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20. ABSTRACT (continued)

Mhis report is concerned with Phase I of this overall Multi Mode Stacked Crystal
Filter Program: The detailed requirements of this phase were to consider:

a. Number of crystal plates in the stack. Emphasis is placed on two- and
three-plate stacks, exclusive of bonding or coupling layers, relative thicknesses
of the plates, and bonds or coupling layers.

b. Materials comprising each crystal plate, bond, or coupling layer.
Emphasis is placed on quartz and highly piezoelectric materials, such as lithium
niobate. The material parameters used in all of the stacked filter programs are
arbitrary; however, most results are illustrated using the material parameters
of AT-cut quartz or are illustrated using the material parameters of AT-cut
quartz or multiples of them. Results for berlinite are included (Section 2).

c. Number of thickness modes coupled piezoelectrically, in a given plate,
to the electrode system. Number of thickness modes, coupled mechanically at the
interfaces, for achieving the filter response. Emphasis is placed on one- and
two~shear or quasi-shear modes.

d. Crystallographic orientation of each plate. Emphasis is placed on
rotated Y-cuts of quartz and lithium niobate and relative rotation, about the
common thickness axis, of the v§rious plates with respect to each other.

e. Bonding materials for attaching resonator plates together. Techniques
for accomplishing bonding so that welded interface boundary conditions are
approached as closely as possible, and effects of finite thickness of bonds and
bond viscosity are considered.

Bond effects for the single mode case are illustrated (Section 2) for bonds of
various thicknesses and size relative to the crystal plate sizes. The effects
of bond viscosity (Q) are also illustrated.

f. Various electroding arrangements, and interconnections between layers.
Time did not permit an evaluation of this aspect of the stacked filter. When
dealing with two plates,only a 180 degree phase reversal between the input and
output electrodes of the stack is possible. An augmentation of the actual plate
coordinate equivalent circuit (Section 3) is discussed in Section 5. This is
appropriate to this preoblem and allows for arbitrary electrical interconnections
between plate electrodes of the plates in a stack of more than two elements.

While additional design criteria would be desirable, most of the specific
requirements of Phase I of this Multi Mode stacked crystal filter program have
been accomplished.
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1. INTRODUCTION

This report describes work on Multi Mode Filters performed from June 1,

1976 to February 28, 1977 under Contract No. DAABO7-76-C-1337.

The objective of this program is to develop design criteria and establish
tradeoffs for the transduction of acoustic bulk waves in crystal stacks, for use
in filtering applications. A primary goal of the program is to explore methods
of obtaining miniature low-loss acoustic filters using interactions among the
three modes in each crystal layer, which depend on the thickness coordinate.

This report is concerned with Phase I of this overall Multi Mode Stacked
Crystal Filter Program: the detailed requirements of this phase were to con-
sider:

1. Number of crystal plates in the stack. Emphasis is placed on two
and three-plate stacks, exclusive of bonding or coupling layers,
relative thicknesses of the plates, and bonds or coupling layers.

The M@DE programs (Section 3) handle only two plaies in a
stack with intimate contact between the plates. These plates are
allowed independent thicknesses and material properties. The
single mode programs (Section 2) allow for two and three plates
in the stacked crystal filter, with bonds between the layers.
These programs assume that the plates are made of identical
material but are allowed to be of different thicknesses. The
bonds in these single mode programs are all assumed to be
identical in a single stack.

Possible procedures for including arbitrary bonds in the
M@DE programs and for including additional plates in the stacks
of these programs are also described (Section 5).

2. Materials comprising each crystal plate, bond, or coupling layer.
Emphasis is placed on quartz and highly piezoelectric materials,
such as lithium niobate. The material parameters used in all of
the stacked filter programs are arbitrary; however, most results
are illustrated using the material parameters of AT -cut quartz or
multiples of them. Results for berlinite are included (Section 2).

3. Number of thickness modes coupled piezoelectrically, in a given
plate, t to the electrode system. Number of thickness modes, coupled
mech.lmc.ally at the interfaces, for achlevmg the filter rebponbe
Emphasis is placed on one - and two-shear or quasi-shear modes.

The various MODE programs (Section 3) allow for from one to three
piezoelectrically coupled modes in each plate. This number can vary
between plates in a stack. These programs also allow for from one
to three mechanically coupled modes at the boundaries of the plates.




4. Crystallographic orientation of each plate. Emphasis is placed on
rotated Y -cuts of quartz and lithium niobate and relative rotation,
about the common thickness axis, of the various plates with respect
to each other.

The programs CR@T, SYMEIG and VC@UP (Section 3) allow for
calculation of the required input parameters for the M@DE programs
using any arbitrary orientation of the plates with respect to the
standard X,Y,Z axes. Operation of these programs is illustrated
for AT -cut, which is a rotated Y-cut of quartz. The M@DE2 and
M@DE3 programs allow for an arbitrary angle of rotation about the
common thickness axis between the plates in the stack.

e ol

5. Bonding Materials for attaching resonator plates together. Techniques
for accomplishing bonding so that welded interface boundary conditions
are approached as closely as possible, and effects of finite thickness
of bonds and bond viscosity are considered. g

Bond effects for the single mode case are illustrated (Section 2)
for bonds of various thicknesses and size relative to the crystal
plate sizes. The effects of bond viscosity (Q) are also illustrated. §

Techniques for including bonds in the M@DE programs are also
discussed (Section 5).

Information relative to bonding materials and techniques for
accomplishing bonding is described (Section 4).

6. Various electroding arrangements, and interconnections between
layers. Time did not permit an evaluation of this aspect of the
stacked filter. When dealing with two plates only a 180° phase re-
versal between the input and output electrodes of the stack is pos-
sible. An augmentation of the actual plate coordinate equivalent
circuit (Section 3) is discussed in Section 5. This is appropriate to
this problem and allows for arbitrary electrical interconnections
between plate electrodes of the plates in a stack of more than two
elements.

While additional design criteria would be desirable it appears that most of
the specific requirements of Phase I of this Multi Mode stacked crystal filter
program have been accomplished.

!
\
|
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2. SINGLE MODE BOND STUDIES

In this section Mason's equivalent circuit for piezoelectric transducers
with constant flux density (in-line field model) is used to investigate the effects
of bond parameters on multimode stacked filters. This model is shown in
Figure 2.1. This same circuit can also be used to represent the bond between
elements in the stack by eliminating the electromechanical transformer and
associated electrical input network.
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Figure 2.1. Mason's Equivalent Circuit of Single Mode Transducer
with Constant Flux Density D (In-Line Field Model).

A. TWO-CRYSTAL SINGLE MODE FILTERS

Mason's equivalent circuit for piezoelectric transducers can be used
to devise an equivalent electrical circuit that represents bonded crystals
operating in a single shear mode. An equivalent circuit for two bonded crystals
of the same dimensions is given in Figure 2.2. The impedances are found
from Mason's equivalent circuit to be

Z1 = ZOT/sinh (r‘T ﬂT) 2 E |
Z2 = ZOT/ta.nh (FT QT/Z) 2.2
Z3 = ZOB/tanh (I‘B QB/2) 2.3

2-1
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Figure 2.2. Two Bonded Identical Crystals.

Z,=" sinh (FB QB) 2.4

where Z rand ZoB, I'g, (g are the characteristic impedance,
yropagation constant, and thickness for the transducer and
Londa, respectively.

C, and n are clamped capacitance and electromechanical transformer
turns ratio for the transducers.

The complex propagation constant, I', is given by

(1+2-jQ), 2.5

where w is the angular frequency,
¢ is the velocity of propagation, and
Q is the mechanical Q of the material.

The capacitance C, and electromechanical transformer turns ratio n are given by

c - A/t =T - an 2.6
= 2.
n k 2f0 Co ZOT y 7
where ¢%is the dielectric constant for the transducer crystal

k is the coefficient of electromechanical coupling

2-2




A is the transducer active area
¢ is the transducer thickness
fo is the fundamental resonant frequency, and

ZOT is the transducer impedance

The transducer crystal thickness, (, is chosen to be one-half wavelength at the
frequency of mechanical resonance and electrical antiresonance, fo

¢ =c/2f0 2.8

The impedance, Z, of an arbitrary transducer or bond material is given by

ZozApc, 2.9

where A is the cross-sectional area,
p is the material density and

c is the velocity of propagation in the material.

Note that from the Mason's equivalent circuit of Figure 2.1, the free faces of
the crystals are assumed to have zero force. Hence, the terminals repre-
senting the free faces are connected to ground in the equivalent circuit. It is
convenient to reduce the equivalent circuit of Figure 2.1 to the equivalent form
shown in Figure 2.3 to avoid dealing with the simultaneous occurrence of poles
in the branch impedance functions at resonance. The modified impedances
are:

Z1 = ZZOT/tanh (I"T QT/2) 2.10

Z2' = ZZOT tanh (I"T ﬂT/Z) ; 2.11

A FORTRAN computer program, MMPLOT, was written for two bonded
crystal of arbitrary dimensions, and material types using the equivalent circuit

-C Z Z
0 Z ‘
1:2n 1

o—y—— r—c AN WA

Il
AAA

=C0 <

Figure 2.3. Equivalent Circuit of Two Bonded
Identical Crystals,




form of Figure 2.3. A listing of MMPLOT is shown in Table 2.1 along with
an equivalent circuit indicating the nomenclature employed.

A multimode filter, consisting of two epoxy bonded identical AT -cut
quartz crystals operating in the pure thickness shear modes, was analyzed.

For AT cut quartz the material constants are

p = 2.65x 10° kg/m°

c=3.32x% 103 m/s

Q > 10000
€ =4.58
k =0.088

For a general epoxy bonding material the constants are:

p=1.17TX 103 kg/m3

c =2.848 X 103 m/s
Q= 10

The crystals are one-half wavelength thick at 10 MHz. Electrical mismatch
loss (power input to the crystal stack compared to the maximum available
power) and Power out/Power in versus frequency are plotted in Figures 2.4
and 2.5, respectively, over the range of 1-50 MHz assuming a .01 mil thick
epoxy bond and 50 ohm generator and load impedances. The mismatch curve
of Figure 2.4 approaches the type of response expected for two crystals in in-
timate contact with zero bond thickness. The resonances at 5, 10 and 15 MHz
correspond to the 1st, 2nd and 3rd harmonics, where the two-crystal thickness
corresponds to one-half wavelength. A null occurs at 20 MHz, where both
crystals are one wavelength thick.

An expanded view of the mismatch response at 5 MHz is given in Figure
2.6. The percent bandwidth is very small at .043"% when using 50 ohm termi-
nations. The bandwidth is increased to .34Y, by matching the filter with 1600
ohm terminations.

Since the mechanical Q's of most bond materials are virtually unknown,
mismatch loss versus frequency was plotted in Figure 2.7 for assumed epoxy
bond Q's of 10, 100 and 1000. The higher Q decreases the bandwidth and gives
higher mismatch loss. Inaccurate values of Q will not have much effect in the
range 100 to 1000 and higher, but accurate values of Q for low Q materials are
important.

B. BOND PARAMETERS
The bond material, bond thickness, and bond area relative to the trans-

ducer active area are the important parameters for controlling the 3 dB band -
width, insertion loss*, and passband ripple of the bonded crystal filter.

Insertion loss includes mismatch loss plus the losses in the bond and crystals.

2-4




TABLE 2.1

A. EQUIVALENT CIRCUIT FOR TWO BONDED QUARTZ CRYSTALS OF
ARBITRARY DIMENSIONS AND BOND MATERIAL TYPE (SINGLE THICK- L
NESS SHEAR MODES) 1]

CRYSTAL \ BOND | CRYSTAL

|
| |

Z Z Z =
02 1:2ny 212 E 2 g 11 2np:1 So1 |

P—-—&—-—‘V\M—‘ M-
‘——— I »—-‘\Mo——+—f Tj
|
|
3 271 3 7 Z ; 31600

> ] >
|
|

-C

1600 !

: |

i $7%22 sy % $721 T+C:01 %

4 5 i e
Z,, = 2Zgp/tanh (T €, /2) n
Zyy = 22y tanh (T €,/2) |
Z,9 = ZZOT/tanh (I"T QT2/2)
Zgy = 2Zqp tanh (T £70/2)
Zy = Zgptanh (T £,/2)
2y = ZOB/sinh (rBrzB)

The 1600-ohm load and generator impedances were chosen to maximize the
bandwidth when using the AT -cut quartz transducers.
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TABLE 2.1 (CONT'D)

B, COMPUTER PROGRAM, MMPLOT

1082 IDENT3865400-276-1265,ALK EP=3 [35
20$:LIMITS:10,,,5000
30$30PTIONSFORTRAN

408 :FORTYsNLNO,NFORM

bOS:LIMITS:03,26K
60$tREMOTESSS,EI
TO$:REMOTEsP*,E1
80 PARAMETEK NPTS=1000,NPLTS=1
9 COMPLEX E,AMP,EQ,EG
100 COMPLEX Z11,Z21,Z12,222,23,44,2C,2C2,Z1
110 COMPLEX GT1,GT2,GB,GB2
g 120 COMPLEX SINH,TANHX
i 130 DIMENSION K1 (NPLTS) PMISC(T10U0) ,PILOS(100G)
E 140 DIMENSION IX(10),1YC10),IDCI0),BUF(1000)
E 150 CHARACTER DA% (NPLTS)/"xn"/
160 DATA IYC(D) ,IY(2) /19, 1QHINSERIION LOSS (DB)/
170 DATA IX(1),IX(2)/15,15HFREQUENCY (KHZ)/
130 DATA IDC1),1D(2)/23,23HAL KACHELMYEK EP=3 135/
190 PI=3.14159
200 YINCH=3.
210 XINCH=10.
230 FO=1,E7
231 ID=1
232 I1=100
(4 53 IZ= /0\)
= o4t Mli=d
35 2=
36 502 IFCINDJEQ.1)GO TO 591
238 [i=400
5y I 2=40()
&40 =l
% r/_ II(B:_'IO
13 501 COHNTINUE
44 IPLOT=]
45 P=10,7%~3
-0 AREA=P IxD)%D/4 .
‘ JLonC THANSDUCER CONSTANLS
| [ AKz= N8BS
50 Cl=3.32E3
| ') T2, 65E3
30 ZOT=AA*CT =0T
31 ) OF =L ER00
»20C HOHD CONSTANTS
3.3 Clie= | 23
) 104219, 33363 1
w5 IuAllo=11,12,100
| 5 ATIO0=FLOATC(IRALLO)
| / O IFCIRATIOGEQ.TOO)KATIV=D0,
i ‘ LOL=A L ARCRRDB/KATIO
Y=} 00,
(80 THANGOUCHER DIMENSTONS §
11.122CL /(2 s %FO))
/) Ff.2==TLI




TABLE 2.1 (CONT'D)
K 4900C BOND THICKNESS
: 410 DO 5 N=N1,N2
420 B3L=FLOAT (N)*2 .54E-6
430C CAPACITANCE CO
440 EP=4.58%8 ,85E-12
4450 COI=EP* (1 ,~XK*¥XK)*AREA/TLI
469 CO2=EP*(1 ,~XK*XK)*AREA/TL2
470C COUPLING COEFFICIENT PHI
400 PH1=XK*SQRT (2 .*F0*CO1*Z0OT)
490 Pr2=XK*SORT (2 «xFO*CO2%Z0T)
500 ARITE(S, 11)CO1,C02,PHT ,PH2
SIS FORMAT(3X,"COI=" El2.4," CO2=",E12.4," PHI="F9,.5,
515 &W  PH2=" F9.,b)
L Pril=2.%xPH
1,30 PH2=2.,7xpPH2
540 [E$=00500
STotR) [FE=102000
Y00 1:C=5
b, s =0
e LOOP TRy FREQUENCY
Ba0 DO 1 I=[FS, [FE,INC
o) (=1+1
GOl SREQ=FLUATC(I) *1 JE2
el PROPAGATTION CONSTANTS
&G20) BT=2 %P [*FREQ/CT
G5 p=2.wP1l*FREQ/CH
) AT=3T/(2.%QL)
O Am=BR/02 o %0Q3)
! i1 =TL1=CHPLX(AT,BT) /2.

PL2wCHPLX (AT ,BT) /72,
UL SLECLUPLX (AL v 3)

GBH2=G0/L »

173C COPLEX IMPEDANCES
/1 L1152 o % ZOT/TANHX (ST 1)
T 721522 % Z0T* CANHX CGT1)

Ds/S5THHGB)
/i ZC1=CHAPLY (0. g =14 /(2 #PIxFREQ*CO1 ))

(s LCEECAPLE (O g =1 o /(2 %P I*FREQ*CO2))
s 2C ClLicdIll NETWORK EQUATIONS
LK 5 =8H.2bk-4

BPEXCT o 50 )

tP=0/LC1 #+5CLE*CHMPLX( 1 « 404)
L=CEO0=ArP*ZC1 ) *PtH |

AVPACP ZPHI

L= AMPRZ T

APl L2

“ ,/’-‘.‘/

v | = NPT 2) /P2
« 2.1
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TABLE 2.1 (CONT'D)

£ 30 E=E=-ArP*ZC2
Q40 AMP=A4P+E/2C2
V50 EIN=20.%ALOGIO(CABS(E))
960 ARGET=ATANCAIMAG(E) /REAL(E))
979 Z1=E/AHP
Y30 ECG=AMPx1600 +E
9U0C POrElr AMO VOLTAGE RATIOS
1000 PHO=((CALS(EG)Y/2.) *%2) /1600,
1010 P=REAL(E»>CONJG (AMP))
1020 PUHIS(K)=10.,xALOGIO(P/P50)
1030 PO=SCLF
140 PILOS(K)=10.%ALOGIO(PO/P50)
10%0 1 CONEINUE
1170 HRITE(G, 100 (PMIS(I) ,J=1,K)
1105 HRITE(Sy 1O CRPTLOSEI) ¢ J=] K)
1110 FE=FLOAT(IFE)/Z10.
1120 LUEL=FLOUAT(IHC)
1130 FS=FLOATCIES) Z10.
| 140 WMAR=0,
[ =0 Yiilif==24,
1140 HaS 00 Jes i K
1135 IH(PILOS () JLTYRMIN)PILOS(J)=YMIN
1.90 100 CONT IHUE
1155 IFCIPLOT LNE.T)GO TO 503
1 200 CALL CIPLOT 0(P1LOS K, YMIN, YMAX,YINCH,FS,FE,XINCH,IY,IX,ID,BUF)
1 202 GO TO HO4
1205 503 CALL RePLOT(PILOS)
1 .06 504 IPLOT=1vLOr+1
1 2E0 5 COY LauE
5 FOD= T+
I 6 i €D a2 XG0 TO 502
i 220 CALL PLOT(O.,0649299)
1230 TP .
1240 10 FORUBATY)
L2550 SRR
A0 CONMPLEXR FUNCTION SINH(Z)
f o2 T Gk Z
} 280 s Ldli=(CUERP(Z)Y-CEXP(=2))/2., ,
.90 HoTU RN N\
! )ﬂ() s'x) .' \‘ ‘)
S10 OAPLEX FUNCTION TANHXCY) C %NS ¥
520 COMPLZA Y # s N~
[ 330 TATX=CLAP(Y) =CEXP(=Y) :
AD TILITATANRXZ (CEXP Y Y +CEXP(=Y)) & b
1..50 RO & ANy
I 60 98 1Y) AW
COSSLIBRA (YL "} g»'

2OSSEXECUT. ‘Q;\
4O0SSREMOTE 235,01 ‘\\‘\
; OS EREMOT 2 0%, | <&
158 sLIMIT 210 ,,,5%000 <}3\"
1o 20$8PRMFL 1,245 ADLUSERSZADEL T b8

143088040 317, X1 7LD 4427098, ,CALCOMP=1265
4208 8E,J01
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For a gold bond the appropriate material constants are:

p - 19.333 x 10° kg/m®
c=1.2x%x10°m/s
Q > 100

(1) Bond Material and Thickness

Insertion loss versus frequency over the passband at 10 MHz for the two

crystal AT-cut quartz filter is plotted in Figures 2.8 and 2.9 using epoxy

and gold bonds, respectively, for a series of bond thicknesses from .1 mil to

1 mil in steps of .1 mil. The bond area to active transducer area ratio was

held constant at 1/400. The generator and load impedances are 1600 ohms in
, order to give a maximum bandwidth. Allowing 3 dB passband ripple, the epoxy i
l bond gives a .65% bandwidth while the gold bond gives a .75% bandwidth. This
‘ corresponds to a 15% increase in bandwidth due to the better impedance match

of the gold bond.

The family of curves clearly indicate the effect of bond thickness on the
frequency response. As the bond thickness decreases, the crystals become
more coupled, thus separating the peaks and giving a larger passband ripple.

(2) Bond Area to Transducer Area Ratio

Insertion loss versus frequency over the passband at 10 MHz for the two
crystal AT -cut quartz filter is plotted in Figures 2.10 and 2.11 for a series
of bond area to transducer active area ratios from 1/50 to 1/600. The bond
thickness was held constant at .4 mil. The curves indicate that the area ratio
plays the same role as that of the bond thickness. As the bond area to trans-
ducer area ratio becomes larger, the transducer crystals become more coupled
with the same effect of separating the peaks with larger passband ripple.

The bond tends to act as a capacitive coupling (¢ = € A/d), where A
corresponds to the area ratio and d corresponds to the bond thickness. Area
ratio and bond thickness can be traded off to yield the desired passband response.

C. TRANSDUCER MATERIAL

AT-cut quartz was chosen for the stacked crystal (multi-mode) filter
because of its pure mode characteristics. However, its low coupling coeffi-
cient, k = .088, limits the amount of bandwidth that can be obtainable.

A new material, berlinite, has the same pure thickness shear mode

characteristics of AT -cut quartz but with a higher coupling coefficient of k =
.143. The velocity of propagation, ¢, and density, p, for berlinite are:

| c:2.87><103 m’s

p=2.62X 103 kg m3
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The family of curves in Figures 2.12 and 2.13 for the gold-bonded two
crystal berlinite filter can be compared to their quartz filter counterparts in
Figures 2.9 and 2.11. Allowing a 3 dB passband ripple, the berlinite filter
yields a 1.98Y bandwidth. This corresponds to a 164% increase over the gold-
bonded quartz filter.

D. THREE-CRYSTAL QUARTZ FILTER

The equivalent circuit for three bonded quartz crystals of arbitrary dimen-
sions and bond material type operating in pure thickness shear modes is given
in Table 2.2.

Table 2.2 also contains a listing of the computer program, 3CB, used to
analyze the equivalent circuit.

A multimode filter consisting of three gold-bonded identical AT -cut quartz
crystals, operating in pure thickness shear modes, was proposed. The crystals
are one-half wavelength thick at 10 MHz.

The family of curves in Figures 2.14 and 2.15 for the three crystal
quartz filter can be compared to the corresponding two crystal curves of
Figures 2.9 and2.11. The three-crystal curves are shifted downward in fre-
quency with the same 3 dB bandwidth as the two-crystal filter. There appears
to be no advantage in using three crystals in this particular configuration
where the middle crystal only serves as a coupling layer.
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TABLE 2.2

A. EQUIVALENT CIRCUIT FOR THREE BONDED QUARTZ CRYSTALS OF
ARBITRARY DIMENSIONS AND BOND MATERIAL TYPE (SINGLE THICK-
NESS SHEAR MODES)

BOND |
23 23 | 2y 2ny:1 ~Co1

I BOND l
“Co2 1:2ny Z12 | 23 23 | 2oy Zy3

AA
VA~ |

P4 l =
$Z2) %% Ibm

l
|
l
O~ >———O
|

Zyy = 2Zgp/tanh (T 0,0, /2)
Z21 = ZZOT tanh (FT ETI/Z)
le = ZZOT/tanh (1"T QTZ/Z)
Z22 = ZZOT tanh (I"T QTZ/Z)
Zy3 = Zgyp/sinh (T'p Cpg)
Z23 = ZOT tanh (I‘T QT3/2)
Z3 = ZOB tanh (FB ﬂB/Z)
Z4 = ZOB/s'mh (1"B QB)
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TABLE 2.2 (CONT'D)

B. COMPUTER PROGRAM, 3CB

1088 IDENT 3 838400=-276-1265,ALK EP~3 135
20$3LIMITSs10,,,5000
30$30PTIONSFORTRAN

A0S FVRTY SHNLNO y NFOIHM

H0$LIIMI1S303, 26K

6USIREMOLES $S,E

TOS3REMOLIESP*,E

80 PARAMETER (IP1S=1000,NPLTS=1
Y0 COMPLEX E,AMP,EO,EG
1 00 COMPLEX Z113Z21 2112222 7 3476, 2C1 4 ZC2 421
105 COMPLEX 213,223
110 COMPLEX GTI,GT2,013,0B2
120 COMPLEX STy TANAX
130 DIMENSTud KI(NPLTS) (PAIS(1000) ,PILOS(1000)
140 DIMENSION IXCIO) 1YCTIO) ,IDCTIO) i UFCT1000)
150 CHARACTL It DA*x1 (WNPLTS) /=ty
160 DATA 1Y) JIY(2) /19, 19HINSERLION LOSS (DB)/
170 DATA IX(1),IX(2) /715, I5HFREQUENCY (KiiZ2)/
10 DATA INCL),10D(2)/723,23HAL KACHELMYER EP=3 135/
190 PI=3.1415Y
200 YINCiH=3,.
210 XINCH=10.,
220 ISHOR =1
230 FO=1.E7
231 IHb=1
232 I1=100
233 12=700
234 Nl=4
235 NZ2=4
236 02 IFCIHD «Q.1) 50 [0 01
236 [1=400
23Y [12=400
240 Nl=1
242 N2=10
243 501 CONTINJL
244 IPLUT=1
245 D=10.E~3
250 AREA=P [xp%xN/4 .,
260C TRANSDUCER CONLTANTS
20 AK=.083
260 Cl=3.32c3
250 DIi=2.65t3
300 LOT=AREAXCT*) 1
310 Q1=1000U.
320C BOND CONSTANTS
330 Ci=l .2E3
340 Db=19,333E3
345 DO 5 TRATIO=I11,12,100
346 RATIO=FLOATCIRALIO)
347 IFCIRATIOWEQ. TO0)RATIOV=50.
350 LOB=AREAXCB*DB/KATLO
o0 Qu=100.
2-22
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TABLE 2.2 (CONT'D)

370C THANSDUCER DIipdSIONS

380 TL1=CT/(2.%r0Q)

30 IL2=TLI

395 TL3=TLI

400C bBOND [HICKNESS

410 DO 5 N=ivl N2

420 bL=FLOAL (N)*2 .54E~6

430C CAPACI1ANCE CO

440 EP=4 .538%x3.8bE=1¢

450 COl=EP*x( | ,~AK*XK)*AREA/TLI

460 CO2=EPx (| e =XK*XKn) *AREA/ZL1LZ2

465 CO3=EP*(] « =XK*XK)*AREA/IL3

470C COUPLING COEFFICIENT Pril

450 PHI=XKx0ORT(2x1-0*CO I *xZ0T)

450 Prc=XKxoURT (2 *t0%xCO2% Z01)

495 PH3=XK*OURT (2. %x+04CO3%x207T)

500 WRITE(6, 11)C0O1,C02,PHI1 ,PH2 '

50 F FORMAT(3X,"COI=Y,El2.4,% CO2=",E12.4,% PHI=" 9.5,

515 & Pd2=%,FY.9)

520 PH1=2 . %P1l

530 PH2=2 .%xPd2

540 [+F5=99500

550 IFE=102000

560 [NC=5

565 K=0

5 70C LOOP TiikU FrREQUENCY

50 DO I I=LFS,IFE, LNC

590 K=K+1

600 FREQ=FLOAT (L) *] =2

610C PROPASATION CONSTANTS

620 pl=2.,xP1*x-R:Q/C1

630 BB=2 « %P [ xFREQ/CDH

640 AlT=31T/702.%Q1)

690 Ab=BB/ (£ «*QbL)

660 GL1=TLIxCAPLACAL,b]T) /2.

610 Gl2=TL2xCuPLX(AL,bT) /2,

615 GT3=1L3*CHMPLX (AL, 151) /2.

660 GB=8LACMPLACAG, 133)

oY Cle=0uB/4 .

T00C COMPLEX ITMPEDANCES

/10 Z11=2.%,01/1ANHACGT))

120 221 =2 % LOI* ANHX(GT 1)

130 212=2%xL01/TANHK(GTR)

/40 222=2 xLOI* L ANHA(GTR)

{44 21 3=200/751INH(2 «xGT3)

145 IFCISHORL EWQW 1) 21 3=21 3+CMPLX(Ue  PH3*PH3/ (2. %P I*FREQ®COJ3))

146 223=701= IANHA(GL3)

[4510] L3=L0p* L ANHA(GBL)

160 2A=2L038/75Int(G1)

110 ZCT=CMPLA(Deg=14/7(2 %P xtREWKCOL )

{0 LC2=CMPLX(Qao=14/7(2 P IxFREUXC0O2))
2-23
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TABLE 2.2 (CONT'D)

CIRCUIT WEIWORK EQUATIONS
SCLF=6.25E-4

EO=CMPLX(1,,0.)
AMP=E0/C1 +5CLEXCMPLX( 1 .,0.)

E=(EQ=AMP*ZC 1) %P
AMP=AMP/PH 1
E=E+AMP=Z1 1
AMP=AMP+E/Z21
E=E+AlP=/3
AMNP=AMP+LE/ /24

L=E+AMP=(Z3+/23)
AMP=AP+:=/213
b=E+AMP*(/23+223)

AMP=AMP+- /24
E=b+AMP %/ 3
AMbP=AIP /222
c=(e+AMP X211 2) /P12
AMP=AmMP=xPH?2
E=L-AAP®ZC2
AMP=AMAP+/2C2
EIM=20.*ALOUIO(CABS(LE))

AROEI=ALAGCATHAG(E) /REALCE))

ZI=E/AMP

EG=AMPX*160) ,+!1-

POWER Al VOLTAGE oATIOS

P50= ((LABS(1=G) /2. )x%x2) /160U,

P=REAL(E*CONJG(AMP))
PHIS(K)=10.xALOUGIO(P/PSQ)
PO=5CLr

PILOS(K)=10,4ALOGIO(PO/F50)

COIdT [ Nue

WRITE(6,10) (PHLIS(J) ¢J=1,4K)
ARITECS 1QXCPLILOS(I) o J= 1 4 K}

FE=FLOAT(I+rE)/)10.

DiL=rLOAT([HC)

FS=FLOAT(IES) /1 0.
YMAX=0D,
YinIN==24,

gy 100 J=1 K

LFC(PILOOSCI) LT YWTIDIPILOS(J) =YMIN

CONTIWUE
IFCIPLUL L. ) X TO 503

CALL CPLOT O(PLILOSKyYialNy, YMAX,YINCH,FSFE{XINCH,IY,IX,ID;BUF)

GO 1O 204
tEPLOL(PLLOS)

CALL

IPLOI=1PLOL+1

COnt UL
IND=lilu+i

IFCINDSEN2) GO

[0 502

CALL PLOT(O4s044999)

y TP

IREWIN

.'-t.)

i A

[Cv)




TABLE 2.2 (CONT'D)

1260 COMPLEX FUNCTION SINd(Z)
12770 COMPLEX Z

1280 SINH=(CEXP(Z)=CEXP(=4))/2.
1290 RETUKN

1300 END

1310 COMPLEX FUNCTION TANHX(Y)
1320 COMPLEX Y

1330 TANHX=CEXP(Y) =CEXP (=Y)
1340 TANH X=1 ANHX/Z (CXP (Y ) +CEXP(=Y))
1350 RETURN

1360 END

1380$sLIprARYSLI

13908 3EXECUTE

14008 3REMOTLS S5,

141083 REMOTESP* |

141533 LIMITS2i10,,,5000

14208 3PRAFLILT yR45, ANDEUSERS/AUELT L
143083 TAPEST T, X1 7LD 44 l19(,,CALCOMP=1265
14406 3:NLJOB
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3. THEORETICAL INVESTIGATIONS OF MULTIMODE STACKED FILTERS

The multimode stacked filter investigations in this section will make
use of the transmission line model of a piezoelectric plate as developed by
Dr. Ballato[1] instead of the Mason Equivalent circuit used previously.

A thorough derivation of this model is given in reference [ 1] ; however
a brief discussion of its derivation will be included here as an aid to under -
standing the programs and results to be presented.

An attempt will also be made to present the ideas on a fairly elementary
level so that the programs can be interpreted by those who are unfamiliar with
crystal physics and tensor notation.

This derivation will be split into sections; the computer programs devel-
oped during the course of this contract will be presented at those points in the
derivation where they are used.

In this presentation the following symbols and conventions will be used:

Tij = stress (force per unit area)
(Tij - g;)mponent of force in the xj .direction transm'itted‘across
e face of the plate perpendicular to the X; direction)
uj = mechanical displacement
ij = strain
Di = electric displacement
E.1 = electric field
p = mass density
¢ = electric potential
cEijkl = elastic stiffness at constant electric field
ekij = piezoelectric stress constant
esik = dielectric permittivity at constant strain

3-1
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Einstein summation convention (when a letter subscript occurs twice in the
same term, summation with respect to that subscript is carried out)

An index (subscript) preceded by a comma denotes differentiation with
respect to the space coordinate represented by that index

U, = aui/axj

A dot above a variable denotes differentiation with respect to time

= 2
. duj .. o
u] = Tt- ’ uj = —3;21—

All Latin indexes have the range 1, 2 and 3.

A. DEVELOPMENT OF THE SECULAR EQUATION AND PROGRAM CROT
The piezoelectric plate under consideration is assumed to be represented
in an orthogonal right hand coordinate system x; with one of the coordinates in
the plate thickness direction.
The pertinent set of equations governing the behavior of this plate are: (2]

the stress equations of motion derived from Newton's second law

= DY, (1

the equations defining mechanical strain,

1
= o s )
S.lj 2 (ui,j+uj,l), (2

the charge equation of electrostatics (the divergence relation from Maxwell's
equations in the absence of free charge),

D=0, (3)

the electric field-electric potential relation for a quasi-static case,

= - )
By Py s




and the linear piezoelectric constitutive relations characterizing the medium,

_E
Tij = ¢ ijkl skl -ekij Ek (5)

and

Sg . (6)

Dy =eaSa * €ixBx

Equation (5) is Hooke's law, extended to take into account piezoelectricity;

Eq. (6) is the constitutive relation for a dielectric medium extended to include
piezoelectricity.

Substituting Eqs. (2) and (4) into Eqs. (5) and (6) yields

_E
T35 = ijik e k * %kij Pk o

s
D= Wr-€ikPk (8)

where use has been made of the following symmetry relations among the ma -
terial constants [3] ,[4] :
Cijki = Cijik = Sjikl T Cklij
=e. . (9)

€..= €.
ij ji
Equations (7) and (8) can be substituted in Eqs. (1) and (3) to yield

E 3
Tiiri = ijia ki * ®kij P ki = PY GO

o S 5
Dirj = ik ki ~ €ik®rki = O o

Assuming a wave propagating in the ith direction (the plate thickness
direction) with electric potential applied in the same direction, and that there
is no dependence on the other two directions, %=k = 0. Equation (11)
can be solved for ¢ ;

Cili
e e o R i
i

This equation can, in turn, be substituted into Eq. (10) to yield

e...

cE +e ili u = pu

TR T 1'4i = PY
ii

(13)
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It is convenient to write this equation as

—E o
Cijki ki = PY > (14
where
Q.ai:
e (i) (15)

ijki ~ ©ijli T Ciij S

ii
are the "piezoelectrically stiffened" elastic stiffnesses at constant normal
electric displacement and constant tangential electric field.

If u; takes the standard time factor form, ej“’t, and is only a function of
the coordinate, x;, in the thickness direction, then

uj = uj(xi;t) = uj(x.l)e]wt ; (16)

and Eq. (14) becomes

EE u, (x.) —-wzu(x>
ijki "k Xivii T PY YK

or (17)

cE u (x) .+pw2uj(xi)=0.

ijki 'k
If it is further assumed that uy (x;) represents plane waves traveling in

the x; direction with wave number, 7, so that

. (x) = u, R )etI™™ (18)
N s

where &, indicates only that the direction of uj is along the x; direction, the
equations in (17) are

-E 2 2
- = )
[ ijki (-n uk k) ) + pw u](xJ) 0. (19

It is convenient at this point to define
sz

then Eq. (19) becomes Eq. (21) where the direction indicator, ’Qk: has been
dropped since it is now known that uy lies in the x; direction and that i must
take on the value corresponding to the propagation direction xj,

% - y
c ijki u - cuj =0 . (21)

3-4




This expression can be written in a clearer form by introducing the
Kronecker delta, defined by

_jJl a=j _
Voo a#p . (22)
Then Eq. (21) becomes

E

(c ijki -céj Yu =10 ) (23)

k' 'k

Cramer's rule, applied to this set of equations for the uy displacement
proportionality constants, shows that non-trivial solutions can exist only if

- E
cijk.l-cb. =0 . (24)

Equation (24) is commonly referred to as the characteristic or secular
equation for the allowed modes of vibration,

The whole purpose of this exercise is to show that the equations and re -
sults to be developed later are not dependent on any particular choice of the
coordinate lying in the thickness direction of the piezoelectric plate. The form
of the equations remain the same; only the constants change in value.

From now on only plates with x3 lying in the thickness direction will be
considered. For this case the equations in Eq. (23) become:

(EE -c)u +EE u +EE u, = 0
311377 U3 * € 3123 Y5 *C 3133 U3
_E _E _E 3
3913 Uy + (€3993 -C)Uy +C 3933 U3 =0 (25)
E _E E
€ 3313 Y1 +C3393 Ug + (€ 3333-C)uz=0,

which can be simplified by using the symmetry relations in Eq. (9).

In order for non-trivial solutions of these equations to exist, it is neces-
sary that the determinant of the coefficients of the u's be equal to zero, as shown
in Eq. (24). Equation (24), or its explicit counterpart from Eq. (25), isa
cubic equation in ¢, of the form,

c3+qc2+rc+s=0. (26)

The first task in the quest for a multi-mode plate model is to solve Eq.
(24). However, in deriving Eq. (24), a tacit assumption has been made. The
derivation assumes that piezoelectric material constants are known values in
the coordinate frame assigned to the plate. Unfortunately, this is not usually
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the case. When measurements are made on piezoelectric crystals the tensor
components of the material constants are specified in terms of a rectangular
set of coordinate axes, which coincide with the crystallographic axes of the
material, insofar as this is geometrically possible.

In crystallography, they talk about the a, b, c axes of the crystal; these
axes are parallel to the edges of the unit cell, which is the parallelepiped out of
which the crystal can be constructed. These a, b, ¢c axes may or may not be
mutually perpendicular, The IEEE[%] has established a standard for associating
a rectangular set of X, Y, Z axes with the crystallographic a, b, c, axes, for
each of the seven systems into which crystals are commonly classified, de-
pending on their degree of symmetry. These seven systems are, in turn,
divided into point groups or classes according to their symmetry, with respect
to a point. There are thirty-two of these classes but only twenty of them ex-
hibit piezoelectric properties. It is this system and class notation that deter-
mines which of the possible material constant components are non-zero.

The orientation of a crystal plate in terms of the rectangular X, Y, Z
axes is specified in the IEEE standards by means of a rotational symbol of the
form (A Ba b c) &/6/v, where

A is the initial direction of the plate thickness before rotation,
B is the direction of the plate length before rotation,

a =t, 1, or w depending on which direction is the axis of first
rotation,

b =t, 1, or w depending on which edge is used for the second
rotation, and

¢ =t, 1, waccording to the edge used for the third rotation.

&, O, v indicate the corresponding rotation angles with sign where a
positive angle is a rotation counterclockwise, looking toward the origin from
the positive end of the axis of rotation. This positive end of the axis of rotation
is the end that initially pointed in the positive directions of X, Y, Z. In this
rotational symbol only as many specifications are used as are needed to com-
pletely specify the plate orientation. Unfortunately, people have a tendency
(in the literature) to use names for various crystal cuts such as AC-cut quartz
or AT -cut quartz, or they refer to them by names such as 35-1/4° rotated Y-
cut, without supplying the rotational symbol. In this example AT -cut quartz
and a 35-1/40° rotated Y-cut of quartz are the same, with a rotational symbol
(YX1) 35-1/49,

There are also left and right-hand crystals, which, in the case of quartz,
leads to different numerical values for some of the material coefficients.

It is assumed now that we know the orientation of the plate under considera-
tion in Eq. (25), relative to the standard X,Y,Z reference frame for the plate
material; hence we are ready to obtain the required material coefficients. Now,
another confusion factor presents itself. The usual way of listing material
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coefficients is in a two-subscript (or less) notation rather than the tensor
notation used to develop Eq. (25). The conversion to this two-subscript, or
engineer notation, from the four subscript tensor notation is shown in Table
3-1[3] . Furthermore, the tensor symmetry relations shown in Eq. (9) reduce
the 81 possible combinations for the elastic stiffness constants to a maximum
of 21, the 27 possible combinations for the piezoelectric stress constants to 18,
and the nine possible dielectric permittivities to a maximum of six. Tables 3-2
and 3-3, respectiveiy, show the tensor coefficients and their engineering counter -
parts for the stiffness and piezoelectric stress constants. The tensor and engi-
neer forms of the dielectric permittivity are identical; the only reduction taking
place is that fsij = Esjj_.

TABLE 3-1. CONVERSION FROM TENSOR TO ENGINEERING NOTATION

Cijkﬂ =Cpq

Cike " Cip

T.. =T ;8..=S wheni=j, p=1,2,3
ij p i p

ZSU. =Spwhen i4j, p=4,56

i,j,k,0 =1,2,3

’

p,q = 1’2:3’4)576

ij or k¢ porq
11 1
22 2
33 3

23 or 32 4

31 or 13 5

12 or 21 6

This means that the matrices of the material coefficients of interest in this
program will take the form shown in Figure 3-1a for the most general piezoelec -
tric material. In this case there are 45 different non-zero coefficients. Figure
3-1b shows the same matrices for quartz, which was used in the theoretical
investigations of this contract. In this case only 14 non-zero different coeffi -
cients are present and some of these differ only in sign.

Figure 3-2 shows a general form of the coordinate rotation problem about
a common origin. We assume the material coefficients are known in the old
X1, x%, X3 (XYZ) system, and that the plite under'consideration in Eq. (25) is
oriented with the plate thickness direction in the x3 direction of the new coordinate
system, x1, x'z, X3 .
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TABLE 3-2. RELATIONSHIP OF TENSOR STIFFNESS COEFFICIENTS TO

1111

Q

11

1211

16

C1311

15

2111

16

2211

12

2311

14

3111

15

3211

14

C3311

(@]

13

1112

16

1212

66

1312

56

2112

@]

66

Caa212

Q

26

2312

46

3112

56

3212

46

3312

Q

36

ENGINEER COEFFICIENTS C

C =
Pq CQP

Ci113

c15

C1213

C56

Ci313

C55

C2113

C56

Ca213

25

2313

45

3113

55

3213

45

3313

Q

35

Ci121

CIG

Ci221

Cee

Cy321

Cse

Ca121
Ces
Caaa1
Cas
Ca321
Cas
C3121
Cse
C3221
C46
C3321

C36

1122

12

1222

26

1322

@]

25

2122

@

26

2222
22

2322

24

3122

25

3222
24

Ca322

23

3-8

ijke = Cijox =€
Ci123 Ci131
Ci4 Cis
Ci223 Ci231
Cap Cs6
Cy323 Cy331
Css Css
Ca123 Co131
Cap Cse
Ca223 Caa31
Cos Cas
Cas23 Ca331
Cyq Cys
C3123 C3131
C4s Css
Ca223 Caa31
Caq Cys
C3323 C3331
Caq Css

jike =

C

C1132

C14

Ci232

C46

Ci332

C45

Ca132

Cag

Coa32

24

2332

44

3132

@]

45

C3232

@]

44

3332

34

K ij

Ci133

Q

13

C 1233

36

1333

35

2133

36

2233

23

2333

34

3133

(.

35

3233

@]

34

3333

@]

33




TABLE 3-3. RELATIONSHIP OF TENSOR PIEZOELECTRIC STRESS COEFFI-

CIENTS TO ENGINEERING COEFFICIENTS e.ljk = e.lkj

€111 €112 ®113 €121 €122 ©123 €131 ©132 ©133
°11 %8 ©15 6 %13 % €15 14 ©g3
€211 212 ©213 €921 €222 €223 €231 €232 ©a33
a1 2 35 €26 €22 ©24 €25 €34 ©a3
€311 312 ©313 €321 322 ©323 €331 ©332 ©333
31 ©3 ©35 €56 39 S5y €35 €34 €33

By considering the scalar or dot product of the unit vectors i, j, k, in
the old coordinate system with the unit vectors i', j', k' in the new coordinate
system the following relationship can be determined.

The coordinates of any point, P, with respect to the new axes are given,
in terms of the coordinates of P in the old axes, by the following relations:

x1 = CO0S al x1 + COS Hl x2 + COS 71 x3
x2 = CcoS 012 x1 + CcOos ﬁz x2 + COS 7'2 x3 »
Xq = €OS Qg X, + cos /53 Xo +COS yg Xg 27

It is more convenient to represent these direction cosines by the symbols
1, m, and n where,

1 = CO0S

p cos a

mp = COS ,}p

n, = cos )p y (28)
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A. Most General Crystal (Triclinic) Class 1

7 L S L T é;ET
12 2 ©3 C4 25 28
. €13 S23 3% °s¢ 35 “ae
“pa” ‘14 24 %34 44 45 46
15 ©25 35 S45 Cs55 Csp
16 26 ©36 C46 ©s56 66
ke i
o0 %2 %13 %14 %5 e;;T
ip ~ °31 ®23 %33 %4 %35 “as
L;f31 €32 ©®33 34 ©35 °©36
‘11 ‘13 ‘13
“ij ‘13 22 ‘13
‘13 ‘23 ‘a3
B. Quartz Trigonal Class 32
(11 i3 €9 ¢4 O O]
S5 S iy S T
E . S99 %3 S v ¥ W el
Pq C1q 14 0 C4q 0 0 66 2 11 "12
BB B e Ry
1] 0 0 0 €14 g6
_;11 By ¥ By U W
eip = 0 0 0 0 €14 N1
0 0o 0o 0 0 o0
TERr
" ¢ Y
0 0 €33

Figure 3-1. Matrices for Coefficients of Piezoelectric Materials
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Then

x1 = 11 x1+m1x2+n1x3
x2 = 12 x1+m2x2+n2x3
Xy = lgX) +MaXy +NaXg (29

while the coordinates of the point, P, with respect to the old axes are given in
terms of the coordinates of P in the new axes by

A}

S = G s +12x2+13x3

1 171
Xy = mlx1 +m2x2 + Mg Xq
Xq = nlxl + 112x2 +NgXq (30)
From these equations we obtain:
] |l 1
o Tl LR TR e T SRR (R e
= ' = = 4 ' == - ' T
axl ax1 1 dxl dxz 2 dxl dx3 3
————ax' = sz = m diz— = a~x~z— = m O«E— = . =m
X Bxl 1 dxz dxz 2 dxz dx3 3
axl i 8x3 T dxz ; dx3 - _d.i:} ) ax bk
ax3 axl 1 <Jx3 dxz 2 dx3 dx3 3
(31)

The general tensor transformation for a tensor of rank, n, from the x
coordinates to the x' coordinates, is given by Mason [ 6] , 48,

9x, ! ax' "
i+ SR - 8 _kn_ (32)

S 1y = : > 2 ]
k1 kn ijl dsz dxjn il jn

X

In order to determine the material coefficients of concern in this program
it is only necessary to deal with coefficients of the fourth rank and below .

If ci'jkl’ e{jk and e{j represent the desired coefficients in the new reference
frame (x'l,x'2 § xh ), and Cmnop: €lmn, €k represent the known coefficients in the
old reference frame (xq,x9,x3), Eq. (32) takes the form shown for each of the

coefficients:




ijkl

ijk

el
i)

1l

Yo gx! : oX,

ax1 axX axk F) 1

ax X X X mnop
m n P

ax' ax' ox!'

x| x] Xy :

X X 90X lmn
1 m

ax' oax'

6_1_ 5_.l fkl

By N

(33)

It is more convenient to use the equivalent expression shown in Eq. (31) and to
place these direction cosines in a matrix array A,

[a] =

bl
"

tal
i

Cijkl ~

ijk

oy
1)

11 212 23 1 My
Qg1 B9 gg| = 1y my
a3y 333 233 lg myg

a.. X
)

a._a.a a ¢
im jn ko 1p mnop

= 8.4, % @
il "jm "kn "Imn

© k1 k1

By

Dy

n3 (34)
(35)

The program for carrying out this transformation of the material coeffi-
cients, and for determining the piezoelectrically stiffened coefficients, ¢ Ei'ki’
in the secular equation (Eq. 24) is listed in Table 3-4. This program was
written for operation on the Honeywell Information Systems series 6000/600
computer, as installed at the General Electric ESD facility in Syracuse, in the

Y FOR mode of time -sharing operation .

However, most of the statements are

standard Fortran IV and, hence, should be adaptable to any similar computing

system.

An attempt was made to make the program self -explanatory but the fol-
lowing observations will help.

Line 10 is a first line run command and is not required. Lines 150 through
262 are the elastic stiffness constants, piezoelectric stress constants, and

dielectric permittivities in the primary (unrotated
For the program illustrated they are Bechmann's

(¥

XYZ) reference frame.

values for left-hand quartz.

The order of input is that for the triclinic crystal shown in Figure 3-1. The
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TABLE 3-4. LISTING OF PROGRAM CROT FOR THE TRANSFORMATION OF
PIEZOELECTRIC COEFFICIENTS AND GENERATION OF THE
ELEMENTS IN THE SECULAR EQUATION

10%# RUNH=04= (CORE=22)

100C PROGRAM TO TRANSFORM THE C@EFFICIENTS OF THE PIEZAELECTRIC
101C CONSTITUTIVE EQUATIBNS FROM ONFE SET OF CO@ORDINATES

102C TO A ROTATED SET OF C@OORDINATES

110 INIEGEK @, P

120 DIMENSIONYG(21),66C656)5,6666€3,3,3,3),1A403,3)

130 DIMENSTON CC21),LCL0656),00LLL(3535353)5,AC3,3)

132
134
136
13R
139

LIMENSTON
DIMENSTON
DIMENST ON
DIMENSTON
UIMENST ON

PSCI8)Y, PS5 (35 3, 3)
ECIB),EEEC3,3,3)
LP(6),LPI (3,3
EPSCE)EPSTC3, 3)
CB(3,3)

140 DATA TA/15,655565254:55,453/
150 BECHMANN®S VALUES FBR LEFT HAND QUARTZ
1590 THE ELASTIC STIFFNESS CONSTANIS
160 GC1)Y=R6.174L9
162 53(2)=6.99L9
164 5C3)=11.91E9
166 GC4)Y==17.91EL9
16% G(5)Y=0.

170 G(6&IY=0De

172 5T )Y=%6.T74FL9
174 5(3)=11.91E9
176 5(9Y=17.91L9
179 53C10)=0.

180 GC11)Y=0.

122 GC12)Y=107.2L9
184 53C13)=0.

136 5C14)=0.

188 GC19)Y=0.

190 GC16)=57.94E9
192 5017)=0.

194 GCIRYI=0.

196 3C19Y=257 .94bk.9
198 G(20)==1T7.91|E9
200 3¢21)=39.8K%L9
2100 [HE PIEZOELECIRIC STIRESS CONSIANTS
212 PSC1)=0e171
214 P5S5(2)=-0.1171
216 P5(3)=0.

218 P5(a4)==-0.0406
220 P5(H)Y=0.

222 PS(6)=0.

224 PSC(I1)Y=0.

226 PS5(8)=0.

228 PS(9)=20.

230 P5C10)=0.

232 PSC11)Y=0.0406
234 P5012)==-0.1T71
236 P5(14)=0.

23% PS(14)=0.

240 P5C15)=0.

242 P5016)=0.

244 P5C171=0.

246 PS(1%)=0.
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TABLE 3-4 (Cont'd)

2500 THE DIELECIRIC PERMITTIVITES

252 DP(1)=39.21E-12

254 LP2)=0.

256 VP(3)=0.

258 VP(4)=39.21E-12

260 VP(S)I=0.

262 UP(AYI=Al.03E~12

300C X3 IS IN THE THICKNESS DIRECTION
J10C IHIS IS AT CUI QUART7Z (YXi)THETA
320 THETA=35%.25

360 PI=3.1415926

369C THESE ARE UIKECTIAN COSINES BEIWEEN NEW AND @QLL AXES
310 RL1=1.

3830 kM1=0.

390 KNI1=0.

400 KIL2=0.

410 RKM2=SINC(IHETA®PI/1R0.)

420 RN2==-COL(THETA*PI /180

430 KLJ3=0.

440 RM3=-RKNZ

450 KN3=RKMZ

460 ACls 1) =rL1

Al AC1,2)=1M1

480 ACL,3)Y=KrNI

490 A(2, 1)Y=RL2

S00 A(2,2)=KkM2

510 A(2,3)=r VN2

520 ACJ, 1)=K1_3

530 A(3,2)=xkMJ

540 A(353)=RNJ

600C CONVERT THE 21 ELASTIC CONSIANTS GCIY INIO ENGINEEKRING
A01C NOATATION GG (M, N)

610 N=0O

620 DO 10 I=1,6

640 VO 10 J=1,6

640 N=N+|

650 GG (I, =GN

660 LGCI, 1)=6GCL,.))

670 10 CONTINUE

6300 UONVERT FROM ENGINEERING NOATAITON GG(M,NY INTO
6810 TENSOK NOALATION GGGG (L, J,K,1)
690 vV 20 1=1,3

100 VO 20 J=1,4

110 VO 20 K=1,3

120 vA 20 L=1,3

130 M=1ACL, )

140 N=TA(K,L)

7150 G5G5€1, 0,4, LY=66C(M,N)

160 20 CONIINUE

1700 COMPUITE THE COMPONENTS OF [HE ROTATEU MATRIX
780 DO 40 I1=2),3

190 V@ a0 I=1,3

KO0 VA 40 <=1,4

10 U 40 L=1),3

K20 CCLUCTL, 1pK,l)=0.

R30 L@ 30 M=1,3

R40 DA 30 N=1,3

{50 VA S0 O=1,4
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TABLE 3-4 (Cont'd)

860 VO 30 P=1,3

70 CLLUCI, JsKaL)IBACIMISAC I, NI®A(K, @) 2A(L,P)EGGGG (M, N, 0, P)
B71& +CCCLC(I,J,K,L)

B30 30 CONIINUE {
890 M=1ACI,.)) ) :
900 Ns=sIA(K,L)

910 CCM,NYSCCLCCCT, . 1aK,L)

920 40 CONTINUE

970 PRINT 900

980 PRINT 910

990C UONVEKT BACK 10 OBIAIN THE 21 KOTATED ELASTIC CONSTANTS CcI)
1000 N=0O 3
1010 D@ 50 1=1,6
1020 UO SO0 .I=1,6
1030 N=N+| j
1040 C(NY=CLCL, )

1050 PRINI 920,N,G(N)Y, L(N)

1060 50 UONTINUE

11000 cONvERT [HE 18 PIEZOELECIRKIC STRESS CONSTANTS PS(M)
1101C INTQ@ TENSOKk NOAITAIION PSICI, J,K)

1110 vd 60 [=1,3

1120 v 60 J=1,3

1130 VO 6D K=1,4

1140 M=IAC ), K)+(1=-1)%6

1150 PSTCI,.0,K)=PS5(M)

1160 60 CONTINUE

1170C COMPUTE THE COMPONENTS OF THE KOTATEL MATARIX

1130 vé 80 I=1,3

1190 V@ KO J=1,3

1200 V@ 80 £=1,3

1210 EEECI,JrX)=0.

1220 vd 70 L=1,3

1230 VO 70 M=1,3

1240 V@ 10 N=1,3

1290 EEECT, JoK)=ACTI,LY®AC I, MY CA(K, NI ®PSTIL M, NDI+EEEC]L,.1,%)
1260 10 CONTINUL

127100 CONVERT BACK 10 OBTAIN I4E 18 ROTAIED

1271C PIEZOELEUTRIC SIRESS CONSTANIS ECD)

12830 M=IAC ), K)+(1=1)%6

1290 ECMIY=bbbC(l,JsK)

1300 80 CONITINUE

1310 PrINI 930

1320 PKINI 910

1330 U0 90 N=1,18

1340 PxINT 920, N» PS(N), EC\)

1350 90 CONITINUE

1400C CONVEKR]T THE 6 VIELECIRIC PEKMITTIVITIES DPC(N)

1401C INTO TENSOR NOIAIION UPTCL,.D)

1410 N=0

1420 LO 100 I=1,3

1430 V@ 100 J=1,3

1440 N=N+|

1450 DPICL, D=pPN)

1460 LPIC), IY=LPICT, D

1470 100 CONTINUE

1430906 COMPUTE THE COMPONENTS OF 1HE ROTATED MATRIX 1
1490 D 120 I=1,3 |
1500 vA 120 J=1,4
1510 EPSTCL,.1)=20.
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TABLE 3-4 (Cont'd)

1520 VA 110 XK=1,4

1530 VO 110 L=1,3

1940 EPSTCL, DI=ACL,K)* 2 (J,LIY®XDPT(L,L)Y+EPSTICL, )
1550 110 CONIINUE

1560 120 CONIINUE

1570 PKINT 940

1530 PrINI 910

1590C CONVEKRT BALK TO ORTAIN THE 6 ROTATELD DIELECTRIC
15910 PERMITIIVITIES

1600 N=0

1610 O 130 I=1,3

1620 U0.|30 J=1,3 -
1630 N=N+|

1640 EPS(NIY=EPSIC(I,.))

1650 PRINI 920, Ns» DP(N), EP>S(N)

1660 130 CONIINUE

1700 900 FOMAT 14X, "THE ELASTIC STIrrNESS CONSTANTS ARE*, 77
1710 910 FOKMATC11X, *N', 4%, "SEFORE KOIATION',7X, *AFTER ROTALION')
1720 920 PORMAT (11X 123X, E1568,6%X5E15.8)

1730 930 FORMATC(/, 12X, ' [HE PIEZOELECIKIC SIKESS CONSTANIS ARE', 7/
1740 940 FOrMATC(/, 15X, *THE VIELECIKIC PERMITIIVITIES ARE', 77)
12100 T4IS PAKI USES [THE ROIATEDL VALUES TO CALCULATE THE
1811C STIFFENED MATIRIX ELEMENIS IN THE SECULAx EQUATIONV

18120 Or 1HE FOM CBC(J,K)-DELIACS, <)%*C=0

12150 IN IHE FPOLLOWINS T KEPRESENIS IHE COORUDINATE IN

18160 I+He THIUKNESY UINECTION. T.k. POk X3 1=3

1820 1=3

1830 VY 140 J=1,3

1840 LO 140 X=1,3

1850 CBC1,%X)=0.

1360 CHCJoXKI)=CULCCCL, Jo K, II+EEECT, [, JI®KEELCT, T, KY/ZEPSTCL, 1)
1970 140 CONITINUE

18380 PRINI 950, 1

18390 PRINT 960

1900 PRINT 9705 CC(CH(X,5, )5 0=1,3)s4=1,3)

1910 950 FOMATC(/,*'F@AR X', 11,°' IN [JHE THICANESS DIKECTION')Y
1920 960 FORMAILC(/,» 10X, ' THE ELEMENIS IN THE SECULAx EQUATION ARE')Y
1930 970 FORMATC( /53X E15R,6X,E158,6X,E154K)

1950C THESE CBCI,.0) VALUES IN TUKRKN CAN BE USED TO® CALCULATE
1951CIHE CORFFICIENIS OF THE CUBIC EQUAII@GN IN C

1955C IF Cx%3+Q%Ck%x2+4R*C+5=0 [HEN IN TERMS OF CB(l,.)

1960 Q==CCBC1, 1)+CB(2,2)+LB(3,3))

1970 R=CB(2,2)*®(LB(3,3)+CBC1,1))+CBC1,1)Y*CB(3,3)

19804% =(UB(2,3)%«CHB(3,2)+CB(1,2)*%CB(2,1)+CB(3,1)Y%CB(1,3))

1990 S=20CB(Z, 1)%(CHC[,2)%CB(3,3)=CBCI,3)%CB(3:,2))

2000& +CB(2,2Y%(CHC1,3)*%CB(3,1)=CBC1,1)Y*CH(3,3))

20104 +CB(2,3)%(CB(3,2)*CB(1,1)-CB(1,2)%*CB(3,1))

2020 PKINI 980

2040 PKRINI 990,0

2040 PRIN] 991, n

2050 PKRINI 992,55

2060 980 FORMAT(SXs "IN Cx%3 +Q%C*%2 + R«(C + S =0")

2070 990 FORMATLIBX,'Q="',E15.R)

2080 99) FORVAI(8X,'R=",E15.8)

2090 992 FOKMAT(BX,"'S="',E15.8)

JO00L FOR USE IN CALCULATING THE COAUPLING

JO0IC COEFPFICIENTS ANU CAPACITANCE WE NEERED

J002C THE PFOLLONING VALUES

g e —
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TABLE 3-4 (Cont'd)

3010 PKINT 995

3020 PRINT 996, (EEECI,1,0),J=1,3"

3030 PRINT 997

3040 PRINI 998, EPSTC(I, 1)

3050 995 FORMAI(/,2Xs ' IHE APPROPRIATE PIEZQELECTRIC °*,
3051& "STRESS CONSTANTS ARE®)

3060 996 FORMATC(/, 10X, 'EC1) =2 *,E15.8,/, 10X,

3J0614& 'EC2) = *LEI15.8,/10%X,"E(3) = "L,E15.R, /)
3070 997 FORMATC(/,2X»"'THE APPROPRIATE DIELECTRIC ',
3071& 'PERMITTIIVITIY [5*)

3080 998 FORMATC(/, 10X, 'EP = 'SE15.8)

3090 St10P

4000 ENL

matrices are inputted by rows, and only elements that have not been previously

defined are entered. This input data arrangement is shown in Table 3-5. Lines
300 through 430 specify the plate orientation in terms of the direction cosines in
Eqs. (28), (29), and (34).

The transformation matrix, [8] lines 730 and 740, loaded as shown in line
140, follows Table 3-2. The input at line 1820 designates the coordinate that
lies in the plate thickness direction; the appropriate coefficients in the secular
equation are calculated as well as the appropriate piezoelectric stress constants
and dielectric permittivity for this orientation of the plate.

A printout of the results of this program, using AT-cut quartz as the plate
material with x3 in the thickness direction, is shown in Table 3-6.

To switch material it is necessary to change statements 150 to 262. To
change orientations it is necessary to change line 300 to 450, and line 1820.
Table 3-7 shows these changes and a printout for AT-cut quartz with xg in the
thickness direction. These particular values check with those given by Tiersten|3| .

B. SOLUTION OF THE SECULAR EQUATION AND PROGRAM SYMEIG

As a result of the output of the CROT program we have numerical values
for the ¢ E'ki coefficients in Egs. (23)and (24), in general, or in Eq. (25) for
the plate “wkness direction, restricted to lie in the x3 direction. We also know
the values of the coefficients of ¢ in Eq. (26). Since the array of éq'ki coeffi -
cients i1s a symmetrical matrix array with real coefficients, the characteristic
numbers or eigenvalues of the secular equation will be real. It also turns out
that they will be positive since this is a positive definite matrix.

Thus, the solution of Egs. (24) or (26) will yield three real, positive
roots, c“’, from which three real wave numbers, r;(”, can be obtained from
Eq. (20) for a specified value of w. If these values of ¢ 1 are substituted into
Eqs. (23) or (25), a set of ratios among the u“L amplitudes can be determined
for each value of ¢ (1), These ratios can then be used to construct a new ref -




TABLE 3-5. INPUT DATA ARRANGEMENT

Elastic Stiffness Coefficients

Input Qutput Engineering Tensor
Symbol (N) Symbol (N) Equivalents Equivalents

G(1) C(1) Ci1 Cii1
G(2) C(2) Cy2 = Ca1 Ci122 = Ca211
G(3) C(3) Cy3= C31 C1133 = Ca311 :
G(4) C(4) C1a=Cyy C1123 = C1132 = C2311 = C3211
G(5) C(5) Cis= Csi Ci113 = 1131 = C1311 = C3111
G(6) C(8) Ci6 = Co1 Ci112 7 C1121 = C1211 = Ca1n :
G(7) C(7) Cog Co222 :'
G(8) C(8) Ca3=Cyy Ca233 = C3322 |
G(9) C(9) Caq=Cy Ca223 = Ca232 = Ca322 = C3222
G(10) C(10) Co5=Csy C2213 = C2231 = C1322 = C3122
G(11) c(11) Ca6 = Co2 C2212 = Ca221 = C1222 = Ca122
G(12) C(12) Ca3 Ca333
G(13) c(13) C34 = Cy3 C3323 = C3332 = Ca333 = C3233
G(14) C(14) Cg5 = Cs3 C3313 = C3331 = C1333 = C3133
G(15) C(15) C36 = Co3 C3312 = C3321 = C1233 = Ca133
G(16) C(16) Cyq Ca323 = C2332 = C3223 = C3232
G(17) ca17) C45 = Cs4q Ca313 = C2331 = C1323 = C3123

=C3213 = C3231 = C1332 = C3132
G(18) C(18) C46 = Co4 Cas12 = Ca3a1 = C1223 = 1232

=Ca123 = C2132 = C3212 = C3224
G(19) C(19) 55 C1331 = 1313~ €313 = Ca13
G(20) C(20) Cs6=Ces  C1312 = C1321 = C1213 = Caay

“C2113 " C2131 = Ca112 = C3121
G(21) C(21) Ceg Cy212 = C1221 ~ C2112 = Ca123
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TABLE 3-5 (Cont'd)

Piezoelectric Stress Constants

Input Output Engineering Tensor
Symbol (N) Symbol (N)  Equivalents Equivalents

PS(1) E(1) 11 ®111

PS(2) E(2) €12 122

PS(3) E(3) €13 €133

PS(4) E(4) €14 ®123 = %132

PS(5) E(5) €5 ®113 = C131

PS(6) E(6) €16 S112~ g1

PS(7) E(T7) €1 €211

PS(8) E(8) €99 €992

PS(9) E(9) €93 €233

PS(10) E(10) €94 “983 = “ass

Ps(11) E(11) €5 “213 = “231

PS(12) E(12) €96 “21% = 221

PS(13) E(13) €31 €311

PS(14) E(14) €32 €322

PS(15) E(15) €33 €333

PS(16) E(16) €34 %323 ~ ®332

PS(17) E(17) €35 ®s18 = 331

PS(18) E(18) €36 €312 ~ ©321
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TABLE 3-5 (Cont'd)

Dielectric Permittivities at Constant Strain

Input Output Engineering
Symbol (N) Symbol (N) Equivalents
DP(1) EPS(1) € 71
TPDQ S 3 S

DP(2) EPS(2) € 12 € 21

g SR g
DP(3) EPS(3) € 19 =€ gy

s

bJ

DP(4) EPS(4) € 99
S S

DP(5) EPS(5) € 53 =€ 39

>Q S
DP(6) EPS(6) € 33

3-21
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TABLE 3-6. RESULTS OF CROT FOR AT CUT QUARTZ WITH X3 IN
THE THICKNESS DIRECTION
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TABLE 3-7. AT-CUT QUARTZ WITH X

150C BECHMANN'S VALUES FOR LEFT HAND QUARTZ
P ELASTTC SiIkFFNESYS

P90
160
162
164
166
1A
10
112
174
176
V1%
[0
192
144
146
1<%
190
| 572
174
196
19%
20
2100
2re
J1a
216
&1
227
dec
224
206
228
2. 3Gk
23c
JS34
23k
2.3%
Jan)
cal
Sa4q
JAab
JO00
Pl 4
A4
Pt 1o
29%
a6 ()

)
« b

IN THE THICKNESS DIRECTION

2

a) Material Constants

GCIY=X6eT 4k
3(2)Y=6.9919
GC3I=11e91E9
G4 =~17eQ 119
GCH)=0.
GC&EY=0e
BIY=XAe 14k
FCRI=] 1919
3(9Y=17.91FE9
GC1OYE e
GC11Y=0.
GCLE)=107.2E9
1 (13)Y=0.
LCla)=0e.
HCIHY=0.
HGC1A)=ST94L9
HC1IY=0.
Gl1I%)=C.
BC19Y=ST .94
B2 ==171 2119
V21 )= 349 e K=k Y
IHe PleZ0OLbCIRIC
P5C1Y20.0171)
FaC2)==0u111
PS¢ $)=ilte
PHCa)==0.0406
PH(H)Y=0e
P5(6)Y=0.
PSSOl Y=
PS(3)=2,
PS5C9)Y=()e
FaC1tO)Y=0
F5C11Y=0.0406A
F5C12)==06111
PSCE13Y=0e
Paclay=n,.
P19 )Y=0.
Psl(16)Y=0s
PCITY=0o
PHC18Y=0,

IRESS

CONSTANT S

CONSTANTS

Ture DIELEGERTC PERMT TGRS

DPC1)Y=2389e21L=12
UPCZ2)=0)e
P 3Y=0,
DP(aY239«2 k=12
UPESY=0
DPCAY=za ) e V3L =1
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TABLE 3-7. (Cont'd)

b) Plate Orientation

JOOC X2 1S IN IHE THICKNESS DIRECIION
J10C 1418 IS A CUL QuARrT? CYXLYTHETA
320 THETA=45.25

360 Pl=3.1415926

369C THESE ARE VIRECTION COSINES HETWEEN NEW AND OLD AXES
3710 RL1=1.

320 KM1=0.

3990 RN1=0.

400 KLZ=0.

A10 RM22zCOSCIHETA*PL Z71806)

420 RKN2=SINCIHETA®PI /Z180.)

430 RLJ=0.

44 RM3=<-KN2

450 RNJ3=kM2

IS1006 IHES PART USES THE ROIATED VALUES 10 CALCULATE 1Ak
1<11C STIRFENED MATREX ELEMENTS IN ITHE SEUULAK EOUATTON
IR120 Or iHE FORM CHO, Y=DELTACTK)Y*L =D

19150 (N ITHE FCLLONING | REPKESENTS THE COORDINATE TN
IS160 THE IHICKNESS DIRECITONG Tebe FOR X3 I=z=43

1820 =2

¢)  Resuits
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erence system in which the modes of vibration are displayed mutually indepen-
dent of each other*. This is the so-called normal coordinate reference system
in which the allowed modes of operation are termed the normal modes. The

directions of these normal coordinates are given by the characteristic vendors

(1) (i)
i (i) th E
amplitudes will be designated as the ﬁk components of the i~ eigenvector
(‘). (1) is associated with the values g3

;2 B(l) , Which each c(z) is associated with the values /2(?, /3(3), /3(3).

or eigenvectors associated with each ¢ This set of ratios among the u

(1)

associated with each ¢ 1

5t

For example ¢

Furthermore, if the components for each (i) are normalized so that

(1) , (1) (1) , (1) (i) (1)
= 3 ) =
};kﬁk 1 or 3 1 B 1 + B 2 3 2 + f3 ,‘3 1 (36)

then these ﬁ}((“ are the direction cosines of the particle displacement for each
of the three modes, (i), in relation to the plate coordinates. The vector set
formed in this fashion is also orthonormal and has the properties,

(1) (1) (j) (k)

3 = 3 = i (37)

i P “m "m 6]k =
The general procedure, therefore, is to solve Eq. (26) for its roots or

determine them from Eq. (24) and substitute into Eq. (23) for each root, to

determine the uy values appropriate to this root. Then normalize these to unity

and construct the eigenvector for this root; then repeat the procedure for the
next root, etec. If, working with Eq. (26), this cubic equation can be reduced
to the form

d3+:1d+b-0,

where c=d-(q/3) (38)
1 2
a = g (3r-q)
1 3 X :
b = 97 (2q° -9qr + 27s)
. -a ; -4b
then, letting d=m cos ©, where m = 2 3 COS 30 - .
m
gives the rootsl 14] (39
d m cos G d m cos (O, + 2"[ ) . d mcos (O, + dn )
1 =t L d 1 3 i ' ] & -
: g e 4b
Here ()1 is the smallest value that satisfies cos 3 © = - 3
m

s : - et
In the general case the number of roots of ¢ is ¢ ‘K) and the normal coordinate
reference system has k dimensions instead of three, as in our special case,
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i

Instead of following this procedure and writing a program for it, the
Honeywell Information Series 600/6000 Time -Sharing Systems has a program
available that is in the ESD computers time-sharing library. This program 1
solves the equation and computes the eigenvectors as well as giving the eigen-
values. This "canned" routine was used to solve Eq. (25) and to obtain the 5
eigenvectors satisfying Eq. (40).

- 1) 1)
(c g:’kS - c“ 6 'k) 3 (li = 0 (no sum over
L ) i is taken here) (40) !

The instructions for this "canned program" called SYMEIG, together with
a listing of it, are shown in Table 3-8. This program is written in Time-Sharing
FORTRAN, but the conversion to a more conventional form is relatively obvious.

WP

The output of this program is shown in Table 3-9 when the required results
from CR@T in Table 3-6 were supplied. Both the Yes and No responses to the
instruction question are shown,

Figure 3-3 uses these results for AT -cut quartz, with x5 in the thickness
direction, to clarify the previous discussion. It shows the construction of the
eigenvectors for this simple 3-mode case, and the relationship of the 3-dimen-
sional normal mode axes to the plate axes. For waves propagating along the x3
plate axis we have one pure shear mode (particle displacement at right angles
to the propagation direction), $ D) one quasi-shear mode, B¢ , and one quasi-
longitudinal mode, 3 For waves propagating along the normal mode axis, 3,
we have two pure shear modes, /3 (D 4nd 3 (2’, and one pure longitudinal mode
(particle displacement in the direction of propagation direction), ,*‘3)

Another program for the purpose of debugging, was written at this time.
Its purpose was an essential tes: of the results obtained up to this point.

o . T i
I'he nine separate equations in Eq. (40) (three for each value of ¢ can

be written as follows (where (,Bjk § 3jk3 in matrix form):

- - ~ o ) - —
. " 4 OLY €LY (3D D 2y 81 3}
(,Bll (,[312 (,BIB 22 ,\1 ,)1 ,)1 ,\1 "1 ( 0 0 1
CB,, CHy, ©By ,:2‘“ 352 ,:2‘3’ gl @ 343 o Nal
¢ . (3)
CBy, CBy, CBy,| |41 p§2 3% 1l g a3 llo 0 « <
L o - = L 4 L (41) 4

Ak . oy =1
I'his matrix can be pre-multiplied on each side by ¢ inverse - | 4| ~ to yield

: ‘ i R AR e e 1)
(( By; CByy CByq \ 2h N ¢ 0 0 W
1
[1] ' : i (D2 (3 (2)

CByy CBys CByel |84 837 By 0« 0

‘ v . (1) (3 (3) (3)

B B B ; LU :

CBy, CBgy CByy 3 3 3 LO L
(42)
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INSTRUCTIONS FOR SYMEIG AND THE PROGRAM
LISTING OF SYMEIG FOR CALCULATING THE
EIGENVALUES AND EIGENVECTORS

TABLE 3-8.

a) Instructions

This FORTRAN program calculates the eigenvectors and eigenvalues of a real,
symmetrical matrix.

METHOD
The method used is Jacobi's method, which was adapted for computer use by von
Neumann. The method consists of applying to the matrix a system of plane rota-
tions given by orthogonal matrices designed to reduce the off-diagonal elements
to zero. The eigenvalues are then the diagonal elements of the original matrix
and, if the eigenvectors were desired, they are developed as the columns of the
product of the orthogonal matrices.

INSTRUCTIONS

Enter data as requested. For further instructions run the program.

SAMPLE SOLUTION

SYMEI G
«RUN
DA YAU WANT INSTRUCTIONS?
\ = YFS
NSTRUCTIONS FOR SYMELG
THIS PROGHRAM CALCILATES THE FIGENVECTORS AND FIGENVALLES OF A
REAL, SYMME IRTCAL MATRI X, IHE METHOAD USFD 1S JACIOBI *S LITERATION
METHAD. THF MFIKOD COINSISTS OF APFPLYING T THE MATRIYX A SYSNTEM
QOF PLANE ROTATION GILVEN BY OKIHOIGINAL MAIFICES MADE 1D rEDUCE
PHE QFF=DIAGINAL FLEMENITS 10 JFERO. THL S PROGIKAM LISES FOUIR
ARGIMENTSe A TS THE NAME OF A TWO-0OIMENSTIONAL ARKAY CONTAINING
THE REAL, SYMMETRIC MATHRIC IN TTS FIAST N WOWS AND COLIUMN S
R IS THE NAME OF THE TWO=DIMENSTIONAL ARRAY WHICH WILL CONTAIN
THF EIGENVECTORS IN (TS FIRST N G tMNS.
N IS AN INTEGER VAKIABLE Orn CONSTANT GIVING THE OKDFkK
JF THE MATKIX.
MV 1S AN INTFUERE VARIABLE OKF CONSTANT WMICH MUST BE O GR fe
LF 11T 15 0 BOolH EIGENVECTORS AND FIGENVALUES ARE FOKMED.
ITF 111 ON ONLY THE ETGENVALUES ARE FOUND.
ENTER THE QREDERN OF MATRIX AND THE MATRIX SEFPARATED RY COMMASC,
= )
N O
1o los?”
-“'-4 S
IME MATHIX (¢

1 OOOOONOFe 0 1« OOOVOOE® 00 S Q00NN D=1

10000000800
S« 0N00000F =011
EACH ELGENVAL LIF
= lenpal WQF-02
*T62120713E-01
e @Ol cbe00)
Ae 4aPRINA =01
2¢S3AS255E4 0N

Se J1AR I Vak-01

1« 00D0000OF* OO0
2o HOOVO00E=0
FOLLWWED BY CORR
GHGeRHEIAVDQE~0)

Sebl1093KE~0)

Qe bl aTIIOE=0)

2 SOON000E-0D1
S NOOCONONKe OO
ESFANDING E1GENVECITOR

Qe dTLI956F=00

“6:9760113E=01

14 1032929E=01
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TABLE 3-8. (Cont'd)

b) Program Listing

3-30

RO I W“
s LI E=wag |
sRIX Y= | &

! "‘ V= /.‘ 8
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210
220
230 30
240 3o
2290
250 40
210

2 30C
2v0)
30J
310 4b
31>
3200 50
325
330

R {010
350 62
390 obH
370
330 08
390

4 )0
410
424 (0O
130 723
440
4>) /8
450
440

4 30C¢
451)
560

b3 ) B 5 £
52 85
530
540
9530 0
1018
510
530
270
o)
ol
ALY
SR

A 17;
(o319
S00) ¥o
ol
O
oY) 10V
1)) 14y
1) 150
120 135

TABLE 3-8. (Cont'd)

DO 3o J=1,4
IF(I=-J) 30,320,300
ANORM=ANORUY+A(I ,J)*xAC] ,J)
CONTINUE
IECANORA) 105,105,400
ANORU=SIRI(ANOR {x2,)
ANRUIX=ANOR (x| L OE=6/FLOAT(N)
IGITTALIZE INDICATORS AND COSPUTE THR:SHOLYD
[AD=0
FHR=ANORM
IHR=THR/N
dl=N=-]
DO 14y L=,
Li=L~+l
IR T I T2 £ B
CHMPULE SIHE AND COSINE
[FCABSCACL M) =11R) 149,65 ,05
TdD=1
X=0.5%(4(L,L)=ACH,4))
Y=ACL ¢
=SSR *Y+X*X)
==A(L,0)/2Z
1cCK) 10,75 ,75
(==Y
STUX=Y/50RT( 2, 0% (1 .U+ (SART(1.O+YRY ) ) ))
SINX2=STuX*STNX
COSX=sNT(1.0=-SINX2)
COSX2=CO3X*COSX
STNCS=5THNX*COSX
ROTATE L AL M COLUYNS
DO YO I=1,4d
Ir(I=-L)30,20,30
IF(I_v{)'i'j'yo'ﬁD
X=A(I ,L)*COSX=AC], ) *SINX
ACL"M)=ACT JL)XRSINX+ACT (M) *CO5X
ACI,L)=X
CONFTwUr
X=2. 0%xA(L ') *STICS
Y=A(L L)*COSX2+A(f M) *STuUX2=-X
A=A(L L) *STIX2+A (M, ) *CO5X2+X
ACL,M)=CA(L,L)=AC M) )XRSTNCS+A(L , X (COSX2=5TNX2)
ACL,L)=Y
A(My4)=X
DO 100 I=1 N
A(L,I)=ACT,L)
ACUMGI)=ALT X))
[EC1Y=1)95,100,9%
X=R (] 4L)*COSX=R(T 40 *STNX
POl g ) =0 (T L) *RSTNX+ROT (M) *C0OSX
‘?(I'L)=A‘
COlNL TwUE
CONTTIWNU=
IFCLaD=1)15041554100
[.D=0
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I 10
158
430
U
320 1o
33
b} bes,J
) 1435
/ L)
e v 1
i s s

TABLE 3-8.

AL, 1)=A0S,J)
10, )=

IR aw=1) V75,
)i [ RS 1) —=|".
(=4(R,])

(s I3 =¥ L)
i Ca . )={

b () WU T

1)

(Cont'd)
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TABLE 3-9. OUTPUT OF SYMEIG FOR AT CUT QUARTZ WITH X3
IN THICKNESS DIRECTION

S¥e Ll

DO Y0 dANT INSTRUCSTINGS?

=Y{i=5
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TABLE 3-9 (Cont'd)

By THE ORDER OF TAERTE-AND RE CATIIX SEPARATED BY Corfiash,
3ode 222 39228E0 1,
= Yo o 0e 33010 D2 TPl o=V 2T D42 3270
Jo o =V 20NN AD2 L5171, N 1 29765342 2
iz (ALTA IS
Ja 22239228 Ll D 0
e }e 3301125275 11 =0.57004245% 10
ba =1e070042325 1) 0, 12970924%E |2
EAC:H LIGEWVALUE rOLLOMED Y CORRESPONDI.LG EIGENVECTOR

e 22230 22438 I

Jo VO3IDO0E O )e e

Ve 382064318 1]
i Ve PY5D0H 1215 0 0,021 72465E=C1
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Figure 3-3. Relation of Normal Coordinate Axes to Plate Axes for AT -Cut
Quartz with X3 in the Thickness Direction
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Since [;3]'1 (2l = 1 .
However if [ 3] is an orthogonal mat.rixl9J

B transpose = | djT should be equal to [ 3] -1 .

hence,

(1) (1) (1) (1) (2) (3) (1)

By Pg By CBy; CByy CBi3 114y Ay # ¢ g
2) (2 (2) (- @y 68 @)

By By oy CByy CByy CByg | | By By By [7]0 ¢ .
(3) (3) (3) (1) (2) (3) (3D

By By By CBgy CBgy CBgg | | B3 #3 3 Uk

(43)

The program Norm listed in Table 3-10 carries out Eq. (43) using, as
inputs, the secular matrix coefficients, CBjk, from CROT and the 3 (lé) values
from SYMEIG. It should return the correct values of ¢ (1),

The direction of the plate thickness can be made to correspond to that
used in CROT by changing line 120.

Table 3-11 shows the output of this program for the example in Tables
3-6 and 3-9. The output should be a diagonal matrix whose elements correspond
to the eigenvalues in Table 3-9. Notice that the output is not diagonal. However
a closer examination shows that the off-diagonal terms are errors in the last-
listed digit, or beyond, of the diagonal terms and, hence, represent computer
round -~off errors.

C. TRANSFORMATION TO NORMAL COORDINATES, NORMAL MODE
IMPEDANCE MATRIX AND PROGRAM VCOUP
At this point we carry out a transformation to normal coordinates [15],[16 ]
by defining the following quantities.

()

o _ )
TH = B Ty (44
W = g0y (45)
] i i
0 ()
(‘333 '{i €33; (46)
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TABLE 3-10. LISTING OF PROGRAM N@RM FOR DIAGONALI-
ZATION OF THE SECULAR MATRIX COEFFICIENTS

100C THIS PROBGRAM CONVERTS THE COEFFICIENTS IN [HE SECULAR
101C EQUATION 1@ LDIAGOANAL F3rRM

110 DIMENSION CB(3,3),B(3,3)»CN(3,3)

120 I=3

130C IHIS MATKIX STORES THE ELEMENTS OF THE SECULAK EQUATI®N
140 CB(1,1)=0.29239228E11

150 CB(1,2)=0.

160 CBC1,3)=0.

170 CH(2,1)=0.

180 CB(2,2)=038611527E11

190 CB(2,3)=-0.57004245E10

200 CB(3,1)=0.

210 CB(5,2)==0.57004232E10

220 CB(35,3)=0.12976634k12

2500 IHIS> MAIRIX STOKES THE EIGENVECTOKRS @OF CB BY C@LUMNS
251C THE UOMPONENTS 0OF THE EIGENVECIOKS AKE THE

252C VIKECTION COSINES BETWEEN THE NOKMAL MQOULE

253C AXES AND THE PLATE AXES(BC(1,1)=COSINE Or

254C ANGLE BETWEEN N1 AND X1,B(2,1) BETWEEN N1 AND X2,EI1C)
260 BC1,1)=0.1E1

2710 B(2,1)=0.

2R0 B(3,1)=0.

290 BC1,2)=0.

300 B(2,2)=0.998306542

310 B(3,2)=0.62172451E-1

320 B(1,3)=0.

330 B(25,3)==0.62172451E~1

340 B(3,3)=20.99806542

370U IHIS MAIKIX SHOULU CONIAIN THE EIGENVALUES QN

371C THE MAIN UIAGONALe IT KEPKESENIS BI*UB*H

d72¢ BT 1S THE TRANSPOSE @OF B

380 L2 10 L=1,3

490 V2 10 M=1,3

400 O 10 J=1,3

410 VO 10 K=1,3

420 UNCL»MI=B(J,L)I®B(K, M) *(CBC(J, K)+CNCL» W)

430 10 CONTINUE

440 PRINT 900,11

450 PKINT 910

460 PRINI 920, CCCNCL,. 1), 02153)5,1=1,3)

500 SIoP

9510 900 FPORMATC/,"FOR X'» 11" IN IHE THICKNESS DIRECTION®)
520 910 FORMAT(/s5X, " IHE ELEMENIS IN THE NORMAL COOKUINATE®*,
S531& ' EQUATIEN ARE®)

530 920 FORMAT (/5 3XsE15¢R,6%X5E15:8,6X,E15:R)

9540 ENUV
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TABLE 3-11. OUTPUT OF NORM FOR AT CUT QUARTZ WITH X3
IN THE THICKNESS DIRECTION

T Vs 20l g2

. (j) ; .
Furthermore, since the ,JiJ are orthonormal, the inverse transformations

are

(1) _o
B (47)
T3j ;3]. T3i 47

(1)
u, = pg.  ud (48)
) p] 1

(i) o
= (49)
935 = Py g3 - e

Equation (44) for example gives:

P 1 (1) (D

In terms of these new quantities Eq. (1) for i in the xg direction becomes
0 2 0

— - )

T3j'3 pw uj " (51

Returning to Eq. (12) for x3 in the thickness direction (i.e. i = 3) we have,

S
s 33 (‘31(3/ ‘33)“;(’33' Vo
which can be integrated to give,
e
4 3k3 P [
& ( s uk + .13x3 4 l)3 5 (53)
33
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This in turn can be substituted into Eq. (7) for i = 3, k = 3 to yield,

e
E 3k3
T3j = ¢ 3jk3 U,g e33]. ( Uerg t e33ja.3 : (54)

¢S
33
Multiplying Eq. (54) by '3;” and using Eq. (15) leads to,

o () E (i) (1)

T
but from Eq. (40) or Eq. (25),

E i) () (i)

31" B T3j=Ca3 P Weg* Py e33335 (55)

c 3ik3 ﬁj = € ij ﬁj > (no sum over i) (56)
so that
o (i) L (1) 0 <
T3'1 = kj ,3]. Uogt €33, A3 (no sum over 1)
(57)
o _ i) (1) o . :
or T3i = B uj,3 +egq. ag (no sum over 1) ,
from which we obtain
o (i) o 0 ;
T3i =C U, gt €qq; 23 (no sum over i) . (58)
This equation can be substituted into Eq. (51) to give
(i) o 2 O § ,
C U ,gg tpW u.l—O (no sum over i)
or
C(1) 0 u)2 °_»o
Ugrag tPW By 5
(2) o 2 0
c u2,33+pu u2-0 (59)
(3) o 2 0
c Ug,gq + Pw Ug =0

. . . 0
This clearly shows that the normal coordinate motions, uj , are uncoupled.
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If use is made of the symmetry relations of Eq. (9), it is possible to
write

(i) o (m) O

eqpaVi = (B fgg’ By W)

(i) ,(m) o 0
(60)
B Pp ®33 %y, 6
_ (6] o __0 [¢]
= B0 53 Yy " %3 Y ¢
¢ .

where the orthonormal properties of the ’jk in Eq. (37) are used.

This shows that

Y o )
€3x3 "k = ®3k3 YK s
is invariant under the transformation.
Equation (53) for the potential then becomes
0 s 0
= . )
¢ (e3k3/ €33 ) Uy +ag Xg o+ b3 : (62

which shows that the x3-directed component of an electric field, arising from
particle displacement due to passage of a wave, reverses direction when the
wave direction reverses.

It is now desirable to show that Eqs. (59) can be represented by trans-
mission line equations. The standard lossless transmission line equationsl 17

OV oy ol e

o, (B = L o (0

8 1= © L @by, (63)
o2z ()t

where L and C represent the inductance and capacitance per unit length, can be
put in the desired form by the following procedure.

Let V(z;t) and 1(z;1) take the same form as ul(xi;t) in Egqs. (16)and (18),

so that
ving siwt . Jett=dazr  jen- 2
Viz:t) = vell 12 1%  ye - Ve
(64)
Lt jwit- 1 z) jw(t \7 )
1z;t) = 1et1Z M0 e - le

represent sinusoidal time functions propagating in the z direction with a
velocity, v.
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Egs. (64) can be substituted into (63) to yield

-jnV = -jwLI
-jnI = -jwCV or I = -“;]—C— V. (65)
If the second equation of Eq. (65) is substituted into the first,
. .2 2
-jinV = -jw LCV o5 (1-w'LC) V=0, (66)
n 2
n

Equation (66) can be satisfied for arbitrary values of V only if

n =wJLC ’ (67)

The following identification between the velocity of propagation, v, and
the wave number, 7, must be made from the last form of Eq. (64):

w
V== or n=

7 = . (68)

V—JITC-

If a transmission line characteristic impedance and admittance are de-

fined as
i R
ZO”‘{C 7 (69)

| .
then, for an arbitrary wavenumber 7 “), Eqs. (63) can be put in the form,

<|E
—

(1)
(5) S L () 1 I 0 IRl ) I (0 IR 4
V,3 = -jw ) ] R I = -jn ZO I (70)

C
: (i) "
(1) . (1) (1) 1) L 10 [ 12 ) 1)
I,:; e Ju ’Q(TT JLI o)y _ jn YOl v ,
L

where it is assumed that the wave is propagating in the Xq direction.

If the second of Eqs. (70) is differentiated with respect to x3 and substi-
tuted into the first equation, v 1) can be eliminated, and vice versa, to yield

: L e
(i) OV Gy
Lgg * (l} ) I =0 (71)

. 2 :
(1) (1) (1)
V.313+ (l)l) Vl -0
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Both of these equations are identical to Eq. (59) when Eq. (20) is used,
so it should be possible, at least, to determine that there is a correspondence
between the normal mode displacements and the transmission line variables.

Also, note that by writing Eqs. (16) and (18) in the same form as the
last of Eq. (64), the acoustic wave velocity for each n(1) js given by

(50 S (1),
VR T /p . (72)

n

Since we are free to make corresponding wave numbers of the transmission line
and elastic waves equal, Eq. (59) amounts to using three transmission lines
(one for each i), and supporting a wave propagating with the velocity, v(1) from
Eq. (72), if the other variables in the acoustic wave equations can be made con-
sistent with Eq. (70).

Equations (51) and (58) represent a set relating ’1‘(3)-1 and u?, which are
very similar to the first-order differential equations of Eq. (70). However, the
eg?i ag term of Eq. (58) hinders this analogy. This term is piezoelectric in
natur

e and a spatial constant; hence if Té).l 1s separated into two parts by defining
0 ~g =0 RO o S
T31 = '13.l + T31 with TBi = €gg, g, (73)
then, because TBi’ is a constant,
=i ) )
T3'1’3 0, (74
so that Eqs. (51) and (58) become
To 2 u°
33 = PE N
(1) o ~0
N - A )
c u_l,3 '13.l - (75

which now has the structure of Eq. (70),

To complete the analogy between the acoustic waves and the transmis-
sion line it is necessary to pair corresponding quantities. For reasons, given
in Ref. | 1|, the following choices are made:

(1) o
\'% = A 13.l
(1) .
L 40 jwu®
(1) (1)
'/,Ol Apv !
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. Ry
c(1)_ p(v(l))

(1) (i) (76)
Z0 l/YO
n(l) n w/V(l)

I(“ is the negative of the particle velocity in the normal coordinate sys-
tem. The negative sign is a result of the convention for positive power flow in
acoustics. If a positive tensile force is applied to an elastic body a positive out-
ward particle velocity is produced but, under these conditions, power is said to
produce a power flow into the body. Hence, the outward velocity associated with
an inward power flow produces the negative sign.

The factor, A, in Eq. (76) is a portion of the area perpendicular to the
wave propagation, i.e. normal to X3.

Still following Dr. Ballato's presentation, we now turn to an examination
of the thickness modes of an electroded, piezoelectric crystal plate with traction-
free surfaces, driven by an electric field in the thickness direction, (since this is
a clever way to incorporate the electrical circuit into the transmission line model).
Figure 3-4 is a sketch of the situation to be analyzed. The plate is laterally

Figure 3-4. Unbounded, Traction-Free, Piezoelectric Plate. Thickness
Excitation of Thickness Modes

unbounded, of thickness 2h, with upper and lower surfaces at x3 = +h and -h,
respectively. These surfaces are also assumed to be maintained at potentials
+¢6g and -¢q, respectively. Lateral coordinates are of no interest and the el«t
time factor is ignored.

At the plate boundaries the conditions to be satisfied are:

T3] 0 at Xq th

&t H."O at x3

(77
th
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If Cramer's rule is applied to Eqs. (47) it is seen that, if the untrans-
formed stress, Tg3;, vanishes at the surfaces, the transformed stress, ’I‘é’.,
must also vanish since, to satisfy the orthogonality condition that the transpose
of the 8 matrix is equal to its inverse, the determinant of the 3's must be non -
zero. Hence

o -
Tsi—Oatx3-ﬂ:h. (78)

We seek a solution of Eq. (59) that satisfies Eqs. (77) and (78) when
inserted into Eqs. (58) and (62). From now on until further notice the Einstein
convention is dropped and no sum is to be taken unless it is specifically indicated.
To this end we select

0 p (i)
u, = Ui sin . Xg , (79)
so that
ul,.=U (i)cos p and u_ .. = -U (7.1)2 s
g = Y R o B R PR T
which satisfies Eq. (59), provided
o) 2
(nm) e (80)
c(l)

which it does,
is made of Eq.

(0)

T3y

Hence,

i

(b:

from Eq. (20). If Eq. (79) is now placed into Eq. (58) and use
(78),

Y c(i)u e©
5 i’3 *©33i%3
(81)
(i) (i) (i) o s ’
= € n U.lc05 n x3+e33.1a3_0 atx3 =+h .
0
P
c“)r;“)cos 1;“)h (82)
Using Eq. (62) along with Eq. (79) yields:
0
3k3 0
i A\, g 5 )
5 uk tagXg b3 (sum over k
€33
0 0
e e
313 ) 323 L ,
. Ul sin 7 Xgq + S UZ sin 1) Xq (83
€33 33
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o
€333
S

U. si (3)
+ 3 Sin 7 Xg + g Xg

€33

Substituting from Eq. (82) yields:

o o) . (1D 0o (o} . (2)
b R332y MW Xy Sgag g g iRt X3
i Es C(l) (1) S7(1)h S (2) (2) (2)h
33 cos 1) €34 C n cos 1)
0 0 - (3)
€333 €333 ag sin 1) Xq ] e
s (3 (D 3 g gt g
€ang € n cosn h
33
Letting ¢ = xtbo at Xq = +h leads to
(bo + (-(bo) = 0 = 2b3
Thus
b3 =0 (85)
and
3 (0] (0] s
e 3i3%33i | tan 'n i
0" "3 hi—‘jl S C(i) (i) ;
- 33 "
This leads to
LR ¢0/h e
dg = 0 .0 |
3 1 \?f €3i3 “33i tan n  h
-'fl s _ (i) ) (1) h
i= €33 )
Now we define:
2 ©3;3 33
(k') = =, (88)
S _(1)
€35 ¢
‘ where no sum over i is taken, so that
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- SRR tod e o
W DF _ %313%331 _ C33 atmd e qmB e
R L .00 W
33 33 33 33

when use is made of the symmetrK relations for e?jk. Here k‘1) is the piezoelec -
tric coupling coefficient for the ith mode in the Thickness Excitation of Thickness
Mode (TETM) case.

Putting Eq. (82) into Eq. (58) and Eq. (79) along with Eq. (87) leads to

" ) cos 1)(1)x3
Fg = %5 A 00 Ty e
cosnn h
el  sin n(i)x
= . 1
g g 2 (90)
i (1) (1) i) 3 (i)
he 7 eces g h \ (j,z tannjh
1-) k1) ——l—
: o)
J:l r’ h
Substituting Eq. (53) into Eq. (8), specialized to the 3-direction by letting
i =k =3, leads to:
s
D, 4 il - kel il (91)
= = = 3 X
- L v (j)2 tan 7)(J)h
1-), (k) T AR
j=1 n V'

Now, consider a portion of the plate having a lateral area, A, as intro-
duced in connection with Eq. (76). The current Iy, intercepted by this area is
equal to

Ip= -AD, = -jwAD, . (92)

3 3

The minus sign is here because, at the positive (upper) electrode, the
surface normal points in the direction of minus x3 within the crystal.

Considering this plate to be an electrical network, one sees an admittance

Ym(TETM) = I/E = 10/2<1>0 ; (93)

Defining a capacitance C0 by

8 ,
CO ~-A€33/2h . (94)
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Equation (93) becomes

ijO

3 9 (p)
1-) (x'P) —@'?E—L (95)
p:l n h

Ym(TETM) =

by substituting Eqs. (86), (88), (91), (92)and (94).

We now assume Ym(TETM) can be represented by the configuration shown
in Figure 3-5. Then

(-jwC )Y
Y, (TETM) = juC, + g Tl (96)
in Y L)~ 14Co
= joCqy
)
( 5 jwCy
Equations (95) and (96) are identical if
3 fanh Pk only
Y ppy = i€yl L k® 2] | indicated sum
p=1 n P over p (97)

-C
0
| L
= 11
> C
Y (TETM) A Y(TL)
O—

Figure 3-5. Assumed Input Admittance Network
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This can be interpreted as the sum of three admittances in parallel, with
each admittance containing one tangent function; i.e.,

3
LA (i)
Yooy = 4 Yoo e
i=1
(0] o :
where. v - ruc (9135881 ) tn 7'V p
PL- 9t e D (i)
633C n h

Using the variables defined in Eq. (76) this can be written as

0 o 0 (1)
() jA  ©3i3°33i @1 a4 p S BN
L Moy e -1 b R Loben B0 T SRR e
2h pv 2h 0
_ A’ 0 Lo 2tan P N\ &b 1
4h2 313 ~33i -jZ(()l) 4h2 3i3 "33i S ek n(l)h
o
- (99)

The input impedance of an open-circuited lossless transmission line of
length, h, characteristic impedance, ZO, and propagation constant, 7, is

ZOc = —jZO cot nh ; (100)

Z
and the impedance of two of these lines in parallel is -j TO cot nh .,
Hence, we are tempted to represent Y’(I‘lli as shown in Figure 3-6. For
this configuration

(1) 1 - 1
Yoy, = T Ml gt oy Ty RaRR
TL (n )2 (-J v T
1
2
Equation (101) will agree with Eq. (99) if
AJeO. ey Ael .
B = A 3i3 33i & _____3_3le (102)
i %h 2h ‘
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i)
I

Figure 3-6. Assumed Configuration for Y(,

Figure 3-6 can be redrawn as shown in Figure 3-7, since, in this circuit,
no current will flow at the center of the transmission line so the wires in Figure
3-T7 can be cut.

= 2h et

o——o —— —

‘ z41 ki \
e ’*—A:/-—: ni ni k"kl rC:‘
o l |T L(T
R

| O
: \"Hm °

Plate . Representation of Single Thickness Mode,
t Omatted




In Figures 3-6 and 3-7 and Eq. (102) n; represents the piezoelectric turns
ratio in Mason's Equivalent Circuit.

In connection with Figures 3-6 and 3-7 it should be pointed out that, if -C,
in Figure 3-5 is ignored, the secondary voltage of the transformer is given by:

! ¢
(i) 7 o 0
Bs = my2¢g=Aegy T}
G R Vh
A 0;3)3. Ay 1 - L k' t;‘ﬂ,(’)__r__ . (103)
. i=1 n Vh
Honcv (,l 1s proportional to Ae 33 ag but, by Eq. (73), E :) is proportional to
AI‘J : Tru , while | the voltage var ables associated w1th the”’waves on the trans-
mission lines are Al the electromechanical transformer's secondary voltages

can be identified with AT3 , so that the circuit accounts for the total stress,
AT3 .
i

Dr. Ballato goes into several ramifications on drawing the network as
shown in Figure 3-7; these will not be dealt with here. All that we emphasize
here is that, if the transformers are placed at the ends, as shown, then the
polarity dots must be as indicated, in order for this to be a valid representation
of Figure 3-6. Figure 3-8 shows the complete 3-mode equivalent circuit for
this traction-free case,

Figure 3-9 shows the resulting network with the traction-free condition
removed so that the short circuits of Figure 3-8 are gone. Because it pertains
to normal coordinates, the port variables are superscripted with the degree
sign. The port variables are numbered so that the left side (bottom or -h side
of the crystal plate) of the transmission line supporting mode (1) leads to port
(1Y), while the right side (top or +h side of the crystal plate) leads to port
(i + 30, ports 19 to b" are mechanical ports and port 7° is an electrical port.
We also define V‘3 and l" (m=1,2--T7) as the voltages and currents appropriate
to port 7, with the sign conventions shown in Figure 3-9. At present, no attempt
is made to match these port variables with the stresses and displacements.

In order to obtain the impedance matrix appropriate to this network it is
convenient to replace the distributed transmission lines in Figure 3-9 with their
lumped equivalent form. The equivalent tee form of the lossless transmission
tine, shown in Figure 3-10, may be ascertained by evaluating its open circuit,
short circuit and transfer impedances, and comparing them to the transmission
line equations. Using this equivalence Figure 3-9 can be redrawn as shown in
Figure 3-11,

T
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CRYSTAL
2h
7 J2) (@)
+ Co
|
/1

TETM

Plate,

0Z31d A¥vaNNogd

Equivalent Network Analog Representation of Traction-Free

NHOM L3N ﬁ

R [ = S O _

3344 -NOILOVHL

Figure 3-8.




__.I°I < 2h
o—0—— o
(|°)?V° . Zo(l).K“)
n
|
q oo
*Igm !
(22 ve ], 7 o(2) (2)
O—O-T A TO-
na
IOV:YY\T .|.
|
(3)tvg : Zo(3) K (3)
ey n3
A f,
PN e
/[\ -Co +Co
L.
I i
- ;&“07
V2
% — BN
{7*)

Figure 3-9. Possible Seven-Port Normal Mode

Crystal Plate

Equivalent Circuit of a

e ——— e ———



'

:
s

. = Zo 0 .
s T sin 8 ( cos —I)=]Zoton(9/2)
. _‘%o ¥

fa jsin8 8= xdL

Figure 3-10. Lumped, Tee, Form of a Transmission-Line Section

(n

—oIlo Z[

OO\ =, o= AAA
() $vp,

0=\ AAs—0

—-I{_.' " ‘ ZI(Z)

o—o O AN
(2°) $vy
M
ﬁ»ﬁ’*\.ﬁ o

—oI°3 e

FO—AAA-
(39 1v§|

&
o L%
Vv s i
b

Figure 3-11. Lumped Circuit for Evaluating TETM Electro-Mechanical
Impedance Matrix

3-53




It is now necessary to evaluate terms of the type, Z?“g , in the relation

o _ ,0 o0
LA o (104)

where the Greek indices range from 1 to 7. Because this is a lumped, linear,
passive, bilateral network, and because of the sign convention for currents and
voltage shown in Figure 3-11, the overall matrix will be symmetrical about its
principal diagonal. Furthermore, all mechanical port-driving point impedances
will be identical in form, differing only in the mode index number. The same
will be true for all mechanical transfer impedances connecting ports on the
same transmission line. Likewise all electromechanical transfer impedances
will differ only in mode index number.

When the electrical port (79) is open-circuited so that I(r‘; = 0, the two
capacitances, +Cg and -Cg, add together to produce shorts at the piezoelectric
transformers. This completely decouples the transmission lines from each
other.

Using this last effect means that:

lo), means all IO), = 0 except 3 = ¢
t

ve '
m
20, = =0 E=1to6exceptt £mfgn+3 . (105
mg I() 0
£ 1, 0
Hence
50 8 o0 0 0 0 ) Lo R S
219=2137215=216= 291=293=294=296=231 =23,
o ,0 L0 0 0 0 0 0
234=235-249-243-245-246-%51" 253
=0 o 0 0 SO0 .0
24=256=2g1=263=2g4=2g5 = 0

The mechanical driving point impedances are

(9] O L O FE " B
o Vn (k) (k) l’: means all l,\' 0 except - 7
Z Rt =7 + 2
na l” 1 2

m 0

l»‘io k =7 ormn-3
(106)
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(0] (0]

2117 244

o _,0

Z9g= 255

6 _ a0

233= Zg6

(i

where Hi=2hn

(1)

j tan ¢
(2)

jtan H2
(3)

j tan ¢

)

(106)
(continued)

The mechanical transfer impedances between ports on the same lLine are:

0 =

nm+3
25
iy 2y
Zas 52
Zyg - Zg3

vO
n (k
R =Z x! ® = 1to8
) 3 2
"+ ) k -
I[.,=0
=0
]'no3; n
)
gt
0
) sy
'/.‘2)
(8]
) Sy
3)
Z(J
0
) SN g

0 0
I, means all I", = 0 except |

m4+3

(107)

This accounts for all the impedances except those related to the electrical

port.

With all the mechanical ports open-circuited all the electrical mechanical
transformers are open-circuited, so that no current can flow through - C.

Hence the electrical

port driving point impedance 1s

l -

jwC -

(108)




The electromechanical transfer impedances are

s 5 v |
Z . and Z . . (109)
1 lu lo n;7 lu lu 0. 341
m ,f:O‘,\;n 7 ' P

With all the ports open-circuited except mechanical port =
flowing is that at port =,

duces a primary 8urren( ofn_1, orn_

terminal, since l7 0. This (urren( mu~t flow through C,

, the only current
This current must flow through the electromechanical
transformer closest to port 7 with turns ratio 1 ton . or 1 ton .3

This pro

.31, Mlowing out of the pnl.uxl\ dot
, and produce a voltage

n_1I
J:’é i ié?, ’ A similar argument can be emploved to (ll‘c:u-nmm- A
since l7 must flow through ('” to produce a primary voltage, J - or a
“ 0 O
secondary voltage, ' 7 or "s.3'7 , in relation to the polarity dots of
j"tu l‘(” T
the transformers. This vollage appears at port » as a voltage, \ it . "
U {
-3 7
J“( QO
O 0 0 ) o
e Rl TRl "
n
> aulP 0 0 2
lgq = lgq = lqg =~ %qg ja 110
i)
/u /u /n; /u e
3T 67 13 "6 juC

Now that all the terms in this matrix have
to show 1t represents the normal coordinate matrix for a prezoelectric plate,

Following the earlier analogy to a transmission line in Eq. (76), let
v ATy (-h) - 1,2,3)
v ATy G i +3-4,5,6) (111

where Tg-

0
Ve

been evaluated, 1t s necessary

e

(+h) refers to the values of TS-, at the upper or top of the plate and the
lower (bottom) surfaces of the plate, respectively.

The choice of V's here per -

tains to the total stress, Tgl , and not simply the wavy portion, Tgl, as in

Equation (76),




The currents are taken as

1 = - (x‘:«-m . -)wu(: (h) (¢ =i =1,2,3)
,‘; . .u:’(m» . ,,u-u;’um (¢ =i+3=4,5,6 (112)
R (=1 ,

where u:’ Csh) agan refers to values of u? at x3 = + h. The reason for the sign
reversal in the equations for l‘g, above, 1s that 1t is desirable to define the port
currents as being directed into the positive voltage terminal of a port, while the
transnussion line equations (which Eq. (76) represents) do not allow the sense
of the current to change with respect to the voltage, as the wave progresses
down the line .

With these choices of variables the impedance matrix elements depend on
quotients of stress components and components of displacement in the normal -
coordinate system, and are given by,

2’ Tl . (113

0
with all currents equal to zero except for |

With these definitions, when all the currents except 17 are equil to zero
we are forcing all the displacement components . at the top and bottom faces of
the plate, in the normal coordimate framework, to be zero. This corresponds
to completely clamping the plate at the top and bottom surfaces so that the plate
cannot move . Therefore we do not expect '/,‘}7 to be the reciprocal of Y " (TETM)
in Eq. (95, since it was derived on the traction -free tasis, where the .-s‘\rv»m-.s
anished i the normal coordinate system and, hence, for that case the plate was
completely free to move |

Letting u] (1 - 1,2.3) to be identically zero everywhere, satisfies Eq. (59
and reduces Eq. (620 to

Re + By . (114

The boundary condition 1s that &+ o at X3~ +h can only be satisfied if

0 (115




Specializing Eq. (8) to the 3-direction by letting i = k = 3 and then, sub-
stituting Eq. (53), yields

_ _5
D3——e33a3 : (116)

For this case, using Eq. (92),

(0]

17 = -j wAD3 =
= JwA 6353 aq = jwA 633 LA (117)
h
and
0 -
V7 = 2%
So Eq. (113) becomes
20
70 .. TR 2
677 p ® jwC (118)
] WA € 33 ] 0
“h

where Eq. (94) was employed.

The remaining impedances require one of the u? to be finite and the other
two to be zero, This obviously satisfies Eq. (59 for the two u(fv 0 components
and makes four of the mechanical currents equal to zero. The fifth component
of mechanical current can be made to vanish if the non-zero u‘f 1s chosen to be
zero at the appropriate surface (+h) and non-zero at the other (+h), This can be
accomplished by choosing the non-zero u‘f as

)
u” U. sin r)“ (hix,) . (119
1 1 3

However, we also require, for these impedances, that lf; 0. Using Eqs. (92)
and (116) this means that

0 B
17 -J.«AD3 = jwA €aqdg = o ,
or ag = 0. (120)
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Substituting this requirement into Eq. (58) leads to

| ;T (121)

| for the case under consideration.

Hence, the normal coordinate stresses corresponding to the zero compo-
nents of normal coordinate displacements, u(; , of mode index, i, are zero and
so are V?, , corresponding to these mode indexes from Eq. (111), and the cor-
responding Zo,,g of Eq. (113).

For example, take

u‘z’ =ug:0 (122)

o : (1)
u; = U1 sin 7 (h-x3) ,

so that Eq. (112) gives P =1"=1"= 0, and let 12 = 0. Eq. (121) requires
23 B 6 7
that
o o
T32- T33 =0 , (123)
so that, from Eq. (111),
B 0 > S,
1 \2—V3<V5--\r6-0 : (124)
The choice for u(l) in Eq. (122) leads to
is” 'Ju‘uu(-h’ -JwU, sin (2h:)(1)) = -jwU, sin ©
1 1 1° 1 1
1;’ jeu” GGhy - 0 (125)
0 (1) o A1) CEY L) .
T31 ¢ ul‘3 = =C Ul 7 cos 1 (h-x3) !
Substituting this value of 1‘(3)1 into Eq. (111) gives
0 0 {1} (1) R d) : (1 (D .
Vl AI‘31(~h) -C 1 AUlcu.s(l) 2h) = - ( AUl cos ()1
0 0 L L .
Vy A131(4h)~ -C 7 UIA : (126)
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Then, from Eqs. (113) and (124),

g -0 -0 00
221 = 231 = 251 = 261 =0. (127)

If, in place of Ul m Eq. (122), we had chosen u2 to be finite and let

uq = 0, then V{ = V3 =V§ = V8= 0in Eq. (124), while'I9 # O and I = 0 in
Eq. (125), so t.hat

S Zsz 0. (128)
o =z°3=z° L (129)

Returning, now, to the finite impedances resulting from the choice in
Eq. (122), the values in Eqs. (125) and (126) lead to

& (1)
R BN L UL e O (130)
11 = o = - - e j tan ©
I jw sin O 1
1 1
o (1)
70 - b RS i i S W] (131)
a1 e j wsin O © jsin®
I 1 1

where definitions in Eq. (76) have been employed and O; = 2h l)(l)
If the choice in (122) had been
2-u s‘inl(l)(h Xa) (132)
by B Tcacarts. * %3

the result would have been

0= - wu] (-h) = 0

0 i 6 : ; (1) : "
[4 = Ju\ll(+h) = Ju.Ul sin (7 2h) = JU-‘Ul sin ()l
o (n . (1
’I‘31 = C U1 n cos ((h + xs) 0] ) [ (133)
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This leads to

0 0 (O (1)
v§ -aty (m=cPyPua
Vg =ATS, =Py Pav cos (' Pany (134)

Substituting these values into Eq. (113) leads to

(o] (1)
79 V4 N Zo - 70
4 - .o T jame. == 1l
I 1
4
VO z U (135)
gL B L
14 0 j sin 6 41
I 1
4
while the requirement that u% = u% = 0 still requires Vg e Vg = Vg = Vg =)
Hence,
0 o 0 0
224-234 Z54—Z64-0 . (136)

It is now obvious that repeating thlS procedure, using u2 and u3 in place of
“1 in Eqs. (122) and (132), and setting u1 = 0, will yield:

RERE T
298 = %85 * Jan iy

(2)
50 . a8 e
25 © “52 ~ jsin @

2

(3)
ZO iy ZO - ZO -
33~ 766  jtan g

(137)

(3)
g0 . g9 0
36~ 63 ) sin 1y
© . 40 0 O 0 0 o8 o0
Zy5= 235= 245 = Zg5= Zyg= Zgg= Z46= 2560 -

Thus, all the elements except the electromechanical transfer impedances have
been calculated.
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These can be obtained by, again, requiring ISI) = 0. Using Eqs. (92) and
(116) leads to

o = -} - AR S . -
17 = juAD3 = jwA 633 33 =0 (138)
so that
ag = 0 (139)
If this value is substituted into Eq. (62) it becomes
&0
) 3k3 0
¢ = .S uk+b3, (140)
33
where the sum over Kk is to be taken.
With the sign convention adopted in Figure 9,
Vo= o - ¢ (141)
; 28 l“(x3:+h) °(x3:-mJ :

If the choice for mechanical displacements in Eq. (122) is made Eqs. (140) and
(141) become

¢ = ~€b Mg # bl (142)
33
5 &2
Ve = -3;—1-3 u‘l’ (+h) - {11 u‘1’<-h) )
€33 33

. ] : ; )
which, for this particular choice for the form of uL1 , leads to

(8]

-e
v = 38 yosin o Many (143)
‘33
When Eqs. (143)and (125) are substituted into Eq. (113),
0 0
Vv e, n
1 313 1
70 . =2 o ok (144
L l;) jwt;s ]‘LLU

where Egqs. (94) and (102) have been used.
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If the choice of uc1> in Eq. (132) had been made, then

(o]
e
o ©313 (D
V7 = s U1 sin (n "'2h) , (145)
33
while
5 = joU; sin ' o) (146) ‘

This leads to

(0] o
A"/ e n
o iy | = 1
loy = ey o ] : (147)
4 J@egs

Again it is obvious that repeating thisoprocedure, using ug and ug in place
of u(f in Eqs. (122) and (132), and setting uj = 0, will result in

n
zo =ZO A 2
72 5 jwC
o)
o o) '3
Z73 = Z76 = ijO (148)

While it should be possible, in a similar fashion, to show that Z ;7 = Z7£ ;
the requirement that this matrix must be symmetrical about the principal diagonal
will be used here.

The goal has finally been achieved. The equivalent circuit of a thickness-
excited thickness mode plate in the normal coordinate reference frame is shown
in Figure 3-12 (which is identical to Figure 9). The Normal Coordinate Im-
pedance Matrix of this plate is given in Figure 3-13.

In this matrix the parameters of interest are:

R
Oy S eNTEL S SN

(149)

(20)
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_.I°I - 2h
o—o- O——amm |
“o) fv° - ZO(I)'K(” !
o (0] OO AN 0 {
V1 —AT31(-h) - .n'l |
o _ o -.Iow |
Teda i @) (2)
o
VoAt (ay  (2tvel Zo“K
3 33 o0—0 |~ O——— |
= |n
vo = AT, (s+h) ﬁm ne
4 31 o |
o o *3
V5 = AT32 (+h) o0—o o o—0
(&l ? Vi 20(3) x(3) Ve t(so)
o _ 0 3l t ol 6
3 o - '3
V7 = Electrical Voltage V:“T I jm |
0 _ a0
I1 = u1 (-h)
o )
I2 = -u2 (-h)
o -0
I3 = -u3 (-h)
IZ ={1‘1’ (+h) /]\’Co +Co
) -0 A}
15 = u2 (+h) I 71
o -0
16 = ug (+h) tg“o?
Io = Electrical Current V?/
/K \ o
)
Wdad

Figure 3-12. Seven-Port, Normal-Mode, Equivalent Circuit, for a TETM
Plate
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({}]

(3]

Zo Zo n|
jtan 8, 0 0 jsing, 0 0 P
(2) (2)
Zo Zo o n2
G Jangy Y o jsinb, jwCo
3) (3)
Zé Zo n3
0 0 ] 1an B, 0 0 isin8s jwCq
(1) ({})]
Zo Zo 5 5 n
jsin g, % & jtan 8, jwCo
2)
20(2) 5 x ZO( : i ~
2 j sin 6, jtan @, ja”
2 (3) 7 (3] n
0 0 ==l g 0 " 3
jsinf3 jtan83 jwCo
n, P ns n, n, N3 |
jwCp jwCq jwCo jwCo jwCo jwCo jwCo

Figure 3-13. Normal Coordinate Impedance Matrix of a TETM Plate
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: (1)
v(l) = Jg_p_ = velocity of propagation

(i) (i) M

ZO Apv = AYpc
S
C, = A€g3/2h

0
. [
k(l) « -S4 = coupling coefficient
S o)
33"
S g }j(i) - j(i)e 3(i) 3(i)e
€331~ 25 B3 T P4 “aartrz "33t “ass
2h = plate thickness
A = area of concern _L to thickness
p = plate material density

(72)

(76)

(94)

(102)

(88)

(46)

In expressions (94), (102), (88) and (46) the choice of x3 in the thickness
direction selects the coefficients; for an arbitrary direction m they become

S
C,=A emm/?.h
n. - Ae’ ./2h
i mmi
k(l):Aeo 2 eS (i)
mmi mm
e0 i(i) e using the sign convention
mmi ~ "j “mmj & &

(94a)

(102a)

(88a)

(46a)

A convenient expression for the turns ratio, n;, can be obtained by using

Eqs. (72), 76), (88), and (94);

m)z vt

2
e et o
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From Eq. (149) it is obvious that all the non-zero terms in the normal
coordinate impedance matrix are frequency-dependent. Thus it is not practical
to calculate the elements of this matrix as a separate identity, since it would
have to be carried out for each frequency of interest.

However, in working with equivalent circuits of piezoelectric plates and
describing material, it is usual to describe their piezoelectric properties in
terms of coupling coefficients, velocities of propagation, dielectric constant
and density. But, in order to use the normal coordinate matrix of Figure 3-13
in terms of already available constants, the properties must be specified in
terms of the mode eigenvalves and eigenvectors as well as the appropriate tensor
piezoelectric stress constants and dielectric constant.

These constants are available from the running of the previous programs,
CROT and SYMEIG. Hence it is worthwhile, at this point, to accumulate the
required information for the characterization of a plate, in the normal coordinate
framework, and convert it to the more usual form of coupling coefficients and
velocities. The program VCOUP, listed in Table 3-12, accomplishes this task.
Again, the program has been written so that it is self-explanatory.

Line 160 is an index to keep track of the plate under discussion, since a
multimode filter consists of several plates, which may or may not be identical.

Lines 165 through 290 are the input points for entering the output from the
appropriate running of SYMEIG. Lines 295 through 330 are the input points for
the output from the last part of the printout of CROT, for the material cor-
responding to the run of SYMEIG. Line 325 is the input point for the density
of the plate under consideration.

All the program does is use Eqs. (46), (72), and (88) to make the appro-
priate calculations,

Table 3-13 shows the output of VCOUP for two plates. In the example the
material in both cases was AT -cut quartz, with x3 in the thickness direction, so
the only difference in data is the plate label. The output consists of all the in-
formation about the plates under consideration for the multimode stacked filter
required: so, at this point, it is possible to discard all previous data.
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TABLE 3-12. LISTING OF PROGRAM VC@UP FOR THE CAL-
CULATION OF NORMAL MODE VELOCITIES
AND COUPLING COEFFICIENTS

1000 PRUGKRAM [ @ CALCULAITE [THE vELOCITIES AND COUPL ING
101C COkPPICIENIS FOKk [HE MOUES OF A PLATE FOR USE
1020 IN FORMING [HE NOKMAL MQUE MATKIX
110L IT USES AS INPUI [HE EIGENVALUES (EV)Y AND
11ic EIGENVECIOk> (B°3) WITH 1HE COMPONENIS OF
1120 VECT @R STOKED HY COLUMNS rROM SYMEIG
V20U Il ALSO UskES THE PIRZPELECTIRKIC SIKESS CONSTANIS
1210 ANLD DIFLECIRIC PEXMITTIVIIY APPROP<IAIE 10 THE
1220 DIRECTION OF PxIPAGATION rx2M CROI AS WELL
1230 AS 1HE UENSTIY @r 142 PLATE UNUDEK CONSIDERATT OV
140 DIAENSION EV(3)sBC3,3),1(3)
150 DIMENSTEN ENC3)»LIC3)Y, X<(3)
- 195C ENIEK PLAJTE NUMKREA~ Hpeke I=1 19O 9
160 I=1
1650 EIGENVALULS EVMUUE)
110 v 1)Y=20e2923922801 1
120 EV(g)=0e3%256421811
190 EV(3)=D.13012144E1)2
2000 EIGSNVECIOKS BOCOMPANEN|,MODE) WITY INME CAMPONKNTS
2010 FOKk EACGH MOLDE STOKED BY CAUMNYS
E 210 5C1,1)=20.1E1
220 B(2,1)=0.0
230 »(3,1)=0.0
240 BC1,2)=0.0
250 H(2,2)=099%06542
260 H(€J3,2)=0e621712451¢t.~1
210 ‘1(lp3)2000
230 HB(2,3)==0e62172451E-
290 H(3,3)=0.99306542
2950 PIEZOELECIRIUC SIKESS COVSIANTES FOr THE APPROPKIATE
2960 PrROPAGATION DIRECTION J FROYM CKOI
297¢ ECI)=bkk ()L EC2)I=SEREC) I2) L (3) =R C) ]3)
300 EC1)=-0.9490486TE-1
310 £(2)=0.0
320 EC€3)=0.0
3250 vleleCIRIC CONSTANT ePSICI) FROY CKROI
330 EP=0439816236L~-10
335C ULENSITY 9r THE PLATE MATERIAL
340 LI=2.649E3
455C CALCULATE NOMAL M@UE PIEZOELECIKIC STRESS
356C CONSTANIS ENCMOULE)
360 VU 2 J=1,3
310 ENC.I)=0.0
380 DO 2 X=1,3
390 ENCIYI=R(K, 1) ¥E(K)+ENCJ)
400 2 CONI|INuE
4150 CALUULATE COUPLING COErr ICIENTS XK (MIUE)Y AND
4160 VELQCIIIES Cl(MOAUE)
420 L@ 3 J=1,3
430 XK C))=SORTCENCII®ENC I /(EP&EVC)Y))
440 C1C))=SOKICEVC)Y 7L
b 450 3 CONIINUE
4 460 ARITeEC6,100) 1 i
470 AxTITECH,110) J
430 WKTITECH,120) 1o XKC1), [ XK(2)s 15 XKC3) ]
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490
50
510
520
530
540
550
560
600
610
620
630
631&
640l
650
6514&
660
661&
610

650
651&
690
69 14&
7100
1014
710

150

AnlITEC6, 130)
ARIIe(6, 140)
Al IEC65 150)
axllec6, 160)
IKITEC6, 1TD)
VRITEC6H, 130D
IRITEC6,19M)
WNRIIEC(65,200)
STOP

100 FOMATC(20%, 'rOR PLATE ', 11)
110 roOsMAL (22X, *THE COUPLING CORERrICIENTS ANk XA (MADE , PLATEDY ', /7)
120 POSMATCEX, " XK1 "5 115" = *,F13095//,6%5"°'%XK2",11,
Y=t r 13699 //56%X5 ' XK35 11,7 = 'HLr13.9)
130 rONMATC/ /52X, " THE VELBCTITIES AKE CT(MODE,PLATEY, 7/)
140 rCuMATCHX,'Cl1 5 115° = *H,E15eR5,//,6%,'CI2°511,
'z 'L EL19eR5//56X5,°CT3 5115 = 'HLELISON)
190 POMA L /752X, " TR DENSTIY [S',/7/56X,'0UT*» 11,
o= ', el5.%)
160 FOMATC//,2X, ' THE DIELECTRIC CONSIANT I8',77,
611& 6X5'EP'511,"
170 PORMALC/ /92Xy " THE EIGENVECIORS rUx (HI> PLALE *,
' AL HCPLALTE) CCOMPONEN [ ,MQUE)Y " /)

180 rONMIAT 1R, "8 5 115 (1, 1)="5 K155, 1X%X5'B*,11,

CC152)= 5 19e¢B5 1%, "B L1 (153)='H5E195e%,7/7)

190 rUSMATCIX, "B 11, " (2, 1)="5E19%, 1Xs B, 11,
Pl252)=" 51985 1% 'H 5115 (2,3)= s 15eX,7/)
200 FORMATCIX, "B 115, (3,1)="5E158,1%X,'5"', 11,
T11&°(3,2)="5E15¢35 1%, *B*'511,°'03,3)=",E15.8)
END

TABLE 3-12 (Cont'd) :

IoelC)slCi(2)s1,001(03)
10T f
I,EP

IoBCls1)slsBC1,2),15801,3)
[>BC2,1)51,R8(2,2),1,060(2,3)
Io8085 1) 1sC03,2)51,H03,3)

= 'HE154%)
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TABLE 3.13. RESULTS OF VCOUP FOR 2 PLATES OF AT CUT
QUARTZ WITH X3 IN THE THICKNESS DIRECTION

xgtUld=01
IS Je/l23/ 701 i3 a3

PO PEATE |
L COJRLING COURRIC LENES ARE  An(BOLEPLATE)

A1 = Je s IY0 004
Zi o= e
wal = .
ipte: viehUel i bes Anlk CEGRODE PERTE)
et bl = Je332232391 U4
121 = Yo SOURZA T ki UG
<L 3 == Jo (WIVGO3IDLL Ut
4 = &4+
Jal == Fe ey NI U4
I (A S L O T B T e
il U3t vd3o=—10
Lty Sl ouiiVuCivgds FOR trily PLATE Ak DOFLALLE) (COMPONENT ¢ MOOE)
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D. TRANSFORMATION TO ACTUAL PLATE COORDINATES FROM THE
NORMAL COORDINATE SYSTEM

After the difficult trail in the previous section, to go from the actual plate
coordinates to normal coordinates, we now return to actual plate coordinates.

The normal mode equivalent circuit of Figure 3-12 and the corresponding
impedance matrix in Figure 3-13 have left the port variables expressed in
terms of the normal coordinate stresses and displacement components. For
practical use, an equivalent circuit and matrix, with the port variables expressed
in terms of the actual stresses and displacement components applied to the
plate, is needed.

Equations 44, 45, 47 and 48 provide the mechanism for carrying out this
task.

The matrix equation pertinent to the normal coordinate impedance matrix
of Figure 3-13 is shown in Figure 3-14 in symbolic form. In this representation
the appropriate form of the normal coordinate impedance element can be deter-
mined by comparing it to Figure 3-13. In Figure 3-14 the correspondence between
the normal coordinate equivalent circuit variables and normal coordinate plate
variables expressed by Equations 111 and 112 is also shown, along with a sym-
bolic representation of the matrix operation.

Figure 3-15 shows the matrix interpretation of the tensor equations for
the Normal Coordinate transformation in Equations 44, 45, 47 and 48. In this
figure | 3|t represents the transpose of the matrix, | ], which is obtained
by interchanging rows and columns of the matrix. This terminology agrees
with the way the eigenvectors from SYMEIG were stored in NORM and VCOUP.

Figure 3-16 shows how the augmented matrix of this transformation would
look in terms of the Equivalent Circuit Port Voltages when the Actual Plate
Voltage Coordinates are expressed in terms of the Normal Coordinate Plate
Voltages. This transformation is carried out by evaluating Equation 47 twice,
once at the right side (top of the plate) where x3 =+h and once at the left side
(bottom of the plate) where x3 = -h; then we apply the definitions in Equation
111 to the result. In carrying out this expression the obvious corollary to
Equation 111 has been applied to the actual plate variables. After performing
these two transformations they were written in a manner that yielded the desired
T X 7 matrix. This resulted in the expression,

[V] =[B][V°], (151)

where [ B| is related to [ 3] as shown in Figure 16. Figure 3-16 also shows
the relationship of the components of | 5| to the bij components of [ B] .

Figure 3-17 shows how the augmented matrix, for expressing the normal
coordinate equivalent circuit port currents in terms of the actual coordinate
equivalent circuit port currents, would look. A comparison of this figure with
Figure 3-16 shows that the matrix in Figure 3-17 is equal to the matrix of
Figure 3-16, with the rows and columns interchanged. However, this is the
definition of a transpose of a matrix: hence the symbol | B} is used in
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Figure 3-17. The operation shown in Figure 3-17 results in the expression,
0
[T7] = [B]; [T] (152)

The matrix equation of Figure 3-14, for the Normal Coordinate Equivalent
Circuit Port Variables, is

[v°] =[2°% [1°] . (153)

If the actual coordinate equivalent circuit port variables are represented
by the matrix relation in Equation 154,

[V] =[2Z] [1] . (154)

Equations 151, 152, and 153 can be used to find the relationship between
the actual coordinate impedance matrix [ Z| of Equation 154 and the normal
coordinate Impedance matrix | Zo] of Equation 153. Replacing [ I"] of Equa-
tion 153 by its Equivalent in Equation 152, yields

[ V%1 =12° [B],[1] . (155)

If | Vo] in Equation 155 is now pre multiplied by | B] the result is
0 0
[Vl =[B] [V'] =[B] [Z27] [B], [1] =[Z] [1] . (156)

The identity in Equation 156 clearly establishes the relationship between the
actual coordinate impedance matrix and the normal coordinate impedance
matrix as

(2] = [B] [2°] [B],. (157)

The operation expressed in Equation 155 is shown in Figure 3-18, where
the appropriate matrix multiplication technique has been employed. This
figure shows the matrix elements expressed in terms of the eigenvector com-
ponents and the bij elements of the [ B] matrix in Figure 3-16. Figure 3-19
shows the operation expressed in Equation 156, carried out in terms of the
bjj elements of the | B] matrix.

The symmetry inherent in this Actual Coordinate Impedance matrix is
shown in Figure 3-20. The variables here, may be identified by comparing them
with the corresponding terms in the matrix of Figure 3-19.

After performing the operation of multiplying the matrices, it is rela-
tively easy to write expressions for the elements in the actual coordinate im -
pedance matrix in terms of the elements of the normal coordinate impedance
matrix elements defined in Figure 3.13.
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Figure 3-20. Actual Coordinate Impedance Matrix

For j and m ranging from 1to 6 the appropriate expression is,

3 3
2, =1 b 2% %, = p pg@lgs O
By B PRCED e g T
7 (P)
p (0] 0
with Z =——— fork=p (158)
E Ot
p j tan G(p)
7(P)
and ° = for k = p + 3,

Z Tt
pk j sin H(p)

where the variables take the values shown below.

j m q ( k
1to 3 j m p

1to 3
4to6 j m -3 p+3
1to3 ji-3 m p+3

4to6
4to6 j-3 m -3 p

e ST

——




For j or m equal to seven, the equation is,

3 3

= 5 QF. e (p) o0
SO R ) (e = ), B 2 s (159)
jm p=1 qp p7 p=1 q p7
with 20 ‘DN
pf y \.,0

where the variables take the values shown below.

i I m q i m 9
i 1to3 m 1to 3 j
7] 7 ‘
f 4to0 m-3 f| 4te6 ji-3

For both j and m equal seven the equation is

7 =Z° 1

177 %717 uc, (o0)

This impedance matrix is all that is required to specify the plate in the
actual coordinate framework; however it would be nice to represent the normal
coordinate equivalent circuit of Figure 3-~12 as an Actual Coordinate Equivalent
circuit. To do this, a network representation of the orthogonal transformation
of Equations 44, 45, 47 and 48 is needed. Such a representation is available.
Carlin and Giordano | 18] show that a congruent transformation of a Z matrix
(CtZC, where C is an n X n array of real values) can be represented as a multi-
winding ideal transformer interconnection of the ports of the network. The
orthogonal transformations of Equations 44, 45, 47 and 48 satisfy this condition
since ft = ,"3'1 and, incidentally, so does the coordinate rotation shown in
Figure 3-2 and Equations 29 and 30. For the case of a 3 by 3 array this multi-
winding ideal transformer is shown in Figure 3-21. This figure may be re-
versed, with the primary labeled with the superscripted variables upon inter-
changing sub and superscripts on the components of 3 (replace the components
of B by the corresponding components of ) for the transformer turns ratios.

Applying this transformation to both plate surfaces of the crystal leads
to the actual coordinate equivalent circuit shown in Figure 3-22.

Again, all the terms in the Impedance matrix of the actual coordinate
Equivalent Circuit shown in Figure 3-20 are frequency dependent and, hence,
there is no point in calculating them as a separate identity. Note, also, that
in the general case every element is present in this Impedance matrix, whereas
a large percentage of the elements of the normal mode impedance matrix of
Figure 3-13 are zero.
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E. MULTIMODE STACKED FILTERS AND MODE PROGRAMS

The actual coordinate impedance matrix for the TETM plate in Figure
3-20, or the equivalent circuit shown in Figure 3-22, are all that are required
for an investigation of the multimode filters of concern in this program.
Such a multimode filter consists of a group of such plates bonded together. If
this is done with the actual coordinates of one plate, lined up with the actual
coordinates of the preceding one, etc., the cascade consists of the equivalent
circuit of Figure 3-22, where the ports 1, 2, 3 of the nth plate (numbering left
to right) are connected to ports 4, 5, 6, respectively, of the n-1 plate, with
a prescribed network between them to account for the bond and to assure con-
tinuity of stress and displacement (velocity) across the boundary. The bond
would be represented by a lumped constant T-version of the transmission
line section shown in Figure 3-10. However, in general, bonds are lossy so
that the j-multiplied trigonometric functions shown are replaced by hyperbolic
functions and the propagation constant, 6, becomes complex. The values for
ZQ) and 0; also depend on the mode of propagation, so that a different circuit
is required at each group of ports. The filter, in this case, is then completed
by connecting, at least, one of the resulting electrical ports to a voltage genera -
tor with internal impedance, Zs and, at least, one other of the ports to a load
impedance, Z; . The other electrical ports are connected as desired. Of
course, in the above description there is no requirement for the nth plate
parameters to bear any relationship to the plate parameters of any other plate.
However, this description does require that the actual coordinates of each
plate are lined up. .

Even in the more general case the thickness coordinate of each plate in
the stack must be lined up. In this discussion, each plate is assumed to have
its x3 coordinate in the thickness direction, so that this coordinate will be lined
up: however, the only requirement for the x; and x9 axes are that they form a
right -hand rectangular coordinate system with the xg axis. So, in the general
case, the lateral coordinates of one plate do not have to coincide with those
of the next plate. This more general situation is illustrated for a two layer
stack in Figure 3-23. The relationship between the axes shown in this figure
can be determined from Figure 3-2 and are obtained from Equation 27. Since
a coordinate rotation about a common origin is an orthogonal transformation 1
it can be represented by the ideal transformer network shown in Figure 3-21.
In the particular case of coordinate rotation about a common xg axis, this
general network reduces to the simpler one shown in Figure 3-24. Figure 3-25
shows the equivalent circuit for a two-layer stack, without a bond network
between them, for two of the equivalent circuits for the plates shown in Figure
3-22, connected together with an arbitrary rotation about the assumed thickness
direction. Figure 3-25 assumes that the coordinates of the plate on the left
are the reference coordinates. In any multi-element structure of this type one
plate must be used as the reference frame for the total system. If the structure
is visualized as being built up in pieces, from left to right, it seems only logi-
cal to choose the first plate coordinates as the reference framework. The
lack of a bond network in this figure assumes that the plates are in intimate
contact with a rigid or welded contact between them, or that a lossless bond of
negligible thickness has been used. One other observation should be made with
regard to Figure 3-25. The electrical port variables have been turned around

3-84




(xl)l i

(lez

{
|
|
|

PLATE \\
1

@

% ;

o)y J
Q

> Lr ey ] . QIN U
(xl)2 COs u(.\(l)1 SIN ¢ ()(2)1

(Xy)y (Xy), = -SIN U (X)), + COs [ (X5,
Bale = X3h
Xy %2 3 LU
o I P Xo)y
Xy)o 231 %32 %3 X3y

Figure 3-23, Two-Layer Stack of Crystal Plates Showing Relative Rotation
About Common Xq Axis

(Xy)

—0

Figure 3-24. Network Realization of a Coordinate Rotation About X3

3-85

it e e i s ‘ . ‘ st intina.




parddy suonjipuo) Arepunog jnoyjim sajerd omJ, Jo I3[ PayOE}S B JO 3INDIT) judleammby -Gz-¢ aandiyg




between the two plates. This could be brought about in one of two ways: (1)
either one plate could be reversed with respect to the other or, (2) if the port
numbering system shown in Figure 3-25 is used, an ideal transformer with a
1 to 1 phase reversal would have to be inserted between the port variables
shown and the plate connections, and then ignored.

In the work to follow it is this configuration in Figure 3-25 that is pro-
grammed, with the phase reversal transformer ignored and an intimate or rigid
bond between plates assumed. As pointed out previously, conceptually, the
inclusion of bonds is not a difficult task: however, they do complicate an already
complicated circuit and tend to complicate the interpretation of the results.

It, therefore, seems preferable to ignore them initially and concentrate on
developing working programs. The programs are, likewise, limited to two
plates but, again, procedures to include more are obvious,

In the course of this program three different two-plate, multimode pro-
grams were written, with varying assumptions. These are called MODE1,
MODE2 and MODE3.

MQODE1 assumes only one normal mode in each plate. This mode is
either perpendicular or parallel to the plate direction and the plates in the
filter stack are assumed to have their actual plate coordinates lined up. Thus,
in essence, it is a transmission line representation of the lossless Mason
Equivalent circuit. However, in arriving at the solution for this program,
the same procedure was used, as in the MODE2 and MODE3 programs, instead
of the common technique for the solution of a ladder network. It did not appear
necessary to include plate rotation in this case since, unless the plates are
oriented at right angles to each other (in which case no coupling between the

mode in plate 1 and the mode in plate 2 takes place, so that the output is zero),
the output will only be a reduced replica (more insertion loss) of the lined-up
case.

MQDE2 allows for two normal modes to be present; these are assumed
to be at right angles to the plate thickness so that there is no difference between
normal coordinates and actual plate coordinates (x1 and x3). This program
does allow for an arbitrary rotation to occur between plates.

MQ@DES3 is the program for the general case illustrated in Figure 3-25.
All three normal modes are allowed and these may be at an angle to the actual
plate coordinates: and one plate may be rotated with respect to the other.

In all three programs the two plates may have entirely different proper-
ties. In all the programs it is assumed that the electrodes for applying the
fields are circular electrodes, on both the lateral surfaces of each plate. The
area of these electrodes is also assumed to be the active area used in calculating
the characteristic impedances. They also use the (common) convention of
specifying a center frequency for each plate. In these programs the center
frequency, f,, is defined as "the frequency at which the plate thickness (2h in
the previous discussion and TL in the programs) is a half wavelength thick at
the velocity of propagation for model (CT1)". This center frequency is used
as input data rather than the actual plate thickness,
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(1)
v CT1
f,=F = o3my = 3ty - (161)

The frequency range of interest is specified in terms of the initial fre-
quency, (FINIT), frequency increment between desired frequencies, (FINC)
and number of frequencies in the range of interest, (IFREQ). If FFINAL is
the last frequency of interest,

IFREQ - ((FFINAL - FINIT) ‘FINC) + 1 . (162)

A listing of MODE1 is shown in Table 3-14. The MQDE2 listing is given
in Table 3-15.

These two programs do not, necessarily, require that information from
CROT, SYMEIG and VCOUP be supplied to them. They only require, as input,
the coupling coefficients, velocities of the modes of interest, the plate densi-
ties, center frequencies, dielectric constants and electrode diameters for each
plate, as well as the frequency range of interest. This information is inputted
at lines 230 through 470.

Again, these programs were written for operation on the Honeywell Infor -
mation Systems Series 6000/600 Computer, as installed at the General Electric
ESD facility in Syracuse, in the YFOR mode of time-sharing operation. They
also use a time-sharing plgt routine available at this facility in the permanent
files. Lines 10, 130, 190, 200 and line 1960 all pertain to this particular
plotting rgutine and, hence, do not apply to any other facility or mode of opera-
tion at this facility. However, it is relatively easy to convert or substitute
other plotting programs for this particular one.

Most of the other statements are standard Fortran IV statements and
should be adaptable to any other computing facility.

The free format statement at line 1810, in Mode 1 and 2 and at line 3020
in Mode 3, is a convenient way to write out the insertion loss versus frequency,
and a great aid in trouble-shooting the programs. By inserting a write state-
ment with this format reference at any appropriate place in the program, any
desired variable can be printed out.

Again an attempt has been made to make the programs self-explanatory .

To aid in this Figure 3-26 shows the actual problem solved in the MODE2
program and the assumed impedance matrix for each plate, obtained from the
matrix in Figure 3-13 by eliminating rows and columns 3 and 6, corresponding
to mode 3. The actual solution of this problem is shown in Table 3-16, using
the nomenclature of the MODE2 program. In general, for this case, the in-
herent symmetry of the plate matrices has been ignored, since this tends to
make it easier to keep track of terms.

The IF conditions at lines 1675, 1677, 1707 and 1712 in the MODE 2
program allow for the handling of special cases. For example, if mode 2 is
non-piezoelectrically coupled and the angle of plate rotation is zero, line 1712
is required. But this statement generally will not work at the resonant fre-
quency of mode 2 in the case of identical plates: then line 1707 is required.
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TABLE 3-14. LISTING OF PROGRAM M@DE1 STACKED FILTER OF TWO
PLATES, ONE MODE IN EACH PLATE PERPENDICULAR
TO THICKNESS DIRECTION (NO ROTATION BETWEEN
PLATES)

10« #RUNH¥: AUESTHE/KHYPL OT=C(CORE=2%)

100C PrOGRAM [0 CALCULAIE THE jxANSKFEX rUNCITION OF A STACKED
101C FILTER OF WO PLATES.

1100 EACH PLATE 4AS ONLY ONE PIEZQELECIRICALLY LxIveEN MOUE.
130 PARKAME < NPLI>=1

140 UOMPLEX ZL(555)s7K€5595)521.1€353)5,7<1€3,3)
150 UCOMPILLEX ZRET (2, 2)

160 COMPLEX ZLE,70G,EG, AMPL, AMP3

170 CE@MPLEX AMPG, vIN,VOUL»ZI N

190 DIMENSION <1 (NPLIS)Y,PILOASCINNO)

200 CHARAUTER DA% L (NPLTS) /%'y

210 K=0

220 PI=3.1415926

230 INPUI DAIA

2320 UENIER FREQUENCIES Or PLATES 1 AN 2

240 FOl=1eE7

290 F@E2=1.E7

295C UIAvEIERS @F PLATES 1 ANLD 2

260 VI=10.E-3

210 p2=1iebk=-3

2400 PLATE CONSTANIS

2R20C UOUPLING COrrriCIENIS XK (MTBUR, PLLATE)

290 X<11=0.083

310 XK 12=XX1]

3250 veEL@UTITES CIL(MOUE, PLALE)

330 CT11=3.32E3

350 CT12=Cl11

365C DENSIIIES OF PLATES 1 AN 2

370 LDI=2.65E3

370 vi2=vT1

SHOoC0 DIELECIKIC CONSIANTS Or PLATES 1 AND 2
39 EP1=4.95%%Q,35k=12

400 eP2=EPI

4150 kLecirlcAL ITMPEUANCES AND GENEKATOR VOLTAGE
420 ZLE=CMPLX (16005 0e)

430 ZG=7ZLE

440 EG=CMPLXC(1es 0e)

4450 FREQUENCY RANGE OF IN[ERESI

447C INIITAL P rREGUENUY» FRECUENCY INTERVAL,NG. OF FREQUENCIES
44580 1IN KANGE

450 rFINII=9.7L6

460 FINC=0.025E6

410 1rkbG=69

4900 AKREAS @Or PLATES 1 AND 2

SO0 AKEALI=PI*xU1*p) /4.

510 AREAZ=PI*U2%*D2 /4.

5200 CHARKALIERISTIC [IMPEDANCES ZQ(MADE, PLATE)
S30 721 1=AREAI*DT 1 *C |11

95950 7012=AREAZ*LI2%C]| 12

S/T0U THICKNESSES OF PLATES 1 AND 2

5SRO0 [LI=CTI11/C2e%F 1)

590 TL2=CI12/(2«%F 2)

6000 CAPACTJANUES CC OF PLAIES 1| AN 2

610 COl=EPI*A<EAL/ZILL]

620 COZ2EP2RAREAZ /]I
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TABLE 3-14 (Cont'd)
630C TURNS KATIOS XNC(MOUE, PLATE)
640 XN11=X<11*SQRKT(ZQ11*%CO1*2.%F Q1)
660 XN12=XK12%SQRTI(ZO12%C02%2.%pr B2)
680 FREQsFINIT
690U LOOP THROUGH rPKEQUENCIES
100 LOY I=1,I1FREQ
7110 £=<+1
71200 PKOPAGATIOGN CONSTANIS THETA(MOUE, PLALE)
130 IHI1=2.%PlxFREQ*TL1/CT11
150 TH12=2.xPIxFREQ*TL2/CI12
170C COMPLEX IMPEUANCES
TR0 THN11=SINCTHLI1)/7C0OSCIHL)

R00 TGN12=SINC(TH1I2)/7C0S(TH12)

R20 ZLC1» 1)=CHAPLX(0e5»=7A11/1GN1 1)
K30 7L (152)=CMPLX(Des0)

KR40 ZLC15,3)=CMPLX(0es =701 1/SINCIH11))
290 ZLC1,4)=71(C1,2)

60 ZLC155)=CMPLX(Des=XN]11/(2.%¥PI*FREQ*CDB1))
BI10 ZL(2,1)=2LC1,2)

K30 Z1L(252)=7LC1,2)

K90 7L(2,3)=71.C1,2)

00 7L(2,4)=71.C1,2)

910 ZL(2,5)=ZL(152)

920 7L (35,1)=7LC1,3)

930 ZL(3,2)=71C1,2)

940 Z21L(3,32=7LC1,1))

950 ZIL(3,4)=72L(C1,2)

960 ZL(3,2)=72LC1,95)

Q7T0 ZLCa4s 1Y=71.C1,2)

930 ZLC4,2)=71_(254)

Q90 7L(4,3)=7LC1,2)

1000 7L (4, 4)=71.0(2,2)

1010 7004, 5)=71.02,9)

1020 ZL (5, 1)=7LC1,5)

1030 ZL(25,2)=7ZL(2,5)

1040 Z0L(5,3)=71.C1,5)

1050 ZL(5,4)=7L(2,5)

1060 ZL (55 5)=UMPLX(Des=]1e/(2:.%PI¥rREQ*CA]1))
1070 ZKC15 1)=CMPLX(0e,=2012/1GN12)
1230 Z7KC1s2)=UMPLX(0Des0a)

1090 ZKC1»3)=CMPLXC(0es =2012/SINCTHIZ2))
1100 ZRC1,4)=72R(1,2)

1110 ZKC1s 5)=CMPLXC(0es =XN12/(2*PILXxFREQ*C02))
1120 Zr(2517=72K(1,2)

1130 7ZRr(252)=7k(1,2)

1140 ZR(Z2,3)=2R(1,2)

1150 ZK(25,4)=7R(1,2)

1160 ZR€2:H5)=2K(1,2)

1170 ZKC3, 1)=/K(1,3)

110 7K(3,2)=2R(1,2)

1190 Zn(353)=2KC15 1)

1200 ZK(3,4)=7K(1,2)

1210 ZR(3,95)=72KC1,5)

1220 ZKCdy 1)Y=ZR(1»2)

1230 ZK(452)=/ZK (2, 4)

1240 7ZK(4, 3)=7K(1,2)

1250 7RCd, 4)=7 (2, 2)

1299 ZKC4y H5)=7K(Z,5)

1260 7R(S5, 1Y=7K(1,9)

1270 7K(5,2)=7K(2s5H)

1240 ZR(553)=272K(1,5)
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TABLE 3-14. (Cont'd)

1290 Zk(5,4)=72R(2,5)

1300 ZR(555)=CMPLX(0es=1e/(2%PIxFREQ*C02))

1310€ APPLY MEUHANICAL BOUNDARKY CONDITIONS TQ LEFT PLATE
1311C FOK PLALE 1 VI=0

1320 ZL1C1s 1)=72L(3,3)=7L(35 1)%7L.C1,3)/72LC1, 1)

1330 ZLIC15,2)=CMPLX(0e50.)

1340 ZLTC153)=2L€3559)=72LC3,10%72LC1,5)/2LC1s 1)

1350 ZLIC(2, 1)=ZLTC1,2)

1360 ZL1C252)=Z2L1C1,2)

1370 ZL1C2,3)=7ZLTC1,2)

1330 ZLTC3,1)=70LC09,3)=7LC5, 1Y*ZLC1,3)/7LCHs» 1)

1390 ZL1(3,2)=7ZL1C1,2)

1400 ZL1C35,3)=7L(5,9)=7L(5, 1Y*7LC1,9)/7LC1,1)

14100 APPLY MECHANIUCAL BOUNUARY CONDITIONS 10 xIGHT PLATK
14110 rUx PLATE 2 vis=0

1420 7KTCL»1)=72nrCls 1) =7KC153)Y%7ZK(3,1)/7K(3,3)

1430 ZRTC1»2)=CMPLX(Des0e)

1440 ZRh1C153)=7RC199)=7n(153)%7R(3,5)/7R(3,3)

1450 2125 1)=7K1C1,2)

1460 ZK1(25,2)=/KiC1s2)

1470 7RKR1(2,3)=7KiC1,2)

1430 ZRIC351)=201C(55 1)=-7x(55,3)%7ZKk(351)/7R(3,53)

1490 7RKTC(352Y=7RTC(1,2)

1500 7R1C353)=7n(5,9)=7RrR(5,3)%7Zr(3,95)/7x(35,3)

1510C TEKRMINALE PLATE 2 9N xIGHI IN 7ZLE

1520 ZRKeTCls 1)=ZRICI, 1)=/7RIC1,3)%7K]1(35,1)/C7LE+7K1(3,3))
1530 ZhETC1,2)=CMPLXC(0es Do)

1540 ZREI(2,1)=Z2KETC1,2)

1950 Zrh [ (2,2)=ZRELIC()s2)

16600 Al 1HE JUNCTION Or IHE Lerl PLATE Axp THE KIGHT
16610 PLATE, EQUATE VOLIAGES ANU CURKRENIS AND SOLVE FOR
16620 CURNKENTISS V3(LEFI)=vI(kIGHT)s 13C(LEFT)==-11(RIGHT)
16700 1HLS GIVES I3 IN ITEKMS OF I1IN.

1671C NHEN THIS VALUE IS PUT IN THE EXPRESSION FOR VH(VIN)
16720 THE INPUT IMPEDANCE ZIN CAN BE OBTAINED.

1690 ZIN=ZLT(3,3)=ZLIC3, 1XKZLIC1,3)/C7LTC1, 1)+7ZREIC]151))
1690 AVPI=EG/(ZG+71\)

1700 AMP3==(C7ZLIC1,3)/7C72LTC15, 12+7RkETC1,1)))*AMP]

172 VIN=Z1L1(3, 1)YXAMP3+7L1(3, 3)«AMPI

1730 AMPQO=(ZR1(3, 1) /C(7ZrT(35,3)+7LEYI*AMPJ

1740 vOUT==-ZLEXAMPO

17500 POWER ANU INSEKTTION LL@ss

1769 PO=REAL(VOUIT*CON.JGC=-AVPO))

1770 PREF=REALCCEGRZLE/CZ2G+7LE) Y*CONIJGCEG/(7G+71LE) D))
1720 PILOS(A)=1Ne*xALAG10CPR/PREF)

1735 WRITEC(6,10) FREQ, PILAS(K)

1790 FREQ=FKREQ+FINC

1300 1 CONTINULE

1510 10 FORMATC(V)

1900 YMAX=PILOSC1)

1910 YMIN=PILOSC1)

1920 DOLIOO J=1,%

1930 IrCPILO5C))eGleyYMAX) YMax=pPIL0SC))

1940 IFCPILOASC))elleaYvIN) YMIN=PILOSC.])

1950 100 CE@NTINUE

1960 CALL YPLICPILOSsFINTIIsFINC, YMIN, YMAX, K, NPLTS,%1,DA,0)
1990 SITQP

2000 ENU
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TABLE 3-15. M@DE2 PROGRAM LISTING STACKED FILTER OF TWO
PLATES, TWO NORMAL MODES IN EACH PLATE PER-
PENDICULAR TO THICKNESS DIRECTION (ROTATION
BETWEEN PLATES ALLOWED)

10 #RUNH* 3 ADEST6/KHYPLOT=(CORE=2R)

100C PROGKAM TG CALCULATE THE TKRANSFEr FUNCTION OF A STACKED
101C FILIEKk OF TWO PLATES.

110C EACH PLATE HAS IWQ PIEZQELECTRICALLY DRIVEN MQDES.
120C PSI IS THE ANGLE OF ROTATION BETWEEN PLATES
130 PARAMEIER NPLIS=1

140 COMPLEX ZL(5,5)5,ZR(55,5),7ZLT(3,3),7RI(3,3)
150 CEMPLEX ZRET(2,2),ZRETR(2,2)

160 COMPLEX ZLE,ZG,»EG, AMP1, AMP3, AMP4

170 COMPLEX AMPQ, VIN, VOUT, ZIN

180 VDIMENSION A(2,2)

190 DIMENSION K 1(NPLTS),PILOBSC1000)

200 CHARACTER DAX1(NPLIS) /*"%*'/

210 X=0

220 PI=3.1415926

230C INPUI DLATA

2320 CENIEK FREQUENCIES OF PLATES 1 AND 2

240 F91=1.E7

250 FO2=1.E7

255C VIAMETER ©OF PLATES 1 AND 2

260 D1I=10.E-3

270 L2=10.E-3

230C PLATE CONSTANITS

282C CQUPLING CQREFFICIENTS XK(MQUE, PLATE)

290 X<11=0.0838

300 XK21=2.%X<11

310 X<£12=X411]

320 XX22=2.%XK 12

325C VELOUITIES CI(MQUE, PLATE)

330 LIl11=3.32E3

340 Cl2l1=1.1%Cl11

350 CT12=CT11

360 C122=1.1%CT12

365C DENSITIES OF PLATES 1 AND 2

370 VIl=2465E3

S50 uT2=UT1

3%5C VIELECTRIC CONSIANTS OF PLATES 1 AND 2

390 EP1=4.58%«8.85E=-12

400 EP2=EPI

405C ANGLE O@F KO1ATION PSI

407C PLATE 2 Is KOTATED BY PS1 IN DEGREES 1IN RELATION TO 1
410 PSI=S5.0

415C ELECTRICAL IMPEDANCES AND GENERATOR VOLTAGE
420 ZLE=CMPLXC1600e504)

430 Z2G=ZLE

440 EG=UMPLXC1le, 04)

4450 FREQUENCY KRANGE ©OF INTEREST

447C INITIAL FKREQUENCY, FREQUENCY INTERVAL,NG@. OF FREQUENCIES
44%0C [N KANGE

450 FINITI=9.7E6

460 FINC=0.025E6

410 [IFREQ=69

4900 AKEAS OF PLATES 1| AND 2

500 AKEAlI=FI*D1I%*D] /4.
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TABLE 3-15 (Cont'd)

510 AREAZ=Pl*D2%L2/4.

520C CHAKACIERISTIC IMPEDANCES ZO(MOUE, PLATE)
530 ZO11=AREA1*DT1*CT11

540 Z021=AREA1*DT1%CI21

550 Z012= AREAZ*DIZ%xCT 12

560 ZU22=AKEAZ*kUT2xC]22

ST0L THIUKNESSES @F PLATES 1 AN 2

O80 TLI1=CT11/¢2.%¢r Q1)

590 TL2=CT12/(2.%F 02)

600C CAPAUL TANCES CQ @r PLATES 1 ANDL 2
610 COl=EPlI*AKEAL/ZTIL]

620 COC=cP2*xARKER2/IL2

6300 JTURNS KAT10S XN(MOUE, PLATE)

640 XN11=XK11%50RTCZ011%CO1%2.%F01)
650 XN21=Xx<21%SCKT(Z021*%C0O1%xCT21/TL1)
661 XN12=XL12%¥50x[(72D12%xCQ2%2«%F 02)
6110 XN2=x422%50K1(2022%C0z*C[22/IL2)
6%1) Frru=rINILI

690U LOOF THROUGH FREWUENCIES

100 VOl I=1,I1FKEQ

710 A=<+

1200 PRUPAGATION CONSTANTS THETA(MAULE, PLATE)
730 TH1II=2%PI*FREQ*TL1/CI11

7140 IH21=2.%Pl *FREGxILIZCTIZ2]

7150 TH12=2.%PIkFREG¥TL2/CT 12

160 [H22=2.%Fl*¥FREQkTL2/CT22

17100 COMPLEX IMPEDANCES

720 IGN1II=SINCTHI1)ZCOSCTHIL L)

190 1GN21=SINCITH21)/7C05CTHZ21)

K00 TGNIZ2=SINCTHIZYI ZCOSCTHIL2)

10 16GN22=SINC[H422)Y/C053C1H22)

B20 ZLC1ls 1)=CMPLX(0e»=Z011/TGN11)

B30 ZLC1s2)=CMPLXC0e¢s»0e)

240 ZILC1s3)=CMPLX(0es»=Z011/SINCTHI1))
850 ZLC1,4Y2ZLC152)

60 ZLC155)=CMPLXC(Des=XN11/(2.«PI*FREQ*CQ1))
B70 ZLCZ2» 1)sZLC122)

BR0 ZL(2,2)=CMPLX(0De»=7021/TGN21)

390 ZL(2,3)=7LC1,2)

900 ZL(2s 4)=CMPLXC(Des=Z021/SINCTIHZ21))
910 ZLCZs5)=CMPLX(Des=XN21/(2*%PI*FREQ*CQ1))
920 ZL(3s1)=ZLC153)

930 ZLC3»2)Y=2ZLC15,2)

940 ZL(3,3)=7LC1, 1)

990 ZLC3»4)Y=2ZLC1,2)

960 ZLC3»5)=271LC1,H)

910 ZLCA, 1)=21.C1,2)

980 ZLC(4,2)=ZL (2, 4)

990 ZLC4a,3)=ZLC1,2)

1000 Z2LC4,4)=71.(2,2)

1010 ZILLC4,5)=ZLL.(2,5)

1020 ZL(55,1)=ZLC1,5)

1030 ZL(552)2ZL(2,5)

1040 ZL(5,3)=7L(C1,5)

1050 ZL(5,4)=7L(2,5)

1060 ZLC5,5)=CMPLX(Des =1+ /(2.«PIX*FREQ*C0O1))
1070 ZRCls 1)=CMPLX(0es»=201271GN12)
1080 ZKC1,2)=CMAPLXC(0es 0e)
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TABLE 3-15. (Cont'd)

1090 ZR(15,3)=CMPLX(0.5,=-Z0@12/SINC(THI2))

1100 ZKC1,4)=ZR(1,2)

1110 ZRC1,5)=CMPLX(0e, =XNI12/(2.*%PI*FREQ*(C032))

1120 ZR(2,1)=ZR(1,2)

1130 ZR(2,2)=CMPLX (0., -Z022/1GN22)

1140 ZR(2,3)=ZRC1,2)

1150 ZR(2, 4)=CMPLX(0e5=-Z022/SINC(TH22))

1160 ZR(2,5)=CMPLX(0e5 =XN22/(2.%PI4FREQ*C02)) |
1170 ZR(3,1)=ZK(1,3)

1130 ZR(3,2)=ZR(1,2)

1190 ZR(3,3)=ZK(1,1)

1200 ZR(3,4)=ZKR(1,2)

1210 Zr(3,5)=ZK(C1,9)

1220 ZK(4,1)=72K(1,2)

1230 ZK(4,2)=7R(2, 4)

1240 7RC4,3)=ZR(1,2)

1250 ZR(4,4)=/K(2,2)

1255 ZR(4,5)=ZR(2,5)

1260 ZR(5, 1)=Zk(1,5)

1270 ZR(5,2)=7ZK(25,5)

1230 ZK(S,3)=7ZR(1,95)

1290 ZR(5,4)=7R(2,5)

1300 ZR(5,5)=CMPLXC0es=-1e/(2.%¥PI*FREQ*C22))

1310C APPLY MECHANICAL BOUNDAKY CONUITIONS TO LEFT PLATE
I311C FUR PLAIE | Vi=v2=0

1320 ZLTCI,1)=ZLC35,3)=ZLC(3, 1)*ZLC1,3)/Z1.C15 1)

1330 ZLTC(1,2)=CMPLXC(0es0e)

1340 7ZLTC1,3)=7L(355)=-ZL(3, 1)%ZLC(1,5)/7LC1,1)

1350 ZLT1(2,1)=72LTC1,2)

1360 ZLIT(2,2)=2LC45,4)-ZL(4,2)%Z1L(2,4)/7L(2,2)

1370 ZLT(253)=2LC455)=-7ZL(4,2)%71L(2,5)/71.(2,2)

13830 ZLTC(3, 1)=ZL(553)=-ZL (5, 1)%ZLC(153)/7L (1, 1)

1390 ZLT(35,2)=ZL(5,4)=-7L(5,2)%7L(2,4)/7L(2,2)

1400 ZLTC35,3)=2ZL(555)=CZLCS, 1)%ZLC1,55)/Z1.C1, 1))

1401& =C71.0S55,2)%ZL(2,5)/ZL(2,2))

1410C APPLY MECHANICAL BOUNDAKY CONDITIONS TO KIGHT PLATE
l411C FORK PLATE 2 v3=v4=0

1420 ZKTC151)=ZRC15,1)=ZKC1,3)%ZR(35,1)/7K(3:+3)

1430 ZRIC1,2)=CMPLXC(0e50.)

1440 ZRTC153)=2RKC155)=7ZR(1,3)%Zx(3»5)/ZK(3,3)

1450 ZRTC(25,1)=ZRTC1,2)

1460 7RI(25,2)=7K(252)=ZR(2,4)Y%7RK(A4,2)/ZR(4,4)

1470 7ZRT(2,3)=ZR(2,5)=Zk(2,4)%ZR(4,5) /ZR( 4, 4)

1480 ZikTC3513=ZK(5, 1)=ZR(5,3)%ZR(3,1)/ZKR(3,3)

1490 ZRT(352)=7ZR(5,2)=-ZR(S,4)Y%7R(4,2)/2ZKR(C4, 4)

1500 ZRTC353)=ZR(S5,5)=(ZR(5,3)%¥ZK(3,5,5)/7ZR(3,3))

1501& =(ZR(S5S, 4)Y%ZR(4,5) /7ZR(4, 4))

1510C TERMINATE PLATE 2 ON RIGHT IN ZLE

1520 ZRETC15 1)=7ZRTC1, 1)=ZRTC1,3)%ZKTC3, 1)/CZLE+ZR1(35,3))
1530 ZRETC1,2)==CZRTC(1,3)%2RT1(3,2))Y/(ZLE+ZRT(3,3))

1540 ZRET(2,1)==(ZRT(2,3)%ZRI(3, 1)) /(ZLE+ZRT(3,3))

1550 ZRET(2,2)=72KT1(2,2)=7RT(2,3)%ZRT(3+2)/C2LE+ZRT(3,3))
1560C PLATE 2 IS ROTATED ABOUT THE THICKNESS BY THE ANGLE
1561C PS1 IN VDEGKEES IN KELATION TO PLATE 1

1562C THE DIRECTION COSINES BETWEEN THE NEW AND QLD AXIS
1563C OF PLATE 2 ARE

1570 AC15 1)=COSC(PSI*PI/180.)

1580 AC1,2)=S5INCPSI*PI/Z1804)
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TABLE 3-15. (Cont'd)

1590 A(2,1)==-AC1,2)

1600 A(2,2)=AC1s1)

1610C THE IMPEDANCES OF THE PLATE ON THE KIGHT AFTEx

1611C ROTATION AKE

1620 ZRETRC1I51)=ACI» 1)%AC), 1D%ZRETC1, 1)

1621& +AC2, 1)%AC1, 1)*ZRET(2, 1)+ACZ, 1D)KAC]L, 1)*2KETC(1,2)
1622& +AC2, 1)*ACZ, [V*ZKE[(2,2)

1630 ZRETRC15,2)=2AC1,2)% A1, 1)*ZxETCL5 1)

1631& +AC1,2)Y%AC2, 1)*RZRET(2, 1)+A(2,2)%AC1, 1)*7KET(1,2)
1632& +AC(2,2)%A(2, 1)%ZREI(2,2)

1640 ZREIR(2, 1)=ACL, 1DXXACLI2)%7ZxETC(1, 1)

16414& +AC1, 1IXAC2,2)I%7ZKET(2s 1I+AC2, 1DKACTI,2)*7rkeTC152)
1642& +AC2, 1) *A(2,2)*%ZrE1(2,2)

1650 ZhETR(Z2,2)=AC15,2)%AC]1,2)%7ZKEIC]1, 1)

1651& +AC1,2)YKA(L2,2)%ZKRELI(2,5 1)+A(2,2)%A(1,2)%72KET(1,5,2)
1652& +A(2,2)kA(2,2) %/ KET(2,2)

1660C Al THE JUNCTION Orf THE LEFT PLATE AND THE K@TATED KIGHT
16610 PLATE, EJQUATE VvOBLTAGES ANU CUKRENTS ANL SOLVE F Oy
16620 CURKRENTS . V3=V 11, va4=v2T, I3=-T1T,14==-121

1670C THIS GIVES I3 ANU 14 [N TErRMS 0OF 1IN

16710 WHEN 1HESE VALUES Axl PUT IN EXPRESSION F 3 vH5CVIN)
16720 ITHE INPUT IMPEDANCE ZIN CAN KR UBTAINVED

1675 TF(ZRETR(25>2)47ZLT(2,2) eER2e (0605 0e0) e ANDeZRKETRKC(1,52)
167T6& «ECe(0aD,0e0)) ZRETR(2,2)=(0405,065)

1677 ITFC(ZRETRCZ>2)I+ZL1(2s2) etJe(Be050e0)eANDe?KETR(1,5,2)
1675& oblUe(0e0s Da0)) ZL1C25»2)=C0e050e5)

1680 ZIN=CZLIC(3, 1Y% (ZLT(2,3)*%7RETRC1,2)Y=ZLTC1,3)%(ZKETK(2,2)
16918& #7L 102,20+ 2L 1(3,2)%(ZRETR(25,1)%7ZLTC1,3)=72L1¢2,3)
165828 *(ZREITRCIs 1)+Z21C151)))) /CCZRETRCI, 1)+7ZLTC1, 1))

1633& *¥(7ZRETR(2:,2)+7ZL1(2,2))=/KETRKC(2, [)*ZRETRC(152))+7L1¢(3,3
1690 aMPI=E£G/(ZG+Z1N)

1700 AMP3=CC(ZLT1(2s 3% ZRETRC15,2)=ZLTC1,3)%(ZRETR(2,2)+72LT(2,2)))
1701& Z7CCZRETRCLs 1)+#ZLTCL, III*(ZRETR(2,2)+7LT1(2,2))

1702& =7ZRETRC2, 1Y%7ZxETRC152))) «xAMPI

1707 TFCZRETRCLI2) eNE«CDeD50¢0)) AMP4==(7LTC(1,3) /ZRETRC1,2)
1708& Y*AMPI~CCZLICls ID+7RETRCLI 1)) /ZRETRC152))*AMP3

1712 TF(ZRETKC152) e Qe (0605 060)) AMPA=-(ZLT(2,3) /(ZRETR(2,2)
1713& +ZLT1C2,2)))%AMPI = (ZRETKR(25 1) /(ZRETR(2,2)+2L1(2,2)))
1714& *AMPJ

1720 VIN=ZLT(35, 1)*AMP3+Z1LT(3,2)*AMP4+ZLT (3, 3)*AMPI

1730 AMPO=C(CACT, 1) %7KT (35, 1)+AC2, 1I%7RT(3,2))/CZLE+?RT(3,3)))
1731& *AMP3+(CAC1,2)%ZRKT(35 1)+AC2,2)%7ZKT(3,2))/C7LE+

1732& ZKT(353)))%AMP4

1740 VOUT==-ZLEXAMPO

1750C PONER AND INSERTION LOSS

1760 PO=REAL(VOUI*CONJG(-AMPD))

1770 PREF=REALCCEG*ZLE/Z(ZG+ZLE)Y*CONIJG(EG/(ZG+ZLE)Y))

1730 PILOSC(K)=10.%ALOGI0OCPO/PREF)

1785 ARITEC6,10) rxbklUs PILZSOK)

1790 FREU=FKEQ+FINC

1500 1 UGNTINUE

1510 10 FOrMAL (V)

1900 YMAX=PILO?SC1)

1910 YMIN=PIL@SC1)

1920 LA1OO J=1,K

1930 IFCPILOSC))eGle YMAXY  YMAX=PILOSC))

1940 TP CPILOSCI)eLT«YMINY  YMIN=PTILLOSC))

1950 100 CONTINUE

1960 CALL YPLTCPIL@Hs FINILI,FINC,YMIN, YMAXs <, NPLTS,»X1,DA,0)
1990 STOP

<000 END
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TABLE 3-16. SOLUTION OF MODF 2 PROBLFM

Apply mechanical boundary conditions to left plate V1 =

V—ZLI+ZLI+ZLI =0

1 111 1373 155
o el Tl
1 ZL11 3 ZL11 5

V2 = ZLZZIZ + 2142414 + ZLZSIS 0

] 2Ly, . _ZLgs
2° ZL,, 4

ZL,.1, + ZL,, 1, + ZL,1

<
I

g = ZLgly + ZLggly + ZLgsl;
V, = ZLyl, + ZLy,l, + ZLycL,
V5 = ZL I + ZL5212 +ZL 13 + ZL5414 + ZL5515
ZL

Wy B il agly 1o 231215 |
3 ) hessamg o i e T S
T e by uaflas|
$T Pl T, (P T, | s
e | - 2lsiZlas) | o 2L5g%lag)| |
5= | 2hsa ZLyy (3" | e 7Ly | 4

o e flgg=lus | 4

i ZLy | 5

Vy= ZLT 1, BTt
v, = SERT T, + 2Tk,
Vg = ZLTg L + ZLTy,l, + ZLT gl
TR SURE

5 IN

Vy

=0

P e et

i
,/




TABLE 3-16. (CONT'D).
Apply mechanical boundary conditions to right plate V3 = V4 =0

V, = 2R, 1. + ZR,,I, + ZR,.I. = 0

3 311 3373 355
1 2Ry, e ZR,, :
3 ZRSS 1 ZR33 5
V4 = ZR4212 + ZR4414 + ZR4515 =0
s BN
4 ZR44 . ZR44 5
V, = ZR

11+ZR I, + ZR

1 11 1373 1515

<
1

9 ZR2212 + ZR24I4 + ZRZSIS

Vg = ZR 1) + ZRgyly + ZRogly + ZRe 1, + ZRo I
¥, = bone. . - ER13%R31 | I + ‘Zfl . f?il}f??ié? 1

17 PR ZRgg (17| %"15 ZRyy |
v den . P 124J PR e

e 7Ry | | 2 ZRyy | 5
vooden  BeBul o o | Putlel

5 ( 51 ZRg3, ‘ 1 l 52 ZR,, ‘ 2

Ly d
’ (ZR _ ZR5gZRgs  ZR50ZRy5 | ;
| 55 R, 2Ry, | 5

V, - ZRT I, + ZRT 41
V, = + ZRTyyl, + ZRTygls
Vg = ZRTy, I, + ZRTy,l, + ZRTy L
VS B Vout ’ I5 - Iout

Terminate plate on right electrically in ZLE

A% - ZLE Iout

out
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TABLE 3-16. (CONT'D).

2

Vout = ZRTg Iy + ZRTgoly + ZRTgql | = ~ZLEL_
RPN . ORI . - L
out ZLE +ZRTy; 1~ ZLE + ZRT,, 2
ke izm‘ ) ZRT ;ZRTy, e fiTmzaTw :
! l 11 = ZLE + ZRT 1 | ZLE « ZRT 2
33 33
* :_‘ZRTZBZRT:“ '1 St ] ZRT,3ZRT,, II
2 (ZLE * ZRT33' s 1 22 ZLE + ZRT,, ‘ 2
V, = ZRET, I, + ZRET I,
V, = ZRET,,I, + ZRET,I,

Coordinates of plate on right are rotated about X, by the angley in com-
parison to left plate coordinates (reference coorginates) to account for this

Var =213Var *232V9r " Dip 7 2yigy tagqyy

Var = 391Vir *299Ver " Iop = appliq Fagolyy

This is an orthogonal transformation so that

Vit 211Var *221Ver T Br T 2nlir el

Vor “212Var *2322Var " lgr = 3l 30l

From Figure 3-26

Var=V:y  Qr=-1 ;

Var=V2  Lr=-h

Var = Vq = ZRET, (-Igp) + ZRET,, (-1,4) l
i

Ver = V2 = ZRETy; (-lgp) + ZRET,, (—I4T) ‘

\' a,,ZRET,, +a )

11 11 3 (-1

1ZRET

) 21 3T

+

11 12 2

a,,ZRET , +a, ZRET,, }(-14,1,)

— i,

3-99




F———.-—-—“-—_—-_—j

TABLE 3-16. (CONT'D).

R e

Vor - { 12 BTy, + g, URET,, } (-Iyp)
{aIZZRET ZZZRETZZ} (-I4T)
Vi {au 1 ZRET, | 21aHZRET21 +a 2y ZRET , +a,0 ZRETy, | (1) |
L {"‘11 219ZRET | + 291215 ZRET); +2,,299ZRET |y +29,395ZRETy, | (Iyp) ,-‘;
Var -~ {alzaanETn *299811 ZRETy ) +ayyay ZRETyy +a,53y,ZRETyy | (Iyy) ]
g {alzalzzRETn #9819 ZRETy | + 89925y ZRETy) + 215290 ZRET | ()
Vyp = ZRETR T, - + ZRETR 1,
Vo = ZRETR, 1, + ZRETR,,l, -
but from Figure 3-26
Va=Vor | =y
Va=Vor 147 Iy
V, = -ZRETR, I, - ZRETR I,
V, = - ZRETR,, L, - ZRETR,,1,
Vg = ZLT, I, + ZLT L. = - ZRETR, I, - ZRETR,,I,
Tl s ZLEQE;iRETRM iy * ;’I@’r;%ﬁ‘_ In
12 12
V, = ZLT,,l, + ZLT,,L = - ZRETR,. I, - ZRETR,,I,
"y - ZREZ'I‘I;ETR+2%LT by * ZRE:II;TZi ZLT N
22 22 22 22
ZLT}, + ZRETR, . 2Ty, |
ZRETR, |ZRETR , | N
ZRETRy, i ZLTyy -]1 a
ZRETR,, + ZLT,, [ 3 *| ZRETR,, + ZLT,, i N

3-100




TABLE 3-16. (CONT'D).

by ZLT23ZRETR12 - ZLT13 (ZRETR?‘2 + ZLT22) II

3 (ZLT11 + ZRETRH) FZRE'I'R22 + ZLTZZ) -ZRETR21ZRETR12 N
From
V3 — it ZRETR1113 - ZRETR1214 = ZL’I‘HI3 - ZLT1311N
E5 ZRE’I‘R12 ) ?LTIB o

3 ZLT11 + ZRETR11 4 ZL’I’11 + ZRETR11 IN
V4 = -ZRETR2113 - ZRETR2214 = ZLT2214 + ZLT231LN
P ZLT22 + ZRETR22 - ZLT23 :

3 ZRETR21 4 ZRETR21 IN
o ZLT13ZRETR21 - ZLT23 (ZLT11 + ZRETRH) :
4 (ZLT11 + ZRETRH) (ZLT22 + ZRETR22) = ZRETRIZZRE’I‘R21 IN
* =

V[N = ZLT3113 + ZLT32[4 + ZLT33IIN
L ZLT232RETR12 - ZL’I‘13 (ZRE’I’R22 + ZLT22)

IN 31 (ZLT11 + ZRETR“) (ZRETR22 + ZLT22) - ZRETRZIZRETR12

2 .
e ZLT 4 ZRETRy; - ZLT,;  (ZLT;; + ZRETR, ) l
32 (ZLT11 + ZRETRH) (ZLT22 + ZRETRzz) - ZRETRZIZRETRIZ‘
+ ZLT33

For a generator with Impedance ZG and voltage Eg
* e

1IN Eg/(zG + ZIN)
LoocEma, Ny
out ZLE + ZRT33 1 ZLE + ZRT33 2

Retracing steps leads to

Iy =agylg a0l

Iy = a9yl + g0,




TABLE 3-16. (CONT'D).

o . B.HZRT31 + aZlZRT32 I
out ~ ZLE + ZRT 3
33
: alzzRT31 + a22ZRT32 :
ZLE + ZRT33 3
* oo
Vout =~ ZLE Iout

By the sign convention of Figure 3-26

*

= s )
POWer out Vout (Iout conjugate

Equations with asterix are those used in M@DE 2 program,

PO




The statements at lines 1675 and 1677 are one-way, to handle the behavior

of identical plates, except that mode 2 in the left-hand plate is piezoelectrically
coupled, while mode 2 in the right-hand plate is not. Time has not permitted

a complete evaluation of these programs under all possible conditions, so there
are probably other circumstances that also will not operate. Those that were
corrected are those encountered in running the programs up to this time.

The listing for the M@DE3 program is shown in Table 3-17. The method
of solution employed in the program follows that shown in Figure 3-26 and
Table 3-16, where, in place of the normal mode matrix shown, the full actual
coordinate matrix of Figure 3-19 is employed and the nomenclature is extended
to allow for the inclusion of the additional terms. In writing this program the
symmetry of the actual plate coordinate matrix has been employed, or neg-
lected, depending on whether a simpler calculation could be done. The input
data include all the data required for the MODE2 program, extended to three
modes as well as the eigenvectors for each plate: The general case of the
MQDE3 program requires two runs, each, of CRQT, SYMEIG and VCQUP,
one of each for each plate. The comments about the MODE1 and MODE2
programs, in general, apply to this program as well. Again, an attempt was
made to make the program self-explanatory. Time did not permit a complete
evaluation of this program so there are probably conditions that will not run.
The IF at line 1950 handles the case of AT -cut quartz with no rotation between
plates. For AT-cut quartz at the resonant frequency of mode 1, an exponential
overflow, which has not been corrected, oceurs; however, the results appear
correct.
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TABLE 3-17. LISTING OF M@DE3 PROGRAM STACKED FILTER OF TWO
PLATES; THREE NORMAL MODES ALLOWED IN EACH
PLATE AT ARBITRARY ANGLES TO ACTUAL PLATE
COORDINATES (ROTATION BETWEEN PLATES ALSO
ALLOWED)

1O*#RUNH* 3 ADESTH/RHYPLOATI=CCBRE=2%)

100C PROGrRAM [0 CALCULATE THE [TRANSFER FUNCTION
1010 OF A ST1ACKED FILIEK OF 14Q@ PLATES

110C LACH PLATE CAN HAVE [HReE PIEZOFELECT<ICALLY ULDRIVEN M@ADES
1200 PST IS [HE ANGLE OF ROTATION BETWEEN PLAITES
130 PARAMETER NPLTS=

140 COMPLEX ZNLCT757)sZNKCT5T)5Z2Cl5T)s7RCT5T)

150 COMPLEX ZLTC4,4)57ZRK1CA454), ZRET(35,3),7ZRETR(3,3)
160 COMPLEX DC(36), KC36)s P15 PIL2, Pl.3s PlL4, PLS

170 COMPLEX Pisls Px2s Prds PR4s PRS, 750(353)5755,72583
130 COMPLEX ZLE,7G, kG

190 CUMPLEX AMPL, AMP 4, AMP S, AMP 6, AMPO

200 COMPLEX VIN, v@JI»ZIN

210 OIMENSTION B1(3,3),8B2(3,3),AC3,3)

220 DIMENSIOAN K1 (NPLTSY, PILOSC10D00)

230 CHAKACTEK DAX1TI(NPLIS) /"%,

240 KX=0

250 PI=3.1415926

295 PlIZ2=2.%P1

2600 kkkkkk [NPUT DATA xxkkkx

2620 PLATE | IS ON IHE LEFT AND PLATE 2 IS ON THE KIGHI
2650 CENTER FREGQUENCIES OF PLATES 1 AND 2

2710 FO1=1.£7

250 F@2=1.KT7

2550 DIAMETEK OF PLATES 1 AND 2

290 VIAI=10.E=-3

295 DIAZ2=10.L=-3

3000 *khkk PLATE CONSTANTS k%

3050 COUPLING COEFFICIENIS XK(MOULEs PLATE)

310 XK11=0.08795802

d12 XK21=0.0

314 XK31=0.0

320 XX 12=0.08795802

322 XK22=0.0

324 XK32=0.0

3290 VELOCITIES CI(MODE, PLATE)

330 UI11=3.3223239E3

d32 LI21=3.%002414L3

334 Cl31=7.0086352E3

340 Cl12=3.3223239E3

342 Cl122=3.%002414E3

d44 C132=7.008635<L3

349C UENSITIES 0F PLATES DTC(PLATED

350 DI1=2649.0

355 viI2=2649.0

3590 DIELECIRKIC CONSTANTS OF PLATES EPCPLAITE)
360 EP1=0639%16236k~-10

365 EP2=039%16236E=10

3700 kkk EIGENVECTORS *%k

371C ITHE COMPONENTS OF A M@K Axk STOKEU BY COLUMNS IN
Jl2u ARKAY B H=PLAJE=C(COMPONENT, MODE)

R0 B1Cls1)=1.0

J41 BiCes 1)=0e0

342 B1C351)=0.0
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TABLE 3-17. (Cont'd)

383 B1C1,2)=0.0

384 B1(2,2)=0.99%06542

335 H1(3,2)=0462172451E-1

3%6 B1C15,3)=0.0

331 Bl1€2s3)=-0e62112451FL-1

333 B1(3,3)=0.99806542

400 B2(1,1)=1.0

401 B2(251)=0.0

402 B2(35,1)=0.0

403 B2C01,2)=040

4004 RB2(2,2)=(1e499506542

405 B2(35,2)=0.62172451E-1

406 B2(15,3)=0.0

407 B2(2s3)==-0e62172451E-1

40% B2(3,3)=0.99%06542

4150 *¥¥kk ANGLE 0Or RKOITATION PSI %%k
4] 6L FLATE 2 IS n@lAlky BY P51 LEGKELS TN RKELATION TO PLATE 1
420 PSI=5.0

42580 *kk ELECINICAL IMPEVDANCES  GENERATOR(ZG)Y LOADCZLE) %%+
4290 kx¥x GeNEKALON VOLTAGE(EG) ¥*%x%x
439 Z1E=C160)Des 06

434 Zu=/lLr.

433 Ea=C01e0500)

44130 kkkkkkd P REQGUENCY RANGE OF (NTEREST #®%kkkkkk
4410 INFTIAL » <cEQUENCY FINIT
44210, FREQUENCY SPACING I NC

4430 NOe ©OF PFHREDIENGCIES IN KANGE IrPREQ=CFe I NAL-FINI ) /ZFINC + )
450 FINITI=9.7r 4

4954 P INU=Ue0UEZHE6

45% TrReE=/A9

4600 kkkkkk CALCULATED DATA kkkkkk
4690 AXEAS Or PLATES AXEACPLATE)

410 Axeal=PI*xpDIAl«DIAL/Z4.

415 AREAZ=PI*DIALYVDIAR /4.

4790 CHAXACTERISTIC IMPELANCES Z0(MAuE, PLATE)
440 701 1=AREAT*DI1*CT 11

424 Z021=AKEAL*DIIxLI2]

433 233 1=AREAT*DT IT*C131

500 Z012=AxEAZ*VI2%0T 12

504 ZU22=AKEA2%D 124022

503 Z032=AREAZ*kD[2¥0 132

219¢C IHICKNESSES O PLAIES TLCPLATLR)

520 TLI=CT11/(2.%F0O1)

925 TL2=C112/(2.%F02)

529C CAPACITANCES Or PLAIES COCPLALTE)

530 LOI=LPI*AREALZIL]

535 Lle=krexAxkAZ/ZIIL2

539¢C FTUxNS <ATTOS XNIMOUE, PLATE)

S40 XNI1=50xT XK T 1.XK 1 1%Z011%C01%«CT11/TL 1)
944 XNZ21=SORTI(XKZ21.«XK21¥2021«001%C12171L1)
543 XNJ1=5LURKkTI(XKI1*XL31%Z2031%CA1*CI13171L))
56N XNI2=S5UrTI (XK 12%XK 1 2%«7 21 2%«0C2%CT1271L2)
964 XN22=SUunl (XK22%«XK22¢72022%xC02%0T2271L2)
968 XNJSZ=S5 IR (XK32 kXK 32«2 032*%L A% 1 32711.2)
5700 kkk FRKOM NOA OV TEKMY ARE FPREQUENUY DEPENUDENT w®®«
STY FPrEQ@=RFINIT

579¢C LOOP IHROUGH FKREQUENUTIES

530 Ve 100 I=z1s,1FREQ
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TABLE 3-17. (Cont'd)

285 K=X+]

598K PXOPAGAIION CONSTANIS ITH(MOLE, PLATE)=THETA(MQUE, PLLATE)
589 A=PIZ2%FKEU

590 IHIl=W¥x]IL1I/C]1]

2994 THzl=WxjL1/CTI21

998 1H31=WxIL1/C131

610 THI1Z2=WxIL2/CT12

614 THZ22=WxTL2/CT22

619 [H32=WkIL2/CT32

6290 NO<MAL MQULE MATKIX rFOx PLATE ) ZNL
630 TGNII=S5INCTHLID)Y ZCOSCTHLD)

634 [GNZ1=SINCIHZ1)/7CAS5CTH21)

636 TGN31=SINCIH31)/C05CTH31)

640 ZNLC1, 1)=CMPLX(0e, =Z011/16GN11)
641 ZNLC15,2)=(Nes Ve

42 ZNLC1,3)=(0e504)

643 ZNLCls4)=CMPLX(Qes=7011/SINCIH11))
644 ZNL(1,95)=(0es00)

645 ZNLC15,6)=(0es00)

646 ZNLCLs 1)=UMPLXCOes =XN1 1 /(WAL V1))
650 ZNL(251)=C0es00)

651 ZNL(2,2)=CMPLX (0, =20321/16N21)
652 ZNL(253)=C0e5 Do)

693 ZNLCZs4)=C0es O

654 ZNL(255)=CMPLX(0es»=2021/5INCTH21))
655 ZNL(Z256)=(0es0e)

656 ZNL(257)=CMPLXC0e>=XN21/(WkCO1))
660 ZNLC(S351)=(0e5De)

661 ZNL(3,2)=(0Des D)

662 /NL(S,3)=CMPLX(0Ne,=7203171GN31)
663 ZNL (3, 4)=C0es 0e)

664 ZNLC3»5)=C0es0e)

665 ZNL(356)=CMPLX(0es=7031/5INCTH31))
666 ZNLLL35 T)=CMPLX(Ne, =XN31/7(N%xCA1))
6710 ZNLC4y 1)=72NLC1,4)

671 ZNL(4a,2)=7N.(2, 4)

672 ZNL (45, 3)=ZNL (3, 4)

613 ZNLC4,4)=72NLC1, 1)

614 ZNL(455)=(0esUs)

615 ZNL(456)=(0es00)

616 ZNL (4, T7)=2N_(C),T7)

650 ZNLC(O9» 1)=ZNL (1, 95)

61 ZNL(5,2)=ZNL(Z,5)

682 ZNL(55,3)=7ZNL(3,5)

653 ZNL(YHs 4)=2ZNIL(4, 5)

6584 ZNL (5, 5)=7ZNL(2,2)

685 ZNL(5,6)=C0e50e)

636 ZNL (5, 7)=ZNL(2,7)

690 ZNL (6 1)=7NLC1s6)

691 ZNL(65,2)=ZNL(2, 6)

692 ZNL (65, 3)=/NL(3,6)

693 ZNL (65, 4)=/NL(4,6)

694 ZNL (65 5)=ZNL (5, 6)

695 ZNLC6,6)=7NLC3,3)

696 INLC6H, 1)Y=7NLLC3, 1)

100 ZNLC751)=ZNLCL,T)

TO1 ZNL(T75s2)=7ZNL(2,7)

102 ZNLCT5,3)=ZNLC3,7)

103 7NV.CTo4Y=27NLC4 T)
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TABLE 3-17. (Cont'd)

104 ZNL(T55)=ZNL(5,7)

705 ZNLC(T,6)=7ZNL(65T)

7106 ZNLCT,7)=CMPLXC(Oes=1e/7CW%xCA1))
199C NOKMAL MOLE MATKRIX FOKk PLATE 2 ZNK
800 TGN12=SINCIH12)/7C05CTH12)

B04 TGN22=SINCTH22) 700S(TH22)

08 TGN3I2=S5INC1H32)/7C0S(TH32)

310 7ZNrC15, 1)=CMPLXC(0e,-2012/1GN12)
B11l ZNKC152)=C0e5 04)

R12 ZNx(153)=C0e53s)

K13 ZNKC1,4)=CMPLX(0e, =Z012/SINCTHI2))
B4 ZNK(15,5)=(0Ne 5 04)

%19 ZNRC1,6)=C(0e504)

216 2N (1, 7I)=CMPLX(0es =XN]12/(A%C02))
K20 ZNKR(2, 1)=7Nk(1,2)

Hel ZNR(252)=CMPLX(Dey=72022/TGN22)
822 ZNR(2,3)=(0De50Ne)

H23 ZNK(254)=C0esN.)

24 ’.\]N(ZJD)=C"4PLX((\-»'ZQQZ/SlV(YIHQQ))
R2S ZNx(2,6)=C0e, 0.

R26 ZNK(2, T)=CAPLX(0ey =XN22/7(A%C02))
30 ZNKC3, 1)=ZNKC1,3)

431 ZNK(352)=72NK(Z,3)

K32 ZNKC3,3)=CMPLX(0es=7203271GN32)
R33 ZNK(354)=C0e5 04)

34 ZNK(C(3,95)=C0es0e)

$33 ZNKC35,6)=UMPLX(Der=7032/5INCIH32))
236 ZNRC3,7T)=UMPLX(0es =XN32/(WkC02))
240 ZNRC45 1)=7Nr(1,4)

“dal INKC(4, 2)=72NKx (25 4)

B42 ZNK(4, 3)=7NH(3, 4)

B43 INnC4, 4)=/Nik (1, 1)

344 INRC45,5)=(0Dey06)

345 INR(4,6)=(06,0.)

346 ZNRC4, T)=/NKC1,7)

$H50 ZNRCS5, 1)=7Ni(1,5)

851 ZNR(9,2)=7NK(2,95)

K92 ZNR(5,3)=7ZNr(3,5)

%93 ZNK(5, 4)=7Nx(4,5)

294 ZNK(S5, 9)=/NK(2,2)

3495 ZNR(556)=(0es 0e)

H96 ZNR(OS, TY=ZNix(2,7)

%60 ZNx(hy 1)=7NcC 1, 6)

461 ZNr(6,2)=7\NN(2,h)

“6Z NK(6H653)=7NK(3y 6)

<63 ZNKC6, 4)=7Ni (4, 6)

K64 ZNiW(655)=7Ni (5, 6)

465 ZNn(hy 6)=7N ((3,3)

66 ZNNXC65,T)=7ZNKR(3,7)

K10 Z/NxCl5 1)=70KC15 1)

BI11 /NRCTs2)=2NK(Z5 1)

Y12 ZNKCT5,3)=/Nx(3,T)

HKis NGy a)=/7Nx(4,7)

X4 ZNRCT,S5Y=7Nn(5,1)

ST INnC(Ts6)=7Nx(6H, 1)

“lh INKCTy IY=UMPLX Qe =l e Z700%02))

997¢ CONVERT FROM NORMAL MOLE CEORDINATES 10 ACTUAL
99K PLATE COORDINATES FOKk BATH PLATES 1 AND 2
3-107

i s e




TABLE 3-17. (Cont'd)

9990 ZL=(BB1Y*ZNL*x(BK1) | Z7k=(BB2)*ZNKk* (BHE2) 1
1000 L2 20 M=1,7

1004 LE 20 N=1,7

1006 ZL(MsN)I=(0e50.)

1007 ZR(MyN)I=(0+50.)

1008 20 CONITINUE

1010 L€ 30 M=1,3

tot2 ve 30 N=1,3

1014 VO 30 J=1,3

1020 ZL (Y, N)=81 (M5 JIRZNL ), J)%B1IN, 1)+ 71L(M,N)

1022 ZLAM, N+3)=51(M, JY*ZNL (), J+3) %L1 (N, ") +2ZL (M, N+3)
1024 ZL(M+3,N)=ZL (M, N+3)

1926 ZL(M+3, N+3)=Z1L (M, \)

1028 ZLAN,7)=B1(N,» JY*ZNLCJ, 7)+ZL (N, 7)

1030 ZLAN+3,7)=ZL(N,7)

1032 ZL(T75NY=ZILI(N,T)

1034 ZLAT5N+3)Y=71L (N5 7)

1040 Z(My N)I=B2(My JIRZNKCJs J)*H2(N, J)+ 7K (M, N)

1042 7R(M, N+3)=B2(My JI)XZNRCJ5 . J+3) *B2(N, J) +72 K (M, N+3)
1044 ZR(M+3,N)=ZR (M, N+3)

1046 ZRIM+3,N+3)=21K(M, N)

104% ZKIN, T)=B2C(Ns JIKZNRKCJ, 1) +7ZRKIN, T7)

1050 ZKCN+3,7)=ZK(N> 7))

1092 ZR(T5NI=ZR(N,T)

1054 ZK(75N+3)=7ZKk(N»T7)

1060 30 CONIINUE

1062 7ZLCT, 7)=7NLCT,T)

1064 ZKCT,TY=7ZNRCT,T)

Iiooe APPLY MECHANICAL BOUNDAKY CONUITIONS T© LEFT PLATE
1101¢C FOrx PLALE 1 V1i=v2=Vv3=0

11020 IHIS COVVERSION IS MOsT EASILY CARKRIED 0OUT 8y
1103C DEFINING THE FOLLOWING PROUUCLES

1109 M=0

1110 DO 40 N=2,7

1112 U0 40 Jd=&,7

1114 M=M+1]

111A UMI=ZL (1, 1)*ZL (N, . J)=7Z1L (N, 1) ¥%ZLC1,5.))
1119 40 CONIINUE

11200 T Is ALSY CONVENIENT TO LEFINE THESE PROLUCIS
1130 PL1=7ZLCl, 1)*0C1)

1132 PLZ=D(S)*UC])=-u(T)*UC2)

1134 PL3=LC14)*uC1)=-LC13)%U(2)

1136 PL4A=L(20)%*DC1)=-DC19)%U(2)

1138 PLOS=L(ZE)*UCT)-UCZ5)*D2)

1140 ZLTCL, 1)=CCDCISY*LC1Y=-DC1I3)*DC3)) /7PL1)
1141& =(PL3%(LII¥DC1)=-DTI*DC3I)Z(PLI*PL2))
11950 ZLIC1,2)=CCuC16)*UC1)-uC13)%DC4))/PL 1)
1151& =(PL3*(LUCIOM*VC1)=DCTI*DLC4)) Z7CPLI*PL2))
1160 ZLTC1,3)=CDC1ITI*DC1)Y=-DC13)*DCB)II/Z/PLIL)
1161& =(PL3&CDCIIY&UCTI)=UCT)Y*DCS)) Z/CPLI*PL2))
1170 ZLTC1,4)=CCUC1IR)*DC1))=-DC13X%LCHKI)/PL 1)
11714 =(PL3*(LC12)*DC1)=DCTI*DCH)) ZCPLI*PL2))
11RO ZLTC2, 1)=ZLTC1,2)

1190 ZL1(2,2)=C(U22)%0C1)=D(19)%xDC4)) /PL 1)
1191& =(PLARLUCI0)Y*LC1)=LETI*¥DCA)) Z7CPLLI*PL2)Y)
1200 ZLIC2,3)=C(LD2) %D =DC19I%DCHI) /Z7PL L)
1201& =(PL4A¥(DC]1]1)%DC1I)=-DCTI¥DCS)) Z/CPL1I*PL2))
1210 ZLT2, 4)=C(D24) %D 1) =-DC19)I*DH)) /PL L)
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TABLE 3-17. (Cont'd)

1211& ~(PL4x(DC12)Y%DC1)=DCT)*D(6)) /(PL1%xPL2))
1220 ZLTC(351)=2LTC1,3)

1230 ZLT(3,2)=2LT(2,3)

1240 ZLTC(3,3)=C(DC29)*LC(1)-D(25)*%V(5)) /PL1)
1241& =C(PLS*C(DC11)*DC1)=UCTIKDCSH ) ZCPLI¥PL2))
1250 7ZL1(35,4)=CR(30)*%LC1)=-D(25)*%V(6))/PL1)
1251& ~C(PLS*(DC12)%DC1)=-D(T7)*DC(6)) Z/CPL1%PLZ2))

1260 ZLLTC4, 1)=7.TC1, 4) i
1270 ZLTCA2)=2L1C2, 4) E
1280 ZLT(45,3)=7ZL1(3, 4) Iy
1290 ZL1C4,4)=C(LC36)%DC1)I=-DC3II*VCEI) ZPL) 3
1291&% ~CCUC32)%DC1)=UC31)%LC2II*CUC12)Y%DC1)=DCTI*XDCH)) ZCPL1%PL2)) ;
13000 APPLY MECHANICAL BOUNDARY CONDITIONS 10 RIGHT PLATE ¢
13010 F O PLATE 2 V4=VS=v6=0

1302C IHIS CONVERSION IS MOS] EASILY CARKIEDLD QOUT RY i
1303¢ DEFINING IHE FOLLOWING PRODUCTS i
1304C IME SYMMELIRY OF ZR 1S5 MADE USE AF IN THESE PRODUCTS

1309 M=0

1310 V@ 60 N=2, 1

1312 VO 60 J=2,7

1314 M=M+ |

1316 KEMI=ZK(CA, 4)%7K(N» J) =21 (N» 1D¥72xC1,0)

1319 60 CONITINUE g

13200 IT IS ALSE@ CONVENIENT T0 LEFINE THESE PKROLUCTS
1330 PRI=ZK(4, 4)%n(C 1)

1332 PRZ=x(R)) . (1)=x(1).R(2)

1334 PRI=:(14)k(1)=nC13)%K(2)

1336 Pr4A=x(20)%*x(1)=-RC19)Y*K(2)

1333 PROY=1(26) % (1)=RK(2H) %1 (2)

1340 ZxICl 1)=C(ROISIRKCI)~ROT13I*R(3)) /PrT)

13414 =(PRI*IK(IIRRCI)I=x(TIRR(I)) Z(PRI%PR2))

1350 ZRIC1,2)=C(ROIEI*R(1I-RO13I*R(4)) /PKr])

13514% =(PR3*¥(KC10)%C1)=-KRCT)*K(4)) /(PK1¥PR2))

1360 ZR1C1,3)=C(RC1II)¥KC1)~RC1I3I%RECS))I/Px1)

1361& =(PR3%(CCI1IRRCI)I=RETI*(H)) /(PR 1%PR2))

1370 ZrR1CI, )=C(RCOISI*(K(1)-RC13I%XK(H)I/PXIL)

137 1& =(PRI*CKCIZ2I .k ))=n(TIRKCEI)/(PRLI¥PRZ)) |
1380 ZkI(2, 1)=72KTC1,52)

1390 ZRIC2,2)=C(n(22)%R(1)=-K(19)%K(4))/PK])

1391& =(Pra*(KC1O)¥RC1)=RCTI®KRC4)) /CPR1*PR2))

1400 ZKTC2,3)=C(n(23)%RC1)=KC19)%*K(5)) /PR])

[401& =(Pr4*(RCTI) . (1) =RCTIY&R(5) ) Z(PRI1*%PK2))

1410 Zr1ICl, )= (r(24)%K(1)=rRC19)%R(H)) /PR

14114 =(Pxda®x(RC12)% K1) =ROT)*:C6)) /(PR1%PR2))

1420 ZRIC3, 1)=7ZKIC153)

1430 7K1(3,2)=ZrT(2, 3)

1440 ZRIC3, 3)=C(x(29) % (1) =K(295)%Kk(9)) /PKI)

14418& =(PxS®« (I 1) R C1)=KCTIER(H)) /(PR1%PR2))

1450 711 €3, 4)=(CC(30) %R =K(Z25)*«r(H)) /PKI1)

1451°% = (PSR IRCI2) (1)Y= (TI%R(H))Z(PRI¥P=2))

1460 7nlC4, 1)=7K1C1,4)

14710 7Zx1C4a, 2)=7RI1(2, 4)

1450 /K1 C4a, 3)=7 1103, 4)

L4 0 204, 4)=C(n(36) %R (1) =< (3]1)¥<(6))/PK]))

1491 % =C(RE32I*KCI) =K C31I*R2IIE(ROIZ2I*ROI) =< (7)*K(H)) /(PRI*PK2))
15000 TERMINATE PLATE 2 0N KIGHT IN ZLE

15910 THIS RESULTS IN vAUl==7Z1L*AVMP0

1510 ZREICH, 1)=7KIECHs 1) =71 C1, 47104, 1) /7C7Z1LE+ZKTC4, 4))
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1520
1530
1549
1550
1560
1570
15%0
1590
16200
1621C
16220
1623C
1A240
1630
1634
1638
1640
1644
16418
1650
1654
1651%
16700
16710
16%0)
16K
1A% 4
16%6
1643
1630
1700
14000
1%01C
183020
13030
1404C
15806C
15070
14080
14 10C
15110
19520
1830
1440
1850
1860
1470
1490
1590
1900
1910
1920
1950
2000
2001&
2002&
20034&
2004%

TABLE 3-17. (Cont'd)

IRELC1,2)=7ZRTC1,2)=2XTC1,4)%7RTC452) /CZLE+7ZKTC454))
ZRETC15,3)=ZRTC15,3)=ZRIC1,A)%7ZK1C4,3) /CZLE+ZRKTC4, 4))
IRET(2, 1)=2K1(2, 1) =/ZRT(2,4)%ZRKTC45 1) /C7Z1LE+Z2K[C4, 4))
ZRET(2,2)=ZRTC2,2)=Zr (2, Q)% ZRTCA4,2) /CZIE+7ZKkT 45 4))
LRETCE) 3)=2ZKTC2s3)=2ZRI(R2,4)%Z T C4,3)/C7LE+7hT (4, 4))
ZRETC3, 1)=7ZRT(3,1)=2RT(3,4)%/RrTC4,5,1)/C7LE+7RT (4, 4))
IRETC3,2)=ZR1C3,2)=7ZRT(3,4)%7ZRKTCA»2) /C7LE+7x1C454))
ZRET (35 3)=2RT(353)=2RT1(3,4)%ZRTC4,3)/CZLE+7xT (4, 4))
PLATE 2 I5 ~@TAIEL ABQAUT THE THICKNESS BY THE ANGLE
P>l IN VEGKEES IN RELATIGN 13 PLATE 1
THE DIRECTION CASINES BEIWEEN THE NEW AXES AVL QLD AXES
OrF PLATE 2  Ox BEIWEEN AXkE> Or PLATE ¢ ANU AXES
OF PLAIE 1 ) AKE
ACL, 1)=COLC(PST*PI/Z180.)
AC1,2)=S5INC(PST*PI/Z1804)
AC1,3)=0.0
ACZ, 1)Y==AC1,2)
AlZs2)=nC1s 1)
AC2,3)=0.0
A(35,1)=0.0
AC3,2)=0.0
AC35,3)=1.0
IHe IMPRUANCES Or ITHe PLATE ON THE &IGHT ¢ pLATE 2 D
ArfbEnx KQIARTION Axk IRETR=CAYT*7ZREJ*(A)
veh 80 L=1,3
VO 80 M=1,4
ZRETRC(LIM)=(0es D)
Ve 80 J=1»3
U@ 80 N=1,3
IRETNC(Ls M) =AIN LY R/RETIN, J)*AC T, M)+ 7RET=(L,M)
30 CONIINUE
Al THE JUNCI1O OF THE LEFIT PLAIE AND THE kOTATED
KIEGHIT PLALE LEGUATE VOLTAGES AND CURKENTS AND
SOLVE FOKR CURSENTS
va=vll,v5=Vv2Ii,v6=V3T, [4=111T,15=12T»16=131
IHIS GIVES T14,I5,AND 16 IN TERM> OF 1IN
AHEN [THESE VALUES Axk PUT IN THE EXPRESSION
FOr VTICVINY @F LEF] PLATE THE INPUI IMPEDANCE
ZIN CAN Bt OBITAINED
IN CAARYING QuUl THIS POCEDUKE 1T IS CONVENIENT
[0 Lot THE FOLLOWNING VARIABLES
ZSCLs 1)=ZL1CH, 1)+2ETRCE, 1)
Z5C15s2)=7ZL T C1,2)471ETRKCL,2)
£5C), 3)=Z2LTC1,3)+7REITKRCL,8)
2502, 1)=7ZL1C(2, 1D+7ZKEIR(Z2, 1)
25C2s2)=Z1.T(C2,2)+ZKRETR(2,2)
7502, 3)=72L1(2,3)+/2xkIR(Z2,3)
ZS5C3, 1)=7LTC3, I)+7KETHRC3, 1)
25C352)=7L 10352+ ZRETIR(3,2)
25€3,3)=2L1C3,3)+ZKkETK(3,3)
255275015, 1)%75(2,2)=7502,1)%25C(1,2)
Z553= 75015 1)%25(3,2)=25(3,1)%725C1,2)
IFC7ZKETRC122) «EQe (DN, 0.0)) GO TA K8S
ZIN=CCCZLICA, 1)%Z25C1,2)=72LT1C4,2Y%Z285C1, 1) )2*(2S(2,3)%725(1,2)
75010 3)Y%€Z25025 202+ C72LT1C4,3)%75C1,2)=71.T(4,2)%75C1,3))%75S5)

®¥OCZLTC3,4)%Z5C152)=7LTC1,4)%25C3,2))%7855~(2ZL1(2,A)%7Z5(C1,2)

INNIZCC75C1,2)%Z55)%C(25(2,3)%75C1,2)=75C123)%75(2,2))%
(7501, 1)%250352)=725C35 12%25C15,2))=(Z5(3,3)%725C1,2)=-75C1,3)
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2005& *¥75C352))%7S5S))+(CCZLTC4, 1)%Z5(152)=Z1L.TC4,2)%75(1,1))
2006& *CZLT(2,4)%Z5C1,2)=ZLTC1,4)%7S(2,2))+(ZLTC4,A4)%7 5 (C1,:")
2007& =ZLIC4,2)%ZLT (4, 4))%7Z55)/(€75(C1,2)%7258))

2100 AMPI=EG/CZ2G+Z2IN)

2200 AMPE=C(CCZLT(3,4)%75C1,2)=71.1C1,4)%Z5(3,2))%7SS

2201& =C7ZLTC2,4)%75C1,2)=7LT1C1,4)%75(2,2))%7553)

2202& /C(Z5(2,3)%¥250152)=7501,3)%¥7Z5(2,2))%2553

2203& =(/503,3)%75(152)=725C153)%7S5(3,2))%7ZS55))*AVPI

2300 AMP4= (7502, 3)Y%75(1,2)=25015,3)%25(2,2))/755)%AMP6
2301% +CCZL1(2»4)%Z5C1,2)=/7L0C1,4)%Z25(252))/755)«AMPIL
2400 AMPS==(7SC151)/25C152))¥AMP4=(ZS(15,3)/75(152))«AMP6
24018 ~C7L1C15,4)/775C1,2))*AMPI

2410 G@ 10 90

C420 RS ZIN=CCCCZLT 4, 1)%75(2,2)=-ZLTC4,2)%72502, 1))

24218 *(25(25,3)%75C1,2)=-7S5C1»3)%75025,2))

24228 + (2L 1C4, 4)%75(2,2)=7L1C45,2)%725(2,1))%75%5)

24238 R ((ZL1(2,4)%75(3,2)=-72L1(3,4)%7Z5(2,2))%7553

24248 ~C(ZL 103, 4)%75C1,2)=7LTC1,4)%75(3,2))

2425& * (7503, 1)%7502,2)=75(2>1)1%725(35,2))))

24268 /C255%75(2,2)%((75(3,3)%72501,2)=725C1,3)Y%75(3,2))
24218& ® (7503, 1)%/502,2)=2502,1)%75(3,2))

24288 ~(/5(2,3)%2503,2)=75(3+3)%75(2:2))%72553)))

24298 + (/L1045 1)%725(2,2)=72LTC4,2)%75(251))

24305 % (7L 12, 4)%75C1,2)=-7LTC15,4)%75(25,2))

ZH31& +CZL 104, 4)%75(2,2)=2L1C452)%ZLT(25,4))%72SS)

24328k /C255%725(25,2)))

2440 AMPI=EG/C26G+721N)

2450 AMEF6=(CCZL1(2,4)%75(3,2)-ZL1(354)%75(2,2))%7553
2451& ~CZL1C3,4)%75C1,2)=7ZL1C1,4)%75(3,2))

24528 ¥ (75035, 1)%25(2,2)=7502, 1)%75(3,2)))

2453% /C(7503,3)%750152)=725C15,3)%¥725(3,2))

24548 ¥ (7503, 1I*%725(2,2)=25(2, 1)Y%¥725(3,2))

249958 (7502, 3)%7Z5(3,2)=75C3,3)%25(252))%7Z553))%AMPI

2460 AMPA=( (7503, 3)%75C152)=-75C015,3)%725(3,2))/72SS3)%AMP6
24618 +CC72LT(3,4)%75(15,2)~7LTC1,4)%7250352))/2SS3)%«AMP]
2410 AMPS==(75C35 1)/775C3,2))YAMPY=-(75(353)/77503,2))%AMPE
241 15 =(71LTC3,4) /7S5C35,2))%AaMP]

2500 90 VIN=ZL I (4, 1) XAMPA+7ZILT (4, 2) *AMPS

2O01& +7L 104, 3YRAMPA+Z),. 14, 4) kAMP]

260N AVMPE=CCACT, 1)K (4, 1D+AC2, 1)%7RT{4,P)+AC3, 1)%7 k[ C4,3))
CEDIR /CZLR+47ZR]| 4y, £)))RAMPY

26028 +(CAC1,2)YZ1Chy 1I+AC2, 2)%ZRTCAs2)+ACE,2)*7ZKTC45,3))
26038 /JCZLE+AZKTIC4, 4)))RAMES

26048 +(CAC1,3)%7ZK1C4, 1)+AC2,3)%7ZKTC4,2)+AC3,3)%7ZKTC4,3))
26058 /ZCZLE+7ZRTIC4, 4)))*AaVE6

27100 VOJI==2Z2ILExavp©
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23000 kkk¥x POWEKk AND INSERTION LOSS *%kkx%x

2900 PU=xEAL(VRUI*LONJG(-AMPD))

2920 Pubr=nbtALCC(EG*ZLE/C(ZG+7ZLE))*CONJGCEG/(ZLE+7G)))
2940 PILOS(K)=10%ALOBG10CPB/PRrEF)

2960 JnITEC65,200) FREQs PILOS(K)

29R) Fre@=FREQ+FINC

3000 100 CONTINUE

S020 200 FORKMAT (W)

3100 yvAaxX=PILOBSC))

3110 YMIN=PILOSCD)

3120 UB 307 J=1s4

3140 TFCPILOASCI)eGTe YMAX) YMAX=FILOSCJ)

S150 IrPCPILOSCI) e e YMINY YMIN=PILOSCY)

3160 300 CONIINUE

3170 CALL YPLICFILOS, FINIT»FINC, YMIN, YMAX, K5, NPLTS»X15DA, D)
3140 > ar

3200 N




F. COMPUTER GRAPHS OF TYPICAL MODE PROGRAM RESULTS

This section presents some of the results obtained to date from the MODE
programs of the previous section. Obviously, in the time allowed, it has been
impossible to completely evaluate these programs since the number of variables
involved, and the number of possible combinations, are so enormous. Of
these programs M@DE2 is probably the most interesting from an experimental
point of view, since it is relatively easy to generate sets of compatible variables
for different cases (which may or may not be realizable in practice). However,
in actual filter construction, M@DE3 is more appropriate.

Figures 3-27 and 3-28 show two runs of the MODE1 program. The first is
for two identical plates, each with a single mode called mode 1, with a coupling
coefficient, XK1 = .088 velocity CT1 = 3.32 x 103 meters /sec, density DT1 =
2.65 x 103 kg /‘m3, dielectric constant EP = 4,58 x 8.85 x 10~-12 F/m, and
electrode diameter = 1 x 10-2m. Each plate is assumed to be a half wavelength
thick at a center frequency of 10 MHz at this velocity of propagation. The
filter, constructed of two of these plates, is driven from a generator of 1V
and a resistance of 1600 ohms. The output voltage is also measured across a
load resistor of 1600 ohms. These material parameters are appropriate for
AT-cut quartz, as shown in Table 3-13.

The power insertion loss axis of these curves is in dB and the frequency
axis is in hertz. These time sharing curves are crude but convenient for
examining cases.

The curve of Figure 3-28 is called mode 2 and is characterized by a
coupling coefficient that is twice that of mode 1 XK2 = 2XK1 and a velocity,
CT2 = 1.1 CT1. Calculations for the response shown in Figure 3-28 were
done for a half wavelength plate thickness at 10 MHz, determined by the velo-
city of propagation for mode 1 rather than mode 2. These curves, taken
together, show the individual responses of the two modes most often used in
the MODE2 program.

Figure 3-29 shows the response obtained when Modes 1 and 2 are com-
bined in one plate, and two of these identical plates are bonded together with
zero rotation between them. When the two modes are combined together in a
single plate, and two of these plates are operated as a stacked filter, the most
obvious change is the dip in the response curve, following the mode-1 response,
over that obtained by just adding the two response curves shown previously.
There is also a slight decrease in the frequency of peak response for mode 2
as compared to only having mode 2 alone.

o Figure 3-30 shows the response of this same filter for a rotation ang’e
of 5~ between plates. Nothing much happens to the response except for a
slight decrease in insertion loss at the peak response.

Figures 3-31, 3-32 and 3-33 show the response of this 5°-rotated stack
of two 10 MHz plates about 5, 15 and 20 MHz. In all cases these curves
are compatible with the type of response expected for a stacked filter of single-
mode elements using Mason's equivalent circuit.
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Figure 3-34 shows the response obtained with a -20° rotation between
plates. Even at this angle of rotation, for these particular glates, nothing
much happens. The response at a plate rotation angle of 45~ is shown in
Figure 3-35. Here, the response of mode 1 has decreased considerably and
the notch following the mode 1 response has become shallower.

Figure 3-36 show the affect of rotating the two plates by 70°. A double-
humped configuration occurs around the mode 2 response (actually a shifted
down mode 2 response from that of Figure 3-29), and mode 1 has completely
disappeared. Figure 3-37 continues the rotation of the two plates to 80°. The
response now has a 5.73 dB peak at 10.4 MHz, a 7.1 dB dip at 10.475 MHz,
and a 3.14 dB peak at 10.55 MHz. If an average insertion loss of 5 dB is
assumed, this could be represented as a filter with a +2 dB passband ripple
and a 3 dB bandwidth of approximately 2.5%. It also has a relatively steep
low -frequency side. The printout of the actual results for this angle of rota-
tion is shown in Table 3.18.

This looks promising so the results for a rotation of -82° between plates
is shown in Figure 3-38. In this case the amount of passband ripple has been
reduced.

At an angle of rotation of 85° between plates, the ripple has disappeared
and a smooth response curve results. This case is shown in Figure 3-39.
This curve has a midband power insertion loss of 3.67 dB and a 3 dB bandwidth
of approximately 1.5%. The data appropriate to this curve are shown in
Table 3-19.

Figures 3-40 and 3-41 show the effect of operating the M@GDE2 program,
where the second mode in each plate is not piezoelectrically coupled. For
these two curves in each plate,

XK1 = 0.088 CT1 3

XK2 = 0.0 CT2

3.32 x 10
1.1CT1

({1

Figure 3-40 shows the response curve for this case at a 0° angle of
plate rotation. As expected, this curve is identical to the curve of Figure
3-27 for, in this case, there is no possible way to couple into the non piezo-
electric second mode. Figure 3-41 shows the same case, but with plate 2
rotated 5° with respect to plate 1. In this case the plate boundary condition
coupling to the non-piezoelectric mode, takes place, showing up as a dip in
the response curve at the location of mode 2, shown in Figure 3-28. Inci-
dentally, due to the method of solution employed in this M@DE2 program, it
will not operate with a non-piezoelectrically coupled mode 1. Mode 1 is always
assumed present.

The case of two non-identical plates is illustrated in Figures 3-42 and 3-43.
For these two curves the values for each plate are:

Plate 1 For Plate 2
XK1 -0.088 CT1-3.32x10°  XKI-0.088 CT1=3.32x10°
XK2 - 2XK1  CT2 - 1.1 CT1 XK2 - 0 CT2 - 1.1 CT1
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Figure 3-35. Two Element Stack 45° Rotation Between Plates

3-124




* =85.

9 .7000&
Y. 7250
9.7500E
Y.7750E
9. 8OOOE
9.8250E
Y .8500E
9.8750E
Y. 9000E
9.9250E
Y. 9500E
9.9750E
1.0000E
1 L0025E
I .0050E
1.0075E
1 .0100E
1.0125E
1.0150E
.01 72k
1 .0200E
1.0225E
1 40250k
1.0275E
1 «0300E
| <0325
1 .0350E
1 O375E
1 .0400E
I.0425E
1.0450k
1.0475E

. 0500E

I

|
1.0550k
1 «O5/5E
1.0600E
!
|
|
|
|

Frequency in Hertz

0625k
0650k
06T5E
L0700k
<0725
1.0750E
} «OT775E
1.080 )k
l LOBZLE
1 . OuHIE
l O0s/oE
1.0Y00k
1.0925E
1. 0950k
1.0975E
1+ 1000
1 . 1025E
1. 1050E
1.1075L
1. 1100E
I o 1125E
1. 1150E
1115k
141200k
1.1 225E
Io125)E
1 1 275E
1.1300E
} ») 325K
1.1350E
lel375E
1 .1400E

0525k

06
06
06
06
06
06
06
o
06
Jo
06
uo
07
a7
o7
a7
ul
0/
u7
or
o7
o7
v/
o}
J7
o/
o7
07
07
u7
o7
o/

o7
Ul
ul
Q7
Q/
ul
07
07
o/
u7
a7
u7
07
u7
O/
ul
07
07
07
u7
a7
ol
07
07
v/
(o}
o7

Power Insertion Loss in dB
-46. -37. =2, -20. B 2.0

I B R o [ = T SRl (O S S e e S S T T T !
1 *

I * I
I * I
1 * I
I * I
I * I
1 * 1
{ * I
i * 1
1 x I
I * I
1 * 1
I * 1
i * I
® 1
1 * I
1 * 1
I * I
* I
! x 1
I x I
1 * I
1 ® I
It * 3
I x I
I % I
1 x I
I * I
i * I
I * 1
1 * I
I * I
) * I
I * I
1 * I
I * i
i *]
1 *
I *
I * I
1 x I
I * I
1 * I
I « [
! * 1
I * I
J! * It
[ * It
[ * I
I * I
B * [
1 * I
[ * I
I * I
I x [
I * I
1 * I
I * [
1 * i
1 * I
I ® 1
I * 1
I x I
I * I
I * l
1 * 1
1 Y ]
[ R e 2 ot o R S 2 (RS R S (S S SR S A I S S ey

Figure 3-36. Two Element Stack 70° Rotation Between Plates
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Figure 3-37. Two Element Stack 80° Rotation Between Plates
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OF FIGURE 37
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TABLE 3-18. DATA FOR STACKED FILTER OF TWO IDENTICAL PLATES

Angle of Plate
Rotation
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Figure 3-38. Two Element Stack -82° Rotation Between Plates
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Figure 3-39. Two Element Stack 85° Rotation Between Plates
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Table 3-19. Data for Stacked Filter of Two Identical Plates of Figure 39
Each Plate
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TABLE 3-19. (Cont'd)
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Figure 3-40. Two Element Identical Plate Stack Nonpiezoelectrically Coupled
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Power Insertion Loss in dB
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Thus, in plate 2, the second mode is not piezoelectrically coupled.
Except for this, the plate parameters are identical. Figure 3.42 shows the
response of these plates when they are lined up. The response, in this case,
will exhibit a notch at the mode-2 frequency, in contrast to Figure 3-41, since
energy is coupled into this mode by plate 1, but is not available as output energy
because of the lack of piezoelectric coupling to this mode in plate 2. Figure
3.43 shows the same two plates with a 5° rotation between them. In this case
a small resonance is observed at mode 2, in contrast to Figure 3-42 since,
now, due to plate boundary coupling, some of the piezoelectrically excited
energy of plate 1 in mode 2 can be coupled to the output.

Figure 3-44 shows the response at 5° of plate rotation of a two-plgte
stack of identical elements similar to those shown in Figure 3-30 at a 5 rota-
tion between the plates. However, for these plates,

XK1 - 0.088 CT1 = 3.32 x 10°
XK2 - 2XK1 CT2 - 1.15 CT1,

so that here the velocity of mode 2 is faster than that shown earlier. Besides
the obvious fact of making the mode 2 response occur at a higher frequency,
this change also causes the notch following the mode-1 response to occur at a
higher frequency. This means that the null in the response is due to the phase
shift between the mode-1 and mode-2 responses. It also suggests that, in
multi element stacked cascades, plates with different mode properties can be
used to control stop-band rejection.

Figures 3-45, 3-46 and 3-47 show the effects on the frequency response
of two identical element stacks, when the velocity of the second mode is slower
than that of the first mode. For these plates

XK1 = 0.088 CT1 - 3.32 x 10°
XK2 - 1.1XK1  CT2 - 0.95 CT11

Again, except for the change in velocity of the second mode, the plates are
identical to those shown earlier. This change in velocity of mode 2 obviously
makes the mode-2 response occur at a lower frequency than that of mode 1.
(The plate is still one half wavelength thick at a frequency of 10 MHz and a
velocity of propagation corresponding to CT1.)

Figure 3-45 shows the response for this case at a plate rotation angle
of 5°. In this figure the lower -frequency response is the mode-2 response, and
the higher-frequency response is the mode-1 response. Contrasting this
figure to that shown in Figure 3-30 shows that the notch frequency now occurs
below the mode-1 response.

Figure 3-46 shows the frequency response for this case at a plate rota-
tion angle of 700, similar to that shown in Figure 3-36. Again, a double-
humped response begins to appear but, in this case, the notch is on the high
side while, in Figure 3-36, it is on the low side.
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Figure 3-47 shows a continuation of the plate rotation for this case to
an angle of 83~. A single-peaked response curve, similar to that shown for
the first case at an angle of 85° (shown in Figure 3-39), has occurred but, again,
the notch occurs above the main response. This suggests the possibility of
cascading, electrically, two (or more) element stacks of multimode filters to
tailor the overall response. An electrical cascade of an element of the type
shown in Figure 3-47, with that shown in Figure 3-39, after appropriately ad-
justing the plate thicknesses to make the main responses in each stack coincide,
would yield an overall response curve with notches both above and below the
main response.

Figures 3-48, 3-49, 3-50 and 3-51 show the response obtained from the
MQ@DE3 program for AT -cut quartz. Input values for both plates are shown
in Table 3-13, as the output of the VC@QUP program. A sketch of the relation-
ship of the normal modes of each plate to the plate axes are shown in Figure
3-3. For this crystal cut, mode 2 and mode 3 (those modes lying in the 3(2)
and {3(3) directions of Figure 3-3) are non-piezoelectrically coupled.

Figure 3-48 shows the filter response of this two-plate stack of AT -cut
quartz elements with the two plates lined up. A nice smooth response curve
results (as expected from the mode-2 program results discussed in connection
with Figure 3-40). Figure 3-49 shows the effects of rotating plate 2 by 5
with respect to plate 1. Again, similar to the discussion in connection with
Figure 3-41, plate boundary condition coupling takes place and the response
curve shows nulls and peaks due to the three modes.

Figure 3-50 shows the effects of continuing the plate rotation to 45°,
Here an interchange of energy, from mode 1 to mode 2 occurs. The resonant
effects of mode 2 appear, and are coupled back to the output through mode 1.

o Figure 3-51 demonstrates the effects of continuing the plate rotation to
T :

While not illustrated, the 3-mode equivalent of the M@DE2 program with
the normal mode axes, lined up with the plate axes, can be achieved by
setting 31(1) = 62(2) = (%)3 = 1.0, and the other components of the eigenvectors
equal to zero in the M@DE3 program.

Also, while most of the results employed identical plates, the programs
work equally well, if not better, for plates with non-identical parameters
(since then many of the problems associated with impedance terms in both
plates going to zero, at the same time, are avoided).
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4. DEVICE FABRICATION AND TEST

A. RESONATOR MATERIALS

The dominant material in the fabrication of crystal resonators has been
single-crystal quartz. It has many advantages, including the very significant
one of being relatively inexpensive. The low cost is well supported by the
large number of commercially available source suppliers and their ability to
process it with great accuracy. Quartz has excellent mechanical properties;
it can be sawed, ground, lapped and highly optically polished in both small and
large quantities. Crystalline quartz occurs in natural and in synthetic form.
The latter can be grown with properties similar to and sometimes superior to
that of the natural form. The orientations of quartz, for the application con-
sidered here, are the Y-cut, AC-cuts and the AT-cuts. All rotated Y-cut
plates vibrate in pure thickness shear modes. The uniqueness of quartz for
frequency control and filter applications results from the zero value of the
first and second-order temperature coefficients for the AT -cut at room tempera-
ture. The AT-cut has a k value of about .088 compared to .14 for the Y-cut.
However, the Y-cut has a temperature coefficient of +90 ppm /°C. The slightly
smaller k value for the AT does not, therefore, detract from its value for
resonators and filters. Quartz, itself, has a relatively high mechanical Q,
both in the natural and synthetic form.

Although quartz has been the mainstay for frequency control and wave fil-
ters, several new crystals with high piezoelectric coupling and favorable
mechanical properties are now available. Some of the more successful of these
are the ferroelectrics, lithium niobate (LiNbOg), lithium tantalate (LiTaO3)
and barium sodium niobate (BagNaNbsO15), sometimes dubbed "banana". All
three exhibit strong piezoelectric effects.

LiNbOg and LiTaO3 have strong thickness shear mode X and Y -plates,
but they are not pure. The Z-cuts contain pure extensional modes.

LiNbOg has several utilized rotated-Y-cuts, but the particle motion does
not lie ideally for pure-mode orientation. Some of the cuts may have undesired
mode coupling that is still low enough for some applications but, generally,
they are second choices. The Z-cut is the only pure mode, its coupling being
of the order of .17. The X-cut plate exhibits a large value of k, about .68.
However, coupling exists to two shear modes — one strong and one weak.

LiTaOj3 is of the same crystal class, 3m, as LiNbOg. The basic difference
lies irz values of coupling coefficient and temperature coefficient. LiTaOg has
a cut (1) with a low temperature coefficient that may be useful for resonator

applications. The X-cut has a parabolic frequency versus temperature charac-
teristic.
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Ba2NaNb5015 belongs to the crystal class, mm 2; it differs considerably
from LiNbO3 and LiTaO3. The X~ and Y-cut plates have pure thickness shear
modes and the Z-cut plate has a pure thickness extensional mode. The Z-cut
has a very high coupling factor, k = .57, which remains constant over a wide
temperature range. This material has not been utilized as extensively as quartz,
LiNbOg3 and LiTaOg3, and its present cost is relatively high.

Table 4-1 summarizes the various orientations and physical parameters
of the crystals discussed here.

There are other materials that could qualify for use in multimode filter
applications. LiGaOg and other new materials should be considered, but first
a careful evaluation of their potential as crystal filter plates must be made.
The often-used AT -cut quartz, along with some of the cuts from the various
materials listed in Table 4-1, merit investigation. In particular, the recently
measured material berlinite shows promise as a future useful crystal for
filter applications. This material has very similar properties to crystalline
quartz (including temperature-stable orientations) but has the added feature of
a higher electromechanical coupling coefficient. As soon as a good quality
supply of this material becomes available it will find application in various
types of crystal filter configurations.

Other candidates for consideration in multimode filters, would be the
doubly -rotated orientations of crystals as described by Ballato. (2) The doubly-
rotated crystal plate has the advantage of two degrees of freedom with two
selected angle cuts. As an example, this would lead to temperature stability
and higher electromechanical coupling that cannot be achieved by some of the
single-oriented crystal cuts.

B. BONDING TECHNIQUES

Bonding techniques can be divided in two general categories — 1) trans-
parent organic materials that are used to form thin adhesive bonding layers
and 2) metal surface films that are joined together to form a single bond.

The epoxy or polymer adhesive bonds have relatively low mechanical
impedances and, therefore, layers (of such materials) of any appreciable thick-
ness could have a significant effect on the shape of the frequency/response
curves. Although these bonds possess good stability over wide temperature
ranges, the low mechanical impedance has, in most applications, required
that the thickness of the bonding layer be very thin — of the order of a few
hundredths of an acoustic wavelength.
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Although the organic bonds are insulating, they can be used in very thin
layers, provided no problems are encountered due to the ground surface layers
of the resonators being separated by this thin layer. One advantage in using
some of the organic materials is that the bond may be dissolved and the reso-
nator discs recovered for additional experimental testing of other bonds or
resa.  tor configurations.

Table 4-2 is a tabulation of some of the materials (and their characteristics)
that may be considered for use in bonding tasks. The bonds themselves could
include one or more of the materials shown depending on the substrate and type
of layer being attempted.

TABLE 2. PROPERTIES OF BONDING MATERIALS

Material _Velocity X 105 m/s Zn106 kg /s m?2
Epoxy 2.60 Ext 1.22 Shear 2.86 Ext 1.34 Shearn
Phenyl Benzoate 3.38 0.48
Indium 2.30 1.44 17.0 10.5
Gold 3.24 1.20 62.5 23.2
Silver 3.65 1.61 38.0 16.7
Copper 5.01 2.11 40.6 18.3
Aluminum 6.42 3.04 17.3 8.2
Quartz 5.70 3.32 15.1 8.8
LiNbOg 6.55 4.76 30.8 22 .4
LiTaOg 5. 55 4.21 29.4 22.3
BaNaNbsOs5 3.07 1.82 16.3 9.65

Most metallic bonds have been achieved using thermocompression bonding
of indium or lead, singly or together with combinations of other metallic layers.
The metallic bonds have larger characteristic mechanical impedances that more
closely match that of the resonator material. Another advantage of using me-
tallic-layer bonding is the resultant electrical conduction layer. While early
techniques of metallic bonding involved only layers of indium or lead, these
have been largely replaced by combinations of layers of several types of metals.
Typical bonds consist of a flash of chromium, a thick layer of gold for adhesion
and electrical conduction, and then the two surfaces to be bonded are plated
with thin layers of indium. The two pieces are then thermocompression bonded
together, so that the indium and gold alloy forms a good electrical and bond
layer.




Various metallic-bonding techniques, have been used (3,4, 5) which incor-
porate the evaporation of thin metallic layers to optically polished surfaces and
are then welded by compression. These compression techniques involve the
use of both thermocompression and room temperature compression in vacuum,
air and inert gases.

The bonds themselves, fall into two categories, thin and thick. The thin
films generally include organic, inorganic and metallic films. The thick film
bonds will generally be metallic films. For precise thick bond layers, properly
dimensioned glass or metal balls, wire or shims may be inserted together with
the metallic films to obtain a specific bond thickness.

Since the main objective of the present study (Phase I) was the analytical
modelling and programming of multimode stacked crystal filters, it was decided
to use an organic lens bond for the preliminary studies of an experimental
model. The lens bond has several advantages, the main one being that it can
be dissolved and the resonator plates recovered for experimental testing of other
bonds or resonators. A disadvantage is that it is insulating and can cause con-
tact problems if the ground surface layers of the crystal stacks are separated
by the thin insulating layer. The problem can be eliminated by some selective
plating and offsetting of the crystal stack elements. These polymer bonds
generally have low mechanical impedances.

Glass slide samples were first bonded together using the lens bond resin
under pressure at room temperature. The bonds adhered well and did not
separate when heated to 90 'C. The test samples were successfully separated
without damage using a decementing reagent. This lens bond was therefore
selected for use in our initial studies of the stacked crystal filter elements.

Metallic bonds have large characteristic mechanical impedances that
match the resonator impedances more closely. Bonds using expoxy and gold
films were used in our analytical studies of two and three stacked crystal filters.
In the past, indium was used as a metallic thermal compression bond. This
method suffered in that the entire bonding operation, i.e. plating and pressure-
bonding, had to be done in one pumpdown in a vacuum system using complicated
fixtures and manipulators. Since bonding is a major consideration in the SCF,

various procedures of thin metallic film Yonds were studied. Some of these
will be utilized in phase II of this program, which deals mainly with the fabrica -

tion of a variety of SCF representative models.

The bonding procedures include a wide variety of methods, including:
1. Cold-weld bonding of metallic films such as indium both
in air and in vacuum,

2. Elevated temperature bonding of metallic films in both
air and vacuum.

Room temperature non-indium metallic bond welding.

4, Ultrasonically welded layers using gold-aluminum
and ‘or other metallic layers.

5. Field-assisted bonding of layers at low temperatures.
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These metallic film techniques offer a well-matched bonding layer and some
of these methods will be utilized as a permanently fixed bond for use in the
Phase II study of experimental models of SCF's.

C. ELECTRODE CONSIDERATIONS

The characteristics of the electrodes, which have an effect on the elec-
trical properties of the quartz resonator plate, depend on the surface finish of
the plate, the electrode material, the geometry of the plate and the orientation
of the electrodes with respect to the quartz plate. The electrodes are also
affected by the size, shape, position and material properties of the connecting
leads and the characteristics of the filter mounting supports. For purposes of
orientation and rotation our electrode configurations were circular discs, with
tabs extending from the active electrode area as shown in Figure 4-1 (Com-
monly referred to as a keyhole geometry). The latter can serve to locate the
principal axis and act as a connector for external leads.

RESONATOR
DISK
ACTIVE
FLECTRODE
AREA
.. PRINCIPAL
CRYSTAL AXIS

Figure 4-1. Electrode Configuration.

D. EXPERIMENTAL RESULTS

In order to verify some of the computer calculated results of Section 3.0
some cultured quartz crystal blanks were obtained from the J.K. Miller Co.
These blanks were AT-cut with a 12 1/2 micron finish. Each blank was approxi-
mately 0.45" square and .011" thick. Gold electrodes of a keyhole design
approximately 400 mils in diameter were then deposited on each of the broad
faces of these crystals. A typical response curve for one of these electroded
resonators is shown in Figure 4-2. This response curve was obtained by con-
necting the resonator in series with the input and output terminals of a 50 ohm
H.P. Network Analyzer. The trace in 4-2a shows the plate response from 0 to
10 megahertz and indicates that the resonator is free of interfering modes in
this region. Figure 4-2b shows a blown up version of the main plate response
at the expected 6 MHz frequency, based on the velocity of AT-cut quartz and
the plate thickness, and again exhibits a reasonably clean response.
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Two of these electroded plates were then bonded together with the crystall-
graphic axes or actual plate axes lined up. For this experiment a lens bond ]
from Summers Laboratories, Inc. of Port Washington, Pennsylvania was used.
This bonding material is a synthetic polyester adhesive that has worked well
for applying transducers to acousto-optic delay lines. Using this bonding |
material and a pressure of approximately 80 lbs /sq inch,good adhering bonds 5
with thicknesses in the order of 0.05 mils were achieved.

Figure 4-3 shows the Network Analyzer curves of this two-element stack
of AT-cut quartz plates with zero degrees relative rotation between the plates
of the stack. These traces were obtained by connecting the electrical terminals &
of one plate in the stack to the input terminals of the Network Analyzer and the ¢
electrical terminals of the other plate to the output terminals. Based on cal-
culations of the clamped capacitances of the plates, the best termination im-
pedance for these plates at 6 MHz is approximately 2000 ohms. However, the
traces shown were measured in a 50 ohm circuit with no attempt at impedance
matching.

Figure 4-3a shows the response from 0 to 110 MHz. The major peaks
on this trace are the overtone responses of a single plate in the stack at 6, 18,
30, 42, and 54 MHz. However, the first peak visible on the trace is the funda-
mental response of the two-element stack. As discussed in conjunction with
Figure 2-4 a stack of twe crystals in intimate (welded) contact, each of which
has a fundamental resonance at 6 MHz should display stack resonances at 3, 6
and 9 MHz.

Figure 4-3b shows an expanded view of the response of this stack from
0 to 40 MHz: Figure 4-3c shows a further expansion and covers only the range
from 9 to 10 MHz.

It is obvious from this last curve that the stack bond departs from the
ideal welded bond used in the computer simulation. Even allowing for the im-
pedance mismatch between the optimum stack impedance and the 50 ohm
measuring circuit impedance, it is obvious that the bond is not functioning well
when it is located at a high stress point such as that required for resonances
at half-wavelength and three-halves wavelength of the full stack. The two small
responses visible in Figure 4-3c correspond to these resonances. The larger
response is for the full stack, when it is wavelength thick. A comparison of
this full wavelength resonance with the computer-generaéted response (Figure 3-48)
for a two-element stack of AT -cut quartz plates, with 0~ rotation between
plates, shows that the measured response exhibits the predicted clean resonance.

This two-element stack was then disassembled. As stated earlier the
ability of a lens bond to be dissolved with a heated solution of lens bond dece-
menting fluid is an advantage in this type of investigation. The same set of
stacked crystal elements can be used repeatedly ! o study the effect of plate
rotation on the frequency response without introducing effects due to different
crystals.
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The two elements were then reassembled with a relative plate rotation
of approximately 45°. Figure 4-4 shows the H.P. Network Analyzer response
of this configuration in a 50 ohm system about the full wavelength resonant
frequency of the stack. Each horizontal scale division on this trace represents
approximately 0.3 MHz and the left peak is centered at approximately 6 MHz.

Figure 4-4. 2-Stack AT-Cut Crystals 45° Rotation.

The theoretical result for this case is shown in Figure 3-50. Scaling
the frequencies shown there, from the assumed 10 MHz single-plate resonance
to the 6 MHz used in the experimental crystals, places the first peak at 6 MHz,
the center peak at 6.36 MHz and the right peak at 6.72 MHz in Figure 3-50.
Comparison of this theoretical response with the experimental response of
Figure 4-4, reveals » visible dip and peak in the vicinity of 6.36 MHz in the ex-
perimentally fabricated stacked response. The only responses visible in the
trace are those at 6, 6.8 and 7.8 MHz. The latter response corresponds to
the three-halves wavelength resonance of a filter stack and, again, shows that
a satisfactory welded bond has not been totally achieved.

Without having an opportunity to examine either the theoretical response
or the experimental configuration in detail, to conclusively establish whether
the discrepancy between results is due to a plate rotation discrepancy, a cal-
culation error, or a bond error, it is suggested that a better bond in the experi-
mental device would bring the results into closer agreement. However, it
might be necessary to include a lossy bond in the computer calculations to
achieve satisfactory agreement at this particular angle of relative plate rotation.

The last configuration examined in this preliminary attempt to obtain a
correlation between the experimental and theoretical results was a two-element
stack of AT-cut quartz plates with approximately 75° of relative plate rotation
between elements in the stack. The H.P. Network analyzer traces for this
configuration are shown in Figure 4-5. Again, no attempt was made at im-
pedance matching to the 2000 ohm impedance of the filter stack. Instead, the
curves were measured in a 50-ohm circuit.
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Figure 4-5a shows the response from 0 to 32 MHz of the stack. Again,
the overtone responses of the individual elements in the stack at 6, 18, and
30 MHz are the predominant responses with the half and three-halves wave-
length responses of the stack barely visible. The half and full-wavelength
responses of the stack are shown in Figure 4-5b trace. Here, again, the bond
is not functioning properly when located at a high stress point. The double-
humped nature of the 6 MHz response is also visible here. Figure 4-5c¢ shows
two expansions of this 6 MHz response. Both of these are centered at approxi-
mately 6.3 MHz. The lower of these two traces has a horizontal scale of
approximately 1 MHz per division: the upper trace is about 0.3 MHz /division.

A comparison of these curves with Figure 3-51, for a computer response
of a welded two-element stack of AT-cut quartz plates at 75° of relative rota-
tion, shows excellent agreement in the response curve shapes. When the fre-
quency scale shown in Figure 3-51 is multiplied by 0.6, the factor required
to scale the frequency to the experimental filter frequency, there is almost
complete agreement between this curve and the experimental curve over the
frequency interval plotted in Figure 3-51. The two curves exhibit almost
identical shapes with the dips and peaks at approximately the same frequencies.
The major discrepancy is that the relative loss between peaks and valleys on
the experimental curve is approximately one-half that predicted theoretically.
This discrepancy is most likely due to the impedance mismatch of the experi-
mental circuit.

This preliminary experimental investigation has demonstrated that there
is a close correlation between the computer-generated response curves and the
actual response curves. This means that it is realistic to use the simulation
procedure to search for element configurations that exhibit the best response
characteristics and, then, to fabricate only the most desirable configurations.
It has been stressed throughout this section that the present experimental
elements using lens bond to bond the elements together lack coupling of the half
and three-halves wavelength resonances of the stack, and this condition must
be equated to a poor bond. In actual practice, if a low-loss bond at the full
wavelength resonance of a two-element stack is achieved, the lack of the other
resonances would be immaterial and even desirable.

E. PROGRAM SIGNIFICANCE

The combined analytical results and preliminary experimental data ob-
tained during Phase I of this program indicate that multimode crystal filters
can be utilized in an effective manner to sha(pe filter response characteristics.
Together with recent advances in packaging 6)(7), the SCF (which is compatible
with integrated circuits) can yield a reasonably rugged device capable of
achieving filter responses that cannot be achieved with single-plate crystal
resonators. Whereas the various filter types, such as the single plate, mono-
lithic and SAW devices, utilize a single orientation or cut for the crystal
response, the SCF offers the advantage of a wide variety of crystal plates
bonded together mechanically, so that both piezoelectric and mechanical effects
can be used to achieve a great multitude of desired frequency responses.

The two-port SCF offers a wider bandwidth potential than other types of
bulk -mode filters . SCF plates of different materials and unequal thicknesses
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also offer narrowband filters. One main advantage of the stacked crystal
filter should be in applications requiring a minimum of modulation and distortion
effects for moderate-to-high signal levels. Nonlinear effects in front-end
and output filtering can cause major problems in proximity to transmitters
operating in adjacent bands. The SCF bulk-wave device with its high power-
handling capability, greater selectivity and small size employs bulk acoustic
waves and should have low nonlinear effects, thereby preserving frequency
stability. Many types of filter responses are also required for frequency divi-
sion multiplex systems. The SCF has the wide flexibility to deliver many dif-
ferent types of filter topologies that are useful in these and other frequency-
control systems.
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5. SUGGESTIONS FOR FURTHER WORK

With any work encompassing the number of independent variables em-
ployed in this project it is almost impossible to examine all cases. Hence the
obvious recommendation is that the programs written during the nine month
course of this project be exercised more fully. A catalog of results, for con-
siderably more cases than time permitted examination of during the course of
this contract, should be developed.

There is also no claim that the programs as presently listed in this
report are in the best possible format. As written they are convenient for
operating in a time sharing mode of operation where a limited number of com-
plete changes in input data are to be carried out. In this mode of opera-
tion a few changes in input data can be conveniently carried out on-line, and
the results of these changes are available almost instantaneously. For more
extensive changes in data offdine preparation of an input data paper tape was
employed.

This input data procedure probably should be changed to one employing
Namelist and Data Statements. While the time-sharing programs presented
here are convenient for the rapid examination of program changes the quality
of the resulting graphs produced as output are poor. For better documentation
of the results batch versions of these time-sharing programs should be developed
so that the higher quality result obtainable with plotting routines like CalComp
could be obtained.

In conjunction with this conversion to batch programs the use of Name-
list and Data statements would also allow for the development of program object
decks,so that it would not be necessary to compile the programs each time
before execution of each case. This would result in some saving on computer
costs if a large number of cases were to be examined.

Even with the programs as they now stand the special cases that result
in programming difficulties or aborts should be examined more closely than
was possible within the time framework of the project. The easiest way to
discover these difficulties is to exercise the programs with various combination
of variables until an unexpected result is encountered. The equations are then
examined to determine the source of the difficulty and the appropriate course
of action taken. With problems of the degree of complexity inherent in the
multimode stacked filters it is almost impossible to determine in advance what
these special cases are without encountering them.

A more thorough experimental confirmation of multimode stacked filter
theoretical results should also be carried out than was possible within the
time limits of the present project.




So far, most of the suggestions made have dealt with matters pertaining
to the programs as they were presented in the present report. Extensions to
these programs should also be carried out.

The first of these is accounting for bonding layers between the plates in
the multimode stack. As pointed out earlier, it is the authors' opinion that the
appropriate time to incorporate bonds in the calculations is after fully opera-
tional thin bond cases have been obtained. Conceptually, the addition of bonds
is relatively simple. Figure 5-1 shows the appropriate equivalent circuit of a
lossy bond. In this equivalent circuit the parameters of the bond will depend on
the type of wave propagating through the bond (shear waves and longitudinal
waves will in general behave differently). Figure 5-1 also shows the Impedance
Equations appropriate to this equivalent circuit along with the Transmission
Equations of the bond. These latter equations are probably more appropriate
for the inclusion of bonds in the multimode filter stack. Figure 5-2 shows the
MODE2 problem of Figure 3-26 with a bond layer inserted between the plates
in equivalent circuit form. Table 5-1 carries out the procedure required in
this case for a determination of the output currents of the left plates in terms
of the input current. Once this determination has been made these currents
are then followed back through the equivalent circuit in a manner similar to
that shown in Table 3-16 to obtain the comparable MODE2 solution with a bond
layer.

The present programs are also limited to stacks of two multimode plates.
While this is probably the most commonly employed configuration of stacked
filters, it does not allow for an examination of the full potential of multimode
stacked filters. Further work should, therefore, involve extending the multi-
mode stack to a larger number of elements. [t is again the authors' opinion
that if this is to be carried out it should be done in terms of the augmented
equivalent circuit of a TETM plate as shown in Figure 5-3. The use of this aug-
mented circuit will allow for considerable flexibility in how the electrical input
and output terminals in the stack are formed in relation to the electrical ter-
minals of each plate in the stack. The augmented impedance matrix of this
equivalent circuit is easily obtained from the impedance matrix for the actual
plate coordinates shown in Figures 3-19 and 3-20, as shown in Figure 5-4.

It is also the authors' opinion that the problem of a multimode stack of
more than two elements should be carried out in terms of the transmission
matrix for this augmented plate. Table 5-2 shows schematically how this con-
version of the augmented impedance matrix to the augmented transmission ma -
trix can be carried out in terms of the submatrices of Figures 5-4. Figure 5-5
shows again schematically the transmission matrix associated with the aug-
mented plate equivalent circuit of Figure 5-3. In this approach the stack of
filter elements is built up and then the appropriate boundary conditions are
applied.

5-2




Z

tanh I'( OBt%nh)FQB/Z

: Z :
U OB™(z,) B/2 2 U
S -0 0 CERREEE Tt 1
- ZOB/smh FfB : 4
1 (Zz) ) .
o 0 s
< SRS R
ZOB‘ApcB 0= cq (1+2Q)
a) Equivalent Circuit of a Lossy Bond.
where w is the angular frequency
ZOB is the characteristic impedance of the bond

T is the bond complex propagation constant

( B is the bond thickness

A is the cross sectional area of the bond
p is the density of the bond material

c.. is the velocity of propagation in the bond material

B
Q is the mechanical Q of the bond

b) The Bond Impedance Equations
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Figure 5-1. Equivalent Circuit of Bond.
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c) The Bond Transmission Equations
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Figure 5-1. (Cont'd).
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TABLE 5-1.

From Figure 5.1

‘ ZBl11

1B~ |ZBI,

\'

A

3 . ZB211
21B 12

e
21B ~ 1213212

PROCEDURE FOR ADDING BONDS TO M@DE2 SOLUTION

} Vizg -

ety Van
1B = |ZBI, | '12B
=_2‘—ZB } Vasg -

} Voap -

2 2
(ZzB1,,)" - (ZB1,,) ll
ZBI,, 12B
ZBIH} :
ZBl,, | '12B
2 2
(zB2,))° - (2B2,) ’ I
ZB2 , 22B
ZB2

—_—
25212} 22B

From Mode 2 solution Table 3-16

V,p = ZRETR,, 1. + ZRETR , T,
Vo = ZRETRy, I - + ZRETR, I,
From Figure 5.2
Vigs = Vit Liog = IiT
Voop = Var Ioop = ot
2 2
ZB1 (zB1,.)? - (ZB1,.)
¥ { 11 ’ el 11 12 } :
1B~ | ZBT,, Sl 7B, 1T
: ZB1,
i (o] Vir+ |zr
1B~ |ZBI,, Lir
ZB2, (zxszu)2 - (ZB2,,)
v Vo = 1
21B ' 2T ‘ 7B, } 2T
on® low Vi aeit] 3
21B~ |\ZB2.. o * |ZB2.. 2T
12 12
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TABLE 5-1. (CONT'D).

ZB1 (zB1..)? - (zB1,.)?
Vi, = 11) ZRETR,. + 11 12 I
1B = \\ZBT.- 1 ZB1 1T

12 12
ZBl
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ZB2,,
V1B 787, ZRETR,, ¢ Lip

ZB2, | 2 (znzu)2 5 (ZBZ12)2
* Y\zet,, ZRETR,, + 782 Ior

12
ZRETR ZRETR,, + ZB2

R 1 22 1|

21B © | TZBZ, [ 1T ZB2 , 2T

Vs=ViiB I3=-Ij1p
V4 =Vain Iy = Ihp
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o 11 U
3" ZBI 1T
(ZB1;) ZRETRy, :
i ZB1,, I -
ZRETR,, + ZB1,, ZRETR
sl Tk 121 4
3 zm —ZBI;, | T
i ‘(ZBZH) ZRETR,, }1
4 ZBZ,, 1T

2
‘(ZBZH) ZRETR22 + (ZBle) - (ZB2

12) ; .
ZBTZIZ 2T
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TABLE 5-1. (CONT'D).

e 21 ey 55
4 ZB2,, l ZBZ , 2T

ZRETR ‘ ZRETR, ., + ZB2
LT

These can be solved for I and I in terms of 13 and I

1T 2T 4

(ZB1,,) (ZRETR,, + ZB2,,)
I -—
1T (ZRETR,,) (ZRETR,) - (ZRETR,, + ZB1,,) (ZRETR,, + ZBZ, I3
(zB2,,) (ZRETR,Z)
(ZRETR,,) (ZRETR,,) - (ZRETR11 +ZB1 ) (ZRETR,, +ZB2,)
(ZB1,,) ZRETR,,
") (ZRETR,) (ZRETR, ) - (ZRETR,; + ZB1 ) (ZRETR,, + ZB2 ;)
(ZB2,,) (ZRETR,, + ZB1,,) l ,
(ZRETR,) (ZRETR,,|) - (ZRETR_; + ZB1) (ZRETR, + Zlel)l 4

I BE.. I, - BE

1T~ 113 12 14

IZT - -BFZ1 I3 + BF22 I4

[BFH [(zB1,) (ZRETR, ) + (zB1, ) - (213112)1 BF,, (ZB1,,) (ZRETRIZ)J

V ——
3 ZBT , 3
2 2
y {BFzz (ZB1,,) (ZRETR ,) - BF,, |(ZB1},) ZRETR,, + (ZB1,))° - (ZB1 ,) J 7 :
ZBT , |
" 2 3
n BF,, (ZB2,,) (ZRETR,,) - BF,, | (2BZ,,) (ZRETR,,) + (ZB2,,)" - (ZB2,) } I
4" 7B2 3
12 d
2 ; 2 S ho oo
. BF,, l(ZBZH)(ZRETRzz)+(ZB211) - (zB2,,) ]-131»*12 (ZB2,,) (ZRETR,,) ;
ZB2 4
12 J i
but from Mode 2 solution Table 3-16
Vg = ZLT ; Iy + ZLT 4 Ly
Vy = ZLTy I, + ZLTya Lo

Solution then follows along the same pattern as shown for Mode 2 with addi-
tional steps involved.
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Figure 5-3. Augmented Equivalent Circuit of a TETM Plate.
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but IA = I,7 +
Vv, =V,

Therefore the Augmented Matrix for Figure 5.3 is

211

219

13

15

16

17

15

rians e [

219 %13 %214 %15 216 217
22 223 215 %25 Z96 Za7
23 233 216 %26 236 Z37

2 Zl6 1212213 %17

Za5 296 212 222 223 Za7

6 426 236 13 223 Z33 Z3q

7 227 237 Z17 27 237 Zq7 |

Iy

= V8

Z \Z

| i
Zag Zzalzw Zg5 Z 26! Zom %an

“93 33|ZIG 26 36 ZaqlZ3q

|
215 216,211 212 213,210 %1

|
Z9s5 26}212 22 223' 27 Zoq

Zog 36'Z 23 33'Zs7l 37

Zoq 37'217 97 ZamZarZaq

NN

N

Ligr Lipr i Livp oL

| e
12 2131214 215 2461 17:217

Zoq Z37\%17 221 Z3n\Z97 %1

—_—

For later use subdivide as shown above

Figure 5-4. Augmented Impedance Matrix of Augmented

Equivalent Circuit.




TABLE 5-2. CONVERSION OF AUGMENTED IMPEDANCE MATRIX TO
AUGMENTED TRANSMISSION MATRIX

Define the subdivisions in Figure 5.4 as shown

e o
Vmr = |V VMo = | Vs Vgl  Vgo=[Vg]
¥, ] L% |
b '14 |
I = [l o = |5 | Igr = [Ip]  Igg = (1]
I3 RES
211212 %43 Z14 215 Z16
Zyr = | 212 a2 23 “wp = | 215 %5 Zzs
LZ13 233 233 Z16 226 Z36
217
Zyp= |Z27 | Zgr=1Zgq)  Zyg = (%50 %g Z3q]
Z37
In these terms the augmented Impedance Matrix of Figure 5.4 is
[ ' | 3 =
W [ vy | EM_I_'_.ZMTE-.ZM.E_ mE [M_I.J
i ) _Z_MI_:_?MLJ-.Z_M.E.'._?ME_ | Imo]
@ Vg ZyE! PuE} e %61 | | T
@ [ Veo | | Zve! ZmE! Zer o Zen 4 Ueo]
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TABLE 5-2. (CONT'D).

Solve this set of four equations using algebraic matrix techniques for
VMI, Imp, VEI and Igg in terms of Vo, Imo, VEO.and Igg

From 2
B Lzl v owle 5 gl g g gl g g
MI MT MO MT MI MO MT "ME 'EI MT "ME EO
Substitute 5 into 4

T -1

v. =z gzt g tzX gl gl o 4

EO = “ME “MT ‘MO © ““ME ~ “ME “MT “MI' ‘MO
+{Zpy Z;E T B g B - T ZI:/llT Zye) Teo
B R ek s
G Zl;/llT ZME)_I @ ZI;/IIT) VMo
gy P A B - T e 2
“Igo

Substitute 6 into 5

T -1 e iy -1
Zve 2yt ZvMe)  CME ZMT)+ZMT}VMO

2 ME "MT ME

o
(Zyrr Zue) Zgr -

CF - Tyge {

-1 1 -1 T T Z-l Z. )

1
+ {(ZMT Zye) Zgr - Zyve Zur Zme) Pme T ZME ZmT v

-1
Zmr ZMmr } Tmo

Lo gt o iy

-1
. {(ZMT Zue) g1 - Zme Zur Zve)  Veo

Substitute 6 and 7 into 1

=1 T el d T ol 1
* 2 =
(8) Vo | Zygy { (ZMT ZME) (Zg| “ZyEe ZuT A Zyg Zyr’ Zyr
T -1 Al R
“Zye g1 7 Zyme Zur ZmE) Pme ZmT)) VMo

1 ;R 1,.T T -1
1 2y %(ZMT Zur) Zgr - Z2ue Zmt ZmE)  PMmE C ZME ZmT ZMP

-1
-~ Zyur ZMI}
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TABLE 5-2. (CONT'D).

L zI 7l 7 yl(g

T
Mt " 2mE (21 - Zue ZymT ZMmE

ME ~ ZME Zm1 ZmP! Tmo

+ | Zyyp iy - Zyge Zo Zye) " - 2y {(ZMT ZyE)
iy = By Zope B ] VEO
Substituting 6 and 7 into 3
O V-l {(Zl:/[l'r By By - Zl;/IIT ) (Zyg Zogp) * ZIIIIIT
< By By - Ty Zo ZME)-I (B Zl;'IlT)J VMo

“ | Zyg {(ZMT 2N, s T B ) B~ o Tagy Zyy
1;411" Zo b B - By a2 ZI;/IIT ZME)-I
s~ B “ps gl Mo
+ | B iy = B B 2 ) S Fagy Zyg)
P .

(B @ Bs B B} | W

EI ME MT "ME EO

6, 7, 8 and 9 are the desired transmission matrix equations.
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Figure 5-5. Transmission Matrix of the Augmented Plate
Circuit of Figure 5-3.
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Figure 5-5. (Cont'd)
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