ri - - —

I

,- t
.

U-
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[rebal ancc the subtrcc s- nt -b at s; this part of the program is

essentially a translation of steps 7-10 of Algorithm rj.2.~~A [ 5 ] )
if B[s] balanced then [entire tree has increased in height]- -

— a; height — height+1

else ii B[s ]  = -a then (subtree has become more balanced]
~~~~~~~ -~~~ - - -

B [ s]  — balanced

else [rotat ion is necessary to restore balance]

r — (if Key lx ’l K Key[s] then lLink[:] else rLink[s])
- — — - — - __ -

it  ~ [ r ]  a then [single rotation)

if a = rightTaller then rLink[s] — lLink[r}; lLink[r] —
else lLink[s] — rLink[r ] ; rLink [rJ — s en dif

_ _ _  _ _ _  _ _ _

B[ sJ  — B [r J  — balanced

else [double rotation]
‘ a = rightTaller then

- _____

I- — l Li n k [r ] ;  lLi nk [ r ]  — r L i n k [i ] ;  r f i n k [ ç ]  —

rLink !’ s ] -‘ l L i n k [ m - ] : 1Link 1~~’I — s

— rLi n k [ r ] ; rL ink [r }  — l Tiim k [i]; lLink[~~] — r

lLink [s ]  — rLink [p];  r L i n k l i ]  — s

endif
~~w -~~~

8 15]  — ( B [p ]  = ~a then -a else balanced )

ft .] — 0: B[~~ ] -~~~ then +a else balanced)
.- balanced

endi f
onto 1 ath

- -

H H the rc:eüi m o o  i t -mm t b :  b u t t — s m  - ‘ I ’  ~~~~~~ and h - height

-m i - ’ LH bal- m m m ’ - d  t r i m s, ’ rg m ]

— -  . , ,~~~~~~ ,, ----_-‘  — - -  -‘ ~~‘~~~~~~~~~~~~~ “‘~~~~
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3. Running Time.

In order to analyze the running time of the balanced tree merging

algorithm, it is necessary to look at the details of the  rebalancing

procedure (steps 6-10 of Algorithm ~
‘ .2.3A [5 ] ) .  For the j u rj  u t - c of

this discussion we shall adopt a concise notation for balance fac t -or : :

the balance factor of any node is either 0 (left and. right subtrees

of equal height), + (right subtree of height one greater than left

subtree), or - (right subtree of height one less than left r-ubtree).

A node with balance factor 0 is called balanced, and the other node:

are unbalanced.

When a node x is inserted in place of an external node in a

balanced tree, this may cause ancestors of x in the tree to m o n -at- mm iM

height. To rebalance the tree we examine successive ancestors of x

moving ur toward the root. During this climb Wi’ change the balance

factor of each balanced node to + or - as a m i - -  ri mi te until an

unbalanced node, say z , is found.. (If we reach the rem it with. ut

finding an unbalanced node then the entire tree has inor ‘as -d in hmeighit

and. the insertion is complete.) Insertion of x m aO. - m i m ic t

become either balanced or doubly heavy on cmi si l t ’ . I f z l m i -o~~ mes

balanced we simply change its balance factor t i  0 - t h t - m w ~ - W i -

locally modify the subtrce rooted at z to s-H c- [ - i m i m u m - w h i l e

leaving it: height the same as it- was bet’ rm- iio d i- mm wits t i - i . Tit’:

two local transfermati ins shown in Fi gure ‘ wil l  ri - iou c i ’  - I hi  - - m i l l r - -

in all cases. ~linct- th ìe  :ubtrec rooted at z d i  : l i - I o h m z u m ~~’ - l i t  h i - i  ~~~

- nodes above z need hi: examined during I i i - i - ~:’- m- i - m m .

[Figure ~t }

Cal]. a r i - o l e  ‘‘handled’’ il it i s ‘-imuh ~ ii l m t l  ‘ 1 ii’; i i i , -  t a l o n - I 1 S t -

m - m r ~ i r m f  ai~n - r i 1 h t m .  Wi s}inll lta ~ m m an 1)01 lef (mm ‘ 1m m ) )  h - - m i m i  ‘ii t h e

1’ 
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summing time u t  the algorithm by showing that

(1) the time required by the algorithm is proportional to the number

of handled nodes (where a node is counted only once even if it is

handled many times~ , and

( i i )  the total number of handled nodes is  0(m log(n/m))

We rocoed by means of a sequence of leimnas .

Lerisna 1. The time required by the binary tree merging algorithm is

bounded by a constant times m plus a constan t times the number of

- m I d i t i omis  t i and. deletions from the and successor stacks .

1S)L t . An inspect ion of the program shows that the algor it iimm require:

ii i m ,iUitdCd armm. -m ~ m t of time per insertion plus a bounded amnoun t of time

m r  addi ti  mm to or deletion from a stack. L

Li msinia ‘. The total number of addition s to a stack is bounded by

Liii :  total numb:r  of deletions plus the number of handled nodes.

r o-m .~~ The number of stack additions exceeds the number of deletions

by tb ’ number or elements in the :1 ask when the algorithm t ermina te s .

h tt ,  each node in the stack has been handled, so the result,- follows.

(Th e mm~am :imum stack depth is actual]-y o ( lo g (n+m))  , which i s  generally

-‘ - - i i ~ it  . “oat.i- r than the number of handled n m d c : . )  ~

bodes- are deleted from stack: at two points in the program: while

rig b - a l  anc- - l actor: during rebalancing, and while  ci i n ~t I rig uj- the

- h  m i r i n g  I m o m - - i -  l i o n s .  hi’ n w  analyze each cmm : - in ‘turn.

- - 
‘ .. The number 01’ 1’ ‘ I - I - i o n s  f r i  cm: :1 ‘ ii - I - tm -  dur i rig r i - h a l m u i m - rig cannot

- - m i t - - ’  m l  t ( ‘ r i - I ‘ l i t  t ime: f i t  number i i  ban di ed m l i i

_ _  
_ _ _ _  ~~~~~‘-



Proof. All modes handled during a rebalancing step except at must th!- t .-e

have their balance factor changed from 0 to either + or - . Thus

each ~~~~ stack deletion except three per rebalancing “uses ur-” a balanced

node, and each rebalancing creates at most three balanced nodes. since

the initial pool of balanced nodes which are handled cannot exceed the

total number of handled node:, the total number of stack deletion:

during rebalancing is no more than the number of handled nodes i_lu: six

times the number of rebalancing:. The number of successor stack deletions

during rebalancing cannot exceed the ri i.mmmb er of ~~~~~~ stack deletions duririr

rebalamicin~ . The len’giia follows. —

Lenmma The n umber of deletions fr irn stacks during insertion: cannot

exceed a constant times the number of handled nodes.

I roof .  l oc h fl~m i ’io y u-:1o4-ed from the succes: -r stacc during insertion

ha: a key - rmmmllur than the key of the node x current-i being im i :e r t e - ,t ;

thus y can never again be added to (or deleted from) the successor

stack. Henc e each handled node can be deleted. from the success r :1

t a r i n g  in s er t - i  on at nost, on c e .

Sich no-b e y dim ]. ted from the stack during in s- -r t ion ii’

- i t i m e r  ( :- ) m -  1- -t i -mI rem the success or stack during l.~:t - same i r i m - i - r i  i -ri

or (ii ) has tb :  ~.ro~-ert y that y occur s in it sui t r - e  with  roo~

such that K ey(y)  < K ey ( z l  K ey ( x )  , where x is  the node currently

- - I r i g i t i s mr l’ - m d .  (Here z is t he mmod ’ on tu~ 1 successor  when y is

r’ -Si ( ,v ’Oi from

Ibm- rmum l ’ -r ~: tiudm - t - y smt ,is lyl mg (i ) CiUUI ‘t i x ~~i e ih  t i e -  m u d -i ’ m l

I ;  i t - - i - m t  - :m i  s ~mm: l I m e  :m o - t ’ s,or mmt , ai k , -‘c m i i  ) m ’ m m o ’ - I-h i- r m m t r m t ’ r r  - .f bmn j , d l -

- - i ’ s .  1 . ~;i  m r  m1 r o i l ’ ’ y ‘mi t  I s ly  I ~~ ( i i  ) t i  - - r  Las  I i , - t ~m m .  I -  I i i  1

- -‘ - - -  ----
~~~~~~~~~~ 
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from the path stack. Reb alancing may now take ~ 
lace above t: -. ai

or in the right subtree of z , but inspection ~ t ’ Fi gure shows that

any case property (ii ) is preserved for y . A node y which smit  l s m ’:ie:

(ii) and is not on the 
~~~ 

: can never again be added to (or

deleted from) the £ stack, ~~
- - nice the key of the left child. of z will

never be compared ~~ainst the key of a node being inserted . Thus the

number of 
~~~~ 

stack deletions satisfying (ii )  is at most eri e j e r  h mui iJ .- h

node.

In summary, at most three stack deletions per handled node can ~i m m 5 m t l ’

dur ing insertions. ~

Theorem 1. The total time required by the balanced tree merging

algorithm is bounded. by a constant times the number -of handled mmm dc:.

~m -’roof. Immediate from Lemmas l-~~. j .i

The bound. on the number of handled. nodes is proved in two ste1 s.

First we show that when the algorithm terminates, most of the handled

nodes constitute a :ubtree of the balanced tree resulting from the mel-go,

and thin :ubtree ha: at most m t,errmsinal nudes (node: h aving no internal

node of the subtree as an offs 1-rimm g l . Then we b ond the number ci nodes

that any such a suhtree of a balanced I roe may have .

Lmmmsmmi 5. After k inse rt ,i -n-rebalancing ste i  s, the mm e 1. of handled

n- m i - i ) l m t m l . t,5 of nm more than k nodes - lus ~m u i - I  roe i i i  t i e -  ‘ mit  i t ’ -

h , m m f m c i c - t m d  t ree containing mii i more I ban k l ’ - I T ,inmü m m  - - t o : , omit m o m i t m i  i m m i m m o

- i ll arm - - s t  -r s  1 )1  t - i m c  most r i - s - - n t 1 , m I s i ,- m t , o I  v~~m I  t X .

1 ’ 

1’ 

~~~~-‘~~~~~~~~~~~ - ‘~~~~~-
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Proof. We prove the lemma by induction on k . The lemma is certainly

true for k = 0 . Suppose the lemma is true for k-i . Let Tk l  be

the subset of handled nodes which forms a subtree with k-i or fewer

terminal nodes containing all ancestors of the node inserted at the

k-i -st step. Let be the remaining k-l or fewer handled nodes.

Each node handled. during the k-th insertion is an ancestor of either the

node Xk l  
inserted at the k-i -st step or of the node X.K 

inserted

at the k-th step . Let Tk be formed from Tk_ i by adding all ancestor~

of x,~ . Then T~ forms a subtree with k or fewer terminal nodes.

The k-th rebalancing step does not handle any new nodes but may

alter the shape of the overall tree and thus may rearrange the vertices

in T~ . However, an inspection of Figure 9 reveals that, after

rebalancing, the nodes in T~ still form a subtree having the sane

number of terminal nodes as before, except for possibly one additional

“ special ” terminal node . This special node is a child of a node with

two offspring, so removing it from T~ does not create a new terminal

node. In Figure 0~ node z becomes special if T~ does not enter

either of the subtrees t or ~ . If z becomes special after

rebalancing, let Tk = Tk-.[z) and. = Hkl U f z )  ; otherwise let

Tk = T~ and Hk = Hk l  . Then Tk and Hk satisfy the l emma for k

Lemma i~• Let T be any balanced tree of k nodes. Let T’ be any

subtree of T with at most I terminal nodes. Then T’ contains

o(~ log(k/f)) nodes.

i ri)e t ’. By Theorem i .2.3A of [5 J ,  a balanced tree ct  li t - i ghi

h = i.14 b - } 4 lg(k/ I + 2) - O.3dd must contain at ieatt k “ I n i h -s. 11

T has height less than h+2 , then V can he m ’ u l i t i  - m m - -I I n t o j

paths , each of length less than h +fl  , and l , I i t -  i- - nmmnmm . is ri ,

1:

- -

~ 
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On the other hand, suppose the height of T is no less than h+2

We shall conceptually subdivide T into smaller trees as follows :

let the set R consist of the root of T , plus all other nodes in T

which have height h+2 or greater. It is not hard to see that R forms

a subtree of T , as shown in Figure 10, and th at the remaining nodes

of T are partitioned into a set of disjoint subtrees (S~J
[Fi gure 10]

A balanced binary tree has the property that if v is any node,

the height s of the two children of v differ by at most on’s . Thus the

difference in height between v and either of its two children is at

‘rost two. It follows that each subtree 13. has height h or h+l ,

s ince  if the height was less than h then the parent (which lies in R

would have height less than h+2 . By the choice of h thi s guarantees

that each 3. contains at least k/ i nodes , so there are at most I

:ubtrees Si . Each of these subtrees is attached. to an external node

of the “ root” subtree R , so there are at most 1-1 nodes in R

Wi th T subdivided in this way it is easy to bound the number of

-des in T’ . The nodes of T’ which do not lie in R can be

I mmr t :itioned into I paths, each lying completely within a subtree 13.

C i n i c ’ -  - - a c im such path has length not exceeding h+l , the t ot-al number

of r i t I m ’ s  in V cannot exceed 2-1+ f(l.I~t~O14 lg(k/ 2 + 2) 4- .

~~ log(k/i)) .

The total number of nodes handled by the balanced tree

r i  rig algorithm is O(m i og ( rm/m ’
~

I ru . ‘I”m m ’ : total number cl mm i ( j i ’ t m  in the t r i o ’  r t - su l  11 nm ~ t ’rom I-Ic  - merge 

- ‘ n m . ’[’}i ut m by Lemmas 5 mcm l - the I u t - a l  imumb er  ol iman dlli-d n o te :  ~i s no

I-
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more than m + 0(m log((u~ n)/m) ) = 0(m log(n/m)” .

Theorem 3. The balanced tree merging algori thm requires O(m log(n/m))

time to merge lists of sizes m and n with m < n

Proof. Immediate from Theorems 1 and 2. 0

One may wonder why the proof of Theorem 
~ 

is so complicated, while

the informal motivation given for this b ound in Section 2 was so sim~l’s.

Perhap s the reason is that each insertion changes the structure of the

tree; thus it seems necessary to analyze the stack operations directly .



I

Ii. Implementation.

It is m-o:sible l’or an algorithm to be very fast asymptotically, but

to be terribly slow when applied to problems of a practical size for

present-day computers. Therefore it is worthwhile for us to compare

our balanced tree merging algorithm with other merging procedures to

determine when the new method is actually “fast” . In the discussion

below we shall refer to our balanced tree merging algorithm as Algorithm F.

One strai ghtforward merging procedure for linear lists represented

as balanced. trees has already been described in Section 2: that of

inserting the elements of the smaller tree one by one into the larger

t ree. We shall call thi s method Algorithm I. Since this procedure :1

requires Q(m log n) time, we e cpect it to be most  useful ~,m en m is

very small compared to n

Another simple merging procedure for balanced trees is to scan

entirely through both trees in increasing order and Perform a standard

two-way merge of the lists. This method., which we call Algorithm T,

divides nicely into three stages of coroutine mm . The f irst  stage routines

di smantle the input trees and send. their nodes in increasing order to

the next stage . (Identical routines are also needed to dismantle the

-maflor tree in Algorithms F and I . )  The second stage compares the

smallest elements remaining in the two lists, and sends the smaller ot ’

the two elements to the third stage . The f inal  routine accepts nodes in

increasing order and creates a balanced tree from them . (~ivefl that the

total number of nodes in known in advance , a s - i mj le way to construct thi s

tr - .-e in linear time is t i  divide tie- mmcd ’s:  as evenly its os: .1 t i le  be tween

the 1i ’ ’~ and righ t subtreo- s 01’ t h i -  root , building t h e .  

r- - - -m u : iv e ly  by the same method II ’ they are n m i ’-ni ~’ imm; l y .  A mor e - - J mib ir al e

20 
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construction which works even if the number of nodes is not known in

advance is given in [5 ,  Exercise 6.2.3-21] .  Algorithm T requires

0(mm4’n) time, so it may be a good method when m is almost as large

as fl

A final method ‘dnich should be part of our comparison is Algorithm L, V

standard two-way merging of singly-linked linear lists. The running

time of this procedure is Q (m+n ) , like Algorithm T, but we expect

Algorithm L to be more efficient because the first and third stages of

Algorithm T become much simpler when singly-linked lists are used instead —

of balanced trees.

For the purposes of comparison, each of these algorithms was

implemented in the assembly language of a h~rpothetica1 multiregister

computer f e ’) .  Each instruction executed is assumed to cost one unit

of time, plus another unit if it references memory for data. By inspecting

the program s, we can write expressions for their running time as a function

of how often certain statements are executed. The average values of

these execution frequencies are then determined either mathematically

(in the case of Algorithms T and L) or experimentally (in the case of

some factors in Algorithms F and I ) .  The experimental averages are

determined by executing high-level language versions of the algorithms

under a system which automatically records how often each statement is

executed [8 , Appendix F] .  
-
~ 

-

The results of this evaluation are summ arized in Figure 11, which

gives formulas for the average running t I m e  of each of the four algor il }mm -ts .

Figure 12 compares the three balanced tree merging algorithms by S i t  -W !lg

the values of the l is t-  sizes in and n for which each of the three

31
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mügor~ thms is  faster than the other two. It turns out that Algorithm F

beats Algorithm I when m > 1~- .o1~n 2S3 
, and Algorithm F is faster than

Algorithm T when m < .355n . ~ irthennore , Algorithm F is never more

eb ut ~~~ slower than Algorithm I, or 514 slower than Algorithm T. Thus

Algorithm F seems to be a practical merging procedure for balanced trees.

[Figures 11 and 12]

In some situations the flexibility of balanced trees may not be

needed, and the simpler singly-linked. list representation might seem

preferable. Our comparison shows that from the standpoint of merging,

balanced trees are worthwhile whenever the lists being merged differ

in size by a factor of 16.5 or more. So in order to derive a benefit

from the simpler representation we must keep the merges fairly well

balanced.

It now seems appropriat e to make some general remarks about Algorithm F

and i t s  implementation. Our first observation is that the general

scheme of the algorithm and its running time proof apply directly to

2-~ trees (or general B-trees).  For example, the argument of Lemma 3

:ortis~-rr1ing the number of balanced nodes handled. during rebalancing

~rans1ates into an argument about the number of fuJi. nodes (nodes

containing two keys) handled during splitting in the 2-3 tree case .

The algorithm might be easier to state in an abstract way in terms

~f 2-~ tree:, rather than balanced trees, but as soon as a representation

f o r  2-~T- trees is ~~ecified the algorithm becomes ju st  as complex. One

1 o:sibl’s advantage if 2-3 trees is that when they are represented a:

binary se ar c h  trees ( 5 ,  j .  14 i) ] they use only one bit jer node as a

balance factor. 

- -  - -—- — — - -~~~~~~~~~~ -- -~~~~~~~~~ -~~~~~~~~~~~~~~ — --  - -~~ - — — ~~~~~ - -—--~~~~~~-—— - -~~a— _ _ _ _
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The merging algorithm could be implemented to operate on t ri~ il/-linked.

balanced trees [ 2 ] ,  which contain a j ointer in each node to it: parent .

In this case the ~~~~ stack would. be unnecessary, since the upward

links provide the information. If the tree were also threaded in an

aJ-1:roj riate way then the successor stack could be eliminated..

The program given in Section 2 uses only conventional stack oj eret 1on :

ii the and successor stacks; hence it is clear that th i s  ~rogr am can

i-u n sni a j o inter machine within our time bound. On a conventional

c cr-,j uter  we would. implement the stacks as array s, with an integer stack

-s: I t o r .  Then rather than keeping pointers to nodes as entries in the

sues -ssor stack , we can keep pointers to the stack entries for these

fl e ies .  This all -sw: us to delete all 
~~~~ 

entries up to the top node of

sue - - sss or °1’ s bsi IL:,- assi gning the to~ element of successor to the

:~ ack j o i n S - -r , which makes the climbing-ui - phase of each in sert ion

c cm m sid i - ra b ly  l a s t e r and hence reduces the coefficient  of m lg(n/m )

in the rws i i t i~; tJ~’ - i .  The implementat i on given in the Appendix uses

~~~ stac k t - - i ’hxi i~~~e, and also retract s the stacks during reb alaocing

only i’ rebal anci ng invalidates some of the path ; the latter change in

the a1~ -r i t hm has little effect  on its running time since rebalancing

l Ion occur s high in the tree.

A furt her improvement in the algorithm come : from considering the

r- -~ a t I  - r i s h l  j  between our method and the Hwang - Lin binary m ner ~ inL~

- r- -sented in $ection 2. A principal h it s t inc t ion  l i i - t woe~i t h e

- 1 s ~ imrut . b inary me rging always robe: near isi where the item hei

1- ;- r i s  -- : -: m -H -i  to ‘a1l~ with t a I~u i c~- 1  t r i os Wi c l im b  uj- t h u i -  - - -a r ~-h

~ a~ h m r I rm ~ r i - - rt ~I m i t  and oxamine ri b-s which or - - very irnJ i kely t - t i  -

23
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J - --re:- m - I ian the :tein h~i-~ m ig h i m s i -r i  ed. Usime: aim : m r ’ r ~ m~’; sta c k imi - - m t i - m l t : i l  I

cai m - cv  -Id m im aim y l s i  ~-ss  c o i m m j - : u ’ i s - o m i c ’  t O - •~i l l f l 1 i r i t :  -u r- cI ~~
‘
~‘ t -~ i i  node on

Ide’ t a t  ii wit -r e  the next com b a r i  s emi  w i l l  be 1 -5: b i a s - - i . The re if  of

I -rome o j i m - U  c tsL-s I-tac t - a j - o e s - i b~~i ’ et r et - i~s to iuinj - te ii nob - el

h - c t g ,h m t  w t I i t’~- ii is chose-ri Cc- r i l a r - e m t - t e  t h a t  a subt  ~~
‘ i - i - of t h i s

i i  - .1 ~ h i I -  ~ ‘ - ~m mI t i l e s  at- least n / m n  nod m -tt . , i i m c  e commi t ut i m ig thi e t i e i  ght- -lu m’ I

t h e  seai’~~i i  L xi-crls iv ’- , it soon : m ’ m - foi’ublo t i -  j i un j - I- - a t i x c i  dej t i m

i n  th~- t r i o ,  eu -li as i ig ~~ mn , i i i t L i i~~ct tli i s operat ion i t — :~:t

f as i  mm: i img au arri ,v s tare  imjilementat I on. dumping back t o  a il- - i tim

nc - c -  lg iii u n  i-eve s the av -ragc is at -c , n’~i mic  i - i’at i ib i rnn  balanc ed ti- n - i  -

s. i wi - IL i - a la rms -d , but it - makes t i m e  worst -  case greater than

3 i : ( m m r n )  I

A r mo tln - -m- ost - ibie s c h i e m n m c  n i l ’  l est m in’t H n g i t - t o  use I-ic -  i i m m n - :~~ li st

i’ i n -  mit - a l ion developed i i i  ~] . Thi s st ructure allow s a I Imger  . it o

h i~ L st to t o -  - - t i . I mrt aiuie-d ,-ueh i thaI all t ics s in l i m o  n e i gh ib i  i-hood

c -i t ime i t  m~~n r  or - ~~ arrmtn cii t ,o L I  ( ‘ ! t ’ i c i  n u t . lb ’s elgn n r i t hn m s  o t ’  [~~]

t i e ex t  - - m i n i - - i l t -  show that 100 tic’ j i m t - ~ Use: ct  m i m - - i ’ g i  mg ,  I i i ’ s  l i n g e r

51 tLI ti b ’ f l h n ) V -  -d e 1~L~
j i~ l n - r i 1  ic- wi lb i - ‘mob i t O i S i ’ : : , gi vi m m g  t o n  d ( n m l m m g ( n

~: l ’ l i i i i  ~~ -~- u’i tl umu . ‘I~m i s  l i s t -  rn - i  p ’ t o l l t t L t  u i O l  15 V i ’i~~ C I t ! l ~ t i i ’~ l i i i , 110W- V i i’ ,

s i n  l i t  i , , ’ - i l  nil n - - t m ’rgi m m ~ç m’ - - - - i - i lnm m i is I i -  I “ i ’eeI- ” tUl 1 j ‘ :m m ’ t  t e l  t ell :- .
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Apjendix. A frm,il Imp-les entat i

The fo llowing is a Sail Implementat ion of the fast balanced tree merging
algorithm . A complete description of’ the Sail programming language is given In
[8], but the reader who is familiar with A lgoiW or Pascal shou ld have little
difficulty understanding the Sail constructs used below . The following points
are worth noting:

1) A string constant preceding a statement is treated as a comment.
2) The statement ‘D ONE Nb lockName w l causes an exit from the loo p on the block

named ~b lockName N .
3) RECORD _ PO INTER parameters are passed by value.
4) The logical operations A (and) and v (or ) are executed conditionally when

evaluatin g an IF predicate , as in LISP but unlike Algol 6B . For example ,
the construct ‘a A ~~~

‘ means ‘IF a THEN ~ ELSE FALSE ’ .

RE CORD _CLASS No de (RECORD POINTER(Nod e ) lLink ! , rL ink ~; INTEGER BI ; INTEGER Keys);
COMMENT
Fo rmat of tree nodes: pointers iL ink and rL lnk to the left and right subtrees ,
an Integer key , and a balance factor which Is the hei ght of the right subtree
minus the height of the left subtree , i.e., -

B [pJ = -1 ~ node p is unbalanced to the left (left subtree Is taller) ,
B[p ] = 8 E node p is balanced ,
B [p ) = +1 ~ no de p Is unbalanced to the right.

We use the names left iall er , ba l ance d , an d rlghtTa ll er respectively for these
valu es. The only relation between them which Is signi ficant to the program is
that leftT alle r c -r lghtTal lsr .;

RECORD _ CLASS ListHeader (RECORD _ POINTER(Nod e) Root~ ; INTEGER He ig ht i , Size~ );
COMMENT
Format of list header : pointer to the root of the balanced tree , plus an
integer giving the height of tree , and an inte ger giving the number of nodes in
the tree.; -

COM MENT Abbr ev iati ons for No de an d ListHeader f ie lds ;
DEFINE ilink = (No de :lLlnk ’);
DEFINE rL i nk = fNode:rL ink !) ;
DEFINE B = {Node :B!) ;
DEFINE Key (Node :Key! };
DEFINE Root (LlstHeader:Root !);
DEF INE Height = (LlstHeader: Height ’) ;
DEFINE Size ~ (LlstHe ader:Size l);

COMMENT Manifest constants;
DEFINE balanced = 18);
DEFINE left l a ll er = (-1);
DEFINE r i ghti al ler (+1);
DE F INE maxDe pth = ( 2 4 ) ;

_
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PROCEDURE FastMer ge (RECORD _ POINTER (LlstHeader ) src , dst);
BEGIN “Fa stMerge ”
COMMENT
T he Fas tMe rg e pr ocedure perfo rms me r g in g of sor ted l i s t s  re pr esented as balanced
b inary trees. The two lists are passed to Fas tMer ge by pass ing the two pointers
src and dst to their respective list heade r nodes: the src list is empty on
return from FastMerge , and the dst list conta ins the result of merging the two
lists.

The merging algorithm is best viewed as co ntaining two relatively independent
processes , the dismantling process and the insertion process. (In fact , the
most natural program structure for the Fas tM erge procedure would use corout ines
f o r  these processes.) The dismantlin g process operates on the smaller of the
two lists , which contains m nodes. It performs a symmetric-order traversal of
the binary tree representin g this list , lopping off the nodes in order of
increas ing key size , and supplies these nodes to the insertion process upon
demand. The dismantling process runs in 0(m) steps.

The insertion process inserts these nodes suc cessively into their proper
position in the larger list , which contains a nodes. The details of the
insertion algorithm are complicated , but the Idea is sim ple. The first
insertion is performe -1 using the norma l tree search and insertion algorithm .
The subsequent insertions are not inde pendent from one another , since the
insertions are done in increasing order . So the al gorithm performs these
insertions by first searching upward from the site of the previous insertion for
the root of a subtree which can be guaranteed to contain the node being
inserted. Then the insertion is completed by the usual procedure. The
insertion process runs in O(m log (n/m)) steps , so the running tine of the entire
merging algorithm is also O(m log (n/m)) .;

RFCORD _ POINTER(Node) ARRAY dStk~l :maxDepth ]; INTEGER dPtr ;
COMMENT
The dStk array is used as a stack , containing nodes not yet output during the
d i smantling process , and the integer dPtr Is its stack pointer. This
structure is used by the procedures Init Oi sm ant le and GetNext below.;

PROCEDURE In i tDism a nt l e (REC ORD .~.PO INTER( L istHeader ) Hea d);
BEGIN “I n i tD ism ant le ”
COMMENT
This procedure initializes a ‘stream ’ which produces the nodes of the list
headed by Head. The nodes cone from the stream In Increasing order of Key
va lue , one node per call to GetNext. The list Is dest royed In this process ,
so In itDl sm an t le sets all fields of Head to a null state.;

IF Size[Head ] = 8 THEN dPtr ~ B
ELSE dStk[dPtr ‘~ 1] ~ Root [Head j;

Root [Head) .‘ NULL _ RECORD ; Size [Head ) Helght [ Head) B
END Ih I n i tD l snant le u ;

RECO RD _ PO I N T E R ( N o de) PROCEDURE Ge t N ext ;
BEGIN “GetN sxt ”
COMMEN T
A c all to this procedure returns the next node in the list giv en to
In i t O i sm ant le , wit h lL i nk r ll nk z NULL _ RECORD end B s e. If no nodes remain
in the list , the va lue  NULL RECORD 1~ returned .;

RECORD POINT ER (Node ) Nxt, Nxt l ;
IF dPtr = 0 THEN RETURN (N IJLL _ RECOR D) ;
Nxt dStk[dPtr J ; dPtr .- dPtr -1 ;
WH I L E  l L i n k[Nx t } 0 NULL RECORD DO BEGIN

Nxt l ~ lLi n k [Nxt); ‘ILink[Nxt ) NULL RECORD ;
d Ptr dPtr +l ; cjStk[dPtr ) Nxt;
Nxt . N x t l

F ND; 
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IF rLink [Nxt J 0 NULL RECORD THEN BEGIN
dPtr dPtr+1; dStk (dPtr ) rLink(Nxt ];
rLink[Nxt J NULL _ RECORD

END ;
B(Nxt] balanced ;
RETURN (Nx t)

END “GetNext ” ;

RECORD _ POINTER(No de) ARRAY pathStk [I:maxDepth]; INTEGER pathPtr ;
IN TEG ER ARRA Y succS tk ( I :maxDe pth ); INTEGER succP tr ;

“Invariant ‘PathProp ’

The pathStk contains en init ial segment of the path from the root of lgLst
(as modified by the insertions so far from smLst) to the position which some
node z (specified when this invariant Is applied below ) from smLst has , or
will have after an insertion , In lgLst.
The succ5tk contains the indices of all pathStk entries whose ilinks are
also  i n pa thStk , i.e. a ll nodes on the path (excluding the last) which are
greater than the last node Inserted .”

PR OCEDURE I nit lnse rt l on (RECORD _ PO INTER (L i stHeader ) Hea d) ;
BEGIN s~Init In sert ion u
COMMENT
This procedure initializes the insertion process on the list headed by Head ,
an d sets all of the fields of Head to a nul l state.;

pathPtr 1; pa thStk (pethPtr) Root (Head);
succPtr 0 ;
Root [Head ] NULL _ RECORD ; Slze (Head) HaIght (Head] 0

END “In itln sert lon ” ;

RECORD _ PO INT E R (Li stH ea der) smLst , l gLst;
RE CORD_ POINTER(Node ) p , q , r , s, t , x;
INTEGER m , a . ht , InsCount , sPtr , a , k;
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“In i tializations. ”

IF SIze(dst] � Slze (src) THEN BEGIN lgLst ~ dst; smLst ~ src END
ELSE BEGIN smLst ~ dst ; l gLst ~ src END ;

m .- SIze[ smLst); n Slzet l gLst ); ht Height (lgLst ] ;
In itD i smant le(smLst); In ltlnsert lo n (lg L st);

“The insertion process. ”

FOR insCount a- 1 STEP 1 UNTIL m DO BEGIN “InsertLo op ”
x GetNext;
k Key tx ) ;

“Now x is the next node from sinLst to be inserted into lgLst , with lLink [x)=
rLlnk ( x ]=NLJLL _ RECORD , B[x )=ba lance d , and k=Key[x). PathProp holds with z ~
the previous node inserted into lgLst; on the first insertion PathProp does
not h old , but succStk is empty so Uploop below is never executed . The
purpose of lipLoop is to make PathProp hold with z = x , by retracting the
path as little as possible toward the root .”

WHILE succPt r 0 0 DO BEGIN “UpLoo p ”
IF k < Key[ path Stk[succStk[ succPtr ]}] THEN DONE “LipLoop ” ;
pa thPtr a- succStk[ succPt r); succPtr succPtr -1

END “UpLoop ” ;
p a- pathStk[pathPtr ];

“Now x and k are as before , and p is on top of pathStk. Also , PathPro p
holds with z = x. The purp ose of SearchLoo p is to maintain this property
while extending the path to a leaf of lgLst , and then to add x to lgLst and
to the path .”

WHILE TRUE DO BEGIN “SearchLoo p ”
IF k < Key[p ) THEN BEGIN “Move left”

succPtr ‘- succPtr + I ; succstkj su ccPtr j a- pa thPtr ;
q lLink[p ] ;
IF q = NULL _ RECORD THEN BEGIN lL lnk [p ] a- x; DONE “SearchLoop ” END

END
ELSE BEGIN “Move right”

q .~ rLink[p ) ;
IF q NULL _ RECORD 1HEN BEGIN rLink [p ) a- x; DONE “SearchLoop ” END

END ;
p .- ci ;
pat h Ptr pathPtr+ I ; pathS tk [pathPtr ) p

END “SearchLoop ” ;
pathPtr pathPtr+I; pathStk[p a thPtr )

“Now PathProp holds with z = x , and in fact x is on top of pathStk. The
purpose of AdjustLoop Is to adjust all of the balance factors on the path
between x an d s , wh ich is defined to be the first unbalanced node on the
path above x (the root if there are no unbalanced nodes on the path.)
AdjustLoop does not alter the path. ”

sPtr pathPtr -1 ;
WHILE TRUE DO BEGIN “Ad justLoo p ”

s a- pathStk (sPtr );
IF B(s] 0 balanced v sPtr :1 THEN DONE “Ad justLoop ” ;
B (s) a- (IF k ( Key (s) THEN le f t la ll er ELSE rightTa ll er);
sPtr a- sPtr -1

END “AdjustLo op ” ;
a a- (IF k < Key(s) THEN left l a lle r ELSE right lell er);
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“The purpose of the following is to maintain balance in the subtree rooted
a t S. In two cases th i s  i s tr i v i al , and the path Is not affected. In the
third case rebalanc lag must take place , which invalidates a portion of the
pa th ;  this  port i on is d iscarde d , and the root of the rebalanced subtree
becomes the final node on the path . In any case , PathPro p will still hold
with z :x. ”

IF B[s] balanced THEN BEGIN
• B (s) a- a; ht a- ht+1

END
ELSE IF B (s) = -a THEN BEGIN

B[s) .- ba lance d
END
ELSE BEGIN “Rebalance ”

r a- pathStk [sPtr+I];
IF B[r) a THEN BEGIN “Sln 9leRotat lon ”

p a-
IF a = rig h tTa ll er THEN BEGIN rLink[s] a- lLink(r]; lLink[r ] a- s END

ELSE BE G IN l Li n k[s) a- rLlnk [r ] ;  r L i n k[r)  a- s END ;
B ( s)  a- B [r)  a- ba l anced;

END “SingleRotation ”
ELSE BEGIN “Dou b leRota t l on ”

IF a = rightT all er THEN BEGIN
p a- lLink[r ] ; lLink[r J a- rLink [p]; rLink[ p ) a- r;
rLink [sJ a- lLlnk [p); lLin k [p) a- s

END
ELSE BEGIN

p a- rLink [r ]; rL ink [r ) a- lLInk (p ] ; lLink (p) a-
lL ink[s) a- rLink (p ); rLlnk (p) a- $

END ;
B( s) a- (IF B [p) = +a THEN -a ELSE balanced);
B[r] a- (IF B[p] = -a THEN .a ELSE balanced);
B{ p J a- balanced;

END “D oub leRotat lon ” ;
IF sPtr ) I THEN BEGIN

t a- pathStk [sPtr- 1);
IF s = rLink [t) THEN rLlnk [t) a- p

ELSE lLink[t] a- p
END ;
“The tree is rebalanced; delete the invalidated section from pathStk and
succStk. ”
pathPtr a- sPtr; pathStk [pathPtr ] a-
WHILE succPtr )8 A succStk[ succPtr ]�pathPtr DO

succPtr a- succPtr- 1 ;
END “Reba lance ” ;

“Now PathProp holds with Z =

END “InsertLoop ” ;

Root[dst J a- pathStk[ 1); Height [dst 3 a- ht; Size[dst) a- m + n

END “Fa stM erge ” ; 
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Figure 1. First comparison during a binary merge.
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Figure 3. Sorted lists represented as balanced binary trees.



— ~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -C2W!~~~~ -‘- ~~ - .‘ -r ’-’-r”’  - —‘~—- ------~~‘-— ‘--‘---—-— .: .i.~~, _________________________

~‘1p

I

C L

A G K N

B H H J M 0

F

cur- - An -nxam T 1-- of merg ing by indepe ndent insertion s

(s muare nodes have be-- ru inserted).



- -—.-——- ---- ‘ - - - - ‘ —  “ ‘ ‘  ‘
~~~~~~

‘
~ 

‘ “
~~~~~ 

“ :n.o ~
‘“ ‘~~~~~~~~ ‘ ‘  ~~~“‘ ‘ ‘ ‘ ‘‘““ “__ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~ I

/
a

£

J 2 ~

x

[y,~ )
[x , y )

Figure 5. Inserting an item larger than x . (Subtrees are

labeled w1~th the range of key values which may be

I
inserted.)

35

_________________ 4



(
~
L ) /

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a:l_ . . t
~
i-I.~ I ~1-:~ i~I ‘ .

L_ ~~ J L._ J

_ _ _ _  — I

L~~~~~~~~

-

~~~~~ L~~~~~~~ 

iTi ...

~~~~ 
[ L k t l l  . 

‘
~sI ~

~-~i 1°” - ‘ - . in- 1’ - i i  usi OC - Id ~~~~~ 
1’ ai



- 

L~~~~J 
H•- _ ~~k+1i 

‘“ r ’

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

a~ . ..
~~~~~j  [ak+lj ~~ “f

~~~~~~~~ J [~‘k~~j . .  .

Figure 
~~. 

Retracting the path for rebalancing.

S 7

~

- - - - -

~

- 



~~~~pupuuI~Iuuu.Ipuu.uu.IIIuuu~rI!nvr 
- - - - - - - — - = -~~~- - -n~~-— — -i~~~ ‘.r) -- ‘~~ ‘ -  ~~~~~~~~~~~~~~~~~~~~~~~ -

I
,

I -
~

[ 1 , +~~~

Figure H, A bad insert-iun.
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Figure 10. Vubdiv-i siorr of a balanced tree.
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average running time to merge lists

-~ f’ sizes m and n , with m < n

Algorithm F 15.0 m lg(n/m) + 118.5m + L~5 .5

Algorithm I ll.2m ig n + 88.5m + 21

Algorithm T 35.9(m±n) + 1~m + 59.2

Algorithm L 10(m+n) + 2~m + 32

Figure 11. C omparison of methods .
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