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FOREWORD

This report covers work carried out at AFAPL's Turbo Structures
Research Laboratory (TSRL) on the quantitative determination of displace-
ments and bending strains resulting from resonant modal deformation of
plate-like structures such as turbomachinery blading. The objective of
the research effort was to develop a workable technique for efficiently ob-
taining surface bending strain information from the interferometric
fringes produced by time average holographic testing of a vibrating
structure. This type of information relates directly to the structural
integrity of turbomachinery blading.

The work was performed in the Turbine Engine Division of the Air
Force Aero Propulsion Laboratory, Air Force Systems Command, Wright-
Patterson Air Force Base, Ohio, under Project 3066, Task 12, Work Unit 21
and Project 2307, Task S2, Work Unit Ol. The effort was conducted by
Dr. James C. MacBain of the Propulsion Branch.

The author is indebted to Mr. Bruce Tavner for his very competent
technical assistance in the laboratory and to Miss Helen Davis for typing
the manuscript.
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SECTION I

INTRODUCTION

Since its discovery by Powell and Stetson in 1965, time average holo-
graphic interferometry has developed into an extremely useful tool for
studying the resonant mode shapes and frequencies of vibrating bodies.

The method has proven to be particularly useful in the turbine engine
industry where the vibration properties of turbomachinery blading must be
known in order to insure that dangerous blade resonances do not coincide
with operating engine speeds. While the mode shape and natural frequency
can be directly determined by time average holographic interferometry,
knowledge of the corresponding strain distribution for each vibration mode
shape is also desirable. Computation of the surface strain has presented
some problems in the past because of the error magnification that results
in using inexact experimental data to compute the second derivative.
Various approaches have been proposed in the literature for attacking this
problem. Waters, Aas, and Erf (Ref. 1) determined the bending strain of
the first bending vibration mode of a turbine blade using a '"smooth curve"
approach in order to smooth out errors caused by differentiation. Taylor
and Brandt (Ref. 2) carried out a very good error analysis of strain com-
putations based on cubic spline functions. Recently, Dandliker, Ineichen,
and Mastner (Ref. 3) reported on an experimental technique for measuring
the interference phase to within .3° at any point on the displacement
fringe pattern; thus, improving the accuracy of the holographic displace-

ment data by two orders of magnitude.

In the vein of the first two references cited, the present study uses




standard time average holographic fringes as the raw data for determining
the bending strain of a plate-like structure, e.g., turbine engine
blading. The holographic fringes are used as the raw data to generate

a mathematically continuous series approximation of a plate~like struc-

ture's normal displacement where the terms of the series approximation are

clamped-free or free-free eigenfunctions of a simple beam. Since the
series is continuous, it can be differentiated twice to obtain the
curvature or bending strain resulting from one of the plate's vibration
mode shapes. The use of beam functions in the series approximation has
the advantage that the plate's geometric boundary conditions are identi-
cally satisfied and its natural boundary conditions, satisfying equili-

brium, are approximately satisfied.

What follows is a development of the theory upon which the method
is based, a description of the resulting interactive computer program,
.and some examples of its application to some plate vibration modes. The
results are compared with bending strain values obtained using finite

element analysis.




SECTION II

SUMMARY OF RESULTS

A technique for computing the bending strain resulting from the
resonant modal deformation of vibrating plate-like structures is de-
scribed. Interferometric fringes obtained by time average holography
are used as the basis for generating a mathematically continuous series
approximation of a plate-like structure's normal displacement. The
terms of the series consist of the clamped-free or free-free eigen-
functions of a simple beam. The bending strain is then obtained by

computing the second derivative of the displacement series.

The coefficients of the displacement series terms are computed for
a given segment (length or width) of a cantilevered plate-like structure
based upon the holographic fringe values lying albng the same plate
segment. A linear least squares solution routine is used to solve
for p series coefficients, called modal weighting coefficients, in terms

of k normal displacement values obtained from k holographic fringe values

where k>p. A "best fit" solution is thus obtained for the plate dis-
placement. This least squares approach in conjunction with the fact

the beam series fynctions exactly satisfy the plate's geometric boundary
conditions and approximately satisfy the plate's natural boundary condi-
tions, results in a displacement series that yields quite accurate dis-

placement and bending strain values.

The technique described above has been programmed for use on a

Tektronix 4010 interactive computer terminal. To use the program, called




AFAPL-TR-77-

HOLOCURVE, the user specifies the particular chordwise (free-free
boundary conditions) or spanwise (clamped-free boundary conditions)

plate segment to be studied, the number of terms to be used in the series
approximation, and the holographic fringe values along the plate segment.
A listing and plot of the plate's normal displacement and bending strain

is generated by HOLOCURVE.

The accuracy and effectiveness of the technique used by HOLOCURVE
is checked by determining the displacement and bending strain at selected
segment locations for three different modes of vibration of a cantilevered
plate. The resuits are compared to those of an eigenvalue analysis carried
out on a finite element model of the plate using the finite element com-
puter program, NASTRAN. The HOLOCURVE results are in excellent agreement
with the finite element analysis except for cases where the bending strain
is essentially zero as in the case of chordwise segment for a torsional

mode shape. In cases such as this, HOLOCURVE issues a warning message to

the user.




SECTION III

THEORETICAL DEVELOPMENT

3.1 Series Approximation of the Plate Deformation

In the spirit of Rayleigh's method (Ref. 4), introduced one hundred
years ago in his treatise, "The Theory of Sound'", one can approximate the
normal deformation of a freely vibrating rectangular plate by the natural
mode shapes of beams whose boundary conditions are similar to those of a
plate along its respective edges. Thus, for a cantilevered plate
(Figure 3.1), having one edge fixed and three edges free, one can model the
plate's modal deformation in the clamped-free direction (parallel to the
x axis in Figure 3.1) by a similar clamped~free beam mode shape. Similarly,
the plate's modal deformation in its free-free direction (parallel to the
y axis in Figure 3.1) can be modeled by suitably chosen natural mode shapes
of a free-free beam. The boundary conditions of the plate and the corres-
ponding clamped-free and free-free beams are similar in the sense that the
geometric boundary conditions (deflections, rotation, and slope) are exactly
satisfied while the natural boundary conditions (equilibrium conditions) are
only approximately satisfied (Ref. 5). The ramifications of only approxi-

mately satisfying the natural boundary conditiomswill be discussed later.

Referring to Figure 3.1, let the plate's normal deflection with respect
to the spanwise direction, x, (clamped-free boundary conditions) be repre-

sented by
P
wx(X) = i§1 AiXi(x) (3.1)
where i - mode shape number

Xi - i-th natural mode shape for a clamped-free beam

A; - modal weighting coefficient for mode 1i.

5
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For a beam of length, a, clamped at x=0 and free at x=a, the natural

mode shapes are given by the expression (Ref. 6):

A;x As As A
xi(") = cosh : S cos -4 -ai[sinh 1% sin ix] (3.2)
a a a a

for i=1, 2, 3 ....

where Aj - eigenvalue for the i-th mode of a clamped-free beam

aj - constant dependent upon the mode number and boundary

conditions.

The i-th eigenvalue, Ay, is related to the beam properties by

L4y 1
Ai =[pAL )2 wi
EI

where p is the beam's mass density, A is the cross-sectional area of

the beam, L is the beam length, E is Young's Modulus, I is the cross-
sectional moment of inertia and wj is the i-th natural frequency of

the beam.

Table 3.1 gives the eigenvalues, Aj, and constants, aj, for a clamped-
free beam.
TABLE 3.1

Clamped-Free Beam Constants (Ref. 6)

i A a4

1 1.8751 .7340

2 4.6940 1.0184

3 7.8547 .9992 |
|

4 10.9955 1.0000 |

5 14.1371 .9999

6 17.2787 1.0

16 (urgﬂ 1.0 |

2




Referring once more to Figure 3.1, let the plate's normal deflec-
tion with respect to the chordwise direction, y, (free-free boundary

conditions) be represented by:

q

Wy (y) = I ByYi(y) 3-3)

%
i=1
where i - mode shape number

Y; - i-th natural mode shape for a free-free beam

Bj - modal weighting coefficient for mode i

For a beam of length, b, having free boundary conditions at y=0 and y=b,

the natural mode shapes are given by the following expressions (Ref. 6):

Y=l (3.4)
R e 2
Y, =vy3 (1 - —bY-) (3.5)
Y3 Y s Y o
Y;i(y) = cosh—’f1 + cos ;y - Bi[sinhl%?’- + sinY—lb?'-] ; (3.6)

for i = 3, 4, 5 ...
where y{ - eigenvalue for the i-th mode shape of a free-free beam
Bi - constant dependent upon the mode number and boundary

conditions.

The eigenvalue, Y{, is related to the free-free beam properties
in the same way as Aj was for a clamped-free beam. Table 3.2 gives

the eigenvalues, yvi, and constant, Bi, for a free-free beam.

ol e




TABLE 3.2

Free-Free Beam Constants (Ref. 6)

L i
3 4.7300 .9825
4 7.8532 1.0007
5 10.9956 .9999
6 14.1371 1.0000
N>7 (2N=3)7 1.0

2

Note that the expressions given by equations (3.4) and (3.5) represent
rigid body modes of the free-free beam. Equation (3.4) is a normalized trans-
lation of the beam in the z direction and equation (3.5) represents a rota-
tion of the free-free beam about its midpoint, the vector of rotation being

parallel to the x axis.

The modal functions given by equation (3.2) for the clamped-free beam
and by equations (3.4) - (3.6) for the free~free beam are continuous with
respect to each function's spatial variable and, hence, can be differentia-
ted twice. Thus, from equation (3.1), the plate curvature in the x direc-

tion can be represented by

o

" 1

wx(X)=,21Aﬂi(xL 1= 1,253 « « +p (3.7)
1=

where primes denote differentiation with respect to x. The second

derivative of the i-th clamped-free mode is given by

"

" Ay© ) A X x A
X; (x) = (——1-) cohmin § cosds -G (sinh-——l—}l + sin-——i—x-) (3.8)
a a a a a

for i=1, 2, 3 ...
9
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Similarly, the plate curvature in the y direction can be repre-

sented by

" q 11}
wy (y) = iSlniYi ), fom by 2,8, o509 (3.9
where the second derivative of the i-th free-free mode is given by

Yi"(y) =0, fir Lok ]2 (3.10)

. ¥1)? Y5y Yiy Yiy Ys
- v Syas . : y
Y, () (_b) [COSh - Ros == 81(s1nh—1;-- 51n——;—)] (3.11)

for il i mE 3l A SES i

Neglecting in-plane stretching, equations (3.7) and (3.9) can be
used to determine the Wending strains in the plate caused by the out of
plane deformation. For a plate undergoing pure bending, the strains

can be obtained from (Ref. 5):

m
[}

E -zwx"(x) (3.12)

E,

e, 3.13
y = - () (3.13)

where z is the perpendicular distance from the plate's neutral surface
to the point of interest on the plate's surface. Note that for a
twisted plate-like structure such as a compressor blade, the distance,
z, does not necessarily equal half the plate thickness. Using equations

(3.7) and (3.9), equations (3.12) and (3.13) can be written as:

p "
e, = 2 L AgXy (%) : (3.14)
i=]
. Moy (3.15)
€y = =2 L B:Y y .
y =1 = 1

10




Looking at equations (3.14) and (3.15), we see that the normal
strain with respect to x (y held constant, i.e., constant chord
location for a blade) or the normal strain with respect to y (x held
constant, i.e., constant span location for a blade) can be computed
provided that one can arrive at suitable values for the Aj's and Bj's.
What follows is a way of accurately computing the Aj's and Bi's for a
specified natural mode of vibration of a plate-like structure by utili-

zing the interference fringes from time average laser holography.

3.2 Determination of the Model Weighting Coefficients, Aj and Bj

The weighting coefficients, Aj and Bji, that appear in equations (3.1)
and (3.3) for approximating the plate deformation and also in equations
(3.7) and (3.9) for approximating the plate curvature can be determined
using a least squares technique based on discrete displacement data points
obtained by laser holographic interferometry. For a plate-like structure
vibrating in one of its natural modes of vibration, time average holographic
interferometry can be used to determine the modal deformation of the struc-

"contour map"

ture (Ref. 7). The modal deformation is characterized by a
of fringes appearing on the surface of the plate-like structure when the
time average hologram is reconstructed with laser light. A photograph of
one such reconstruction is shown in Figure 3.2 which shows a turbine
blade vibrating in one of its natural modes of vibration. The fringes

on the blade surface are a contour map of the blade's displacement normal
to the plane of the hologram. The brightest fringes are nodal lines

(zero dispiacement) for the particular mode of vibration. As one travels

away from a nodal line, the dark fringes represent increasing values of

11




Figure 3.2

- Holographic Interferogram of a Turbine Blade Vibrating
in a Torsional Mode at 25,943 Hz ‘




the normal displacement and are approximately equal to integer multiples
of one-quarter wavelength of the laser light. The actual value of the

normal displacement of the i-th dark fringe is given by the expression

(Ref. 7):
LAl S (3.16)
2m(Cos 8,+ 85)
where A ~ wavelength of the laser light used to make the hologram

8, - angle between the displacement vector of the plate and the

line of sight of the observer/camera through the hologram

82 - angle between the displacement vector of the plate and the

laser "object" beam illuminating the plate

24 - 1-th root of the zero order Bessel function corresponding

to fringe 1i.

If the specimen to be tested is positioned such that its principal plane
of vibration is parallel to the plane of the hologram, and, in additionm,
is located such that its distance from the hologram is greater than five
times its largest in-plane dimension, the value of 6;, can be made very
small and Cos 0;, = 1. Further, if the object beam for illuminating the
test specimen is placed very close to the hologram and the 5 to 1 ratio
(distance of specimen from hologram to maximum specimen dimension) men-
tioned above is in effect, then 6, can also be made very small and

Cos 6 £ 1. With these criteria placed on experimental setup, equation

(3.16) takes the form

A Q4 (3.17)
41

W1=

13

I3t 400




Table 3.3 gives the normal displacement for the first twenty interference
fringes based on the above simplifying assumptions and a laser wave-

o
length for a HeNe laser of A = 6328A = 24.914 puin (Ref. 8).

TABLE 3.3

Normal Displacement Values from Holographic Fringes (Ref. 8)

Fringe Order, i i-th Root of J, (24) Displacement (uin)
1 2.405 4.768
2 5.520 10.94
3 8.634 17.12
4 11.79 23.37
5 14.93 29.60
6 18.07 35.82
6 21.21 42.06
8 24,35 48.29
9 27.49 54.51

10 30.64 60.74
11 33.78 66.97
12 36.92 73.20
13 40.06 79.43
14 43.20 85.66
15 46.34 91.89
16 48.48 . 98.11
17 52.62 104.3
18 55.77 110.6
19 58.91 116.8
20 62.05 123.0

Utilizing equation (3.1), the experimental normal displacements,
wj, at the locations, X, j= 1, 2, 3, ..k, in the clamped~free direc-
tion can be set equal to the series approximation for the same deforma-
tion given by equation (3.17). In this case, the chord location, vy,

is held constant. Doing so, yields

P
. - >
We(xg) = wy = sﬁl AiXj(x3), D e O k2P  (3.18)

The only unknowns in equation (3.18) are the modal weighting coefficients, Aj.

14




Since we require that k>p, equation (3.18) represents a set of k non-
homogeneous simultaneous equations in p unknowns, i.e., the modal
weighting coefficients, Aj, i =1, 2, . . . .p. Equation (3.18) can

be represented in terms of matrix notation as

[X] (A) = (W) (3.19)

where [X] - rectangular k x p matrix of the p clamped-free beam
mode functions at the k spanwise locations,
x5, J=1,2,....k.

([X] has rank rip)

(A) - column vector of the p modal weighting coefficients, Aj,

1=1,2..p.

(W) - column vector of the k normal displacements, wj, j=1,2,...k,
obtained at the locations xj using holographic inter-

ferometry.

For the case of k=p, equation (3.19) can be solved for the modal weighting
coefficients, (A), using standard matrix inversion techniques. But since
we are dealing with data points determined experimentally and the result-
ing inherent error, it is prudent to choose k>p such that equation (3.19)
represents an overdetermined set of equations. A '"best fit" approxima-
tion for the p weighting coefficients, (A) can then be found based on the
k normal displacement values, (W). This type of approach was implemented
using a linear le;st square solution of equation (3.18) as described in

the following.

15




The k simultaneous linear equations given by equation (3.18) can
be solved for the p modal weighting coefficients, (A), for the case of
k>p by utilizing the concept of the pseudoinverse developed by E. H.

Moore (Ref. 9) and R. Penrose (Ref. 10) independently of each other

Shikciar i

under the name ''generalized inverse'. At present, the name '"pseudo-

inverse'" is the more generally accepted term and will be used in the

following discussion. The application of the pseudoinverse to the
solution of overdetermined systems of linear equations is dealt with

quite lucidly by Golub and Reinsch (Ref. 11).

The rectangular (k x p) matrix, [X], appearing in equation (3.19)

can be represented as (Ref. 11)*
(x] = (v) [z] ()7 (3.20)

where [U] - matrix of the p orthonormalized eigenvectors of
[X] [X]T based on the p largest eigenvalues of

(x1 (x1"

[V] - matrix of the p orthonormalized eigenvectors

of (X]T [X]

(Z] - Diag (A, %? ....) is the diagonal matrix

consisting of the non-negative square roots

T
of the eigenvalues of [X] ([X].

-

[Z] is arranged such that \,> A2 > ....Ap

o

[u]T [U] = [V]T [vl= [V] [V]T = I, (I, is the identity matrix)

”

* [V]T - Transpose of matrix [V]. Ll
16
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o
The pseudoinverse of [X], denoted as [X] , is obtained from the ex-

pression

x1t = vy 1217t ot (3.21)

where [U] and [V] are defined as before and

-

) LR TN YD

DN RN ) Rl O

equation (3.21) can be used to solve for the modal weighting

coefficients in equation (3.19).

Pre-multiplying by [X]+ yields:

(x1t (x1 < = x1t @ (3.22)
i) ) = i1 (3.23)
@ = w1 17wt o (3.24)

Equation (3.24) gives the p weighting coefficients based on the k
input displacements and the p clamped-free beam functions evaluated
at the locations Xj, j=1,2,...k. The nature of this solution is
indeed fortuitous for the following two reasons (Ref. 12). First,
if the rank, r, of matrix [X] is r=p, then the weighting coefficient
vector (A) in equation (3.24) is the '"best fit" in the sense that it
is nearest to the actual vector (A) in a least squares sense.

Second, if the rank of matrix [X] is r<p, then there is no exact solution

17




but equation (3.24) still gives the best solution in the sense of
least squares, i.e., [X](A) is as close to (W) as possible. Appen-
dix A gives a simple example of computing the pseudoinverse of a 3x2

matrix.

The computation of the psudoinverse of [X] in equation (3.19)
and the resulting solution for the modal weighting coefficients,
(A), was carried out using the computer program LLSQAR that is on
permanent file on the computer system at Wright-Patterson AFB. The
routine is part of the Computer Science Center's International
Mathematical Scientific Library package. A brief description on the

actual mechanics of using LLSQAR is given in Appendix D.

With the values of the modal weighting coefficients determined,
equations (3.1) and (3.7) can be used to determine the displacement
and curvature, respectively, for any location, X, y=constant, along the span

of the plate.

In a manner exactly paralleling the preceding development for plate
deformation based on a fixed-free modal series, the modal weighting co-
efficients appearing in equation (3.3) for a free-free beam series can be
determined by using the experimental normal displacements, wj, at each of
k locations, Yis j=1,2,3...k, in a line across the chord of the plate,
in the free-free direction. In this case, the span or x location of the

plate will be held constant. Carrying this out, yields the equation

q
Wy(Y) T, i§1 BiYi(yj) (3.25)

for i=1,2,....q and 3=1,2,..,.Kk (k>q)

18




- The modal weighting coefficients, Bi, are then computed using the

computer algorithm LLSQAR. Once this has been accomplished, the
displacement and curvature at any point y, x=constant, can be computed
via equations (3.3) and (3.9). Section IV of this report presents a
detailed discussion of the steps involved in applying the method to a

typical plate vibration mode shape.

3.3 Ramifications of Using Simple Beam Eigenfunctions

At the beginning of this section mention was made of the fact
that while the clamped-free and free-free beam functions satisfy the
corresponding plate geometric boundary conditions exactly, the plate's
natural boundary conditions along its free edges are only approximately
satisfied. The ramifications of this can be seen by looking at the
natural boundary conditions that must be satisfied along the tip of the
cantiliver plate shown in Figure 3.1. Satisfying equilibrium along this
‘edge requires that the shear forces in the x direction and the moments

about the y axis be zero. Hence, we require that:

2 2
M | =D(?);+\)M~)| = 0 (3.26)
x=a = 3y2 x=a
aw 3w e
= ey (2 - R = s
vxx=a Plax ( V) ox 3y2 | x=a -
where D _ Eh32 is the plate flexural stiffness. Now the clamped-free
12(1-v7)

beam function given by equation (3.2) has the property that the first

term in each of equations (3.26) and (3.27) is identically equal to zero,

i.e., 2 3
I°W W
T e = 3.28
axz 9}(3 X a ( )




when W(x) is approximated by a series of clamped-free beam functions.
This means that the calculated moment and, hence the strain, ey, at

the plate free edge will have an error that is proportional to

2
y : g and the calculated shear will have an error that is proportional
¥y
3
to (Z-v)E_H_z. There will be a similar error in the value of the chord-

§x68y

wise strain, ey, at the plate's free edges y=o and b. Fortunately, the
magnitude of this inherent error is not appreciable as will be seen in

Section IV.




SECTION IV

INTERACTIVE COMPUTER PROGRAM - HOLOCURVE

The technique developed in Section III for determining the displace-
ment and curvature of a vibrating plate-like structure was programmed for
use on a CDC6600 computer via a Tektronix 4010 interactive computer ter-
minal. By using the Tektronix computer unit, one has the advantage of
interacting with the computer program while it is executing on the
CDC6600 computer. In this way, input data can be deleted or modified,
decisions as to program direction can be made, and, most importantly, the |
results are returned to the user immediately in either tabular or plot i

format.

Figure 4.1 shows a flow chart of the computer program called HOLO-
CURVE. A listing of the program is given in Appendix B. The questions
that the user must answer while executing HOLOCURVE are listed below in
order of appearance on the Tektronix 4010 screen along with possible

answers (in brackets) and a brief discussion of each entry.

1. WHAT IS THE MODE NAME (8H)? - - -
Input any letter/number identifier that takes up eight
spaces or less.
2. WILL OUTPUT BE BASED ON CLAMPED-FREE (CF) OR FREE-FREE (FF)
BEAM SERIES? TYPE CF OR FF. - - - [CF / FF]

Program is henceforth keyed to either a clamped-free

or free-free modal beam series.
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LOGIN AND ATTACH
HOLOCURVE

CLAMPED-FREE OR FREE-FREE BEAM SERIES ?

INPUT

NUMBER OF CF OR FF BEAM MODES
SPAN OR CHORD LENGTH
CONSTANT CHORD OR SPAN LOCATION

FRINGE OR DISPLACEMENT VALUES, LOCATION

NEUTRAL AXIS DISTANCES, LOCATION 4/

COMPUTE MODAL WEIGHTING COEFFICIENTS

OUTPUT

NORMAL DISPLACEMENT VS, POSITION
CURVATURE / STRAIN VS, POSITION
PLOTS OF ABOVE

Figure 4.1 - Flow Chart for Program HOLOCURVE
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3. HOW MANY CF [OR FF] BEAM SERIES TERMS WILL BE USED? - - -

[Floating point whole number]

This specifies the value of p in equation (3.1) for a

clamped-free beam or of q in equation (3.3) for a
free-free beam. For the lower mode shapes (first and
second bending, first and second torsion, lyre or two-

stripe), a value of p = 5 or Q = 5 gives adequate results.

4. INPUT NUMBER OF FRINGE VALUES. - - -
Specifies number of discrete holographic fringe value

data points that will be used.

5. INPUT SPAN [OR CHORD] LENGTH. - - ~ [Floating point number]

For the clamped-free case, the actual length of the span
segment is input. This corresponds to the beam length, a,
in equation (3.2). For example, the distance from the root
to the tip of a compressor blade could be entered. For the
free-free case, the length of the chord segment is input.
This corresponds to the beam length, b, in equations (3.5)
and (3.6). It could, for example, be the distance from the

leading edge to the trailing edge of a compressor blade.

6. INPUT CONSTANT CHORD (Y) [OR SPAN (X)] LOCATION. - - -

This establishes the constant y or X location on the plate
or blade for the case of a clamped-free or free-free beam

series approximation, respectively. (See Figure 3.1)
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7. INPUT PAIRS OF SPAN [CHORD] LOCATION, FRINGE VALUE DATA.

FREE FIELD FORMAT WITH EACH VALUE SEPARATED BY COMMAS.

DATA = [1, -5., 2, -11., 3., -12., 4.1, -8, 4.94, 0., 6., 9.,

7., 16.1.

Pairs of span (or chord) location vs. holographic

fringe value are input. Seven such pairs of data are

input in the example shown. Note that the fringe values

are positive or negative whole numbers. Note, also, there

is a nodal point at x = 4.94 where the fringe value is

given as zero. The HOLOCURVE subroutine, CONVRT, converts

the fringe values to normal displacements using the expression

given in equation (3.17).
8. WILL DISTANCE FROM NEUTRAL AXIS VS. SPAN [OR CHORD] LOCATION
BE INPUT - YES OR NO? - - -
If "YES", the following two statements must be answered:

HOW MANY (SEGMENT LOCATION/NEUTRAL AXIS DISTANCE) VALUES WILL

BE INPUT (MAX. OF 20)? - - - [5.]

INPUT 5. PAIRS OF (SEGMENT LOCATION, NEUTRAL AXIS

DISTANCE) VALUES.

DATA = [0., .25, 1., 28, 3., «30, 5.y .25, 6.5 205 ¢y +15]
In order to compute the bending strain at a point on the plate
or blade, the distance from the neutral axis must be known

(see, for example, equations (3.12) and (3.13)). In the case

24




of a flat plate-like structure having constant thickness,

this distance is merely half of the thickness. 1In the
case of a twisted or curved plate-like body having
variable thickness, however, the neutral axis distance is
not so-easily computed and is entered in discrete form as
in the above '"DATA" entry. When the bending strains are
computed along the span or chord section being analyzed, a
subroutine (INTERP) utilizes a second degree polynomial
interpolation scheme to compute the neutral axis distance
based on the discrete input data. Appendix E. contains

a more complete description of subroutine INTERP.
9. DO YOU WISH TO SEE INPUT DATA (YES OR NO)? - - -
A listing of fringe values and their location, and, if used,

neutral axis distance values and their location are displayed.

10. COMPUTATION COMPLETED FOR [Mode Name] MODE, DATA SET = 1. DO
YOU WISH TO SEE MODAL WEIGHTING COEFFICIENTS FOR THE CF[OR FF] BEAM

SERIES - YES OR NO? - - -
An affirmative answer yields a listing of the modal
weighting coefficients given in equations (3.1) or (3.3).
11. DISPLACEMENT AND CURVATURE AS A FUNCTION OF POSITION WILL NOW
BE LISTED AND PLOTTED FOR MODE [Mode Name].
HOW MANY DATA POINTS DO YOU WANT (MAX. OF 40)? ~ - -

Chord or span segment is evenly divided into number of data

points entered. Program then proceeds to give a listing of

25




the normal displacement as a function of position and a
plot of same. It then gives a listing of the curvature
(bending strain) as a function of position, and an

accompanying plot.

12. IS THERE MORE DATA TO BE ANALYZED (YES OR NO?) - - -

If answer is affirmative, cycle of questions is repeated;
if negative, HOLOCURVE completes its execution and user may

"LOG OFF" from terminal.

R

Appendix C. gives a typical example of the above statements being

used during a HOLOCURVE execution.




SECTION V

DISPLACEMENT AND STRAIN DETERMINATION USING HOLOCURVE

5.1 Displacement and Strain Distribution of a Vibrating Plate

In order to check the effectiveness and accuracy of the holographic
data reduction technique utilized by HOLOCURVE, three natural modes of
vibration of a cantilevered flat plate were determined using holographic
interferometry and the resulting fringe data was input to HOLOCURVE to
determine the displacement and bending strain at selected locations for
each of the three vibration modes. The results from this analysis were
compared to those of an eigenvalue analysis carried out on a finite
element model of the plate using the multi-purpose finite element com-

puter program, NASTRAN (Rigid Format 3).

The plate was made of 6061-T6 Aluminum and measured 3" by 7" with
a thickness of .19". It was fixed along one of its short sides by clamp-
ing it between two massive steel blocks. Time average holograms were
made of each of the three natural plate modes of vibration while the
plate was being excited by a 40-watt siren. A schematic of the holo-
graphic set-up is shown in Figure 5.1. The set-up is quite typical of
the type used for doing holographic interferometry. A 50mw continuous
wave HeNe laser (Spectra-Physics 125A) was used for the tests with the
holograms being recorded on 4"x5" photographic plates (Agfa-Gevaert

10E75).

What follows are the results of using HOLOCURVE to get the displace-
ment and corresponding bending strain for the plate vibration modes--

second bending, second torsion, and the lyre mode.
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5.2 Lyre Mode of Vibration

Figure 5.2 shows the lyre mode (after the Greek instrument) of the
cantilever plate obtained using holographic interferometry and finite
element analysis. Note that the natural frequencies determined by each
of the techniques differ by only 1.27%. In the figure, the plate is
clamped along its bottom edge. The lyre mode, or a form similar to it,

is a common one in turbine engine compressor blading.

Referring to Figure 5.2, let a Cartesian coordinate system originate
at the lower right-hand corner of the plate with the x axis lying along
the plate's right edge and the y axis lying along the bottom (fixed)
edge of the plate. Using this coordinate system, the displacement and
corresponding bending strain were determined with respect to the x coordi-
nate (spanwise direction) while keeping y (the chordwise direction)
constant at y=.5". Note that the coordinate system just defined is the
same as the one shown in Figure 3.1 of Section III, Theoretical Develop-

ment.

Referring to the lyre mode shape characterized by the holographic
fringes in Figure 5.2, the holographic fringe values as a function of x,

y=.5", were determined and are given in Table 5.1.

TABLE 5.1

Fringe Values vs. x, y=.5", for Lyre Mode

Fringe Number, N Span Location, x, (in.) Fringe Value, F
1 .50 1
2 1.25 2
3 2.50 =2
4 3.50 -4
5 4.30 -2
6 5.32 0
7 6.25 -2
8 6.95 -5
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The fringe values and span locations given in Table 5.1 are not the

complete set of values occurring on this spanwise segment of the plate and,
hence, Table 5.1 does not represent a unique set of fringe value data for

the span. Some general rules of thumb were used, however, in their choice.

1. Fringe value locations should be chosen such that they are
approximately evenly spaced over the segment length.

2. The total number of fringe values used must be greater than the
number of beam series functions input to HOLOCURVE. This will
insure that full advantage is taken of the '"'smoothing" character-
istics of the linear least squares subroutine, LLSQAR.

3. When possible, specify the locations of the nodal lines with
the exception of the clamped end nodal line in the case of the
clamped-free beam series approximation. To do so in this latter
instance would be redundant since zero displacement is one of
the geometric boundary conditions of the clamped-free beam
functions.

4. Finally, regarding the number of beam functions specified for
HOLOCURVE, in the case of clamped-free beam series approxima-
tion, ihe number of beam series functions used should be greater
than or equal to the number of node lines crossing the span
plus two, i.e.,

Number CF Series Functions = Number Node Lines + 2.
For the case of a free-free beam series approximation, the

number of beam series functions used should be greater than or

equal to the number of node lines crossing the chord plus three.
i.e.,

Number FF Series Functions = Number Node Lines + 3.

The set of eight fringe values and their span locations given in

Table 5.1 were input to HOLOCURVE where they were used to compute the modal

weighting coefficients of a five-term clamped-free beam series. The com-
puted normal displacement is shown as the smooth curve in Figure 5.3 as a
function of the span, x. Also shown in the figure are the normal displace-
ment values computed fromthe finite element model of the plate using NASTRAN.

The finite element values were normalized to the maximum displacement at the
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plate tip as determined by HOLOCURVE. It is seen that the agreement

between the two methods is quite good. The modal weighting coefficients

upon which the HOLOCURVE results are based are listed in Table 5.2.

TABLE 5.2

Modal Weighting Coefficient for CF Series
Approximation of Lyre Mode

CF Beam Mode, i Modal Weighting Coefficient, Aixlo6
1 -8.66
2 -2.860
3 -1.886
4 9.164
5 1.526

Note that coefficients Aj, and A4, representing the first and fourth
clamped-free beam bending mode shapes, respectively, are the dominant
terms in the series. This is as one would expect, since the first order
of deflection of the mode is that of a negative first bending mode while
the actual modal displacement is that of a positive fourth bending mode

shape, i.e., four nodal lines.

Figure 5.4 shows the resulting bending strain, €y, in the plate's
x direction computed from the second derivative of the five-term clamp-
ed-free beam series. As in the plot of the normal displacement, the

individual data points in the figure represent results from the NASTRAN

finite element analysis of the plate.
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The values of the bending strain, computed using NASTRAN, were

normalized to the HOLOCURVE output at the span location, x=.15".

Again, the agreement is seen to be quite good.

The displacement and resulting bending strain were also determined for
the lyre mode in Figure 5.2 as a function of the width, y, for x=2.5".
The holographic fringes upon which the HOLOCURVE computations were
based are given in Table 5.3.
TABLE 5.3

Fringe Values vs. y, x=2.5", for Lyre Mode

Fringe Number, N Chord Location, y (in.) Fringe Value, F
1 .06 -5
2 .48 -2
3 .80 0 ¥
4 1.20 2
5 1.84 2
6 2425 0
7 2453 -2
8 2.96 -5

This set of eight fringe values and chord location data were used in
HOLOCURVE to compute the modal weighting coefficients of a 5-term
free-free beam series. The normal displacement curve computed from
this series is shown as the smooth curve in Figure 5.5 along with the
normalized grid point displacements from the NASTRAN finite element
calculations. Note that the finite element computations yield a

greater value for the displacement at the chord midpoint. This maximum
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deviation occurred at mid-chord only because the finite element values

were normalized at the free edge, y=0.

Figure 5.6 shows the bending strain, €y, as a function of chord
position, y, for x=2.5". The finite element data in Figure 5.6 were
normalized to the HOLOCURVE strain at y=1.35". As in the case of the
spanwise bending strain, €x, good agreement was found between the
HOLOCURVE and normalized finite element results. Table 5.4 gives the
modal weighting coefficients from which the normal displacement and

bending strain in the preceding two figures were computed.

TABLE 5.4

Modal Weighting Coefficients for FF Series
Approximation of Lyre Mode

FF Beam Mode, i Modal Weighting Coefficient, Bixlo6
1 ~3.45
2 ~ .40
3 -14.09
4 .20
5 -.04

Note that coefficient, B3, corresponding to the first bending mode shape

of a free-free beam is the dominant term in the series as one would expect.

5.3 Second Bending Mode of Vibration

Figure 5.7 shows the second bending mode of vibration for the canti-

lever plate obtained using holographic interferometry and finite element

38

1
g
|
{
{
|

4




93eTd I3A3[T3uUB) 10J UOTIBIQTA JO 3pOol JuTpuag puodag - /°¢ aindrg

ZH Z8L = 3 ‘3IuswaTd 23TUTg ZH 4/, = 3 ‘Ie3jusuriadxy

—e el — P — G




analysis. As in the preceding section on the lyre mode, the coordinate
system for locating fringe values and interpreting displacement and
strain output is located at the lower right-hand corner of the plate.
The x axis lies along the plate's right side and y axis lies along the

lower (fixed) edge of the plate.

The displacement and corresponding bending strain were determined
with respect to x (spanwise direction) for y=.5" using HOLOCURVE and
holographic fringe values taken from Figure 5.7. The fringe values

used in the HOLOCURVE program are given in Table 5.5.

TABLE 5.5

Fringe Values vs. x, y=.5", for Second Bending Mode

Fringe Number, N Span Location, x (in.) Fringe Value, F
1 .44 1
2 1.16 4
3 2.11 9
4 2.66 11
5 3.88 11
6 4.66 7
7 5.44 0
8 6.11 ~7
9 6.98 -16

This set of data was input to HOLOCURVE and a five-term clamped-
free beam series was generated. The modal weighting coefficients for

this beam series are given in Table 5.6.




TABLE 5.6

Modal Weighting Coefficients for CF Series
Approximation of Second Bending Mode

CF Beam Mode, i Modal Weighting Coefficient, Aixlo6
1 ~.68
2 50.64
3 .83
4 ~-.24
5 .51

Looking at Table 5.6, it is evident that the plate's second bending mode
shape is quite similar to that of a simple clamped-free beam and, hence,
the modal weighting coefficient, A2, dominates the clamped-free beam

series.

Figure 5.8 shows the plate's second bending mode normal displacement
computed by HOLOCURVE as a function of the span coordinate, x, for y=.5".
The normal displacement values determined by finite element analysis were
normalized to the HOLOCURVE displacement at the plate's free edge (x=7.0").
The agreement between the two methods of analysis for this case are remark-

ably good.

The bending strain, ey, resulting from the plate displacement shown
in Figure 5.8 is shown in Figure 5.9. As in the case of the lyre mode,
the bending strain values computed using the finite element method were
normalized to the HOLOCURVE strain value at x=.15". Again, the agreement

between the two methods is seen to be quite good.
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It was not possible to use HOLOCURVE to compute the displacement

and bending strain in the plate's y (chordwise) direction for the second
bending mode because the displacement gradient is extremely small in
this direction being roughly equivalent to only one holographic fringe.
Hence, the discrete fringe data necessary for the HOLOCURVE computations
is nonexistent. The one saving grace in this case is that, since the
displacement gradient is so small in the chordwise direction, so, too,
is the bending strain and, hence, the information lost would not be of

any great value in a structural vibration analysis.

5.4 Second Torsional Mode of Vibration

Figure 5.10 shows the second torsional mode of vibration for the
cantilever plate obtained using both holographic interferometry and the
finite element method. This mode of vibration was chosen as a HOLOCURVE
application because it points out a characteristic of torsional vibration
that impacts HOLOCURVE results for chordwise calculations. This point

will be addressed in detail below.

Using the same coordinate system as in the preceding two vibration
modes, the mode displacement and bending strain were computed by HOLO-
CURVE as a function of the span position, x, for y=.5". The helographic
fringes used for the computations were taken from the interferogram in

Figure 5.10 and are shown in Table 5.7.
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TABLE 5.7

Fringe Values vs. x, y=.5", for Second Torsion Mode

Fringe Number, N Span Location, x (in.) Fringe Value, F
1 1.00 -5
2 2.00 -11
3 3.00 -12
4 4.00 -8
5 4.94 0
6 6.00 9
7 7.00 16

Entering this set of data into the HOLOCURVE, the modal weighting

coefficients were computed for a five-term clamped-free beam series and

are shown in Table 5.8.

TABLE 5.8

Modal Weighting Coefficients for CF Series
Approximation of Second Torsion Mode

CF Beam Mode, i

Modal Weighting Coefficient, Aixlo6

11.72
-50.84
-12.54

-.46

-1.49

This five-term series was used to compute the normal displacement, W,




and corresponding bending strain, €4, which are shown as the smooth

curves in Figures 5.11 and 5.12, respectively.

finite element results are again in good agreement.

The HOLOCURVE

and

As in the pre-

ceding two cases, the finite element data was normalized to the HOLO-

CURVE displacement with respect to the plate's free end and to the

HOLOCURVE bending strain at x=.15".

An analysis was also carried out using HOLOCURVE to determine the

displacement and bending strain in the plate's y (chordwise) direction

with x=1.0". Table 5.9 lists the holographic fringe data used in the

analysis.

TABLE 5.9

Fringe Values vs. y, x=1.0", for Second Torsion Mode

Friage Number, N Chord Location, Y (in.) Fringe Value, F
1 .08 -7
2 .30 -6
3 .50 -5
4 .70 -4
5 .90 -3
6 1.10 -2
7 1.32 -1
8 1.47 0
9 1.62 1

10 1.83 2
11 2.02 3
12 2,22 4
13 2.43 4
14 2.62 6
15 2.83 7
16 3.00 8

This set of fringe data differs from the others used up to this point in

that all of the fringes and their corresponding chord locations at x=1.0"

were used.
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An eight-~term free-free beam series based on the above data was

generated by HOLOCURVE. The resulting modal weighting coefficients

are listed in Table 5.10.

TABLE 5.10

Modal Weighting Coefficients for FF Series
Approximation of Second Torsion Mode

FF Beam Mode, i Modal Weighting Coefficient, B1x106
1 1.18
2 -26.63
3 .16
4 -.06
5 .03
6 .01
7 : .13
8 .00

Looking at Table 5.10, it is seen that the modal weighting coefficient,
By, representing rigid body rotation, dominates the free-free beam series.
This fact is further underlined by looking at the normal displacement as
a function of y, x=1.0", computed from using the eight-term beam series
shown in Figure 5.13. The normal displacement is a sloping straight line
passing through zero at mid-chord (y=1.5"). Further, the NASTRAN generated

displacement follows the HOLOCURVE result quite closely.

The question now arises that if the normal displacement is a constant
or, at most, a linear function of the spatial variable, y, (see equations

3.4 and 3.5), what meaning does it have to take the second derivative of

50
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the free-free beam series in order to obtain the bending strain? The
answer, of course, is that the bending strain output in this case is
meaningless. This is because the strain is computed from the insigni-
ficant terms in the free-free beam series. This is borne out by a look
at the bending strain, €y computed by HOLOCURVE and based on the modal

weighting coefficients in Table 5.10 as shown in Figure 5.14. The HOLO- a

CURVE strain values oscillate about zero as one travels in the y direc-

tion and do nut agree with the NASTRAN generated strains. Physically

speaking, this anomalous result is due to the fact that it is the shear-

.0g stress or strain that is a maximum in the chordwise direction for a
purely torsional mode shape, thus, making the principal stresses (and
curvatures) a minimum. NASTRAN gives reasonable, albeit small, strain
values because it relies on a two-dimensional plane stress theory while
HOLOCURVE utilizes a simple beam theory. The saving grace in this
instance is that the strain is small. In other words, along the plate
directions where the bending strain amplitude is moderate-to-large,

HOLOCURVE is readily applicable.

As a precaution against use of strain values based on insignificant
modal weighting coefficients, HOLOCURVE determines the absolute value of
all of the modal weighting coefficients in the beam series. If the
absolute value of the largest coefficient is ten times greater than that
of the next coefficient, a message is transmitted to the program operator.
Further, if the largest coefficient corresponds to the translational or
rotational series component in the free-free beam series, a message to

this effort is transmitted to the user.
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SECTION VI

DISCUSSION AND CONCLUSION

The work described herein has presented an analytical method for
determining the strain distribution over the surface of a plate~like
structure based on the interference fringes resulting from time average
holography. The technique has the advantage that it is easily programmed
on a digital computer and that the holographic fringe data used in the
solution does not require any special treatment--neither electronic nor

optical.

Within the governing bounds of classical plate theory, the method
was shown to agree well with finite element analysis as evidenced by the
examples in Section IV. Caution should be used, however, when applying
the method to plate deformations that exhibit a high degree of transla-
tional or rotational motion as the resulting curvature and corresponding
strain may be circumspect. The computer program, HOLOCURVE, has a warning
to this effect if one of the translational or rotational modal weighting
coefficients is ten times greater than the next largest coefficient in the

series approximation.

Future work in this vein of the current effort should address the
effect of curved surfaces on the accuracy of the computed strain values.
Also, plate-like structures when the neutral axis and cross-sectional

center of gravity do not coincide should be studied.

In conclusion, it is felt that the technique embodied by the computer
program, HOLOCURVE, will provide a useful tool for analyzing the surface
strain distribution of vibration mode shapes of plate-like structures such

as turbine engine blading.
54
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] PSEUDOINVERSE CALCULATION




Given a k x p matrix, A, one can compute its psudoinverse as

follows:

1. Given:

2. We can then compute ATA.

) k=3, p
0 1 1
2 2 0
0 2

(a-1)

(A-2)

3. Compute the p non-negative square roots of the eigenvalues,

s, of ATA to form the diagonal matrix, I.

5-s 1 SRR IR O (a-3)
1 5-s
s1=6, ¢, =4
% o
= (A=4)
2
56
o 7 "




4. Compute the orthonormalized eigenvectors, ViN, of ATA to form

the matrix VN‘

€A ~ 81 1) Wy 20,0 1=, 2 (A-5)
For s = 6:
5 6
= V1 =0 (A-6)
155 0
-1 1] [x
=0 (A-7)
1 -1]\x2
Thus: Vi _ 8 1 and Viy _ 1 i (A-8)
7 s
1 1
Similarly, for s2 = 4:

1 B
Lo B2 and V2 i 1 _
(o (—1) : = (—1) e

Hence, from equations (A-8) and (A-9), we have:

Vy 1 v

.y (A-10)
Zl1 4

Coize
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5. Compute the p orthonormalized eigenvectors, Uiy, based on the

p largest eigenvalues of AAT to form the matrix U.

[
=
-
N
(=}
N
N
N

(A-11)
P DI B O N B U
0o 2 2.0 .08 4
The eigenvalues of AAT can be found to be:
s] = 6 (A-IZ)
s2 = 4
83 = 0
The two orthonormalized eigenvectors based on the largest two
eigenvalues given in equation (A-12) can now be determined.
For sy = 6, (A-13)
1
Ul=%1 and Uy = 1
1 3 1
For sy = 4,
0 0 (A-14)
Uz = s% 1 and UZN = 1
1 Y2 \-1
Hence,
B! 0] (A-15)
B
uy =|1 1
Vel vl
1 o
4




A+ Qe

o TS0

6. The matrix, A, can be represented as,

A=UyIvVy

This can be checked by inserting equations

(A-15), (A-4), and (A-10) into (A-16) to get:

.
0 % o0 R
1 ¢ 2 3 =1
2
1
3
| R ; R |
TRREE G
; SR, |
SR |
2 0 Q.E.D.
2 2
59

(A~16)

(A-16)
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7. The pseudoinverse of A is given as:

-1 T
A+ Vy Z UN
Hence:
1 1 1 0 1 1 ak
1 S S
A+=” i | -1 0 - 7 -1
2 7z Z
2 5 -1
A¥ =11
12 3 -1 5

It can be easily shown that equation (A-18) will

satisfy the conditions for the pseudoinverse one of

which is:

AA'A = A

(A-17)

(A-18)

(A-19)
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HOLOCURVE LISTING

AR 1 TN N A T NI 41 i T BT Y £




uail

21¢7cer

96000
aegooe
0)e00°"
aegoon

eeglro
sfeate
neeocn
gez2cce
020
neenco
grecee
9¢cn"0
Jerong

Jndu1’
n6T 00

22/£27¢

WPSNY (T274%¢Q)31m
Tad (J4H2 °D3I° VMSHNY)III
T=U (340M2 °*D3°* MMONVIIT
(2V) LYKWM0S 20~
MMSNY (£0%¢/)rysy
(e===*:d NC 42 3¢ALl &SITNIS WY3IB (J4) 3I3IVI-33YJe’XC 1T
/30 (4)) TINJ=C3WYID MO C3S¥P 28 LNCLIND “IM Y /) LYWNNY €0y
[CLELTCRE NS e )
(V) LUWNNY €04
(M) 300HY (<% ¢7)0u2>
(e===2(HB) ZSWUYN 30CW JH! ST LYHM“XC/)LVHIC I #0&
(n0+=¢8)ILIVM
(27« ¥38HAN 13S wiVQe*X3T) LVHEINS £O9
T (02+¢8)3LTNM
T+3=9
3NMIINOS £0~
(S§°0T4) LyWdnd 20+
0="
9veM3N 1)
(I)1FaNIL W2
(/7«C3LV7IONTI €V ATIYITYIRVHI IV *XET
Ze ¥N INTOd ONILVNAIY NI SAOIISIFD 1TV N3MSNVLX6//7/) LYWUCE TO0%
(TC~“8)3LINM
(//e<c<c ACQT ) AUK £2 NOTS¥3A = 3AUNIOINH HUWNI0YL >>>>8XE T
$777777) LUHE0S 284¢€
( 28%~¢8)31T>p

D34 1D

AJY¥NO2r 2T=7°T 01 SUIMWISNOC 300K MNY SIIINICLIVYS 3INAKOND
€ ONTMZY
(0E)LLINT 77D

(B7Xe3INTEVIDE= (A/Ae3)S004 °2/(8/Aed=)dX3a(V13€+°T)¢ T
2/ (8/Aed)dX3e(V12€="T) =(VIIERCICAINL
WY38 23V4-33¥4 NC4 IJVHS 200K

(W/X ed)NTSQYHAT™S (V/Xed)S0%= *2/(Y/Xed-)dX3e(VEdIV+ TI+ T
2/ (¥ /Xed)dXT e (VHTY="T) AR LR AR ARRS S1% §
hv38 33¥5-03XT4 ¥CJ 54VHS 300

/7 AAM HG® XXM KCE(ACYIMHI/(ST=TI¢(I)INdO) Viwr

(2) 1N40 NOTSN3LTQ
300kx T

986D 02IVITILICIRAITE( “OINRYE(D2) A (N2IXI/ZV/IOHKND
(I ]

Dd D¢ 39ILNT

((TINOLSAC(THVY) IINWAIFL S

fGeyys  /NOWWND

(T¢02)8€°(02¢32) VY KOTSNIWIN

(02)500WY MOISNIRIC

(*O)ME (~C) A (=) X MOTONZLTIC

(CREEIUFISAC(EMVINOAC ("S)IVLYOX AT N3W'A

(2%)NLVQA NOISNIKTC

(006)33INYN® NOTINTRTC

(C2)YHIACL02) VHIXZ N THL 210K D
(HIER T =2T3e¢v ]l CROMNICINDLN0 =834 LS INeNI= 2 3d:

CAMTHA=0Tcb 1 v =C2dW L LPENT OININO ¢ INTRA4 DI ™0) IS WI¥ICH e

LTh4Gos P 1=140 P AL ] AS L KYNSORL

©

(S N3}

(RS ]

cs

s

L1

02

ot




FHLIT=YH'N
. WNLY (22%¢r)Cy3m
(e===2(02 0 XVF) INANI 30 IIIM SINTyAarey
7+ (DNYLISTC SIXT YN ININ/NCTINI0T LINZWIIS) ANVR MOHeY</) LYHENI 92
(269249131 (13
2=XHLT
0ES 0L 09 (“uT °£3° SNY)dT
SNY (130¢7)ny3>
(e===00N N0 SIA = IF-NT ofxc/y
438 NOTLEDOY CUCHS *SA STXY TW¥IFIN HO¥J IINVLICIC TTIMLXS/)LVRR" S 209€ €0t
fe===dAN %0 S24 = IfdNT #%¥S/1
+38 NOILVI0T NYAS €A SIXY IW¥LIFZN WO¥S JINYISTO TTIMaXE/) LYWXDZ T09Q
10 (20994@) Z1IMM ( T *D3° d)3T
; ﬂw (T009%@1=1T¥M ¢ T °*D3° D)4
T=NH:T eos
(THET=CE (FIMS (FIA) (o°2)0W3X (T °*D3° d)dT
\ (PLET=CE(FINSCFIX) (L€ 0"3Y (T °P3° 4T
AN AR (az7190,5%€/2
; /¢°SYHHON JE CI!5¥eSS INTYA HOVI HITM L¥4vnd CIITd 23V4a°Xe T
7+°V1Y0 3INTVA IENTNIG OTLVIOT O20HD 40 S¥IVe IFcNI«‘¥e/)LVWACI £T- <6
(E£T%49)3LT¥M (T °D3* d)d
fezVi¥0adX5/2
/+°SYHHON € CILYNYAZS 3INIVA HOVI HIIM LVKWX0J4 CIIId 13M4.6xC 1
74°WLV0 INM-A IONIVIONCTIYINT KWdS 40 S¥INc INdNT«*X%/)1Yy9dCs 2T4
(2Tn4Q)3ATHM (T *03I° T)dT t6
(T¥) LYW204 1aa
1A (169¢2)nv3y
(a=== *u0. 20 T
wdw AL $1NdNT 3F SINTUA INDKIVIESTQ PO IONTUI TITMe*¥C/) twidng gf
(neég)IDH (1]
9reM3N D

NYcSX=(r)x (3 °*D3* d)iy 1I%
O¥OHNA= (YA (T °*D3° BIAT
DHeI=F TT% CC (1]
NYSSX (204¢2)0V=N (Y °B3I° 413X
C¥CHIA (20+¢2)0v3% (T °D?* F)HIY
(a===°NOTLIVIO0T (X)NVIS INVICSNOT INeNI*XC/)LUNNCY 0T9
(e===*NOTIV~NT (A)CUCHD INVISNOC INENT#*¥G/)LVHICY FO%
(0T%¢e)31T¥M (T °D3° d)dT €L
(60%°RILT¥M (T °D3I° MY
Hi€v=1w (T °D3° D)3y
H197v="¢ (T *C3° d )37
H19Y (2049 ¢ 21)Qy™
(e===HISNIT «SVs INCINTL*XC/)LUNNNY €204 0L
93¢ (§22+¢q)31N M
NVdSHS =035 (T °0UY* D )JI
Q¥CHOHG =97¢
S44v=t i
94y (29%°2)0v2 €9
(e==="S2FIYA I9FTLY 20 (°¢d*J) YIBUNAN INANT @ YC/) LYNM" Y 0%
(ec=¢gra1myp
SK¥31=D (T °*D2A°* d)4]
Sk¥31l=g (¥ °*C3* BIJIT
SWN3 | =hc 9
SWN3L(29%¢ )oY
(e===0N3CN I V=T SPvI [ SIINIS VVIE «2Ve ANYH MOHe®Y /) tyWM 24 129~ 1

2 cvd Precesey  Ll/geVE” sTheGe NI T=140C w792 ISL WYNOOYe




Pl e

LA CR
(9IXL4OTNX 4OwIIT INTAWON 1IV2
(TYI)EE =(TINe ¥ #&T
nzeQro Dd*1=1 &41 rC
(NETOPIVeNpe 02 €02¢n26T¢D4¢DRépréyy)INTYNSIT 1D
tI)F =(T4T)Fe o
DWéT=1 »1 CC

L 2YNS T, CUIATCS DI SNIYNDS 1S¥IT FYINTT IHL ONISN 2
nrearo <} |
nezren (DWIM = (D)E«(TCDHIA U0 (THIM = (d)Te(e'PUIX 9 :
agranp 2
nzzo00 ENOTLWND? XT¥1%h THI NI *4300 ENTLHSIZV TV0OH THL V04 ZA70S 9 097
INNTINDD €T
INNTLINCD 5T
(IE/(T)Ae*2="T) o (*€) INTS= (XTIT¥ 2ET
§€T 01 PO
*T=OI‘T)Ivy IET (13
PST 01 09
COIVIIETL (MDA (IIAIMA= (X4 TI™Y 0ET
— oy ¥E(2£TIFT) 01 09
- 0ST 01 09 (2 *!9° )47
; A DET=X 9ET 0C 249 st
£T 01 C°
3

COHIINWE(MIXIATIIRX=(rETITY LT
dé1=r l£1 rC a1
249 0! 09 (T °D3° d)d47
DWéT=I £T OC
0%Q100° DA **€26T=T € IT)M HOWI O D 62¢T=) €de**¢2¢T=r ‘(rCT)IHA4 TINGWOD
0£9090

33%)
64

(DR M) LXANOD TIVD  (4MT °D3* 1AD )3T ot
3NNIINGD 0T0°
(DIFINTL IT 2
(9°2de= SSIAINYOTHISXEOH® 240z *007T *93Se X527 =T.XS)LYWNOL 62
(IINKIA SCIINKIX® T (E2°R)2LT¥M (2 °D3° NHIINAT €2
AHINCT=T B2 rO (134
(/+SIFIYA SSIMNATHL = NOIIVO0T INZWOICLEXO0T//) LYWdnd 22
(22°9)31I8M (2 °D°° ¥HIT)I4T
(29Gdezdad X0 40x20ne 4oz hfXebyaé2T =T, 4XG) LYWIDS €T
(IIMC(™I A4 (IIXST(ST )T TiM €€
DWé1=I G¢T.0C (131
(/71T %2176z (T4d) N0 S3IFIYA ZENIND 00W o4 9VEYC/) LYUNCY T
DA (N 30CUHY (cTéar31I~p
VIvC LNO ININA 3
0TCe C1 09 ( ONHE °*D3I°* ¥MSNV)IAT
(EY) LVWNC S E50© €2t
MPONY (EJ06€2)GnY
Ca *°08 (0t ¥ STA) ¥IVC IFCNT 33S 01 HEIM NCA 0Q«“XT) 1WRNC J ECNE
% (802640) 1 I¥M
a%4M3IN T2
INNILINCS ORQ 23

(]

(OHINST=C S (MINHIA R dHLX) (¢ 2) 093N
(+=Y1Y0eX5/7e°*S3N YA (3ONYT LT
CIN €TYw WELIN ENATIEICT INIREIC) N S2TVD #4216 IPANTWX:/) LYWXNY £99
YHIN (£¢nf@)3iIvm (34

£ 3ovd VrCeey  Jl/se/eT +Tee6°% NId =140 Serand IS WMNO0RG




T=WNN
24%="1 9ICk CO
sesesiesvsesansseslNdIr0 INCLYA¥ND QNY INIU2 P GSTN L
9t eM3N 12 €22

“©

INNTIINNN €T
2AM =(I¢£)¥0ISA €T°D3° d)dY
XM ={T¢2)NCI1SA ¢T1°D3° DIIY

) OM=(T¢T)B01A 022
w . . OX=(T)VIVCX (T °*D3I° My4T
{ A ; 0A =(I)V!vCX (T *t3° 4 )41

(HHINCNHITC2AM2XPORCOXIA¥ND 1w
(CMECANX)ASTOM D st2

NYASX=0X (T°L3° d)4I

0¥0F2A=CA (T °D3° D)J]

ONTV4OX =C¥ (1°D3° )41

ONIY40A =01 (1°u3® drdy
S1dI¢1=1 6T OC T2

S14=14T 1106

INIV- =04
(*T=S1d)/79=IN"Y
3NNIINC™ €006 €02
2
1176 01 09
INIY= =CX
(*1=S1d)/ ¥ =2N"y
6006 01 09 (T °D3I* d)dI co02
~
(G°CT4) LYWXCY €I0F
S1ld (80C06¢2)0VTYy
(ae==l (C& 40 XVR) INYM 70A OC SINIDc VIVD ANWA MNHa‘ve2
/€¥e 3C0W ¥C4 NI1107d ONY C3ILSIT 38 MON T7TM NOILISOd»*X</1 6T
«40 NOTIONAS v ST INALVANND CAY LIN3W3IVIESIOaXC/) LYK L0NE
() Z00WY (L076¢@)I3LIT>M
9vdM3N 1D
A ONY X 30 S3ITVA N3AIS MNOd4 (A‘X)M INGWCD 9
3NNTINCD SONE (1} 4
(I)ICANTL 72
(/7018 = (TET)V NO (d)V = (TEdIVU INIHMWXE//) LYWNLY €Q0F
(SD"6¢9)31I™p
(€°2T3dT o= (e%21IXTC21e) VaXQ/) LYKIM S +00F
(ONI) NWYENér (S00€€e)3LT¥® 200F €1
(T=F)ePaX =CMT
DéT=x 2006 CC
déT=r 2706 CC
£0C6 Of 09 ( NANHE *DI* YMINVIST
(VW) LYWNC 4 T00F et
MMSNY (TCOE¢ )Ny
(a===¢fN M0 S3IA = SIT¥IT WV E +42wéve?
/e IHL 04 SINIIZTIIICD CNTIHOTZM TVOCKH 33S C! HSIM NCA 0DeX%/T
$274213C YIYC  *300% «'FWe ¥CA C21374RCI NOTLYINARNNR®YC/) LYKNGA FNDE
LY3EC N ZONRY (000RQ)3LITN N €L
434H2=WY38 (1°0°d)2T
40H2=HYE
9raM3IN 1A

65

L/ sevd 2T1ccerer /82760 LT8aG'E N ). 1=140 w1y €1 WYNEOVE




03
£0% 01 09
d01S (NHT °T3°* SNV)JIT
(TV) LYWNNY 225 ce2
SNY  (225%2)0w2™
(a===3 (OM MNP S3A) Q2ZATVEIY Z€ €1 VIVC 3YOW 3IIHL STeX<S//)LVHRNY €24
(92-¢g)3LT ¢
T=Ud ¢ 1= ¢ I=d
3NNTIINND RTIC0E €l2
9vdMIN TN

s e T IS A _ (D ‘A “hAMCYIVOASYVIVOX S1dI)LVALYd 17YD

; %
A e { _.Vkru 974M3N T1IV2 % 022
NGVUJ didad ..m- (IVIRANTL Y9
3NAHIINCT %707
(7« °IN3NOGHCD 2NNX3INd +2T¢xc 2
/7+9NOY!S v ONTLYOTOMT W¥3L S3T¥3IS L1S39¥Y7 IX3IN IHL %5 T
74STHTL +47°0T3dT »ST (2%27a)Y ‘w231 “IIM3S 40« 6XC//7) LvUNCL 20DT €92
AYIITIOVNX Y TIIT (L07T4Q)ILIVM €00T
4“cCT 0L 09
(/7«° INBNOGWrD INNX3ITVz «*27%xc 2
/«ONOX!1S Y ONI!VOINNT 'W¥3IL SITEIS 153wy LXIN IHL %X T
7eSIHT] +4T°CTAT ST (921408 “w¥3L SII¥3IS 34 éXS//7)LUWN0S CTO0T £92
(/+°NNT1IAYY HITF 03MZIA 2€ 1SAW S3NTVA 2NNLTANND < XS 2
Ze WML CITNIC 1S39%YT IX3IM IH] SIWTL «“C°0TIAT #STeXS/ 1
«$(2)R FINZIOAUOC CIT¥IC KYIE dd TYNITLIRION  WXE//)LYNICI £00T
(/+°FNTINYD HITHM N3MIIA 7€ LSAN S3NTWA NNLYAENTLOXE 2
/+°HMT] CITI¥TC 1C39¥YT IX3IN 3H) SINTL «“C°0TIAT «STeXS/ T €62
«(T)R € ININOKC” SZT>3C KYZP 44 TUNOTILEISNWNLAXG//) LYW 2 29707
9YIAT CSrUX9YTAT (OTOTER)ILI¥F (2 °19° 9vI4T)H4T
OYRX (£00T€8)ILT2M (2 °DI* 9vI4I)4I
OYWX (200T¢R)ILTEM (T °D3° 9yY14THdT T00T
+207 01 ¢S fs2
TCCT 0L 02 (°T °T3° 9IMI °*ONY*® T °D3° d)4I
SrrT 0L 0S  (°T *T3° 9T¥1 °*ANy* T °D3° D)IJITY
(CoNTAXF 40 €G°2TIAT X24£°93¢%24E°04¢d0xC) LYW 0d LT76
(SIATCT=T¢(TINLYCAC(IIVLVAA (TIVLIVOX“0X) (LTCFOR)ILIYM(T*DI*dIST
(SLATET=TE(TH)r LYCACITIVIYPACOAS(TIVIVOX) (LTOF B) SLINWMIT DIN)AT €ne

~w

«©

(SIdICNLIYCASYIVAA) WNONT YD
(T'WNN)IAOLISA=(TIVIV"A STOF
StdI‘T=T 9166 CC
(/8% CIZITYRNONQ Y ECUOXQE A0 X eXa®XR/) LYWNNS €T0R on2
(KNN) [NGO® (HNN) IN4N (GTOESR) LT .
[/+(NI®>1S 01 INZTWAIND3 ST 3INPLIVANND) «X /) LWRM"Y 27)¢€
(220€%0)31TIXM (2 °*T3° MHIT °*CAv* 2 *C3° "MN)21
[/+(SS=NXOTHL LINA NO C3ISYE INCIVANND) &XGS/) LVWMCA TZ20¢€
(T2°0€8e)3LT2M (T °D3° YHIT °CNw°® 2 *P3* )47 g2
(7/76%« 00K NO4 INFLYAYNDEYO/) LVHM0L T6ny
(M ZCCKY (TS02°€)ZLIMM €2 *r3°* T N4T
(//7¢%s 2COK 204 1P 3I7YAdSTIN “YMYONX"/) L¥H2Nd (32
(7)20CKY (0GC24C)IZLITHM (T *n3* )4y
£=hAN (T °*D3° 4 °CNY® 2°C3° NI ee2
2=KNE (T °DI* N *ony® 2°nh3c AM)ar

L 39vd evrercey 1l/€2/%7 b o8 Z Al ¥1=1-C S erae ASL RY¥90RC




e

o i v

q0vd

‘mﬁ.“ it |
PR W
1% | —h
A o
21eceey

otR2Ne
gngace

089200
022200
2@3209
05200
047270
rgg2nn
QM)H.)S
0€%2r0
pre2e00

e2npe
ne5200
0+c209
ngezce
p2e200
p1s2n¢c
05200

2L/837¢0

S

ChN3
NN 13¥
3ANILINNT (T
THd« (N)NAY4GM =01 €T
(M€/Aa°2=°T)«(°E) LMD =THCE CET

c€fT 0L N9
*T=IHd T£T
°fT 01 GO
(N YIS (W) A4S A= Ivd CfT

NO(2€TETIET) 0L 09
0T fL 09 (2 °19° )41
Dé1=X3 9ET CC 2%°
0t €1 09
IHde( © IMRY+OM=CM ST
((FIHGIVE IS (rIXA S X UX= IHG
441=r /ST COC
2%9 01 09 (T °*©03° d)4I
*0=(M

(F/Aed)NISeV | 3€= (F/Aha4)S00¢ °2/(0/A0d=)cdXIa(N130+4°T)4+ T
22/ (R /Ae ) dXIalVIE="T) =(v13I8r 4N

(V/X ad)NISoPHA MG (¥/Xed4)SCO= 2/ (¥/Xed=)cXT e (VF4TW+°Ts T
270 /X ad)d¥3 0 (YEAIY=T) (VMY ‘Y “ 38X )X

JCOMWX T
906N 02T 13T (02IHAIVE ( “O)NKWYE (I2) A4 (02) XI/7V/7HOWKOD
Dd¢d‘t NI931* ]

S(ASY)M 204 MOTISSIMAX? SITHIS WL NO rRCxrP
(ASX) IMINA LY INM3WIOWIESIC “YWREON NH! SILALWN"  4RTOM Menrc
( OMA“X)ASIQM “tT1N0ONErS
ST84G00 M) =140 “ 7% 481Ny

<«

(RS}

DWW O

ENTINCR ENS

4%

4

st

cT

67

ey




01400 on3
N¥NLZX D¢
X3«°2/2 =X3 (T °D3° D )41
A3e®2/2 =23 (T °C3° d) 3]
(N3T7¢du3L T
CZOX 26 YHINCNHLACYHIXIGYIUINT VT (2°TIYHIT*QNY° T N3 L) 4]
(R xR AR-T L U, ¢
CZ2OAC26YHINSYHLACOHIN )P IINT MY (2 °*B3° MHLIT °*ONY*® T °*C3° d)d1
06 01 N° (T °*D3I° MHITIIAY
.d"N

INN =~ A3de OINKY+AI=13

e 1

¥ ~h *0= ASd

L ¥ ﬁrw T 98T 0L €9
C me—t.-«\m HMWHJ *0=A3d
i i H .
£T 01 r9
(ONDVLIEEIGE NI A=4R)2A=AZL
NO(2ETAILT) 01 09
0ET 01 09 (2 *19° M)Ay
DéT=X 381 CC
0T 01 09
X3de (FINWY+X3 =X
((PIHAIY I O rIXdx)2X =X3d
dé1=r l£T CG
2%9 01 C9 (T *03°* 4)d1
0te£00 .uu>w
nogsaon *0=x3
pesgce SNIV¥IS 3INdWON
0SS EC0
nesgne ((E/A«dINISAVITES (E/A0d) <00~ °2/(9/Aed=)eXT (P 1I6+°T)s T
gecgnp /(870 ) dX3e(VITE="T))a2ee (F/74)=(V1ICE4 360124
agagng ((A/Aed)SCOW13E= (B/Aad) IS~ *2/(9/As4=)dXTa(V'38+°T)= T
n26ECo 22/ (E/Ae)dX 3 (VIZ0="T) Do (E/7=(VLICFE460)TA
b £ A (E/7A+3d)NISLY15F= (B/Aad)S00¢ °2/7(B/hed=)dXTe(V1304+°T)s T
nrzsCco *2/(8/7Ae3)dX3e (V1C€="T) =(V13E‘Ra9a)rA
GEHENG
neseon ((Y/X 2dINTSe¥Hd V= (V/X#d)SCN4 *2/(V/Xe==)cXAa(VF4 Y+°T)e T
(VLR *2/7 (V/Xa ) dY3e("HETY="T))a2ax (¥ /3) =(YHIIN " 4¢y)2X
pesgro ((Y/Xed)1COT+¥HATVS (V/Xez)NTS+ *2/7(V/Xed=)dXIa(VFATY+°T)= T
peneen 027 (/X oAV X34 (VKA U="T) e (M/4)=(THI"*VE4¢X)TY
geagrn (V/Xad) VTS oUHG "4 (¥ /Xed)SCT= *2/(V/Xad=1d¥FalVFV+°TI4 T
agasne *2/7°(¥/X 24)dX3 e (VHGIV="T) A DCERLALAFES ST
02+€n0
R CE
pragnn IG0RX T
c2en 6D (02)71IEC(E2IHAINE( “O)RRY O (22) A2 (D2) X4/72%/0KRND
nlsf00 GADd ¥3I93INI
:5”016
(9)4W3 ] "NTININTC
(C2INHLAC (22) YK IXZNITHL/ZHOWRND
(FEINSYU TR 6xT 426 )AuNg ZNTLNONENS

A SAAAd B SNV A 1=140 LPYAN] AN INTINCY NS




e

29vd

21°%c°¢1

nes«0p
02540C
ge5 500
pessaae
9#5500
Ll Xl
p2=+nrg
QA\AJ”
gee%ce
R iy
geaspe
LT
fiCH=r5
NCewnn
LEECI ]
LE LR
aZamnr
BAEL TN
LICRIY
aegsc e
fgegscp
ale~0"

negeen
gEgech
€€ %00
s Padall
) Eaiadai
prg~np
NRZare
Je2 ~ng
Ni2&sr?
ae2~nrn
reenn
nedann
ngesecn
022%r0
912~
b4 I A e
0ET="0
fFTH00
b 4 Boacladl

aczn"n
nersnn

LAY RTC

cy3

NNN L=
3NNIINCD €2

CINY)HNIS = (NY)NIS)/((NXIHSOD - (MAH)ISND) =(TIVITE
NX =(T)Ad €€

62 01 C9

INM =N

0f 01 09 (XO¥N¥I °*17° (N¥=-TANN)ISBY )dT
(NN) 4/ (INM)dd = NY =TN¥ €2

. (T)Ad =N}

92 "L 0242 *BR= T Ay

CINU)HNT S+ (NUINTC)/ ( (NHIHSCO4 (MN)ISOT) =(TI)HLTY
NY =(T)yJs e2

22 01 09

INY¥ =NY

£2 01 09 (2WO¥NI * 17 (NY=-TNV)SSY ) I
(M¥) D/ (N¥) 3T = NN =T%v 2

(I)xXd4 =M

02¢1=1 62 CC

2T==°T =yON 2

*2/1de (*£=-IVa"2) =(I)A4 €ERZ
*2/7ce (*T=IVe"2) =(T)X4
1=1v
GA26¢THI F =T
02¢2=7 662 GC
/764QTCT 0T R )0QGEE NPT €an02RCC®y SarHL0E2° /(Ofe=T¢(T)Ad) VIVC
S3IONINN3NG W*3E I32d-23>4
/ €€2022°)T $49QT.ET°~T €20+7¢65°0T T
$e)cpecr ) STIEN4EC S “TH0TGL0°T /(2°T=T¢(T)1X4) vIivO
SIITN3AD> 4 WYSE IIWI-C3XT4

(X)d44 =(X)<"

*T 4 (X)FSNIetX)SAN = (X)7N

(X)HNISA(X)SO0C + (XIHSOMw (XINIC= =(X)i4

T = (X)HSOJe(X)CP" =(X)44

SAATIVAIMIO ¥IIHL OAY *<0F JITISTITLAN¥VYHN

*2/7((X=)d¥X3=(¥)dX3) =(X)HKTCT

*2/U(X=)AX+(X)dX35) = (X)HSCD

SNOTLONMNA HMTS QAY HSNA 3MT 430

INowx 1

RN g (NI LN (NI KA QI NRYE(02) A4 (N2 ) XA/ 7V I0WKRND
UI¥4 INTINNNAanS

“ThsCo N 1=14C %1/ (EEF

©

AINIINCYERS

4]

sf

g

€2

cT




ove

1AM oI AW
‘,«&._.ﬂ”“m
WWUY iUV vt Jud

cn2

N¥EA LI

(0NZ°0)LLINTIS %2

(I)LRGNTL %D

(AAMICST)I3EYIA 1IvD (£ °T=° WNAN)IT
(XXMISETITIOYIA 1YY (2 °*F3° WAN)AT
(FTEHT)HIVIOYIA TT¥D (T *T=° JNN)IST
(6£2¢84)STYAON 170

(XT46)138% TIv) (T °*D3°* D)I4T
(AT ¢€)I3€YIF 92 (T °*Db3° d)dl
(2£N3IG)SEYANKW 1TYD
(VLVOASMI™IX)ASdSN 17D
(1) FHAS XD
(YLVCASY1uaX)>23INY 12
(S1dI)<idh 2

L11INTE 1~
(0€) 1 1INI 2

/1486062006262 ¢4,0400828800/87 ylvr
/1460 8¢cqlpgigednnigpica/xT wiv(C

JECE2FbcEtectgalontogbgré Qe iResrR b L8 /7AANT VI C
/60¢2¢écpdngigalenioc gt qlzetootan §2a/xxMT v IvC

VALRAPRCARP LI LAV ARG LA VAL LAad 4 A DAL LAS P LY4 LA AL¢
AERELEFUS

(SICATIVIVAAS (T1AT)YLVOX HOTSNIAUIC
(B)ATE(EIXTEASTIAAMTO(ETIXXNMTE (ST MT NOTSNIKTC

(LEASHMNST IVOASY LUNX SR 1I4T) LN 1d NI INCNEr ©

CA aalaibel o S AT dodA s eYee T N4 T1=14C el ) fodt' ) 1

(8]

(8]

INTINCVERS

eg

62

24




3°vd

2vececer

09T "nQ
nztng
ooTngr
geracn
nezarn
oggrnn
G2ZT000
021000
otTane
3rTCNO
N€0000
nen~ng
LFLEY
pongne
neagee
gs2nnrg
ngrnre
g2ynnn
graane
ntgara

11/837¢”

71

on3 02
NANLZY
*0=(I)M (°7 °*D2* (IYMHYJI T
(Id+°%) 7 (N)IDSICLUYIXNIS=(II M
*T==NET (°*1 *17° (T)M)JIT
*T=N"S €T
TY 01 N9 (9 °*DI* M)
(CCI) M) SEYIXTAT=N
NeT=] TT OO
BFEC*2/9<3°0282=2RYTX
(DTwed/°G7E/°267-20Q980+ 2 (124
Faad/®COT/°H)*HGE2T = Q44d/°G1/°QATT4T+ T
*o0d/°8/°2C =240d/°24°T)ede52® =(1)O0S3E (T
VeTd=d
*T=(I) {¥0V4e =Y
6F*2=1 rT OC €
G2E " T8T L =T¢
CGG2QH 0% *2=(T)0S7E
(KE)CSISEANIM MOTSNIWIC
(NEM) INANDD ZNTINONENS 1

eTasaes p)s T=140 s 's4y 1>AP02 INTLINCHE NS




cr3

HANLSY

ST=9IN1 (°0T °19° 9ywX)dI
°0=91*L

2918/T91€ =9WX

3NNTINCD 1T
C(29VTVIIINKHY)SEY =29T€
I=29vy~41 27T
TT 01 09
2T 0' 09 (2918 °19° ((IINRY)SPY )IT
TT 0L 09 (T9Y4I °*D=°* I )4l
0dé1=T 1T nC
*N=29Ie
W¥31 S3TE3S WYIE 1S39NY NNO"3S CNTJ

INNTLINOS T
((TOYIJIINKY) SEY =T97FE
I=19y731 ¢
0T 0L C2
6 Cl1 N9 (T9I8 *19° ((IINKY)STV )JT
Dd*1=I CT rC

*n=toTg
NHY 1S39%vT FNTY
Ded=Dd
300X T
-2c" 06 N ELE (CIVLIAFCHIPZIHGIVE ( SO) NRY 4 (02) A4 (N2) X4/ 2V 7HOUUO D

DNy Yy MY

*SIATLIVAINIGA "NOOJ=S SNOINHNZ

0L 3CTN SHYATA JIVETUAC MYS C2COK TYNATLIVIAY 90 AFNOTI LY SHWM L

THL SNIEP C€FIINTEC LPIFE JJVA=33320A dEL 40 YN THL NI MY INGERT

ANUIANT (UMY T STH]) CQNTEIC THL MBPEL MICHYT ATBYTOSEdAY 1 N3 20

4T 33S 04 VY MIC HAY2 MLTH SWEXTL SITXIC KVIE 3HL SI>MGWOC P-PNS STHL
(STX1°9YKXETOYTIITINNERNT 3IMT INONENT

“fvd erree ey QL erer i et B e T1=idC “217%2 >raunt

[S RS ]

O VO VO

INIINOYENS

g

o€

<2

02

T

"

72




21 °recey

21/82/%°

sTe0G0% M

GON3
NN LY
STe/Z(I)0A =(TINA TT
S1dI¢1=7 1T OC
viv0 GA 3IZTINRON
((I)GAISEY=9TE  (9IC °L°° ((TICA)SEYILT (T
S1d4I¢T=1 0T rC
*C=27¢

NIYA QA 1729¥Y reTd

(94)NA 4 ey HOTSMITC
(SI4ISNACCA)WXONQ “MTLNOVENS

I=1¢C el { g /

oy S e

WXONP

(RS }

INILINOYENS

cT

73

e Ey—



///7 LSIY 340 ON: /777 MEZVOWr seevensovesn

*0£S024d 3¢ ‘fOr S0 CN3 r3°60°0C°~T

22/£2/7¢€3 310 *n3c o19°cg dd 600041
£9% ¢ 1€C0°60°00°~T
a3°91 SPX5°6C*906°*T
*FCy L*h°2 *TR Le+TEof RJ°60°00°~T
rey 284°% *338 gnec g 0T °*60°00°"T
*fCy GaC6°2 °23as 2rc*3 vda*ec*n0°~1

WNWI XYW SN¥0M  000%2 ¥ 7S°60°C0°*T
(03SN XUA 26¢C% ) SC>OM 26e4gS% SK°60°00°~T
0% 2C ¢ trdIN0 3INI4 - SCMCM £920007C CO°RC°30°-T
*SONOM P0CE200" TN0 =AZ 10°60°30°“T
MIN=NJe 0£3C24<¢ =CT 12°6C°00°~T
cOIniv) IYILINI82°30°4T
*0G=dM T=ADEMINCSEYESOTIVLIVI R 00T
*CONOM €7¢£27°70 T30 =AD ¥d°B0°00°*~1
M3N=Ndg C£002/d =CT Nd°R0°00°%T
CT=AZEMINGTITIZC2 PG 2000 ~T
*SEVECSNN°2%°6G6°ET
*0971CYDT1* 256G FT
*0r2909=911¢1=CCI1°0%°6G°ET
*I¥VdlcYh*an*BG ST
*ddefSEVCISINTINEN6S FT
CISHTCETMILEAVYIE IV E+°BG°F T
TCO = *NN 37241 d4°E9°seE°gT
*0CY=NS T2EnGAX =0T YW T CISUT CHT L IV *E%°66°CT
6RE = NN ITJ2D da°Eh°hE° fT
02180224=0TCETIXINOY "N LETINILOHOV I IV 2466 °FT
TCC = °*0OK IIJAD 4¢*2%°RG LT
00CQCTD"29°66°FT
ST M3d*2%°66°FT
*CSYaNCéT280Gay=nTénnncAHnY | Y 2+°66°L T
JWIL MCILVITcWCD SANNDIAS 4~ €29°¢ *2%°56°¢T
*NIYSCI°9E K5 ET
*t13°21°66°¢fT
T=AT MIN TA02€ P IVCED°GG°ET
EIVK  0FON22d° SN 00 COTNNZTINTENT ‘“hr*60°*56°CT
00 20 ¢ INANT =IT4 = “CNOM 27220900 cI°6C°SG°ET
v/ VONd  MESYCLI *6I° 56 FT

LL/82750 T¥W" 0209 KeT1&7 3Jg/7SrN vsn

74




APPENDIX C

HOLOCURVE EXAMPLE

75




O00H —ONUIOD

0£9022d=01 ‘ T=AJ ‘M3N ‘010H ‘HOUL1Y —ONGRWOD
1£8/91 130d/dIN03
ar QI-da3SnN HIIM
‘SETeS'OT 1Y NI 43000 22/18-909

SOL ‘891198224 ‘NIIOT
NIJOT ISV

‘2r'es’er Il 2271890 31WQ




CULYOIANI SY ATROINIRHI N
30 INIOd INILUOTd NI SNOILSIND TV AIMSNY

<<<< 80BT &2 AWM £2 NOISHIN - ININIOTIOH WRIDOND >>>>




S ——"NOI1YI0T C(AXQNOHD 1NYLSNOD L1NdNI
"&=—="HIINTT1 NS 1NdNI

"2=—="SATIN FIONIAY 40 ( "d d) AIGN 1NANI
'S=——203SN 38 TIIM SWREL S3IIA3S WU38 340 ANUW MOH

d3-——"44 30 4J 3dAl JLSIIAIS W38 (dd) TRIJ-TRIS
A0 (405> TRIF-T3AMUTO NO 03SU8 38 INdIN0 TIM

XTI S=-==4C(HB) N 300N 3HL ST 1uHn
T A3GWNN 13S viwg




79

ON—:(0N 30 S3A - 1NdNI
38 NOILYI0T NUDS SN SIXY TRRAULNSN WONd JONWISIA TIIM

912690 PE P 8- TP 2T-"ETI-"27 6~ T=01b0
"SUMMOD AS QILNRNEIS NN HIYI HLIM LOWN0d 01314 334
"YiY0 3NN IONIAS'NOILVI0T NUDS J0 SAI¥d LNdNI

g "u0u B0 udu 3dAL LINANI 38 SINTN INSWIWGESIA B0 IDNIA4 TN




S3A

8.
80
8-
8.
8¢
So
8.

T

91 =4 000S° 9800 2 =A‘X 2 =1
6 =3 0008’  9090°9 =A‘X 9 =]
@ =i 800S°  0OP6 b =A‘X g =
8- =3 800S° 9000 b =AX b =
21-= 900G’ 9090 € =A‘X £ =
T1-=3 000S° 8000 2 =A‘X 2 =1
G- =3 800" 0008 T =A°X T =I

‘Gm (0‘d) ¥0d4 SANN IONIAY4 300W X34 2

"TECON ¥0 S3A) Wi¥A INGNI 33S 01 HSIM NOA O




DATA SET= 1

IGHTING COEFICIENTS FOR THE

00000

o) o4 o4 o4

ﬁﬁﬁﬁﬁ

= Q)

WHERE AC(P,1)> = A(P)> OR RC(1.,Q)







000000 ' 1 SO-360p6L° 6 00S’ 008 2
018482 SO-388G12°'¢ 00S 00S°'3
1£9196 SO-32900S'S 08S 008 9
0098t SO-316000 £ 0OS 00S 'S
158929 99-3r86C9°2 0SS’ 008 'S
6ev6be SO-3IPehb S~ 0BS I 4
vv998h SB-39299L v~ 08S’ 008 ¢
690869 SO-366vvh 9~ ©08S’ 00s £
620162 GO@-3JCLCSE 24—~ 00S 008 £
899892 SO-3608bb 2~ 0OS 0es 2
29£289 SO-3I21E89 9~ 00S’ 006 2
26102S SO-398P60 'S~ 0OS’ 0S|
s612ee SO-3£2666 S~ 00S’ 000 1
S66p60 - 90-368£0E 6- 00S 0us’

000000 - 02-30£4G1 6~ 00S’ 000 0

CA XM 03ZITWRION CAXM A X

X314 2 300W 304 INIMIWWESIA TARION




X O=NALJIJTOWEWZ =

) ¢

84




008000 - 91-38p6PL 6- 08S’ 0008 2
282660 - 90-3LSBE 'S- 08S° 00S 9
SCSHET - Se-311E1S 1- ©8S’ 000 9
eL6Pll - S0-3819£0 [- 08S° 0es 'S
Sv2iie’ 99-IIBLI0'T 8BS’ 000 S
91GE21 SO-REPIS'T 86S’ 0es ¢
po616S SO-3£L21£9°2 @8S’ 000 ¥
0OPELE S0-300960 £ 00S 00S £
00829t SO-3068LC°E 08S’ 008 £ 4
POPC8E SO-ISUPP'E 00S 00S 2
SebbiE SO-3ECCLE £ 00S’ 008 ¢
228252 S0-362122°'2 068S’ oSt
poreee - 90-300210 £~ ©08S° 008 1
08818y - SO-36vhPE ¥ 00S° 0es’
000000 " 1- GO~-324G10°6- 08S° 000 0
XXM Q3Z2ITWRION XM A X

(SSADIDIHL LINN NO Q3ISHE 3NLUNNND D m

X34 2 300W V04 RANUWNIND




L A2 4 1

A_A A 14

(NSdS)> X

LA A 1

AL 0 4

XXX OIS T-ODXW

p-OTX




87

>
‘99 $@° 11 1Y 1IN0 39001 22/18/99
NIM $T ~ "S3H @ SWIL 133NNOD
929°2 . . S
‘oY 2821 238 122°2 ddd

1N0907 -ONARIOD
IIL NOTLNOIX3 SONOJ3S & wnwn.u._.w

ON——3¢CON ¥0 S3A) 032ATWNY 38 0L YU1Ya NIOW REHL SI




o oncsis - ’ v s o
- LR s D L S AV ek

APPENDIX D

LLSQAR DESCRIPTION

88




AD=AO46 153

UNCLASSIFIED

2

ADADABIS3

AIR FORCE AERO PROPULSION LAB WRIGHT=PATTERSON AFB OHIO F/G 20/11
QUANTITATIVE DISPLACEMENT AND STRAIN DISTRIBUTION OF VIBRATING --ETC(U}
JUL 77 J C MACBAIN

AFAPL=TR=7T7=44 NL

END
DATE
FILMED

IP 7ﬁ




SUBROUTINF LLSNAR (A9HoMoNAINReTAsIHoINGT oWKAREASIER) LLSO0010

{ LLSWOLZ0
C=LLSQAR S ==l JHRARY 3=ccccacca LLSG0030
c LLSQU040
C FUNCTION « LEAST SQUARES SOLUTION OF .OVERDETERMINED LLSQ0050
c SYSTEM OF LINEAR EWUATIOMNS LLS00060
C USAGF = CALL LLSQAR(AsPoMoNAINBIIA9IBeINGT9WKAREA9IER)LLSWO070
C PARAMETERS A = THE COEFFICIENT MATRIX OF THF FQUATION LLSGNVBO
C AX=He WHERE A IS M X NA WITH M GREATER THAN LLSW0090
¢ Ok EQUAL TO NA, INPUT A IS KEPLACED BY LLSuWulo00
C THE PSEUNO-INVESSE OF A LLSuN110
¢ ) = MATRIX OF THE PIGHT HAND SIDE OF THE EQUATIOM LLSW0120
¢ AX=By WHERE R IS M X NB, THF NA X NH LLSwu130
c SOLUTION X OVERWRITES R, LLSG0140
c M = NUMRER OF ROWS IN A AND B, LLSGN150
c NA - NUMBEK OF COLUMNS IN MATRIX a LLSU0160
c NR = MUMHMER OF COLUMNS IN MATRIx H LLS00170
c 1A - ROw DIMENSION OF a IN THE CALLING LLSV0180
c PPOGRAM, LLSW0190
(o 1B = KOw DIMENSION OF 1 In THE CALLING LLSQO0200
c PROGRAM, LLSQO0210
(o IDGT = THE ELEMENTS OF A ARE ASSUMED TO EE COKRRECT LLSu0220
c TO IDGT SIGNIFICANT DIGITS. IDGT IS AN LLSW0230
(o INPUT PaRAMETEKR, LLSOQVZ40
c WKAREA = WOKK AREA OF DIMEMSION GREATER THAN OR EQUAL LLSw0250
c TO NA(Na+4), LLSQ0260
c TEP - ERRNR PARBMETFR LLSQU270
C TERMINAL ERROR = 1248 ¢ N LLSW0280
C N = 1 INDICATES THAT INPUT A IS A ZERO LLSu0290
(o MATRIX, LLSWO0300
C PRECISION - SINGLE LLSuWG 310
C REQD, IMSL. ROUTINFS = LPSNOReLSVALRGUEPTSTevSORT S LLSW0320
C  LANGUAGE = FORTRAN LLSQu330
T cecmceccmccccmcacnaan ceeeecma- e L P cmeemcea=LSG0340

CALL LLSQAR (A,B,M,NA,NB,IA,IB,IDGT,WKAREA,IER)

Purpose

LLSQAR performs the least squares solution of an overdetermined system of linear equations.
Given the M by NA matrix A and the M by NB matrix B, where M is not less than NA, this routine
finds the NA by NB matrix X such that TIXIIE and ||AX-B||; = minimum, where ||-|'! 1s the

Euclidean norm of a matrix. That is,

M NB NA 21/2
|lax-B||; = [12:1 1_21 (El ‘n"u“ij)]

Algorithm

The routine first calculates the pscudo-inverse of the matrix A ., calling IMSL routine LPSDOR.
A+ = V(S+)UT. (See the documentation of LPSDOR.) V is an NA by NA orthogonal matrix, S+

is an NA by NA diagonal matrix and UT is an NA by M matrix with orthogonal rows. The solution
of the equations is computed by V(s+)UTB.
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Programming Notes
1. In the calling program, both A and B are two-dimensional arrays. The value of the first

dimension of A is IA(IA not less than M), and the value of the first dimension of B {is
IB(IB not less than M).

2. The work area, WKAREA, must be a one-dimensional array of length at least NA(NA+4).
3. The input matrix A is replaced by the pseudo-inverse of A.
4. The NA by NB solution X overwrites input matrix B.

Accuracy

The elements of A are assumed to be correct to IDGT significant digits. The routine computes
the pseudo-inverse of A = USVT; A differs from A in the Euclidean norm by less than d= }%Na *

(max a,, ) * IO-IDGT, <nd of all matrices which differ from A by less than d in the Euclidean

i

b i)

norm, A has wminimal rank. _
_E.x:\nnlg

DIMENSION A(6,3),B(7,4),WKAREA (60)

Input:

M = 6

NA = 3

NB = 4

IA = 6

1B = - 7

IDGT = 4
- -

33.0 16.0 72.0

-24.0 -10.0 -57.0

& - 80 -4.0 -17.0

33.0 16.0 72.0

-24.0 -10.0 -57.0
- 80 -~-4.0 -17.0
1.0 0.0 0.0 -359.0
0.0 1.0 0.0 281.0
0.0 0.0 1.0 85.0

B = 1.0 0.0 0.0 -359.0
0.0 1.0 0.0 281.0
0.0 0.0 1.0 85.0
L x x

CALL LLSQAR (A,B,M,NA,NB,IA,IB,IDGT,WKAREA,IER)

Qutput:

8.0000 2.5000 25.500 -2.0000

-9.6667 -2.6667 -32.000 1.0000:]
X -
2.6667 .66667 9.0000 -5.0000

Note: x denotes an element which is not used by LLSQAR.
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SUBROUTINE LPSDOR (AsMsNsTAsAINVeIDGToWKAREAIER) LPSD0010
c LPSD0020
C=LPSDOR== ~S== LIBRARY 3=cceccccmccceccccccccecccnccmacnnncaaan( PS00030
¢ LPSD0040
C  FUNCTION - PSEUDO-INVERSE OF A MATRIX, LPSD0050
C  USAGE = CALL LPSDOR (AsMsNsIAsAINV,IDGToWKAREASIER)  LPSD0060
C PARAMETERS A - A GIVEN MATRIX OF SIZE M X N LPSD0070
¢ M = NUMHER OF ROWS IN MATRIX & LPSD0080
c N = NUMRER OF COLUMNS IN MATRIX A LPSD0090
c Ia - ROw DIMENSION OF A AND AINV IN CALLING LPSD0100
c PROGRAM (IA MUST BE GREATER THAN OR EQUAL  LPSDU110
c T0 M), LPSD0120
c AINV - THE TRANSPOSE OF THE PSEUDO-INVERSE OF A LPSV0130
c IS STORED IN THE M X N MATRIX AINV, LPSDO 160
c IDGT = THE ELEMENTS OF A ARE ASSUMED TO HE CORRECT  LPSLOLE"
c TO IDGT DECIMAL PLACES. IDGT IS AN INPUT  LPSD0160
¢ PARAMETEN, LPSLO1TC
c WKAREA = WORK AREA OF DIMENSION AT LEAST EQUAL TO LPSUC180
¢ N(Ne4), LPSDO1SC
c IER - ERROK PARAMETER LPSD0200
c TEKMINAL ERROR = 128 + N LPSD0210
c N = 1 INDICATES THAT A IS THE ZERO MATRIX  LPS00220
¢ : TO I05T ACCURACY(IN NORM), LPSD023
C  PRECISION - SINGLE LPSD024 U
C  REQD. IMSL ROUTINES = VSORTMsLSVALRsUERTST LPSD0250
C  LANGUAGE - FORTRAN LPSD0260
e e I T P21

CALL LPSDOR (A.M,N,IA,AINV,IDGT,WKAREA,IER)

Purpose

LPSDOR calculates the pseudo-inverse of the M by N matrix A with M not less than N.

Algorithm

The routine calculates the singular value decomposition of A ﬁy calling IMSL routine LSVALR.

A-USVT, where U 18 an M by N matrix with orthonormalized columns, S is an N by N diagonal
matrix containing the singular values of A, and V is an N by N orthogonal matrix. The pseudo-

inverse is given by V(S-I)UT.

Programming Notes

1. In the main program, both A and AINV are assumed to be of dimension M by N (IA not less
than M). Thus the transpose of the pseudo-inverse of A 1s stored in AINV. AINV may occupy
the same storage as does A, or completely separate storage.

2. The work area, WKAREA, must be a vector of length at least N(N+4).

3. If A is the zero matrix, a terminal error message is printed, and the zero pseudo-inverse
is not stored in AINV. Instead it will contain U.
Accuracy

The elements of A arc assumed correct to IDGT significant digits. The routine computes the
exact pseudo-inverse, without any roundoff error, to a matrix A which differs by A in the
-IDGT, and which has minimal rank.

Euclidean norm by less than 10
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APPENDIX E

INTERP DESCRIPTION




S ——

Identification:

INTERP Aitken's Kth Degree Polynomial Interpolation of Tabular Data
CDC 6600 FORTRAN Subroutine Subprogram

Purpose:

Given an ascending or descending table X(I) of independent variables
and a corresponding table i(l1) of dependent variables, subroutiue INTEHRP
computes a Kth degree polynomial interpolated value 0 for a given abscissa
X0. If the argument falls outside the range of tabular valucs, extrapolu-
tion is performed.

Control:

DIMENSION x(N), Y(N), TEMP(2(K+1))
CALL INTRWP (X,Y,N,X,X0,YC,TEMP,IER)

where:

X(I) List of values of the independent variable in either
ascending or descending order

Y(I) List of the corresponding values of the dependent variable

N Number of X, Y pairs

K Degree of the interpolating polynomial (K less than N)

X0 Point at which interpolation is requested

YO The computed interpolated value

TEMP A one-dimensional array of 2*(K+1) words of temporary storage
IER = 0 Interpolaticn successfully performed
= ] Extrapolation successfully gerformed
= 2 Either degree of interpolation out of range or two identical
independent variables.
Method:

Repeated bisection of the index (subscript) of the list of values of X
is carried out until the argument is isolated between two consecutive values.
Then Aitken's recursion of linear interpolation is performed using an equal
number of points on either side of XO and, for even degrees, one additional
point nearest XO.

Remarks:

The user is cautioned that increasing the degree of the fitted poly-
nomial does not necessarily increase the "accuracy" of the interpolation.
Indeed, this may introduce spurious oscillations into the interpolated values
since the higher the degree of a polynomial, the more relative maxima and
minima it can have. In particular, Ir the tabulur data involves appreciable
"noise", then use of a tecnnique wnich "smooths" rather than one which "rits"
(as does INTERP) may be more appropriate.

The user is also encouraged to test to see if TER = O ir taere is any
questiorn concerning the Lnijuctess of the independent variables.
storage:

INTERP uses 25&8 vords of storage and no common.
References:

F. B. Hildebrand, Introduction to Numerical Analysis, McGraw-Hill,
New York/Toronto/London, 19%u, pp. 49=50.
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