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FOREWORD

This report covers work carried out at AFAPL’s Turbo Structures
Research Laboratory (TSRL) on the quantitative determination of displace-
ments and bending strains resulting from resonant modal deformation of
plate—like structures such as turbomachinery blading. The objective of
the research effort was to develop a workable technique for efficiently ob-
taining surface bending strain information from the interferometric
fringes produced by time average holographic testing of a vibrating
structure. This type of information relates directly to the structural
integrity of turbomachinery blading.

The work was performed in the Turbine Engine Division of the Air
Force Aero Propulsion Laboratory , Air Force Systems Command , Wright—
Patterson Air Force Base, Ohio, under Project 3066, Task 12, Work Unit 21
and Project 2307, Task S2, Work Unit 01. The effort was conducted by
Dr. James C. MacBain of the Propulsion Branch.

The author is indebted to Mr. Bruce Tavner for his very competent
technical assistance in the laboratory and to Miss Helen Davis for typing
the manuscript .
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SECTION I

INTRODUCTION

Since its discovery by Powell and Stetson in 1965, time average holo-

graphic interferometry has developed into an extremely useful tool for

studying the resonant mode shapes and frequencies of vibrating bodies.

The method has proven to be particularly useful in the turbine engine

industry where the vibration properties of turbomachinery blading must be

known in order to insure that dangerous blade resonances do not coincide

with operating engine speeds. While the mode shape and natural frequency

can be directly determined by time average holographic interferometry,

knowledge of the corresponding strain distribution for each vibration mode

shape is also desirable. Computation of the surface strain has presented

some problems in the past because of the error magnification that results

in using inexact experimental data to compute the second derivative.

Various approaches have been proposed in the literature for attacking this

problem. Waters, Aas, and Erf (Ref. 1) determined the bending strain of

the first bending vibration mode of a turbine blade using a “smooth curve”

approach in order to smooth out errors caused by differentiation. Taylor

and Brandt (Ref. 2) carried out a very good error analysis of strain corn—

putations based on cubic spline functions. Recently, Dandliker, Ineichen,

and Mastner (Ref. 3) reported on an experimental technique for measuring

the interference phase to within .3° at any point on the displacement

fringe pattern; thus, improving the accuracy of the holographic displace-

ment data by two orders of magnitude .

In the vein of the first two references cited , the present study uses

1
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standard time average holographic fringes as the raw data for determining

the bending strain of a plate—like structure, e.g., turbine engine

blading. The holographic fringes are used as the raw data to generate

a mathematically continuous series approximation of a plate—like struc-

ture’s normal displacement where the terms of the series approximation are

clamped—free or free—free Rigenfunctions of a simple beam. Since the

series is continuous, it can be differentiated twice to obtain the

curvature or bending strain resulting from one of the plate’s vibration

mode shapes. The use of beam functions in the series approximation has

the advantage that the plate ’s geometric boundary conditions are identi-

cally satisfied and its natural boundary conditions, satisfying equili—

brium , are approximately satisfied.

What follows is a development of the theory upon which the method

is based , a description of the resulting interactive computer program ,

,and some examples of its application to some plate vibration modes. The

results are compared with bending strain values obtained using finite

element analysis.

2
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SECTION II

SUMMARY OF RESULTS

A technique for  comput ing the bending s train resul t ing  from the

resonant modal deformation of vibrating plate—like structures is de-

scribed . Interferometric fringes obtained by time average holography

are used as the basis for generating a mathematically continuous series

approximation of a plate—like structure ’s normal displacement. The

terms of the series consist of the clamped—free or free—free eigen—

functions of a simple beam. The bending strain is then obtained by

computing the second derivative of the displacement series.

The coefficients of the displacement series terms are computed for

a given segment (length or width) of a cantilevered plate—like structure

based upon the holographic fringe values lying along the same plate

segment. A linear least squares solution routine is used to solve

for p series coefficients , called modal weighting coefficients , in terms

of k normal displacement values obtained from k holographic fringe values

where k>p . A “best fit” solution is thus obtained for the plate dis-

placement. This least squares approach in conjunction with the f a c t

the beam series functions exactly satisfy the plate’s geometric boundary

conditions and approximately satisfy the plate ’s natural boundary cond i-

tions, results in a displacement series that yields quite accurate dis—

placement and bending strain values.

The technique described above has been programmed for use on a

Tektronix 4010 interactive computer terminal . To use the program , called

3
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HOLOCURV E , the user spec i f ies  the pa r t i cu l a r  chordwlse (free—free

boundary condi t ions)  or spanwise (c lamped—free boundary  condi t ions)

plate segment to be studied , the number of terms to be used in the series

approximation , and the holographic f r i n g e  values along the p late segment .

A listing and plot of the plate ’s normal displacement and bending strain

is generated by HOLOCURVE.

The accuracy and effectiveness of the technique used by HOLOCURVE

is checked by determining the displacement and bending strain at selected

segment locat ions fo r  three d i f f e r e n t  modes of v ib ra t iui i  of a can t i l eve red

pla te .  The r e s u l t s  are compared to those of an eigenvalue anal ysis  carried

out on a f i n i t e  element model of the p late using the  f i n i t e  element corn—

puter  program , NAST RAN . The HOLOCURVE results are in excellent agreement

wi th the f ini te elemen t anal ysis excep t for  cases where the bend ing stra in

is essentially zero as in the case of chordwise segment for a torsional

mode shape . In cases such as this , HOLOCURVE issues a warning message to

the user.

‘I 4
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SECTION III

THEORETICAL DEV ELOPMENT

3.1 Series Approximation of the Plate Deformatio”

In the spirit of Rayleigh’s method (Ref. 4), introduced one hundred

years ago in his treatise, “The Theory of Sound”, one can approximate the

normal deformation of a freely vibrating rectangular plate by the natural

mode shapes of beams whose boundary conditions are similar to those of a

plate along its respective edges. Thus, for a cantilevered plate

(FIgure 3.1), having one edge fixed and three edges free, one can model the

plate’s modal deformation in the clamped—free direction (parallel to the

x axis in Figure 3.1) by a similar clamped—free beam mode shape. Similarly ,

the plate’s modal deformation in its free—free direction (parallel to the

y axis in Figure 3.1) can be modeled by suitably chosen natural mode shapes

of a f ree—free  beam . The boundary conditions of the p late and the corres-

ponding clamped—free and f ree—free  beam s are similar in the sense that  the

geometric boundary conditions (deflections , rotat ion , and slope) are exactl y

satisfied while the natural  boundary conditions (equi l ibr ium condit ions) are

only approximately sa t isf ied (Ref .  5) .  The ramif ica t ions  of onl y approxi-

mately satisf y ing the natural  boundary conditiors will be discussed la te r .

Refer r ing  to Figure 3.1 , let the p late ’s normal def lec t ion  wi th  respect

to the spanwise direct ion , x , (clamped-free boundary condit ions)  be repre-

sented by
p

W~ (x) = • E A j X~ (x) (3 .1)

where I - mode shape number

X j - i—th  natural  mode shape for  a c lamped—free  beam

A j — modal we igh t ing  cec f f i c i e nt  for  mode 1.

5
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For a beam of length, a, clamped at x=O and free at x=a, the natural

mode shapes are given by the expression (Ref. 6):

X1(x) cosh!L~. - cos !.~~ _ a j[sinh!~~ - ~~~~~~ (3 .2 )

for i 1 , 2, 3

where A 1 — elgenvalue for the i— th mode of a clamped—free beam

— constant dependent upon the mode number and boundary

conditions.

O The i—th eigenvalue, A 1, is related to the beam properties by

A j = 1’2.AL
~~
7wj

where p is the beam ’s mass density , A is the cross—sectional area of

the beam, L is the beam length, E is Young ’s Modulus, I is the cross—

sectional moment of inertia and 
~~ 

is the I—th natural frequency of

the beam.

Table 3.1 gives the eigenvalues, A j, and constants, ~j ,  for a clamped—

free beam.

TABLE 3.1

Clamped—Free Beam Constants (Ref .  6)

I X i

1 1.8751 .7340

2 4.6940 1.0184
3 7.8547 .9992

4 10.9955 1.0000

5 14.1371 .9999

6 17.2787 1.0

1>6 (2i—l~~ 1.0
‘2 ’

7
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Referring once more to Figure 3.1, let the plate ’s normal deflec-

tion with respect to the chordwise direction, y, (free—free boundary

conditions) be represented by:

= 

i~l 
B 1Y 1(y) (3.3)

where i — mode shape number

Y~ - i-th natural mode shape for a free-f ree  beam

Bj — modal weighting coefficient for mode i

For a beam of length, b , having free boundary conditions at y=O and y~b,

the natural mode shapes are given by the following expressions (Ref. 6):

Y1 
= 1 (3.4)

= V~~ (1 - .~L) (3.5)

Y1(y) = coshL.Z~ + cosi.t? - 8~[sinh l~! + sin.L~ �’~] 
(3.6)

for I = 3, 4 , 5

where yj  — eigenvalue for the i—th mode shape of a free—free beam

- constant dependent upon the mode number and boundary

conditions.

The eigenvalue , Yj ,  is related to the free—free beam properties

in the same way as A 1 was for a clamped—free beam. Table 3.2 gives

the eigenvalues , yj ,  and constant , B j ,  for a free—free beam .

8
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TABLE 3.2

Free—Free Beam Constant s (Ref. 6)

i 
~i

3 4.7300 .9825

4 7.8532 1.0007

5 10.9956 .9999

6 14.1371 1.0000

N> 7 (2N— 3) ii 1.0
2

Not e that the expressions given by equations (3.4) and (3.5) represent

rigid body modes of the free—free beam. Equation (3.4) is a normalized trans-

lation of the beam in the z direction and equation (3.5) represents a rota-

tion of the free—free beam about its midpoint, the vector of rotation being

parallel to the x axis.

The modal functions given by equation (3.2)  for the clamped—free beam

and by equation s (3.4) — (3.6) for the free—free beam are continuous with

respect to each function ’s spatial variable and, hence, can be differentia-

ted twice. Thus, from equation (3.1), the plate curvature in the x direc-

tion can be represented by

p
W~ 

(x) = 

~ 
A 1X1 (x) , i = 1, 2, 3, . . . p (3 .7 )

where primes denote d i f fe rent ia t ion  with respect to x. The second

derivat ive of the i—th clamped—free mode is given by

X 1” (x) = (_~!) [cosh.~i.~. + cos!t~. - a 1 (sinh ..~A~ + 81fl !Lx
..)] (3.8)

for 1=1 , 2 , 3 ...
9
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Similarly,  the plat e curvature in the y direction can be repre—

• sented by
q

(y) = ~~B1Y1 (y) , i = 1, 2 , 3 , . . . q (3.9)

where the second derivat ive of the I—th free—free mode is given by

Y 1 (y) = 0, for I = 1, 2 (3.10)

Y~~(y) = 
(~~
)2[cosh1J.!. - cos.L~~ - ~j(sinhi~~ - sin i~1)] (3 .11)

for i = 3, 4 , 5, .

Neglecting in—plane stretching, equations (3.7) and (3.9) can be

used to determine the t~anding strains in the plate caused by the out of

plane deformation. For a plate undergoing pure bending, the strains 
0

can be obtained from (Ref. 5):

C x = _zW
~
”(x)  (3.12)

= —zW (y) (3.13)

wher e z Is the perpendicular distance from the plate’s neutral surface

to the point of interest on the plate ’s surface. Note that for a

twisted plate—like structure such as a compressor blade, the distance ,

z, does not necessarily equal half the plate thickness. Using equations

(3.7) and (3.9), equations (3.12) and (3.13) can be written as:

p
= - z Z  A~Xj

( x )  . (3.14)
1=1

= -z t B 1Y 1
” (y) (3.15)

10

- - - - -. -— --

~



- - - 
—;

~~ ~0 0 _O~0 0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~ 
- .—

~~~~~~~~
-•

~~~—-- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 0~~~~~ 

--

Looking at equations (3.14) and (3.15), we see that the normal

strain with respect to x (y held constant, i.e., constant chord

location for a blade) or the normal strain with respect to y (x held

constan t , i.e., constant span location for a blade) can be computed

provided that one can arrive at suitable values for the Aj’s and Bj’s.

What follows is a way of accurately computing the Ai’s and Bk’s for a

specified natural mode of vibration of a plate—like structure by utili-

zing the interference fringes from time average laser holography.

3.2 Determination of the Model Weighting Coefficients, A.1 and Bj

The weighting coefficients, Ai and Bj, that appear in equations (3.1)

and (3.3) for approximating the plate deformation and also in equations

(3.7) and (3.9) for approximat ing the plate curvatur e can be determined

using a least squares technique based on discrete displacement data points

obtained by laser holographic interferometry. For a plate—like structure

vibrating in one of its natural modes of vibration, time average holographic

interferometry can be used to determine the modal deformation of the struc-

ture (Ref. 7). The modal deformation is characterized by a “contour map”

of fringes appearing on the surface of the plate—like structure when the

time average hologram is reconstructed with laser light. A photograph of

one such reconstruction is shown in Figure 3.2 which shows a turbine

blade vibrating in one of its natural modes of vibration. The fringes

on the blade surface are a contour map of the blade ’s displacement normal

to the plane of the hologram . The brightest fringes are nodal lines 
0

(zero displacement) for the particular mode of vibration . As one travels

away from a nodal line, the dark fringes represent increasing values of

11
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the normal displacement and are approximately equal to integer multiples

of one—quarter wavelength of the laser light. The actual value of the

normal displacement of the i—th dark fringe is given by the expression

(Ref.  7):

Wj., A (3.16)
21T(Cos 0-1+ 02)

where A — wavelength of the laser light used to make the hologram

— angle between the displacement vector of the plate and the

line of sight of the observer/camera through the hologram

0 2 — angle between the displacement vector of the plate and the

laser “object” beam illuminating the plate

— i—th root of the zero order Bessel function corresponding

to fringe 1.

If the specimen to be tested is positioned such that its principal plane

of vibration is parallel to the plane of the hologram , and , in addition ,

Is located such that its distance from the hologram is greater than five

times its largest in—plane dimension, the value of 0 1, can be made very

small and Cos O j, 1. Further , if the object beam for illuminating the

test specimen is placed very close to the hologram and the 5 to 1 ratio

(distance of specimen from hologram to maximum specimen dimension) men-

tioned above is in effect , then 02 can also be made very small and

Cos 02 1. With these criteria placed on experimental setup , equation

(3.16) takes the form

= 
A (3.17)

4ii
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Table 3.3 gives the normal displacement for the first twenty interference

fringes based on the above simplifying assumptions and a laser wave-

length for a HeNe laser of A = 6328A 24.914 iiin (Ref. 8).

TABLE 3.3

Normal Displacement Values from Holographic Fringes (Ref. 8)

Fringe Order , i i—th Root of J0 (~
2i) Displacement (pin)

1 2 .405 4 .768
2 5.520 10.94
3 8.634 17.12
4 11.79 23.37
5 14.93 29.60
6 18.07 35.82
6 21.21 42.06
8 24.35 48.29
9 27.49 54.51

10 30.64 60.74
11 33.78 66.97
12 36.92 73.20
13 40.06 79.43
14 43.20 85.66
15 46.34 91.89
16 48.48 . 98.11
17 52.62 104.3 

-

18 55.77 110.6
19 58.91 116.8
20 62.05 123.0

Utilizing equation (3.1), the experimental normal displacements,

Wj ,  at the locations, X3,  j 1, 2, 3, ..k, in the clamped—free direc-

tion can be set equal to the series approximation for the same deforma-

tion given by equation (3.17). In this case, the chord location , y ,

is held constant. Doing so, yields

W~ (x j ) = W
j 

= I. A j X~ (x j ) ,  j  = 1, 2 , . . . k (k~~p) (3.18)

The only unknowns in equation (3.18) are the modal weighting coefficients , Aj.

14
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Since we require that k~p, equation (3.18) represents a set of k non-

homogeneous simultaneous equations in p unknowns, i.e., the modal

weighting coefficients, Ai, I = 1, 2 p. Equation (3.18) can

be represented in terms of matrix notation as

[X] (A) = (W) (3.19)

where [XI — rectangular k x p matrix of the p clamped—free beam

mode functions at the k spanwise locations,

xj ,  j= l ,2 k.

([xl has rank r.~p)

(A) — column vector of the p modal weighting coefficients, A1,

i=l,2. .p.

(W) — column vector of the k normal disp1ac’~ments , W j ,  j l , 2 , . . . k ,

obtained at the locations xj using holographic inter—

ferometry.

For the case of k p, equation (3.19) can be solved for the modal weighting

coef f icients , (A) , using standard mat r ix inversion techniques. But since

we are dealing with data points determined experimentally and the result—

• ing inherent error, it is prudent to choose k>p such that equation (3.19)

represents an overdetermined set of equations. A “best f i t ” approxima-

tion for the p weighting coe f f ic ient s , (A) can then be found based on the

k normal disp lacemen t va lues , (W).  This type of approach was implemented

using a linear least square solution of equation (3.18) as described in

the following.

15
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The k simultaneous linear equations given by equation (3.18) can

be solved for the p modal weighting coefficients , (A), for the case of

k>p by utilizing the concept of the pseudoinverse developed by E. H.

Moore (Ref. 9) and R. Penrose (Ref. 10) independently of each other

under the name “generalized inverse”. At present , the name “pseudo—

inver se” is the  more generally accepted term and will be used in the

following discussion. The application of the pseudoinverse to the

solution of overdetermined systems of linear equations is dealt with

quite lucidly by Golub and Reinsch (Ref. 11).

The rectangular (k x p) matrix , [X ] , appearing in equation (3.19)

can be represented as (Ref. l1)* 
-

[X I  = [U] [
~~

] [v] T (3.20)

where E U ]  — matrix of the p orthonormalized eigenvectors of

[Xl EXI
T based on the p largest eigenvalues of

[XI [XJ
T

[VI — matrix of the p orthonormalized eigenvectors

of EXI
T 

[Xl

[El — Diag (A1, A~, ....) is the diagonal matrix

consisting of the non—negative square roots

T
of the eigenvalues of [XI [XI.

[El is arranged such that X~,
’
~’ A 2 > 

[U] T [U] = [V] T [V) [V] [VI
T 

= I~, (I~ is the 
identity matrix)

* E V I
T 

— Transpose of matrix [V].
1

~ - 
I
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The pseudoinverse of [X], denoted as [X]
+
, is obtained from the ex-

pression

[XJ~ = IV] [E]~~ [U] T (3.21)

where [UI and [VJ are defined as before and

~
__
1 o o o .  .

[ E ] ~~ = 0 -~- O  0 .

[ E]  [E ] 1 
[EJ ~~ [E]  =

equation (3.21) can be used to solve for the modal weigh ting

coefficients in equation (3.19).

Pre—inultiplying by [X]+ yields:

[ X } ~ [XI (A) = [Xf~ (W) (3.22)

[ I p i (A) = [xf~ (w) (3.23)

(A) = [v] [E] ~~ [U] T 
(W) (3.24)

Equation (3.24) gives the p weighting coeff ic ients  based on the k

input displacements and the p clamped—free beam functions evaluated

at the locations xj, j=l ,2,.. .k. The nature of this solution is

indeed fortuitous for the following two reasons (Ref. 12). First ,

if the rank, r, of matrix [X] is r=p , then the weighting coefficient

vector (A) in equation (3.24) is the “best fit ” in the sense that it

is nearest to the actual vector (A) in a least squares sense.

Second , if the rank of matrix [XI is r<p , then there is no exact solution

17



but equation (3.24) still gives the best solution in the sense of

least squares, i.e., [X](A) is as close to (W) as possible. Appen-

dix A gives a simple example of computing the pseudoinverse of a 3x2

matrix.

The computation of the psudoinverse of [Xl in equation (3.19)

and the resulting solution for the modal weighting coefficients,

(A) , was carried out using the computer program LLSQAR that is on

permanent file on the computer system at Wright—Patterson AFB. The

routine is part of the Computer Science Center ’s International

Mathematical Scientific Library package. A brief description on the

actual mechanics of using LLSQAR is given in Appendix D.

With the values of the modal weighting coefficients determined ,

equations (3.1) and (3.7) can be used to determine the displacement

and curvature, respectively, for any location, x, y constant , along the span

of the plate.

In a manner exactly paralleling the preceding development for plate

deformation based on a fixed—free modal series, the modal weighting co-

efficients appearing in equation (3.3) for a free—free beam series can be

determined by using the experimental normal displacements , W j, at each of

k locations, Yj. j=l ,2,3.. .k, in a line across the chord of the plate ,

in the free—free direction. In this case, the span or x location of the

plate will be held constant. Carrying this out , yields the equation

= W
j 

= 

i~ 1 
B 1Y 1(y j ) (3 .25 )

for 1=1 ,2 q and j 1,2 k (k~ q)

18
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• The modal weighting coefficients, Bi, are then computed using the

computer algorithn LLSQAR . Once this has been accomplished, the

displacement and curvature at any point y, x=constant, can be computed

via equations (3.3) and (3.9) . Section IV of this repor t presents a

detailed discussion of the steps involved in applying the method to a

typical plate vibration mode shape.

3.3 Ramifications of Using Simple Beam Eigenfunctions

At the beginning of this section mention was made of the fact

that while the clamped—free and free—free beam functions satisfy the

corr esponding plate geometr ic boundary conditions exactly , the plate’s

natural boundary conditions along its free edges are only approximately

satisfied. The ramifications of this can be seen by looking at the

natural boundary conditions that must be satisfied along the tip of the

cantiliver plate shown in Figure 3.1. Satisfying equilibrium along this

edge requires that the shear forces in the x direction and the moments

about the y axis be zero. Hence, we require that:

Mx 
= D (_~

_ )
~ + ~~ -9.) ! 

= 0 (3.26)

a 3 w
Vxx=a 

= 
~~~~~ 

+ (2 -v ) 
~x ~y2 x=a 

= 0 (3.27)

where D 
= 

Eh 3
2 is the plate flexural st iffness.  Now the clamped—free

12(1—v )

beam function given by equation (3.2) has the property that the first

term in each of equations (3 .2~) and (3.27) is identically equal to zero ,

i.e.,
~~~ ~~

~j 0, x = a  (3.28)
~x ~x 19
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when W(x) is approximated by a series of clamped—free beam functions.

This means that the calculated moment and, hence the strain, L x, at

the plate free edge will have an error that is proportional to

~y -

~

—

~~~

-— and the calculated shear will have an error that is proportional
y

to (2.~v) 63W 
~~ 

There will be a similar error in the value of the chord—
Sx6 y

wise strain, Ly,  at the plate ’s free edges y=o and b. Fortunately, the

magnitude of this inherent error is not appreciable as will be seen in

Section IV.

I

I
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SECTION IV

INTERAC TIVE COMPUTER PROGRAM — HOLOCURVE

The technique developed in Section III for determining the displace-

ment and curvature of a vibrating plate—like structure was programmed for

use on a CDC6600 computer via a Tektronix 4010 interactive computer ter-

minal. By using the Tektronix computer unit , one has the advantage of

interacting with the computer program while it is executing on the

CDC6600 computer. In this way, input data can be deleted or modified ,

decisions as to program direction can be made, and , most importantly, the

results are returned to the user immediately in either tabular or plot

format.

Figure 4.1 shows a flow chart of the computer program called HOLO—

CURVE. A listing of the program is given in Appendix B. The questions

that the user must answer while executing HOLOCURVE are listed below in

order of appearance on the Tektronix 4010 screen along with possible

answers (in brackets) and a brief discussion of each entry.

1. WHAT IS ThE MODE NAME (8H)? — - —

Input any letter/number identifier that takes up eight

spaces or less.

2. WILL OUTPUT BE BASED ON CLAMPED—FREE (CF) OR FREE-FREE (FF)

BEAM SERIES? TYPE CF OR FF. — — — [CF / FF1

Program is henceforth keyed to either a clamped—free

or free—free modal beam series.

21



LOGIN AND ATTACH
HOLOCURV E

CLAMPED-FREE OR FREE-FREE BEAM SERIES ?

INPUT

NUMBER OF CF OR FF BEAM MODES
SPAN OR CHORD LENGTH
CONSTA NT CHORD OR SPAN LOCATION
~ DTRI (

~~ flD f lT C DI I~rCM~~MT ~IAI iic~c I flCI~TT flMI I’~L I~~UL VI~ 1JL~J I Lr ..LI ILI~ I Y T ~LUL~J~ L’J~ .fl I £ %JI~~

NEUTRA L AXIS DISTANCES, LOCATIO N

( COMPUTE MODAL WEIGHT ING COEFFICIENTS ]
OUTPUT 7\ NORMAL DISPLACEMENT VS , POSITION /

CURVATURE / STRAIN VS. POSITION
PLOTS OF ABOVE

Figure 4.1 - Flow Chart for Program HOLOCURVE

22
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3. HOW MANY CF [OR i f ]  BEAM SERIES TERMS WILL BE USED? — — -

[Floating point whole number]

This specifies the value of p in equation (3.1) for a

clamped—free beam or of q in equation (3.3) for a

free—free beam . For the lower mod e shapes (first  and

second bending , f i rs t  and second torsion , lyre or two—

st ripe) , a value of p 5 or Q = 5 gives adequate results.

4. INPUT NUMBER OF FRINGE VALUES. - - -
Specifies number of discrete holographic fringe value

data points that will be used.

5. INPUT SPAN [OR CHORD] LENGTH. — — - [Floating point number]

For the clamped—free case , the actual length of the span

segment is input . This corresponds to the beam length, a,

in equation (3 .2) .  For example , the distance from the root

to the tip of a compressor blade could be entered . For the

free—free case , the length of the chord segment is input.

This corresponds to the beam length , b , in equations (3.5)

and (3.6) . It could , for example , be the distance f r om the

lead ing edge to the trailing edge of a compressor blade .

6. INPUT CONSTANT CHORD (Y) [OR SPAN (X) ] LOCATION . - - -

This establishes the constant y or x location on the plate

or blad e for the case of a clamped—free or free—free beam

series approximation , respectively. (See Figure 3.1)

23
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7. INPUT PAIRS OF SPAN [CHORD] LOCATION, FRINGE VALUE DATA.

FREE FIELD FORMAT WITH EACH VALUE SEPARATED BY COMMAS.

DATA (1, —5., 2, —11., 3., —12., 4.1, —8, 4.94, 0. ,  6., 9.,

7 . ,  16.]

Pairs of span (or chord) location vs. holographic

fringe value are input. Seven such pairs of data are

input in the example shown . Note that  the fringe values

are positive or negative whole numbers. Note , also , ther e

is a nodal point at x = 4.94 where the fringe value is

given as zero. The HOLOCURVE subroutine , CONV RT , converts

the fringe values to normal displacements using the expression

given in equation (3.17).

8. WILL DISTANCE FROM NEUTRAL AXIS VS. SPAN [OR CHORD ] LOCATION

BE INPUT - YES OR N O? - - -

If “YES” , the following two statements must be answered:

HOW MANY (SEGMENT LOCATION/NEUTRAL AXIS DISTANCE) VALUES WILL

BE INPUT (MAX . OF 20) ? - — - [ 5. ]

INPUT 5. PAIRS OF (SEGMENT LOCAT ION , NEUTRAL AXI S

DISTANCE) VALUES.

DATA = [0., .25, 1., .28, 3., .30, 5., .25, 6., .20, 7., .151

In order to compute the bending strain at a point on the plate

or blade , the distance from the neutral  axis must be known

(see , for example , equations (3. 12) and (3. 13)).  In the case

24



. ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

of a f lat plate—like structure having constant thickness,

this distance is merely half of the thickness. In the

case of a twisted or curved plate—like body having

variable thickness, however, the neutral axis distance is

not so - easily computed and is entered in discrete form as

in the above “DATA” entry. When the bending strains are

computed along the span or chord section being analyzed , a

subroutine (INTER?) utilizes a second degree polynomial

interpolation scheme to compute the neutral axis distance

based on the discrete input data. Appendix E. contains

a more complete description of subroutine INTERP.

9. DO YOU WISH TO SEE INPUT DATA (YES OR NO)? - - - -

A listing of fringe values and their location, and, if used ,

neutral axis distance values and their location are displayed.

10. COMPUTATION COMPLETED FOR [Mode Name ] MODE , DATA SET = 1. DO

YOU WISH TO SEE MODAL WEIGHTING COEFFICIENTS FOR THE CF[OR FF] BEAM

SERIES - YES OR NO? - - -

An affirmative answer yields a listing of the modal

weighting coefficients given in equations (3.1) or (3.3).

11. DISPLACEMENT AND CURVATURE AS A FUNCTION OF POSITION WILL NOW

BE LISTED AND PLOTTED FOR MODE [Mode Name].

HOW MANY DATA POINT S DO YOU WANT (MAX . OF 40)? - - -

Chord or span segment is evenly divided into number of data

points entered . Program then proceeds to give a listing of

_ _ _ _
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the normal displacement as a function of position and a

plot of same. It then gives a listing of the curvature

(bending strain ) as a function of position , and an

accompanying plot.

12. IS THERE MORE DATA TO BE ANALYZED (YES OR NO?) - - -

If answer is affirmative, cycle of questions is repeated ;

if negative , }IOLOCURV E completes its execution and user may

“LOG OFF ” from terminal . .~~~~.

Appendix C. gives a typical example of the above statements being

used during a HOLOCURVE execution.

26
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SECTION V

DISPLACEMENT AND STRAIN DETERMINATION USING HOLOCURV E

5.1 Displacement and Strain Distribution of a Vibrating Plate

In order to check the effectiveness and accuracy of the holographic

dat a r eduction technique ut ilized by HOLOCURVE , three natural modes of

vibration of a cantilevered flat plate were determined using holographic

interferometry and the resulting fringe data was input to HOLOCURVE to

determine the displacement and bending strain at selected locations for

each of the three vibration modes. The results from this analysis were

compared to those of an eigenvalue analysis carried out on a finite

element model of the plate using the multi—purpose finite element com-

puter program, NASTRAN (Rigid Format 3).

The plate was made of 606l—T6 Aluminum and measured 3” by 7” with

a thickness of .19”. It was fixed along one of its short sides by clamp-

ing it between two massive steel blocks. Time average holograms were

made of each of the three natural plate modes of vibration while the

plate was being excited by a 40—watt siren. A schematic of the holo-

graphic set—up is shown in Figure 5.1. The set—up is quite typical of

the type used for doing holographic interferometry . A 50mw continuous

wave HeNe laser (Spectra—Physics 125A) was used for the tests with the

holograms being recorded on 4”x5” photog raphic plates (Agfa—Gevaert

lOE75).

What f oll ows are the results of using HOLOCURV E to get the displace-

ment and corresponding bending strain for the plate vibration modes——

second bending , second torsion , and the lyre mode.
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5.2 Lyre Mode of Vibration

Figure 5.2 shows the lyre mode (after the Greek instrument) of the

cantilever plate obtained using holographic interferometry and finite

element analysis. Note that the natural frequencies determined by each

of the techniques differ by only 1.2%. In the figure, the plate is

clamped along its bottom edge. The lyre mode, or a form similar to it ,

is a common one in turbine engine compressor blading.

Referring to Figure 5.2, let a Cartesian coordinate system originate

at the lower right—hand corner of the plate with the x axis lying along

the plate ’s right edge and the y axis lying along the bottom (fixed)

edge of the plate. Using this coordinate system , the displacement and

corresponding bending strain were determined with respect to the x coordi-

nate (spanwise direction) while keeping y (the chordwise direction)

constant at y=.5” . Note that the coordinate system just defined is the

same as the one shown in Figure 3.1 of Section III, Theoretical Develop-

ment.

Referring to the lyre mode shape characterized by the holographic

fringes in Figure 5.2 , the holographic fringe values as a function of x ,

y=.5” , were determined and are given in Table 5.1.

TABLE 5.1

Fringe Values vs. x , y= .5” , f or Lyre Mode

Fringe Number , N Span Location , x , (in.)  Fringe Value , F

1 .50 1
2 1.25 2
3 2.50 —2
4 3.50 —4
5 4.30 —2
6 5.32 0
7 6.25 —2
8 6.95 —5
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The fringe values and span locations given in Table 5.1 are not the

complete set of values occurring on this spanwise segment of the plate and ,

hence, Table 5.1 does not represent a un ique set of fringe value data for

the span . Some general rules of thumb were used , however, in their choice.

1. Fringe value locations should be chosen such that they are
approximately evenly spaced over the segment length.

2. The total number of fringe values used must be greater than the
number of beam series functions input to HOLOCURVE. This will
insure that full advantage is taken of the “smoothing ” character-
istics of the linear least squar es subroutine, LLSQAR.

3. When possible , specif y the locations of the nodal lines with
the exception of the clamped end nodal line in the case of the
clamped—free beam series approximation. To do so in this latter
instance would be redundant since zero displacement is one of
the geometric boundary conditions of the clamped—free beam
functions.

4. Finally, regarding the number of beam functions specified for
HOLOCURVE, in the case of clamped—free beam series approxima—
110(1 , t u e  number of beam series functions used should be greater
than or equal to the number of node lines crossing the span
plus two, i.e.,

Number CF Ser ies Functions Number Node Lines + 2.

For the case of a free—free beam series approximation , the
number of beam ser ies functions used should be gr eater than or
equal to the number of node lines crossing the chord plus three .
i .e . ,

Number FF Series Functions Number Node Lines + 3.

The set of eight fringe values and their span locations given in

Table 5.1 were input to HOLOCURVE where they were used to compute the modal

weighting coefficients of a five—term clamped—free beam series. The com-

puted normal displacement is shown as the smooth curve in Figure 5.3 as a

function of the span, x. Also shown in the figure are the normal displace—

ment values computed fromthe finite element model of the plate using NASTRAN .

The finite element values were normalized to the maximum displacement at the

31
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plate tip as dete rmined by HOLOCURVE . It is seen that the agreement

between the two methods is quite good . The modal weighting coefficients

upon which the HOLOCURVE results are based are listed in Table 5 .2 .

TABLE 5 .2

Modal Weighting Coefficient for CF Series
App roximation of Lyre Mode

CF Beam Mode, i Modal Weighting Coefficient , AjxlO
6

1 —8.66

2 —2.860

3 —1.886

4 9.164

5 1.526

Note that coe f f i c ients A1, and A4, representing the f i rs t  and four th

clamped—free beam bending mode shapes, respectively , are the dominant

terms in the series. This is as one would expect, since the first order

of deflection of the mode is that of a negative first bending mode while

the actual modal displacement is that of a positive fourth bending mode

shape, i.e., four nodal lines.

Figure 5.4 shows the resulting bending strain, tx, in the plate ’s

x direction computed from the second derivative of the five—term clamp-

ed—free beam series. As in the plot of the normal displacement, the

individual data points in the figure represent results from the NASTRAN

finite element analysis of the plate.
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The values of the bending strain , computed using NASTRAN , were

normalized to the HOLOCURVE output at the span location , x’ .15” .

Again , the agreement is seen to be quite good.

The displacement and resulting bending strain were also determined for

the lyre mode in Figure 5.2 as a function of the width , y,  for x 2.5” .

The holographic fringes upon which the IIOLOCURVE computations were

based are given in Table 5.3.

TABLE 5.3

Fringe Values vs. y, x=2.5”, for Lyre Mode

Fringe Number, N Chord Location, y (in.) Fringe Value, F

1 .06 —5

2 .48 —2

3 .80 0

4 1.20 2

5 1.84 2

6 2.25 0

7 2.53 —2

8 2.96 —5

This set of eight fringe values and chord location data were used in

HOLOCURVE to compute the modal weighting coefficients of a 5—term

free—free beam series. The normal displacement curve computed from

this series is shown as the smooth curve in Figure 5.5 along with the

normalized grid point displacements from the NASTRAN finite element

calculations. Note that the finite element computations yield a

greater value for the displacement at the chord midpoint. This maximum
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deviation occurred at mid—chord only because the finite element values

were normalized at the free edge, y=O.

Figure 5.6 shows the bending strain, ty , as a function of chord

position , y,  for x 2.5”. The finite element data in Figure 5.6 were

normalized to the HOLOCURVE strain at y=l.35”. As in the case of the

spanwise bending strain, cx, good agreement was found between the

HOLOCURVE and normalized finite element results. Table 5.4 gives the

modal weighting coefficients from which the normal displacement and

bending strain in the preceding two figures were computed .

TABLE 5.4

Modal Weighting Coefficients for FF Series
Approximation of Lyre Mode

FT Beam Mode, i Modal Weighting Coefficient , BjxlO6

1 -3.45

2 — .40

3 —14.09

4 .20

- 

5 — .04

Note that coefficient B3 corresponding to the first bending mode shape

oc a free—free beam is the dominant term in the series as one would expect.

5.3 Second BendinZ Mode of Vibration

Figure 5.7 shows the second bending mode of vibration for the canti—

lever plate obtained using holographic interferometry and finite element
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analysis. As in the preceding section on the lyre mode, the coordinate

system for locating fringe values and interpreting displacement and

strain output is located at the lower right—hand corner of the plate.

The x axis lies along the plate’s right side and y axis lies along the

lower (fixed) edge of the plate.

The displacement and corresponding bending strain were determined

with respect to x (spanwise direction) for y~ .5” using HOLOCURVE and

holographic fringe values taken from Figure 5.7. The fringe values

used in the HOLOCURVE program are given in Table 5.5.

TABL E 5.5

Fringe Values vs. x , y= .S” , for Second Bending Mode

Fringe Number~ N Span Location, x (in.) Fringe Value, F

1 .44 1

2 1.16 4

3 2.11 9 - 
-

4 2.66 11

5 3.88 11

6 4.66 7

7 5.44 0

8 6.11 —7

9 6.98 —16

This set of data was input to HOLOCURV E and a five—term clamped—

free beam series was generated . The modal weighting coefficients for

this beam series are given in Table 5.6.

40
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TABLE 5.6

Modal Weighting Coefficients for CF Series
Approximation of Second Bending Mode

CF Beam Mode, i Modal Weighting Coefficient, AjxlO
6

1 — .68

2 50.64

3 .83

4 — .24

5 .51

Looking at Table 5.6 , it is eviden t that the plate ’s second bending mode

shape is quite similar to that of a simple clamped—free beam and, hence,

the modal weighting coefficient, A2, dominates the clamped—free beam

series.

Figure 5.8 shows the plate’s second bending mode normal displacement

computed by HOLOCURVE as a function of the span coordinate, x, for y= .5”.

The normal displacement values determined by finite element analysis were

normalized to the HOLOCURVE displacement at the plate ’s f ree edge (x~ 7.0”) .

The agreement between the two methods of analysis for this case are remark-

ably good. -

The bend ing strain , tx~ resulting from the plate displacement shown

in Figure 5.8 iS shown in Figure 5.9. As in the case of the lyre mode ,

the bending strain values computed using the f ini te  element method were

normalized to the HOLOCURV E strain value at x ” .lS” . Again , the agreement

between the two methods is seen to be quite good .

_____- __________________________



- —5-- _S...___
~~~~

_ ______~~
_
~

__S
___ ’_

~~ 
5-5-- -:k. ..- ~~~~~~~~~~~ r :,-I S--——----~ _ .  ~~~~ -,~—- S-~~, - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

z

:T7H

U

(NIl) M ‘IN3W33V1dSIQ 1VW~I0N

42

_ _ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _  
-- -—4.--~~~~-5— -S_--——----—--5 —-- - _ - _ . - _-—- -. _- _-5-----—5.-- -—---S--~ 



5— -5-—-- — 5-- -—-— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~

r 5 —
~
-- - —~- ~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-S .—— -

.-.‘z

• • r-..)
0).0)
a

>~~~~~

S

0 

~ 

0

0

l . tt

F’

S
.r4
(0
hi

a 
~~~~~~~~~

S
.r4

_ _ _ _ _ _

(NI/NI ?)’) ‘~~ 
‘NIV ~J.Ls 9NICINJ~

43

_ _ _ _ _ _ _ _



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_

~~~~
- .

~:‘_—. I

It was not possible to use HOLOCURVE to compute the displacement

and bending strain in the plate ’s y (chordwise) direction for the second

bending mode because the displacement gradient is extremely small in

this direction being roughly equivalent to only one holographic fringe .

Hence , the discrete fringe data necessary f or the HOLOCURVE computations

is nonexistent. The one saving grace in this case is that, since the

displacement gradient is so small in the chordwise direction, so, too,

is the bending strain and, hence, the information lost would not be of

any great value in a structural vibration analysis.

5.4 Second Torsional Mode of Vibration

Figure 5.10 shows the second torsional mode of vibration for the

cantilever plate obtained using both holographic interferometry and the

finite element method . This mode of vibration was chosen as a HOLOCURV E

application because it points out a characteristic of torsional vibration

that impacts HOLOCURVE results for chordwise calculations. This point

will be addressed in detail below.

Using the same coordinate system as in the preceding two vibration

modes, the mode displacement and bending strain were computed by HOLO—

CURVE as a function of the span position , x, for y= .5” . The holographic

f ringes used for the computations were taken from the interferogram in

Figure 5.10 and are shown in Table 5.7.
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TABLE 5.7

Fringe Values vs. x , y= .S” , fo r Second Torsion Mode

Fr inge Number , N Span Location , x ( in . )  Fringe Value , F

1 1.00 —5

2 2.00 —11

3 3.00 —12

4 4.00 —8

5 4.94 0

6 6.00 9

7 7.00 16

Entering this set of data into the HOLOCURVE, the modal weighting

coefficients were computed for a five—term clamped—free beam series and

are shown in Table 5.8.

TABLE 5.8

Modal Weighting Coefficients for CF Series
Approximation of Second Torsion Mode

CF Beam Mode , i Modal Weighting Coef f i c ien t , Aixl O6

1 11.72

2 —50.84

3 —12.54

4 — .46

5 —1.49

This f ive—term series was used to compute the normal displacement , W ,
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and corr esponding bending str ain , E x , which ar e shown as the smooth

curves in Figures 5.11 and 5.12, respectively. The HOLOCURVE and

finite element results are again in good agreement . As in the pre-

ced ing two cases, the finite element data was normalized to the HOLO—

CURVE displacement with respect to the plate’s free end and to the

HOLOCURVE bending strain at x=.l5”.

An analysis was also carried out using HOLOCURVE to determine the

displacement and bending strain in the plate ’s y (chordwise) direction

with x=1.O” . Table 5.9 lists the holographic fr inge data used in the

analysis.

TABLE 5.9

Fringe Values vs. y, x=l.O” , for Second Torsion Mode

Fr Lige Number , N Chor d Location , Y ( in . )  Fringe Value , F

1 .08 —7
2 .30 —6
3 .50 —5
4 .70 —4
5 .90 —3
6 1.10 —2
7 1.32 —l
8 1.47 0
9 1.62 1
10 1.83 2
11 2.02 3
12 2.22 4
13 2.43 4
14 2.62  6
15 2.83 7
16 3.00 8

This set of f ringe data d i f f e r s  from the others used up to this point  in

that all of the f r inges  and their corresponding chord locations at x l .O”

were used .
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An eight—term free—free beam series based on the above data was

generated by HOLOCURVE . The resulting modal weighting coefficients

are listed in Table 5.10.

TABLE 5.10

Modal Weighting Coefficients for FF Series
Approximation of Second Torsion Mode

FF Beam Mode, I Modal Weighting Coefficient, BjxlO
6

1 1.18

2 —26.63

3 .16

4 — .06

5 .03

6 .01

7 .13

8 .00

Looking at Table 5.10, it is seen that the modal weighting coefficient ,

B2, representing rigid body rotation, dominates the free—free beam series.

This fact  is fur ther  underlined by looking at the no rmal displacemen t as

a function of y ,  x= 1.0” , computed from using the eight—term beam series

shown in Figure 5.13. The normal displacement is a sloping s t ra ight li ne

passing through zero at mid—chord (y l .S”) .  Further , the NASTRAN generated

displacement follows the HOLOCURVE result quite closely.

The question now arises that if the normal displacement is a constant

or, at most, a linear function of the spatial variable , y, (see equations

3.4 and 3.5), what meaning does it have to take the second derivative of

50
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the free—free beam series in order to obtain the bending strain? The

answer , of course, is that the bending strain output in this case is

meaningless. This is because the strain is computed from the insigni-

ficant terms in the free—free beam series. This is borne out by a look

at the bending strain, c
~
, computed by HOLOCURVE and based on the modal

weighting coefficients in Table 5.10 as shown in Figure 5.14. The HOLO—

CURVE strain values oscillate about zero as one travels in the y direc-

tion and do n~ c agree with the NASTRAN generated strains. Physically

speaking, this anomalous result is due to tne fact that it is the shear—

~~ stress or strain that is a maximum in the chordwise direction for a

purely tor sional mode shape, thus, making the principal stresses (and

curvatures) a minimum. NASTRAN gives reasonable, albeit small, strain

values because it relies on a two—dimensional p lane stress theory while

HOLOCURVE utilizes a simple beam theory . The saving grace in this

Instance is that the strain is small. In other words, along the plate

directions where the bending strain amplitude is moderate—to—large ,

HOLOCURVE is readily applicable.

As a precaution ag%inst use of strain values based on insignificant

modal weighting coefficients, HOLOCURVE determines the absolute value of

all of the modal weighting coefficients in the beam series. If the

absolute value of the largest coefficient is ten times greater than that

of the next coefficient, a message is trausmitLed to the program operator.

Further, if the largest coefficient corresponds to the translational or

rott~tional series component in the free—free beam series , a message to

this e f f o r t  is transmitted to the user .
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SECTION VI

DISCUSSION AND CONCLUSION

The work described herein has presented an analytical method for

determining the strain distribution over the surface of a plate—like

structure based on the interference fringes resulting from time average

holography. The technique has the advantage that it is easily programmed

on a digital computer and that the holographic fringe data used in the

solution does not require any special treatment——neither electronic nor

optical.

Within the governing bounds of classical plate theory , the method

was shown to agree well with finite element analysis as evidenced by the

examples in Section IV. Caution should be used, however, when applying

the method to plate deformations that exhibit a high degree of transla-

tional or rotational motion as the resulting curvature and corresponding

strain may be circumspect. The computer program, HOLOCURVE, has a warning

to this effect if one of the translational or rotational modal weighting

coefficients is ten times greater than the next largest coefficient in the

series approximation.

Future work in this vein of the current effort should address the

effect of curved surfaces on the accuracy of the computed strain values.

Also, plate—like structures when the neutral axis and cross—sectional

center of gravity do not coincide should be studied .

In conclusion, it is felt that the technique embodied by the computer

program, HOLOCURVE, will provide a useful tool for analyzing the surface

strain distribution of vibration mode shapes of plate—like structures such

as turbine engine blading .
54 
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Given a k x p matrix, A , one can compute its psudoinverse as

follows :

1. Given:

1 1

A =  2 0 ~ k~~~ 3, p 2 (A—l)

0 2

T2. We can then compute A A.

A
T
A = [‘ : :] [‘ 1] 

= 

~~ 3 (A—2)

3. Compute the p non—negative square roots of the eigenvalues,

s, of ATA to form the diagonal matrix , Z.

5—s 1 = — lOs + 24 = 0 (A—3 )
1 5—s

= 6 , 
~2 =

f~~~o1
I I (A—4)
10 2J
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4. Compute the orthonormalized eigenvectors, VIN, of ATA to form

the matrix VN.

(ATA _ s j I ) V i = O , i = l , 2 (A—5)

For ~i = 6:

{r1 I - Vj = 0 (A-6)

r—l 11 Ixl~I I I  1 = 0  (A—7)
11 —lJ \X2~

Thus: V1 = 
and V1N =

~
(‘) (A-8)

Similarly,  for S2 = 4:

V2 = 

~~~~~ 

(‘) and V 2N =

~~~~~ 

( )  (A-9)

Hence , f rom equations (A—8) and (A—9),  we have :

1 1
v 11 1 vT (A-b )N .~.1 

= N

57 
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5. Compute the p orthonormalized eigenvectors, UiN, based on the

p largest eigenvalues of ~~T to form the matrix U.

1 1 f l  2 o’J r2 2 2 
(A—ll)  

S

2 0 Il  0 2] 1 2  4

0 2 
• 

L2 0 4

The eigenvalues of AAT can be found to be:

S] = 6 (A—l 2)

=

53 = 0

The two orthonormalized eigenvectors based on the largest two

eigenvalues given in equation (A—l2) can now be determined .

For 
~l 

= 6, (A—13)

Ul = and U1N = 

~,4 (~
)

For s1 = 4,

fo /0 (A—l4)

U2 = 
~~ 

( 1 and U2N = 
~ 

1

Hence ,

1 o~ (A— 15)

u = 1 1N

1 _ l
JT ~!
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6. The matrix , A, can be represented as ,

A 11N ~ (A—l6)

This can be checked by inserting equations

(A—iS) , (A—4 ) , and (A—lO) into (A—l6) to get :

1 0 Ii€ o Il 1
I I

1 1 l o  2 1 1  —l
A = #  ~~ 

‘-. L

1 1

1 0 1’ ‘1
= 1 1 L i  ~.iJ

1 —i

1 1

= 2 0 Q.E.D. (A—16)

2 2
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7. The pseudoinverse of A is given as:

= VN ~

Hence:

ri 1] 11 0 1 1 1 (A—17)
1 1 I I~A + = ~~. L1 ~J i o 1 1 —lI

12 5 —ii (A— 18)
A+ =  1 I

-l 5

It can be easily shown that equation (A—18) will

satisf y the conditions for the pseudoinver se one of

which is:

A (A-19)
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SURROUTINF LLSOAR (A,I4,M.NA ,NP,IA,II~,If)6I,wKA pEa,I1R) LLSQOU1O
LLSUOU~ OC—LLSQAR~~~~~~~~~S ~~ IBRARY ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~C LLS0004O

C FUNCTION — LEAST SQUARES SOLUTION OF .OV~ KOETERMINEO LLSQOOSO
C SYSTEM OF LINEAR EQUATIO~ S LLS000bO
C USAGF — CALL LLSQAP(A,P,M,NA,N~~.IA,1b.IOGT,~ IçAREA ,IER)LLSwoO7O
C PARAMETERS A — THE COEFFICIENT MATPI~ OF THE EQUATION 11500080
c AX~~i~~ WHERE A IS H A NA WITH $ GREATER. THAN LLS~ 009OC OR EQUAL TO NA. INPUT A IS ktPL*Ct f) BY LLSUuIOO
C THE PsEuIrn—INvE~ sE OF A LLSUOI1O
C A — HA T~~IX OF THE RIGHT HAND SIDE (if THE i’~UAI IOP4 LLSUO1~~0C AX B, WHERE P I~ H A NA . THF NA A NH LLSuUI3O
C SOLUTION A OVERWRITES B. LLSQO14O
C H — NUM~ EH OF ROWS IN A AND B. LLSUa)150
C NA — NUMI~ER OF COLUMNS IN MA TR IX * LLSUUIbO
C NA — NU~4’~EH OF COLUMNS IN MA THIA H LLSQO17O
C IA — ROw DIMENSION OF a IN THE CALLING LLScJO18O
C RPOGRA M. LLSUOI9O
C IR — ROw DiMENSION OF ‘i Ii~ THE CALLI NG LLSQ0~ 00
C PROGRAM . LLSQO21O
C IDGT — THE ELEME~JTS OF A 4RE ASSUMED TO ~E CORRECT LLS’W220
C TO 1061 SIGNIFIC ANT DIGITS. 1061 IS AN LLS(i0230
C INPUT PA~JAM~ TEI4. LLSUO24O
C WKA PEA — ~flk’( AREA Of OIMENSION GREATEN THAN OR EQUAL LLSwU~ 50C TO NA (N.%.4). LLSUO~ bOC TEP — ERROR P*R*HE T~ R LLS QU2 TO
C ThRMINAI ERROR = 1~~s • N LLS~ OZ80
C N 1 INDICATES T~tA T INPu T A IS A ZERO LLSthb29U
C MAT~’IX. LLSc~O3UO
C PRECISION — ST i~GLE LLSUG310
C REDO. ~ 4Sl. POiJTINFS — 1PS~ OR,LS’~ALQ .UEPTST,VSORT%1 LLSQOiZO
C LANG UAGE — FORT RAN LLSO’ii3O
C —— ——— —~~~~~~~~—— — — —— — —— — —— —————————— — —— ——— — — — ———————L L Sw O J 4O

CALL LLSQAR (A,B,M,NA NB, IA, lB , IDGT,WKAREA, IER)

Purpose

LLSQ&R performs the least squares solution of an overdetermined system of linear equations.
Given the M by NA matrix A and the M by NB matrix B, where 14 is not less than MA thi, routine
finds the NA by NB matrix X such that IIX I IE and I IAX_BII E — miaia*a, whir. is the

Euclidean norm of a matrix. That is,

I AX—B~ ‘E — 

[~~l ~~ 
(
~ 

A X ~~—B~~ )2]
l/2

Algorithm

The routine first calculates the pseudo—inverse of the matrix A , calling IMSL routine L PSDOR.

~ v(S
+)U~. (See the documentation of LPSDOI(.) V is an NA by NA orthogonal matrix,

is an NA by NA dfagonal matrix and uT is an NA by N matrix with orthogonal rows. The solution
of the equation. is couputed by V(S+)UTB.
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Prograssning Notes

1. In the calling program , both A and B are two—dimensional arrays. The value of the first
dimension of A is IA(IA not less than N), and the value of tI(e first dimension of B is
IB(IB not less than N).

2. The work area, WKAREA , must be a one—dimensional array of length at least NA(NA+4).

3. The input matrix A is replaced by the pseudo—inverse of A.

4. The NA by NB solution X overwrites input matrix B.

Accuracy

The element3 of A are assumed to be correct to IDGT significant digits. The routine computes

the pseudo—inverse of A = usvT ; A differs from A in the Euclidean norm by less than d— ,~i~~ i~ *

(max ai~
) * 10~~~~T, .~ud of all matrices which differ from A by less than d in the Euclideanij  _

J

norm, A has tninimal rank.

Exc’~n1~

DIMENSION A(6 ,3), B(7 ,4), WKAREA(60)

Input:

M - 6
NA — 3
NB — 4
IA — 6
13 — 7
IDGT - 4

33.0 16.0 72.0
—24.0 —10.0 —57.0
— 8.0 — 4.0 —17.0A — 33.0 16.0 72.0
—24.0 —10.0 —57.0
- 8.0 — 4.0 —17.0

1.0 0.0 0.0 —359.0
0.0 1.0 0.0 281.0
0.0 0.0 1.0 85.0

B — 1.0 0.0 0.0 —359.0
0.0 1.0 0.0 281.0
0.0 0.0 1.0 85.0

x x x

CALL LLSQAR (A,B,M,NA,NB,IA ,IB,IDCT ,WKAREA,IER )

Output:

r—9.6667 —2.6667 —32 .000 1.0000
X — I 8.0000 2.5000 25.500 —2.0000

L 2.6667 .66667 9.0000 —5.0000

Not.: z deaotes an sl..snt which is not used by LLSQAR.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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SUBROUTINE IPSOOR (A,M,Pl,IA ,AINV .IDGT,WKAREA,I (R) LPS000IO
C LPS0002O
C-’LPSDOR S LIBRARY 3 LPS0003O
C LPSDOO4O
C FUNCTION  PSEUDO—INVERSE OF a MaTRIX . LPS000SO
C USAGE  CALL LPSDOR (A,N,N,IA,AINV,IDGT,WKAR [A,IER) LPS000oO
C PARAMETERS A  A GIVEN MATRIX OF SIZE N X N LPS0007O
C N  NUiD4ER OF ROWS IN MAT RIX * LPS0006O
C N — NUMBER OF COLUMNS 1P4 MATR IX A LPS0009O
c 1* — ROw DIMENSION OF A AND *INV IN CALLING LPSDO100
C PROGRA M (IA MUST 8E GREATER THAN OR EQUAL IPSOU11O
C TO N). LPSOOI2O
C AINV — THE TRANSPOSE OF THE PSEUDO—INVERSE OF A LPSUOI3O
r IS STORED IN THE N X N MATRIX AXNV. LPSOO14 (~C ID6T — THE ELEMENTS OF A ARE ASSUMED TO ~E CORREC L.PSI)01~
C TO IDGT DECIMAL PLACES. IDGT IS AN INPUT LPSDOI6O
C PARAMETER. LPSDO17O
C W~ AREA — WOWK ARE A OF DIMENSION AT LEAST EUUAL TO LPSUOLB.i
C N (N.4). LPSDO19t
C IEP — ERROR PARAMETER LPSOU200
C TERMINAL ERRO R z 128 • N LPSUO21O
C N = 1 INDICATES THAT A IS THE ZERO MATR IX LPSO022(~c TO ID’ T ACCURACY (IN NORM). LPSOU2.3~i
C PRECISION — SINGLE LPSOO2’U
C REOD. IMSL ROUTINES — VSORTM,LSVALR,UERTST 1PS00250
C LANGUAGE — FORTRAN LPSDO2GO
C LPSDO27O

CALL LPSDOR (A.M,N,I.A,AINV,IDGT ,WKABEA,IER)

Purpose

LPSDOR calculates the pseudo—inverse of the N by N matrix A with N not less than N.

Algorithm

The routine calculates the singular value decomposition of A by calling IMSL routine LSVALR.

A_LJSVT, where U is an N by N matrix with orthonormalized columns, S is an N by N diagonal
matrix containing the singular values of A, and V is an N by N orthogonal matrix. The pseudo-

-l Tinverse is given by V(S )U

Progranning, Notes

1. In the main program, both A and AINV are assumed to be of dimension M by N (IA not less
than N). Thus the transpose of the pseudo—Inverse of A is stored in AINV . AINV may occupy
the same storage as does A, or completely separate storage,

2. The work area , WKAREA, must be a vector of length at least N(N+4).

3. II A is the zeo matrix, a terminal error message is printed , and the zero pseudo—tiw~’r;c
is not stored in AINV. Instead it will contain U.

Accuracy

The elements of A arc assumed correct to IDGT significant digits. The routine computes the

exact pseudo—inverse , without any roundoff error, to a matrix ~ which differs by A in the

Euclidean norm by less than 10 I~~T, and which has minimal rank.
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Identification:

INThRP Aitken’n Kth Degree i’olynomial Interpolation of Tabular Data
CDC 6600 FORTRAN Subroutine Subpro~ rum

Purpose:

Given an ascending or descending table X(i) of independent variablc~
and a corresponding table ~(i) of dependent variables, .5ubrouti:~e INTh~P
computes a Kth degree polynomial interpolated value ‘£0 for a given abscissa
XO. If the argument falls outside the range of t.abuiar valuec , extrapola-
tion is performed.

Control:

DIMENSION x(N), Y(N), TEMP(2(K+l))
CALL INThRP (X ,Y,N,K,XO,YO ,TE?~ ’,IER )

where :

x(I) List of values of the independent variable in either
ascending or descending order

i(i) List of the corresponding values of the dependent variable
N Number of X, Y pairs
K Degree of the interpolating polynomial. (K less than N)
XO Point at which interpolation is requested
YO The computed interpolated value
TEMP A one—dimensional array of 2*(~+l) words of temporary storage
IER = 0 Interpolation successfully performed

= 1 Extr~polation successfully perforu~ed
= 2 Either degree or ihterpolation out of range or two identical

independent variables.

Method:

Repeated bisection of the index (subscript) of the list of values of X
is carried out until the argument is isolated between two consecutive values.
Then Aitken’s recursion of linear interpolation is performed using an equal
number of points on either side of XO and, for even degrees , one additional
point nearest XO.

Remarks:

The user is cautioned that increasing the degree of the fitted poly-
nomial does not necessarily increase the “accuracy” of the interpolation .
Indeed , this may introduce spurious oscillations into the interpolatci v$tlues
since the higher the degree of a polynomial, the more relative maxima and
minima it can have. In particular, ~f th~ t.abult~r data involves flppV~~iab1&’
“noise”, then use of  a t ecnnique wnich “smooths” ratlLer than one whi~I. “fits ”
(as does INTER? ) may be more appropriate.

The user is also .~:&coura~ei to test t. ct ’e~ if !F.I~ = .~ ii’ tLL ~~r..~
~~~~ i.or. ‘,‘rmcr~ t’., thi.~ - .:: ~u• : .s: .;:; or tb~ independent i~~r i d~1 ~~~~ •

.~torag:~~
INTERP uses 2518 words of storame and no conn~on.

References:
F. B. Hildebrand, Introduction to Nuinertcnl Analyslo , Mc(~rnw—I (iU ,

New York/Toron to/London, l9~t , pp. 149—SO.
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