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20. ABSTRACT (continued)

This report is concerned with Phase I of this overall Multi Mode Stacked Crystal
Filter Program : The detailed requirements of this phase were to consider:

a. Number of crystal plates in the stack. Emphasis is placed on two— and
three—plate stacks, exclusive of bonding or coupling layers, relative thicknesses
of the pla tes , and bonds or coupling layers.

b. Materials comprising each crystal plate, bond, or coupling layer.
Emphasis is placed on quartz and highly piezoelectric materials , such as lithium
niobate. The material parameters used in all of the stacked filter programs are
arbitrary ; however , most results are illustrated using the material parameters
of AT—cut quartz or are illustrated using the material parameters of AT—cut
quar tz or mul tiples of them. Results for berlinite are included (Section 2).

c. Number of thickness modes coupled piezoelectrically, in a given plate,
to the electrode system. Number of thickness modes, coup led mechanically at the
interfaces, for achieving the filter response. Emphasis is placed on one— and
two—shea r or quasi—shear modes.

d. ç~ys tallographic orientation of each plate. Emphasis is placed on
rotated Y—cuts of quartz and lithium niobate and relative rotation , about the
common thickness axis , of the v~rious plates with respect to each other.

e. Bonding materials for attaching resonator plates together. Techniques
for accomplishing bonding so that~. welded interface boundary conditions are
approached as closely as possible , and effects of finite thickness of bonds and
bond viscosity are considered.

Bond e f f e c ts f or the sing le mode case are illustrated (Section 2) for bonds of
var ious th icknesses and size rela tive to the cry stal plate sizes. The effects
of bond viscosity (Q) are also illustrated.

1. Various electroding arra~ g ~nts and interconnections between layers.
Time did not permit an evaluation of this aspect of the stacked filter. When
dealing with two plates, only a 180 degree phase reversal between the input and
output electrodes of the stack is possible. An augmentation of the actual plate
coordinate equivalent circuit (Section 3) is discussed in Section 5. This is
appropriate to this prublein a~td allows for arbitrary electrical interconnections
between plate electrodes of the plates In a stack of more than two elements.

While additional design criteria would he desirable , mos t of the spec i f ic
requirements of Phase I of this Multi Mode stacked crystal filter program have
been accomplished.
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1. INTRODUCTION

This report describes work on Multi Mode Filters performed from June 1,
1976 to February 28 , 1977 under Contract No . DAABO7 -76-C-1337.

The objective of this progra m is to develop design criteria and establish
tradeoffs for the transduction of acoustic bulk waves in crysta l stacks , for use
in filtering applications . A primary goal of the progra m is to explore methods
of obtaining miniature low -loss acoustic filters using interactions among the
three modes in each crystal layer , which depend on the thickness coordinate .

This report is concerned with Phase I of this overall Multi Mod e Stacked
Crystal Filter Program: the detailed requirements of this phase were to con -
sider:

1. Number of c~~ stal plates in the stack. Emphasis is placed on two
and three-plate stacks , exclusive of bonding or coupling layers ,
relative thicknesses of the plates , and bonds or coupling layers .

The MODE programs (Section 3) handle only two pla t.es in a
stack with intimate contact between the plates . These plates are
allowed independent thicknesses and material properties . The
single mode programs (Section 2 )  allow for two and three plates
in the stacked crystal filter , with bonds between the layers .
These programs assume that the plates are made of identical
material but are allowed to be of different thicknesses . The
bonds in these single mode programs are all assumed to be
identical in a single stack .

Possible procedures for including arbitrary bonds in the
MODE programs and for including additional plates in the stacks
of these programs are also described (Section 5) .

2. Materials comprising each crysta~ p,late, bond, or coup~~ g layer.
Empha s.is is placed on quartz and highly piezoelectric materials ,
such as l i thium niobate . The material parameters used in all of
the stacked fil ter programs are arb it rary ~ however , most results
are illustrated using the material pa rameters of AT-cut  quartz or
multiples of t h e m .  Results for  ber l inite are included (Section 2) .

3. Numbe r of thicknes.s modes coupled_piezoelectricalIy~~~~~~giy q~~
p~~~e~ to the electrode sys~~p~~_ Number  of_thickne~~~~~ode ç2up~~d
mechan Lly a  the inter faces ,jor achieving the fi l ter r~~ponse .
Emphasis is placed on one - and two-shear or quasi-shear modes .
The various MODE programs (Sect ion 3) allow for f rom one to three
p iezoclec trua l ly  coupled modes in each plate . This numbe r can vary
between plates in a sLick . These programs  also allow for  f rom one
to three n iech anical lv coupled modes at the bounda ries of the plates

1 — 1
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4. Crystallographic orientation of each plate. Emphasis is placed on
rotated Y-cuts of quartz and lithium nioba te and relative rotation ,
about the common thickness axis , of the various plates with respect
to each other .

The programs CHØT , SYMEIG and VCØUP (Section 3) allow for
calculation of the required input parameters for the MØDE pro grams
using any arbitrary orientation of the plates with respect to the
standard X , Y , Z axes . Operation of these programs is illustrated
for AT -cut , which is a rotated Y-cut  of quartz . The MØDE2 and
MODE 3 programs allow for an arbitrary angle of rotation about the
common thickness axis between the plates in the stack.

5. Bonding Materials for attaching resonator plates together. Techniques
for accomplishing bonding so that welded interface boundary conditions
are approached as closely as possible , and effects of finite thickness
of bonds and bond viscosity are considered .

Bond effects for the single mode case are illustrated (Section 2 )
for bonds of various thicknesses and size relative to the crystal
plate sizes . The effects of bond viscosity (Q) are also illustrated .

Techniques for including bonds in the MØDE programs are also
discussed (Section 5) .

Information relative to bonding materials and techniques for
accomplishing bonding is described (Section 4) .

6. Various electroding arrangements,  and interconnections between
layers. Time did not permit an evaluation of this aspect of the
stacked fi l ter .  When dealing with two plates only a 1800 phase re-
versal between the input and output electrodes of the stack is pos -
sible . An augmentation of the actual plate coordinate equivalent
circuit  (Section 3) is discussed in Section 5. This is appropriate to
this problem and allows for arbi trary electrical interconnections
between plate electrodes of the plates in a stack of more than two
elements .

While additional design criteria would be desirable it appears that most of
the specific requirements of Phase I of this Multi Mode stacked crystal  fi l ter
progra m have been accomplished .
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2. SINGLE MODE BOND STUDIES

In this section Mason ’s equivalent circuit for piezoelectric transducers
wit h constant flux density (in-lin e field model) is used to investigate the effects
of bond parameters on multimod e stacked filters . This model is shown in
Figure 2.1. This same circuit can also be used to represent the bond between
elements in the stack by eliminating the electromechanical transformer and
associated electrical input network.

Z~ TANh r8/2 z 0 TANh re /2 
~~~~~~~~~~~~

0— ~~~~
+ •1-

Fl 
z o

srNh r?
I. —0- lU -nL

~~~~~ 

F2

Figure 2. 1. Mason ’s Equivalent Circuit of Single Mode Transducer
with Constant Flux Density D (In -Line Field Model).

A.  TWO-CRYSTA L SINGLE MODE FILTERS

Mason ’s equivalent circuit for piezoelectric transducers can be used
to devise an equivalent electrical circuit that represents bonded crystals
operating in a single shear mode . An equivalent circuit for two bonded crystals
of the same dimensions is given in Figure 2 .2 .  The imped ances are found
from Mason ’s equivalent circuit to be

Z l = ZOT smh (r T ~~~ 
2. 1

= ZOT / tanh (r T ~T~
”2

~ 
2. 2

Z3• = zOB~tanh (r B ~B 2
~ 

2 .3

2-1
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Figure 2.2. Two Bonded Identical Crystals .

Z4 = ‘7 si nh (r’B ~~~ 
2.4

where 7 ~-. and ZOB, rB, ~ B are the characteristic impedance ,
c upagat ion constant , and thickness for the transducer and

specti vely .
C0 and n are clamped capacitance and electromechanical transformer
turns ratio for the transducers.

The complex propagation constant , r , is given by

r=  ~ ( 1 + ~~~ ) ,  2 .5

where w is the angular frequency,

c is the velocity of propa gation , and
Q is the mechanical Q of the material .

The capac itance C0 and electromechanical transformer turns ratio n are given by

C0 = e 5A/ Q 6 T (1 - k 2 ) A /  2 .6

n = k ..1 2f C Z , 2 . 7
~ o o OT

wher e €~~-is the dielectric constant for the t ransducer crystal
k is the coefficien t of electromechanical coupling

2-2 
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A is the transducer active area
f is the transducer thickness

f is the fundamental resonant frequency , and
0

ZOT is the transducer impedance

The transducer crystal thickness , Q , is chosen to be one-half wavelengt h at the
frequency of mechanical resonance and electrical antiresonance , f 0

f = c / 2f ~ 2.8

The impedance , Z0, of an arbitrary transducer or bond material is given by

Z0 = A pc , 2.9

where A is the cross-sectional area ,
p is the material density and
c is the velocity of propagat ion in the material .

Note that from the Mason ’s equivalent circuit of Figure 2. 1, the free faces of
the crystals are assumed to have zero force . Hence , the terminals repre-
senting the free faces are connected to ground in the equivalent circuit . It is
convenient to reduc e the equivalent circuit of Figure 2 . 1 to the equivalent form
shown in Figure 2.3 to avoid dealing with the simultaneous occurrence of poles
in the branch impedance functions at resonance. The modified impedances
are:

= 2Z0,~,/tanh (rT ~~~~~ 
2.10

Z~ ’ = 2Zo,~, tanh (rT ~~~~~ 
2. 11

A FØRTRAN computer program , MMPLOT , was written for two bonded
crystal of arbitrary dimensions , and material types using the equivalent circuit

0 
1~2n 

Z :3 2n:1I , .  ~ —M~

j C
o iF~~~~~~ 

-
~~ 

_ _ _ _ _ _ _

Figure 2.3 . Equivalent Circuit of Two Bonded
Identical Crystals.
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form of Figure 2. 3. A listing of MMPLOT is shown in Table 2. 1 along with
an equivalent circuit indicating the nomenclature employed .

A multimod e filter , consisting of two epoxy bonded identical AT-cut
quart z crystals operating in the pure thickness shear modes , was analyzed .

For AT cut quartz the material constant s are

p = 2.65 x ~~~ kg,/m3

c=3.32 x 103 m ’s

Q ~ 10000

= 4.58
k = 0. 088

For a general epoxy bonding materia l the constants are:

p = 1 . 7X 1 0 3 kg -m 3

c = 2 . 8 4 8 X 103 m~s
Q~~ 10

The crystals are one-half wavelengt h thick at 10 MHz. Electrical mismatch
loss (power input to the crystal stack compared to the maximum available
power) and Power out/Power in versus frequency are plotted in Figures 2.4
and 2.5, respectively,  over the range of 1 -50 MHz assuming a .01 mil thick
epoxy bond and 50 ohm generator and load impedances . The mismatch curve
of Figure 2 .4 approaches the type of response expected for two crystals in in-
timate contact with zero bond thickness. The resonances at 5, 10 and 15 MHz
correspond to the 1st, 2nd and 3rd harmonics, where the two-crystal thickness

cor responds to one-half wavelength. A null occurs at 20 MHz , where bot h
crystals are one wavelength thick.

An expanded view of the mismatch response at 5 MHz is given in Figure
2 .6. The percent bandwidth is very small at .043’~ when using 50 ohm termi-
nations . The bandwidth is increased to . 34’ by matching the f i l ter  wi th 1600
ohm term inat ions .

Since the mechanical Q’s of most bond materials are virtuall y unknown ,
mismatch loss versus frequency was plotted in Figure 2.7 for assumed epoxy
bond Q’s of 10, 100 and 1000. The higher Q decreases the bandwidth and gives
highe r mismatch loss. Inaccurat e values of Q will  not have much effect in the
range 100 to 1000 and higher , but accurat e values of Q for low Q materials are
important .

B. BOND PARAMETERS

The bond material , bond thickness , and bond area relative to the trans-
duce r active area are the important parameters for controlling the 3 dB band-
width , inse rtion loss *. and passhand ripple of th e bonded crystal f i l ter .

Insertion loss includes mi smatch loss plus the losses in the bond and crystals .  

-—-5--- - _ - -_ _ - ~~~~~ ~~~—5- -”--”--— -—_
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TABLE 2.1

A. EQUIVALENT CIRCUIT FOR TWO BONDED QUARTZ CRYSTALS OF
ARBITRARY DIMENSIONS AND BOND MATERIA L TYPE (SINGLE THICK-
NESS SHEAR MODES)

— CRYSTAL BOND CRYSTA L
I I

1600 ~ I —C 02 l :2n Z
12 

j Z 3 I Z 11 2n 1 —C 01

f~~~~+C0
~~ [ 2 2 1 Z 4 : 1 C ~~~~

0h b6

~
0

z il 
= 2zOT~

/tanh (r T~~ Tl /2)

Z21 = ~~~~ tanh (rT f T1”2
~

Z 12 = 2Z0,1j tanh (rT ~T2~
2
~

= 2Zorr tanh (rT 
Q T2 ”2~

Z3 
= ZOB tanh (rB ~~~~~

Z4 = ZOB /srnh (FB 2 B)

The 1600-ohm load and generator impedances were chosen to maximize the
bandwidth when using the AT-cut quartz transducers.

2-5
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TABLE 2.1 (C0N’r’D)

~~• COMPUTER PROGRAM , MMPLOT

1 u$Z IDENT Z 86 S4 00—276— 1 265 ,ALK EP—3 13D
20$:LIMITS s 10 ,, , 5000
3’J $ : pT1 NzFORT~ Aj~
40$ ZFOPTYZNLNO , NFO1’~M5 D $ :L I M I T S :0 3 , 26K
OU$~~ EMOTEz$$,E1
70$: REMOTE ZP* ,E I
~s0 PARAMETEH NP’fS=1000,NPLTS= 1
90 COMPLEX E,AMP ,EO ,EG
100 COMPLEX Z H ,Z 2 1  ,Z 12 ,Z22 ,Z3 ,L4 , ZC I  ,ZU2 ,ZI
1 10  COM PL E X GT l ,GT2,(JB ,Jt~2120 COMPLEX S I N H ,T A N HX
LiO i)1MENSIoi~ Kl (NPLTS

),P~~Is (I 0u0),~~ILo~~(IOO0)
140 D I M E N S I O N  IX ( 10) , 1 ~‘(  1 0) , I N  I D )  , I iU F (  1 000 )

I DO Ci-iA~ ACTER l)A*1 (~~PLTS ) 
/ 1~ x~~~/

160 DATA IY (1) ,IY (2)/I 9,1 9II1L ~SE~~fIoN LO3S (Db)/
110 DATA IX ( I ) ,IX ( 2)/15 , I~~ 1ER E QU~~ CY (KrIZ)/
I u O  UAI\ ID (l) ,1D(2)/23,2311AL KACrlELMYr~~ EP—3 1 35/

P1=3 .1415 9

~‘INOi-1=d.
XIoc l i=’o .

~ J~) b 0 1 . F7

~3I I )[) I
1 1 = 1 00

‘~ 53 12= 103

C- -~~~~

- ~ 502 I F( I N t ) . E Q .  I )U O  ‘1’~i “ j O  I
- ‘~0t )

‘S - f~~-c 4Ot )

- , 5-: ) I ( ) i ’ i ’I , ~~i J L
I - LOT= I

- = 0 .
i\- ~~:~-~= V 1 ~ I )x D/4 .

- ,  )C i ,.\ 3~))U(1:~ Coi’1~ ’1’A N I’S
- ~~ ) / 

• 
)
~l- l

- - )  C’~
’
~— i .  3~~1 -.~~

‘C - ) ,;UT-- A ~ ,t~*(’f~ U’J’
I I 0 )- 50.

-
~ 

(
~~0 J - ,  F A .4 r 5

“
‘C ( , - j  • C .,~5

‘u S J :, .’’
~ 1 0 1 I , I~~, I 00(~— L ~ A l

’ I :~A 1 10
I I ~ ( ~A ii u i. 7 0 ) ) )  o\ ~ IO=~ 0.
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TABLE 2.1 (CONT ‘D)

40’)C BONI ) TH I CKNESS
4 10  0( 5 5 ~4=rfl ,N2
42~ ;3L=FL OA T ( N ) *2  .54E 6

C A P A CI I AN CE  CO
4 ~~ ) EP =4.5d*~3 .85E—1 2
4’ 10 C0 l=EP * ( l  .—XK *X tc)*AREAfTL I

C02= EP *( I .—XK *XK ) *A 1-~EA/TL 2
- ;  I~ ’C C O U P L I N U  C O E F F I C I E N T  P H I

I =XK * ~OR T ( 2 . *F0 *C0I *Z UT )
~~~‘~X;.’~SUHT

( 2 .*Fo*C02*ZOT)
I I  )C0 1 ,C02,PHI  ,PH 2

b ic I I  ~~ i~i~A 1 ( ,3X i l i C0I f , E I 2 . 4 , hl C02= ’, E 12 .4 , ’ PH I= ”,F9.5 ,
&“ P1 12= ” , FO .b)

~ i I = 2 .~~Pl I I

‘5 1~~~’Q° 5O0
I ~- E =  I 02u(X)

C - -
~~~, I -

L, 00l’ ‘i’ i~?~I FC -?E OUE N C ’(
- , I 1:: fl” S , IFE ,INC

‘C ‘:,[O=~ LuAT ( I )*J .E2
C , : )H A- ~ i’I oo CO,~ i’i’ANTS

~~~~ I*)-~?~iQ/C ’i’

-; A C - , , ‘ L .*O i )
A~ ~

-
~~~ i/( 2.

‘ ‘ - 0 I - r J i _S ~ C ’~P L X(A T ,l3T)/2 .
SC  I ; i ’,L~~~’L,~~;C 1 P L X (A ’1 , HT) / 2 .
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~~_
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k j \ 5 3 A (3 12 )

C I L K O ? L C 2 )
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For a gold bond the appropriate material constant s are:

p = 19,333 x ~~ k g - r n 3

c = 1.2 x 1O3 m s

Q ” ” . 100

(1) Bond Material and Thickness

Insertion loss versus frequency over the passband at 10 MHz for the two
crystal AT-cut quartz filter is plotted in Figures 2.8 and 2.9 using epoxy
and gold bonds , respectively , for a series of bond thicknesses from . 1 mu to
I mil in steps of .1 mil . The bond area to active transducer area ratio was
held constant at 1 ‘400. The generator and load impedances are 1600 ohms in
order to give a maximum bandwidth. Allowing 3 dB passband ripple , the epoxy
bond gives a .65% bandw idth while the gold bond gives a . 75% bandwidth. This
corresponds to a 15% increase in bandwidth due to the better impedance match
of the gold bond .

The family of curves clearly indicate the effect of bond thickness on the
fr equency response . As the bond thickness decreases , the crystals become
more coupl ed , thus separating the peaks and giving a larger passband ripple .

(2) Bond Area to Transducer Area Ratio

Insertion loss versus frequency over the passband at 10 MHz for the two
crystal AT-cut quart z filter is plotted in Figures 2.10 and 2.11 for a series
of bond area to transducer active area ratios from 1 ‘50 to 1 ‘600. The bond
thickness was held constant at .4 m u .  The curves indicate that the area ratio
plays the same role as that of the bond thickness. As the bond area to trans -
duce r area ratio becomes larger , the transducer crystals become more coupled
with the same effect of separating the peaks with larger passband ripple.

The bond tends to act as a capacitive coupling (c = € A Cd) where A
corresponds to the area ratio and d corresponds to the bond thickness. Area
ratio and bond thickness can be traded off to yield the desired passband response.

C. TRA NSDUCER MATERIA L

A T-cut quart z was chosen for the stacked crystal (multi-mode ) filter
because of its pure mode characterist ics. However , its low coupling coeffi-
cient , k = .088 , l imit s the am ount of bandwidth that can be obtainable .

A new material , ber l in ite , has the same pure thickness shear mod e
characteristics of AT-cut quartz but with a higher coupling coefficient of k =

.143. The velocity of propagation , c , and density ,  p, for ber lin i te are:

c C 2 .87 ‘ m s

p -~ 2.62 ” IO~ kg rn 3
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The family of curves in Figures 2. 12 and 2. 13 for the gold-bonded two
crystal ber lin ite filter can be compared to their quartz filter counterparts in
Figures 2.9 and 2.11. Allow ing a 3 d B  passband ripple , the ber linite filter
yields a 1.98% bandwidth. This corresponds to a 164% increase over the gold-
bonded quartz filter .

D. THREE-CRYSTAL QUARTZ FILTER

The equivalent circuit for three bonded quartz crystals of arbitrary dimen-
sions and bond material type operat ing in pure thickness shear modes is given
in Table 2 .2.

Table 2 . 2 also contains a listing of the computer program , 3CB, used to
analyze the equivalent circuit .

A multimode filter consisting of three gold-bonded identical AT-cut quart z
crystals , operating in pure thickness shear modes , was proposed . The crystals
are one-half wavelength thick at 10 MHz.

The family of curves in Figures 2. 14 and 2. 15 for the three crystal
quart z filter can be compared to the correspond ing two crystal curves of
Figures 2 .9 and 2 . 11. The three-crystal curves are shifted downward in fre-
quency with the same 3 dB bandwidth as the two-crystal filter. There appears
to be no advantage in using three crystals in this particular configuration
where the middle crystal only serves as a coupling layer .
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TABLE 2.2

A. EQUIVALENT CIRCUIT FOR THREE BONDED QUARTZ CRYSTALS OF
ARBITRARY DIMENSIONS AND BOND MATERIA L TYPE (SINGLE THICK-
NESS SHEAR MODES)

‘ BOND BOND I
C 02 1:2n2 Z 12 Z~ Z 3 ( Z 3 Z 3 z 11 2n 1:1 ~~oi

°“~~ °
~~~~~ t 

-
~~~ ~~~~~~~~~~~~ ~‘~~~~~~1 r J-

I I Z~~~ :pC 03 I
I

C02 Z22 
~~~~~~~~~~~~ 

z 4 z21

Z il = 2ZOT /tanh (rT ~~T1/
CC2)

Z21 = 2Z~~~ tanh (rT f T1”2
~

Z 12 2ZOT /tanh (rT ~T2~
2
~

Z22 = 2ZOT tanh (rT ~T2C”2)

Z l3 = ZOT /Smh (rT ~T3~
Z23 = ZOT tanh (rT ~ T3”2

~
Z3 = ZOB tan h (rB ~ B~

2
~

Z4 = ZOB /sinh (rB f B)

2 -21 
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TABLE 2.2 (C0NT’D)

B. COMPUTER PI~~GRAM, 3CB

1 0$zIL)E~~1S ddli4O3~ 276_I265,ALK EP—i I3b
20$ Z L 1M 1T~, Z 10 ,, ,~3000
,33 $ 0  OPT IJ i~ S Eo~ T~ Ai~40$ : ~~ I-~TY $ t1 L i~() ,

~ U$ :LI ~~ I f 50 0 3 , 26C(
6U $~~ -~E M O i ’

~~: $$ , E 1
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120 COMPLEX ~ Iiiu , fA~~-~X
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I o O  L)A T A r ) ( I  ) , I i ) ( �) / 2 3 , 23 RAL K A CHE L MY ~~-~ EP—3 1 35/
I VC) P 1 = 3 . 1 4 1 5 - i
2 00 ‘( 11400=0.
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220 ISIi ()~-t’ i = I
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231 1 0V= I
232 1 1= 10 0
233 12=/00
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235
236 532 I k ~ ( l N L ) . L 0 . l  ) JJ i ( )  50 1
230 11=400
239 12=40)
240 ~~1 )
242
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245 L) I 3 .4 : — i

A~ Ei\ PI~cU*D/4 .
2O00 Tt~A N S U U C E i ~ C3i~~~i A . -~1S
21 0
2o0 Cl 3. 3 2 i~~3
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3 I 0 UI- I 000u.
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345 h o  5 I ?A 1 10 I I  , 12 , I 00
3 4# C RA’l IU= -’ LOA f( I ‘ ? - \

i47 1 F ( l ~~A f I O . E U . / 0 0 ) k A i I O = b 0 .

L— 
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TABLE 2 .2  (cONT’D)

12 60 COMPLEX EUi-~C l ’I Ui~ SINiI (L )
1 270 COMPLEX Z
Id l3 () S 1 4 0 = ( C E X P ( Z ) — C E X P ( — / , ) ) / 2 .
1 290 N E I t J k N
1 300 END
1310  CO MPLE I \  E U H O T I O N  f A N I - I X ( Y )
1 320 CO~IPL LX Y
1 330 T M H X = C N X P ( Y ) — C ~’ X P ( — ’ ( )
134 0 1A i X =1 A~*{X / ( C l~X P ( Y ) + C L X P ( — Y )
1 350 R E t U C~~ N

1 360 E NU
1 380$ :L 1b~ A i-rI iL l
1 390~~;EXECUTE
I 400 S 0 H 1 -C1)I’

~~: 
: $$ , O I

1 410$: kE~~OTE I P* ,E I
l~~1s$$LI~tITS :l0 ,,,500IS)
14~~3 $ $ P k ~~ F - L S L I  , t~, b , A f l t3 JS EKS /A UE L 1Li
I ~-+3d$ S I A P E : 1  ‘f ,X I ioi ) , ~~L~~! I 9 / , ,CALCOi~P — I  26s
I 440$OtNjJOL3
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3 . ThEORETICAL INVESTIGATIONS OF MULTIMOD E STACKED FILTERS

The multimode stacked filter investigations in this section will make
use of the transmission line model of a piezoelectric plate as developed by
Dr . Ballato [1] instead of the Mason Equivalent circui t used previously .

A thorough derivation of this model is given in reference [1] ; however
a brief discussion of its derivation will be included here as an aid to under-
standing the programs and results to be presented .

An attempt will also be made to present the ideas on a fairly elementary
level so that the programs can be interpreted by those who are unfamilia r with
crys tal physics and tensor notation .

This derivation will be split into sections; the computer programs devel-
oped during the course of this contract will be presented at those points in the
deriva tion where they are used .

In this presentati on the following symbols and conventions will be used:

T., = stress (force per unit area )
ii

(T. . = component of force in the x~ direction transmitted across
the face of the plate perpendicula r to the x3 di rection )

U. = mechanical displacement

S.. = strain
U

= electric displacement

E. = electric field

p = mass density

= electric potential

cE .. = elastic stiffness at constant electr ic fi eldzjkl
ek~J 

= piezoelectric stress constant

= dielectric permittivity at constant strain

3-1 
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Einstein summation convention (when a letter subscript occurs twice in the
same term , summation with respect to that subscript is carried out )

3
a. = ~ T. . q, = T , . q ,
‘ ‘~ ~ Li I

An index (subscript) preceded by a comma denotes differentiation with
respect to the space coordinate represented by that index

u . , .  = au ./ ax .
i i  1. j

A dot above a variable denotes differentiation with respect to time
2au .  a u ..

— I ~~~~~~~~ ____U
1
- —’~1-• ‘ “i ~~

All Latin indexes have the range 1, 2 and 3.

A. DEVELOPMENT OF THE SECULA R EQUATION AND PROGRAM CROT

The piezoelectric pla te under consideration is assumed to be represented
in an or thogona l right hand coordinate system x1 wi th one of the coordinates in
the plate thickness direction .

The pertinent set of equations governing the behavior of this plate are: [2 j

the stress equations of motion derived from Newton ’s second law

T. . , .  =p i i~ , ( 1)

the equations defining mechanical strain ,

S.. = ( u , , .  + u . , . )  , ( 2 )
U 2 i ,j j U

the charge equation of electrostatics (the divergence relation from Maxwell’s
equa tions in the absence of free charge ) ,

(3 )

the electric field -electric potential relation for a quasi -static case ,

Ek = “~ ‘k

- 

~~2 
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and the linear piezoelectric constitutive rela tions characterizing the medium ,

ET.. = c . .  S -e , .E  ( 5)
ij  ijk l kI kij k

and
D, = e. S + € ~~ E . ( 6 )
i iki ki t k k

Equa tion ( 5 )  is Hooke ’s law , extended to take into account piezoelectricity ;
Eq. (6) is the constitutive relation for a dielectric medium extended to include C

piezoelectricity .

Substituting Eqs . (2 )  and (4 ) into Eqs . ( 5 )  and (6 )  yi elds

~~ = cE~~~u1, k + ek~J d~ k
SD~ = e l~~ul ,k _ €
~k q

~ k ,  ( 8)

where use has been made of the following symmetry relations among the ma-
terial constants [3] , [ 4 ]  :

c.~~ = ~~~~ = ~~~

e..k = e.k .

E . .  =~~~ ..
1) Ji

Equations (7) and ( 8)  can be substituted in Eqs . ( 1) and (3) to yield

T. . , . C
~~Jki ul~k1 + e k1J 4~)k1 

~~ 
( 10)

D1, 1 — e~1J( ul,k~ 
- 

~ ik~~’ki 
= 0 ( 11)

Assuming a wave propa gating in the 1th di recti on (the plate thickness
direc tion ) with electric potential applied in the same direction , and that there
is no dependence on the other two direction s, q,3 = q,~ = 0 . Equation ( 11)
can be solved for ~ C

= 
~~

, . .  . ( 12)

This equation can , in turn , be substituted into Eq. ( 10) to yield

{ ~
E
.14 + eLU 

( ~~

‘ )} U1, 
~ 

= p .i . ( 1 3)
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It is convenient to write this equation as

‘~ijki Uk~ii = p u .  , ( 14)

where

E e.1~c ,. , = c . .  . + e . . ,  (—)  ( 15)
ijki ijli iij

ii

are the “piezoelectrically stiffened” elastic stiffnesses at constant normal
electric displacement and constant tangential electric field .

If u~ takes the standard time factor form , eJWt , and is only a function of
the coordinate , x1, in the thickness direction , then

jwtu. = u . ( x . - t )  = u , ( x , ) e  ( 16)
3 3 1’ 3 1

and Eq. ( 14) becomes

-E 2c . .  . u ( x .) , . .  = -p~ u , ( x . )
ijki k 1 ii j  1

or ( 17)

u ( x . ) , . . +p w 2 u , (x . ) 0 .ijk i k 1 i i  3 1

If it is further assumed that uk (x j ) represents plane waves traveling in
the x1 direction with wave numbe r , ij ,  so that

u . (x . ) = ~~~~~~~~~~ ( 18)
3 1  i i

where indicates only that the direction of Uj is along the X1 direc tion , the
equa tions in ( 17) are

-E 2 A 2 A
C j J kj 

(-ij uk (x k
) ) -t- pw u

1
(x~) = O  . ( 19)

It is convenient at this point to define

2
c = ’2 ; ( 20)

-T i

then Eq. ( 19) becomes Eq. (21 )  where the direction indicator , xk, has been
dropped since it is now known that Uk lies in the xk direction and that i must
take on the value correspondin g to the propagation direction x~,

_ E
c . .  , u -cu . O . ( 21)

tjki k j

3-4
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This expression can be written in a clearer form by introducing the
Kronecker delta , defined by

1 ( i = j )

~ 0 (i~~ j )  . (2 2) A

Then Eq. ( 21) becomes

(~5E - c e .  ) u = 0  . (23 )ijki jk k

Cramer ’s rule , applied to this set of equations for the Uk displacement
proportionality constants , shows that non -trivial solutions can exist only if

~~~~ , - c ô , = 0 .  ( 24 )
ijki

Equation (24 )  is commonly referred to as the characteristi c or secular
equation for the allowed modes of vibration .

The whole purpose of this exercise is to show that the equations and re-
sults to be developed later are not dependent on any particular choic e of the
coordinate lying in the thickness direction of the piezoelectric plate . The form 

-

of the equations remain the same; only the constants change in value .

From now on only plates with X3 lying in the thickness direction will be
considered . For this case the equations in Eq. ( 23) become :

_ E  _ E  ‘1(c 3113-c) U 1 ÷ c 3123 U2 + c 3133 U
3 

= 0

— E -E  _ E
c 3213 u 1 ÷ ( c 3223 - c ) u 2 + c 3233 u3 = 0  (25 )

— E  Ec 3313 u1 ÷ c 3323 u2 + (~ 3333 - c ) u 3 = 0 ,

which can be simplified by using the symmetry relations in Eq. ( 9 ) .

In order for non -trivial solutions of these equations to exist , it is neces-
sary that the determinant of the coefficients of the u ’s be equal to zero , as shown
in Eq. (2 4) . Equation (24 ) , or its explicit counterpart from Eq. (25 ) , is a
cubic equation in c , of the form ,

3 2c + q c  + r c ÷ s = 0 .  (26 )

The first task in the quest for a multi-mode plate model is to solve Eq. -

(24 ) . However , in deriving Eq. (24 ) , a tacit assumption has been made . The
deriva tion assumes that piezoelectric material constants are known values in
the coordinate frame assigned to the plate . Unfortunately, this is not usually -

3-5
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the case . When measurements are made on piezoelectric crystals the tensor
components of the material constants are specified in terms of a rectangular
set of coordinate axes , which coincide with the crystallographic axes of the
material , insofa r as this is geometrically possible .

In crystallography , they talk about the a , b , c axes of the crystal; these
axes are parallel to the edges of the unit cell , which is the parallelepiped out of
which the crystal can be construc ted . These a , b , c axes may or may not be
mutually perpendicular . The IEEE [ 5] has established a standard for associating
a rectangular set of X , Y , Z axes with the crystallographic a , b , c , axes , for
each of the seven systems into which crystals are commonly classified, de-
pending on their degree of symmetry . These seven systems are , in turn ,
divided into point groups or classes according to their symmetry , with respect
to a point . There are thirty-two of these classes but only twenty of them ex-
hibit piezoelectric properties . It is this system and class notation tha t deter-
mines which of the possible material constant components are non-zero .

The orientation of a crystal plate in terms of the recta ngula r X , Y , Z
axes is specified in the IEEE standards by means of a rotational symbol of the
fo rm (A B a b c) ~~/O/~’, where

A is the initial direction of the plate thickness before rotation ,

B is the direction of the plate length before rotation ,
a = t , 1, or w depending on which direction is the axis of f irst

r otation , C

b = t , 1, or w depending on which edge is used for the second
rotation , and

c t , 1, w according to the edge used for the th ird rotation . 
C

~~~, 0, w indicate the corresponding rotation angles with sign where a
positive angle is a rotation counterclockwise , looking toward the origin from
the positive end of the axis of rotation . This positive end of the axis of rotation
is the end that initially pointed in the positive directi ons of X , Y , Z.  In this
rotational symbol only as many specifications are used as are needed to com-
pletely specif y the pla te orientation - Unfortunately, people have a tendency
(in the literature ) to use names for various crystal cuts such as AC -cut quartz
or AT -cut quartz , or they refer to them by na mes such as 35-1/4° rotated Y-
cut , without supplying the rotational symbol . In this example AT-cut quartz
and a 35-1/4° rotated Y-cut of quartz are the same , with a rotational symbol
( YXI ) 35-1/4° .

The re are also left and right-hand crystals , which , in the case of quartz ,
leads to different numerical values for some of the materia l coefficients .

It is assumed now that we know the orientation of the plate under considera-
tion in Eq. ( 25) , rela tive to the standard X , Y , Z reference frame for the plate
material : hence we are ready to obtain the required material coefficients . Now ,
ano ther confusion factor presents itself . The usua l way of listing materia l

3-6
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coefficients is in a two-subscript (or less) notation rather than the tensor
notation used to develop Eq. (25 ) . The conversion to this two-subscript , or
engineer notation , from the four subscript tensor notation is shown in Table
3-11 13]  . Furthermore, the tensor symmetry relations shown in Eq. ( 9 )  reduce
the 81 possible combinations for the elastic stiffness constants to a maximum
of 21, the 27 possible combinations for the piezoelectric stress constants to 18,
and the nine possible dielectric permittivities to a maximum of six . Tables 3-2
and 3-3, respectiveiy, show the tensor coefficients and their engineering counter-
parts for the stiffness and piezoelectric stress constants . The tensor and engi-
neer forms of the dielectric permittivity are identical; the only reduction taking
place is that ~~~ = ~S11

TABLE 3-1. CONVERSION FROM TENSOR ID ENGINEERING NOTATION

Cjjk f = C

e. = e .
‘p

T.. = T  :S. . = S  w h e n i = j  p = l , 2 , 3
11 p ii p

2S.
1 = S~~w h e n i 5l~~ p = 4 , 5, 6

i , j , k , f = 1, 2 , 3

p,q = 1, 2 , 3, 4 , 5, 6

ij or kf p o r q

11 1
22 2
33 3

23 or 32 4
31 or 13 5
12 or 21 6

This means that the matrices of the material coefficients of interest in this 
C

progra m will take the form shown in Figure 3-la for the most general piezoelec -
tric material . In this case there are 45 different non -zero coefficients . Figu re
3-lb shows the same matrices for quartz , which was used in the theoretical
investigations of this contract. In this case only 14 non-zero different coeffi-
cients are present and some of these differ only in sign .

Figure 3-2 shows a general form of the coordinate rotation problem about
a common origin . We assume the material coefficients are known in the old
x 1, x2, x 3 (XYZ )  system , and that the pL~tc under consideration in Eq. (25 )  is
orienfed with the plate thickness direction in the x~ direc tion of the new coordinate
system , x i ,  X2 , x3

3-7
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TABLE 3-2 . RELATIO NSHIp OF TENSOR STIFFNESS COEFFICIENTS TO
ENGINEER COEFFICIENTS Cjj k~ = C .j f k  = C..kf = Ckc ij

pq qp

C1111 C1112 C1113 C1121 C11~2 C1123 C1131 C1132 C1133
C11 C16 C15 C16 C 12 C14 C15 C14 C13

C1211 C1212 C1213 C 122 1 C 122~ C 1223 C 1231 C 1232 C 1233
C 16 C66 C 56 C66 C2~ C46 C56 C46 C36

C1311 C 1312 C1313 C1321 C~32~ C1323 C1331 C 1332 C1333
C15 C56 C55 C56 C25 C45 C55 C~ 5 C35

C2 111 C2112 C2113 C2121 C2122 C2123 C2131 C2 132 C2133
C 16 C66 C56 C66 C26 C46 C56 C46 C36

C2 2 11 C22 12 C22 13 C222 1 C2222 C2223 C22 31 C22 32 C2233
C 12 C26 C25 C26 C2~ C24 C25 C24 C23

C2311 C2312 C2313 C2321 C2322 C2323 C2331 C2332 C2333
C 14 C~~ C45 C46 C~4 C44 C45 C44 C34

C3111 C3112 C3113 C3121 C3122 C3123 C3131 C3132 C3133

C 15 C56 C55 C56 C25 C45 C55 C45 C35

C3211 C3212 C3213 C322 1 C3222 C3223 C3231 C3232 C3233

C 14 C46 C45 C46 C24 C44 C45 C44 C34

C3311 C33~~ C3313 C332 1 C3322 C3323 C333 1 C3332 C3333
C 13 C36 C35 C36 C23 C34 C35 C34 C33

3-8
-5- - - - - ’ - ~~~~~~~~~~~~ --5—-’- - - — — —--~~~~~-- -~~~~~~~~~~~~~~~~ -— - ‘ - -



- ‘ 
C —— —

~~~~ 
-— “ ‘ ‘  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

TABLE 3-3 . RELA TIONSHIP OF TENSOR PIEZOELECTRIC STRESS COEFFI-
CIENTS TO ENGINEERING COEFFICIENTS e.. = e.i~k tkj

e111 e112 e113 e121 e122 e123 e131 e132 e133
e 11 e16 e15 e16 e12 e14 e15 e14 e13

e211 e212 e213 e22 1 e222 e223 e231 e232 e233
e21 e26 e25 e26 e22 e24 e25 e24 e23

e311 e312 e313 e321 e322 e323 e331 e332 e333
e31 e36 e35 e36 e32 e34 e35 e34 e33

By considering the scalar or dot product of the unit vectors i , j ,  k , in
the old coordinate system with the unit vectors i’ , j ’ , k’ in the new coordinate
system the following relationship can be determined .

The coordinates of any point , P , with respect to the new axes are given ,
in terms of the coordinates of P in the old axes , by the following relations:

x = cos a~ x1 + cos 
~ 

+ cos y 1 X
3

= cos 0
2 

X 1 + cos 
~2 

~2 
+ cos V2 X

3

x~ = cos 03 X 1 + cos ~33 x2 -f cos )3 x3 
(27)

It is more conve nient to represent these direction cosines b~ the symbols
I , m , and n whe re ,

1 = cos ap p

m = cos , 1p p

n = cos~ . (28 )
I) p

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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A .  Most General Crystal (T ricI nj e > Class I

~12 ~ l3 ~ 14 ~ 15
C 12 C22 C23 C24 C25 C26

= 

C 13 C23 C 33 C 34 C 35 C 36

pq c
14 C24 c 34 c

44 
c

45 C 46

C 15 C25 C35 C 45 C 55 C 56

C 16 C 26 C 36 C 46 C 56 C 66

I~~
ii e 12 e 13 e14 e15 e~~~

]
e . = 

J 

e~~~ e22 e23 e24 e25 e26

[ 3 1  
e32 e33 e34 e35 e3~

j

~~12

(S I I
ii ~12 ~22 6 23 I

L6 13 623

13. Quartz Tr igona l Class 32

c 12 c 13 c 14 0

C 12 C 11 C 13 -C
14 

0 0

E C 13 C 13 C33 0 0 0
C pq = 

~14 -C 14 0 ~~ 

C 66 
= ~~ ( c

11 -c 1~~)

0 0 0 0 C 44 C 14
0 0 0 0 c 14 c6

0 0 0

= l o  0 0 0 -e -e
ip I 14 11

L~ 
0 0 0 0 0

0 0

= 0 0

[o 0 (
33

Figure 3-1 . Matrices for Coefficients  of Piezoelectr ic Mater ials
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Then
x~ = I

~ 
x1 + m 1x2 + n1x3

= I~ X 1 + m2 x2 + n2 x3
= 13 X

1 
+ m3 x2 + n3 x3 , ( 29)

while the coordinates of the point , P , with respect to the old axes are given in
terms of the coordina tes of P in the new axes by

x 1 = l i xi + l2 x~ + l3 x

x2 = m 1x~ + m2 x~ + m3 x~

x 3 = n 1x~ + n2 x2 + n 3x~ . (30)

From these equations we obta in :

dx~ ax 1 dX 2 aX 1 O X 3 Ox 1= = 11 ~ 
= 

~2 ax 1 
= -

~-;;
‘
~~ 

= 1 3

axl 3X 2 ax 2 O X ~ OX 2
= —

,
--- = m -—- ---‘- -- = m — = —

,
-- = max 1 1 ox 2 O X

2 
2 Ox 2 ox 3 3

ax 1 
— 

ax 3 dx ~ Ox 3 Ox 3 
- 

ax 3 
-— , - n  - , - n  - - nOx 3 Ox 1 1 ox 3 Ox 2 2 Ox 3 Ox 3 3

( 3 1 )

The general tensor transformation for a tensor of rank , n , f rom the x
coordinates to the x ’ coordinates , is given by Ma son [6 ]  , as ,

dx ‘ OX ’ dx
k i  k2 knXk1 kn Ox ~ 

‘ O x.  ‘~j l  
( 32 )

In order to determine the material coefficients of concern in this  progra m
it is only necessary to deal with coefficients of the fourth rank and below .

If c1~~~, ejjk and e~ represent the desired coefficients in the new reference
frame ~~~~~~ x~~) , and cmnop~ elm n, t kl represent the known coe fft c tents in the

old refere nce frame (x 1, x2 , x3 ) , Eq.  ( 32) takes the form shown for each of the
coefficients:
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ax.’ OX ~ ax ’ ax ’
= ___! .J.,_ __-L ~~~~~~~~~ c (33)

ijkl OX m Ox 5 Ox 0 ax ~ mnop

Ox ’ ax ’ Ox ’
e ’ - ——-k-— ~ —

~~~
- eijk - O x ä i’-’ a x lmn1 m n

Ox ’ Ox ’
= J~

_ ~~~~ ~ii dx J~ Ox 1 ki

It is more convenient to use the equivalent expression shown in Eq.  ( 31) and to
place these direction cosines in a matrix array A ,

a 11 a 12 a 13 1i m 1 n 1
= a2 1 a22 a23 = 12 m 2 n2

a 31 a32 a33 13 in3 n 3 - 
( 34)

In this terminology Eqs . ( 29) , (30) , and (33) beco me , in tensor notation ,

= a. - x .
1 U J

x. = a. .  x ’1 
~

c ’ . = a. a. a a c ( 35 )
ijk l im jn ko lp mnop

e ’ . = a. a. a e
ijk ii j m kn lmn

e ’ . = a a .  €
U tk jl kl

The progra m for carrying out this transformation of the material coeffi-
cients , and for de termining the piezoelec trically stiffened coeffic ients , c E

ij k ,
in the secular equa tion (Eq .  24 ) is listed in Tabl e 3-4 . This progra m was
w ritten for operation on the Honeywell Information Systems series 6000/600
compu ter , as ins talled at the General Electric ESD facility in Syracuse , in the
Y FOR mode of t ime-sharing operation . Howe ver , most of the statements are
standard Fortran IV and , hence , should be adap table to any simila r computing
system .

An attempt was made to make the program self -explanatory but the fol-
lowing observations will help .

Line 10 is a f i r s t  lin e run command and is not required . Lines 150 through
262 a re the elas tic stiffness constants , pie zoclectric stress constants , and
dielec tric permitt iv it ies in the pr ima ry (unrotated 1q~1XYZ) reference frame.
For the program il lustrated they are Bechmann ’s values fo r left-hand quar tz .
The orde r of input is that for the tr icl ini c  crysta l shown in Figure 3- 1. The 

-- 
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TABLE 3-4 . LISTING OF PROGRA M CROT FOR THE TRANSFORMATION OF
PIE ZOELECTRIC COEFFICIE NTS AND GENERATION OF THE
ELEMENTS IN THE SECULAR EQUATION

IO *~ ~UN-l-04 =( L 0~~ =22 )
IO OC PROGRAM 10 TRANSFORM THE CØKF F! C IF NTS ØF THE PIEZR EL FCTR IC
IO 1C CONST I TUTIVE FQUATZØN S P RØM O’J E SET ~IF C O O R DI NA T E S
102C 10 A ROTATED SET OF COORDINA TES
1 1 0  I N 1 E ( 3~~k 0 ,P
1 20 L)11ENSI0N ~ ’j(2l),( j(6,6~~,G(,(iG (J ,3 ,J.J), IA( J .3)
s:rn ~~~~~~~ T ON ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1-id u L~~~’~SI 0~ PS( I4~),PSI (3 ,O,.j )
(34 U1’l~.-’lS 1 0N ~,(Ii ~),~~~~- (J.3.3~
(36 UI N~~I 0.’~ UP (6),L)F~I (J ,3)
l3’~ ~~~4I~~510N 6~PSC 6).~~Ps1((,~$
1 39 vIME’4”.Iø ’.J UB(3 ,3)
140 U A IA  IA /1 ,6 ,5 ,6 , ’d, ’1.~,,4 ,J/
150C BCCHNANN ’S VALUES FØR LEFT HAN D QUARTZ
I~~9t 1”4I~, l~.LASl1 $ . ~~T 1~~~I- \ Jt~~~S C ø \ ( S T A \ I I S
160 ‘ j ( 1~~~~~6. l 4 L9
1 62 (.~)~~6.99~~9164 i (J )2II .9l~~9
166 ( i ( 4 ) = — l i . 9 1 E 9

i ’~’~
11 0 (6)=fl .
112
1 14  - i ( ’ ~) = I  I . 9 1 h 9  

-
116 ~ (9’~— I 7.~~IL 9
I 1 - ~ 

( I 0 ) = ) .
1~~0 ( II ) ) .

l ’L-~ ‘ ( I d ) = I 0 7 . 2 t 9
1M 4  - i (  I J ) = 0 .
I - ~6 - i ( 1 4 ) = 0 .
io ’~l 9 ( ) ~~~( I 6 ) ~~5 1.9~4E9
I - ~2 i (

I ’~4 , ( I 1 4 >~~0.
1 96 i ( I 9 ) ~~~5 1 . 9~ ii~ 9
( 9 C ~C - i ( 2 0 ) = —  Il .‘J I
200 ; o t ~~= 3 Q .~~c~t 9
O I OL. I ’4 ~. P I~~’0I~L~~C I t ~ 1C ‘. I S s UO N S IA NT S

d l - -~ ( ‘SC I )=0 .  i l l
4 ( 4  PS(d)~~— O . I 1 I
2(6 P~~(J)=0 .
2 I~~ P~~( 4 ) = - 0 .040f .
22(1 i ’ S C 5 ) ~~0.
222 PSC6)~~0.
224  - ‘ S( I ) 20 .

226 PS (4)~~0.
.~~~
.±3() P~~(l0 ~~~O .
,-~ I? PS( I i  ~~fl.fl406
234 P~,C 1 2 ) = — f l .  Ill
236 P~’ ( ( J ) ~~ ) .
, ‘O~
040 ~~~~~~~~~~~~
04?

444 P S C I l 1 ~~0.
.d4tS P S( I’fl~~0. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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TABLE 3-4 (Cont’d) -

?SOG T ’-I E. V I E L b C I H I C  P~ è i M I T T I ~l I 1 ~~S
252 U PC I )= 3 9 .2 I E - 12
254 L i I ’(2) = 0 .
256 L)P(J)~~O.
255 U P ( 4 ) ~~J 9 . ’d 1 E - 1 2
260 U P ( 5 ) = O .
262 U P ( 6 ) = 4 l . O 3 ~~- t 2
oooe ~ -i i s  19  i~1E T~4 IC ’< ’JE SS U i H ~~C I I 0 N
310C I~4 IS 1$ A l CUI O UA RI7 ( Y X L , T ~f ( rA
-320 I IA = 3 5 .2 5
.360 P 1 = 3 . 1 4 1 5 9 2 6
J69C 1 ’4ESt~ A~~E L) I (t hC [ 10 -\j ~~0SI~~~~~S (~ .1W EF ’( ‘II~~ 4C ’~J 1J OL C A X E s
31 0  SL I= 1 .
iSO s M I O.
390 ~~~I = 0 .
40(1 141.2 =0 .
4 ( 0  14’ld SI  \ I (  l~~4 E I 4 * P 1 / l - ~~0 . )

420 X~ 2 = - U 0 . ( t S ~~1A * P 1/ I~~0 .)
430 14L3 0.
440 RM 3 =- ~~~C9d

450 l~N3~~t4M2
4 6 1  A ( I ,  I ) = N L I
4 1 ’)  ~~( I , , ’) = ~.’l1
450 M C I ,  1 ) = 4 ~9 I
490 A ( 2 , I~~= HLd
500 A (2 . 2) = kMd
5 ( 0  A ( 2 . 3 ) =~~J~
520 A (3.l )~~~I .3
530 A (3 , 2 ) =4 M3
540 A C 3 , J ) = k ’ ~.i
AOOC CONVt , r~ 1 I ’-4 E 2 1  ELA. ’~T 1 C  ~ 0 ’ J S ( 0 ” 4 T S  i ( i ~ 1’~10  f ’ J G I E s 1 ’~
601C 1A I ION (j ii(1, ’j)
6 1 0  90
620 00 10 1 = 1 . 6
630 uO 10  J~~I . 6
640 (= ‘J,(
650 1 iG( 1 .  J ) ~~G C 9 )
660 I~i (~~ I .  I )  1,  . 1 )
610 10 (;0N11~ uE
6~~~0G ~C’~s~ ’~I YSOM ENGI - ’ (EENIN G ~ O~ A I i 0’1 (iG (M,N ’~ l N ~~Ø
6 5 I C  [~ . \i S0~ ‘~1 0 I A I 1 O N  ( G G G ( I , - t , ’< , L )
690 vii 20 I= I . i
I 01) 00 ‘2)1 -J= 1 • 3
1)1) 00 20 ~~~~~
12 0  00 ?‘~) L=).3
130 M = I A ( I ,  I)
140 ‘~= 1 A ( ’ < . L )
~‘o - ;  ;- ;  ; 1  , J , . ( , L~~~ , GC M ,~~)
l t , t l  ‘(1 U0 ’ 11191JE
1~~ r’fl, COMP UIE 1 W  C~~MP0’4E”( 1s 0I~ I’4 E H O IA T E L )  M A T . ~~!X
1~~”~ 00 40 I z ) , 3
i~~o 00 40 1 = 1 . 3

~ 00 00 40 ‘ < - 1 , 3
‘fl ~

) oO 4(1 L~~I,3
‘~2Ci CecC (I, !.H,I. , -

~ ’1.

1430 00 JO ‘ 4 = 1 , 3
-~4t )  00 -~ 

0 ‘~~= I , 3
q~~o 00 Ii) 0 = 1 , 3
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TABLE 3-4 (Cont ’d)

1460 00 30 Pr 1 ,3
Mb C 1,J.~~ . L)s A ( 1 . M ) * A C - J . N) * A ( ( ,ø * A L ,P *QGGG O4. N,Ø, P
Ml ii •CCCC( I . .J . I < .L )
M OO JO CONII’9 UE
1490 ,l=1A (I ,,J )
900 N a IA ( ( ,L )
910 C C C M , N ) a C C C C C  I . - J , ’(, L)
920 40 CON TINUE
910  p s i r ~ir 900
9140 P R I N t  9 1 0
990C ~ 0NVEki HAC~< 10 O S I A I N  1~~E 21 ~ 0T ATEU ELASTIC CONSTANTS C C I )
1 000 Nz0
1010 1)0 50 1= 1 , 6
1020 L~O 50 - (=1. 6
103(1 ‘4*Ns’ I
10 40 C ( 1 ) z C C ( i . . J )
105 1)  P M 1 N I  920,N,G (’I),C(N)
1060 50 C0 \ IIINU E
1(001. C0i~vEi’i 1 ( SE (14 P1~2OELECIRI C STRES S CON STA N TS PS (M)
I I O I C  I N I O  IENs0~ “ J O I A I I O N  PsI (I ,J , ’()
1 1 1 (1 uO 60 1 = 1 . 3
Ii  21) 00 60 J 1.3
11 30 00 6’) ( = 1 . 3
1 1 40 M = IA( . (. .< )+ C1 — t ) * 6
115 0 P sT C1 , I,~~)=Ps (M )
11 60 60 CON TIN UE
1 1101. COMPU TE . [SE C0MP0NE~dE S ØP TH E NO IA I E U  MA 1~~ I X
11 40 00 80 1= 1 ,3
I I ’ ~O uO 140 J = l . 3
1200 00 140 ‘ < = 1 . 3
1 2 10 EEECI. J ,’< )rO .
122 ) u O 7 0  L = I , 3  -

‘

1230 00 71) ‘4 = 1 , 3
1241) 00 1(1 “ (sl,~3
1250 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
(26 !) 7” ) C O N I I N U E
12101. CONVEh I ~iACI< (0 0B 1 A T ~J ISE . 114 R O I A L E . U
1 2 1 1 1 .  P 1 E 7~0 E L E L U T N I 1 .  5 I 1 4 E . S S  G0N ~~1 AN I s E ( I )
I 214O Mr 1A ( I,~~) , C I - I ) * 6
129!) ECM)zELE (I.j ,()
I 3 O & )  M O C O N t I N U E
1 3 10 fr’ r~ ! N 1  930
(32!) PH1NI 910
133 (1 uC 90 ‘ J = I . I O
134)) Psf - ’~I 921), N , P5(N). E( 9)
I35 () 90 C O N t IN U E
1 4001. 1.0NvE~i 1 I~ I~. 6  u t E L E C I - ~1C PE.~~M 1 F f I V 1 T 1 E S UP(N)
1 4 0 1 C  I N T O  1~ - ’is0N NO1~~I1~~4 UPT (1, J )
14 10  IJS()

1420 110 101) 1= 1 . 3
14 30 00 100 1= 1 ,3
144 0 N - ’9+I
14 s () u P I  ( I ,  P ) = u P ( N )
14 6 ) LIP I C  P.  I ) = U P (  ( I .  I )
14 1 -1 100 ~.0N1I9 U E
144 fl, C OM PU TE. ISE 1 1P Q ~N LN 1~ (11 I~~i- ~O I A1EU M A T M I ~
I 4 ~e~ 1 L)0 Id’) 1 * 1 , 1
I ~~~) i )  ~~~ I - ‘0 J =  I , 3
I S l O  E P S I ( l . I ) s ’ .
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TABLE 3-4 (Cont ’d)
1520 00 I t O  ~~~~~~~
1530 1)0 1 1 ( 1  L = i ,3
15 40 E.PSI (1.j)= \( I ,< )$ ‘CJ ,L )*U Pl( ’< ,L )+E PSI (I ,,J )
1550 I t O  C O N I I N U E
1 56 0  ( 0  C O-N i I - N J E .

1 5 10  P S I ” J I 40
1 5 S f )  Pr ( 1N1  9 10
I5 9~ iC C 0 9 v E i ~ 1 bAU ’< 10 0~~1 A 1~~ 1~ 1E 6 .~O 1 A t E U  D I E L E C T R I C
159 11. P E . s ” 4 ( 1 I 1 V I 1 t E .~ ,

1600 ‘N =O
1 610 00 131) 1= 1 . 3
(62 0 uO 130 1= 1,3
1630 ~~~9+ I
164) 1. PS (\fl =E P3I (1 ,,J )
1650 P4191 920, ‘4, U P ( ” 1 ) ,  EP~~C 9)
1660 13!) C0~’f l I N U E
1 1 00 90’ r 0,~M 4 I  C I4X. ‘ 1-4 1.1 E L A S I  ( 1 .  S I t r r  ~J )~~~’-. G 0 ’ J S T A N I S  A-. E , f / 1
( I t O 9 10  rOs ’4A I(1I ’c,’’4’ ,4X, r4ro ~O,< 1.L s0 I A l I O 9’, 7 X , ’A1.’r1.’~ N O T I I O N fl
(100 920 r 0 i~M 4 1 ( I l ~~, I2. I X , E I S . O . 6 X . E l 5 . R )
1131) 930 1.~(~4 ’ 1 A I ( / . I ? X . j H E  P I E - ~ 0 E . L E C I s I 1 .  S I ~~cE SS  C 0 ’ J S F A N l S  A !~~E’ , / /)

1 140 940 r0 ,~M~~I (/ .1SX . ’TSE u lELE.UisIi ; P E S M I 1 I I V I T I E S  A 4 E ’ . / / )
1 141 01. I—U S PA’~I USES NE ROtATED VA LUES TO CALCULATE [HE
1 1 4 1 1 1 .  5 11 E.” I t~10 MA I4IX ELEMENtS EN 1-4 E. SECULAS EQ UAr L O J
1 14121. Or T S E  1 . O % M  CB (J ,4 )-UEL IA( J ,<)sC = fl
141 5 1. I ’4 1-I E r OLI .O~4 I- ”fl U sEPr ~E S E 9 I s  ( S E  C i i O s u I 9 A I E  19
14 16 1.  I ’~~. F l 1 .~~~~~s~ vi  C ) 1 0 ’ 4 .  I . E . .  1~0H ~ 3 1 = 3
1420 1 3
1430 00 141) -J I,3
( 1440  00 140 ‘< = 1 , 3
14 50 Cb (- P. ’< )=O.
1460 Ch (.J.’< )=CCCC(I, - I ,’< ,I).EEE(! ,r,I) *EEE (f ,I. ’< )/Ep sT (I ,()
141 0 140 C O ’ 4 I I N U E
114 140 P4191 950. 1
11490 P4191 960
190 0 P41-N I 9 1 0 , ( ( C I ~i ( ’< , J ) , . I l . 3 ) , ’< l , i)
1 910 9S0~~~0r~MA1(/ , ~~ .Il.  IN NE. I81C ’<NES S O l ’~E CFI0’~’~
1920 960 e’OhMA l( / , I OX. ’ISE ELEME-NIS I N  tHE SECULAs E~~UATI0 -N A (~1. ’~
19 30 910 i0,~MA 1(/ ,3X ,Ei S.14,6X.EIS.s , 6X.EI5.14 )
1Q 50C NESE 1.14(1.1) V A L U E S  I N  E U s N  CAN HE U S E D  TO C A L C U L A I E
1 9511.151.. C0E.1.~F J C I E N 1 S  0i~

’ THE CUH IC E O U A I I O N  I”I C
I”SSC 11.’ C**3+0*C**2 .4*C+s=1) (SEN 19 TERMS 01.’ 1.14 (1. - I )
1960 U = — ( C H ( I , i ) + C ~~( 2 , ’2 ) + 1 . 8 ( 3, j ) )
191 0 % = C U ( 2 . 2 ) ’ ( L b C 3 . 3 ) ’ C E 3 I , I ) ) + C H ( 1 , , * C b ( 3 . 3
19 1 40 4  - ( C s ( 2 , r , t C 0 ( 3 , 2 ) . C B ( 1 , 2 , * C b ( 2 , , ) + CB ( 3 , I , s c F 3 (1 , a ) )
199 (1 S * C t l ( 2 , I ) * ( C 1 4 ( I , 2 ) * C 1 4 ( 3 , 3 ) _ 1 .H ( I , , I) * C H ( 3 . 2 ) )
20004 4 C B ( 2 , 2 ~~~*C C ’ 4 C l , 3 ) * C A ( 3 ,  I ) - C H (  1 , 1  )*CH(3,3))
201 04 •C8 (2 ,3)*c (;Hcj,2 ,*C8(I,1)-CH(I,2)*CH(3,I ,)
202(1 P4191 9140
20J() Pi’, I NI 990.0
2040 P s I N I  991 ,,~
2050 P R I N t  9 9 2 .5

~‘060 9 140 F0~~M 4 t ( S X . ’ I N  C*s3 +Q *C **2 • 4*C • S = 0 ’)
20 10 990 1 . 0 4 M A 1 (~~X . ’ Q = ’ , E 1 5 . 1 4 )
20140 991 F04M41 (MX, ’1< = ’,E.Is.14)
209 0 992 r O ~~M A 1 ( O X, ’ S = , E I 5 . M )
30001. 4 0 4  4 J ~.E I N  CA L C U L A t I N G  1”I E COUPL I N G
30011.  1 . 0 E . 1 . 1 . R I E . - N I S  A N i )  C A P A C L I A ’ J C E  WE ‘4E~~1
30021. T H E  1. 0LL O~~1 ’JG vA LO’ -.
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TABLE 3-4 (Con t’d )

30 (0 PRIN T 995
3020 P4191 996, (E E E C I . I , - J ) , J = I . J ’
3030 PRINT 991
3040 PR INt 9914.EPST(1.1)
3050 995 I”OsMA I (/,2X. ’INE AP PRO P sIATE PIE~~0ELECTHIC ‘ ,
30514 ST RESS CO NSTA N TS A SE ’)
3060 996 (OHM AI( / .IOX, ’E (I) a ‘ , E l S . R . / .  l O X .
30614 E(2) ,E 1 S . O ,/IO X , ’E.(3) a
30 (0 997 E0t~MA T(/ .2X , ’1HE APP RO PR IATE Di ELECTR IC ‘ ,
30714 ‘P E R M I I I I v E I y  IS ,,
30140 9914 E0N ’1A1(/.IO ~~,’EP = ‘.EIS.O)
3090 STØP
4000 END

ma trices are inputted by rows , and only elements that have not been previously
defined a re entered . This input data arrangement is shown in Table 3-5. Lines
300 through 430 specify the plate orien tation in terms of the direction cosines in
Eqs . (28 ) , (29 1 , and ( 34 ) .

The transfo rmat ion matr ix , (81 lines 730 and 740, loaded as shown in Line
140 , follows Table 3-2 . The input at line 1820 designates the coordinate that
lies in the plate thickness direction ; the appropriate coefficients in the secula r
equation are calculated as well as the appropriate piezoelectric stress constants
and dielectric perm ittivity for this orientation of the plate .

A printout of the results of this program , using AT-cut quart z as the plate
material  with x3 in the thickness direction , is shown in Table 3-6 .

To switch material it is necessary to change statements 150 to 262 . To
change orientations it is necessary to change line 300 to 450 . and line 1820 .
Table 3-7 shows these change s and a printout for AT-cut quartz with X2 ‘~ the
thickness direction . These par ticular values check with those given by Tiersten!3 1

U .  SOLUTION OF THE SECULA R EQUATION AND PROGRA M SY MEIG

As a result of the output of the CROT progra m we have num erIcal  values
for the e~~- 1~ c o e f f i c i e n t s  in Eqs . (23 )  and ( 2 4 ) . in gene ral , or in Eq .  ( 25 )  for
the plate t.~uckness direction , restricted to lie in the X3 direction . We also know
the values of the co eff icients  of C in Eq.  (26 ) . Since the arra y of c coef fi  —
c i t u t s  is a symmetrical matrix array w ith  real coefficients , the characteristic
numbe rs or eigenvalues of the secular equation will be real . It also turns  out
that th ey will be positive since this is a positive definite matr ix  -

Thus , the solution of Eqs . ( 2 4 )  or (26 ) will yield three real , positive
root s , C 1) , f rom which  three real Wave numbers , 1 ( i ) , can be obtained from
E q. (20 )  for a specif ied val ue of .o . Ef these values of c 0 i’e substituted into
l- qs . (2: ) ) or ( 2 5 ) , o set of ra t ios  among the u t I 

~ amplitudes can be determined
f u r  t a c h  value of c ( i  1~ ‘Fhese r atws can then be used to cons t ruc t  a new ref -

3-18
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TABLE 3-5. INPUT DATA ARRANGEMENT

Elastic Stiffness Coefficients

Input Output Engineering Tensor
Symbol (N) Symbol (N) Equivalent s Equivalent s

G(1) C(1) C11 C1111

G(2) C(2) C12 = C21 C 1122 = C2211

G(3) C(3) C13 = C31 C1133 = C33~~

G(4) C(4) C14 C41 C1123 = C1132 = C2311 = C3211

G(5) C(5) C15 = C51 C1113 C1131 = C1311 C3111

G(6) C(6) C16 = C61 C1112 = C1121 = C~~11 C2111

G(7) C(7) C22 C2222
G(8) C(8) C23 = C32 C2233 C3322

G(9) C(9) C24 = C42 C2223 = C2232 = C2322 C3222

G(1O) C(10) C25 = C52 C2213 = C223~ = C1322 C3122

G(11) C(11) C26 = C62 C2212 C2221 = C1222 C2122

G(12) C(12) C33 C3333
G(13) C(13) C34 = C43 C3323 C3332 = C2333 = C3233

G( 14) C(14) C35 = C53 C3313 C3331 = C1333 C3133

G(15) C(15) C36 = C~3 C3312 C3321 = C1233 = C2133

G(16) C(16) C44 C2323 = C2332 = C3223 = C3232

G(17) C(17) C45 = C54 C2313 = C2331 = C1323 = C3123

= C3213 C3~3~ = C1332 = C3132

G(18) C(18) C46 = C64 C2312 C2321 = C1223 = C1232

= C2123 = C2132 = C3212 = C3221

G(19) C(19) C55 C1331 = C1313 = C3113 = C3131

G(20) C(20) C56 = C65 C1312 = C1321 = C1213 = C1231

= C2131 = C3112 = C3121

G(21) C(2 1) C66 C1212 = C1221 C2112 = C2121

3-19 
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TAELE 3-5 (Cont ’d)

P’tezoelectric Stress Constants

Input Out put Engineering Tensor
ymbol (N) Symbol (N) Equivalents Equivalent s

PS(1) E( 1) e11 e111
PS(2) E(2) e12 e122
PS(3) E(3) e13 e133
PS(4) E(4) e14 e123 = e132
PS(5) E(5) e15 e113 = e131
PS(6) E(6) e16 e112 = e121
PS(7) E(7) e21 e211
PS(8) E (8) e22 e222
PS(9) E(9) e23 e233
PS( 1O) E( 1O) e24 e223 = e232
PS(11) E(11) e25 e213 = e231
PS(12) E(12) e26 e2 12 = e221
Ps(13) E( 13) e31 e311
PS(14) E(14) e32 e322
PS(15) E(15) e33 e333
PS(16) E( 16) e34 e323 = e332
PS(17) E( 17) e35 e313 = e331
PS(18) E( 18) e36 e312 = e321

3-20
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TABLE 3-5 (Cont ’d)

Dielec tr ic  Per m i t t iv i t ies  at Constant St ra in

Input Output Engineering Tensor
Symbol (N) Symbol (N) Equivalent s Equivalent s

DP(1 ) EP S(1) c f

DP(2 ) EP S(2) 12 = 
~ 21 12 2 1

fJP(3) EPS(3) C 
13 

= 
31 ~ 13 

= ~

DP(4 ) EPS(4 ) ~ 22 22
DP (5) EPS(5) ~ 23 = ~ 32 ~ 23 = 32
DP(6) EP S(6) C (
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TABL E 3-6 . RESULTS OF CHOT FOR AT CUT QUARTZ WIT !) X~ IN
TI lE THICKNESS DIREC TION

- - ,l :,‘ I ‘ . 
-

- -~~ -

I L

— ‘ . 1 ’  I . _ , - — ;

I I  ~~~~~ . 1

. 1 1 — I  I I

I ~~~~~~~~~~

- .~~
_ - , J , 1 ;

—— . 1 - - -

—~~. 1 ~I I -
.

— - . • , : —

I I  . I —~~ . i - / l  — ‘1
— ~. I / I - - - —— S

. 
— - I i - I  ——

— ~. .-~ -~~ - / ‘  —
—. 5

. 7 - 5 ’



~pIPIP” — - -S--_,w 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ an—r- —

~~n~ -zv_~~~rr—— ‘— --——————— -—- —— ‘--,~~~~.r-. _- . . - _ ,~% ___________ r’ - — --“ - - -‘‘~ fl r ‘~~~~~. - -

TABLE 3-6 (Cont ’d)

L I • ~ ~~~~~~~~~~~~ I ~ ‘ I L t ’ I f I ~~ ~~-

-~~~~- ~~ ( - ‘ 
~~~~ ~~ ~) 

~ :‘ -

I 1~ ~-) ‘ t  - I - — I 1 , ~~~~ ‘I ~ — I -

J.

_ ) j . — 5
) , ~~~~ ~) 

~
- ) • 4 I ’ )  ~ ~- ) I 5) 1 . 5) - I ~

‘
~~- ‘ )(

i ; r  i’ I I - ~ ; . - ~ I I  ~~~~~~~~~

s I - t _ i - ~~)~ : - [ 4  ~ 1 . ’ — - 
~~~ 

1 - ’ 1 - -

- ‘ ~ ~~~~~ ) U . -~~.

I I : s  - / I t  — 5). / 5 1 -

~~~~ + , ,  ~- 5 ;
‘ . 1  -~ ‘~~~I I ~ .- -

- . -5 - , S I  S 
~~~~~~

• I - i -~ ~-1 -

-c - - - - 
‘ 

- I 5) - - - ‘ - - [ - - - 1  1 ‘s I - j \ -! -

(I )  — -
. - - - - /

- I -~

- ( I )  r

- - - 1  - - 
- 1 , I  I V I  I -

3-23



-
~~~~

TA BLE 3-7. AT -CUr  QUARTZ WITH X 2 IN THE THICKNE SS DIRECTION

a ) Material Constants
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b) Pla te Orientation
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erence system in which the modes of vibration are displayed mutuall y indepen-
dent of each other~ . This is the so-called normal coordinate reference system
in which the allowed modes of operation are termed the normal modes . The
directions of these normal coordinates are given by the characteristic vendors
or eigenvectors associated with each c~~ . This set of ratios among the
ampli tudes will be designated as the components of the i eigenvector
associated with each ~~~~~ For example is assoc iat ed with the values
p~~ which each is associated wit h the values ~~~~ ~~~~~ ~~~

Furthermore , if the componen ts for each ( I )  are normalized so that

( 1)  ( i )  ( i )  ( I )  ( i )  ( i )
0 k 0 k = 1 or U 1 1 + ‘~ 2 2 + 

~3 5 )3 
= 1 , (36 )

then these are the direction cosines of the particle displacement for each
of the three modes , ( i ) , in relation to the plate coordinates . The vector set
formed in this fashion is also orthonormal and has the propert ies,

( i )  - ( j )  (j )  ( k )
= = 6 . . (37 )

j k U) II) jk

The general procedure , therefore , is to solve Eq.  (26 )  for its roots or
determine them f rom Eq.  ( 24) and substitute into Eq .  (23 )  for each root, to
determine the Uk values appropr iate to this root. Then normalize these to units-
and construct the eigenvector for this root; then repeat the procedure for  the
nex t roo t , etc . If , working wi th Eq.  (26 ) , this cubic equation can be i’educed
to the form

d 3 ad  b = 0

where c = d - (q/3) (38 )

1 2a - ~~ (3r -q

b = 

~~~~ 

(2q
3
-9q r 27s)

then , let t ing ci - rn cos 4 ) , where m = 2 , cui-c 3 4 1  = :th
U) -

i’ 4 1 -c, ivcs the roots 1, 39 )

2 ’r 4~d 1 = in (‘us (,j~ d2 = ~~~~~~ ~ + I 
• d~ in (‘ s f 5  ( C l

1 
+

Here is the smallest value that s a t i s f ie s  (‘OS 3 U = — 
4b
I))

* 

in the ~~~IH ral case the number of i’ssc  Us of e is  (~ I k I and th e nw-ma I c uii’dina It ’
referenc e s V s t t ’ n )  has k di menswns in s t t -ad  of three . is in our spec sal s-a st
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Instead of following this procedure and wr i t ing  a program for it , the
Honeywell Information Series 600/6000 Time -Sharing Systems has a progra m
available that is in the ESD computers t ime-sharing library . This program
solves the equation and computes the eigenvectors as well as giving the eigen-
values . This “canned ” routine was used to solve E q. (25 )  and to obta in the
eigenvectors satisfying Eq. (40 ) .

( I )  ( i )
(c  3 k 3  - ~

‘ ~ -k
~ 

4i k 
= 0 (no sum over

i is taken here )  (40 )

The instruc tion s for this “canned program ” called SY ME IG , toge ther w i th
a listing of i t , are shown in Table 3—8. This progra m is wr i t t en  in Time —Sharing
FORTRA N , but the conversion to a more conventional form is relatively obvious

The output of this program is shown in Ta ble 3-9 when the required results
from CRØT in Table 3-6 were supplied . Both the Yes and No responses to the
instruct ion quest ion a re shown .

Figure 3-3 uses these results for AT-cu t  quartz , with x3 in the thickness
direction , to c l a r i fy  the previous discussion , It shows the construction of the
eigenvectors for this simple 3—mode case , and the relationship of the 3 —di m en  —

siona l normal mode axes to the plate ayes  . For waves  propagating along the X3
plate axis we have one pure shear mode ( pai’ticle displacement at r ight  angles
to the propagation direction ), ~ 

( 1) , one quasi —shea r mod e, ~ ( 2  )
, and one quasi —

longitudinal mode , 5) ~~~ For waves propa gating along the normal mode axis , 3 ,
we have two pure sheat’ modes , ~ 

( 1 )  and ~ 
( 2 ) , and one pure longitudinal mode

Ipart icle displacement in the direct ion of propa gation direction ) , ~i

Another program for the  purpose of debugging,  was w r i t t e n  at t h i s  t i m e .
Its purpose was an essential te s - . of the  result s obtained up to th is  point . —

The nine sepa i’ate equations in Eq . (40 )  (t h r e e  for  each value of c can
be w r i t t en  as fo l lows  (w h e r e  C U Jk ~ k3 in mat r ix  f o r m) :

CR 11 ~ U 12 C R 13 ~ 
I I  ( 3 )  ( 1 )  ( 2 )  ( 3 )  

(,
( 1) o o

CR 21 C R 22 C R 23 
( 1)  

~>~( 2 )  ( 3 )  5) ( i )  ~ 2) 3 ~ 
( 2 )  

o

CR 31 CU32 CU33 ~(1) 5 )1 2) ,~~3” , I~~
14 5) (2) ~ 3) 0 0

(411

‘rhi s i i i , i (  i’ix ( ‘,u i) be p Fe - i n u l t s p lied uii each side h~- owe rse -1 
to v seld

(I) (2) ( :3 ) ( 1 )
(‘13 11 ~l2 

(
~‘ h l l3 5 1 1 ~~ ~~ 

~‘ 0 0

1~ 
-l 

‘~2 I  CU 22 CU 23 , >
( 1 )  

- 

( 2 )  
, ~ 

, ( 2 )  0

(‘ 13 (‘~~32 
( ‘ 1(

3 3  - i ~~~ > 5)~~3 )  4) 0 ~
‘

42 )
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TABLE 3-8 . INSTRUCTIONS FOR SYMEIG AND THE PROGRA M
LISTING OF SYMEIG FOR CALCULATING THE
E!GENVALUES AND EIGENVECTORS

a )  Instructions

Thi s  FORTRA N p r o g r am  c a l c u la t e s  the s i g e n v s - c t o r s  and e lg e n va lu e s  01 a r e a l ,
s y m m e t r i c a l  m a t r i x .

M E T H O D
The me th od u sed is Jacob i ’ s method , wh ich  w s s  a d a p t e d  io r  c o m p ut e r  u ss - b y von
Neuma nn .  The m e t h o d  c o n s i s t s  o i  app ly ing t o  t h s ’ m a t r i x  a sy s t e m  s > t  p lans’ rot a-
t i o n s  g iven  b y o r t h o g o n a l  m a t r i c e s  des i gned to  r ed u cs - t h e  o t f - d i s g c s n s I  e l e m e n ts
to ze ro .  The e i g e n va l u e s are t h e n  the  d i a g o n a l  e l e m e n t s  of t h e  o r i g i n a l  m a t  r i x
and , i f  t he  e i g e n ve c t or s  we re d e s i r e d , t h e y ar t - d e v e l o p e d  as  t h e  c o l u m n s  s~ I t h e
p r o d u c t  of the  o r t ho g o na l  m a t  i-i cs S

I N S T R U C T IO N S

E n t e r  5I st s as r e q u e s t t d .  For f u r t h e r  in s t  r u c t  io n s  s-un t h e  p r o g r a m ,
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TABLE 3-8 . (Cont ’d)

b) Program Listing
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TABLE 3-8 . (Cont ’d)

2 10 Un 3~ J =I  , -4
2 5 ) - )  I i - ( I — J ) 3 0 , 3~~, 3O
230 31) ANn 4~~4.4()R4+A( I ,J)*A( I ,J) 5

2~ -) 3~ CON i1. ’I’Jr~
2i 3  1k- (A cORA )105 ,Io ,43
~5) DO 40 ANO.R- ( S~~-~ £(  A NOP k~~ • )

~5) 10 ,~.~ - 5) IX~~A 4r
)s
~i* I • -)- ~— -5/FLOAi( -~ )

2 30C I - U t’I AL I~~ I I4D ICA I I ) P S  A N : i  CO If— H fE T’lPN~~’> [-
1:10= -)

30-i
3 1 - .) 45
3l~~
3~ D ~~ .)O I 4 -,s L= I ,. -4 I

L I = L - ’ - l
3 31) )Ii 14- ’ 1=L I
3 T I C  C’)—tpIJ1:~ SI - / [ :  A.~ 1) C() S Ic~’-~
3 , -  ~~~
3s-,U o
1 / - )

5)~~ ) o~i I = A ( L , -1)
3-~J ~~S.) P i (  ~‘*(-s .x *x)
4 I) ~‘= — A ( L , -U / Z

Ir (x ) I ) , lD ,7~
4 ..5) IJ / sj
i i -  , -5 3 f :X = y / H J .? f ( 2 . 3*( l . j - t (S O P T(  j~~~1)4-~~~*~~~) ) ) )

4 4 )
4-, ) I L-f CHI S\ = S~) ? f (  I • 0—S L ’4X 2 )
4 - si CoSX 2 = C3— 3 X *Cn SX
4k )  1~ CS =N I 4 X * C O S X
-
~ ~;)C I -f ) f A i’E L -\4J “ CI) L i I f ~;
4,l:) )n 90 1= 1 ,~~

Ir ( I—L HO ,~ -) ,3O

X A (I ,L)*C )SX—A (1 , I ) * S I s s I X
A( I , ‘ j ) = > I ( I ,L)*SINX+ A ( I ,‘)*C(> ;X
A ( I , L ) = X

~~i )  : l c)  CON f i  s L I :

3*A ( L , 4 )*S I~~ CS
i / I  y=A (L ,L)*COSX2*A (:f,v)*sLJ X2—X

13 ~= A (L ,L)*-,I.X 2+ -\( ~4,1)*C (_iSX2+X
s i )  A ( L , i )= ( A ( L ,L ) — - \ ( 1 ,5 4 ) ) * S I : -JC S -s- A ( L , 1 ) * ( 5 i - -~ .~2— IT~~ - ? )
o

\ (  - ‘ , - ) ) = ~
3)) I )3 I = I

I A (L , I ) =~~( I ,L )
~~ , f ) = A (  ~

o i l  J i: ( - 
~
‘ — I ) 1D , I ) ) ,

~~~s )  ~~ ) ‘~~ I~~( I ,L)*C )3X—H ( I , ~~*‘~I 5)~
o f -  I ’(  I , ~1 ) = 1  ( I  ,L ) * - I NX+P ( I ,‘: )*  ~I ) - X

C) )l) f (  I ,~~_ ) - s

o ‘ ) I - l i  ~‘O .  i I + I
1 ) )  I ‘) ~~ C O .  ~ I a I
s’ I )  I sI ) IF( I . s ) 1 1 1  -~0 , t”i , 100
1 ’ )  Ia ’)  j~~~.) s

3-31

_ _ _



- - :  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ WPt555~~. -55-•’I -r . - — -

TABLE 3-8 . (Cont ’d)

- - ,‘)  
~ 

) - ) ~I

/ L I -~s !~~~~ “ - ,  —? ‘ 1-1 ) Ii - ,  ~~)

I i )  I :  ) ‘ ) I -J ( I  , i

10 I ~~ .i~ I
I i - ; 1 I -( . ( 1 ,1 — - i( J , 5 ) )  L I / : 1 , I ~ - , I
/ - 1 - -~=~~( I ,I)
I i .: ( I  , I )  = - ~. (  J , J )

~~) /
s i t  I f I:( - - — I )  h a , I , I

— - - I ii /1 I ‘-I ~~~ I , -
S 1 = - s  ( , I )
- - - C .-~ , 1 )  , J )
i I - (  - ,j )~ -

I . - .~ 111 , 1 . 1 :
4 -  I , )  -, - ,~ J - ’ ,

- - -  i s  1 5 - s
/ 5  - ‘ ‘ 

-

3-32 5

-- -- - 5 -- - --



- ~~~~~~~~~~~~~~

TABLE 3-9. OUTPUT OF SYMEIG FOR AT CUT QUARTZ WITH X3
IN THICKNESS DIRECTION

~; Y - .~ 1~ .

10 f I’ J - ‘ - \ - 1  I :: 1 5 5 ) - J C 5 [ ~~ , ;?
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Since [~~~~l 
[ 1 3 ]  = 1

- - - [9]However if [ , 3]  is an orthogonal matrix

~i transpose = ~~~ should be equal to [if l

hence ,

~( 1)  ~3 ( 1)  ~ ( 1)  
CB 11 CB 12 CB 13 3 ( 1)  ,~ ( 2 )  ~ ( 3 )  ( 1)  o o

~(2) f3
(2) ~3

( 2 )  CB21 CB22 CB23 13
( 1)  

3
( 2 )  )~3 ( 3 )  

= o 
(2)

~~~~~~~~ ~~~~ CB31 CB32 CB33 
( 2 )  

1 5)
3 

0 0 C

(43)

The program Norm listed in Table 3-10 carries out Eq. (43 )  using, as
inputs, the secular matrix coefficients , CBjk ,  from CROT and the 4 3 values
from SYMEIG . It should return the correct values of ~~~~~

The direction of the plate thickness can be made to correspond to that
used in CROT by changing line 120 .

Table 3-11 shows the output of this progra m for the example in Tables
3-6 and 3-9 . The output should be a diagonal matrix whose elements correspond
to the eigenvalues in Table 3-9 . Notice that the outpu t is not diagonal . Howevei’
a closer examination shows that the off-diagonal terms are errors in the last-
listed digit , or beyond , of the diagonal terms and , hence , represent computer
round -off errors .

C .  TRANSFORMATION TO NORMAL COORDINATES , NORMAL MOD E
IM PEDAN CE MATRIX AND PR OGRAM VC OUP

At this point we carry  out a t ran sformat ion to normal coordinates 15J .J 16 j
by defining the following quantities .

T .  = 13
( j ) T - (4 4)

i 3i

u 0 
= )

~~~ u. (45)
.1 1 1

0 ( j )
° 33j - ~~ e33~~~. 

(4 6 )
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TABLE 3-10. LISTING OF PROGRAM NØRM FOR DIAGONALI-
ZATION OF THE SECULAR MATRIX COEFFICIENTS

IOO C THIs P~<0G P~~AM 1. O M V E R T S  T HE CO P I C I E N I S  I~’J IHE SECuLAi<
IOIC EQUATI~~”I 10 OIAGO’IAL F Oi<M
1 10  0I-M ~~’4S10 -’4 C8(3,3),BC3,3).CN(3,3)
120 I=J
IJOC IHI s  ~IATHI~ STORES THE ELEME~4TS O~ T HE SECULA ~ ~ Q l JA T I0~1
140 C B C I ,I )=0 .29239228E11

150 CR (l ,2) 0.
160 CR (I ,3) 0.
17 0 U t-l (d, 1)=0.
I HO Cb(2 .2)=0.3s~6 1 I S 2 7 E 1 1
190 C~~(2 .3)=-0 . 57004245EI0
200 Cu (3 ,I) 0.
21 0 CBC.. ,2)=-0 .57004232E10
220 GUC3 ,3)=O .12976634L12
250C i—1 l~, MA I H I X  st0~tS [HE E!GET’JVECi0~ S or Ub ~~ COLu’i-’-Js
25lC jHE COMPO”IE415 OF P-4E E1 G L ’JvE C E0~-cs A r~E T H E
2ss-~U O I X E U I I O - ’J C0S I :’IES BEIWEE ’4 THE N0I~MA L MOUE
-./ 5 3 U  AXES A-_iA) tHE PLATE AXES CH (1 ,1 )= 00S1_ iIE OP
254C A-’JGLE B E T W E E — 1  ‘ s J I  A ’l u X l . B C 2 . I )  B ETW EE- ’J ‘41 A Nt) X d . E i C )
-260 H (l.1 )=0 .IEI
210 ~ C 2 .1)=0.
2R0 B (3,1)=0.
290 BC1.2 )~~0.
.300 13(2. 2) 0 .99H06542
.310 R (3,2)=O.62172451E- I
.320 1 3 C 1 , 3) = 0 .
330 B (2,3)~~-O .62h 724SIE— 1
340 hi(3,3)20.99q06542

iioe 1 4-U s M A I k I X  sHeULo C O N I A I ’ 4  t IlE LIGEI’ IVALUES 0’4
J u G  11*. MA ! . -J LI IAG O NAL . IT  kE PRES ENIS H1*Ch* i-i
312L H I  I s  T I E  Tt~A ’4’_ iP 0SE OF H
3~~0 1)0 Ii) L = 1 s 3
,391) 00 10 M = l , J
400 00 10 J I,J
410 00 10 < = 1 ,3
420 t.;-’-4(L ,M )=B (J ,L) sBO< , _i1)*GB (J, -< +C’-~~L , M
430 10 C0-’lI!-’JUE
440 PR ! ’ 4 T 900,1
450 Pt~ II’41 9 1 0
460 PI-UNI 9 2 0 , ( ( C - ’4 C 1 . - l ) , - J = I . 3 ) , I = l , 3 )
500 SlOP’
51 0 9 1)11 P 0fr<MAI (/ , ’POi ~ X , 1 1 .  I’4 IHE I—IJC ’<NESS U1 (<E CT IO*4 ’1
520 91 0 r 0~ M A I ( / ,SX , ’ I H E  ELEMe,NIS I- ’J [NE ~0RMAL G00~ uI ’4s\ 1E’,
SdIL  • EUUA I I I I” J  AR E )
530 920 P 0 A l ( / , 3 X , E I S .~~ , 6 X , E 1 5 . ’~ , 6 x . E I s .~~~54() L 4 1)
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TABLE 3-11. OUTPUT OF NØRM FOR AT CUT QUARTZ WITH X 3
IN THE THICKNESS DIRECTIO N

1 - 
- ‘ /  —s .- -s 

-
- l - .

.~~~~ i - ~~~~~ : : .1 -- ! 

— -  
- _

_ - - ) l  — -
. — 

~— r —  _~~ - _— _ :  

- ‘ -  I - I .

I I

I ’

Fur thermore , since the are orthonormal , the inverse transformations
are

T3. = 13
( 1)  

~~~~~~~ 

( 4 7 )

u. = 13 ( 1 )
0 (48)

J J 1

(i)
e - = 1 3.  e - . ( 4 9 )

j 33t

Equation (44 )  for example gives:

T~ 1 = 
( 1 )  

T31 3 T32 13
( 1 )  

T33 . (50)

In terms of these new quantities Eq .  ( 1 )  for i in the x3 direction becomes

o 2 oT3., 3 = -p u ~S U . • ( 5 1 )

R e t u r n in g  to Eq .  ( 1 2 )  for x3 in the thickness direction ( i . e .  i - s 3) we have ,

I )
.33 ( - 3k3 ~~ 3)Uk .3 3 . (52)

wh i ch  can be integrated to give ,

~‘) ~~ 
) 

U~~ .1
3
X
3 

+ b3 (53)
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This in turn can be substituted into Eq. ( 7 )  for i = 3, k = 3 to yield ,

E / e 3k3 \T3~ = C 3ik3 Uk , 3  + e33 ) ~~~~ ÷ e 33~ a 3 . ( 54 )
33

Multiplying Eq .  ( 54 )  by ~3
(~~) 

and using Eq. ( 15) leads to ,

o (i) —E (i) (j)
T3. = 13. T3. = C 3j k3 jil • Uk~ 3 + 1 3 •  e33~ a 3

bu t from Eq. (40 ) or Eq. (25 ) ,

— E ( i )  ( j )  (j )  
-C 3jk3 13 j = c 6 kj ~ 

(no sum over ii (56 )

so that
0 ( i )  (~ ) 0 -T31 = c O kj  i3~ Uk ,3  + e33. a 3 

(no sum over i)

(57)

or ~~~~~~~~~~~~~~~~~~~~~~~~~~ (no sum overi ) ,

from which we obtain

T~ . = c~~
’
~ u

0
,3  + e~~3~ a 3 

(no sum over i )  ( 58 )

This equation can be substituted into Eq. ( 51 )  to give

c ’1
~~u~~,3 3  ÷ p w

2 u ? =  0 (no sum over 1)

or
(1) 0 2 0

C u 1, 33 + p - s -’ u
1 = 0

( 2 )  0 2 0c U
2 ~~~~ 

+ p~ ’ u2 = 0 ( 59 )

( 3) 0 2 o
C U 3 .3 3  4 p - ~s-’ ~13 

0

0
This clearly shows that the normal coordinate motion s , U. 

* 
a r e uncoupled .
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If use is made of the symmetry relations of Eq. (9 ) , it is possible to
write

(i) ( r n )  0
e3k3 uk = 13~~~ 

e3 .3 ) 
~

13k u )

( i )  ( r n )  0 0
0k 13k e3.3 u ( 60 )

c5 e0 u 0 = e 0 it 0
in) 3j 3 n~ 3i3 i

where the orthonormal properties of the in Eq. (37 ) are used .

This shows that

— ° ° (61)e3k3 Uk - e3k3 Uk

is invariant under the transformation .

E quation (53 ) for the potential then becomes

= ( e ~~~~/ € 33 
) U~ + a 3 

x3 + b3 , (6 2 )

which shows that the x3 -directed component of an electric field , ar ising f rom
particle displacement due to passage of a wave , reverses direction when the
wave direction reverses .

it is now desirable to show that Eqs . (59 )  cal) be represented by trans-
mission line equations. The standard lossless transmission line equationsl 17]

-Ld z

(z;t) -C ‘
~~~~ - (z : t )  , (63)

where L and C represent the inductance and capacitance per unit  length , can be
put in the desired form by the following procedure .

Let V ( z : t )  and l ( z ; t )  take the same form as u 1( x . ; t )  in Eqs . ( 16 )  and ( 18) ,
so that

- - j~t’(t- ~ z )  j~t’ ( t -  ~
V (z:t) Ve k Z

e~~~~ Ve — Ve
(64)

- I i Z
- - j & ’ ( t —  - z) L ( t  — -

0 1 h z  t l ~1’t ~ -‘ 
- V

I (-,:t) l e - e - = I c  I c

I 4 ’ I ) 1 ’ & s ( I i t  s inusoid~&l t t n ~c func I ions pr opagat ing in the z direction wi th  a
— 

‘ vlac t t v  , V
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Eqs . (64) can be substituted into (63) to yield

= -jwL I

-jijI = -JwCV or I = V . (65 )

If the second equation of Eq. (65 ) is substituted into the first ,

-jIV = -j w 2LCV r ( 1 w2LC ) V = 0 . (66 )
2

1)

Equation (66) can be satisfied for arbitrary values of V only if

= . ( 6 7 )

The following identification between the velocity of propagation , v , and
the wave number , r j ,  must be made from the last form of Eq . (64 ) :

w 1v or q = v = . ~ . (68 )

If a transmission line cha racteristic impedance and admittance are de-
fined as

Z o =~~rF= — , (69)

then , for an arbitrary wavenumber )~ 1)
, Eqs. (63 )can be put in the form ,

V~ 3~ = -J~4~~~~~~~( . )  ~~J~~c
W 1 W = 

( i )  
Z~
’
~ ~~ (70)

= _J La~~~~~~~~~~~~~~~~
-5 11~~~~C ~W 

= ~~1
( i )  ~~( i )  v~~

where it is assumed that the wave is propagating in the x3 di rection .

If the second of Eqs . (70) is different iated with respect to X3 and substi-
tuted into the f i r s t  equation , V ( i )  can be el im inated , and vice versa , to yield

( i )  / ~~\2 
( i )

I~ 33 4 
~‘/ ) I 0 ( 7 1 )

( )  / ~~~ ~~v ,33 +- ~ , / 
%~ ~_ 0

LA 
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Both of these equations are identical to Eq.  (59 )  when Eq. (20 )  is used ,
so it should be possible , at least , to determine tha t there is a correspondence
between the normal mode displacements and the transmission line varia bles .

Also , note that by writ ing Eqs . ( 16) and ( 18)  in the same form as the
last of Eq. (64 ) , the acoustic wave velocity for each ~~~~~ is given by

( i )  
~~ 

( j )
v = = c /p . ( 7 2)

1)

Since we are free to make corresponding wave numbers of the transmission line
and elastic waves equal, Eq. (59) amounts to using three transmission lines
(one for each i), and support ing a wave propagating with the velocity , v~~~ from
Eq. (7 2) , if the other variables in the acoustic wave equations can be made con -
sistent with Eq. (70 ) .

Equations (51) and (58) represent a set relating T~~ ~n d  u ? ,  which are
very similar to the first-order differential equations of Eq. (70). However , the
e3~~ a3 term of Eq. (58 )  hinders this analogy . This tern) is piezoelectric in
nafure and a spatial constant; hence if T~ is separated into two parts by defining

T° - = T + ~ 0 with T 0 
= e0 

- a , (73)
3i . t  3i 31 33i 3

then , because T3 .,  is a constant ,

T3~,3 = 
‘

so that Eqs . ( 5 1) a n d  ( 58 )  become

2 o13j ’3 = 
~~~~~~~

( i )  0 —~oc u
~, 3 -- 13 i ’

which now has the st r u c t u r e  of Eq.  ( 70 ) .

To complete the analogy between th e acoustic waves and the transtuis —
SIOn l ine it is necessa ry to Ixt i r  corresponding quanti t ies  . For reasons , given
in Ref • i i  , the fol lowing efloices are made:

A 13j
( i ) oI -u -I- s- U

1 1

, ( i )
A/ l v
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( i )  i (~)\2
C = p t ,y /

— / ( i )  (76 )
0 - /Y0
( i )  (~ )-,-j = w/ v

is the negative of the particle veloc i ty in the normal coordinate sys-
ten) . The negative sign is a resul t of the convention for positive power flow in
acoustics. If a positive tensile force is applied to an elastic body a positive out-
ward particle velocity is produced but , under these conditions , power is said to
produce a power flow into the body . Hence , the outward velocity associated with
an inward power flow produces the negative sign .

The factor , A , in Eq.  ( 76 )  is a portion of the area perpendicula r to the
wave propagation , i . e . normal to x3.

Still following Dr.  Ballato ’s presentation, we now turn to an examination
of the thickness modes of an electroded , piezoelectric crystal plate with traction —
free surfaces , driven by an electric field in the th ickness d irect ion , (since this is
a clever way to incorporate the electrical circuit  into the transmission line model ) .
Figure 3-4 is a sketch of the situation to be analyzed . The plate is laterally

-s-c +

+h_i 

~ 
/~

-3i~
o1

Fi gure 3-4 . Unbounded . Trac t ion-Free , Piezoelectric Plate . Thickness
Exc i t a t ion  of Thickness  Modes

unbounded , of thickness 2h , w i th  upper and lower surfaces at X3 = +h and -ii ,
respectively . These surfaces are also assumed to be maintained at potentials

and 
~~~~~~~ 

respectively . Lateral coordinates arc of no interest  and the cJ~•’~
t i m e  factor ~s ignored .

At the plate boundaries the condit ions to be satisfied a i-c:

T - 0 at x —

( 7 7 )
at  x 3 t h
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I

If Cramer ’s rule is applied to Eqs . (47 )  it is seen that , if the untrans —
formed stress , T3~, vanishes at the surfaces , the transformed stress , Ti- ,
must also vani sh since , to satisfy the orthogonalit y condition that the transpose
of the 13 matrix is equal to its inverse, the determinant of the 13’s must be non-
zero. Hence

T°. = O a t x  = ± h  . (78)3i 3

We seek a solution of Eq. (59) tha t satisfies Eqs. (77) and (78) when
inserted into Eqs . (58) and (62) . From now on until further notice the Einstein
convention is dropped and no sum is to be taken unless it is specifically indicated .
To this end we select

o - ( i )
U . U~ sin ‘~ x3 , (79)

so that

( i )  ( i)  - ( i )
u
~,3 = U. i~i cos i~ x

3 
and u

1,33 = -U. ( ij ) sin ‘j x3

which satisfies Eq . (59 ) , provided

- 2  2
( , ~~( i )

) = , ( 80 )
c i

which it does , f rom Eq.  (2 0) . If Eq.  ( 79 )  is now placed into Eq.  ( 58 )  and use
is made of Eq. (78),

o ( i )  oT31 = c u~ ,3 + e3 3 . a 3

(81 )
( i )  U )  ( i )  o

= c i~ U~ cos ,~ x3 + e33 . a 3 = 0 at x3 = ± h

Hence ,
-e~~3. a 3Uj = 

( )  ( • )  ( i )
c ,j cos i~ h . (82)

Using Eq. ( 62 )  along with Eq. ( 79 )  yields:

= (-5
~

_) 
u + a3 x 3 

+ b3 ( sum over k )
€ 33

= 
313 u 1 sin ~~~~~~~ + U 2 sin I,~~

2
~~X 

( 83)
€ 33 € 33

L 
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+ 

e~ 33 U 3 sin 7)~
3
~ x3 + a 3 x3

€ 33

Substituti ng from Eq. ( 82) yields:

o o - 
( 1)  o 0 - ( 2 )

—e 313 e~~ 1 a3 sin 7) x3 
- 

e323 e332 a3 sin i

s ( 1) ( 1)  ( 1)  — s ( 2 )  ( 2 )  ( 2 )
€ 33 C 7) cos ij  h 

~~~ 
c -t~ cos ij  h

o 0 - ( 3 )
e333 e333 a 3 Sifl ~i X

3 
4

- ( 3) ( 3 >  3 + a 3 x3 + b 3 
(84 )

€ 33 c ii cos rj h

Letting ~~ = ~~~~ 
at x3 = ±h leads to

0) = O = 2 b 3

Thus

b3 = 0  ( 85 )

and

~0 = a 3h ~ 1 - ~ ~~~~34~~

) 

t~~_~~
j )

1~~ . (86 )
m n l  € 33 c I) /

This leads to:

(t)
0’h

3 0 0

~ 
e3 .3  e33 . ~~~~~

A — 
~~~~ ( A )  ( j )

m=1 € 33 C i~ h

Now we define:

(k m ) = 

e~~ 3 C~~3~ 
,

f 33
(

where no sum over i is taken , so that

_ _ _  
_

~~
_ _ _ 1__ _

~~ 
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p

o o o 2 o 2 o 2
( 1) 2 e313e331 

— 

(e 331
) ( 2 ) 2 

— ~~332 > ( 3 ) 2 
— 

(e 333
)

(k ) = ( 1) — ( 1)  , (k — s ( 2 )  (k ) — ( 3 )
c 

~~~ 
c € 33 C € 33 C

when use is made of the symmetry relations for e?jk . Here k ( 1)  is the piezoelec-
tric coupling coefficient for the ~~ mode in the Thickness Excitation of Thickness
Mode (TETM ) case .

Putt ing Eq. (82 ) into Eq. (58 ) and Eq. (79 )  along with Eq. ( 87 )  leads to
I ( i )

cos I )  X

T°. = e0 
- a (~ - - -

~~ ( 89)
3m 3331 3 ( 1 )

cos q h

0 - ( i )
~ ~~~~~ Sill ?~ x~

u. = -
i 

- - — ‘4’ (90)
i (1) ( m )  ( 1)  3 ( _ )hc 1) cos -(7 h \~ (j )

)

2 tan 7) ~ h
(j)

7] h

Substituting Eq. (53) into Eq. ( 8 ) , specialized to the 3-direction by letting
= k = 3, leads to:

s ~~~~~ ~0/h
D3 = -€ 33 a3 3 - 

( j )  ( 91)
1 - “ (k u > ) tan ~

jzr l

Now , consider a portion of the plate having a lateral area , A , as intro-
duced in connection with E q.  (76 ) . The current  I~ , intercepted by this area is
equal to

10 = -AD3 = -j wA D3 . (92 )

The minus sign is here because , at the positive (upper) electrode , the
surface normal points in the direction of minus x3 within the crystal .

Considering this plate to be an electrical network , one sees an admittance

Y . (TE TM) I/E = Io/2~o

Defining a capacitance C0 by

C 0 - A € ~~~2 h  , ( 94 )
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I
Equati on (93 ) becomes

wC
Y. ( T E T M ) =in 2 (p )

1 - ~ (k ~~~) tan 
(p ) 

h , (95 )
p=l T) h

by substituting Eqs . (86 ) , ( 88) , ( 91) , (92 ) and (94 ) .

We now assume Y~~
(TE TM ) can be represented by the conf iguration shown

in Figure 3-5. Then

(-jwC 
~~(TL )

Y. ( T E T M ) =j c o C  + 
0 

- (96 )
in 0 Y (T L ) _ J W CQ

j c~C0
I
~ ~ (TL )

\ j w C 0

Equations (95) and (96) are identical if

/ 3 
( )2 (p) \ / only

~ (TL ) = jwC 0 ( ~ (k ~ tan h ( indica ted sum )
\ p=l rj ~~h / \over p / (97)

-c 
_________

Y1~(TETM) 
Co Y(TL)

0—

Figure 3-5 . Assumed Input Admittance Networ k
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This can be interpreted as the sum of three admittances in parallel , with
each admittance containing one tangent function; i .e . ,

y — V ( 98 )(TL )  T L ’

where = jwC0 (e
~ i3 e~

3.) tan i
( 1)  

h

- 

1) h

Using the var iables def ined in Eq. (76 )  this can be written as

0 0 0 ta ( i )
h

~~( i )  
— 

jA e.~.3 e33. 
tan 

( i )
h — -‘

~
-
~~~

- e° 
e33~ 

n (7
TL 2 ( i )  — 

2 3i3 Z2h p v  2h 0

A2 
o o 2 tan -ij~

’> h 
- 

A2 1 
_ _ _ _ _ _ _

— 2 e3.3 e33. 
- 

(~ ) — —
~~ e3.3 e33. ( i )

4h -jZ0 4h -i Z 0 cot ,j h

(99)

The input impedance of an open-circuited lossless transmission line of
length , h , characteristic impedance , Z0, and propagation constant, 1] ,  is

Z øc = -jZ 0 cot 7) h ; ( 100)
- 

zoand the impedance of two of these lines in parallel is -i ~~~~ cot ij h

Hence , we are tempted to represent as shown in Figure 3-6 . For
this configuration

( i )  1 
— _ _ _ _ _ _ _  

1

~ TL — ( i )  — 
1 / ( i )  ( i )  ( 101 )

ZTL ( f l )2 ~ j Z0 cot ‘i h

Equation ( 101) will agree with Eq .  (99) if

n i = 

A~~ e3j 3 e33~ 
= 

A e~ 31 (102 )
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- - - ( i )
Figure 3-6 . Assumed Configuration for  Y ‘FL

Figure 3-6 can be redrawn as shown in Figure 3-7 , since , in this circuit ,
no current will flow at the center of the transmission line so the wires  in Figum’e
3 -7 can be cut

(-5-
-S

____ 
I 

z ~ ( I )

no

~ __-5_

~~~~~~~~~~~~~~~~

__ _ __ Jn
I - - I ’L~ I . -  j - ( * -~ r..-— IILIII II ~—‘ t i t ~- 1i- t ’h ick t i , - .-.~--. Nl xj e ,

I i t t )~ i i
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In Figures 3-6 and 3-7 and Eq. (1 02) n~ represents the piezoelectr ic turns
ratio in Mason ’s Equivalent Circuit . 4

In connection with Figures 3-6 and 3-7 it should be pointed out that , if -C 0
in Figu m’e 3-5 is ignored , the secondary voltage of the t ransformer  is given by :

( )
E ’ = n . 2 ~ = A e ° .s i 0 33t h

- / 3 ( - )— I i ) * -  i i-.
A - i i  - k -~ —

~~~~
---

~~
-—-—- ( 103 )

H ( j )
\ ~j - - I I) ii

( 1 ) . - 0 U )  - -Hence , E is pm’oportion al to A e33~ : t3 but , by Eq.  ( 73 ) , E is proportiona l to
AT~ - . Thus , while the volta  ~,e variables associated wit!) the waves on the trans —.)i —o -
mission lines are A l 3- ~ the e lectromechanical  t ransformer ’s secondary voltages
can be identified with AT 3

0
1 , so that the c i r cu i t  accounts for the tota l stm’ess ,

AT~ 1 .

I)r . Ballato goes into severa l  ramif i ca t ions  on dra wing the network as
shown in Figure 3 — 7 :  these will not be dealt wi th  here . All that we emphasize
here is that , if the t r a n s f o r m e r s  a i~e placed at the ends . ~t s ShoWn , then the
po la r i t y  dots must  be as indicated , in order for  this to be a valid repre sentation
of F i g u r e  3—6. Figure  3— 8 shows the complete 3—mode equivalent  c i r c u i t  for
th i s  t ract ion — f r e e  case

Figure 3—9 shows the resul t ing ne twork  wi th  the t rac t ion  —free  c o n d i t i o n
removed so tha t the shom - t c i rcui t s  of Figui-e 3—8 a i-c gone . Because it per ta ins
to norma l  coordinates , the port  var ia bles ar e  supersc ript ed with the i cgrce
sig n . T h e  port  variables are  numbered so that  the left side (bot tom or —h side
of the c ry s ta l p la te )  of the  t ransmis sion  l ine supporting nU)dl ’ ( 1 )  leads to P 0i (

i°) , w h i le the r ig h t side ( top or h sick’ of the c ry s t a l  plate ) leads to poi’ t
3)0 Ports  10 to (~~‘ a i-c mechan ica l  ports  and port 70 is .mn e lec t r i ca l  port

We also d ef ine  V~ and iY ( — 1 . 2 7) as the voltages and c u r r e n t s  appropi -late
port • w i t h  the sign convent ions  shown in Figure  3—9 . At pi-esent , no a t t ( ’n mj ) t

is made t o  mat e  Im these por t  var iables w i t h  the s tresses and disp lacements

En order to obtain the impedance m a t r i x  approp r ia te  to th i s  n e t w or k  it is
c on v e n i e n t  to repla - t the cli —I i-ihutt’d t m -an s i u i s s i on  l i n e s  in Fi gure 3 — 9  w i t h  th em r
lu m ped equivalent  fo rm . The e q u i v a l e n t  t ee  fo m’ n m of the lossless t i -ans mi ssioii
m i n e , shown iii F t  1~m i i 4  .~ —10 , t t i a  V hi’ 15( 4 r t a in et l  by ev a lua t ing  i ts  open c i r c u i t
shoi- t ci  1- ( - u i t  .tiicl t r an s fe i -  i i t ip e d . tn c es  , and c o mnpa  i - ing  t hem to the t i’ansm is s ion
l ine  equat ions . t l s i i i t :  t h i s  ~ - - 1u I v a l t ’ I 1 ( - e  1- u :ui - - 3 — 9 can h i- re d i - ,i tvn as sht tv n in
F i g u r e  3 - 11.
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(1°) t z0~’~ , K~ ’~ •
V ( 40)

I -~~~~~~~~~ I
T 0  I • ‘m • e

(2°)tv~ ~ 

-o 

z 0~
2

~~x~
2

~ v~~~ (50 )
0-0 

~~~~ 
-0- —0 , . .~ )—0

=

0 O I • 1 0
~~I3 __________________________ 

I 6’~
(3°)tv~ 

p - 

Z0 ( 3) , K ( 3 )
0—c 

~~~~~~~~ 0 — 
0 ~~~~~~~~ >—0

= n - ~ = I,

I • I

71-Z~~- C 0

-N

_________________________________________ t I e
—0- 7

~j 07

( 70)

Figure  3 -9 . Possib le Seven — P u t  Normal  Mode Equz valen l C i r c u i t  ~f a
Crysta l Plate
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~
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Figure 3 — 1 1  . Lun~ped C m r cu i t  [or E v a l u a t i n g  FE FM E lect  ro — M e c h a n  u - i l
Impedance M a t r i x
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It is now necessary to evaluate terms of the type , Z t
~~~, in the relation

V o 
= Z0 

1
0 

, ( 104 )
iT 1T~ ~

where the Greek indices range from 1 to 7 . Because this is a lumped , linear ,
passive , bilateral network , and because of the sign convention for currents and
voltage shown in Figure 3-11, the overall matr ix will be symmetrical  about its
principal diagonal . Furthermore , all mechanical port-driving point impedances
will be identical in form , differing only in the mode index number . The same
will be true for all mechanical transfer impedances connecting ports on the
same transmission line . Likewise all electromechanical transfer impedances
will differ  only in mode index number .

When the electrical port (7° ) is open -circuited so tha t L~ = 0 , the two
capacitances , +C~ and -C0, add together to produce shorts at the piezoelectr ic
transformers . This completely decouples the transmission lines from each
other .

Using this last effect  means that:

1
3 

means all I~ = 0 except 4 ) =

o 
I

Z = = 0 1 to 6 except ~ ± 3 . (105)
1
0

~

Hence

o ~ o o , () 0 , 0 
— 

0 , 1) , O , oZ12 - Z 13 Z15 - Z
16 Z21 - Z 23 - Z 24 - Z 26 - Z 3~ - 132

,~7 O ,,O 
— ~~~ -- ,7 () 

— ~~O ~7 O 
— 

,~~() —= 

~~~~~~~~~~~~~~~~~~~ ~46 ”51 ~“53

— z° ~ ~~ 0 
— , 0 

—- 
54 56 ~61 

‘62 - 64 -

The nie ’chan ical d r i v i n g  point impedances ~m r e

0 0 0 -V I means all I - 0 (-x (-(-l)t ~o , ( k )  ( k )
z - - - -  = z 4 zo 1 2

k = iT or -3

(I 06~
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z~
’
~o 0 0

11 44 j tan c1

zo zo - 
0

22 55 — j tan 2 
( 106 )

( c o n t i n u e d )

zo -zo - 
0

33 66 j tan 3

( i )
where . = 2 h  1)

The mechanical  t ransf e r impedances b etween ports  on the same l ine  ~t i e  -

0 01 nieans all I = 0 e X c t - 1) t  - 3

oZr :_ 
~3 = I~ - 

= iT 1 t o 3

1° ~ 
k

- 4 )  -

~~~~~

t ” 
~~~ 

/ 
1)

14 41 ~~~ I

1~~
,

t )  _~,~
l)  

— ( I
25 )2 j ~~~ 2

3)
( I  

- 
4

lh i~~1 j i— l I l t

l h t i - ~ It- (-1 )unts I I ) !  all (lii i i ) l 1)( d , tmi ( t ’5 X (~~’ ( ) I  t i l l  - l  l ( ’j . i t t ( i to t i l l  t 1
p om-t  -

With ~m El t i t - ‘i te ( llaii U .( I  I ) 0 m t i ~ 01)1 11 - e t i c u t t e d  al l  the t - I l - c t i u a l  nu I h i m l u a l
i-a n sf  m’iiu ’ i- i-~ a m- .’ open — c i t i u t  ted , S I ,  t h a t  0)  r u m - r e m i t  can f li  1W th i’ uch —

h e nce th e elt ’i I r i ( a 1 port d r i v i mig point  i n ipeda nec is

V
I )

= ~~~~
- -

~~~~
- -

77 ( I
1 7 I ,
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‘

I)

Z dIld /~~ = - I 11)9
7 :~ o o ~;7 oI I 1 .  I U~~~ l s t

IT 4 ( 0,4 -~~ir
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Specializing Eq. ( 8) to the 3-direction by letting i = k = 3 and then , sub-
stituting Eq. ( 5 3) , yields

D3 = -t 3 a3 - (116)

For this case, using Eq .  (92 ) ,

0 -17 = -j ce.’AD3

= j~~A 
~~~~ 

a3 = j u ’A 
~33 ~‘o - 

(117)

h

and

V ° 2~’7 I-)

~*I) ~:q . ( 1 1 3 )  h , - , -o t i i e s

Ii 
- 

,
- (11 (3)

i i  s
j -‘ 

~ ~~~ 
:,, 0

h

xh  i t - ’ -  F : q . (94 ) was -ttip 1~i~ ccl

1(15  - ri Oh ’. 111 t u g  impedances I equ z re l U l l  i, 1 the u~ ~~ i s-  f i i i i  te and th e oU ie- r
t W I l  II ) 1w /t FIl _ lhis I I I ) v I t ) u s t v  s a t i s f i e s  h - q  - ( ~9) fom t u e  two u 1 0 -o inpo ne f l t s
l I n t  itniks ’ ’ tou r- (I f th e t t I t - ( - ha l i i ( - ,tI curren ts e qual I i )  icro . ( h  f i f t h  (-I)ili I)oili’mi t

si m i le-c  h.t uic.i 1 cUr  r ent  can 1 ) 5-  made to ~~i i ~ I ‘-i i  i f  the  I I I  Sn - f i  i s  u~~ i s  i - i n  Iseil to be
is - ru . i t  the a r ,p I- ia t e  -~ u ri1i i s -  I - hi  1 and in Iii - i t  - F l )  .it th e othe i- I • hi ) . Th i s  i - a i i  i i ,  -

L cc I ) n ip l i  —SIts I is~
- choosing the non — -i s - l I )  u .15

~~~ 
I i )  

I h t L  1 - I 119
I 1 3

h I - i w t - v i - r . wi t I - ~ ’ r e q u i r e , 1() 1 these mnt p e ’damices  • that l~ — 0 . t~ s i m i g  Eqs . I ¶) 2~
~i mi ( i  I 1 I c i  lit i i - -  t t I I J I 1 i - -  thdt

o 5
I7 = -j ~ -AE ) 3 j~ ’A € 33 ~~ 

0

or 0 (120)

3-58

- -



Substituting this requirement into Eq. (58)  leads to

o ( i )  oT3. = c  u 1,3 , (121)

for the case under consideration ,

Hence , the normal coordinate stresses corresponding to the zero compo-.-
nents of norma l coordinate displacements , u~ , of mode index , i , are zero and
so are V~~, corresponding to these mode indexes from Eq.  (111) , and the cor-
responding ~~~~ of Eq. (113) .

For example, take

o 0u2 = u 3~~~0 ( 122)

o - ( 1)
U

1 
U 1 sin 1) ( h-x 3

) , —

so tha t Eq .  ( 112) gives 1~ = I~ = 1~ = 1~ = 0 , and let 1~ = 0 . Eq.  ( 121) requires
that

12 = 13 = 0 , ( 123)

so that , f rom Eq.  ( 111) ,

0 .  ( 124)

The choice ( I l l -  u~ in Eq.  ( 122) leads to

-J ~~-u~~ 
( -h i  -J ~~

- U
1 

sin ( 211 1) h 1 ~~ = -j ~~
‘ U 1 sin

- j.& u° I ~h)  = 0 ( 1 2 5 )

o I i )  t ) ( 1 )  ( 1 )  ( 1 )
131 

( U 1 3  —c U
1 ~ ~~~~~ i

~ 
( h — x 3

)

Su i t — t i t u t i i i c  t h i s  value of 131 i n t o  Eq. (111 ) ~i v’.’s

V~ A I ’~~1
( - h )  -c

t
’~

t ’ 1 A U 1 cos 
( i j ~~~ 2 h ) =  -1

t 1Y’
~AU 1~~~5~~1

V~ A T ~~1 ) I h ) =  -c~~~ i)~~~~U 1 A . ( 126)
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Then, from Eqs . (113)and (124),

Z~1 = Z ~1 =Z~1 =Z~1 = 0 . (127)

If , in place of u~ in Eq.  ( 122 ) , we had chosen 4 to be finite and let
u~ = 0, then v? = = = V6

0 
= 0 in Eq . ( 124) , while 1~ ~ 0 and = 0 in

Eq. (125), so that

Z~2 = Z~2 = Z~2 = Z~2 = 0 . ( 128)

Repeating the argument , with u~ finite , y ields

Z~ 3 = Z~ 3 = Z~ 3 = Z~ 3 = 0 - ( 129)

Returning, now , to the finite impedances resulting from the choice in
Eq.  ( 122) , the values in Eqs . ( 125) and ( 126) lead to

V0 ( 1)  ( 1)o 1 i~ c A cos Oj  
- ( 130)11 o - - j tan €)I i j u ~ sin 01 1

V0 ( l )  ( 1)  Z 
( 1)

= 
_ _ j _ 

= ‘1 ~~~~~~~~~~ = 
o _____ ( 131)41 ~o j ~i- sin 01 j sin

1

where’ definitions in Eq. (76 ) have been employed and O
~ 

= 2h -

If the choice in (122) had been

u~ = U 1 si n ,~h 1 )  t h  + x 3
) ( 132)

the result would hav e been

= -j ~ u°~ ( -h )  = 0

0 - 0 - - ( 1)  -14 = 3u ’u 1
( 4-h )  = J A ’U 1 sin ( tj 2h ) = j u~’U 1 

sin

T~ 1 = c
t 1

~~U 1 i,~~~~cos ( ( h i  ~ x 3
) ,~( 1 ) ( 133)
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j

This leads to

V~ = A T~ 1
(~ h)=c

W
7J~~~ LJ

1
A

V~ = A T ~ 1 ( ÷ h ) = c ( l )
II W A U 1 c O s( , l W 2 h ) . ( 134)

Substituting these values into Eq. (113) leads to

z~’~o 
~~~~~~~~~~~~~~~ 

0Z 44 = 
~~ 

- 
j tan O1 

— 11
4

V° Z 
( 1)  ( 135)

z 
0 

- z°14 — 

1
0 j sin 01 41
4

- 0 0 - - 0 0 0 0
while the requirement that U 2 = u 3  = 0 still requires V 2 = V 3 = V 5 = V 6 = 0 .
Hence ,

Z~~ = Z~~ = = Z~~ = 0 - ( 136 )

It is now obvious that repeating this procedure, using u~ and u~ in place of
u? in Eqs . ( 122)  and (132 ) , and setting u? = 0, will y ield:

zo - zo 
- —

22 55 j tan t l 2

zo _ z o - 
0

25 52 — 
j SLfl r 1

2

zo 
~~ zo 

- 
0

33 66 
- j tan - 3

137)

zo - z o 
-

36 63 j sin — - 3

0 _ 0 0 0 0 0 0 0 -oz15 — z35 = z45 - z65 = z16 = z26 — z46 — z 56 
-

Thus , all the elements except the electromechanical t ransfer  impedances have
been calc ulated .
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These can be obtained b~- , again , requiring 1~ = 0 . Using Eqs . (92 ) and
(116) leads to

-j u~’AD 3 = j~’A ~~~ 
a3 = 0 ( 138)

so that
a 3 = 0  - t1 39 )

If this value is substituted into Eq.  (62 )  it becomes

= (e
~~ 3 ) u~ + b 3 ,  ( 140)
€ 33

where the sum over k is to be taken .

With the sign convention adopted in Figure 9 ,

V ° = [ci — J . ( 141 )
7 (x ~~= - ~h )  (x

3=- h )

If the choice for mechanical displacements in Eq .  ( 122) is made Eqs - 
( 140) and

1141 )  bec-onie

= -
~~~~

-
~~~
- u~ b~ ( 142)

(
33

I_ ) I_ )
t ’ . e.

0 313 0 313 ou ( +h ) — —— u ( —Ii7 s 1 s 1€ 33 € 33

which - for  th is  particula r choice foi- the form of u~ , leads to

V~ = - ~~ U1 sin ( , )
( 1) 9 1 )  - ( 1 4 3)

€ 33

When Eqs . I 143 1 and ( 125)  a Fl’ substituted into Eq.  ( 1 1 3 ) ,

= = 
~~~~~~~~~ 

= - ( 1 4 4 )
71 o - s1 1 J o ( 33 I)

wh it ’ i-c E qs - I 94) and ( 102~ ha ‘se  been used



I . AD—Auqo 091 GENERAL ELECTRIC CO SYRACUSE N Y ELECTRONICS LAB FIG 9/5
MULTIMODE FILTERS. (U)
OCT 77 5 WANUGA . C M STEARNS. A L KACHELMYER OAABO7—76—C—1337

UNCLASSIFIED ECOM—76—1337—F NL

2c, 3
ADAO4600I.

I



If the choice of Ui in Eq. ( 132) had been made , then

e313 u1 sin (l ? W 2 h )  , ( 145)
€ 33

while

= j wU1 sin ( 1~~~ 2h ) . ( 146 )

This leads to

0 0
o e313 n 1Z74 = o s = jwC 

( 147 )
14 J W € 33 

0

Again it is obvious that repeating thiscprocedure , using u~ and u~ in place
of ul in Eqs . ( 122)a nd ( 132) , and setting u1 = 0, will result in

o 
-Z 72 - Z 75 - j wC0

Z° = Z° = ( 148)73 76 j wC

While i t should be possible , in a similar fashion , to show that Z 
~ 

= Z7~~,
the requirement that this matrix must be symmetrical about the principal diagonal
will be used here .

The goal has finall y been achieved . The equivalent circuit of a thickness-
excited thickness mode plate in the normal coordinate reference frame is shown
in Figure 342 ( which is identical to Figure 9) . The Normal Coordinate Im-
pedance Matrix of this plate is given in Figure 3-13 .

In this matrix the parameters of interest are :

0. = 2h l i
U )

= 
2 h w  ( 149)

1 ( 1)v

= (20 )
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2 h  ~ 14 ~
( 10 )  t V~ • z0

(I) ,K (o ) ~—0- 

V~4f (40)

o 0V 1 = A T 31 (-h ) 
~~~~ ~. I

0

V°=AT° (-h) I
2 32

V°=AT° (-h) (2°)tv~ • 
zO(2~K

(2) 
•3 33 

~~~~~~ ~~~~~~~~~~ 0—0

oV = AT (+h ) t~~~’-4 31 • I • i~~~

V°=AT° (÷h) -o5 32 (3°)tv~ ZQ(3),K(3) v~ t (6°)
V~ = AT.~ ~ 

(+h ) O-0  L.W ~~~~~U = fl.1 = n
o ....i

V7 = Electrical Voltage • I •

o .0
= —u 1 ( — h )

o .012 = -u2 
( -h)

o •o13 = -u 3 
( -h)

= (÷h ) — — - C 0

I~ =~~~~ (+h ) 1 016 = u 3 (+h ) 
_
_ t’ 7

o17 = Electrical Current

(70)

Figure 3-12. Seven-Port , Nor mal -Mode , Equivalent Circuit , fo r a TETM
Plate
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(I) 0)
zo zo fl~

j tan 9 0 0 j sin 8 1 
0 j w C 0

(2) (2)
Z0 Z0

0 j t ~n6 2 
0 0 j s inO 2 

0 j c~C0

(3) (3)
zo zo 

______o 0 J tOfl 8 j Sifl 83 J w C0

(I) (I)
Z 0 Z 0 fl 1

{z 0J = 
j sin 81 

0 j tan 0 0 j w C 0

(2) (2)
Z0 Zo 112

0 . .  0 0 . 0 -
.~~~~~~~~~~

—

J Slfl °2 J tafl O2

.,
0 0 0 0 0 

_ _ _ _ _ _

JsinS3 j ta1183 j w C o

_______ ______ 
_ n 3 

_____ 

n 2 113 I
j w C 0 j w C 0 juC 0 j w C 0 j w C 0 j w C 0 ;w C0

Figure 3-13. Normal Coordinate Impedance Matrix of a TETM Plate
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= velocity of propaga tion (72 )

A p v  = A~1p c ~’~ ( 7 6)

C0 = A E~ 3 / 2 h  (94 )

= A e~ 3./2 h ( 102 )

0
( i )  

e33.
k - = coupling coefficie nt ( 88)

i s  ( i )

3
0 ~ 

( i )  ( i )  ( i )  Ii)e33. = b3
1 

e33. = t )
i 

e331 + 
~2 e332 + j 3 

~ 
e333 

( 46)

2h = plate thickness

A = area of concern I to thickness

p = plate material density

In expressions (94 ) , ( 102 ) , (88) and (46 )  the choice of x3 in the thickness
direction selects the coefficien ts; for an arbitrary direc tion m they become

C0 = A eS /2h ( 94a )

n. = Ae° ./ 2h (102a )
i mmt

k W 
= A e0 

/~~~~ S 
~~~ ( 88a )

mmi mm

e~~mj  = em mj  using the sign convention ( 46a )

A convenient expression for the turns ratio , n~, can be obtained by using
Eqs . (72 ) , 76) , (88) , and (94) ;

2 ( i )
( n . )2 

= C Z (k~
’
~
) ~~~~ . (150)

1 0 0  2h
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From Eq. ( 149) it is obvious that all the non-zero terms in the normal
coordinate impedance matrix are frequency-dependent . Thus it is not practical
to calculate the elements of this matrix as a separate identi ty ,  since it would
have to be carried out for  each frequency of interest .

However , in working with equivalent circuits  of piezoelectric plates and
describing material , it is usual to describe their pi ezoelectric properties in
terms of coupling coefficients , velocities of propagation , dielectric constant
and densit y .  But , in order to use the normal coordinate matrix of Figure 3-13
in terms of already available constants , the properties must be specified in
terms of the mode eigenvalves and eigenvectors as well as the appropriate tensor
piezoelectric stress constants and dielectric constant .

These constants are available from the running of the previous programs ,
CROT and SYMEIG. Hence it is wor thwhi le , at this point , to accumulate the
required information for the characterization of a plate , in the normal coordinate
framework , and convert  it to the more usual form of coupling coefficients and
velocities. The progra m VCOUP , listed in Table 3-12 , accomplishes this task .
Again , the program has been wri t ten so that it is self-explanatory .

Line 160 is an index to keep track of the plate under discussion , since a
niultin iode fi l ter consists of several plates , which may or may not be identical .

Lines 165 through 290 are the input points for entering the output f rom the
appropriate running of SYMEIG. Lines 295 through 330 are the input points for
the output from the last part of the printout of C ROT , for the material cor-
responding to the run of SYMEIG. Line 325 is the input point for the density
of the plate under consideration .

All the progra m does is use Eqs . (46 ) , (72 ) , and (88)  to make the appro-
priate calculations .

Table 3-13 shows the output of VCOUP for two plates . In the example the
material in both cases was AT-cut  quartz , with X3 in the thickness direction , so
the onl y difference in da ta is the plate label . The output consists of all the in-
forniation about the plates under consideration for the multimode stacked fi l ter
required: so , at this point , it is possible to discard all previous data .
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TABLE 3.13. RESULTS OF VCØUP FOR 2 PLATES OF AT CUT
QUARTZ WITH X3 IN THE THICKNESS DIRECTIO N
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D . TRA NS FORMATION TO ACTUA L PLAT E COORDINATES FROM THE
NORMA L COORDINATE SYSTEM

Af ter the diff icult tra il in the prev ious sect ion , to go from the actua l plate
coord ina tes to normal coordinates , we now return to actual plate coordinates.

The normal mode equivalent circuit of F igure 3-12 and the corresponding
impedance mat r ix in Figure 3-13 have left the port variables expressed in
terms of the normal coordinate stresses and displacement component s . For
practical use , an equivalent circuit  and matrix , wi th  the port variables expressed
in terms of the actual stresses and displacement components applied to the
plate , is needed .

Equat ions 44 , 45 , 47 and 48 provide the mechanism for carrying out this
task.

The matrix equation pertinent to the normal coordinate impedance matrix
of Figure 3-13 is shown in Figure 3-14 in symbolic form . In this representation
the appropriat e form of the normal coordinat e impedance element can be deter-
mined by comparing it to Figure 3- 13. In Figure 3-14 the correspondence between
the normal coordinat e equivalent circuit  variables and normal coordinate plat e
variables expressed by Equations 111 and 112 is also shown , along with a sym-
bolic representation of the matrix operation .

Figure 3-15 shows the matrix interpretat ion of the tensor equations for
the Normal Coordinate transformation in Equations 44 , 45 , 47 and 48. In this
f igure represents the transpose of the matrix , 

~ ~ 
wh ich is obta ined

by interchanging rows and columns of the matrix . This terminology agrees
with  the  way the eigenvectors from SYMEIG were stored in NORM and VCOUP .

Figure 3-16 shows how the augmented matrix of this transformation would
look in terms of the Equivalent Circuit Port Voltages when the Actual Plat e
Volt age Coordinates are expressed in terms of the Normal Coordinat e Plat e
Voltages . This transformation is carried out by evaluating Equation 47 twice ,
once at the  right side (top of the plate) where x3 = +h and once at the left side
(bottom of the plate) where x3 = -h : then we apply the definitions in Equation
111 to the result . In carrying out this expression the obvious corollary to
Equat ion 111 has been applied to the actual plate variables . After  performing
these two transformations they were wri t ten  in a manner that yielded the desired
7 “. 7 matrix . This resulted in the expression ,

[V J  = Bj  [ V °] , (151)

where f B i  is related to [ i3 1 as shown in Figure 16. Figure 3-16 also shows
the relat ionship of the components of I fi to the b 11 components of Bi

Figure 3-17 shows how the augmented matrix , for expressing the normal
coordinate equivalent circuit  port current s in terms of the actual coordinate
equivalent circuit port currents , would look . A comparison of this f igure wi th
Figure 3-16 shows that the matr ix in Figure 3-17 is equal to the matrix of
Figure 3-16 , with the rows and columns interchanged . However , this is the
definition of a transpose of a matrix: hence the symbol B i t  is used in
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Figure 3-17. The operation shown in Figure 3-17 results in the expression ,

11
0

1 = Bi t [ I )  (152)

The matr ix  equation of Figure 3-14, for the Normal Coordinate Equivalent
Circuit  Port Variables , is

[ V °] = [ Z°~ [10
1 (153)

If the actual coordinate equivalent circuit port variables are represented
by the matrix relation in Equation 154,

[Vi = [Z ~j [11 . (154)

-

• Equat ions 151, 152 , and 153 can be used to find the relationship between
the actual coordinate impedance ~iatrix [ Z f  of Equation 154 and th0e normal
coordinat e Impedance matrix J Z of Equation 153 . Replac ing [I  ] of Equa-
tion 153 by its Equivalent in Equation 152 , yields

I V°l = F Z°1 F Bi t [‘1 ‘ (155)

If V° j in Equation 155 is now pre multiplied by B) the result is

[ V I  = F B~ F V ° i [B ]  [ Z °~ ( B i t I I I  = [Z )  [ I )  . (156)

The identity in Equation 156 clearly establishes the relationship between the
actual coordinate impedance matrix and the normal coordinate impedance
matr ix as

i Z~ = [B )  Z°} (Bi t . (157)

The operation expressed in Equation 155 is shown in Figure 3-18 , where
the appropriat e matrix multiplication technique has been employed . This
figure shows the matrix element s expressed in terms of the eigenvector com-
ponents and the b 1~ elements of the F B~ matrix in Figure 3-16. Figure 3- 19
show s the operation expressed in Equation 156 , carried out in terms of the
b 13 elements of the I B) matr ix.

The symmetry inherent in th is  Actual Coordinate Impedance matr ix  is
shown in Figure 3-20. The variables here , may be identified by comparing them
with the corresponding ter m s in the matrix of Figure 3-19,

After  performing the operation of multipl ying the matrices , it is rela-
t ively easy to wr i te  expressions for the elements in the  actual coordinate im-
pedance matr ix in terms of the elements of the normal coordinate impedance
matrix elements defined in Figure 3.13.
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Figure 3-20. Actua l Coordinate Impedance Matrix

For j and m ranging from 1 to 6 the appropriate expression is,

Z
jm 

- 

p = l  
bqp Z~ k 

b~ 
~~ 

= 

~~~~~~~ 

~~~~~~~~ Z
k

z
with Z° = , for k p (158)pk j tan

z
0 0and Z , . f o r k = p - - 3,pk j sin

whe re the variables take the values shown below .

j I m q k

l t o 3 j m p
l t o 3 —______ _______ ______

4 t o 6  j m - 3  p + 3

l t o 3  j - 3  in p + 3
4 t o 6  — ______ _______ ______

4 t o 6 j - 3  m - 3  p
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For j or in equal to seven , the equation is ,

3 3
Z. = ~ b Z° = ~ fi~~ zo ( 159)pu p~ 1 qp ~7 p~ 1 q ~~~

w ith Z°,. 
‘~~~~~~

-

~~~1 - -

where the variaoles take the values shown below ,

j -  in q 1 rn q

l t o 3 m I l t o 3 j
7~~ —~ 7 —

4 t o u r n - 3  4 t o 6 j - 3

For both j and rn equal seven the equation is

z 77 
= z~7 = . (160)

This impedance matrix is all that is required to specify the plat e in the
actual coordinate framework: however it would be nice to represent the normal
coordinate equivalent circuit of Figure 3-12 as an Actual Coordinat e Equivalent
circuit . To do this , a network representation of the orthogonal transformation
of Equations 44 , 45 , 47 and 48 is needed . Such a representation is available .
Carlin and Giordano 18 show t hat a congruent transformation of a Z matr ix
(Ct ZC , whe re C is an n x n array of real values) can be represented as a mult i -
winding ideal transformer interconnection of the ports of the network. The
orthogonal transformations of Equations 44 , 45 , 47 and 48 satisfy this  condition
since i3~ = ~~~ and , incidentally , so does the coord inate rotat ion shown in
Figure 3-2 and Equations 29 and 30. For the case of a 3 by 3 array th is  m u l t i -
winding ideal t ransformer  is shown in Figure 3-21. This figure may be re-
versed , wit h the primary labeled with the superscripted variables upon inter-
changing sub and superscript s on the components of i~ (replace the components
of j3 by the corresponding component s of for the t ransformer turns ratios .

Applying th is  t ran sformation to both plate surfaces of the crystal leads
to the actual coordinate equivalent c i rcui t  shown in Figure 3-22 .

Again , all the terms in the  Impedance matr ix  of the actual coordinate
Equivalent Circui t  shown in Figure 3-20 are frequency dependent and , hence ,
there  is no point in calculat ing them as a separat e ident i ty ,  Not e , also , that
in the general case every element is present in this  Impedance mat r ix , whereas
a large percentage of the elements of the normal mod e impedance matrix of
Figure 3-13 are zero.
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E.  MULTIMODE STACKED FILTERS AND MODE PROGRAMS

The actual coordinat e impedance matrix for the TETM plat e in Figure
3-20 , or the equivalent circuit shown in Figure 3-22 , are all that are required
for an investigation of the multimod e filters of concern in this program.
Such a multimode filter consists of a group of such plates bonded together , If
this is done with the actual coordinates of one plat e , lin ed up with the actual
coordinates of the preceding one , etc. , the cascade consis ts of the equivalent
circuit  of Figur e 3-22 , where t he ports 1, 2 , 3 of the nth plat e (numbering lef t
to right ) are connected to ports 4 , 5 , 6 , respectively, of the n-i plate, w ith
a prescribed network between them to account for the bond and to assure con-
t inui ty  of stress and displacement (velocity) across the boundary . The bond
would be represented by a lumped constant T -version of the transmission
line section shown in Figure 3-10. However , in general , bonds are lossy so
that the j -multip lied tr igonometric functions shown are replaced by hyperbolic
functions and the propagation constant , 9 , becomes complex. The values for
4’) and O~ also depend on the mod e of propagation , so that a different circuit
is required at each grou p of ports. The filter , in this case , is then completed
by connecting,  at  least , one of the resulting electrical ports to a voltage genera -
tor with internal impedance , Zg and , at least , one other of the ports to a load
impedance , Z1 . The other electrical ports are connected as desired . Of
course , in the above description there is no requirem ent for the nth plat e
parameters to bear any relationship to the plate parameters of any other plate,
However , this description does require that the actual coordinates of each
plate are lined up.

Eve n in the more general case the thickness coordinate of each plate in
the stack must be lined up. In this discussion, each plate is assumed to have
its x3 coordinate in the thickness direction , so that this coordinate will be lined
up: however , the only requirement for the x 1 and x2 axes are that they form a
right -hand rectangular coordinat e system with the x3 axis . So , in the general
case , the lateral coordinates of one plate do not have to coincide with those
of the next plate. This more general situation is illustrated for a two layer
stack in Figure 3-23 . The relationship between the axes shown in this figure
can be determined from Figure 3-2 and are obtained from Equation 27. Since
a coordinat e rotation about a common origin is an orthogonal transformation (13)
it can be represented by the ideal transformer network shown in Figure 3-2 1.
In the particular case of coordinat e rotation about a common x3 axis , this
general network reduces to the simpler one shown in Figure 3-24 . Figure 3-25
shows the equivalent circuit for a two-layer stack , without a bond network
between them , for two of the equ ivalent circuit s for the plates shown in Figure
3-22 , connected together with an arbitrary rotat ion about the assumed thickness
direction . Figure 3-25 assumes that the coordinates of the plat e on the left
are the reference coordinates . In any multi-element structure of this type one
plat e mus t be used as the reference frame for the total system . If the structure
is visuali zed as being built up in pieces , from lef t to right , it seems only logi-
cal to choose the fi rst plat e coordinates as the reference framework . The
lack of a bond network in this f igure assumes that the plates are in intimat e
contact with a rigid or welded contact between them , or that a lossless bond of
negligible thickness has been used . One other observation should be made with
regard to Figure 3-25. The electrical port variables have been turned around
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“II ,

between the two p la t es .  Thi s could he brought  abou t in one of two ways: (1)
ei ther  one pl~ t c  could be reversed w i t h  respect to the other or , (2) if the port
n u m b e r i n g  svsten l show n in F igure  3-2T is used , an ideal t ransfo rmer with a
I to 1 ph ase i’ ever sa l  would have to be inserted between the  port variables
shown and the  1)iat e connect ions , and then  ignored -

In the work to follow it is th is  con f igu ra t i on  in F igure  3-25 that is pro-
L! t’ammed . w i t h  the  phase reversal  t ransformer  ignored and an in t imate  or r igid
bond between plates assumed . As point ed out previousl y ,  conceptually , the
inclusion of bonds is not a d i f f i c u l t  task : however , they  do complicate  an already
complicated c iz’cu it and tend to  complicat e the  int e rp re t a t  ion of the  results,
It , t he re fore , seems prefer able  to ignore them init ially and concentrat e on
developing working programs . The programs are , l ikewise , l imited to two
plates but , again , I)rocecIu 1~~s II )  i nc lude  more are obvious ,

In the course of th i s  program three  di f ferent  two-plate , mult imode pro-
grams were w r i t t e n , w i th  v ary in g  assumptions.  These are called MØDE 1,
MODE2 and MODE3 .

MODE l assumes only one normal mod e in each plate.  This mode is
either perpendicular or parallel to the plat e direct ion and the plates in the
f i l te r  stack are assumed to have the i r  actual plate coordinates lined up. Thus .
in essence , it is a t ransmiss ion line representat ion of the lossless Mason
Equivalent c i rcui t , However , in arr iving at the solut i on for this  progra m ,
the same procedure was used , as in the MODE2 and M~~DE3 programs , instead
of the common technique for the solution of a ladder network . It did not appear
necessary to include plat e rotation in this case since , unless the plates are
oriented at right angles to each other (in which  case no coupling between the

mode in p late 1 and the mode in p late 2 takes place , so that the output is zero) ,
the output wil l  only be a reduced replica (more insert i on loss) of the lined -up
case,

MODE2 allows fo r two normal modes to be present : these are assumed
to be at right angles to the plate thickness so that there is no di f ference between
normal coordinates and actual plate coordinates (x 1 and x2).  This program
does allow for an arbi t rary rotat i on to occur between plates.

MODE3 is the program for the general case illust rated in Figure 3-25.
All three normal modes are allowed and these may be at an angle to the actual
plate coordinates -  and one plate may be rotated w i th  respect to the other .

In all three  programs the two plates may have entirely d i f fe rent  proper-
t ies .  In all the programs it is assumed that the  electrodes for app lying the
fields are c i rcu lar  electrodes , on both the lateral surfaces of each plate.  The
area of these electrodes is also assumed to be the ac t ive  area used in calculat ing
the  character is t ic  impedances . They also use the (common) convention of
specifying a ( ‘enter frequency for each l) late.  In these programs the center
frequency , f 0, is defined as “the frequency at which  the plate thickness (2h in
the previou s discussion and TL in the  programs) is a half wavelengt h th i ck  at
th e  veloci ty  of propagation for model (CT 1)” . This center frequency is used
as input dat a ra ther  than the  ac tual  plat e thickness ,
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-j . (161)

The frequency range of interest is specified in terms of the in itial fre-
quency,  (FINIT) , frequency increment between desired frequencies , (FINC)
and number of frequenc ies in the range of interest , (IFREQ). If FFINA L is
the last frequency of interest ,

IFREQ = ((FFINA L - FINIT) - FINC) + I . (162)

A listing of MODE l is shown in Table 3-14 . The MaDE2 list ing is given
in Table 3-15.

These two programs do not , necessarily, require that informat ion from
CROT , SYMEIG and VCOUPbe supplied to them . They only require , as input ,
the coupling coefficients , velocities of the modes of interest , the plate densi-
ties , center frequencies , dielectric constant s and electrode diameters for each
plat e , as well  as the frequency range of interest . This information is inputted
at lines 230 through 470 .

A gain , these programs were writ ten for operation on the Honeywell Infor-
mat ion Systems Series 6000 ~600 Computer , as installed at the General Electric
ESD facil i ty in Syracuse , in the YF~~R mode of t ime-sharing operation . They
also use a t ime-shar ing plot routine available at this  facil ity in the permanent
files . Lines 10 , 130 , 190 , 200 and line 1960 all pertain to this  particular
plotting rdut ine and , hence , do not apply to any other faci l i ty or mode of opera-
t ion at this fac i l i ty .  However , it is relatively easy to convert or substitute
other plott ing programs for this particular one .

Most of the other statement s are standard Fortran IV statements and
should be adaptable to any other c omput ing facil i ty .

The free format statement at line 1810 , in Mode 1 and 2 and at line 3020
in Mode 3, is a convenient way to wr i t e  out the insertion loss versus frequency,
and a great aid in trouble-shooting the programs . By inserting a wckte  state-
ment wit h this format reference at any appropriate place in the program , any
desired variable can be printed out .

Again an attempt has been made to make the programs self-explanatory .

To aid in th is Figure 3-26 shows the actual problem solved in the MODE2 —

program and the assumed impedance matrix for each plate , obtained from the
matrix in Figure 3-13 by eliminating row s and columns 3 and 6 , corresponding
to mode 3. The actual solution of this problem is shown in Table 3-16 , using
the nomenclature of the MODE2 program , In general , for this  case , the in-
herent symmetry  of the  plat e matrices has been ignored , since this  tends to
make it easier to keep track of t e rms .

The IF conditions at lines 1675 , 1677 , 1707 and 1712 in the MODE 2
program allow for the handling of special cases . For example , if mode 2 is
non -piezoelectr i cal ly  coup led and the angle of plat e rotat i on is zero , l ine 1712
is required . But th i s  statement generally wi l l  not work at the resonatit fre-
quency of mode 2 in the case of ident ica l  plates: then  l ine 1707 is required .
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TABLE 3-14 . LISTING OF PROGRAM MØDE 1 STACKED FILTER OF TWO
PLATES , ONE MODE IN EACH PLATE PERPENDICULA R
TO THICKNESS DIRECTION (NO ROTATION BETWEEN
PLATES)

l f l *~~k u ’H t ;  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~t ) O ~ t~’ 31i- *- ) ’~ 10 ~~~~~~~~~~~ I~-1E t J$ I ’ ~~.s r U ” ~C I t 0 ’ sJ O~ A S I A C ’ < F U
m o t e  I L 1 I~.~ o~ ~~ PI OT~~~.
) l ’ R.: I~A C -  PLA I L  ‘-~A s 0”ILY 0”4~ I øELI~UI( ~IC A LLY LP~IvE’~ MØUE.
131 ~~~~~~~~~~~ ‘Jt2 L I ~, = t
l~ -4 O 4”~-’L E X  7L(~~. 5 .  7~~~~( ’)~~~5) ~~ ‘L I  j , 3 , 7 - ’t  C 3 , :3 )
) ‘‘) ,~~~~~~ -‘)~~~~~X 7)o~:1 ( 2 , 2 )
I~~~

) CO”~ ”L)~.X ‘Lt , ’ 13 ,mo,,A” 1PI.A’1P3
I / O  -~~~~~c A~~~PQi. v 1 ’ J , V O U I ,~~I”~
190 U t ~~ 1E”4 ~~~ I O’j - <I  (‘D-’ LI S) ,P I L OS ( l of l O )

~~O( C— ( -~~-~c .1 1-
~~ LiA * I ( ‘JPLl  S)  /“ *“/

dI() ~<= ()

~~~ P 1 = J . I 4 1 5 9d 6
230t .  l’~PuI L) I IA

~~~
j ’,:~L ~~~~~~ ~~~I t ) h ~’4& I~~s Or P L At E S  I A~~ ) 2

2~~I) r O I r l .~~ 7
as’) ~~( 4 -~” t . E 7

~~~~5t~ u I O ~~.IL ~~s 0~ PLATES I A ” Ju 2
,~6’) 1)I l i) .L -3
~‘ 1 l ’  L ) 2 r l l I . ) ~~~J

~~~~~ ~~~~~~~ 
C(1\ I~~~’JI~~

C~~~~~r i, c iupl , t ’ 4(; COr r r f C f f r . ’ J t s  ( -~fOU ~~, PL4 E )
)Q~~ ~~~~~ 1= 0 . 0 - c R
3 1 1  ‘~< I 2 = X - < 1 l
325C v r_ L ue I II 15 c I ( -i QuE , PLO I E)
3.3 -’) c l I I = 3 . 32E3
350 C T I 2 = i . I  I I
365e uh. \ J S I I I ~~:, Or P L A T E S  I O’J U 2
310 u I I 2 - 6 5 t~ 3

3~~fl I)I? L11 I
.~~~~~~~ ., o I e L h . U 1 ~~I e  i_ 0 ’~5 t t ~’fls Or PI _ A I E $  I
t ’~~’) ~.PI 4 .5~~*~~.R5~~- l2

~~~)() r P2~~ .PI
/ a f 5 ( j  ~.Lt ~C f ~~I U A L  t’IP!i.IJA-’J IES ~ -\J L) GE-’IEi~A T 0~ vOL IAG E
‘120 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4.3 0 ~~~r~~ LE
4110 L,=U”~PL)~( I . , 0 .)
445 U I’~~~~uUL”JCY 1 A ’J G r Om’ I’~I E r E ~~I
1 ,4 / U  I ’- J I I t O L  OU ~~~~~y , r ’ r C u E ’ &~ ’ f~ J I E ~~v OI .., -”JO.  (3)- )‘~~ I ( E t E S
11’øG I N  t~ -~”~(jL
450 r l ’ f l I = 9 . / E ( ,
‘,otj I 4 -I~~U = 0 . 0 d 5 I ’ 6
4 / 0  1 r i ~~.G~= 69
119(JU -~~Eo s Or P L o l t a  I A ’41J 2
500 A k I ~~ P 1* L) I* L , 1/ d $ .
5I0 ~~~E/ 12 = P I * U 2 * u 2/ 4 .
52 ’) U  ~~ A L i E M I S 1 I U  ~~~~~~~~~~~~~ M 0E ,PLAI~~)
530 ~0I I=A ~~EAI *ui I~~U ( I I
550 7 0 1 2 = A  E A 2 * u I ) k t ; I  i~ ’
5 / O C  I~~ 1 r~~Sr ~ , 01 P L A I E ~~ I O ’JU 2
“)i~~0 [ L I = L I I I/ C d .* I ’ l) I )
‘ ‘ ~~ ‘~~ IL d 9 U I l / (4-’.* r V ~~) 

.

6( ’ r l( :  U , 1 O , \ t 4 - J  1~~~ Ut ’.s C C  Pr r’L’\ I ) -_ S I A\ ~L 2
61 (1 G(-) I~~E PI *A ,) ’OI ,’I L I
F,?(1 Ci) , ~~‘.O,-~/ I L ,’
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TABLE 3-14 (Cont’d)
6,30C TU~~’~S ~ A T!OS X’~J (M øUE, pLA jE )
640 X~~I l = X ~~ I I * S O ~~1( ~~ø I i * C O I *2 . * O I )
660 12= ’0<12 *S0 (1 ( - ~~OI 2 * C O2 * 2 .* p O 2 )

600 I.- l*.O=I~ INI[
690G LOO P [-IkOUG’l r p ~EO UE’1C1ES
100 001 I= I , t eEU
1 1 0  ‘< ‘<4I

12OC PI O P A G A I I C N  C O N S 1 A ’J I s  I f ~~( M 0 U E , P L s ~ , L )
1 30 I P’I I I=2.*PI*) . t’EO *IL I/C I I I
/ 5 0  I~ I I ~~= 2 . * P I *r 0 E 0 * 1L 2 / C I I d
h O C  CØM PLE~( t ’ IPEuA NCES
/ 0 0  T ” f l  I=S l” J ( I H I  I ) / C 0 S (  I ’-’ l I )
000 E t i ~’ 4 I 2 = S 1 N ( T~-4 I 2 )  / CO S( T ’-4 1 .fl

~20 7L ( I , 1 ) = C ~1PL~~(0., — ? e I I , 1 ( 3 N 1 I )
030 ‘L (I ,2 )=CMPL )~(0.,0.)
04 0 ~ L ( 1 , 3 ) = C ’ t P L X ( 0 . , — ’ 0 I  1/ S t - ” U I ’f l  I ) )
OsO ‘L(I, ’i)=’ L( I . 2)
060 ‘L (i ,5)=CMPLN( ’)., -~~~ I I / ( 2 . ’& P i *~~P~E Q * C Ø I ) )
010 ‘L(2, I )= ‘L(  1 .2 )
S~~0 ‘L (2.2)=7L ( 1 ,2 )
090 ‘L ( 2 , 3) = ! L ( 1, 2)
‘~~1l(1 ~~~~~~ 4 )~~~L ( 1.2)
9 1 0  ‘L (2 ,  5)  =~~L (1 , 2)
920 ~L ( 3 , I ) = 7 L( I , 3 )
9i0 ‘L ( 3 . 2 ) = 7 L (  1 ,2)
9110 ‘L(J , J ) = - ’L(  I • 1 )
9~~U ‘L( . 3 . -’ 1)= ’ L( I ,2 )
96’)  ~L( 3, ~ )=- ~L ( 1 , 5)
9/ U  ‘L(4 ,  I )=/ L(  I ,2)
Q
~~0 ‘L (4 , ? ) = ’L ( 2 ,  4)

990 ‘I_ ( 1 1 , 3)~~~~ L (  1.2)
1000 ~L ( 4 ,  4) Z L ( 2 , 2 )
1 0 1 0  ‘L (4 ,  ,) ?L ( 2 , 5 )
) c ) ~~? I)  ‘L(5 ,))= ~~~(),5)
1 0-it) ~ L ( D , ~~ ) = ~~L ( 2 , S )
10110 ‘~L(5 ,3 ) =~~L( 1 ,5)
I 150 ~L (5, 4)  =7L (2 , 5)
1063 ?L (s ,5)=C~~PL~~(fl., -I./ (2.*p 1*~~~E Q*COp))
1 0 7) )  -‘J< ( I .  I ) = C ’ 1 P L X ( O . , — 7 0 i ? / I ( t ~J i 2 )
I )~~O ‘t ~ C l ,  :~ ) =C’IPL X (0., 0.
11 )9)) ~~ ( l , 1) C M P L x ( 0 . , _

~~ø 1 2 , S I ’, J ( F L 4 I 2 ) )
1 1 0 1)  i~(I ,4)= ’ t~(, d)
1 1 1 0  C I ,S) C-MP LX ( 0 . , -~~’J l 2/ (d .~~Pt * ~~kE Q*C 0 2) )
1 1 2 0  ‘~~~( 2 , l ) = 7 N ( l , 2 )
I I i’) (2,2) 7~~( 1 ,2 )
1 14 1 ) / l~~~2 ,J ) ? rc (  1,2 )
115 0  ~h (2, 4 ) = ~~i~ ( 1,2 )
1 1 6 0  ~ ‘-~(2 ,  5 ) = - ? i~ ( 1 , 2 )
1 1 ,0  ‘t-~(J, I ) ’ i (I , 3 )
I l O G  ‘r~(3, 2 ) , ’i<C 1 ,2)
11 9 1 ) ‘r~(3 ,J)=~~t-~(l , I )
1200 ‘t’( ( 3 , 4 )= .’~i (  I , ? )
l i t ) 7 I’c(3,5) P r~~( 1,5)
122( 1  ‘~~~ ( 4,  I ) ? ~~( 1 . 2)
1230 ‘~~~(4 .2 ) = ~~~

p-
~~( ’d, 4)

12 40 (4 ,fl=~~~(I , d)
1 250 ‘,-, ( 4, 4 ) ’~~(d,2 )

I2:~~ = 1’)-c(?,S)

I - ~6() ~R ( S ,  I )= ‘i<( 1 , 5)
I,-’1~~ ~~~~~~~~~~~~~~~~~ 5)
I? tO F

~~~(~~~,~~~ ) ’ -~~( 1 ,5 )

~ 
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TA BLE 3-14. (Cont ’d)

1290 ( s . 4 ) = ~’t~C 2 , 5 )
I300 ‘i ’ c ( 5 ,5 ) = t .,MPL~~(0., - I ./ (2 .* P I*I~~ E0* CO2 ) )
1310C A PPLY t t-4 A~’J t C A L  t30u~wA ,~Y C O ’ H ) I T J O ’ I S  T O  LEFT PLATE
IJ I I C  r 0~ PLOIL  I V I = 0
1321 )  ‘~L l ( l , l ) = / L ( 3 , 3 ) — / L ( 3 , I ) * ’ L ( i , 3 ) / ’ L ( l , 1 )
133( 1 ‘LI ( 1.2 )=CMPLX(O .,0.
1340 ~L 1 (l ,j)=~~L (J ,s)— ?L C3 ,l)*’L (l ,5 )/ ,~L (l ,I )
1350 ~LI (2 ,  I)=~~Ll ( 1,2 )
1360 ~LI (d~~2 ) =~~LI (1 ,2)
1310 ‘~L 1( 2 .3)  = ‘~L 1( 1 ,4 )
l 3 ’ c f )  ‘L [(J. I ) = ‘ L ( 5 , 3) — ’ L ( b ,  l ) * 7 I _ C1.3)/’L ( I , I )
l~~9 )  ‘Ll  ( J , 2 ) = Z L 1  ( 1 , 4 )
1400 ‘ L I( i , . i)= ’ L(S ,s )— ’ L(S ,  I) * ’ L( l ,S)/ ’ L( I ,  I)
14 I0C APPLY “ 1EC’-IA ’41C- ,L ~letJNu4~~Y C 0 N I 0 T 1 I 0 .\JS 10 ~ I~ , ’-I I P L A I ’~
1 4 1  I C  r ~1t ~ fr~’L A 1 l .  2
1 4 2 1 ) ‘kI ( 1 . 1  )=‘ r-c ( I, I ) — ’ t-~( I ,J)*1I< (j, ))/7p(3 ,3)
14 3 3  ~ t~~I ( l . d) U’ IPLX ( ’) . ,O.)
14 4 0  ~ i-’, I  ( I , 3 ) ’P (  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 3)
1-450 -~‘-.I(2. I ) = f t c 1 (1 ,2 )
1460 ~‘~ I ( 2 , d ) = ’ k l (  1, 2 )
141 ) ‘,-c I (~~.j) ?r~ I C 1 ,2)
l A t )  ~ ,~ I (J ,I )= ’-~(5 ,1 )— ’ ,~(5, 3)*’k (3 ,I)/7R(3 ,3)
1490 ‘kIC-i.2 )= ~~RT ( 1 , 2)
I -_ Y ) t ‘s I ( 3 , J ) = ” 4 1~( 5 , 5 ) — ’ p~(5 ,3 )* ’ r1( .5 , 5 ) / ’ t s ( 3 ,3 )
I s I O C  IE~~’4 1’ 4 A I~~ PL~~T L  2 0~ r~ I G ~~i I~~ ~LE.
1 5 2 t ’  ‘!,r_ I ( 1 , 1  ) = Z t I  ( 1 , 1  ) — ‘ ~~~i (  1, 3) * ~~t~ I ( 3 , 1  ) ,(‘LE+’~t l  ( 3 . 3 ) )
1530 - ‘ ~~I ( 1 , d) =C~~PLX (0 . . 0 .)
1 ,40  ‘rth.J (2.1 )= -~c~b I (1 ,2 )
l~~5,3 ‘‘ I ( ~~,2 ) = - ~kt ~ I ( I ,2 )
I6h1)L A l j i i~ iU JC[I O ’J Or I’-4 L Lto’ I PLA T L ~. A ’ .L 1 - ~~ N I G H T
Ih Ô IL  PLA lE . , I~.3U A l~~ v 0 L IA ’~~~S A ’Ji~ C UN ~t ENIS A’4L ) SOLvF. F0~
I662C CUt~’~~ NIS .  v J C L E r l ) = V 1 ( p ~11i-I 1), 1J(LI~, r j ) = - I I ( W I G H f )
I6 JOC I- I ts  3 t v r S  13 I’J  IE~~ iS 0 t I ’J .
167 IC 9 ’-4 E~ IH I s  VA LUE IS P01 I~~ 10I~. ~~~‘0~ESSI 0~ )-00 V 5 (V I ~~)
16 7 2 C  1-jr. t ’IPU I I’~IPEUANCE f l-~’J C A ’J SE t h i I A l ’ J E u .
I6 ’-t ) ‘l ’J = ~~L J ( J , 3 ) — ? L I  (3,  l ) f r -~Ll(I ,3 )/( ’L1 ( I, I)+~~M E l ( I ,  I))
1690 A~~Pt E l i / (~~G # - ’1 ‘1)
1 700 4~I P 3 = — ( - ’LI( I , 3 ) / ( ,’ L T( l ,  l ) + ? ’~E I (I ,  l )))*AM PI
1 / 2 )  V I ’ L I ( 3 , I) *A ” 1PJ + ’ L 1( 3 ,3 ) *A ’ ) P 1
I/ J O  A~1PØ =U~~j ( 3 , I ) / ( .7 ,~1( 3 , J) + P i , E ) ) * A M p J
1743  v Our=- -’ LE*A MPO
I/ S O C  P0’~~~~ A’~L) f - ’4 S E k I 1 0 -’~ L O S S
1 /6 0  P0=p~EA LCvØu 1* C0 ;s J J G ( - A ’ l pØ ) )
11(i) P = k ~~~L( (L G*7 L L/ ( 4 7 L E ) ) * t j O -~4 J G ( E G / ( P ( j + / L E) ) )
l l ’ t 0  P I L O S ( ’ <) =  l . ” ~4 L0’ i1f lCPO/Pr’0~,I’)
I 7 ~~5 .~R 1 T E ( 6 , i O )  ‘~E Q , P 1 l .,OS(- ( )
1 /9 0  r S E U =  k L i ~+ r I  ‘~lC
I S O ) )  I C0-411’4 UE
I - < l 0  VJ F O r t M A I (V )
1903 Y I A) ( = P ILO s ( I)
1 ) 1 1  Y ” l I ’j = P I L OS ( I )
l - ~2 c )  1)0 1’))) 1= 1  .(
19J ’ ;  I r  ( P 1 L O~, ( J ) . . 3~~I .YM’-Ot ) Y~~~~ =PIL0~~( - J )
I~iii o Ir (P ILO S( J ) .LI . Y ~j I- ’ d )  Y M I  - 4 P 1L05 (- I)
1) 5 1 )  I I ) ’ )  C O N I I ’ 4 u E
106 1 CALL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
l - ) ~ ) ‘

~ I 2~
20 0 )  ~~~~ L)
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TABLE 3-15. MØDE2 PROGRA M LISTING STACKED FILTER OF TWO
PLATES , TWO NOR MAL MODES IN EACH PLATE PER-
PENDICULAR TO THICKNESS DIRECTION (RO TATIO N
BETWEEN PLATES ALLOWED)

1 O *# k U N ’ * ; A U E 5 7 6 / ~~~YPL 0 T = C C 0 ’ ~E = 2 R )
IOOC PI OG AM TO CALCULATE T~(E TkAN SFEN r UN C T ION OF A SIAC ~~EU
IO IC “ IL I L k  OF TWO PLATES.
h O C  EACH PLATE ‘-(AS 1.’JO PIE~~0ELECTFUCA LLY U~~IVEN ‘IODES.
120C PSI IS THE ANGLE OF ROTATIO N BETWEEN PLATES
130 PAXAM E IE. J~ NP L TS= I
140 COM PL E)t ~L (5, 5),Z~’~(S. 5).~~LT (3,3),~~kt(3 ,3)
ISO C e-’IPLEN E1(2.2),~~I~ET~~(2~~2)
160 COMPLEX ~LE.ZG ,EG,A -MP1 ,AM P3, M-MP4
I/O COMPLEc AMP0,VlN,v0U1,~~!N
IOU U I M L N S I O N  A (2 .2)
19 0 Ut M E N S I O N  1< I (NPLTS) ,PILOS(1000)
200 CHA~~ACIEL k UA *I (NPLIS )/”*”/
2 10  ~~ 0
220 P 1= 3 . 1 4 1 59 2 6
230C INPU t uAIA
232U C E N I~ .k ~ RE~~UENCIES 01’ PLATES I AND 2
d40 F 0 I = I .E L 7
250 F 02 = I .E 7
255C uIA ME1Es~ OF PLATES I AND 2
260 D 1 =j O . E - 3
270 L )2= IO.E-3

=‘~4O C PLA IE CON S IA NIS
202C COUPLING COEFFIC IENTS X ’<(MOL ) E,PLATE)
290 X~< I I = O . O 9S
300 <-<21 =2 . *X~~I1
310 ) (‘<12=X ’<11
320 d2 2.*X~< I2
325C vEL OCI1 I L S  CI (MODE , PLAIE)
JJO Clll= J.32L 3
340 C I 2 I = 1 . I *C I I I
J ::,t) C T I 2 C T I I
360 C 1 2 2 = l . I * C T 1 2
365C DLi ” l s I l  ILs OF PLA1E S I AN D 2
310 UII = 2. 65E 3
300 012=01 1
305C uIELEC Tt-~IC C O N $ I A N I s  OF PLATES I ANt) 2
390 EPI=4.SS*0.05E-I2
400 EP2=EP I
405C A NGLE OF I~o 1A r I~~N PS I
407C PLATE 2 I~~ t~0 IAT E I)  HI PSI IN UEG)~EES 1’ J N EL A T I O - N  T O  I
111 0 P51=5 .))
4I5C ELECTRI CAL IM PEDANCES AND I ENEkA TOR VOLTAG E
420 ~LE=CMP L X (1 600., 0.)
430 ‘u = .7LE
‘t 40  E( i= UM P LX ( l . ,3 . )
4’ISC FPtLQUE)ICY )~ANGL OF lN1 1’~P~Ls1
44/C I N L I I A L  F c(EOUENC y ,1’p~Ef~UENC y IN1 E kVAL .N0. OF FOEQUE -NU IE S
44~ C IN kANGL
450 1 ’ I t N I I = 9 . 1 L 6
460 FINC= 0.o25E6
4/0 IrkLQ= 69
490C Ak~.AS OI~ PLA tE s  I AND 2
50))  O i’c~,AI P 1 $U l *D l / 4 .
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TABLE 3-15 (Cont ’d)

510 A R E A 2 = P 1* U 2* D2 / a .
520C C H A t ~A C l E H I S T j C  1 M P E UA - N C r S  ~ O C M O U E , P L A 1 E)
5 3 0 ~ 0 1 l = A k E A I * D T I s L : [ I I
5 4’ )  ‘O2I =A j.<EAI *u1 I- *C1 2 1
5s0 /014= Att~~O4*Uj4*CI14
5~~~ ) =A~~~A 2*uI,~*CI44
SIOL IH IC’ < NESSES 0 PLAt ES  1 AND 2
5 0 ) )  IL I C1 11 / ( 2  • *r 01 )
590 [L2=CTI 2 / (2 . * r  02)
e,,l]c ~ LAPA )~ I I~~N~~~S CO Or PLAtE S I A N D  2
61’l C Pl= kPl * ),Lf~I /I L I
620 C 0 2 = c - ’2 *Akt- 0 2 / 1L 2
63ji. Iu ’<Ns :Al10s ‘(N(MOUL,PLAIE )
640 ‘~“J I  I= Xt<I I*~~U~~I(~~O II*C 0I -*2.*F0I)
‘.55 I= ~~<,~ I~~St. ”- I (702 I -4cCOI *C121/ TL I )

~~# ‘ i  ‘( ‘JI =~~< I ’*Su’~~L ( ~~ O I 2 * C O 4 *4 . * ) - O 2 )

~~
‘
~~~~C \~~2 2 * ) ’9l 1 (~ 022*C021. C I22 /1L2)

6’—) i r r~r. . = P  I ~I I
69 )~ L (’ ’ -~ IO kOt i30  3- k I ~~ U JE - N L I E 5

/0t.) vO l 1 = 1 ,  IF’<E0
/ I ~ ’ < = -(+I
1 4 ) ,  ~-~r~C)’-~i O I t 0 N  C O N s I A N I S  T H E I A ( M O U E , P L A T E )
7 3 0  ‘ I I I  . * P 1 * F t ’ 1 3 - ’ j * I ) , l / C I I l
1 -~u l l - 4 2 i = ~~ .* - ’ l 0 1 - u k I L I  / U I 2 I
I~~[)  I 0 I;~ =2 .~~~~J k F ~~E t - s ~TL 2 / J ) 2
!~~~

-) I =1. - I 1~~~~~~~- ” T L 2 /, 122
/ / i ) t  C~ t’ 1 PLE~ t Mr ~U~NCE~b ” ~-) IS~~I 1= s 1’J (T H I I )/C0 -5 (T H I h )
/9 0 I~~’4 2 I = s I N (  [0~~I )/~,O.~, (j-42I)
k~~t )  I~ ‘J 1 2 = S 1  ‘J ( 1 ’-) I~~) /CP~~( I-4 12)
“ 10  I0J?2=SIN (I-124)/C0S (IH22)
020 ~L ( I , I ) = c M t - ’ L~~o0 . , — / 0 I I / T G N 1 I )
- j - c  “ (I , ,1 ~)=c , lPL )c(O. ,0.)
—< a ))  il _ C I ,J ) =~~MPL) t C 0 . , — 7 P I  I/ S I” -J ( T ’-I I I) )
050  ~L( I . 4) = / I_ ( 1 .2)
~6u ‘L (I ,5 )= 1 ~ -1 PL)t( ).,-x’JII / C 2 .* P I s I ’ 1’3EO*C01 ))

1-4 / ti ‘)_ (2. I)=’L ( 1.2)
0-4 0 ‘ L ( 2 .2 ) = ~~~1< ’L \ ( 0 . ,  — , 0 2 I / r G ~~2 I )

f t  ‘I_ ( ~ • • )  = ‘l~ C I • 2)
-~~~Y~ ‘ L ( ? , 4) =~~~~’L~~(u., — ’ ~02 I / S I N(  1 H2 1 ) )
‘)IO ‘~L (2.5)= C1PLX(s. , - 2l/( d .*PI*F(’3E@*C0I))
‘).-~ u / L (3 ,  I )= ‘L ( I . i )
93’) ‘ L( - i . 2 )= ’L (  I • 2 )
9-4 0 ‘L(J,j)= ’i( 1.
‘15 1 ‘L(J. 4 ) : ’ L(  I,~-’)
‘1~~

- )  )~, C i, ~ 
) ,) _ C I , ~ I

1/ U  ‘L (4. I )= /L (I, d)
9 - 4 ’ ) ‘LC4 ,2)=/L (2, 4)
990 ~L (4 ,  ) ) .‘L(I. 2)
10011 ) ~L (4,4)= /L (,~’, ,‘)
10 1)) ~L (11,5)~ ‘L (2.5)
102 0 ‘L (S ,I )= /L (l ,S )
103 ’) ~L ( ) , d ) = / L ( 2 ,  5)
10 4)) ~L C 5, 3) ‘LC I  • 5)
1 (15(1 ~L (5 , 4)=’L (d, 5)
1060 ~L (5 ,S)=C MP LXoO . . -I. /C 2 .*P1*F t EO * C 0 I ) )
b / i )  ~ r~ ( I ,  I ) U - M I”LX(O ., — ’ 0 I 4 / I G N I . ’)
11) 01 ) ~(l , 2):CMPL~~~fl.,0.)
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TABLE 3-15. (Cont ’d)

1 090 ? N (  I,3)=CMPLX (O ., -Z012/sIN(T HI2))
1100 ?~~C I.4)=~~I-C( 1,2)
1 1 1 0  ~ 0 ( 1 , 5 ) = C ’ I P L X ( O . , - X N I2 / ( 2 .* P I * F ~*: O*CO2) )
11 20 ~3 - 4( 2 ,I)= ZR(b, 2)
1130 ~R (2 ,2)=CM PLX(O. ,-ZO22/IGN22)
11 4 3  ~ t~(2 .  3 ) = - ~k( 1,2)
11 5 0 ZR (2,4)=C -M PLX CO .,-Z022/SI ,NC TH22) )
1 I 60 ‘ k (2 .5) = U ’ IPLXC O. , - t ( r ’ J 2 2 / C2 .* P1*FREQ*C02),
1 1 7 0  -‘R( 3, I)= Zk(I. 3 )
I 19)  ‘ ( 3 , 2) =~~-(( 1,2)
1 19 0 ?o(3,3)=ZP(I,I)
1200 ~~,~~~3, 4) :~~~~( I , 2 )
1410  / )4 (3 , 5) Z S C I , S )
1220 ‘ 0 ( 4 , I) = ’ ~k ( 1 , 2 )
1230 I k ( 4 , 2) ’~5(2 ,  4)
1240 ‘k(4,3)~~~~0( 1 ,2)
1 250 Lo (4, 11 )=/1 (2,2)
125 5 ‘t ( 4 .  5) = C 2 ,  5)
12 60 ‘S (5 ,I )=/kCI ,5 )
1 2/0 ?k (5,2)=~~k(2. 5)
1200 ~ k ( 5 , 3 ) = ~~k (  1,5)
129 1) ~ k C 5 , 4 ) = ~~k (2 ,  5)
1300 ~ r c ( 5 , 5 ) = C M P L X ( O . , - 1 . / (2 . *P I *r 0 E Q *C O 2 ) )
I J IUC  APPL Y MEC’~4~~ICAL f30I iNL) A t-~Y C O N D I T I O N S  10 LEFT PLAEE
I J I I C  1’ tio PLAIL I V 1 V2= i
1320 ‘L IC I ,  I ) = ~~L ( 3 , 3 )— 7 L( 3 ,  I ) * Z L( b . 3) / ? L ( 1 ,  I)
133’J / L T ( I ,2 ) = C M P L( ( O . , O . )
1340 /L1 (1,3)=’L (3,5)—?L (3, I ) * ? L C I , 5 ) / ~ L( I , I)
1351) /L 1( 2 ,  I ) - ~L T(  1,2)
1360 ~LI (2 ,2 )= L(4 ,4 )- ~~L C4 ,2 ) * ~~LC 2 , 4 ) ,’,L(2 .2)
1370 ~LI(2 ,3)=~~L(4. 5)—~~L(4,’2)*?L(2,5)/7L(2,2)
h OC) ~L T ( 3 . I ) = ~~L C 5 , 3 ) — ~~L(S , I) * ~~L( I ,3 ) ,7 L( 1,h)
1390 ~L1 (3 ,2)=?L (S, 4)-’~L (S,2)*~~L (2,4)/~ L (2,2)
1400 ~L1 (3 ,3)=-~L (5 ,5)— (~~L (S, I )I’’L( I ,S)/ZLC 1 ,1 ) )
1 401& —C 1L (S,2)*ZL (2, 5) / ? L ( 2 ,2 ) )
I 4 I O C  APPLY MECHANICAL BOU-NDASY C O N D I t I O N S  10 oIGH T PLATE
14 1 1 C  FOs PLATE 2 V3=V 4 0
l42~) ~ k T( 1, 1  ) = ? S (  1, 1  ) — Z i - ~C I ,3 ) $ Z R C 3 ,  I) /~~0 C 3 . 3 )
1430 / 0 1  C l.2)=CM PLX(0., 0.)
14 40 T (1,3)=7 ,~(I ,5)— ~~H (I,3)*7,.~(3,5)/~~i ,cc3 .3)
145 0 ‘HT (2,I)=akT (I,2)
1460 70 1(2 ,2 )= ,~k( 2 ,2 )- ’R(2 ,  4)*’r~(4,2)/Z0(4,4)
1470 ‘0T (2,3)=-~R (2, 5)-Z SC2. )*Zr (4, 5)/~~R (Ii, 4)
1490 ~~~T ( 3 , 1) =~~k C S , I ) — Z 0 ( 5 , 3 ) * ~~R( 3 , 1) , 7k C 3 . 3)
1490 T (3 ,2 ) = (5 ,2)- ,~r~C5 ,4 ) * 7 o (4 , 2)/ ? R(4 ,  4)
150 0 ‘OT (3 ,3 ) =/ R( 5 ,  5 ) - c ~~0(S ,j ) * Z H(3 ,5 ) / ? ,~C 3 , 3) )
I5OI & -(~~R (S,4)*Z3~(4,5) /70 (4,4))
ISIO C TE R M I N A t E  PLATE 2 ON R I G H T  IN 7.LE
1520 ‘~~E ](I ,1 )=~~~TC 1 ,I )— Z k 1 ( I ,3 ) * Z kI(3 ,I)/(~~LL .,HT (3 ,3 ,)
1 530 /RET ( I ,2 ) = — C ~~RT ( I,3)* I (3,2~~~/(~~LE+?R TC3 .3 ))
15 40 ‘NLI(2 ,1)= -UkI(2 ,3)*?0I (3 ,l))/CYLE .,RT (3 ,3 ,)
I 5S0 ‘RET (2, 2)= 1(2.2)-/R~~~2,3)*~~RT(3,2) /(.~LE+~~RT (3 , -3))
I5 60C PLATE 2 Is ROTATED ABOUT IHE THIC ’<NE SS BY THE ANGLE
15 6 1C PSI IN DEG OLES IN R E L A T I O N  TO PLATE I
1562C IHE D IR ECT ION COSI NES BETWEEN THE NEW AND OLD A X I S
156 -iC OF PLA TE 2 ARE
IS !)) A ( I ,l ) = CO S (P S I * P t / I R O .
ISO)) A ( I , 2 ) = S I N C P S I* P L/ I R 0 . )
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TABLE 3-15. (Cont’d )
1590 M (4 , 1) = -A ( I ,2 )
160 0 A ( 2 ,d ) =A ( l ,  I)
16 10C T H E  IMPEDANCES OF T HE PLATE ON THE RIG H1 AF T E~
1 6 1 1 C  R O T ATION ARE
1 620 ?RE 1OC I, I )=A ( I. I )*A ( I • I ) -

~~~REI ( 1 , 1 )
1 621 8. +0(2, I)*A ( I. I )~~?-~)-_ I (4 ,  I )+A (4, I)~~A ( I. I)t ’RE E C 1 •2 )
1 6228. +A(2, I)*A(d,I )*fkE)(4.2 )
1630 ‘~t~6I,’ C I,d) A C I,2)-”A ( 1 .1  )~~~MEI (1, I)
1631 8.  + A (  l.~ f l*A (2, I ) * - ~, E F(d ,  1 ) + A (2 ,d )~’A (  Ii 1)* ~~ < E T C  1 .2)
16328. +aC 2,2)*A(2,1)*~~~EIC2,2)
1640 -~kl~ Io (2, I) A ( I. I)*A( I,2)*’r~EI C I. I)
16418. +.~~( 1, 1  ) kA ( 2 ,  2 ) k ~~o E1(2 , I ) -s - A (2 ,  I ) *A (  I .~-‘)*‘ t-c rTT ( 1.2)
l6~l4& +A(2,1)kA(2,2)*Fr~L1 (2,2)
1650 ~l~3 - I ,~ (2, 2 ) zA (  l ,2 ) *A (  I ,2 ) * ’o E I  (I, I)
165 18. + 1 - l ( ) ,2 )4 ~A (4 ,2 ) * / k E I(2 ,  1 ) + M ( 2 , 2 ) + A C I ,2 ) * ~~o r J C 1,2)
16528. +A (2, 2)~~~(2,2)~~’~~L1 (2.d)
1660C A l  t U E  , J U N G I I O - J  OF T ’-IE LEFT PLATE AND T-IE ~0 1A iEU ~ 1G 1-1 F
I6 61C PLATE, EJU /I 1E vOL i ~~~~ A-N D CUROE ’JTS ANU SOLVE r 0’
1662C Cuo~~E’JTS . V3=v II. v 4=v2 T,I 3= -I1 T ,~~1 1= — T 2 j
I 67OC 1-415 GIVES 13 A-Nv 14 19 lEr~MS 0)- u N .
1 6 / I C  ~ -~~ N I—IFS1 ’  v A LIJ3- ;~~ A~~E P01 IN E*PoL~~s!ON r0 .~ v5(vI’~)
16 / 2 ) ;  IHr INPU t IMPEvA N CE ‘I’N CAN t*. UH1AI \ED
16 / 5  1 F N, ~E J k C 2 , 2 ) + ? L 1 ( 2 , 2 ) . E - ; . o o . o , o . o) . A N u . ’k ~~I k ( I , 2 )
16 7 6 8 .  . E C . o O . 2 .  1.0))  ~~~F~ 1o ( 2 ,2 ) = C0 . 0 ,3 . 5)
1677 II -  C~~R E T k ( 2 , 2 ÷~~L f ( d , 4 )  . E 1 j .( 0 . 0, O . 0 ) . A-N D .~~ k E 1 R (  1 ,2)
I 6 / o ’. • E L J . o Q . 4 ’ , 3.0)) ~L1 (2,2)=oC.U, 0.5)
1 60(1 /I ,9 (~~L I(3 .  I ) * ( Z L 1( 2 , 3 ) * 7 k ET R ( I ,2 ) — ? L T ( I , 3 ) ~~C ’ k E1k(2 ,2)
1 60 18 .  + / L t ( 2 , 2 ) ) ) + ~~L 1(3 . 2) ~1( Z ( E 1 R(2 ,  1 ) * ? L r C 1 . 3 ) — , L 1 C 2 , 3 )
1602 -? ,  $ ( ‘ R E I R (  I ,  1 ) + / ’ , I  C l ,  1 ) ) ) ) / ( C - ~ r, E I - ~’ C  I. I)+~~LT ( I. I))I(~-~J& * C 7 ) T R ( 2 , 2 ) + / L l ( 2 , 2 ) ) — ~~~E I k(2 , I ) * ? R Er R( I ,2 ) ) ÷ 7 L I(3 , 3
1A90 PI=~,G/(~~~+~~I N)
1 / 0 0  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1 7 0 1 8 .  /((?t~E I o(  1 , 1 )  ~ ‘~L I  (I, I) ) * (  E T R(2 ,2 )+? L 1  (2 ,2) )
11028. —~~t E 1 0(2, I )*‘H I’Tk( l,2)))*4)’lPI
1/07 I r ( ’ r , L l s - < ( I , ,~).NE .(0.0,0.fl)) A ’IP 4=— (7Lt (1 ,3 )/~~-<E1R (I ,2 )
1700& )-k M P I — ( (~~L I (1 ,I ) + 7 TR C I ,1 ) ) / ~~RE1R (I ,2))*AM p 3
1 / 1 2  I1” (’~~E 1 c~( I, 2).hQ.oO.Q,0.0)) A M p a = — ~~~LjC2 .3)/C ’RETR (2 ,2 )
1 7 1 38. +~~Lj(2 ,2)))*A Mp 1- (/~~E l < ~(2 ,l)/ C7RETH (2 ,2)+ZLI (2 ,2)))
I / 1 4 &  *A MPJ
1 / 20 V I N = ~~LT (3 , 1) *A-Mp3+7L1 (3,2 )*AMP4 +7L [(3,3)*AMPI
1 / 30 M M P O = C ( A C ) ,  I ) *7i- ~I C3 , I)+A(2 , 1 )4 - -’k1(3,2))/ C7LE+ ’RT (3 ,3)))
1 1 3 1 8 .  +AMP 3+((A(I,2) ’Ic~~kT( 3 ,I)+A(2,2)*7R1 (3.?))/C’LE+
17 3 28. ~k [(3,3) ))*A -Mp 4
1740 V0 U 1 = -~~LE*AM PO
I75OC P09~,~ AN D I - N S E R I I O N  LOSs
1760 P0=REA LC V 0 U I* C 0 N J G C - A M PO )
1170 PR E 1 ’ = o E A L C C E G * 7 L E / C~~G+Z LL)  ) * C 0 N i G( EG/ (~~G + ? L E) ) )
1700 PI LO S ( ,< )= I O . *A L O G IO( pO/PRE1 ’ )
I / O S  401 IL(6 .  I) )  r -~rU,  PIL~,s C ’ ~)
1/ 9 0  F U=I’ -~E;u+F INC
10 0) I C O N T I N U E
1 0 1 0  Ii) )- Or ~M A I C V )
1191) Y-~~~~=P IL 0S (I)
1 91)) YM I r ~J= P IL 0~~C I )
19~~0 D O l D O  - J = I , ’<
1930 I F( P ! L 0 s ( ) ) . , l . y’-M A ,( ) y- ’ IAx )-’ILOS( I)
194 0 I r ( ( - ‘ IL OS(  J )  . 1_ I  • Y M I  -N) YM I N = P ’ L i S ( J )
195<) I ll)) C 0 4 1 I N U ~.
19 60 CALL (PLT (P IL t ~~, F L N I  l , 3 - I N C ,y M l N , y 1 - 1 A X . - < . N P L T S .’4 1 , DA . 0)
1990 sTOP
200(1 E N D
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TABLE 3-16. SOLUTION OFM CD F 2 PROBLEM

Apply mechanical boundary conditions to left plate V I = V 2 0

V 1 = ZL 1111 + ZL 1313 + ZL 1515 = 0

ZL 13 ZL 15
= 

~~~~~~~~ 

13 - 

ZL 11 
15

V2 = ZL 22 12 + ZL 24 I4 + ZL 25 15 = 0

-ZL 24 ZL 2512 = 
~~i~j ’4 ” ZL 22 

15

V3 ZL 3111 + ZL 3313 + ZL 35 15

V4 = ZL ~~ I 2 + ZL 44 14 ~
- ZL~ 515

V5 = ZL 5111 + ZL 5212 + ZL 5313 + ZL 5414 + ZL 5515

ZL ZL ZL ZL

3 — 33 ZL 11 ~ 3 35 — ZL 11 3 5

ZL ZL ZL ZL

4~~~ 44~~~~~ ZL 22 4 + 45 ZL~ 2

ZL 1ZL 1 ZL ZL,~ 1
V = ZL - I + ‘ ZL - 

52 ___~~
5 53 Z L 11 1 ~ ZL 22 3 4

ZL ZL ZL ZL
+ ‘ ZL - ~~~~~~ - 

52 25 i i
55 ZL 1~ ZL 22 s

V 3 
= ZLT 1113 + ZLT 13 15

V4 = + ZL T 22 14 + ZLT 2315

V 5 = ZLT 31 13 + ZLT 32 14 + ZLT 3315

15 11N VS = V IN
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TABLE 3-16. (CONT ’D) .

A pp ly mecha nical boundary conditions to righ t plate V3 = V4 = 0

V3 = ZR 3 1!1 ZR 33 !3 + ZR 35!5 = 0

ZR 31 ZR 3513 = - 

ZR 33 ~1 
- 

ZR 33 
15

V4 ZR~ 2!2 + ZR 44!4 + ZR 45 !5 
= 0

ZR 42 ZR 4514 ZR 44 ~2 
- 

ZR 44 
15

V 1 = ZR 11!1 
+ ZR 13!3 + ZR 15!5

V2 = ZR ~ 2!~ -~- ZR 2~ !~ + ZR 25 !5

V 5 = ZR 51!1 + ZR 52!2 + ZR 53!3 + ZR 54!4 + ZR 55!5

V 1 ~ZR 11 
- 

zR~~ :R 31 
~~~~ 

+ - 15

3 ZR ZR ( ZR ZR
V 2 = ZR ~~ - 

~~R44 ~2 ZR 25 
- 

ZR 44 3 
15

ZR ZR ( ZR ZR
V - ZR 53 31 

~ + ZR - 
54 42

5 - 51 
- 

ZR 33 3 1 52 ZR44 ~ 2

+ 
3 ZR - 

ZR 53 ZR 35 
- 

ZR54ZR45
55 ZR 33 ZR 44 3 5

V 1 = ZRT 11 11 + ZRT 13 15

V2 It- + ZRT 22 12 + ZR T 23 !5

V 5 = ZRT 31 1 1 + ZRT 32!2 + ZRT 33 15

V = V  1 = 15 out ‘ 5 out

Ter minate plate on right electrically in ZLE

V = - Z L E Iout out

3 -98
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TABLE 3-16. (CONT’D) . - -

V = ZRT I + ZRT I + ZRT I = -Z L EIout 311  32 2 33 out out

ZRT 31 ZRT 32
‘out~~~ Z LE + ZRT 33 

h 1~~ Z L E + Z R T 33 
12

ZRT ZRT ZRT ZRT

1 — 11 
- 

ZLE + ZRT 33 3 1 
- 

ZLE + ZRT 33 2

- 3 ZRT 23 ZRT ~ 1 
~1 ZRT 

ZRT 23 ZRT 32
2 - - ZLE + ZRT 33 3 1 + 22 - 

ZLE + ZR T 33 3 2

V 1 = ZRET 11!1 + ZR ET 12!2

V2 
= ZRET 21I1 + ZRET

22
I2

Coordinates of plate on right are rotated about X by the angle i/,~ in com-
pari son to left plate coordinates (reference coordinates) to account for this

V3T = aII V IT + a ,2V2T 
- T IT = a lI !3T + a2l l4T

V4T = a21V 1T + a22 V 2T - 12T = a l2 I3T + a22 I4T

This is an orthogonal t ransformation so that

V IT = a
ll V3T + a21V4T - 13T = a ll i lT + a 12!

V2T = a 12V3T + a22 V4T 
- 14T = a2l llT + a22!2T

From Figure 3-26

V3T = V l 13T~~~
T 1

V4T = V2 14T = 

~I2

V3T = V 1 = ZRE T11 ~
‘t3T 1 + ZRET 12 ~~4T~

V4T = V
2 

ZRE T21 ~~3T > + ZRET 22 ~~4T~
= a 11ZRET 11 + a21 ZR ET21 } ~~ 3T~

{aII ZRET
12 

+ a21 ZR ET22 } ~~4T~
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TABLE 3-16. (CONT ’D) .

V2T - {a12ZRET I1 + a22 ZRET 21 ~~3T~
+ { ~12ZR ET12 + a22 ZRET 22 } (-14T

)

V 1T = {a 11a I1ZR E T11 + a  a 11ZRET 21 + a 11a21ZRET 12 + a 21a21 ZRE T22 } ~
11T~

÷ f a 11a 12 ZRE T 11 + a 21a 12 ZRE T21 ÷ a 11a22 ZRET 12 ÷ a 21a22ZRET 22 } ~
12T~

V2T = (a 12a 11ZR ET11 + a22a 11ZRET 21 + a22 a2 1ZRET 22 + a 12a21 ZR E T12 ~
T 1T~

÷ {a T2 2 12ZRET 11 + a22a12ZRET21 + a22 a22 ZR ET22 + a 12a22 ZRET J (~~
)

V 1T ZRETR 11I1T + ZRETR I2I2T

V2T = ZRETR 2 1’lT + ZRETR 22 I2T

but f rom Figure 3-26

V 3 = V 1T 13~~~~~1T

V4 = V 2T 14 12T

V3 -ZRETR 11I3 - ZRETR 12I4

V4 = - ZRETR 2 1T3 - ZRETR 22 I4

V3 ZLT 1113 + ZLT 13I!N 
= - ZRETR 11I3 

- ZRETR 12I4

ZLT + ZRETR ZLT11 1 +  13
4 ZRET R 12 3 ZRET R 12 IN

V4 
= ZLT22I~ + ZLT23I!N = - ZRETR 21I3 

- ZRETR 22I4

ZRETR 21 ZLT 23
- 14 = ZRETR 22 ÷ ZLT ~j 

13 + ZRETR~~ +~~7~j 
11N

• 
ZLT 11 + ZRETR 11 J ZLT 13

• ZRETR 12 
13 + 

t
ZRETR

~~ 
11N

ZRETR ZLT I
= 

~~~~~~~~~~~~~~~~~~~~~~ 
13 +{ Eii~~~ + ZLT ~~ ~ 

11N
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TABLE 3-16. (CONT’D) .

* 

ZLT23ZRETR 12 
- ZLT 13 (ZRETR 22 + ZLT 22 )

13 = fZLT 11 + ZRETR 1~) (ZRETR 22 + ZLT 22
) ~Z1~~~~ç1ZRETR 12 ,~ 

TIN

From

V3 = - ZRETR 11I3 
- ZRETR 12I4 

= ZLT 1113 
— ZLT 13IIN

ZRETR 12 ZLT 13
-13 ZLT 11 

4- tEi~i~j~ 
14 + 11N

V 4 = -ZRETR 21I3 
- ZRET R 22 I 4 = ZLT 22 1

4 
+ ZLT 23 1~~

(ZLT22 + ZRET R 22\ ( ZLT 23 \43 \, ZHET R 21 )14 + 

\~ RETR
2I) 

11N

ZLT 13ZRETR -~~~~ ZLT 23 (ZLT 11 + ZRETR 11)
14 (ZLT 11 + ZRETR 11

) (ZLT 22 + ZRETR 22
) - ZRETR 12 ZRETR 21 IN

* V IN = ZLT 3113 + ZLT 3214 + ZLT 33IIN

ZLT 23ZRETR 12 
- ZLT 13 (ZRET R 22 + ZLT 22

) 
____

Z IN = ZLT31 (ZLT 11 + ZRETR 11
) (ZRE TR 22 + ZLT 22

) - ZRETR 21 ZRETR 12

ZLT 13 ZRETR 21 - ZLT23 (ZLT 11 + ZRETR 11
)

+ ZLT 32 (ZLT 11 + ZRETR 11
) (ZLT 22 + ZRETR 22

) - ZRETR 21ZRETR 1~~3

+ ZLT 33

For a generato r with Impedance ZG and voltage Eg

11N = E
g

/ (Z
G + Z~~~)

- ZRT 31 ZRT 32
‘out = Z L E + Z R T ~~ ~1 

- 

ZLE + ZR T 33 
12

Retrac ing steps leads to

~~ ‘~11~3 + ~ l2~4

+ a 22 14

3 — 101
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TABLE 3-16. (CONT’D).

~ 
— 

a 11ZRT 31 + a21ZRT 32
out 

- ZLE + ZRT 33 3

a 12 ZRT 31 + a22 ZRT 32
+ ZLE + ZRT 33 

13

~~~ = - Z L E Iout out

By the sign convention of Figure 3-26

= V  - ( —I  ) 
-ower out out out conjugate

Equations with asterix are those used in MØDE 2 program.
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The statements at lines 1675 and 1677 are one-way, to handle the behavior
of identical plates , except that mode 2 in the left-han d plat e is piezoelectrically
coupled , while mode 2 in the right-hand plate is not . Time has not permitted
a complete evaluation of these programs under all possible conditions , so there
are probabl y other circumstances that also will not operate. Those that were
corrected are those encountered in running the programs up to this t ime .

The listing for the MQ~DE3 program is shown in Table 3-17. The method
of solut ion employed in the program follow s that shown in Figure 3-26 and
Table 3-16. where , in place of the normal mod e matrix shown , the full actual
coordinate matrix of Figure 3-19 is employed and the nomenclature is extended
to allow for the inclusion of the addit ional terms . In writing this program the
symmetry of the actual plate coordinat e mat r ix has been employed , or neg-
lected , depending on whether a simpler calculat ion could be done . The input
data include all the data required for the MODE2 program , extended to three
modes as well as the eigenvectors for each plate The general case of the
MODE3 program requires two runs , each , of CRO T , SYMEIG and VC~~!J P ,
one of each f o r  each plate.  The comment s about the MODE! and MODE2
programs, in general , apply to this program as well . Again , an attempt was
made to make the program self-explanatory 41 Time did not permit  a complete
evaluation of this program so there are probably conditions that wil l  not run .
The IF at line 1950 handles the case of AT-cut quartz with no rotation between
plates . For AT-cut quartz at the resonant frequency of mode 1, an exponential
overflow , which has not been corrected , occurs: however , the results appear
correct

p
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TABLE 3-17.  LISTING OF MØDE3 PROGRAM STACKED FILTER OF TWO
PLATES: THREE NORMAL MODES ALLOWED IN EACH
PLATE AT ARBIT RARY ANGLES TO ACTUA L PLATE
COORDINATES (ROTATIO N BETWEEN PLATES ALSO
ALLOWED)

I J*#oiJN-4*; AUE,576/oL4YPLOF= (C 0}~E=2’~)
IOOC P<~OGtc A~ [0 CA LCULATE THE 1~~AN S~~EN )

~U N C T ION
lOi c 0)- A SIA C ’<E I) V1 L IEI ’c ØF 190 PLA1ES
h O C  E~-~C ’-I PLA 1E CA N - IAV E 1Ho~~E P I E ’ O F L E C T’ < T CA L L Y U 0 1 V E - ~ MOD ES
120C PSI Is l~ 4E A~~GLE 0I~ 0 O 1~~ i10-N REIWE EN PLA1E.S
130 PA:~A MEiE’~ ‘JPL T S= I
IA’) COMPLEX ~NI_ (/, / ), ~ Nh(7,7), ~L( 1,7), 1t~ ( 7 , 7)
150 C 0:-IPLEX ~L 1(4 ,4) , Z (4 ,4 ) , 1(3 ,J ) ,~~

p
~E I H ( j , 3 )

16( 1 COMPLEX u(36) ,  <~(36 ) ,  PL I~ PL2, P1.3. P1_ a ,  P1_ S
1 1 0  C~~Mi-’LEX P,~ I,P <~2,~~r~J,P04, PRS, ‘S( 3 .3) ,~~~SS,~~~SS3
IOU COM PLEX ‘LE, ‘6, EG
19))  C k)MPL I’.’( AM PI ,  4MP4, AMPs , AM,-~6, AM PO
I~~~ )() C~3M PLEX yIN, vOJ I, ? I -N
2I i)  J1 ’ IE’j S10-4 9 1 ( . 3 , 3) . I- )2 (3 ,3 ) ,A ( 3 , 3)
2~~i) DIMENSIO N -<I C N P LT S ) ,  PT L O ~~ 1000)
2:3’) C ’ IA)sACIEO UA ~~ I(NPI_ I S) /” * ” /
2 4 <) ~< = 0
250 P1 3.14I5926
255 P12 2.*PI
260C k~~ 4 c ** *  INPU t DA I A  * ** ** *
262C PLAT E I IS ØN tHE LE~~1 A ND PLATE 2 IS ON T~~F. ~ 16- 4I
C CE- NIEo ) - oEUU L NUIES  O)- PLATES I A ’~D 2
210 FOI=I.E 7
2’4 IJ 1 0 2= I . E T

2-~ 5C U1A:4 t~,lEo OF PLA[ Es I AND 2
29.) U I M I I O . h L — 3
295 UIA 2=I0 .E-3

** *  PLA I E  C 0 -Ns iAN fS  ** *
i JoC CO u PLING CUE I C I E N I s  X ’<(MODE, PLATE)
ill ) X ’<lI = 0.0~ 795’~02
3I2 ‘(‘<21=0.0
314 ‘ ( ‘<3 1=0.0
320 ‘(‘( 14 0 .0~~795R1)d
322 ‘( ‘< ‘2 2= 0 . 0
324 ‘(‘<32=0.0
J29C V E L O C T I J E S  CJ ( ’ l Ot)E,PLAIE)
33)) C I I  1=3.3223239E3
332 e121=J.0002AI4L:3
334 C 1 3 1 ( .0006352E3
34)) CI ld=J.3223239E3
342 C 1 2 2 3 .0002414E3
344 Cl32=/.OO~~6352Ei
349C DEN SItI ES OW PLATES UT (P1.AIE)
35’) U IF z264 ’).0

355 U )2 2649.0
359C u Lt.G I~~IC C0N SI A N I ~ 0 PLAtES EP (PLAIE)
360 EPI=o. l9 01 6dJ61~— II)
365 E ’-’2 0.391~ I6 2 3 6 E - l O
j ioe *** L I G E Nv E C 1 O o S  I’-* -*
J7IC IHt . UQ~M P O N I N I s  ØP A MODE A~.E SLOoEU HY COLUMNS IN
JF ?(; AP’(OAY H ]-)-‘l.A IE-cCOM PONENI ,MUt )E)
j~40 1 4 I ( I , 1 ) 1.()

-~ 1 <i ; (~~. I )=0 .  ~)
3- 1 2  - ‘ I ( i. I )= ).O
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TABLE 3-17. (Cont ’d)
3’~3 bl(I,2)=0.0
J’-’ 4 0 I(2 , d) 0 .9 9q 0 6 5 4 2

3 5  H 1 ( 3 ,2 ) = O . 6 ~~I124 5 I E— I
3- <6 ~I ( I , j ) = Q . O

4 /  3 I ( 2 , 3 ) = — O . 6 2 1 / 2 4 5 I E — I
304 )3I(J, 3) 0.99 406542
4<))) )32 ( I, I )=  I •
401 h 2 ( 2 ,  1)=fl .i )
4)12 h2(J.I) 0.’)
4 ) 3  ‘- ‘2(I,d )=fl . )
4(14 ~~-~(2. 2 ) = U . 9 9 - ~))6 542
~05 r)S( 3 , 2)  = 0.62172451 E- I
406 92 ( I ,3 ) = 0 . 0
40/  b2 ( - ~ .J ) =- U .~~? I / 2z l~~IE- I
-~:1~ H2CJ, 3)=O . 99<16542

*-k * A < G LE Or ~ 01Aj ION PSI * * - ~

~ I~~L PLMIE 2 Is r , O I A ~~ED HY Ps i L)1,G-cEES IN ~~-I.A l I 0 N  T O PLATE I
‘~~0 P S I= s . O
Ii~~~ C *-k k EI_ E C I~~ ICAL IMPEOA’JUE S G h , N E - ~ A r C - . ( ’ G )  L OA V ( ’ L E )  ***
4 2 9 C  ~~~~~~~ ‘ - ‘ -- l 0’~ c~OL I A U E( E G)  ‘k**

43 0 ‘LE= I I 6 :) ) . ,  < 1 .)

434 ~~~~~~~
‘43 1 ~~~~ ( 1  • U, 0. )
44 ’(C * - 4 * ** 4.* ‘ -~EuUENCY ~ A Nu; E 0~ t ‘J IEkES I
‘,‘~ IC 1 Ni 1! -L c~, L -JE’JCY I. I N I  1

<~ -Uu ~- ’4t Y ~ P ’\C I ‘JG r I ‘~C
44JU ‘JU. Or ~~~~~~~~~~~~~~ l’4 ,A NGE ir~ j = (~r I ‘~Al_ — F iNI  I) / r 1 N-~
450 r I ‘)I l=~ .7~~ f,

454  ( - NC= U.025E6
45N

41,l) C ( (
~~.$‘ *~~ UA LC’J LAIEiJ vAr ’ )  ~~~~~~~

-‘46 )U -~~~E A - ) 0)- PL.~ T E s  A - ~~EA ( PL A [ E )
‘-4!,) ‘\~~~‘.~ I =P I* u IA I R u IA 1 / 4 .
4/5 4 42=P I *uIA , -’*UiA ~?/4.
41-iC C~1A’~A C I E r 4 1 s 1  [C iM ue~ ’JC~~ , ‘O ( M - ~ ij~L, PLAT E)
44 - 3 ‘0 I 1 Ar~EA I * U I I* C i h I
4~~~4 d I ~~~~r<E~~I * U I  I * L 1 2 1
44~ ’-1 ~ 03 I A ,~LA I * D l  l* U I3 I
s’)3 ~~~~~~~~~~~~~~~~~~~~~~
504 ~ k)?2=A’ <t . A 2 ’ k D I 2* C I22
5’) -4 / 0-3d A~-c E A 2* U I 2 4 ~C IJ2
,l 9C L ” l [ C ’ < N r5- .sSE~ Or PLAI~ II .(PLAIE)
520 1 L 1 = C 1 I l / C ? . ~~F 0 l )
525 IL; ~ =U h 1 ’ 2 / ( 2 . *~~ O2)
529C CA P A C L 1 A N U E s  Or PLAl~~s 3(PLl~ I P ’ ,)
5.31) u O 1 = L P I * A ~~E A l / i L l

53 5  ~~~~~~~~~~~~~~~~~~~~~
539C f U r ~’Js ~~.i IOs  ‘( ‘4 ( MOUE, PLAr E)
540 ‘(N I Iz 5~~~ I (‘(‘<1 I *X <  I I~~~OI I*C0I $Ul I l / T I_ h )
)44 ‘(- ‘4 d I = 5 U~~1 ( X’< 2 I $X ’< 2 I * -~ 0 2 I * C O I * C I 2 1  /)L I)

543  X N J l ~~~ ~:s 1(X ’ <3 I * ’ ( -<3 I*~~O 3 I * C 0 h* C I 3 I / IL ! )
560 ‘(‘JI. S~Jr~ I C X < l ? * l ( .< l~ ’* ? 2 I - ’* C C 2 * C T l? / IL d )
s64 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
5~~H
S / o e  * ~~* Wi <O -1  ‘409 1 E ’ < M , A h  ~ I J ) ’ ~~” J CY DEPt. -Nil’ N i  t~~~~

5/5 )- )-~ -~~ r ) - 1 , f l~
) ? Q C  LOOP I’ 4 ’~Ou. ’3 ) - h ) - )U~~-’4C I~~~,
5~~() vO 103 ! = 1 , I r r ~E Q

_ _ _ _ _ _  
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TABLE 3-17. (Cont ’d)
595 K=-(~~I
599C P-~0PAGAIi0’N CON S TA .J h 5  I~’ l ( MO u E , P LA [ E .) = I H E IA C M ø~) E,PLA IE )
599 ~~ PI d*I~r~EU
590 I H I I= 9 * I L I / e h l l
5’,)4 [ ‘ - 1 4 I = W * I L I/ U 1 ? I
59’4 I H 3 I= 9 * ) L I/ e I J I
6 1)) 1H12 9* 1 L2 / e l h 2
614 1H24 9*)L?/C122
610 I H 3’2 = w* IL? ,C r 3 2
629 e “J 0-<MAL MODE. “l A T k I X  r )3 r< PLAtE I “NL

30 IG”fl I = S I N ( 1 H I I) / C 0 5 (  [ H I l )
634 IG’J2I SI.’4 ( I H2 I ) / C O S (  1 92 1)
636 T’ 3 N 3 I = S I ’ 4 ( l ’ - 4 3 1 ) / C O s (  I-~3 I)
640 ‘!NL ( I, I)=CM PLX (0.,—’OI I/I’3’: I I
(“4 1 /N L( 1,?) ( )., :) .)
64? ~-NL( 1,3 )= (O . ,O . )
6/43 ‘NL( I ,A ) = U M P LX ( O . , — ’ O l  I / - I N C  I H I l) )
644 ~ ‘4L( 1, 5 ) = C 0 . , Q . )
645 ‘‘JL ( I , 6 )= ( Q . ,O . )
646 70 L ( I , F ) = C M P L X ( 0 . , - ’(~~ I l / ( ~~* C u ~f l ) )
650 ‘- SJL(? , I)= (O . , i ) .)
65 1 ~ .NL (2 .2)  =C.MPL X C) ) . ,  - 

~~2 I ,i’; ‘J? I)
652 ‘‘J L(d ,3 )= (O . ,  0.)
653 ‘‘JL( ,~.4 )= ( 0 . ,O .)
654 ~N L ( - d. 5) = CMP L’ ( (O . ,-’@.fl / s I N ( T ~- ) 2 I ) )
655 ~INL(2 ,6 ) = (O . ,0 .)
656 ‘‘J L ( 2 , 7) = C M P L X ( 0 . , — X ’ . 1 2 I / ( W ~. U O I  ) )
660 / NL(J , I) = (0 . ,0 .)
66 1 ‘NL(J ,2) = (f l . ,  0 .)
(,6~’ ‘ N I_ (J ,J )=C M P L’( ( ). ,~~/ 3j I/ I( j’,j3 1)
663 ‘NL(J ,  ‘~) =oU. .  0.)
664 ‘NL(J , 5 ) =  CO . • ( I .)
665 ~ ‘4L (3,6) CMPI _ X (0., — ’ 0 3 l / s I  ‘~~ 1 .~I 3 1 ) )
666 ‘NL (3 ,7)=CMPL ’ ((O.,—’( ’- J 3 I / ( W k C O l ) )
1,/0 /,NL(-’- i, I )=~~‘JL( 1,4)

~ / I “ ‘4 L ( 4 , 2) = - ’, N L ( 2 , 4)
61? ‘NL (4,3)=?NL(3, 4)
6 / 3  ‘NL(4 ,  4) ’NL( I. I)
6 / 4  ~-NL(4 ,  5 ) = o O . ,  (J .)
1,/s f ’- J L(4 , 6) = ( 0 . , 0 .)
6/6 / ‘JI_ (4 , 7 ) =~~NL( 1, 1)
6 <0  ~NL(5, I)=~~’4L( I , 5)
6~’ I -~NL(5,2)=’-NL (2. 5)
69? ‘-0 L(5 ,3)~~~ -NL(3 ,5 )
6-13  ‘~NL C 5, 4)=~~NL(4, 5)
64 4  ‘~NL( 5, S ) = 7 ” 4 1_ (2 ,2 )
695 “ILlS, 6) (0., 0 .)
636 ~-NL (5, 7)=~ ‘JL(2,7 )
690 7’4 L ( 6 , I ) = 7 ” J L ( I , 6 )
F-,”- I ‘,NL(6,  2) =~~’4 L ( 2 ,  6 )
6 9 ?  ‘ NL ( 6 ,  3)=f’JLC3. 6)
693 ‘-‘4C C 6. Li) , ‘JL (4 .  6)
694 1 ‘4) 16. 5) = ~ Nt. (5 , 6)
t-, -
*~, 

.‘ ~4I_ ( 6, 6 ) - ’ N L( h ,  3)
(,)h ~ N L ( 6 ,  1 ) = - ‘N I _ ( 3 .  / )
/ 0 <)  ‘NL ( / ,  I )=~~NL( 1 . /)
1 )  I ‘ Nt. ( 1  , ~ ) NC 1;’ , 7
/ 0,’ / ‘4L C / , 3 )  ~ ‘JL (3,
/ 1 4 ’ N I ( / . 4 ) ’ N L ( / 4 , /)
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TABLE 3-17. (Cont ’d)

/04 ~-NL (7, s)=~~NL(5,7)
/05 ~NL ( /,6)=’-NL (6,7)
106 ~ ‘4L( 1,7 ):CMPLX (O., — I • /(W*COI
/99U N0~ MAL MODE MA f~~I’( WOk PLAtE 2 ~~II~
900 It ~N 12= SIN( I”412)/COS(1HI2
904 IG N ?2=sIN ( I ‘4-22)  /COS ( P-422)
-4:10 N - N 3 2 = S I N ( I ’ 4 3 2 ) , C O s c l ’ 4 3 ?)
310  ~ -‘J r ~ ( I, I)=CMPL’((0.,—~~OI 2/1G-’4ld )
9 1 1  ~ Nr~( I, ?)=(U., 0.)
912 -~Nr~ C I,3)=CQ.,’).)
01 :3 7Nk (I,4 =CMPLX (O.,—~~OI2 /Si-Nc1HI2fl
< I S /“J~~( I. 5)=(’l.,O.)
015 7-’J r~~( I, 6) (0.,O. )
01 6 ? ‘4 ;~ ( 1 , 1 ) = C M P L X ( 0 . , - ’( ’J 1 2 / ( w * C 0 2 ) )
920 ‘-Nr~(d,I)=?Nk (I,2)
94 1 / ‘J r~(d ,2 )=~~~ PI _ X ( 0 .  , — ‘0 ? 2 / T G N 2 2 )
9?? 1Nl~~(2 ,3 ) =( Q. , O .  )
‘(23 7’J~~~(2 ,  4) (O.. 0.)

~24 ( 2 , 5 ) = C M P I .) ( ( f l . , — 7 - ” ”2 / S I N ( [ ’ 4 2 2 ) )
-(25 ~ ‘ J — ( 2 , 6 ) = ( O . , f l .
-‘(?(  ~Nk(?, 7)=C-IPLX(0., - X N d 2 / ( 4 ~~C O 2 ) )
U31) ~ ‘J k( U. I) = -~ N;< ( 1,3 )
Oi l  ~Nk( 3 ,?)  ‘.-‘49 (2 , 3)

‘~ ‘J~.(J,3)=CMfr)_X (0., —~~U3?/IG-N3?)
‘( 3d ‘Nr~( 3, 4) (0.,  < I .

‘<U4 -~N kC3, 5)=( (1. •
‘< is ? ‘ 1 c C 3 .  6) C 3 r ’-LX ( l) . ,  — 7 0  32/ ;~I ‘4 ( 1 Hi?))
-4 36 ‘Ni’~(3,7)=~~’1PL ’((0., - X’432/ (9-kCO2))
‘44i] ~N r < C 4 , 1 ) ’ N - ’ ( t , 4 )
- ‘S I ~ N r~(4..fl ~~~~N ;> (2,4)

942 ~ ‘J9(4 , 3) = ’ N” :(3 ,4 )
4 4 3  ~ \J .’ ( 4, 4)~~~~’ J < ( I. I)
-344 ‘. NU( 4, S)= (i i . ,  (1.)

945 ~Np~(4 , 6 )=(f l . ,  0.)
346 ‘~- N k ( 4 , 7 ) = - ’Nk( I , ? )
<<50 ~ N~~( s , I) ’’4 :~ ( I ,5)
9 5 1 / N 9 ( 5 ,d ) = ’ J  -~ (2, 5)
952 ‘ N r 4 C S ,  J)~~~~’J r-~(3.  5)

‘4 53 -‘N i’<(S, 4 )= ’ N- ’ ( (4 , 5)
- ‘- 54 ‘~N;<(5 ,  5) / N ’~(2 ,? )
‘3 55 ? ‘4~-~(5, 6)=(0.. 1.)

056 ‘ ‘49 (  5,7) = ~ N-~ (2, /
‘( 6) )  ‘Nr~ ( 6, I ) = ? ’ J t~ ( 1 , 6)
-16 1 ‘ N > ~ ( 6, ?)~~~ N ” ( - ~, . )

‘b? fl4r ( , ,3)~~~~’.iN(3, 1
~’)

‘ 4~~(6 .  4)= ‘~‘J~~(4. 6)
-<64 ‘\J~~(6. S ) = ~~4 . ( 5 , 6 )
<6 5  ‘N:~(6,6)z’~~N~~(3,i)
- ‘ -66  ‘N- ~(6.7) ’N9(3, 7)
‘ < ( . 1 / ‘J’~ ( / • I)  = ‘-‘J t~ 

( I, I
9 / I  ‘ i-~ ( / , ?) = ’-’J ’~ (?, l)
9/? ‘9t-~(7. 3)= /~(,~ (3,7 )
O l d  ‘N~~( / .  4) ’ ’ 4 ’ - c ( 4 . / )
-</ 4 ‘ ‘J k(7 , ’-,) ’ ’J , ,(5 ,/ )
9 ,5  ~N~~( / , 6 ) = - ’’J -> ( ( , , 1)-, / 6 / ‘I~~ ( 1  • / ‘, = I M~~L~ C O . ,  — I • / ( -i -”’; 02 ) )

~~ / ;  ; 0 N v E~ I F < O M  NORMAl. MOD E CC0h~ ’I NA t E  -
‘ 1( 3 AC I  HA L

9 1 - - U , Pt _ A l E  C 0 0~ - ) ) I  ‘ J A g  E )  H’< 9~~I H p1_Ar Es I AND 2
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TABLE 3-17. (Cont ’d)

‘)= ( l)+7NL* (~*,I )I ‘k= (BB2)*7NI’~$(BR2)1
1000 DO 20 M 1,7
I’)UL DC 20 ‘4=1.1
1006 ~L CM ,N)= (0 ., 0.)
1 -107 ‘~<( M, “4) 10., 0.)
1009 20 CONIINUE
1010 DC 30 “ 1=1.3
11) 1? DC 30 : N = I ,J
10 14 DO 30 - 1 = 1 , 3
1020 ~L( -I, ~‘) =‘~ 1 ( - M , J ) * -~NL I, J ) * F < I (‘4 , t ) + 7 L ( M ,  N)
10?? ?L (’l. N+ J)=~~ l ( M ,J )- ~ ?NL C J, j+3)*DI (-N , ‘)+LL(M,N+3)

1 024 ‘L(M+J, ‘4)=~~L (M,-’4+3)
1326 ~L(M+3, N +3 ) = ~~t_ ( M , N )
1029 !L (-N,7)=Hl (- ‘4,-J)*-7NL (.J,7)+?L (N,7)
1030 ‘L(N +3 ,7  )=1L(’- J , 7 )
1032 ~L (7,N)=1L (N,7)
1 1 34 ~L (7. ‘J+ 3)=’L ( ‘4,1)
1 )40 ~ r~(M, ‘J) 1<2(M, J ) * ? ~N r ~( - J , , I ) * F -~?( ‘4, t ) + ~~~~1s ( M ,  N )

1042 7’<(M ,  ‘ 4 + 3 ) = t~ 2 ( M , -J ) * P  ‘J p~~J , - I + h )  *92( N ,  J ) +  ‘i<(M,  -‘4+3)
!-344 ~R( ’4+3 .- ’J) =~~4 C M ,  - ‘4+ 3)
11)46 ~9 ( M +j ,  N+J) =- ~~<(  ‘1, N)
10413 ~. k CN ,7)=l32 C N,J)*?~Nk( J, 7)+”~~(N,7)
I 150 ~~~ (‘4+3 ,  7)  = i )~~ ‘4~~7)
1-352 ~~~~~~ 4 )~~~ << ( ’J,7)
10 54 / i < ( 7 , ’J +3) = , ~k ( ’ J , 1 )
1 (360 30 C O N L
1(16? /t_ Cl , 7) =7 Nt . (~1.7
1064 ‘~<( 7, 7)  ‘‘Jo( 7,7)
I l t I O C  HPPL Y ‘IEC’4A-’J1CAL -)0)i’Jt)ARY CONDI1 ION S 10 L W ) - !  PLA] E
H O I C  W0r ~ PLAI~~ I v I = V 2~~V 3 0
IIO?C 19)5 CONV E.<S10N IS M0~ 1 EAsILY CA k~~1ED OUT BY
I IO3C UEWINIING NE )- OLL O’41NG P9ODUCIS
1 10 9  1=0
1 1 1 0  v ii 40 - ‘4=2.1
I I I ?  vO 4 )  l~~2 ,7
1 1 1 4  “1=3+ 1
1 1 1 6  t ) (M)- r ~~L( I,  1) */ I _ ( N, P ) — 7 ’ ( N ,  1 ) lc -’ L ( I ,-J )
II 10 4)) C O O l  I ‘JUE
I I ? n W .  I I  Is  .\1 $(1 CO NVE - ’4 1~~N1 10 U L)- I N E  t H E s E .  PHOLJUCIS
1 1 3 0  PL I= ’L ( I. I )*))( I)

11.3? PL? L) (4 ) ~~U( I)—U (7)*tJ (?)
ill / I  PL3=D ( I4)*)~( I )—u ( l 3 ) -*D(2)
1 13 6  P L 4= U ( ? < 1 ) * u ( 1 ) — D ( I 9 ) - k U ( ? )
1 1 1 9  Pl_ 5=u (’26)*oCt)-U (’25)*L)(?)
1 1 40  ‘LT(  I, 1 ) = ( C L ) ( I 5)* D(  1 ) — D C  I3 ) s D ( :3 ) / t ’ Ll)
I I < i l - ~ — ( P L 3* C U ( 9 ) - *D(  I ) — b ( 7 ) - * D C 3 ) ) / ( P L I + P L 2 ) )
1 15 0 ~LI (I, 2)=((u( 16)*bC I)—u (I3)*D(4))/PLI)
II s I &  — (PL 3* (D (IO)*U(I)-u(7)+D (A))/(PLI*PL’~~) )
1 1 6 1  ‘LII 1 , J) = ( ( D(  I7 ) * D (  1 ) — D C  h i) * D 1 6) )/ P L I
I I 6 I &  —C PL3~~~D (I I )~~ i( I )— D(/)403(S) )/(PLI*PL2))
1110 7L1 (1,4)= (ou ( I9)*D(I)—D(1 3)4~D(6))/PLI)
I l / I 4 —(P1,J*(0112)*D( I)-D(7)*D(6))/(PLItPL2))
1190 ~LE(4, l )~~’L1(I,2)
11 90 ~LI (?,2)= ((D(?2)*u (I)—v (I9)*0(4))/PLI)
I I ” l &  -(PL ’4*(uC I0)*[)(I)-Lj(/)*UCA))/(PI.l*PL2))
121)0 7LI (?,3)= (CD(2%)*U (I)—u(Ig)*U (5))/PLI)
2t ) i&  - ( PL ’4 * (t i ( I  I)tU (1)—U (7)*D (s))/(PLI*PL2))

I-~ I 0 ‘Li C?.4)=C ( t J ( ? / i ) * U C  I ) — u (  1 9) $ D ( 6 )  ) /PL I )
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TABLE 3-17 . (C ont ’d )

121 I& - (l-’-L4* (D( I?)*D( I )—D(l )*D (6))/CPLI*PL2))
1220 7LI (3. I)=’.L1 (l, 3)
123 0 ~L1 (3.2)= ’LT (2,3)
124<) ~L1 (3,3)=C (u(29)*U (l)-D(2S)*O (S))/PLI)
I ?41& - (PL5*CD(lI)*D(1)-u (7)lcU (5~))/(PI_I*PL’2))
1 20(1 ‘LI (3.4)= ((u(30)*u(I)—D(25)*U (6))/Pl_I)
l 2 5 I -~ - (PL S* (uC 12)*u ( I)-D (7)*D(6))/(PLI*PL?))
I - ~6~ ’ ~L1 (4, 1 )=~~l_ I C 1,4)
1 . 7 0  ~L L (4 , d ) = ’ L I  (2 , 4)

1 29<) ‘Ll (4,3)=?LI(3.4)
1290 ~LI(4.a)= ((L,(J6)*u(l)-u (3l)*U (6))/PLI)
I ?’iI& — (Cu(32)*u( I ) — D ( 3 l ) ~~u ( d ) ) * ( u C  l2 ) k U (  I ) — D ( 7 ) + D ( 6 ) ) / ( P L 1$ P t _ 2 ) )
I~ ’0 )C APPL Y ‘ lEC-lA”JICAL li OUNDA NY C O N D I t IO N S  10 ~< fG Hf PLATE
IOII I C  rOb H.’-~TE 2 V4=vS=V 6 0
I 1 - I t s  C0’4vb1-1S! IN J o  MOS] E SILY CA k~~IEu OUT HY
Ij ) l ~ 

)
~~r I O 1 N G  I9)~ )- OLLO9I’NG Pr~0D’JCIS
IH’ oyM’lE.lt< y 0)- ~~ Is ‘lADE USE OW I - N T HESE pROU ucrs

I i- j~ “1=0
13 10  U~j  0 ‘4=2. 1
I i??  U)) 60 3=2.7
1314 -M=M+ I
13 1 6 r~(3)=-’o(4,4)*’’<CN,J )—’- (’4, I ) + ’ - < ( I .J )
I3I” ~ 60 CONIl NIJE
1j?’ t, I I  15 AI.s(’ Uk~JvP:’J 1ENT TO uLl ~iNE t H EsE P9OUU C 1S
1~330 P9I ’’> C 4 , 4 ) * ~~( t )
1- i l - -’- Pk2=- ~~ o ) * ~~( I ) — ’ < ( l  )si-~ ( , , )

13314 P93= -IC I4)*:~ ( I ) — ‘ ~~( I 3) - * r < ( 2 )
1336 P94= 1~ (~~C ) ) * h (  I ) — > - < ( 1 9) * R ( ? )
I 3 ) -~ Pk5= : , (2 6 ) - +~~( I ) — ~~(? 5) t ,(2 )
1340 ~ ‘< I ( I , )  ) (  ( k (  I5)* c( I )~~~( I3)$~~(3)) /P~~l
l3 ’ - I I &  ( PtC3 * (9 ( 9 ) * r~

( I )—r ~(7)*’< (3)) / (P ,< l* P’< ; -?) )

l - ~s0 ‘>-~IC I, 2) (()-<( 16)+rc ( I ) — > < ( 1 3) * 9 ( I - 4 ) ) / P r ( I )
13s1’>- — (PkJ* (-c( I1))’~ ~( 1)—9( /)* l~(4))/(P9I*Pk2))
136’) ~ -~ 1( 1 ,3 )  = ((< (Il ) ~ I-

~ C I ) — >~ 
( II) * t-: ( 5 ) )  /P~ I)

I ) R I &  _ ( P 1 < : 3 * ( < ( I I ) * % (  I ) — 1 ~( 7 ) & - ~ C 5 ) ) / ( P~~1* P k 2) )
137 3 -‘.:c 1 (1  , 4) = C (<-<( I’ -)) * ‘~ (I) — ~ C I 3) * ~ ( 6)) /P’~ I)
1 3/  l&  — (P 9J* ( k(  I2 )* ’~( I ) — > ( 7 ) * # - < 1 6 )  ) /(P’ I *Pr(’2) )
13>4 0 ‘~~1(2 , I)= ’ 9 1( I , ?)
I 1-f l)  ‘~kI(?,2)= ((’~(22)-* i<( I)—6( 19)~~~(4))/P r l )
I i9I - ’~ — (P,~4*(k( I0)*>~( 1 ) — h ( 1 ) * : ~ ( 4 ) )  / ( P)~~I’F’k2) )
140:)  ~~ 1(2 .  3)  C C ~ (23) k r~ (I) — > (1 9 )  *<s ( 5 ) )  /Pk 1)
I ’4 0 I - ~ — ( F - ’ --> 4* ( I ’ < ( l  I )*-ç ( ! ) — t < 1 7 ) * ) - 4 1 5 ) ) / ( P k I * P k 2 ) )
1410  ~~t~~i ( r ’ , 4) =( ( ’ ( (? L i) * t < ( l )—r ~( I9)* i-~(6))/PkI)
I A I I &  — C~-’-~ ( r~ ( I?)-1,’<(  I ) — r ) ( / ) * > ~ (6 ) )/ ( P k I* P9 ?) )
142) )  ‘r~l (3, I)~~.~i< l(  I ,- ) )
1 4,30 / ,< 1 (J , 2)~~~ r~T ( ,~,3)
I 440 ~ k I (~ • i) = ( ( :~ ( 29 ) * ~ ( I)  — )‘ C?>  I * k Cs)) /P<~ I)
I A4I& — (~~‘~5*( ( II )*~~~( 1 ) — p < ( 7 ) - * t~ ( s) ) / ( P~~l* P 9 d)  )
1 4s9 ‘;~I( , 4 ) = (  ( - < ( 3 0 ) * i - < ( I )—k (25)*N(6) ) /Pkl
1451 ‘~ — (p-5* (~~( I?)~~—~

( I ) — ~~( 7 ) * -~ (6 )  )/ ( Pk I* ’ -’-’. d) )
1460 ‘‘~ I(4, I )= ’-~ I (1,4)
1 4 / : ’  ‘‘x l (4 ,,~ )=’H 1 C 2 , 4 )

49))  / l > I ( 4, i) ’ s I ( J . 4 )

I ’ - , >  - ‘

14 9 1 - ’. ~~~(9(  3, -’ ) * % (  I ) - ~ ( 3 I  ) * r 4 ( d ) ) + ( 9 (  I ?) * k (  l)~~~(l~~*4~(A))/(PkI*P’(?))
I5-3I)C IE.- > I I N A I E  p - L A I r. 2 0-4 NIG-4 1 IN ~~~
I 5 - ) I C  1 ’ —415  ‘4 S’JI t5  IN vOIJ I~~— / I _ E * A M p ’ - O
1 51)) ‘~-‘“ t (  I, I)= ’~< I( I, l)— ’’,I (1,4)*’p- ( I (4. I)/ ( ’ LE .~~’C I C 4 . 4 ) )
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TABLE 3-17 , (Cont ’d)

1520 ~9E.1C I,2)=~~91 C l, ?)—’ ’<TC I,4)*’kT(4,2),(’)_ E+~~6t( 4.4))
1530 ‘~kEI C I,3 )=7p-~ I C I,3)— ,~-<I ( I,4)*’l<I(4,3)/(7,LE+-’’<J( 4,4))
154 .) ‘<E1(2, I)=’~~l (2, I ) — / 4 T ( ? , 4 ) * ~~b 1( 4, I ) / C ’ ~LE+~~ ’~ 1( 4 , 4) )
1550 ~ X E 1 C 2 ,2 )~~~~r ( 1( ? ,2 ) — ~~r~ I C ? , 4) * ~~~~I(4 , 2) / C - !LE+’t~T C 4 , 4) )
I s60  ~ 9 l C ? ,J ) = >~ i~ iC ? . 3 ) — 1 C 2 , 4 ) s’ / ’ ~T ( ’ 4 , J ) / ( 7 L E +’ A T c 4 , a ) )
I~~~~ / C >  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
l : - ’ O ~~EI (3, ?)=  IC4.2 )— ~~p<T (3,4)*~~kT(4.?) /(~~L )-+/ ’I (-4,4))
I590 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I6?OC )-‘LAIE 2 15 -~0 iA t E .1) 490u 1 ME iH IC~<NE5S BY NE ANGt_E
I6 ? I C  Psi IN vE G>~EEs IN z-~ELAT10N 10 PLATE 1
1 622C 1 >-i t. UIhECII2-4 C0s 1 N’~ -, ~i~~I~~EE-’N Il-lE NE9 AXES ANu 011) A’(ES
(6 4J C  Or PLAtE  2 ( (3o b E t W E E N  ~~~~~ Or P LA t E  2 A N~ AX ES
Il - > -4C 0,. -‘-L \ IE I ) A~<E
163-i A (1 ,l )=UC (’-’SI*PI/lMO .)
I6~14 (1(I,?) -,I NCt’S1*PI/I40 .)
1 6 3 9  A C  1,3 =: .0
1641) A C ? .  I ) = — A (  I,?)
1644 A ( d . >~)=’-~( ! , 1)
Ib’i -( - 4 ( 2 , j ) = 0 . I 4
1659 4 (3 ,  l ) = C ) . 0
1654  A C 3 , 2 ) = o . O
16 59 >-~

( 3 ,3 )=  I.)
1 6 / f l U  I - I t. IMP) UANUEs Or IF-i t. ) - ‘ - L M I E  O N  [-I E 91~~~~1 p L - ~ ) l- -

,

1 6 / I C  A? iE’~ rs O I - A ( I 0 - ’ 4  /4>(E
I64 ’ ul) 90 L= I.3
1692 DO -40 M I,J
1694 ‘<-> E 1 : - 4 ( L . M ) = ( E) . , ) ) .)
1696 00 ~ 0 J I , 3
I 6 < 3  DC 9 < )  ‘4: I • 3
I 6 ~iO ‘~t [> \ ( L , M ) = A C N , L ) * , ’9E I C N , . J ) * A ( . 1 , M ) + ~~)-1 E i - : ( L , M )
1 /0 0  -10 C O N I I N U E,
I-<UOC A l  IHE -J I JNCI1 t )  0)- 1-l E LEI ) PLA IE AND THE P<0 [A I E D
l OIC ~ (- i9 I PLAIt. ,E6UAIE VOLTAGES AND CU9I<ENIS ~N0I- ( -<)?C SO LVE F0’~ C J r ” E N l
I~~0iC v 4 = v I i , v S = v ? l , V 6 = V 3 1 ,  14 = I I[ , l 5= 12 1 . 16 = I J 1
I-)04C IH I S  G i v E s  1 4, 1 5,A ’4 U  16 I-N T E~el> OF t I N
t~~06C ~h-1E’4 IHEsE V A L U E S A < E  PUT 1-N THE E X P R E S S IO N
1- 4 )/C W (-)’~ V 7 (v I’J) 0)- LEt- I PLAIt- . tHE I’J Pu I IMPEDANICE
I — 4 ) ’ < C  -‘ I N  CAN BE. OB IA INE, D
I K I O C  IN CA r ~~<Y INt i  O’J I T H Is  POULDLJ RE I! IS CONVE :’JIE NT
I U I IC  10 UJt. [NE WOLLO’91-’JG vA 9 I A h LE S
1920 ‘s( I • I)  ‘LIII, I ) + ‘-~E.l <~(I, 1)
11(J)) ‘sI I. d)=’LI C I,2)+~~-cElt ~C I,2)
1><4)) is(I. i)=’Ll C I,3)+~~ sEIt-< C 1.3)
I950 ‘S(2,I)=-~LI (2,I)+’9Ej’< (.i,I)
1<460 ‘SC2.?)=7J 1 C?,?)+i~4E1H(2,2)
1 4 / 0  ‘5(2 , )) ’L1 C 2 , - i ) + - ~r~L I N C4 . 3 )
1990 ‘S (J , l ) = ’. L 1 C 3 , I) + ’ ~:~E I < - C 3 , l )
141 0 ‘~5(J.d) ’I I (J,d)+Z9EIrUJ,d)
1900 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
l O l l) ‘Ss 5 (l,I)~~~0C 2,2)—75 (2,I)*~~S (l,2)
1920 ~S s3= ‘SC I ,I )*- ~S(3.2)—~~S (3,I)*PS (I,2)
1950 1 i ( 7 < L I~~( l . 2) . E 0 .(0 .f l .O . 0) )  GO 10 135
2000 ~LN :(((~~LI (4, I)*’~S (I ,?)—’L1(4 .2)*’S (I , I))*(’S(2,J)*7S(l,2)
2001£ — 75 1  I ,  .1 ) *?  -;c2 , 2)  ) + ( ?L ~~~~~~ )*/  5 ( 1  , 2 ) —  7LT ( 4 ,2)  * ? 5 (  I • 3)  1* ‘SS)
2002& -l>((/L1 (i,4)*7.5(I.?)~~FL1 (1, 4) S(3,2))*1SS~~C?LIC2,4)*,7S (I,2)
2003& )))/CC7S (I,2)*7SS)* ((?S(2,3)$FS(I,2)—~~SCI,3)*?S(2,2))*
.0)044 ( / S ( l , l ) * ~~S(J , 2 ) — ~~s C 3 . I ) * ~~S ( I , 2 ) ) — C - ~ S ( 3 , 3 ) $ ’ S ( l . 2 ) — 7 S ( I , 3 )
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TABLE 3-17. (Cont ’d)

20054 *7S(3,2))t-~S5 ) ) + ( ( (~~LJ (4,I)*?$(I,2)—?LT (4,2)*?5 (I,I))
20364 *C~~LI(2,4)*~~sCI , 2)— ,

~LT ( I , 4) * ~~S ( 2 , 2 ) ) + C ~~L T ( 4 , 4 ) * 7 - -, C 1 , ~ ’)
2001& — ‘LI (4,2)*~~LTC 4, 4))*~~$s)/(’5(l,2)*~~SS))
211)’-) AMP4:Eli /C’~G+ ’I NJ)
21 (1<) AMP6:(CC~~LT (3,4)$’)Cl ,2 )— ?t _ I C I,4)*ZS(3,2))*~~SS
22- 114 — C ’ L 1 ( 2 , 4 ) * 7 S C I , 2 ) — 7 L 1 ( I , 4 ) * ’ S ( 2 , 2 f l * 7 S 5 3 )
22(124 /((~~0(2,J)*’s(l,2)~~~5( I,3)*7~S(2.2))*-~SS3
22t )3~~ - ( > ‘5 C 3 , 3 ) * 1 5 C 1 , 2 ) - / ’ ( 1 , 3 ) * 7 S C 3 , 2 ) ) * 7 S S ) ) * A ’ ~1PI
2300 -13 : ( C / S ( 2 , i )* ’S ( 1 ,2 ) -Z 5 C I , 3) * ~~S (2 ,2 ) ) / ’ S S ) *A M P 6
?l ()I~ +((‘Ll (?,4)*7S(l,2)— (LICI,4)*’5C2,2))/’SS)*AMPI
140 ) A’1p5:- (/S (I, I)/~~5(I,2))*4MP4~~(~~5CI , 3)/7S (I,?))*AMP6

24: I I& — ( ‘ L I I  1, 4) / ~~~ C I ,2 ) ) *A M P I
2 4 1 0  G~~ 10 9 :)

>--‘- 4? ()  —<5 7 I O= ( ( ( (~’ LT (4 ,I )*7 s( 2 ,2 )— 1 ? LT (4 , 2) * . ! s( - ? , ! ) )
—‘ziVI ~ $‘(‘S(2,J)~~’-,( I,2)— ’S( I,j)*~~S(2,2))
2 4 2 3- ! .  s ’ (~~L I ( A , A ) * / 5 ( 2 , ?) _ / L [ (4 . 2 ) * ? s ( 2 , 1 ) ) * 7 S S )
4 4 - ’J~~ kC (7L1 (d,4)*75(3,2)—’LI (3,4)*75(2,2))-*/5$3
24244 — ( - ~L 1 ( 3 ,  4 ) * - !~~ ( I , ? ) — 7 L  I C ) .  4 ) * 7 5 C 3 , 2 ) )
242 54 * ( ‘ I ,(3 , I) * ’~~C 2 , 2 ) — ~~S (? , I ) * ’~S ( J , 2 ) ) ) )
3 4 2 6 c .  ~~~~~~~~~ ; C 2 , ? ) * ( C 7 s ( 3 , . 3 ) * P , ( I , 2 ) — / _ s ( I ,3) -~ ’S ( 3 , 2) )
~~52 / 4  l

~~(’ 3 , 1 ) ’ k fs ( 2 , 3) — -’ - -, C 2 ,  I)* S(3.2))
24244 —C ’$C2, J)*,~ > (j,2)—~~,5(J,j)kfS(2,?))4.?~,S3)))

~4d O~~ # ( ( C ’ L ) ( 4 . l ) * ’ s ( 2 , 2 ) — 7 L 1 C 4 , 2 ) * ’ 5 C 2 , I ) )
24304 ~~ ‘LI (1< ,4)*’o( I, 2)—’Lj (1,4)*~~S(2,d))

~1’l .3 I &  + ( ‘ ~~I C 4 , 4 ) * 7 s ( ? , 2 ) — ’ L 1 ( 4 , 2 ) - 4 ~~L t ( 2 , 4 ) ) * ? S S)
243 ,V’4 ’ / C ’ S - ) * ? 5 ( 2 ,2 ) ) )
244- i  AMPl=EG/(?G÷~~IN)
2451) AMfr6 = (C(~~Ll (2,4)*~~S(3,2)-~~LI (J,4)*’~5C2,2))*!5S3
24 5 1 4  — C ’ ~LI C - j , 4 ) * ~~sC I , 2 ) — .~L l (  I,4 )~~~~S( 3 ,2 ) )
24 524  *( C3,I) 5(2,?)— -’~~(2,l )*-~S(3,2)))
2z~~ i’~ / (  C ‘5(3 .  3 ) * / 5 (  1, 2)— -~ sC I. J ) * 7  s( 3 ,2 ) )
2454& *( C 3 , I ) * ’ S C 2 , 2 ) — ,~$ ( ? , I ) * ~~S C 3 , ?) )
24554 -C’ 5(? ,3 ) * ~~S C 3 . 2 ) - ~~s C 3 , 3 ) * - ~:, C 2 , 2 ) ) * - ~S S 3 ) ) * A M P 1
246(1 .4” 1) - ’4 = (C ’ ,(3 ,3)* ~~5( I,?)- -~s( l . 3)* ~~S C 3 , 2 ) ) / ~~SS3)*A -MP 6
246 1!. + ( ( ‘ L J C3 ,4 ) * 7 5 ( J , 2 ) - / L I ( I ,4 ) * t 5 ( 3 , 2) ) / ’ 5 S 3) ’ ~.’ -MP1
2 4 / )  A Mp5~~- ( - ’5( ) ,l ) / / 5 C 3 , ?) ) * A M p4 - ( 7 5 ( 3 , 3) / 7 S ( 3 , 2 ) ) k A ’.1p6
24 !  I - ’I — (‘l_ 1 C ~),~~)/7O(J,2) )*AMPI
25 l (l 4~) V1 -’4= ,~L~~(h ,I)*AMpII +7I_ 1 (/,,2)*AMP5

-~5:)I& +7LlC 4,3)*AMp6+~~LI (4,4)kA’3p)
2 6 - ) > )  A~~Pi’= ( ( A (  I~~! 

)~~‘~~f C 4 ,  I )+ A (2 ,  I ) - ~ ‘k r(- ’~,2 ) # A ( 3 ,  I )*/ , -~ j ( I i, 3 ) )

26-i l ~ /1 ~L>~.+ ‘91( 4,’))) *A M PI,

26 )24 +11.41 1,2)kf_ —I  (4, I)+A(2,2)*~~<<T C4,’d)+A(3,2 )~~~kT(4,3))
-‘- 6- > . 3& /C7LE+7kI(~.,4)))-kAM ps
261)44 + ( C ’ \ ( I,J) -*-’rd C/e , I)+AC2,3)*”~ki C4,?)+4(t.3)*7’<1 (4,3))
260-54 / ( -~t .E + ,’r~ l ( 4 , 4 ) ) ) k A~l )-o>,
2/ I ’ l l  V I  1 1 = —  ~LEk A ~~ P’1
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TABLE 3-17 . (Cont’d )

?NOOU **** POWE<~ A-ND I’J SE 9IION LOSS * *k*
2900 PU=6EML (VOUI*CON -JGC A.MPO))
29,4 .3 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2940 P1LC 5( <) = I 0 .*A L 0G10 C P0/ P>~E . r )

~- O6 0 -4 , I I E(6 ,2 0 0)  Wr<EU, PILOS (-<)
2~~ - < - )  ) - >~- 0 I ” k E O + F I - J C
i l l - i I’ ) ’ )  ~~0.’Ji I NL ’t -_
3U>-0 2 ) ) >) )- Ol< ”IAl  CV )

1 -) ’) ‘‘ 1A’( P I L OS ( j )
3 110 Y 4 [ ’ ~~P I L O S C I )
3I’2~ U) )  3 0 <
3140 1t - (~’ILøs(.,).);r.yMAx ) YMAX=PILOs (J)
J1 50 Ir (PILOS (-J ) .L I.YMIN ) Y - M 1 ’ J = P I LO s ( j )
316t )  330 CON I I’ J JE
i l / U  CALL YPL ICr ILOS,) - I N I 1 . ) - 1 .’JU,YMI O. YMAX,-< ,NPLTS,~< 1 ,UA,0)
4 I - ~ I J  s i  Or’

3200 t .ND
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F. COMPUTER GRAPHS OF TYPICAL MODE PROGRAM RESULTS

This section presents some of the results obtained to date from the M~ DE
programs of the previous section . Obviously , in the time allowed , it has been
impossible to completely evaluate these programs since the number of variables
involved , and the number of possible combinations , are so enormou s . Of
these programs MØDE2 is probably the most interesting from an experimental
point of view, since it is relatively easy to generate sets of compatible variables
fo r different cases (which may or may not be realizable in practice). However ,
in actual filter construction , M~ DE3 is more appropriate.

Figures 3-27 and 3-28 show two runs of the M~ DE 1 program . The first is
for two ident ical plates , each w ith a single mode called mode 1, with a coupling
coefficie nt , XK 1 = .088 velocity CT1 3.32 x io~ meters ‘sec dens ity DT 1
2.65 X i0~ kg rn3, dielectric constant EP 4 .58 >< 8.85 x i~~ i2 F/rn , and
electrode diameter = 1 x 1O-2 rn. Each plate is assumed to be a half wavelength
thick at a center frequency of 10 MHz at this veloc ity of propagation . The
f ilter , constructed of two of these plates , is driven from a generator of 1V
and a resistance of 1600 ohms. The output voltage is also measured across a
load resistor of 1600 ohms . These mater ial parameters are appropriate for
AT-cut quartz , as shown in Table 3-13.

The power insertion loss axis of these curves is in dB and the frequency
axis is in he rtz . These time sharing curves are crude but convenient for
examining cases .

Th e curve of Figure 3-28 is called mode 2 and is characterized by a
coupling coefficient that is twice t hat of mode 1 XK2 2XK1 and a velocity ,
CT2 = 1.1 CT1. Calculat ions for the response shown in Figure 3-28 were
done for a half wavelength plate thickness at 10 MHz , determined by the velo-
cit y of propagation for mode 1 rather than mode 2 . These curves , taken
together , show the individual responses of the two modes most often used in
the MODE2 program.

Figure 3-29 shows the response obtained when Modes 1 and 2 are com-
bin ed in one plate , and two of these ident ical plates are bonded together with
zero rotation between them . When the two modes are combined together in a
single plate , and two of these plates are operated as a stacked fil ter , the most
obv ious change is the dip in the response curve , following the mode-i response ,
over that obtained by just adding the two response curves shown previously .
There is also a slight decrease in the frequency of peak response for mode 2
as compared to only having mode 2 alone.

~ 
Figure 3-30 shows the response of this same fil ter  for a rotation ang ’ -~

of 5 between plates . Nothing much happens to the response except for a
sl ight decrease in insertion loss at the peak response.

Figures 3-3 1, 3-32 and 3-33 show the response of this 50-rotated stac1~
of two 10 MHz plates about 5 , 15 and 20 M H z .  In all cases these curves
are compatible with the type of response expected for a stacked fil ter of single—
mode elements using Mason ’s equivalent c i rcu i t .
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Figure 3-27. Mode 1 Response from M~~DE I Program
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Figure 3-28. Mode 2 Response from MØD E 1 Program
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Figure 3-29.  Two Element Stacked Filter (Mode 1 and Mode 2 in each plate )
0° rotation between plates

Each XK1 = 0.088 CT1 = 3 . 32 >< iø~
Plate XK2 = 2XK 1 CT2 = 1 .1 CT1
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Figure 3-30 . Two Element Stack +5° Rotation Between Plates Response at
10 Megahertz
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Figure 3-31 . Two Elemen t Stack +5° Rotation Between Plates Response at
5 Megahertz
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Figure 3-32 . Two Element Stack +5° Rotation Between Plates Response at
15 Meg ahertz
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0 -Figure 3-33 . Two Element Stack +5 Rotation Response at 20 Meg ahertz
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Figure 3-33 . ( Continued )
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Figure 3-34 shows the response obtained with a ~2O 0 rot ation between
plates . Even at this angle of rotation , for these particular 8lates , nothing
much happens. The response at a plate rotation angle of 45 is shown in
Figure 3-35. Here, the response of mode 1 has decreased considerably and
the notch follow ing the mode 1 response has become shallower .

Figu re 3-36 show the affect of rot ating the two plates by 700. A double -
humped configuration occurs around the mode 2 response (actually a shifted
down mode 2 response fr om t hat of Figure 3-29) , and mode 1 has comp~etelydisappeared . Figure 3-37 continues the rot ation of the two plates to 80 . The
response now has a 5.73 dB peak at 10.4 MHz , a 7 . 1  dB dip at 10.475 MHz ,
and a 3 .14  dB peak at 10.55 MHz. If an average insertion loss of 5 dB is
assumed , this could be represented as a filter wit h a -4-2 dB passband ripple
and a 3 dB bandwidth of approximately 2. 5~~. It also has a relatively steep
low -frequency side. The print out of the actual results for this angle of rot a-
tion is shown in Table 3.18.

This looks promising so the results for a rotation of _ 820 be tween plates
is shown in Figure 3-38. In this case the amoun t of passband ripple has been
reduced .

At an angle of rotation of 85° between plates , the ripple has disappeared
and a smoot h response curve results. This case is shown in Figure 3-39 .
This curve has a midband power insertion loss of 3.67 dB and a 3 dB bandwidth
of approximately 1. 5’~, . The dat a appropriat e to this curve are shown in
Table 3-19.

Figures 3-40 and 3-41 show the effect of operat ing the M~ DE2 program ,
where the second mode in each plate is not piezoelectrically coupled . For
these two curves in each plat e , -

XK1 = 0.088 CT1=3 .32 x 103

X K 2 = 0 . 0  C T 2 = 1 . 1 C T 1

Figure 3-40 shows the response curve for this case at a 00 angle of
plate rotation . As expected , this curve is identical to the curve of Figure
3-27 for , in this case , there is no possible way to couple int o the non piezo-
electric second mode. Figure 3-41 shows the same case , but with plat e 2
rotated 5° with respect to plate 1. In this case the plate boundary cond ition
coupling to the non-piezoelectric mode , takes place , showing up as a dip in
the response curve at the location of mode 2 , sho wn in Figure 3-28. Inc i-
dentally , due to the method of solution employed in this MODE2 program , it
will not operat e with a non -piezoelectrica lly coupled mode 1. Mode 1 is always
assumed present .

The case of two non-identical plates is illustrated in Figures 3-42 and 3-43.
For these two curves the values for each plate are:

Plat e 1 For Plate 2

XK I = 0.088 CTI = 3 .32  ~~~ XK 1 = 0.088 CT I = 3 .32  x
XK2 = 2XK 1 CT2 1 . 1  CT1 XK2 - 0 CT2 = 1 .1  CT1
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.0~~ - ,. /

I . - I,,: / 1
i: i i 

‘
I . ) - u :  i i
I • 1 , - , I l - - I

I • ‘‘ ,o,~ i i  I

I .  ~ / - ) , , : 3 /  i

I ~( 1/ j j ~ ,,
I .  / / 4 /  o f  -‘
.32)33 0,

I .  1 - : : )/ ,

I • Uv2 ~J5 11/ I
.111, /~~ U~

I ./_ <~~~~ )~ --I  I
I. ’ . . ,  - , f i
I . .~ 0: - ,  / I
I . - -  ,i, —

• I --
~ ~~_ - •

I .113),: III  —
I . I /~~ 0: i f  A

1 1 4 4 4  < /  A

/4 •~ I
1 12  .7 / s

I • I I  , ,, - , /
I .  I _ S ,,  

~- : - J , ~ ,
.1 . : - f  -

- - -
.1 • - - - í  -

l .I3~’ - -  - ‘
- . I - - - - A

- -

- - • ‘ t . - r ‘ v i - j e , . P P r v - - 1 *4 , - 4 -

Figure 3-34.  Two Element Stack -20° Rotation Between Plates
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Power Insertion Loss in dB
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I . 0 4 7 - ~~ 07 1 • I
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1 . 1 1 3 3: UI  I • I
I • I ‘2 ‘ I -  o /  I * I
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Figure 3 -35 .  Two Element Stack 45° Rota tion Between Plates
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Power Insertion Loss in dB
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9.7253E 0O I * I
9 .75000 06 I k I
9.77500 06 I *

9.00031/ 06 1 A-
9.432501/ 06 I *
9.05335 06 1 * I
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Figure 3-36 . Two Element Stack 70° Rotation Between Plates
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- Power Insertion Loss in dB
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Figure 3-37 . Two Element Stack 80° Rotation Between Plates
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TABLE 3- 18. DATA FOR STACKED FILTER OF TWO IDENTICAL PLATES
OF FIGURE 37

Each Plate CT1 = 3.32 1< Angle of Pla te
XK 1 = 0.088 CT2 = 1.1 CT1 Rotation
XK2 = 2XK2 800

00U3-~CL~ L 1 iH ~,jQQ
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‘ OIl IuI+ 30U AL Ii ~ C0MI’A~ I SON )
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0. I 31 03/30136 1)0 — 0 . 4~~3- ~ 7~ d-’/L 32
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0. 1 35 000006 0:) —1 ) .609299006 01
0. 1u 5250006 Oo — 0 . 4 - 3 0 4 1 / 3 ) 6  01
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0 . I ) 12-ok )  U 16 03 — i - . I 3 )2  9,611 H
(1. 1 0175 000 )3 031 —0.2 ) 03o~ 3 I  2 02
0. 101 iiuu(13L Ou —( .) . 2  I ( b o b - -  /33
0. I 00000006 Ou —0 . ~20o5UO / 3 3  02
0.100250036 03 — ) .23o- ) 0o266 02
0. I 011500006 0- 3 O .~~- I - - v2- i~~3o6 02
(1. t O O  Io 0(11)1: 0/5 —O . 255 ( - I ’ /  0115 (33
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,40/JI .) / ) i :  Oo — u • 2 / 1 ~~~ 4 1  3 - ’ - 1)3
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TABLE 3-18 . (Cont ’d)
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Figure 3-38 . Two Element Stack -82° Rotation Between Plates
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Power Insertion Loss in dB
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Figure 3-39 . Two Element Stack 85° Rotation Between Plates
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Ta ble 3-19. Data for Stacked Filter of Two Identical Plates of Figure 39
Each Plate

XK1 = 0 .088 CT1 3.32 x 10” Angle of Plate Rotation
XK2 = 2XK1 CT2 1.1CT1 85°
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Power Insertion Loss in dB
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Figure 3-40 . Two Element Identical Plate Stack Nonpiezoe lectrica lly Coupled
2nd Mode

— 00 Rotation Between Plates
Each Plate
X K 1 = 0 . 088 C T 1 = 3 .32 x 103
XK2 0 . 0 CT2 = 1. 1 CT1
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Power Insertion Loss in dB
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Figure 3-41 . Two Element Identical Plate Stack Nonpiezoelectricall y Coupled
2nd Mode 5° Rotation Between Plates

3-134



Power Insertion Loss in dB
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Figure 3-42 . Two Element Non-identical Plate Stack 00 Rotation Between Plates
Plate 1 Plate 2 3XK1 = 0.088 CT! = 3 .32  x 10~ XK ! = 0 .088 CT1 = 3 .32 \ 10

XK2 = 2XK 1 CT2 = 1.1 CT! XK2 = 0 CT2 = 1. 1 CT!
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Figu re 3-43 . Two Element Non-Identical Plate Stack of Figure 3-42 with 5
0

Rotation Between Plates
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Thus , in plate 2 , the second mode is not piezoelectrically coupled .
Except for this , the plat e parameters are identical . Figure 3.42 shows the
response of these plates when they are lined up. The response , in this case,
will exhibit a notch at the mode -2 frequency, in contrast to Figure 3-4 1, since
energy is coupled int o this mode by plate 1, but is not available as output energy
because of the lack of piezoelectric coup~ing to this mode in plat e 2 . Figu re
3.43 shows the same two plates wit h a 5 rotat ion between them. In this case
a small resonance is observed at mode 2 , in contrast to Figure 3-42 since ,
now, du e to plate boundary coupling, some of the piezoelectrically excited
energy of plat e 1 in mode 2 can be coupled to the output .

Figure 3-44 shows the response at 5° of plat e rotation of a two-pl~te
stack of identical elements similar to those shown in Figure 3-30 at a 5 rota-
tion between the plates . However , for these plates .

XK1 = 0.088 CT1 = 3.32 x 1O~XK 2 = 2XK1 CT2 = 1.15 CT1 ,

so that here the velocity of mode 2 is faster tha n that shown earlier. Besides
the obviou s fact of making the mode 2 response occur at a higher frequency,
this change also causes the notch following the mode-i response to occur at a
higher frequency . This means that the null in the response is due to the phase
shift between the mode-i and mode-2 responses . It also suggest s t hat , in
mult i  element stacked cascades , plates with different mode properties can be
used to control stop-band reject ion .

Figures 3-4 5, 3-46 and 3-47 show the effects on the frequency response
of two identical element stacks , wh en the velocity of the second mode is slower
than that of the first mode. For these plates

XK 1 = 0.088 CT1 = 3.32 x 1O3

XK2 = 1.1XK1 CT2 = 0 .95 CT 11

Again , except for the change in velocity of the second mode , the plates are
identical to those shown earlier. This change in velocity of mode 2 obv iously
makes the rn ode-2 response occur at a lower frequency than that of mod e 1.
(The plat e is still one half wavelengt h thick at a frequency of 10 MHz and a
veloc ity of propagation corresponding to CT 1. )

Figure 3-45 shows the response for this  case at a plate rotation angle
of 5

0 In this f igure the lower-frequency response is the mode-2 response , and
the higher-frequency response is the mode-i response. Contrasting this
figu re to that shown in Figure 3-30 show s that the notch frequency now occurs
below the mode-i response.

Figure 3-46 shows the frequency response for this  case at a plate rota-
t ion angle of 70°, s imi lar  to that shown in Figure 3-36 . Again , a double -
humped response begi ns to appear but . in th is  case , the notch is on the high
side while , in Figure 3-36 , it is on the low side .
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Figure 3-45. Two Element Identical Plate Stack 5° Rotation Between Plates
Each Plate (Slower Mode 2 Veloci~y )
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Figure 3 -46 . Two Element Identical Plate Stack Slower Mod e ~ Velocity
70° Rotation Between Plates
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Figure 3~-47 shows a continuation of the plate rotat ion for this case to
an angle of 83 . A single-peaked response curve , similar to t hat shown for
the first case at an angle of 85 ( shown in Figure 3-39) , has occurred but , again ,
the notch occurs above the main response . This suggests the possibility of
cascading, electrically, two (or more) element stacks of multimode filters to
tailor the overall response . An electrical cascade of an element of the type
shown in Figure 3-47 , with that shown in Figure 3-39 , after appropriately ad-
ju stin g the plat e thicknesses to make the main responses in each stack coincide ,
would yield an overall response curve with notches both above and below the
main response .

Figures 3-48 , 3-49 , 3-50 and 3-51 show the response obtained from the
MØDE3 program for AT -cut quartz. Input values for both plates are shown
in Table 3-13, as the output of the VCØUP program . A sketch of the relation-
ship of the normal modes of each plate to the plate axes are shown in Figure
3-3 . For this crystal cut , mode 2 and mode 3 (those modes lying in the 13(2)
and 

~~~ 
d irect ions of Figure 3-3) are non -piezoelectrically coupled .

Figure 3-48 shows the filter response of this two-plate stack of AT-cut
quart z elements w ith the two plates lined up. A nice smoot h response curve
results (as expected from the mode -2 program results discussed in conn%ction
with Figure 3-40). Figure 3-49 shows the effects of rotating plat e 2 by 5
with respect to plat e 1. Again , similar to the discussion in connection with —

Figure 3-41 , plate boundary condition coupling takes place and the response
curve shows nulls and peaks due to the three modes .

Figure 3-50 shows the effects of continuing the plate rotation to 45°.
Here an interchange of energy, from mod e 1 to mode 2 occurs . The resonant
effects of mode 2 appear, and are coupled back to the output through mode 1.

Figure 3-51 demonstrates the effects of continuing the plat e rotation to
•7 50

While not illustrat ed , the 3 -mode equivalent of the M~ DE2 progr am with
the normal mode axes , lined up with the plate axes , can be achieved by
sett in g 131(1) = 132

(2) 
= 13(3)3 = 1.0 , and the other component s of the eigenvectors

equal to zero in the M~ DE~3 program .

Al so, while most of the result s employed identical plates , the programs
work equally well , if not better , for plates with non-ident ical parameters
(since then many of the problems associated with impedance terms in bot h
pla tes going to zero , at the same time , are avoided).
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Figure 3-47 . Two Element Identical Plate Stack Slower Mode 2 Velocit y
83° Rotation Between Plates
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Figure 3-48. Two Element Identical Plate Stack of AT Cut-Quartz Plates
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4. DEVICE FABRICATION AND TEST

A. RESONATOR MATERIA LS

The dominant material in the fabrication of crystal resonators has been
single-crystal quartz. It has many advantages , including the very significant
one of being relatively inexpensive. The low cost is well supported by the
large number of commercially available source suppliers and their ability to
process it wit h great accuracy . Quart z has excellent mechanical properties :
it can be sawed , ground , lapped and highly optically polished in both small and
large quantities. Crystalline quartz occurs in natural and in synthetic form .
The latter can be grown with properties similar to and sometimes superior to
that of the natural form. The orientat ions of quartz , for the application con-
sidered here , are -the Y-cut , AC-cuts and the AT-cuts. All rotated Y-cut
plates vibrate in pure thickness shear modes . The uniqueness of quartz for
frequency control and filter application s result s from the zero value of the
first and second-order temperature coefficients for the AT-cut at room tempera-
ture. The AT-cut has a k value of about .088 compared to .14 for the Y-cut .
However , the Y-cut has a temperature coefficient of +90 ppm ‘°C. The slightly
smaller k value for the AT does not , therefore , detract from its value for
resonators and filters. Quartz , itself , has a relatively high mechanical Q,
bot h in the natural and synthetic form.

Although quartz has been the mainstay for frequency control and wave f ii-
ter s , several new crystals wit h high piezoelectrie coupling and favorable
mechanical properties are now available . Some of the more successful of these
are the ferroelectrics , li thium niobate (LiNbO3), lithium tantalat e (LiTaO3)
and barium sodium niobate (Ba2NaNb SO15), sometimes dubbed “banana ” . All
three exhibit strong piezoelectric effects.

LiNbO3 and LiTaO3 have strong thickness shear mod e X and Y-plates,
but they are not pure . The Z -cuts contain pure extensional modes .

LiNbO3 has several utilized rotated-Y-cuts , but the particle motion does
not lie ideally for pure-mode orientation . Some of the cuts may have unde sired
mod e coupli ng that is still low enou gh for some applications but , generally ,
they are second choices . The Z-cut is the only pu re mod e , its coupling being
of the order of .17. The X-cut plate exhibit s a large value of k , about .68.
However, coupling exists to two shear modes — one strong and one weak.

LiTaO3 is of the same crystal class , 3m , as LiNbO 3. The basic difference
lies iq values of coupling coefficient and temperature coefficient . LiTaO3 has
a cut k l )  with a low temperature coefficient that may be usefu l for resonator
applications . The X-cut has a parabolic frequency versus temperature charac-
teristic .

4-1

“ 5  - - - .~~~~~~~— --- - -~~~~~~~~~ -- - - - ~~~~ ‘ -—----, -~~~~~~~~~~~~---~~~~~~ — —-—~~~ -



- ‘ —- ‘ ‘~~ 0 .9’ -.‘A.-_ ,; - ~~~~~~~~~~~~~~~~~~~~ — 5 ~~-~ ’VZ-,’u,c.,- “— “V 9”-”fl~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - :, o.. —

Ba2NaNbSOi5 belongs to the crystal class , m m 2: it differs considerably
from LiNbO3 and LiTaO3 . The X- and Y-cut plates have pure thickness shear
modes and the Z-cut plate has a pure thickness extensional mode . The Z-cut
has a very high coupling factor , k = .57 , which remains constant over a wide
temperature range . This material has not been utilized as extensively as quartz ,
LiNbO3 and LiTaO3, and its present cost is relativel y high .

Table 4-1 summarizes the various orientations and physical parameters
of the crystals discussed here .

There are other materials that could qualify for use in multimode filter
applications . LiGaO2 and other new materials should be considered , but first
a carefu l evaluation of their potential as crystal filter plates must be made.
The often-used AT-cut quartz , alon g with some of the cuts from the various
materials listed in Table 4- 1. merit investigation . In part icular , the recent ly
measured material berlinite shows promise as a future usefu l crystal for
fil ter applications . This material has very simila r properties to crystalline
quart z (including temperature-stable orientat ions) but has the added feature of
a higher electromechanical coupling coefficient . As soon as a good quality
supply of this material becomes available it will find application in variou s
types of crystal filter configurat ions .

Other candidates for consideration in miiltimod e filters , would be the
doubly-rotated orientations of crystals as described by Ballato. (2) The doubly-
rotated crystal plate has the advantage of two degrees of freedom with two
selected angle cuts. As an example , this would lead to temperature stability
and higher el ectromechanical couplin g that cannot be achieved by some of the
single-oriented crystal cuts.

B. BONDING TECHNIQUES

Bondi ng techniques can be divided in two general categories — 1) trans-
parent organic materials that are used to form thin adhesive bonding layers
and 2) metal surface films that are joined together to form a single bond .

The epoxy or polymer adhesive bonds have relativel y low mechanical
impedances and , therefore , layers (of such materials) of any appreciable thick-
ness could have a sign ificant effect on the shape of the frequency/response
curves . Although these bonds possess good stability over wide temperature
ranges, the low mechanical impedance has, in most applications , required
that the thickness of the bonding layer be very thin — of the order of a few
hundredths of an acoustic wavelength. 
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A lt huu gh the  organic bonds are insulating, they can be used in very thin
lay er s , provIded no problems are encountered due to the ground surface layers

f the rt~~~)n.t1 )rs being separated by this thin layer. One advantage in using
soiin~ of the organic m-ater ials is tha t the bond may be dissolved and the reso-
11.11 - I  l I ~~( S  L ( ( - UV (~red for  additional experimental testing of other bonds or

A ‘ s I r  - - sI l l  ( 3 5 1 1  rAI l  IonS.

L t I f t -  4 - 2  IS  a tabulation of some of the materials (and their characteristics)
lU ~v h t -  c/nIsI ( t ere d  for use in bonding tasks . The bonds themselves could

In c lude Ou t- i Inu re  of the materials shown depending on the substrate and type
- -t  L t \ - &- r b e I f l I 1~ ILttelflpted

TABLE 2. PROPERTIES OF BONDING MATERIALS

Mater ia l  
_____ 

Velocity x 1O~ r n /s Z*106 kg/s m2

Epoxy 2.60 Ext 1.22 Shear 2.86 Ext 1.34 Sheai

Phenyl Benzoate 3.38 0.48

Indium 2.30 1.44 17.0 10.5

Gold 3.24 1.20 62.5 23.2

Silver 3.65 1.61 38.0 16.7

Copper 5 .01 2.11 40.6 18.3

Aluminum 6.42 3.04 17.3 8.2

Quartz 5.70 3.32 15.1 8.8

LiNbO3 6.55 4.76 30.8 22.4

LiTaO3 5 . 55 4.21 29.4 22.3

BaNaNb5O5 
— 

3.07 1.82 16.3 9.65

Most metallic bonds have been achieved using thermocompression bonding
of indium or lead , singly or together with combinations of other metallic layers .
The metallic bonds have larger characteristic mechanical impedances that more
closely match that of the resonator material . Another advantage of using me-
t allic-layer bonding is the resultant electrical conduction layer. While early
techniques of metallic bonding involved only layers of indium or lead , these
have been largely replaced by combination s of layers of several types of metals .
Typical bonds consist of a flash of chromium , a thick layer of gold for adhesion
and electrical conduction , and then the two surfaces to be bonded are plated
with thin layers of indium . The two pieces are then thermocompression bonded
together , so that the indium and gold alloy forms a good electrical and bond
lay er.
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Various metallic-bonding techniques, have been used (3 , 4 , 5) which incor-
porate the evaporation of thin metallic layers to optically polished surfaces and
are then welded by compression . These compression techniques involve the
use of bot h thermocompression and room temperature compression in vacuum ,
air and inert gases .

The bonds themselves , fall into two categories , thin and thick . The thin
films generally include organic , inorganic and metallic films . The thick film
bonds will generally be metallic films . For precise thick bond layers , properly
dimensioned glass or metal balls , wire or shims may be inserted together with
the metallic films to obtain a specific bond thickness.

Since the main objective of the present study (Phase I) was the analytical
modelling and programming of multirnode stacked crystal filters , it was decided
to use an organic lens bond for the preliminary studies of an experimental —

model. The lens bond has several advantages , the main one being that it can
he dissolved and the resonator plates recovered for experimental testing of other
bonds or resonators. A disadvantage is that it is insulating and can cause con-
tact problems if the ground surface layers of the crystal stacks are separated
by the thin insulat ing layer . The problem can be eliminated by some selective
platin g and offs etting of the crystal stack elements . These polymer bonds
generally have low mechanical impedances .

Glass slide samples were first bonded together using the lens bond resin
under pressure at room teWperature . The bonds adhered well and did not
separate when heated to 90 C. The test samples were successfully separated
without damage using a decementing reagent . This lens bond was therefore
selected for use in our initial studies of the stacked crystal filter elements.

Metallic bonds have large characteristic mechanical impedances that
match the resonator impedances more closely . Bonds using expoxy and gold
films were used in our analytical studies of two and three stacked crystal filters .
In the past , indium was used as a metallic thermal compression bond . This
method suffered in that the entire bond ing operation , i . e., plating and pressure-
bonding, had to be done in one pumpdow n in a vacuum system using complicated
f ixtures and manipulators. Since bonding is a major consideration in the SCF,
variou s procedures of thin metallic film bonds were stud ied. Some of these
will be utilized in phase 11 of this program , which deals mainly wi th the fabrica -.-
tion of a variety of SCF representative models .

The bonding procedures include a wide variety of methods, including:

1. Cold-weld bonding of metallic films such as indium both
in air and in vacuum.

2. Elevated temperature bonding of metallic films in both
air and vacuum .

3. Room temperature non-indium metallic bond welding.

4. Ult r asonically welded layers using gold-aluminum
and ‘ or other metall ic layers .

5. Field-assisted bonding of layers at low temperatures .

4-5
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These metallic film techniques offer a well-matched bonding layer and some
of these methods will be utilized as a permanently fixed bond for use in the
Phase II study of experimental models of SC F’s.

C. ELECTRODE CONSIDERATiONS

The characteristics of the electrodes , which have an effect on the elec-
trical properties of the quartz resonator plate, depend on the surface finish of
the plat e , the electrode material , the geometry of the plate and the orientat ion
of the electrodes with respect to the quart z plate . The electrodes are also
affected by the size , shape , position and material properties of the connecting
leads and the characteristics of the filter mount ing supports. For purposes of
orientation and rotation our electrode configurations were circular discs , with
tabs extending from the active electrode area as shown in Figure 4-1 (Com-
monly referred to as a keyhole geometry). The latter can serve to locate the
principal axis and act as a connector for external leads.

\CT lVI- ~

, ‘ ri-:.~

Cli YS’ l ,-\ -\ XIS

Figure 4-1. Electrode Configuration.

D. EXPERIMENTAL RESULTS

In order to veri fy some of the computer calculated results of Section 3.0
some cultured quartz crystal blanks were obtained from the J .K.  Miller Co.
These blanks were AT-cut with a 12 1 ‘2 micron finish. Each blank was approxi-
mately 0.45” square and .011” thick. Gold electrodes of a keyhole design
approximat ely 400 mils in diameter were then deposited on each of the broad
faces of these crystals. A typical response curve for one of these electroded
resonators is shown in Figure 4-2 . This response curve was obt a ined by con-
necting the resonator in series with the input and output terminals of a 50 ohm
H .P . Network Analyzer . The trace in 4-2a shows the plate response from 0 to
10 n~~gaher tz and indicates that the resonator is free of interfering modes in
thi s region . Figure 4-2b shows a blown up version of the main plat e response
at the expected 6 MHz frequency , based on the velocit y of AT -cut quartz and
the plate th ickness , and aga in exh ibits a reasonably clean response .
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Figure 4 -2 .  Typical Response Curve for Range
AT-Cut Quartz .
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Two of these electrod ed plates were then bonded together with the crystall-
graphic axes or actual plate axes lined up. For this experiment a lens bond
from Summe rs Laboratories , Inc . of Port Washingt on , Pennsylvania was used .
This bonding material is a synthetic polyester adhesive that has worked well
for applying transducers to acousto-optic delay lines. Using this bonding
material and a pressure of approximately 80 lbs/sq inch ,good adhering bonds
with thicknesses in the order of 0.05 mils were achieved .

Figure 4 -3 shows the Network Analyzer curves of this two-element stack
of AT-cut quartz plates wit h zero degrees relative rotat ion between the plates
of the stack . These traces were obtained by connecting the electrical terminals
of one pla te in the stack to the input terminals of the Network Analyzer and the
electrical terminals of the other plate to the output terminals . Based on cal-
culations of the clamped capacitances of the plates , the best termination im-
pedance for these plates at 6 MHz is approximately 2000 ohms . However , the
traces shown were measured in a 50 ohm circuit with no attempt at impedance
matching .

Figure 4-3a shows the response from 0 to 110 MHz.  The major peaks
on this trace are the overtone responses of a sing le pla te in the stack at 6 , 18,
30 , 42 . and 54 MHz.  However , the f i rs t  peak visible on the trace is the fun da-
mental response of the two-element stack . As discussed in conjunction with
Figure 2-4 a stack of two crystals in intimate (welded ) contact , each of which
has a fundamenta l resonance at 6 MHz should display stack resonances at 3, 6
and 9 MHz .

Figu re 4-3b show s an expanded view of the response of this stack from
0 to 40 MHz : Figure 4-3c shows a fur ther  expansion and covers only the range
from 0 to 10 MHz .

It is obvious from this last curve that the stack bond departs from the
ideal welded bond used in the computer simulat i on . Even allow ing for the im-
pedance mismatch between the optimum stack impedance and the 50 ohm
measuring circuit  impedance , it is obviou s that the bond is not functioning well
when it is located at a high stress point such as that required for resonances
at half-wavelength and three -halves wavelength of the full stack. The two small
responses visible in Figure 4-3c correspond to these resonances . The 1arger
response is for the full stack , when it is wavelength thick . A comparison of
this  full wavelengt h resonance with the computer-genera~ted response (Figure 3-4 8)
for a two-element stack of AT-cut quartz plates , wit h 0 rotation between
plates , shows that the measured response exhibits the predicted clean resonance .

This two-element stack was then disassembled . As stated earlier the
abil i t y of a lens bond to be dissolved wi th a heated solution of lens bond dece-
menting fluid is an advantage in this type of investigation . The same set of
stacked crystal elements can be used repeatedl y f o  study the effect of plat e
rotat i on on the frequency response without introducing effects due to different
crystals.

_
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The two elem~nts were then reassembled with a relative plate rotation
of approximately 45 . Figure 4-4 shows the H . P .  Network Analyzer response
of this configuration in a 50 ohm system about the full wavelengt h resonant
frequency of the stack. Each horizontal scale division on this trace represent s
approximately 0 .3 MHz and the left peak is centered at approximately 6 MHz.

Figure 4-4 . 2 -Stack AT-Cut Crystals 45° Rot at ion .

The theoret ical result for this case is shown in Figure 3-50 . Scaling
the frequenc ies shown there , from the assumed 10 MHz single-plate resonance
to the 6 MHz used in the experimental crystals, places the first peak at 6 MHz,
the center peak at 6.36 MHz and the right peak at 6.72 MHz in Figure 3-50 .
Comparison of this theoretical response wit h the experimental response of
Figure 4_ 4 , reveal~’ ~‘ visible dip and peak in the vicinity of 6 .36 MHz in the ex-
perimentally fabricated stacked response . The only responses visible in the
trace are those at 6 , 6.8 and 7.8 MHz . The latter response corresponds to
the three-halves wavelength resonance of a filter stack and, again, shows that
a satisfactory welded bond has not been totally achieved .

Without having an opportunity to exam ine either the theoretical response
or the experimental configuration in detail , to conclusively establish whether
the discrepancy between results is due to a plate rotation discrepancy, a cal-
culation error , or a bond error , it is suggested that a better bond in the experi-
mental device would bring the results int o closer agreement . However , it
might be necessary to include a lossy bond in the computer calculations to
achieve satisfactory agreement at this particular angle of relative plat e rotation .

The last confkguration exam ined in this preliminary attempt to obtain a
correlation between the experimental and theoretical results was a two -element
stack of AT-cut quartz plates with approximately 750 of relative plate rotation
between elements in the stack. The H.P. Network analyzer traces for this
configurat ion are shown in Figure 4-5 . Again , no attemp t was made at im-
pedance matching to the 2000 ohm impedance of the f i l t e r  stack. Instead , the
curves were measured in a 50-ohm circuit .

4-10
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Figure 4-5a shows the response from 0 to 32 MHz of the stack. Again ,
the overtone responses of the individual elements in the stack at 6 , 18, and
30 MHz are the predominant responses with the half and three -halves wave-
lengt h responses of the stack barely visible . The half and full-wavelength
responses of the stack are shown in Figure 4-5b trace. Here , again , the bond
is not functioning properly when located at a high stress point . The double-
humped nature of the 6 MHz response is also visible here . Figure 4 -Sc shows
two expanstons of this 6 MHz response . Both of these are centered at approxi-
mately 6 . 3 MHz. The lower of these two traces has a horizontal scale of
appro ximately 1 MHz per division: the upper trace is about 0.3 MHz /di vision .

A comparison of these curves with Figure 3-51 , for a computer response
of a welded two-element stack of AT-cut quartz plates at 750 of relative rot a-
tion . shows excellent agreement in the response curve shapes . When the Ire-
quen c-v scale show n in Figure 3— SI is multiplied by 0.6 , the factor required
to scale the freq uency to the exper imental filter frequency, there is almost
complete ag reement between this curve and the experimental curve over the
frequency interval plotted in Figure 3-5 1. The two curves exhibit almost
identical shapes with the dips and peaks at approximately the same frequencies .
The major discrepancy is t hat the relative loss between peaks and valleys on
the experimenta l curve is approximately one -half that predicted theoretically .
This discrepancy is most likely due to the impedance mismatch of the experi-
mental circuit .

This prelimina ry experimental investigation has demonstrated that there
is a close correlation between the computer-generated response curves and the
actual response curves. This means that it is realist ic to use the simulation
procedure to search for element configurations tha t exhibit the best response
charac teristics and , then , to fabricate only the most desirable configurations .
It has been stressed throughout this section that the present experimental
ele ments using lens bond to bond the elements together lack coupling of the half
and three-halve s wavelengt h resonances of the stack , and this condition must
be equated to a poor bond . In actual practice , if a low-loss bond at the full
wavele ngth resonance of a two-element stack is achieved , the lack of the other
resona nces would be immaterial  and even desirable .

E - PROG RA M SIGNiFICANCE

The combined analytical results and preliminary experimental data ob-
tained durin g Phase I of this program indicat e that multimod e crystal filters
can be utilized in an effective manner to shape filter response characteristics.
Together with recent advances in packaging~

6)( 7), the SCF (which is compatible
with in tegrated circuits) can yield a reasonably rugged device capable of
achieving fi l ter  responses that cannot be achieved with single-plat e crystal
resonators . Whereas the various filter types , such as the single plate , mono-
li th ic  and SAW devices , uti l ize a single orientat i on or cut for the crystal
response , the SCF offers the advantage of a wide variety of crystal plates
bonded together mechanically, so that bot h piezoelectric and mechanical effects
can be used to achieve a great multitude of desired frequency responses .

The two-port SCF offers a wider bandwidth potential than other i~ypes of
bulk -mode filters . SCF plates of different materials and unequal thiclaiesses
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also offer narrowban d filters. One main advantage of the stacked crystal
filter should be in application s requiring a minimum of modulation and distortion
effects for moderate-to-high signal levels . Nonlinea r effects in front -end
and output filterin g can cause major problems in proximity to transmitters
operating in adjacent bands . The SCF bulk-wave device with its high power-
handling capability, greater selectivity and small size employs bulk acoustic
waves and should have low nonlinear effects , thereby preserving frequency
stability. Many types of filter responses are also required for frequency divi-
sion multiplex systems. The SCF has the wide flexibility to deliver many dif-
ferent types of filter topologies that are usefu l in these and other frequency-
control systems .
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5. SUGGESTIONS FOR FURTHER WORK

Wi th any work encompassing the number of mdependent variables em-
ployed in this project it is almost impossible to examine all cases . Hence the
obvious recommendation is that the programs written during the nine month
course of this project be exercised more full y .  A catalog of results , for con-
siderably more cases than time permitted examination of during the course of
this contract , should be developed .

Ther e is also no claim that the programs as presently listed in this
report are in the best possible format . As written they are convenient for
operating in a time sharing mode of operation where a limited number of com-
plete changes in input data are to be carried out . In this mode of opera-
tion a few changes in input dat a can be conveniently carried out on -line , and
the results of these changes are available almost instantaneously.  For more
extensive changes in data off4ine preparation of an input data paper tape was
employed .

This input data procedure probably should be changed to one employ ing
Namelist and Data Statements . While the time-sharing programs presented
here are convenient for the rapid examination of program changes the quality
of the resulting graphs produced as output are poor . For better documentation
of the results batch versions of these time-sharing programs should be developed
so that the higher quality result obtainable with plot t ing routines like CalComp
could be obtained .

In con j unction wit h this conversion to batch programs the use of Name-
list and Data statement s would also allow for the development of program object
decks , so that it would not be necessary to compile the programs each time
before execution of each case . This would result in some saving on computer
costs if a large number of cases were to be examined .

Even with the programs as they now stand the special cases that result
in programming difficulties or aborts should be examined more closely than
was possible within the t ime framework of the project . The easiest way to
discover these difficult ies is to exercise the programs with various combination
of variables unt il an unexpected result is encountered . The equations are then
examined to determine the source of the difficulty and the appropriate course
of action taken . Wit h problems of the degree of complexity inherent in the
multimod e stacked filters it is almost impossible to determine in advance what
these special cases are without encountering them.

A more thorough experimental confirmation of multimod e stacked filter
theoretical results should also be carried out than was possible within the
time limits of the present project .
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So far , most of the suggestions made have dealt with matters pertaining
to the programs as they were presented in the present report . Extensions to
these programs should also be carried out .

The f i rs t  of these is accounting for bondi ng layers between the plates in
the multimode stack. As pointed out earlier , i t is the authors ’ opinion tha t the
appropriate t ime to incorporate bonds in the calculations is afte r full y ope ra-
tiona l thin bond cases have been obtained . Concep tually , the addition of bonds
is relatively simple . Figure 5-1 shows the appropriate equivalent circuit of a
lossy bond . In this equivalent circuit  the parameters of the bond will depend on
the t ype of wave propagating through the bond ( shear waves and longitudina l
waves will in general behave differently ) . Figure 5-1 also shows the Impedance
Equations appropriate to this equivalent circuit  along with the Transmission
Equations of the bond . These latte r equations are probably more appropriate
for the inclusion of bonds in the niultimocle filter stack. Figure 5-2 shows the
MODE2 problem of Figure 3~26 wi th a bond layer inserted between the plates
in equivalent circuit  form . Table 5- 1 carries out the procedure required in
this case for a determination of the output currents of the left plates in terms
of the input current . Once this determination has been made these currents
are then followed back through the equivalent circuit  in a manner similar to
tha t shown in Table 3-16 to obtain the comparable M~ DE2 sol ution with a bond
la yer .

The present programs ar e also limited to stacks of two multimode plates .
While this is probably the most commonl y employed configura tion of stacked
filters , it does not allow for an examination of the full potential of multimode
stacked filters . Further work should , therefore , involve extendin g the multi -
mode stack to a larger number of elements . It is again the authors ’ opini on
that if this is to be carried out it should be done in terms of the augmented
equivalent circuit  of a TETM pla te as shown in Figure 5-3 . The use of this aug —
mented circui t  will allow for considerable flexibility in how the electrical input
and output terminals in the stack are formed in relation to the electrical ter-
minals of each plate in the stack . The augmented impedance matrix of this
equivalent ci rcuit is easily obtained from the impedance matrix for the actual
plate coordinates shown in Figures 3 -19 and 3-20 , as shown in Figure 5-4 .

It is also the authors ’ opinio n that the problem of a multimode stack of
more than two elements should be carried out in terms of the transmission
matr i x for this augmented plate . Table 5-2 shows schematically ho w this con-
version of the augmented impedance matrix to the augmen ted transmission ma-
t r ix  can be carried out in terms of the subniatrices of Figures 5-4 . F igure 5-5
shows aga i n schematicall y the transmission matrix associated with the aug-
me nted plate equivalent circuit  of Figure 5-3 . In this approach the stack of
f i L t e r  elements is built up and then the appropriate boundary condition s are
appl ied
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Z~~~/sinh ~ B F 2

ZOB
_ A pc B r c ( 1+ *)

a) Equivalent Circuit of a Lossy Bond .

where w is the angular frequency
ZOB is the characteristic impedance of the bond

F is the bond complex propagation constant
is the bond thickness

A is the cross sect ional area of the bond
p is the density of the bond material

C
B 

is the velocity of propagation in the bond material

Q is the mechanical Q of the bond

b) The Bond Impedance Equations

F1 = (Z 1 + Z2 ) iJ1 ÷ = { ta~~~~~~ } ~~ + { Sinh I’~ B } 
U2

F2 = Z~ U 1 + (Z 1 + Z 2 ) U 2 = 

!S L n h r C B } ~ i + { t a n h F f ~~ } ~
F1 = ZB 11 ~

-
~i 

+ ZB 12 U 2

F2 = ZB 12, U 1 + ZB 11 U2

Figure 5-1. Equivalent Circuit of Bond .
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c) The Bond Transmission Equation s

z + z  (Z + Z  )2 - ( Z  )2

1 Z2 2 Z2 2

= 

l
cosh r.f

B } 
F2 - {z OB sin r t B }  U2

1 (Z 1 + Z ) sinh r f  .

U 1 = (
~~) F~ - { z2 

2 } u2 = { ZOB 
B } F2 - cosh r’~ ~ } U2

ZB 11 (ZB 11)2 
- (ZB 12)2

F1 = 

~ZB 12~ 
F2 - ZB~2

= 
~~~~~~~~~~~~~~ 

F2 - 

~~~~~ ~2

Figure 5-1. (Cont ’d).
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TABLE 5-1 . PROCEDURE FOR ADDING BONDS TO M(~DE2 SOLUTION

From Figure 5.1

ZB111 (ZB111)2 
— ( ZB112 )2

V11B ZB112 
V 12B - ZB112 

112B

1 ZB1 11111B ZB112 
V 12B - ZB1 12 

112B

ZB2 11 (ZB2 11)2 
- (ZB2 12)2

V21B ZB2 12 
V22B - ZB2 12 ‘22B

ZB2
21B = ZB2 12 22B - ZB2 12 22B

From Mode 2 solut ion Table 3-16

V1T = ZRETR 11 11T + ZRETR 12 12T

V2T = ZRETR 21 11T + ZRETR 22 12T

From Figure 5 .2

V12D = V1T 112B 11T

V22B = V2T 122B = r2T

Z8111 (ZB1 11)2 
- (ZB 112 )2

V 11B = ZB1 12 
V1T + ZB 112 } 

11T

1 ZB 111111B { ZB1 12 
V 1T + ZB1 12 

11T

ZB2 11 (ZB2 11)2 
- (ZB2 12 )2

V21B ZB2 12 ~ 2T - ZB2 12 
12T

1 ZB2 11121B = ZB2 12 } 
V2,1, + ZB2 12 

12T
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TABLE 5-1. (CONT’D) .

/ZB1 11\ r ( z B111)2 
- (ZB 112)

2 1
V11B = 

~ZB 1 ) 
ZRETR 11 + [ ZBl 1~ j 11T

+ ZRETR 12 } ~2T

7.RETR 11 + ZB111 ZRETR 12
111B = ZB 112 

11T + ZB112 
12T

fz B2 \
V21B = 

~ZB2) ZRETR 21 ‘iT

ZB2 1(zB2 11)2 
- (ZB 2 12)2 1

+ 
~(zB 2~~) ZRE~ R 22 + [ ZB2 12 j 12T

ZRETR 21 ZHETR 22 + ZB2 11121B ZB2 12 ‘iT + ZB2 12 
12T

From Figure 5.2

V3 = V11B 13 411B

V4 = V~1~ 14 421B

(ZB 111) ZR ETR 11 + (ZB1 11) 2 
- (Z B 112)2 

~V3 ZB 112 iT

(ZB1 11) ZRETR 12 ~+ ZB 112 J 12T

ZRETR 11 + ZB1 11 ZRETR 12
~I3 = ZB112 

11T + ZB112 
12T

(zB 211 ) ZRETR21 ~
V4 = ZB212 J 11T

(ZB211) ZRETR22 + (ZB211)
2 - (ZB212)

2

+ ZB2 12 
12T
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TABLE 5-1. (CONT ’D).

ZRETR 21 J ZRETR~~ + ZB2 11
~I4 = ZB2 12 

11T + ZB2 12 
12T

These can be sol~’ed for ‘iT and 12T in terms of 13 and 14

(ZB 112 ) (ZRETR 22 + ZB2 11
)

T 1T 
- (ZRET R 12

) (ZRETR 21) - (ZRETR 11 + ZB 111) ( ZRET R 22 + ZB2 11) 13

(zB 2 12) (ZRETR I 2 )  _____________
- 

(ZRET R 12 ) (z RE’rH 21) - (ZRET R 11 + ZB1 11) (L RE TR 22 + ZB2 11) 14

(zBi 12 ) ZRETR 2112T = - (~ RETR 12) (ZRETR 21) - (ZRETR 11 + ZB 111) (ZRETR 22 + ZB2 11) 
13

( ZB2 12) ( ZRE TR 11 + ZB111)
+ (ZRET R 12) (ZR ETR 21) - (ZRE TR 11 + ZB111) (ZRET R~~ + ZB2 11) J 

14

Let

T 1T = BF 1i 13 - BF 12 14
12T = -BF21 13 + BF 22 14

- 

[BF 11 (ZB 111) ( ZRETR 11) + (ZB 1 11)2 - ( ZB112)2) - BF 12 (ZB1 11) (ZRETR 12) 1 
~~ L ZB1 12 J 3

[BF 22 ( ZB1 11) (ZRETR 12) - BF 12 (ZB1 11) ZRETR 11 + (zB1 11)2 - (ZB112)2 } ~L ZB 112 j 4

- 

[BF 11 
(zB 2 11) (ZRETR 2 1) - BF21 {(zB2 11) (ZRET H 22) + (ZB2 11)2 - (ZB2 12)2 )1

~ L ZB2 12 j 3

1BF22 t (ZB2 11) (ZRETR 22) + (ZB2 11)2 - (Zi32 12)2 } 
- 

BF 12 (ZB2 11) (ZRETR 2 1)1 ,+ L zB2 12 j 4

but f rom Mod e 2 solut ion Table 3-16

V3 = ZLT 11 13 + ZLT 13 11N

V4 = ZLT 22 14 + ZLT 23 11N
Solution then follows along the sam e pattern as shown for Mode 2 with addi-
ional steps involved .
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Vi Z 11 Z 12 Z 13 Z 14 Z 15 Z 16 Z 17

V2 Z 12 Z22 Z23 Z 15 Z25 Z~6 Z27
V3 Z 13 Z23 Z 33 Z 16 Z26 Z36 Z 37 13
V4 = Z14 z15 z16 z11 z12 z13 z17 r4
V5 Z 15 Z25 Z26 Z 12 Z22 Z23 Z27 15
V6 Z 16 Z26 Z36 Z~ 3 Z23 Z 33 Z 37 ‘6
VA Z 17 Z 27 Z 37 Z~ 7 Z27 Z37 Z 77_

bu t 1A = 17 + 18
VA = V7 = V8

The refore the Augmented Matrix for Figure 5.3 is

V1 Z fl Z 12 Z 131 Z 14 Z 15 Z~ 6~Z 17i Z 1~

V2 Z 12 Z 22 Z23~Z 15 Z25 Z26~Z27~Z27 12
V3 Z 13 ‘~23 ~ 33I~~16 Z26 z36

1 z371Z 37 13
-

~~~~~~

- 

= 

-

~~~~~~~~c~~~~~~~~~~~

-

~~~

-

~~; 
-

~~~~~

V5 Z15 Z25 z261z 12 Z22 Z231Z2,71Z2,7 15
V6 Z16 Z26 Z36 1Z13 Z23 Z33iZ37~

Z37 ‘6 I- 
~

- 

V7 z17 z27 z371z17 z27 z371z77
1z

77 
1
7

_
v8_ _z17 z27 z27 z371z77~z77 18

For later use subdivide as shown above

Figure 5-4 . Augmented Impedance Matrix of Augmented
Equivalent Circuit .



TABLE 5-2. CONVERSIO N OF AUGMENTED IMPEDANCE MATRIX TO
AUGMENTED TRANSMISSION MATRIX

Define the subdivisions in Figure 5.4 as shown

V1 V4
VMI = V2 VMO = V5 VE, = [V 7 1 VEO = [V 8~

V3 V6

Ii 14
1M1 = 

~2 1M0 = 15 TEI = 117 1 1EO = ( 18 )

13 16

z il z l2 z l3 z 14 z 15 z 16~
ZM, = Z 12 Z22 Z23 ZMT = Z15 Z25 Z26

z13 z23 z33 z16 z26 z36

z 17
ZME = Z27 ZE, = l Z~77 J Z

~~E = [Z17 Z27 Z37J

1z37

In these terms the augmented Impedance Matrix of Figure 5.4 is
— 

‘ i I —. —
(1) VMI ZMI ZMT I ZME I ZME 1M1 

1 L 

(2) 
= .54Q

zT ‘ r,T I
‘El ME ’ ~ME ’ ~EI ~EI ‘El- - - - -1  I_ 

(4) v zT ZT 
~~ Z r

- 
EO_ ME ME , El ‘ El 

- EO
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TABLE 5-2. (CONT’D).

Solve this set of fou r equat ions using algebraic matrix techniques for
VMI, ‘MI’ ~ EI and ‘El in terms of VMO, IMO, VEO, and TEO

From 2

(5) TMI = Z
~~T 

VMO - Z~~T ZMI 1M0 - Z
~~~T 

Z ME 1E1 
- Z~~T ZME ‘EO

Subst itut e 5 into 4

VEO = ZME ZMT VMO + (zME - ZME ZMT ZMI ) ‘MO

+ (ZE! - ZME ZMT ZME ) 1E1 + (Z EI - ZME ZMT ZME ) T EO

(6”~ I = ~‘Z — zT Z i ZEl ‘ El ME MT ME’ EO

‘z zT ~7 1 z -i~ T z~
1

- ‘  E1 ME ’~MT ME~ 
\Z ME MT ) V MO

- El - ME MT ME ME - ME MT MI MO

Substitut e 6 into 5

(7) * ‘MI = I (Z~~T ZME ) (Z E! - Z~~E Z~~T ZME ) (Z
~~E ZMT ) + Z

~~T~ VMO

T - - -

+ 
~
(ZMT ZME ) (ZEI - Z ME ZMT Z ME ) (ZME 

- Z ME Z MT Z MI )

- Z~~T ZMI TMO

- MT ME El 
- ME MT ME EO

Subst itute 6 and 7 int o 1

(8)* VMI = I Z MI~~
(Z MT ZME hZ EI ZME ZMT ZME (Z T ZMT ) + Z MT~

- ME El - ME MT ME ME MT MO

~1 ZMI (ZMT ZME) (Z EI - ZME Z MT Z ME ) ME 
- ME MT MI

Z
_1 

Z- MT Ml
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TABLE 5-2 . (CONT’D).

+ Z MT 
- ME (Z E! - ME ZMT Z ME (ZME 

- ME 1MT MI~1 1M0

T -1 -i ( -1
+ ZME (Z E, 

- ZME ZMT ZME ) - Z
MI 1

(ZMT ZME )

E1 ME MT ME EO

Substitut ing 6 and 7 into 3

(9)* VE, I Z~~~ ~ 
(Z

~~T ZME ) (Z EI - Z
~~E 

Z
~~T ZME ) (Z

~~E ZMT ) + Z
~~T }

- El El - ME MT ME ME MT MO

+ [ ZME (Z MT ZME ) (ZE, - ZME ZMT ZME (Z ME - ZME ZMT ZMI

- ZMT ZMI + ZME - Z
EI El 

- ME MT ME

ME ME MT MI MO

+ J ZEI (Z E! - ZME MT ME~ 
- ZME MT ME

T -1 -1(Z E, - ZME ZMT ZME) I VEO

6 , 7, 8 and 9 are the desired transmission matrix equations.
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l~ 0 14

I I C ‘ D C 0 1 1Ml 2 M 1 M ’ E 1 5 MO
I I

13 J O  16 
- .i L ~~~~~~~~~~~ . 

VEI V7 EM FM E E 0 V8 VEO
TEI ~ GM I HM GE : -‘_j 

-
~~~~ 

TEO ,

A M = MI ZMT ZME El 
- ZME ZMT ZME ) + ZMT I

z (Z zT z z \ 1 ,zT Z- ME El - 

ME MT ME ’ “ ME MT

- z Z z zT z~~ z 
1 T zT z 1 zBM - I MI MT ME El - ME MT ME~ 

(Z ME - ME MT M1~
-1 T -1 - i T  T -1

~
ZMT ZMI j ÷ ZMT - Z ME (Z EI 

- Z ME Z MT Z ME ) (Z ME 
- Z ME Z MT Z MI )l

E = ME El - ME MT ME - Ml MT ME El 
-. 

ME MT ME
-1 T -i -1 T -1 -1CM = I Z MT ZME (Z E, - Z ME ZMT Z ME ) (Z ME Z MT ) + ZMT 1

M = MT ME El - ME MT ME ME - ME MT MI - MT MI

- Z
_ 1 z ‘ zT z 1 -iCE~ ~I MT ME~~ZEI ME MT ZME ) 1

E - zT z 1 
~Z ZT z~

1 z -1 ,zT Z
i \

M ME MT ZME~ El - ME MT ME~ ME MT ’ + MT

- El El - ME MT ME ME MT

M 
- ME MT ME El - ME MT ME ME - ME MT MI

~Z~~T ZMI } Z~~E - ZEI (Z EI - Z~~E Z
~~T ZME ) (Z

~~E - Z~~E Z~~T ZMlfl

Figure 5-5. Transmission Matrix of the Augm ent ed Plate
Circuit of Figure 5-3.
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Figure 5-5. (Cont’d)
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