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1. Introduction.

The present paper serves as the sequel to Ref. 2 in extending the results
obtained there to the following general problem in optimal control: Let C be

class of arcs

a: (o), X (), u®ee), v’ t® <t <tl
1-1’UOO’N k-lgctn’K O"l.....r

whose points (t,x(t).é(t),u(t)) lie in a region R in t-x~x-u space, with b
in a region B in b space, u(t) piecewise continuous, x(t) of class C! and
which in addition satisfy the constraints:
it = e xxu), T B
v*(t,x) < 0, 1<as<m ¥ (t,x) = 0, m<a<m

. ! . '
8" (ty%,%X,u) <0, 1<n¢<L, 8"(t,x,%,u) = 0, L <n <L

I @ <0, 1<y <ps I (@ =0, p<y<p

ety - %6, L) =2y e a=0ad
where el

I(a) =g (b) +{0 L, (t,xx,u)dt, Y= 1yeeesp -

It is desired to minimize an integral of the form

1
t
I (@) = g, (b) +{0 L, (tsx,x,u)de

on the class C .

(1) With few exceptions, superscript <+ will denote differentiation with respect
to t . The exceptions are for notational convenience and will be explicitly
noted. The current exception is the term Xi’ and refers to the constraints

on ii(t)s . Also unless otherwise specified, the indices 1i,k,0,a,n will

have the respective ranges:

1<i<K, 1L2ksKy lsose Lsasm, l<nc<L
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In this paper, modified forms of the relation dH/dt = Ht and of the
transversality relation usually obtained in problems of this type are shown to
hold.

The result for the above stated general problem is Theorem 9.1 and is proven
by considering a sequence of problems each with more of the special restrictioms
which were present in Ref. 2 now deleted. Corresponding to Theorem 3.2 of Ref. 2,
we will prove a set of necessary conditions for each problem. In the course of
these proofs, the unproven statements involving (11) and (19) respectively of
Theorem 3.1 and 3.2 of Ref. 2 will be proven. It is noted that unless otherwise

stated, the conventions of Ref. 2 apply also to this paper.

2. A Problem Over a Variable Time Interval.
As a first step in generalizing our problem, we allow the arcs under consider-
ation to be over a variable time interval. We are now concerned with arcs

&S ey, 56, T ie. h G £ e ts el

1<iz<N, 1<k<K Li<tor<x
(with the interval [to,tll depending on a) which have points (t,x(t),i(t),u(t))
in a region R in t-x-i—u space, b 1in a region B in b space, u(t) piece-

wise continuous, and x(t) of class Cl.

We desire to minimize an integral of the form

I (a) = g (b) + {ZlLo(t,x(t),;:(t),u(t))dt (L

: on the class C of arcs which satisfy:
xt = £ e, x(e),x(t) u(t)) 1<ic<N (2-1)
(e, x(t)) <0 l<ac<m (2-2)
L@z<0, lsy<p, L(@=0 p<ycp (2-3)
He®H=xt ), xHeSH=x%m), % =1°0), s=0,1 (2-4)




tl
I (@) =g (b)+ .{; L, (£,x(t) ,x(t) u(t))dt vi® Lyoaisp o

It will be assumed that the functions fi, LY’ gY. xis, iis, Ts, are of

class C! on R or B as the case may be,while the functions wa are of

class C3 .

Analogous to [2], let

~a . 1
$(tyxx) = yy + v x
X (3)
Py S g g® e g gt
2 i i3 i
t tx X X X
For arcs that satisfy (2-1) these functions act as dy°/dt and d2yp*/dt2 along
these arcs. Furthermore according to the properties of wa. and fi. these
functions are respectively of class C2 and C! on R.
Let Ro be the set of points (t,x,i,u) in R satisfying the conditions
a
v < 0 (4)
and for all o with y® =0, then ¢~ =0 and ¢ <0
or for all o with wa = (0 , then Eu =0 and ¢a >0.
We desire to test whether a given arc
a: x_(t) x (t) u (t) b <<t
o’ g 7 oAt oLt o o— "= "o
which is in the class C, 1is a solution to the above problem. Define the set
R1 as the collection of points (t,xo(t),io(t),u) in Ro' It will be assumed
that the matrix
a B8
¢ § w G.B-l’n--’m k'l,-oo’K (5)
uk aB

[where 3§
a

8 denotes the Kronecker Delta] has rank m on R1 .




3. First-Order Necessary Conditions for a Minimum.

Define the functionscz)

. ~ ~ i ~ of ~ ~
H(t, Xy X, U, PsPslsl) = Pif + Pix = AOLO = AYLY i ua¢° - ua¢

io o *io

G(b) = Aogo + AYsY s xp+ix + xp+N+lT + A§+1X

ST 1. 8 L L T ] BT i a, 0,10 , *a, 0,0 a, 0o sio
Ap+a(qi(to)x g qt(to)T * q:l.(to)x 4 A5+m+u qi(to)x = qt(to)T i qi(to)xi

l<y<pi 1l<1<N; l<a<m p=pHH+l; p = pr2N+l .

With these definitionms, the result to be proven for the present problem is the

following theorem:

Theorem 3.1. Suppose that the arc a.o is a solution to the above problem.

Then there are multipliers:

T

K, Ap ’ Ua(t); ;G ’ Pi(t): ;i(t)

T‘l’-oo,zm, o] =0,l,...p+2N+l+2m, a’l,...,m. i’ l’ou.,N

and functions H, G as described above such that with these multipliers as
arguments then the following conditions hold:
The inequality

H(E,x_(£)2%(£),u,p(£),P(8) u(t),1)

L H(taxo(t),io(t)’uo(t)»P(t):;(t)-u(t),;) .
is valid for all u with (t.xo(t),io(t),u) in Ro . The multipliers pi(t),
;i(t) are each continuous on [tg 3 té] and together with u(t),;,k satisfy
the relatiéns: -

P, = A ?, = -y xl = R )

(2) Analogous to [2] the symbols qa(t), qa(t) respectively denote w“ (tyx (),
i t xi o

w:(t,xo(t)). In addition, functions M(t,x.i,u) when evaluated 2long ao at
points (t,xo(t),io(t),uo(t)) will often be raferred to as M(t).

5
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e

along a 6 on intervals of continuity of uo(t). The function

u(c.xo(c).;o(:).uo(c),p(:),S(c).u(c).ﬁ) is continuous along a_ . On intervals

of continuity of uo(t), this function has a continuous derivative satisfying(3)
08
dH/dt + ua¢ H . (8)
The transversality condition(s)
a6 + |(-8eD) - b (DT ED)ar® + py(eHak'® + B e)ax'® P (9)
o a o o 1" o o 40

is valid along ao for all db. The multipliers lp,Ka are constants which

satisfy:
]
A0 A =0 th A =10 "$f T «a )< 0 l<ycx<
e T = i Y( o) =yzpe
a a &, O mtaca, O
K >0 Apy = K q (t)) + K g (e ) (10)
= 2%, 08,.0 +a°a, O = ata a0
Mg Biagle ) + Kq, (t) A oL+ R (E) -

Furthermore, together with u(t),;,p(t),;(t) they are not of the form(3)

A, =0 ¥ =010, K'=0 t=1,..,2m,

o o & =
ug(t) = a 4if ¥ (¢) <0, u(t) =ac+b , i

atl +bv ,
o a

~ )
My = % Ap+2N+1+u @ ' T ba y

A ok 20+ L+rta

py(E) = (af + b )q;(®) , p,(E) = (a  + b )qf(E)

b o

for any constants a,b ~at amy point t in [t , gl] .

o )

For each a the multiplier u“(t) is continuous on intervals of continuity
of uo(t) and satisfies the following properties: (i) there are constants aa,bu
such that “u(t)-(aht + ba) is a nonincreasing function on [t:,té]; (ii) it is of
the form th + Sa on intervals upon which wa(t)<0 and (ii1) ﬁa(tg) = :a

1£ y*(el) < o.

(3) In the process of proving (8), (9) the terms involving ﬁa will be shown
to exist.

6
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4., Transformation of the Problem.

In order to prove Theorem 3.1, introduce the additional variables, y, v, br+l.

bt+2 and the condition

y=v. (12)

The prime denotes differentiation with respect to a parameter 4 and all
elements will be represented with respect to 4, where 4 ranges on the fixed

interval [t:, t;] associated with the arc a, -

Define B = B x Br+l x Br+2 (where B 1is the space of the original problem

and Br+1, Br+2 are the spaces of the variables br+1, br+2) and R as the set

of points (4.x.§.y,§,u,v) with § >0, y=¢t, x = i§ and (t,x,i,u) in R.

The functions fi,w°.¢a,;a,LY will be considered to be defined both on R and

on R as follows: When in R , the variables vy, */; respectively will assume
tt s of the variables t,i as arguments for these functions, while when in
‘unctions will depend upon t,i in the usual manner.

We are now concerned with arcs 2 in R of the form:'

a: X(8), x(8), ¥&), y&), u®), v&), b  t <s<tl

where b has been augmented with the variables br+1. br+2 introduced above.

Consider the following problem: It is desired to minimize the integral
cl ' 1
I (@ =g (B + [ ° L (x(4),%(8),7(8),5(5),u(8),v(s))ds
o R0 O

o

with io = Lo§ on the class C of arcs & that have points

(6,%(8),%(8),5(8),5(8),u(4),9(4)) in R, b in B, u(4), v(8) piecewise

continuous, E(A) of class C! and in addition satisfy the conditionms:
1

" ' -1 "

R Ak y=9v (13-1)
y

¥ <0 (13-2) °




!J v ?
! |
5

I@s<0  lcy <p I@=0 pe<yco (13-3)
-1 s is = 4 s adgl m te =

() = x*5(B) () = X2 B) Sy
y(e2) = %) 7(e2) = 1°(5) s =0,1

r+s+l

\ -
where: (i)Ts(b) = b s = 0,1; (ii) prime denotes differentiation with

respect to 43 (iii) in (13-4) iis are the functions of the original problem

- 1
and finally, with LY = LYy

el
o
IY(a) = gY(b) + /; LYdA v o= L. .P e (14)
t
o
Set 3 %
3= 3% 3% = 0%y + P (15)

and let ﬁo be defined in an analogous manner with respect to wa, g >
as was R° defined with respect to wa, $“, ¢a. Now given an arc a in R
satisfying the conditions (13), then we can find an arc & in R satisfying
(2). By similar reasoning, and by recognizing that we are essentially only

changing the variable of integration in speaking of corresponding arcs in ]

and R, then we see that the arc

a: x (8) = x_(8) x (8) = x_(4) 7,(8) =4
L}
v, (8) =1 Go(,s) = u_(4) v (8) =0 (16)
5 = p° leoce B rapiay t° <5 < tl
o o o oy [o] e} ([~ S S

(where xo(A), io(é), uo(A), b° are from the arc ao ) will be a solution to

the transformed problem if ao is a solution to the original one.




L}
Next let il be the collection of points (5,20(6),§°(6),§°(A),;o(b),u,v)

which are in ﬁo . By the definition of &>, 3", Eo we see that if
1 ]

(Z.§°<Z),EO(Z),§°(Z),§°§Z),E,G> is a point in R, then with

t=y,8) =5 x (3) =x,(2), thepoint (t,x (£),x (£),u) 1is in R,.

Furthermore the following matrix relation is true
-  =q [} a ~o B
|:¢ K’ ¢\) ’ Gas‘# :l’ [1’ K’ o, GGB‘P } (17)
u u
where the left-hand and right-hand sides of (17) are evaluated at the respective
points introduced above in El and R,. Then by the assumption concerning the

ik
matrix of (5), we see that the matrix on the left hand side of (17) has rank m on

Rl. Thus the transformed problem is of the type described in Section 2 of Ref. 2.

5. Proof of Theorem 3.1.

Recall that the proofs of the statements involving (11) and (19) of Theorems
3.1 and 3.2 of [2] were deferred. In this section, we shall prove Theorem 3.1 by
referring to Theorem 3.2 of [2] but without the use of the statement involving (19)
of that theorem. We shall then retrace our steps to establish the statements in
question in Theorems 3.1 and 3.2 of [2].

Consider now that Theorem 3.2 of [2] except for (19) and its associated remark
is applisd to the present problem. Then there are multipliers KT, Xp, ua(é), ;a’
Py (&), Si<4) T = 1y.0052m, p=0,1,...,p+2N+242m,  a=1,...,m, di=1,...,N+l
and functions H, G which according to Theorem 3.2 of [2] together with the

-1 =

definition of f , iy, $

“ i3 ~ £ 1.9 = 3t
H(8,%,7,%,7,u,9,0,P5050) = p (£7[y]" + == v *
4 y
+p, - g4P.. y=ILy=rLy (18)
i Pat1” T Py ; T* Py ¥ 0-oY Y yy

a.1.2 ~q, ~ ~q!
= B 9°5y)" P N] = ey

a’ aa take the form:




(where the arguments of fi, L, Ly, ¢a, ;a are (y,x.*/&.u) as explained below
(12) and where we have for convenience multiplied and divided by } as factor of

;1 ) and

Eals & ° 4 1 ™° + 31— X%

= iolo
e N8y T Ao pHNHL X T

= L PN B L G nata e gu L g o 1]
+ Ap+N+lT >‘§+a[qi(to)x T+ + q_y(to)T +q (e )X + qy(to)T (19)

= @, 0,si0l0 o, 0.v0 . fa, oi {0 . 'a. o o]
e [qi(to)x Tk qy(co)'r + q (e )X + qy(co)r
P = pHWL, p = p+2(N+1), 12 4 29, 1 2% £ 9, l<az<m

(] % '
ioTo is the product of the functions Xio, T° introduced

(where: (i) the term X
respectively in the original and transformed problems and this product forms the
constraint on éi(tg); (ii) the term &; means dw;(é)/dé snd (iii) analogous
statements hold for the other terms.)

When the above listed multipliers are used as arguments in these functionms,
then the following conditions hold:

The inequality

H(8,%(8),7,(8), % (8),5(8),u,9,p(8),0(8) ,u(8) 1) < i

H(8,x (8),7 (8% (8),7,(8),u (8,9 (8)5P(8),5(8)5u(s), 1)

is valid for all points (A,Eo(é),50(6),§°(4),§°(A),u,v) in ﬁo . The relatioms

' '

| - ' - ~ - ~ -
e el “H}v, e ki il e
(21)
x = y = i i, =0 i =0
x = y = = =
Py PN+1 u® .
hold along intervals of continuity of Go(é) . The transversality condition

10
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1
?E

?

— . ! . ' ! ~
dG + [pi(t:)[dxisTs + Xar°) + g, (ar® + B (e5)ax'
(22)
L . YL
+ pN+l(to)dT ] = 0
s=0

is valid along Eb for all db. Furthermore, the multipliers X.K.u(é),;,p(é).sté)

are not of the form:

- ' - -
X, =0  y=01..,p, K =0 t=l..,2m u® =a 1f 3°@) <0
3 = n > = -“ = 1 -A = o
ua(é) as+b »u =a, Ap+a at +b, A at +b, "
py(8) = [a3 +1b 1q;(3), Pyar @ = [a,3 + 3,10 )
p;(3) = [a 5 + b laj ), Prar @ = (a8 +5,140(3)

(where p = p+2(N+1)) for any constants aa’ba at any point 5 in [co ’ té].

o
Next, set
N ip p = 0,1,...,p+2N+1
(24)
A3+1 = A;+1+1 T = 1,.00,2m; P=p+ 2N + 1.

Then by further application of Theorem 3.2 of [2] together with our selection of
the arc a, we see that the statement involving (10) together with all of the
properties of the multipliers ua(é) as listed in Theorem 3.1 are true.

In order to establish those results of Theorem 3.1, not yet proven, we note
by the form of H together with the facts that vz0, ;El along ao that
there is a function H as described above Theorem 3.1 such that along ao, a,

we have

H =H (25)

Thus, by (21) and the selection of the arc &o we see that the statement involving

(7) is proven. Next, by the last relation of (21) we obtain

i




o2

which yields

'i
~a X
pN"‘l Lo ua¢ n Pi ' (26-2)
. Y
and by differentiating( )
L}
' ] ' i ]
Pyvl T uasu 3 ua¢ay - pif ! -%9 s 2N
Y

Next, by the second relation of (21) we get that on intervals of continuity of

H,(8)
] - - 1i 0 ~ 14 ~
Py = Hp H*ix siaepyf HRR SPpu (28)
+ AOLO + AYLY + 2ua¢ + ua¢ Y=1lseeesp o

Then equating (28) with (27), solving for using the first relation of (21),

PN+l

together with the fact that § 1 along a, » we have on Zo

~ i =~ = - a ~ ey
P m=lpfrt g e RLo= AL mud cad +ue] . (29)
- -l LU
Thus on & b o
~ ] ~a
Prag = "R =0 - (30)

Now by the prcperties of the multipliers ua(é) and by reasoning similar to that
used in (26-2) we have that

ﬁu(é)$°(4) =0 l<a<m (¢ not summed). (31)

1
(A)By the properties of ua(é), then for each a,ua(é) exists if wa(é) < 0.

Thus &a(4)$“(4) (e tot summed) ekists 18 P4 < 0. I 2@) =0

then ;a(é) = 0 and we define ua(é);q(é) =0 ( @ not summed).

12
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Then by differentiating (30) and using (31) together with the fourth relation of

(21),the last relation of (25) and the selection of the arc a, we have
]

-~ o . a
“H, = Py = -[H+ w6 (32)

on intervals of continuity of 30(4). proving (8). The statement preceeding (8)
~ 1]
follows from (30) together with the properties of pN+l(4) and ua(6)$a(4) .

1] -
Next by (24), (30) the definition of G, Ts, the values of b§+s and the selection

of a, we see that the part of (22) which depends upon b',....br may be written
as (9), thus proving the statement involving that relationm.

By our selection of Eo, together with the definition of H, ﬁ, we see that
L]

at points m = (t,x_(t),k (t),u) in R and I = (4,20(4), Eo(é), 50(6), ¥, (8)su,sv)

in R with 4 = §°(A) = t, io(é) = x (t), ;lo(é) = :'co(t), }o(»s) =1, v = 0, then

H=18+ ;N+1 (33)

where H,H are evaluated respectively at I and m. Furthermore given any point
T in R° then we can find a point I in io related to T as described above.
Then by (33) and (20) we see that (6) is proven.

Now multipliers of the form specified in (11) imply by (26-2) and the selection

of a s that
o)

5 3 b o X Ct) _ &
(B) = [a,E + b 1| 87(2) - q{(O)—>— | = (a,E + b )qg(E) (34)

¥, (E)

PN+l
and furthermore by using (30) and the definition of ¢a

~ - - - ] - Vi - [] -

Brer (B = -l B+ 1afE)EY + qf(D)x - %1 = (2,40 )ad(®) (35)

so that the situation described in (23) exists. Thus (ll) and also Theorem 3.1

are proven.




It is noted that Theorem 3.1 was proven without the aid of (19) and its

associated remarks from Theorem 3.2 of [2]. Now with Ts(b) = t: s=0,1
identically for all b we see that the problem Section 2 of [2] is of the form
described in Section 2 of this paper. All of the results of Theorem 3.1 apply
and establish the results of Theorem 3.2 of [2] with (19) and its associated
remarks following from the corresponding items of Theorem 3.1. Thus the proofs

of Theorem 3.2 of [2] and hence also Theorem 3.1 of [2] are complete.

6. A Problem with Constraints Involving u,x.i and Equality State Constraints.

As the next step in our generalization process consider the problem of Section 2

to which we adjoin constraints of the type

v(tyx,) = 0
(36)

e(t.x,i.u) =0,

More precisely, let the regions R, B, the functions wa, 3“ 5 ¢a,

i is

G nyeresiy P, L. X St

s i Eiy gY be as described there. For present purposes

we desire to minimize the integral
el
I(a) = g (b) + {o L, (£, x(£), x(£) ,u(t))de (37)
on the class C of arcs which have points (t,x(t),i(t),u(t)) in R, b in B,
with u(t) piecewise continuous, x(t) of class C! and which satisfy the

conditions: i

2= £he,x(0),x(8) yult)) 1<1i<N (38-1)
P (t,x(t)) <0 l<a<m, y(t,x(t)) =0 m<a<m (38-2)
8" (e, x(t),x(t),u(t)) = 0 l<ns<lL (38-3)
I(a) <0 LY il; y L) =0 P<y<p (38-4)

14




2% = xBm)  xe®) « %) 1<i1<N (38-5)
: t% = %) s = 0,1 !
f where: ol : , !
I (@) =g (b) + {o L, (£ax(£),x(t) u(t))de Y= 1yeeasp a

The functions 8" n=l,...,L, wu a-& + 1,...,m will be assumed to be
respectively of class cl , c3 on R while the other functions are assumed to
have the continuity properties described in Section 2. ]
Let Rb be the set of points in R satisfying

<0 l<a<m v* =0 m<a<m (39-1)

n

8 =0 l<n<L (39-2)

o L}
3% =0 and o° >0 Yas> = 0 or ¢> =0 and $ <0 Yasp® =0 1 <a<m (39-3)

a0 ¢ = 0 m<a<m (39-4)

whare slso for m < @ <m we have defined ¢° = dy*/dt and ¢* = d2¢*/de?
along arcs satisfying (38-1).

We wish to test whether the arc

B . o 1
a: x (t), x (£), u (), L ke = C 5%

which is in the class C 1is a solution to the above problem. Analogous to

Section 2, we define the set R, as the collection of points (t,xo(t).io(t),u)

1
in R,. It will be assumed that the matrix

n
] Kk 0
u |
n-lpooch; G;B'l,.-o,m; k‘l,....x (‘00) ]
a 8
¢ k Gan |
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has rank L +m on (Rl)-. the closure of R1 in R. Define the functions

. ~ ~ i ~ 01 o ~ n
H(t,X,X,UsPsPsUsH,h) = pif A = L - XYLY - = uuza - hne (41-1)
io o *io ' il
G(b) = A + A X+ T + A=, X = A= thx
G =a s, L * A PV P+ o (34 (E5) T

+ CEHT! + CeHEY 2=, (%)X + BeT° + (e2)F)
"0 ; il i*7o t o 1**o

ptmta
i-lgc-o.N; Y.l.oo.,p; u-lgolo’m; n-l,ot.’L; 5-p+N+1; ;-P+2N+1n

It will be shown that an arc ab as described above must satisfy the condi-
tions of the following theorem in order to be a solution to the present problem.

Theorem 6.1 Suppose that the arc a, is a solution to the above problem.

Then there are multipliers

K » Ap ’ ua(t). uu ’ hn(t)’ Pi(t)’ Pi(t) tO s < to (42)

T-I,-.o’zm; p-o,l.....p+2N+1+2m; a-l,---.mS n-lgoo-)L; i-l,ooo’N

and functions H and G as described above such that with these multipliers as

arguments, then the following conditions hold: The inequality

H(t,x, (£),%, (£),u,p(£),B(E),u(t) ,ush(E)) <

(43)
H(e,x (£),% (£),u_(£),p(£),P(E) u(E),u,h(E))
is valid for all u with (t.xo(t),io(t),u) in Rb' The multipliers
pi(t),si(t) are each continuous with a piecewise continuous derivative on
[:z s :é]. Together with u(t),:,h(t),x, they satisy the relations
p=-H, B, =-BH, K =B H =0 (44)
X x Py u

along a, on intervals of continuity of uo(t). The function

H(t.xo(t).io(t),uo(t),p(t),5(:),u(t),a,h(t)) is continuous along ao.

16




On intervals of continuity of uo(t). this function has a continuous derivative

satisfying yi
dH/dt + u,

The transversality relation

a6 + [[-u<=:> - U (DT 1ar% p, (e2)ak'e

. (45)

-~ s=1
- pi(ts)dxis} -0
& s=0

is valid along ao all db.
The multipliers Ap. K' are constants which satisfy:
]
A >0 A_ > 0 with A =0 £ I (a) <0 l<ycx<
(o1 ' mta °Q
K'>0 l<asm )‘p+i in(t)+K qi(t) (47)
xp+ =K qt(t )+Kmmqt(t ) >‘p+N+1+i K”'“qi(t ) l<a<m;  1<i<N .
Furthermore, together with u(t),;,p(t),;(t) they are not of the form
A, =0 Yy = 0,1,...,p; K =0 T=1,...,2m (48)
¥ s ES %t t = e = = - - 1
“a(t) a, if ¢ (t) <0 ua(t) at+ b, By = 3 Apﬂ at + bu
A=, =ato+b p (D)=(at+b)qi(®) p,(¥) = (at+b)q(E)
ptmrta a o a i a ad L a a1

P+p+ 2+ 1; 1<1i<nN;

for any constants a, » bcl at any point ¢t

The multipliers ua(t), hn(t). are
uo(t).

Furthermore, for each a,

the following properties:

ua(t) - (aat +b)

form a t+ b
a [+1

17

1<a<m, the miltipliers u_(t)

(1) there are constants 3,

is a nonincreasing function on

on intervals upon which 3%(t) < 0 and (iii) ﬁa(té)':u

continuous on intervals of continuity of

satisfy

s b such that
a

[t: » t113 (1) 1t 1s of the

if w“(c;)<o.-




Gl

Lemma 7.1. There exist K real valued functions Uk(t,x,i,u) k=1,...,K of

7. Auxiliary Lemmas.

Using the notation introduced above, set

et O ke et Em TR, (49)

Next, note that according to the definition of Rl we have ws =0

B =m+ l,...,m on R, and hence also on (Rl)- « Thus the rank of the

1
matrix (40) remains intact if the terms Saewe in the last m—é rows of

(40) are replaced by zero. Hence the matrix

8y 0 0 (50)
P u
6 uk 0 0 4 ' '
= LI 0 0 1<n<L 1l<a,B<m m<t<m
¢uk Gaswe 8 B
u a 8 u
¢uk Susw 0 1<p<L+m-m 1<k<K

(where we have used the identification (49) in (50)) has rank L +m on (Rl)- .

The following result will be used in proving Theorem 6.1.

class C! on a neighborhood Nﬁgﬁ of (Rl)_ such that (t,x.i.U(c.x.i,u)) is

in R for (t,x,i,u) in N1 and

e s ba) » o* (tx%u0) in (R)” (51-1)

. L}
the matrix [aUklauh(c,x,x.u)] has rank K-(L + m-m) on N (51-2)

1

1]
8" (ty X, %, U(t,X,%,u)) =0 n=l,eee,L+mm on N (51-3)

1

- k k o
Proof: With (Rl) Nl’ Bb , e”,bp replacing respectively Ro’ Rl’ A ,d aBS

of Lemma 3.1. Chapter 5 of [1] and with p=1 there, then by the properties of

the first L + m-m rows of the matrix of (50)s all of the details of the proof

of that lemma apply here to establish the functions

18




T v.‘,1

ey e

e

Rtz k,0) = o5 + nf(c.x,&.u>bp(:,x,i,u) (52)

(c,x.i.u) in Nl’ k=1,...,K , p = l,...L+é—m

(where B: & bp are functions of class C! on Nl with bp =0 on (Rl)-)
which satisfy all of the conditions of the present lemma except for (51-2).
That property may be established by: (1) differentiating (51-3) with respect

to uk on Nl to get

o, (£ax, &, U(E,x, %)) [0"/ 0 (e, x,,0) ] = O

% (53)

n-l,ooo’L+m-ﬂ'l; k’h, ’1,..:,1{

(ii) using the properties of the first L + m—& rows of the matrix of (50)
together with the continuity properties of the functions involved and (iii)
noting the form (52).

With U(t,x,i,u) and Nl as the objects of Lemma 7.1 and with

Z = {(tyx,%x,u) eNy ‘(:,x,i,ucc,x,i,u))eal}
we prove:

Lemma 7.2 The matrix

[¢ah auh/auk ’ Gasws} G,B'l,. ..,l;l k.h-l’- --’K
u

with the arguments of ¢ak being (tyXyX,U(t,X,X,u)) and those of BUh/auk

u

and ws being (t,x,i,u) and with 6aB as the Kronecker delta, has rank m

for (t,x,i,u) 0 " Ze

Proof: Fix a point (t,X,x,u) in 2Z. Note that the matrix (54) is the

following matrix product
'
a B k L !
) h? Gasw Ju QyB = Lyieeym hyk w1, vk (55)
a o -
aB

where the argument of the first matrix is (t,x,%,U(t,X,%X,u)) in R, and that

1
of the second matrix is (E,E,E.G) in Z. Next consider the vectors Cl,...,Cxﬁm

19




as the K+m dimensional column vectors of

E du
; 3 [C}...,Cxﬁm] - h)k = l’lti.K G.B = l,o--,m (56)

where these terms are formed at (t,x,x,u) and let pl,...,0M"™™® 1 the first

1
L+m-ﬁ row vectors of the matrix in (50) and AI,...,Am the last ﬁ rows where

; this latter matrix is evaluated at (t,X,x,U(t,x,X,u)) in Rl. According to

Kim

Lemma 7.1 the rank of Cl,...,C is K+m-(L+m-m).

Now assume that there exists a nontrivial relationship among the rows of the

matrix of (54). By the form of (55) this would mean that for some linear combina-

tion V = piAi 1<1 5_& we would have

V'Ch - 0 h = l’ooo,K +m. (57)

Thus V would belong to the orthogonal complement C'L of the space C

spanned by Cl,...,CK+m . However, we know that C‘L has dimension L&m—& and

L 1
that by (53) evaluated at (t,X,%,u) the vectors Dl,...,DL+m—m span this space.

1
Then we must have that V is a linear combination of Dl,...,DL'"m-'n contradicting

the rank of (50). Thus the matrix of (54) has rank m at (t,%,%,u) and hence

in all of 2z, proving the lemma.

8. Proof of Theorem 6.1

In order to prove Theorem 6.1 we use the functioms U(t,x,x,u) of Lemma 7.1
to define the functions

Ei(t»x9iou) - fi(t,x,i,U(t,x,i.u)) E (t,x,i,u) = L (t,x,i,U(c,x,;.u))
K v (58)

;u(t’x);!u) - ¢°(t,x,§,U(t,x,i,u))

‘ on the set Nl of Lemma 7.l1. By the properties of the functions involved, we
# * We are now interested in arcs with

see that f, iy. ¢ are C! on N

1 .




T ———— T p—— ..,',,‘
-

points (t,x(t),x(t),u(t)) in N, b in B, u(t) piecewise continuous and

x(t) of class Cl.

Consider the following prgblem: It is desired to minimize the integral :
t |
I(a) =g (b) + j;o L, (£:x(t),x(t),u(t))de (59)

on the class C of arcs which satisfy the conditions

= e, xx0) 1<1<N (60-1) i
P2 (t,x) <0 l<a 5_1;1 (60-2)
I@<0 lsvysp I@=0 p<ysp2@n (60-3)

x(e%) = 25(b), x(e%) = K15(b)  1caaN  t5%(b)  s=0,1 (60-4)

where: 1

- t - L]
I(a) =g (®) + J;o L (£ax(8),x(8),u(t))de Y=1,..05p

NN IR CHORE JONEY.

1, @ =3’ m),x°®),0®) ~ o l<t<onm
Next, let a:

a: x(t), x(t), u(t), b to<t<t!

be an arc in C. The arc

a: x(t) = x(t) , x(t) = x(t) , u(t) = UCt,x(t),x(t),a(t)), b=b  t°<ecel
is in R and by Lemma 7.1 together with the definition of the functionms

;T, ¢T r-&+1,...,m, satisfies the conditions (38) and hence is in the class C.

Moreover, with a, as the arc introduced below (39) we have by (51-1) that

B(t,x (€)% (E),u (E)= u (£) . (61)
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Then as ao satisfies the conditions (38) it also satisfies the conditions (60)
and is in the class C. Pinally for arcs a and a4 constructed as above, we
have

IY(a) - iY(a) y = 0,1,...,p . (62) "h

Thus if ao minimizes Io on the class C, then it also minimizes io on the

class C.
Define N, as the collection of points (t,x,x,u) in Nl satisfying
<o
~ - 1
$"=0 and $*>0 for V_ with =0 or =0 and §°<0 for ¥ with y%=0 lcu<m .

In addition, define N, as the set of points (t,xo(t),io(t),u) in N Let

3 2
(E,xo(z),ko(z),ﬁ) be a point in N3. Then by the definition of the functions

;“ and by Lemma 7.1 we see that the point (E,xo(E),io(E),U(E,xo(E),io(E),ﬁ))

satisfies (39) and hence is in R Thus by Lemma 7.2 we see that the matrix

1.
[$°k<E,x°<E).§:°(E>,G) aaews(i.x(,(b)] l<a, Bzm (64)
u
has rank m on N3.
Set
1 1
o+t ,.0 O ~m+T ,. 0 O &0
G(b) = Aj8, + A8 + A 0 (TO,X0) + A 4 47 (T,X,X0)
- 2 0 - - e O g et 1 SR T B N R s L &
+ Apﬁx + )‘p+N+1T + Apﬂx )‘p+N+a(qi(to)x + qt(to)T + qi(to)X (65)
*‘a, 0 0 *Q, O\0 a, 0,810
+ xl-ﬁ_mvl (qi(to)xi + qt(to)T +.qi(t°)X )
and
- . ~ ~ - ~ ’i - - - ~
n(r.,x.x.u.p.p.‘.nu)--pif1 +pgx = AL - AYLY - uud:“ - uu$° (66)

& & . Al
p-p+2(m-é); p=p+N+1; r-l....,m—ﬁ; 1<i<N;  1l<y<p; 1l<asm .
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By the above argument, we see that Theorem 3.1 applies to the problem introduced

in this section. Thus there are functions H, G as described above and multipliers
) i Xp, pi(t),;i(t),ua(t),;a 2ebees iy om0l s gt arn) + M # 1 + 2
i=1,...,N, a-l,....é such that with these multipliers as arguments, then the

following conditions hold: The relation
a8 + =™ + 5 (£93%(%))1ar% p, (¢35 + 7, (£Haxl® s 0 (67)
o a0 o i o i*o g=0

is valid along a, for all db and

B(t,x (£),x_ (£),usp(£),P(e),u(e), 1) < H(E,x (£),x (£)su (€),p(£),D(E),u(t),u) (68)

holds whenever (t,xo(t),io(t),u) is in N3. On intervals of continuity of

uo(t), the relatioms

° - v:a - - dﬁ . o - L]
p;=-H, p,=-H 4 H,=0 Te Ty (B)e7(t) = H, l<ax<m (69)

i
X X u

hold. The multipliers io,Ka satisfy

- - - - ]

Ao 20 AY > 0 with AY =0 1if Iy(ao) <0 1<y<p K" >0 (70)
1 1 1]

- =2 &, 0 =mtaca, O - =a &, 0 Em+a°u. o = = -m+a o, O

Aot K (e) + 8 "q(E)) X 2K (50 1 et? A=k 9(8)
p=p+ 2(mm) l<ac<m

and are not of the form:

KY =0 vy =0,1,...,p+2(zm) k' =0 t=1,...,2m (71)

g I = a t T = e o = -o\ = 1

ua(t) a, if P (t)< 0 ua(t) aat + ba My = 3, Xp+2N+1+u aato + ba

i- o =atd+b p,(E) = (a_t+b )q}(E) P, (E)=(a_t+b )q (%)

p+2N+1+mt+a a o a i @ a1l i o S T
p=p+2@mm 1<1<N l<as<m

for any constants aa’ba at any point t in [tg,té]. Furthermore, the statements
in Theorem 6.1 involving the properties of the multipliers uu(t) l<a 5_&

follow directly from analogous statements in Theorem 3.1.
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In order to prove Theorem 6.1 we use the multipliers introduced above (67)

as arguments and define the function

* . ~ ~ i ~ .i - - ~y e~
HCE X, %,u,paPos) = pyE +pyX = AL = A L= u¢% - 3%7 . (72)
Then
- . ~ ~ * . . ~ ~ .
H(t,X,X,U,P>Psusu) = H(tsX3X,U(t,X,X,u),PspPsusHM) (tyX,X,u) in N (73)

lu

Next, let (t,xo(t),io(t),u) be a point in R Then by (51-1) we see

1°
that ¢° = 3“ l<a j_é at this point so that satisfaction of the conditions

(39) implies satisfaction of the conditions {63) and (t,xo(t),io(t),u) is in Nz.

Thus by (68), (73) and (51-1) we obtain

4 Be,x (6,5 (8),u,0(6),5(8),u(0), 1) € &eyx (8),% (8,5, (6),p(6),B(6)u(e),0)  (74)

for (t,xo(t),io(t),u) in Rl. Hence at a point (t,xo(t),io(t),u) in R1 we
have for all u in a neighborhood of uo(t) and satisfying
L}
8" (t,x (£),% (t),u) = 0 n=1.eesL+m-m
a [o] .O é (o] r (75)
6% (£,x (£),% (£),u) = 7t,x (£),x (£),u (£))=0  Vasp™(£)=0 l<ac<m

-llA

that (74) holds (where in 75) we have used the identification 61"."“r = ¢ &<t <m

introduced above Lemma (7.1).
Define the function

a,a

E ~ . ~ ~ * '
4 H(t,x,X,u,PsPsusu,V,h) = H - hne“ - v Li< at<misy SET <Bn §_L+m-ﬁ. (76)

By the properties of the matrix of (50) and by using arguments analogous to those
used in proving Theorem 4.1 of chapter 5 of [1],there is a unique set of multipliers

va(t), hn(t) a = l,...,ﬁ n=1,...,L+0-m satisfying

1 ﬁuk(tnxo(t)»io(t),uo(t).p(t).S(t).u(t),i,h(c).v(t)) =0 (77-1)

‘ and

: Ve (e,x () = 0 l<as<m @ not summed. (77-2)
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In addition, these multipliers are piecewise continuous and are continuous

whenever uo(t) is continuous. Furthermore by (73) and (51-3) we have that
H(t.X.;ﬁ,U(t:x,;ﬁgu) ,p.;.u.:.h.\))"’ vaﬁt,x.;:.u(t.x,;:,u)) i i(tgx.;t.u,p,;:u.;) (78)'

for (t,x,x,u) 1in N1 . Differentiating with respect to u at

(£,%,(£) 5% (£) ,u, (£),(E),P(E) ,u(E) ,4,h () ,9(E))  we obtain

[E p* v“¢°‘h} [iu-;] = g Bk % Lons il (79)
u u

u du

Then by (69), (77-1) and (51-1) these results

h
o a * 1 U .
v (t)¢uh(t.x°(t),xo(t).U(t.xo(t),xo(t).uo(t)) > (t,xo(t).xo(t).uo(t)) = 0. (80)
Now for any point t in [tg, té], let S RREREIA il Say 5.5 be the

indices for which w“(E) = 0. Then by our selection of the multipliers
va(t), the summation in (80) may be taken only over L EREETL However
as (E,xo(z),io(z),uo(E)) is in N3 then by the remarks involving (64), we

see that (80) implies that

a a
W G TR (81)

Thus the multipliers va(t) a = l,...,ﬁ vanish identically so that we

can allow the function H to have the form

~ * n- i ~'i__ —- ) a-~~a- n
H=f -ne" =pf +p% -XL -XL -uds®-ud -npo

(82)
l<isN l<yz<ops l<a<m, l<n<lL+m-m

and by (74) together with the definition of R, we then have that
(83)
R CERCRERIGRIGITORRIO =GR O RORNORIORIORTORUION

for all points (t.xo(t),io(t),u) in Ro.
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Next, by (82), (73) and (51-3) these results

ﬁ(t,x,i,U(t.x.i,u).p.;.u.;,h) - ﬁ(t,xgi.uop;;.u.:) (tsx)*,ﬂ) in Nl- (84)

Then with arguments t,x (t), x (£),u (£),p(t),p(t),u(t),u,h(t) we obtain by

(77-1) and (51-1)

+
o
"
e

4
]
@
e

(S
He
[

(85)

1 1]
so that by (67), (69), (77-1), (84) and the fact that ¢ " = 3™ '=0 on

1
a T=1,...,mmm we have

] ~ & a 3 ot o5
; Py = -H.i Py = -H 1 H i ™ 0 H + ua(:)¢ (t) + hL+1'(t)¢ (t) = Hr. (86)

4 < s=1
“pﬂf+p#iﬁfs+h&?ﬂ“]o'o
S=

|
s, T
L+t ( to )é
) 1<i<N l1<k<K l<azm l<t<m-m
3 L} 1]
3 Y T . ~m+T
E (where the terms hL i (t)e  (t) and hL o (t)e " (t) are defined to be zero and

dGHI=(E(e3) + i (DT +n

are included for notational convenience) along ao on intervals of continuity
of uo(t).
L
Next, let %ﬁ’bﬁr 1<t <mm be arbitrary constants and modify terms
in an analogous fashion to that used in (15) of [1]. Thus modify the multipliers

h <t im-l;l $ ;i(t), pi(t:), 1 <1i<N and the functions ﬁ, G to

e

the respective forms:
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T
by (8) +ar e +by py(t) + (ar t+br )q, (t)

By (0 + (ay, t+ b,;m)&‘f"‘(c)

(87-1)

&% XS N2 + r["fh(tcla)xu (“I)TI hiy (‘l)x J

' ' ]
= emt+t, O, 10 , embr, 0,0 m+t , 0, sio
* A 2N+l +2mimemre ,:qi CEgh, ¥ lg LT * 4o TCENX ]

iy 1 g
B = upge?

L
with: 1<+ j_m-é; l<1i<N; p=p+ 2(m-m) and e.g. q:+1(t) = wmIT(t)
x

with the other terms having analogous meanirigs and

3 1
NraneLezmir = e * Pl

- o
T T S T ™ AR

Mokt )i aé+1

and where in ﬁ, the modified multipliers of (87-1) have been used. Then in a
manner analogous to that used in proving Lemma 3.1 of [1] it can be shown that
with terms modified as in (87), the statements involving (86), (70), (83), to-

L]
gether with the remarks concerning ua(t) l<a g_ﬂ hn(t) l<n < Lltmm

hold as before. The statement concerning the prohibited form of the multipliers

(71) is replaced by the statement that the multipliers are not for the form:

% =0 y=0,1,...,p+2(m-m) =0  4s1,...,20 " (?:)-ar 1f Y (E)<0
T = T & = -A = l - J
ur(t) art+-br ur ar Ap+2N+l+r arto + bt p+2N+lI | a t + b r=l,...,m
e (E) = ar EebL P IXIPSIPPUNL THIL 3 YT -
i t v war t? an =1 , p=p+2 (m-m)
pHN+142mim-mrtt | Cmbt o | Cmbr b o P
- - a - ~ - - .a -
pi(t)-(aat + ba)qi(t) pi(t) (aat + ba)qi(t) a=l,e..ym i=1,...,N
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for any constants ac’ba a®l,...,m at any point t 1in [tg té] (where the additional

multipliers A§+2N+1+2ﬁ+p p=1,...,2(mm) result from modifying G
in (87-1)).
In order to prove Theorem 6.1, set

mha_zira Tt _3 whaT_3

& K K B K ot *Y'XY
A p+i'x§+1+K$Hq%H(tg)+KWd‘;n+T(tg) A p+N+1-I§+N+1+K’;'+Tq‘§"(cﬁ)m"""‘;’"&:ﬂ"”(t:)
1p+N+1+i-X§+N+l+i+Km+&+Tqf+1(tz) At 2NLta T pH2NLta
(89)

YpraieLmta g2 A 2N LT T Nph2NHL42mbT
A2 Ltmht = P21+ 2ttt l<a<m, p=p+2(m-m) O<y<p 1<i<N  l<t<m—m
where X§+2N+1+2ﬁ+6 1 <3 i.Z(m-&) are the terms of (87-2).
In addition, set

wr, (€)= b (t) l<t<mm and H=H (90)

where these terms come from (87). By the above statements together with the

" i 5_m-$ » we see that the function H defined above

definition of
and the function G defined by using the unbarred multipliers above and the form
listed above Theorem 6.1, have the required form of Theorem 6.1. In additiom, by

the definition of G we have

dG = dG (91)

along a, for all db. Finally: (i) by the definitions (89), (90) together with

the remarks below (87), then the statement involving (43),(44),(45), together with the

statements involving the multipliers um(t) l<a<m, hn(t) 1<n<L are proven;
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(11) by also using (91), then the statement involving (46) is proven; (iii) by also

using (88),the statement involving (48) is proven and (iv) by also using (62) the

statement involving (47) is proven thus proving Theorem 6.1.

9. A Problem with Inequality Differential Constraints.

As our final point of generalization we consider next the problem of Section 6

in which we have adjoined counstraints of the form

8(t,xsx,u) < 0 .

More precisely, let the regions R, B, arcs &, functions w“, ;a: 0%, g"

is cis

L}
L<n<L and fi, LY’ Xy X, Ts, gY be as described there. The problem at

hand is to minimize the integral Io(a) on the class C of arcs with points

(t,x(t),x(t),u(t)) in R, b in B, with u(t) piecewise continuous, x(t)
of class C! and which in addition satisfy:

;‘i - fi(t»xo;!oll) 1 < i iN

¥*(e,x) < 0 l<a il;l % (t,x)=0 m<a <m

n . 1 n . !

0 (t,x,x,u) < 0 lsnsl 8 (t,x,%x,u)=0 L<n<lL

IY(a)io 1£.Y£I'° Iy(a)-o ;)<'yip

e m)  FeH=xm) 1 =) s=0,1

L}

where Io’ IY are as in Section 6. The adjoined functions e <ns<lL,

will be assumed to be of class C! on R.

The conditions defining the set Ro now take the form :

¥ <0 lcazx ¥ =0

- H-

L
m
Al
" <0 lenet o" = 0

=0 6 >0 Ya> p*=0 or ¢%=0, +%<0 Vas ¥ =0 l1<a

°d

3% =0 4% = 0 m<a<m.

(92-1)

(92-2)

(92-3)

(92-4)

(92-5)

(93-1) °

(93-2)

(93-3)

(93-4)




The arc ao in C and the set Rl are defined here in a manner analogous to

of Section 6.

Corresponding to (40) we will assume that the matrix

n’p-lgo-o,L G’B-lgooo.m

has rank L+m on (Rl)-' the closure of R, in R.

For this problem we will prove the following theorem:
Theorem 9.1. Suppose that the arc a, is a solution to the above problem.
Then with H,G as the functions described above Theorem 6.1 but for the present

problem, the arc ao satisfies the conditions of Theorem 6.1 with (43) replaced by

H(t,x_ (£),%, (£),u,p(8),B(8),u(t),1,0) < H(E,x (£),x, (£)5u,p(t),B(£),u(),4,0)  (95)

for all u with (t,xo(t),io(t),u) in Ro' Moreover the multipliers hn(t)

satisfy
hn(t)en(t) =0 l1<n<lL n not summed.

'
and for 1 < n <L are nonnegative functions.

10. Proof of Theorem 9.1.
In order to prove this result, introduce the additional control variables

1
ne l,..0,L and set

- \J
e+ (VD2 1<ncz<lL

Our arcs a now are described as:

a: x(t), x(t), u(t), v(t), b
in t-x-x-u-v and b spaces. We shall refer to the constraints (92) with

(92-3) replaced by




8" (t,x,X,u,v) = 0 l<n<L (98)

and with the other constraints of (92) being unchanged, as the set of modified

constraints. We consider as our present problem that one defined by the modified

constraints. For this problem R is in t-x-x-u-v space and the set io is

defined by the conditioms:

W<0 l<ac<m W=0 m<ac<nm M=0 l<nc<lL (99)
L
: ?-0 f> 0 VYas w°-0 or ?-0 ¢a10 Yas ﬁ-o l<as<m
)
1
3“ =0 ¢u =0 m<a<m. !

L}
Now set v'(t) = J-e“(:) n=1,...,L where this evaluation is done along the

arc a° described above (94) and define the arc Eb as

a: % (£) = x_(t) :Io(:) = io(:) u,(e) = u_(t)

Vo(t) = v(t) E zitisel
Since a, satisfies the conditions (92) then ao satisfies these conditioms

as modified above. Furthermore given any arc a satisfying these modified con-
ditions, then the projection of this arc into R will satisfy (92) and hence
will be in C. As the value of I° depends only upon the t.x.i.u components
3 of points, then we see that ao will be a solution to the present problem if

a.° is a solution to the original ome.

Let ﬁl be the points (t,io(t).io(t).u.v) in io' By the definition of
ﬁo and 59, we see that on io
- )
9y, 25 /-9" 0
=p - uk yn
3 ) Kk 0 " 0
u v . p=l,...,L
o : ik % 2ok ¢ . kel ...k _
1] 1
VR Yo 0600 P SR
¢:k O saews u,B-l,...,m i
- 4 T‘t"’l.o--’L ?
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The matrix on the right-hand side in (100) has arguments in t=x-x-u space and
has rank L+m at a point (t,x,i.u) in Ro iff the same thing is true of the
matrix in (94). Furthermore for a point (t.§°(t).§°(t),u,\o in (ﬁl)- the
projection (t,xo(t).;o(t),u) is in (Rl)-. Thus by the assumption involving

(94) we see that the matrix on the left-hand side of (100) has rank L+m on

(il)- the closure of R, in R.

1
By the above, we see that the problem modified as above is in the class of
problems described in Section 6. Thus there are functions G as described above

Theorem 6.1 and H where

- . ~ ~ 1 ~ of o ~L~0 =-n
H(t,X,X,U,V,PsPsUsMsh) = p. £  + p. X = AL - AL =-ué¢ =-ué¢ =-he
i i o0 Y'Y (e} n (101)
1<ic<N, L2vsp l<asm l<nczslL

and multipliers Kr.xp.ua(t),;a,hn(t).pi(:).;i(t) such that with these multipliers
as arguments then the following conditions hold:
The inequality

H(E, % (8),% (£),u,9,(8),P(8),u(E),1,h(8)) <

(102)
H(, X, (£), %, (8),u_(£),5(£),p(£),p(e),u(t),u,h(t))
is valid for all u,v with (:,io(c).Eo(:),u,v) in Eo. The relations
3 2 x s ¢ npp® - - e
Py -H-i Py = -H i X =H H g " 0 H A =0 H+ uaw = Ht (103)

are satisfied along Eb on intervals of continuity of ;o(t). Furthermore, the
statements involving the continuity properties of pi(t) and ;1(c), together
with (47), (48), and the properties of ua(t).hn(t) hold without revision.

In order to prove the remaining statements of Theorem 9.1 we set !

- L]
H-H+hé(v4)2 1355 (104)




with the terms hé = hé(t) where these multipliers and the other multipliers of

H and H are as defined above (102). Then by the definition of the functions

an

8 , we see that H has the form required in Theorem 9.1 and also

H =H Hi = Hi H =H H =H (105)

[
[+
(a4
(23

Thus by (105) the relations (103) imply (44). Now according to the definition

of R° we see that (102) could be written with hl(t).....hL(t) replaced by

zeros. Also, given any point (t.xo(t),io(c),u) in Ro’ we can set

. ' L]
vé = /’-eé(t.xo(t).xc(t),u) le<s<L and the point (t,xo(t),xo(t),u.v)
will be in Eo' Thus with hl....,hL = 0 in (102) then (104) and (102) establish
(95).

; Next, by the fifth relation of (103) we obtain

; i ;
¥ O=H = -ZhA(t)vg(t) l<s<L 4 not summed. (106)
v

Thus h(t) =0 1f 8°(¢) <0 1 <4 <L so that (96) holds. The non-

negativity of the multipliers hA(t) 1<34 g_i follows from (95) together
with (106), the properties of the matrix (94) and the Lagrange Multiplier Rule.
Finally, by (104) and (106) we have that H = H along ao, so that by the last

relation of (105), them (45) and (46) hold and Theorem 9.1 is proven.
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