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ABSTRACT

The free boundary préblem for a fully penetrating well of radius r
and filled with water to a depth h, in a layer of soil of depth H, radius
R and permeability k(x,y) can be formuldted as follows: Find p€ Cl[r,R] and
u € CZ(Q)ch(ﬁb such that (xkux)x + (xkuy)y =0 in §, u(R,y) = H for
0<y<H, un(x,O) =0 for r<x<R, u(r,y) =h for 0<y<h, u(r,y) =y
for h<y< ¢(x), un(x,tﬁ(x)) =0 and ulx, ¢(x)) =¢(x) for r < x < R, where
Q= {(x,y): r<x<R, 0<y< ¢(x)} . The results of Benci [Annali di Mat.
100 (1974), 191-209] are used to derive a variational inequality and to prove
existence and unigueness. The problem is approximated using piecewise linear
finite elements and O0¢(h) convérgence of the'approximate solutions is proved

using recent results due to Brezzi, Hager, and Raviart.
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EXPLANATION

When an axisymmetric well is sunk in a water aquifer the water flows
through the ground towards the well where it can be removed by pumping.
After a sufficiently long time the flow becomes steady. We analyse this
problem using the assumptions of saturated - unsaturated porous flow:
the upper part of the aquifer is denuded of water and is dry; the lower part
of the aquifer is saturated (wet) and in it the flow is governed by a
linear second order elliptic differential equation which is derived from the
equation of continuity and Darcy's law (a linear relationship between the
rate of flow and the water pressure gradient). The major mathematical
difficulty is that the interface between the dry and wet regions is
unknown - it is called a free boundary. We reformulate the problem as a
variational inequality, that is, a variational problem in which the solution
is subject to inequality constraints (in our case, the solution must be
non-negative). We prove existence and uniqueness (which were previously
unknown) , introduce a numerical scheme based on finite elements, and prove

convergence of the numerical approximation to the exact solution. Numerical

results are given for the case of constant permeability (homogeneous isotropic

soil) and the computer program is listed.
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THE NUMERICAL SOLUTION OF AXISYMMETRIC FREE
BOUNDARY POROUS FLOW WELL PROBLEMS USING
VARIATIONAL INEQUALITIES

Colin W. Cryer and Hans Fetter

1. Introduction

The steady state problem to be considered is shown in Figure 1l.1. An axisymmetric
well of radius r is sunk into a layer of soil of depth K and radius R . The bottom
of the soil layer is impervious. ' The outer boundary of the soil adjoins a catchment area
and the hydraulic hcad u is equal to the constaﬁt H along this boundary. The water
seeps towards the well and a pump (not shown) maintains the water level in the well at
a constant height hw . The water-air interface is a free boundary which intersects the
well wall at a height hs .

The mathematical problem can now be formulated as follows (see Hantush [1964],

Bear [1972), and Cryer [1976, p. 86]):

Problem A (Classical)
Find functions ¢ (x) (the height of the free boundary) and u(x,y) (the hydraulic

head) such that (from the equation of continuity and Darcy's law):

div(k grad u) = é% (k %& ) + g% (k %% ) =0, in (8 (1.1)

together with the boundary conditions,

u=H, on AB(PI)' (constant hydraulic head) , ' (1.2)
%ﬁ =0, on BC(F4), (impervious goundary) i (1.3)
u = hw, on CD(PZ), (interface with water at rest), (1.4)
u=y, on DE(P;), (interface with air) , (1.5)
u=y, on EA(FO), (interface with air) , (1.6)
L . 0, on EA(Tl)), (streamline). (1.7)
on 0

Sponsored by
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2) the National Science Foundation under Grant No. DCR75-03838.




Figure 1.1: An axisymmetric fully penetrating well
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Here, @ is the (unknown) domain,

Q={(x,y): 0<y<ev(x), r<x<R},

9
and = denotes the outward normal derivative. Finally, k = k(x,y) = xK where the

permeability of the soil is denoted by K = k(x,y) . It is assumed, that k is of

the form

k(x,y) = expl[f(x) + g(y)] (1.8)

where f(x) and g(y) are continuously differentiable and

g'(y) >0 . D (1.9)
In particular if the permeability Kk is constant, K= 1 say, then

k(x,y) = x = exp[in x]
so that

f(x) = &nx; gly) =0 . (1.10)

We will later use the fact that

1.11
u=y-+p/pg , AL

where g is the acceleration due to gravity, p is the fluid pressure, and p is the
fluid density.

Ever since C. Baiocchi [1971] introduced a mathematically rigorous and from
the numerical point of view efficient approach to the solution of various free boundary
problems related to fluid flow through porous media, numerous studies have appeared
in the literature which extend his results in many directions; Cryer [1976) and Baiocchi,
Brezzi, and Comincioli [1976] give bibliographies.

The basic idea introduced by Baiocchi, can be summarized as follows: Through a

suitable change of the unknown variable, the free boundary problem is reduced to that of

minimizing a quadratic functional on a closed convex set. This reformulation of the problem

not only enables one to determine various properties of the solution, but it also'offers
the advantage that the new problem can readily be solved numerically by several methods

including finite differences and finite elements.
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The first problem considered by Baiocchi was the "model problem" of porous flow
between two water reservoirs of different levels separated by a homogeneous rectangular
dam with.horizontal impervious base. Subsequently, Baiocchi, Comincioli, Guerri, and Volpi
[1973) and Baiocchi, Comincioli, Magenes, and Pozzi [1973] considered the case of a rec-
tangular dam consisting of two homogeneous layers, either horizontal or vertical. A
further development is due to Benci [1973, 1974] who considered a rectangular dam with

a permeability coefficient of the form
K(x,y) = exp(f(x) + g(y)) . (1.12)

The problem of a fully penetrating axially symmetric well (Figure 1) s the axially
symmetric equivalent of the problem of flow through a rectangular porous dam. The well
problem is of considerable technological importance. Hantush [1964] gives a lengthy
survey, and Cryer [197G, p. 86] gives further references.

Polubarinova-Kochina [1962, p. 283], Hantush [1964, p. 362], and Bear [1972,

p. 368] show that for constant permeability the rate of flow Qw is given by
s 2 .2
Qw = nK(H -h")/&n(R/xr) . (1.13)

Mauersberger [196S] and Youngs [1971] obtain exact expressions in closed form for the
rate of flow with variable permeability of the form (1.12). Mauersberger [1965] has
derived a variational principle. However, apart from the not entirely rigorous results
of Maueréborger [1965a), there appear to be no results on existence and unigueness. In
this paper the results of Benci [1973, 1974] are applied to the well problem to obtain
existence and uniquencss. A finite element method is then used to obtain numerical ap-~

proximations, and error estimates are obtained.

After completing this report we learned that the case of constant K had been

formulated as a variational inequality and solved numerically by Elliott [1976, p. 62].
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2. Notation and preliminaries

We state here certain basic definitions and results about Sobolev spaces. This
material can be found in Adams [1975].

If R is an open set in R2 the following spaces may be constructed:
c(@) =C° (R) is the Banach space of functions which are bounded and uniformly continuous
on 9 with norm

“u; c@ ” = mg_xlul 5
Q

m 2 : B
C (Q) is the vector space of functions u which, together with all their partial derivatives
p%u of order |a] < m are continuous on Q . Here a = (oyreee00)  with ay a

non-negative integer,

n
lal = ] oyl
i=1
and
o 8|°‘|u
D u al —_(1 .
n
3)(1 ce. OX
m = / m ; S
c () nach space of those functions u €C () for which D u is bounded

and uniformly continuous for 0 i]a| <m. If ue c™@ then p™ can be ex-

tended continuously to Q and we may regard Dau as being defined on Q , and

it is readily shown that Dq'u is bounded and uniformly continuous on Q.

-

Cm(ﬁ) is equipped with the norm

Ilu;Cm(ﬁ)Il = max sup IDau(x)l '
0< |al<m xeQ

= max max [DTu(x)| .
0_<_|u|im xec

Cw(m is the vector space consisting of functions u such that ue€ c™@Q) for all m ,

0<m<® ,




C,;(Q) is the subspace of c™@) consisting of functions u which "vanish near 39" ,
that is, the functions u€ Cm(ﬂ) with compact support in . CXS(Q) is of course
also a subspace of @ .

C:;(.Q) is the subspacec of @) consisting of functions ueCw(Q) with compact support
in Q .

Lp(ﬂ) is the Banach space of real measurable functions u defined on ) for which

”u"P = ”u; LP(Q) “ = U‘Q Iu(x)lpdx]l/P< o

Here, 1<p< . Two elements of Lp(Q) are identified if they are equal a.e.

(almost everywhere).

HP(Q) is the completion of  {ue c"(@: [lu “m B < ©} with respect to the norm
’

£ 3 ¢ 1%l p)pll/p ;

Holl _ = ;
™P o<al<m

o
Hz'p Q  is the closure of C_(R), in ™P @ .

1 (Q) Hm'z(Q) . The norm in H" is denoted by ||-|| e

H';(Q) Hg'z(Q) . By the generalization of Poincare's Lemma, if @ is bounded then the
i <1l 0Py 4 ivalent to th | defined b
norm ep on Hg is equivalent to the norm |+ v

Y )RR .
|o|=m B

]

mp

The spaces Hm'p(Q) and H,g'p(Q) are called Sobolev spaces or Beppo-Levi spaces.
There is a useful alternative definition of the Sobolev spaces. If ue Lp(ﬂ) and
if for some « there exists Vs € Ll(ﬂ) such that

[ wx)p’plxax = ~nlol g v (%) ptnax
Q Q

L]
for all ¢ ¢ Co(m '
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then v is called the wecak partial derivative of u and is denoted by Dau .

We can'now define the W 'P spaces; wm,p(m is the Banach space of functions
u e Lp(m such that the weak derivatives D u exist and satisfy b u e Lp(Q) for

1< |a| <m with the norm

= o p,1/p
Il e vl ko o tllatell 0%

o<|al<m
An important result due to Myers and Serrin states that for all Q

P@ = wP@) .
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3. Weak formulation of the problem

In the (classical) Problem A it is implicitly assumed that the free boundary Tg
and solution u are "sufficiently smooth”. Here we reformulate the problem as a second
problem, Problem B, in which these smoothness assumptions are relaxed.

Let {¢,u} be a "smooth" solution of Problem A. We cannot assume that ue Cz(ﬁ)
because %3 is discontinuous at the corner D (see Figure 1.1). It might also appear
that u could be discontinnous at the corners B and C; this is not the case since by
reflecting both u and § in the x-axis we obtain a solution, u' say, in the reflected
domain, Q' say. Let

Q=0 v 9‘1JP4 Y

and let

Then 90" is snooth at B and C so that u" is well-bechaved at B and C . We thus
assume that "sufficiently smooth" implies the following: the frec boundary F, has a

5 2 = 5 :
continuous outward normal n ; ue C () n C(R); and u is continuously differentiable

in a neighborhood of FO O

To obtain the wecak formulation of the problem we procced as follows. For any
P € Cw(Q) which vanishes in a neighborhood of Fl u Fz u Fa it follows from Green's

theorem (see Appendix C) and (1.1) that

>

f k grad u grad Y dxdy
Q

I ¥ k %ﬂ ds - f Y div(k grad u)dxdy . (3.1
o i Q

=0 .




S—— ~ s ™
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e
Let
V= {ve n‘(m: v=0 on T uTl,u I‘a} ; (3.2)

that is, V is the closure in Hl () of the functions Ve CQ(Q) which vanish in a

neighborhood of l"l v 1‘2 v I‘:'; . Since every v ¢ V is the limit in Hl(m of

functions Y for which (3.1) holds, we have that

IQ k grad u grad v dxdy = 0, for all veV . (3.3)

Thus, { ¢,u} is a solution of

Problem B (Weak)

m

Find ¢ € C[r,R) and u HI(Q) n C(R) such that u satisfies (3.3) and the

boundary conditions

u=H, on I‘1 ’ (3.4)
u=h,on T_, (3.5)
w 2
u=y, on ]'5 ’ (3.6)
u=y, on I‘O 5 0 (3.7)
i
-9-




4. Formulation as a variational incquality

In this section wé follow Benci [1973, 1974) and reformulate the weak problem,
Problem B, as a variational inequality, Problem C. The derivation given here is in-
tended to complement that of Benci: it is hoped that the derivation given here brings
out more clearly the essential steps in the derivation.

The first step is to introduce a "Baiocchi function" w(x,y) defined on the

rectangle

b= {0yl 2<x<R, o<y<H} , (4.1)

as follows:

¢ (x)
exp(g(t)) [u(x,t) - tldt, for (x,y)e Q ,
Y

it (4.2)

0, for (x,y)eD - .

We show that w satisfies a differential equation at points (x,y)e Q . Dif-

ferentiating (4.2) with respect to x we find that

¢ (x)
wx(x,y) = fy explg(t)] ux(x,t)dt +

+ ¢'(x) explgw(x))] [ulx,p(x)) - ¢(x)] ,

v (x) :
= f explg(t)] ux(x,t)dt ; . (4.3)
Yy

-

since, by (1.6), u(x, ¢(x)) = ¢(x)
Multiplying (4.3) by exp(f(x)] and then differentiating with respect to x we obtain
{explf(x)) wx(x,y))x

¢ (x) .
=/ [expl£(x) + g(t)]u_(x,£)] dt + (4.4)
y

+ ¢'(x) explf(x) + gl (x))] ux(x. vix)) .

We now carry out similar computations for the derivatives of w with respect

to y .

-10-




e

wy(x.y) = -explg(y)) [u(x,y) - y] . (4.5)

Multiplying by exp[-g(y)] and differentiating with respect to y we obtain,
(expl-g(y)) w (x,y))
pl-g(y y Y y

=1 - uy(x.)') ’

=1 - expl-g(y)] [explgly)] uy(x.y)] '
v (x)
=1+ expl-g(y)] {f (explg(t)] u, (x,t)) dt -
y
- explg(v (x))) uy(x, v(x))} . (4.6)

Multiplying (4.4) by expl-g(y)] and (4.6) by explf(x)] and adding, we obtain that

(expl[£f(x) - gl(y)] wx(x,y))x + (expl[f(x) - g(y)] wy(x,y))y

exp[f(x)] +

¢ (x)
+ expl-g(y)] Iy [0, £) v (x,8))  + (k(x,t) u(x,t) Jdt +
+ expl-gly) + £(x) + g(p(x))] [¢*'(x) ux(x,v(x))— uy(x,w(x))] o (4o

Since u satisfies div(k grad u) = 0, and since on the free boundary

¢'u —-u =-[1 + (w')zll/z u

x y A SR

the last two terms on the right hand side of (4.7) vanish. Thus, if the elliptic operator
L is defined by 5

(Lw) (x,y) = (exp[f(x) - g(y)]wx)x + (exp[f(x) - g(y)]wy)y ¥ (4.8)
we have from (4.7) that

Iw = explf(x)]), in Q. (4.9)

Since, from (4.2), w=Z0 in D - 5, we also have that
Iw=0, in D-Q . (4.10)

At this point it is appropriate to observe that, from (4.2), (4.3), and (4.5) ,

~-11-
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W, = wy . 0, on Fo » (4.11)

We denote by ¢ the boundary values of w . The function ¢ can be determined as

follows. From (1.2) and (4.2) it follows immediately that

¢(x,H) = 0, on FS ' (4.12)
H

®(R,y) = /] explg(t)) [H-tldt, on Ry (4.13)
b ¢

From (1.4) and (1.5) we see that

h
w

o(xr,y) = f explg(t)] Ihw—t]dt, on F2 . (4.14)
Yy

d(x,y) = 0, on T3 ¢ (4.15)

To determine ¢ on P4 we must proceed more indirectly. From (4.4) we see that

[exp[f(x)] w_(x,0)]
x x

¢ (x)
[exp[£(x) + g(L)] ux(x,t)]x dat +

0

+ 9" (%) exp[f(x) + glo(x))] ux(x,w(x))

Replacing the intcgrand using the cquation div k grad u = 0 and then integrating, we

obtain

[exp[f (x) wx(x,O)]]x

-

¥ (x)
[ lexplf(x) + g(t)] u_(x,t)) dt +
0 t t

+ ¢'(x) explf(x) + glv(x))] ux(x.w(x)) '

explf(x) + g(0)] uy(x,o) +

+ explf(x) + glo(x))] [¢'(x) ux(x.v(x)) - uy(x.tp(x))l '
=0 v

since, by (1.3) and (1.7), uy=0 on T ana u =0 on il

-




We thus conclude that on F4 $ satisfies the linear sccond order differential equation

(explf(x))¢x)x =0 (4.16)
with general solution
X
®(x,0) = A + B [ exp[-f(t)lat . (4.17)
r

Since the value of &(x,0) is given at x = r by (4.14) and at x = R by (4.13), the

values of A and B can bc determined. We obtain:

i d(x,0) = &(r,0) + [®(R,0) - ¢(r,0)) F(x)/F(R), on F4 ¢ (4.18)
where
X
F(x) = | expl-f(t)ldt . (4.19)
P
From (1.11),
: F u=y+ p/pg (4.20)

where g is the accelecration due to gravity, p is the fluid pressure, and p is the fluid §
4 density. The fluid pressure p 1is non-negative for physical reasons so that u-y>0 q
and hence w>0 . Unfortunately, this cannot be proved mathematically without some

additional assumptions. One approach is as follows. Consider the function v =y - u .

Then
div(k grad v) = div k grad y ~ div k grad u ,
' 3
; g (k) ?
; = explf(x) + g(y)] g'(y) .
; Hence %
|
I div k grad v > 0 in @
| 1
provided that g'(y) > 0 . From the maximum principle for elliptic equations (Courant

and Hilbert [1962, p. 326]) we conclude that v attains its maximum in & on 9Q .

However, from the boundary conditions, v <0 on Fo v Tl V] Fz v Ta . Also, on F4

-]13-
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v =1-u =1
Y Y

so that v cannot attain its maximum on F4 . Consequently, we see that v < 0 in :
Q . That is, we have shown that

w>0 in Q. (4.21)
provided that

g'(y) >0 . (4.22)

Let a be the bilinear operator defined on Hl(D) X HI(D) by,

a(u,v) = f exp[f(x) - g(y)lgrad u grad v dxdy ,
D
(4.23)
= ID explf(x) - gly)] [uxv* + uyvy]dxdy c
Let j be the lincar functional defined on Hl(D) by,
jv) = [ explf(x))v ax dy . (4.24)
D
Let K be the closed convex set
1 1 :
K={veHu(:v-wc HO(D) and v >0 a.e. in D} . (4.25)

Now let v be any element in K . Then

a(w,v-w) + j(v-w)

= f exp[f(x) - gly)] grad w grad(v-w)dxdy +
D -

+ j exp[f(x)] (v-w)dxdy ,
D

2.! exp[f(x) - gly)] grad w grad(v-w)dxdy +
2
+ ] exp[f(x)] (v-w)dxdy ,
1]

since w=0 in D - . Integrating by parts, and noting that either v-w =0 or

%% =0 on 9o , we obtain that

ld=




a(w,v-w) + j(v-w)

> [ I-Lw + expl£(x)]] (v-w)dxdy,
Q

from (4.9) .
We have thus shown that if g'(y) > 0 then w satisfies the variational in-
equality

a(w,v-w) + jlv-w) >0 . (4.26)

More precisely, Benci =~ 973, 1974] proves

Theorem 4.1
If u is a solution of the weak problem and g'(y) ¥ O then w ¢ Hl(D) n c(p)
and w satisfies the variational inequality: Find w € K such that

a(w,v-w) + j(v-w) >0, (4.27)
for all v e K . D

Remark 1
Benci [1974, p. 194) and, in a special case, Baiocchi, Comincioli, Magenes, and

Pozzi [1973, p. 19]) assert that if u is a solution of the weak problem and

u-y, in Q0
(o)) in D-Q ,

then T € l'l:l (D) . We have been unable to “follow their arguments, and it seems to us
that their arguments require that f be such that trace theorems can be applied. This
is not a serious difficulty, since if u is "sufficiently smooth” then we certainly

have that T ¢ Hl(D) .

Remark 2
Both Benci ([1974) and ﬁaiocchi, Comincioli, Magenes and Pozzi [1973] assume that
¢ is a monotonically decreasing function. While undoubtedly true, this assump-

tion does not seem to be necessary for the derivation of the variational inequality.

W




Remark 3
We have assumed that f and g are continuously differentiable. This assump-
tion can be relaxed somewhat: Benci [1974]) only requires that

f e H1'2+“

[r,R] '
gen®¥ om

for some U4 > 0 .
The assumption that f be reasonably smooth is not unduly restrictive. However,
the soil around a well often consists of N horizontal layers of different constant

1,240

permeabilities, and g is then not in H [0,H) .

Remark 4

While condition (4.22) is not necessary, it appears that some condition must be
imposed upon g(y) . Baiocchi and Friedman [to appear] refer to numerical solutions of
the variational inequality (4.27) by Comincioli showing that some choices of g ap-

parently lead to negative water pressures p, and this has recently been proved by

Friedman [1977}.

Remark 5

For results when k is not of the form

k = exp[f(x) + gly)]

see Baiocchi [1976].

Remaxk 6

Although it is not apparent from tﬂé above derivation of the variational inequality
(4.27), the fact that the boundary values ¢ of the Baiocchi function w can be ex-
plicitly computed is related to the fact that, as shown by Mauersberger [1969) aﬁd
Youngs [1971]), the flow rate Qw can be explicitly computed.

If a problem is such that Qw cannot be determined explicitly, then an additional

complication is introduced, namely that the unknown Qw must also be found; see

Baiocchi, Comincioli, Magenes, and Pozzi [1973, p. 46].

govme.




5. Properties of the solution

; By assumption f£(x) and g(y) are bounded. Thus, the bilinear functional a and

the linear functional 3j are continuous on Hl(D):

2

atv,v) < u2(|[ vl 1al . (5.1)
3

3| < 8, vl I 25 (5.2)
- ’
3 for all v ¢ Hl(pp where @, and 82 are constants.
) Remembering that the norms I.lm,p and ” °” o are equivalent on Hg'p(D) (see

4 section 2) we can conclude that a is coercive on H;(D):

2
atv,v) > @ (v "1,2) , (5.3)
for all v ¢ H;(D), where al is a strictly positive constant.

It follows from the basic theory of variational inequalities (Stampacchia [1964]) that

Theorem 5.1
i a " There exists a unique solution w ¢ H;(D) of the variational inequality formulation
| . (4.27) of the axisymmetric well problem. (|

Although Theorem 5.1 answers the most basic -questions, namely regarding existence

and uniqueness, there remain a number of interesting questions which we now mention:

1 1. How smooth is w ?

If w is to be a solution of the classical problem, Problem A, then w cannot
just be in HI(D) . Morcover, as will be seen in section 6, the smoothness of w plays

an important role in the error analysis of approximation methods.

It follows from the results of Benci [1974, p. 200) that
wen P, (5.4)

for any p satisfying 1 < p <®, Since D has the cone property it is a consequence

of the Sobolev embedding theorem (Adams [1975, p. 97]) that

wecld . (5.5)

«)Fe




It would be of considerable interest for numerical applications if it could be
i - 5/2-¢€,p
shown that w was even smoother. In particular, if we H for any € > 0 then
the quadratic approximations duc to Brezzi, Hager, and Raviart [to appear] could be ap-
plied. At the time of writing we do not know whether this is true. Of course, we can-
not expect w to be very smooth because w has a discontinuity across the free boundary.
References on the regularity of solutions of variational inequalities include: Brezis

[1971); Brezis and Kinderlehrer [1973/74]; Brezis and Stampacchia [1968]; Lewy and

Stampacchia [1969].

2. What are the properties of w and Q ?

Many interesting questions suggest themselves concerning w and (. In particular
the following properties are known:

(a) w, £ 0 and b * < 0 in D . (Benci [1974, p. 200 and p. 202])

(b) ¢ is continuous and strictly decreasing. (Benci [1974, p. 207] and Baiocchi
and Friedman [to appear].)

(c) For other results for the case k = 1 see Caffarelli [to appcar] and Jenscn ;

[to appear].
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6. Numerical approximation

It has been shown in the previous sections that the Baiocchi function w satisfies

the variational inequality (4.27): Find w € K such that for all v e K,
a(w,v-w) + jv-w) > 0. (6.1)
Since a is symmetric, that is
a(v,w) = a(w,v), for all v,weV ,

there is a connection between the variational inequality (6.1) and the unilateral mini-

mization problem

Min J(v) ,

veK (6.2)

J(v) = a(v,v) + 2j(v)

This connection is given by the following theorem which is well-known but which we prove

for the convenience of the reader.

Theorem 6.1
Let a(v,w) be a symmetric bilinear form satisfying a(v,v)} >0 for all veV.
Then w 1is a solution of the variational inequality (6.1) iff w is a solution of the

unilateral minimization problem (6.2).

Proof. Suppose that u is a solution of (6.1). Then, for any v € K ,

]

J(v) alv,v) + 2j(v) ,

-

a(u+(v-u), u + (v-u)) + 2j(u + (v-u)) ,

n

J(u) + 2[a(u,v-u) + j(v-u)] + a(v-u, v-u) ,

J(u)

v

so that u is a solution of (6.2).
Now suppose that u is a solution of (6.2). Then, since K is convex, for any
v € K we have

u+ t(v-u) e K, for 0<t<1.

Thus

-19~

SO PR AR TR



It follows that

G(t)

|v

G' (0)

so that u is a solution of (6.1).

We note that Theorem 6.1 does

the unilateral minimization problem

form is coercive (see (5.

unique. (Theorem 6.1 with the added assumption of coercivity is given by Lions [1971,

p- 921).

We approximate w by choosing a finite-dimensional approximation Kh and solving

the finite-dimensional problem:

The convex set Kh

shown in Figure 6.1.

3)) and we

is constructed as follows.

J(utt(v-u)) - J(u,u) ,

2t[a(u,v-u) + j(v-u)] + tza(v—u,v-u) "

0,

not assert that either the variational inequality or
has a solution.

know from Theorem 5.1 that a solution exists and is

for 0StEl .

u]

Find w_ ¢ K

h h

2[a(u,v-u) + j(v-u)] > 0 ;

In the present case the bilinear

J(wh) = Mi: J(vh) .
th h

The domain

i

Figure G.1:

The triangulation of D

=30

is triangulated as




The subdivisions are not necessarily uniform, but it is assumed that there is a constant

B > 0 such that

= (maximum interval length < h < B (mipimum interval length), (6.4)

hesl i

where h is a measure of the fineness of the subdivision. The set of interior gridpoints

F will be denoted by Dh and the set of boundary gridpoints will be denoted by BDh .
We denote by vh the space of piecewise linear functions (linear finite elements)
i corresponding to the triangulation in Figure 6.1. We set
s > i = 5 BL)) I
Kh = {vh € Vh Vi >0 in D and v ¢ on BDh } (6.5)

Since the functions Yh are linear, vy is non-negative in D iff i is non-negative

i >
on Dh u BDh . Since ¢ >0 on oD,

T T T Y

= . > =
lS) {vhevh. vh__O on Dh and v % on BDh} . (6.6)

hdl s 7

The approximation wh is readily computed as is shown in section 7. Here, we de-
rive an error estimate for ||w-whH by combining the ideas of Brezzi and Sacchi [to

appear] and Brezzi, Hager, and Raviart [to appear].

Theorem 6.2

; The piecewise linear approximate solution w, exists and is unique. Furthermore,

h

I w-w, |l i3 =0M : (6.7)

Proof: The existence and uniqueness of w_ is an immediate consequence of Theorem 6.1
together with the fact that a is a coercive bilinear form.

2
We now introduce some notation. For any two functions 9,09, ¢ L (D) we set
(9,,9,) = ID 9,9, dxdy - (6.8)

From (5.4), w ¢ HZ(D), so that wx and wY € Hl(D) and hence (see (4.8)),

Lw = div expl[f(x) - g(y))grad w € Lz(D) . " (6.9)

0

For any v_ € H;(D) we thus have that




a(w,vo) = f exp[f(x) - g(y)] grad w grad Yo dxdy ,
? D
= —f v, Lw dxdy ,
D (o]
= (-Lw, vo) 5 (6.10)
Finally, we note that E
jv) = (e,V) (6.11) 3
where :
e(x,y) = explf(x)] . (6.12)

If ve K then v - we H;(D) so that using (6.10) and (6.11) the variational f
inequality for w may be written in the equivalent form

(-lw + e, v-w) >0 , (6.13)

A

for all v e K.
In (6.13) we may set v =w + Yo for any non-negative Vo € Hé(D), from which we

conclude that
-Lw + e > 0 a.e. in D. (6.14)

For any €>0 let we be a smooth non-negative function which is equal to 1
at points in D which are at least a distance 2€ from 9D and cqual to O at points

less than a distance € from D . Then, v_ = ¢ _w ¢ H;(D) . Setting v =w + v

€ € €

in (6.13) and letting € =+ 0 we obtain
(-Lw + ¢, w) >0 .
Setting v = w - Ve in (6.13) and letting €=+ 0 we obtain
(-Lw + e, -w) >0 .

Herice,

(-Lw + e, w) =0 . (6.15)

Finally, by assumption,
w>0 a.e. in D. (6.16)
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Inequalities (6.14)} and (6.16) together with equality (6.15) constitute a complemen-

tarity problem for w .

. i - > e
Since a(wh,vh wh)__ (e, vh wh) for all vh € Kh' we see that

a(w—wh, w—wh) = a(w-wh, w—vh) + alw~w_, Vv

T Sy N

= a(w—wh, w—vh) - a(wh, ViV, ) + alw, vh-wh) .

< a(w-wh, w-vh) + (e, vh-wh) + (-Lw, vh-wh) " ‘
= a(w—wh, w—vh) + (-Lw + e, vh—wh) i %
= = +(~ =
% 02||w wh"l,lew % |h'2 (~Lw + e, v, -w) o (6.17)

where az is the constant introduced in (5.1). Using (6.14) and'(6.15), we

conclude that ;

L}

(-Lw + e, vh-wh) (-Lw + e, vh—w) - (-Lw + e, wh) + (-Lw + e, w) ,

(=Lw+e, o~ w) - (-Lw + e,wh) .

Llwte, v -w , i
, (6.18)

I ome s ell g vy - wll g, -

| A

i 2 b . s .

i For any Vv € H (D) 1let v denote the piecewise linear interpolate to v . It
follows from the work of Ciarlet and Raviart [1972] that there is a constant C in-
dependent of v and h such that

llv - v 2 2cllv [ W™, for m=0,1 . (6.19)

Next, we note that

-

I I
”W"Wh “1'2 f. ”w_w ”1'2 + “w -wh ”1'2 E

2 2l 5
Squaring, and using the inequality (a+b)” < 2(a"+b”), we obtain

2 2

1 I I 2
3 lw=wy ”1,2’ < (lw-w ||1'2) + v ”1,2’ . (6.20)

Finally, we observe that wI - W € H;(D) so that, from the coercivity of a on

h
#i(D) (see 5.3),

o

i) (6.21)

I 2 I
al(llw -wh||1'2) < a(w -wh
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We can now begin the final computations. We set E = ||w-wh ||1 2 Using (6.19),
\ '

(6.20), and (6.21) we obtain

2

2 2 I 1
< al(C”w”z,z) h™ + a(w —wh,w-wh) f

By
2

g 5
= a(wI—w . W —wh) + o(h2) ;

h

I I
= a(wx-w, w -~w) + 2a(w -w, w-wh) +

2
+ a(w—wh. w—wh) + o0(m™) ,

2

I T
< oyl %+ 2y vl ol Iy, ¢

+ a(w-w, ., w-wh) + o(hz) 5 3

h

Using (6.19),

2 .2
E < uz(c||w||2'2) h +2a2c||w[|2'2hE+

+ a(w-wh. w—wh) + 0(h2) '

¢ .
P T v—

= a(w-w_, w-wh) + 2Cl h E + O(hz) 2

h

where Cl =a,C Ilw ||2'2 .

Using (6.17) and (6.18) with v, = W,

o
1.2 _ :
= E < uz(c J|w ”2'2)hE +’( Iw + e, w wh) +

+ 2C:l hE + O(hz)

<3c. hE+ |-t ell,,llwt=wll, , + o™ .
= 0,2 h'o,2

1

Using (6.19) with m=0 ,

a
1 2 2 2
5 E <3, hEH || -Lw+e “0,2 clivll, , »° +om®

= 3c1 hE+ o(hz)




T

2

iy

Thus, multiplying through by we have that

% < 2c

2
2 h E + 0(h°)

wi = . >
ith C2 6C1/ct1 Hence,

®-c,m? < ©,m?+om’) =om))
so that

E -~ CZh = 0(h) v

and finally,

E = ||w-w = 0(h) . 0O

hl|1,2
Remarks
1. There are a number of interesting questions about the convergence of v to
(a) How fast does the approximate free boundary converge to the true free
boundary? In this connection see Brezzi, Hager, and Raviart [to appear,
p. 21) and Brezzi and Sacchi [to appear, p. 9].
o
(b) Can one obtain an L estimate for the error? In this connection see

Baiocchi [1976a].

2. We draw attention to a number of related references on the numerical solution
of variational inequalities: Falk [1974]; Glowinski [1976); Glowinski, Lions, and

Tremolieres [1976]; Mosco and Strang [1974); Hager [1976]); Hager and Strang [1975].

-

3. The functions Yh must satisfy, at least approximately, the boundary conditions
v=¢ on 9D and the inequality restraints v > 0 a.e. in D . By formulating the
problem in terms of V=v- 9, the boundary conditions take the simple form v=0 on

9D, but the inequality constraints take the more complicated form v > - . It was,

therefore, decided to retain the formulation in terms of v .




7. A numerical example

As an example we consider the specific geometry shown in Figure 7.1, which was

chosen because it had previously been considered by several authors.

: B

Figure 7.1: A numcrical example (r = 4.8, R = 76.8, hw =12, H = 48,
m=8, n=12,)

Because the solution changes most rapidly near the well, the subdivisions were
taken to be uniform in the y-direction and logarithmic in the x-direction. If n and

m dencte the number of subdivisions in the x- and y-directions, the coordinates of the

gridpoints were given by

<
)

3 H/m, 0<jygm,

%
[}

r expli/n In(R/r)], 0<i<n .

The integer m was always chosen to be a multiple of 4 so that the corner D was a

gridpoint; this was advisable since w is not smooth at the corner D .
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The permecability K, was taken to be one so that f(x) = ln -« and gl(y) =0 .

From (4.23), (4.24), and (6.2),

J(v) = f x[v2 +vi e 2v]ldxdy .
S L

From (4.12), (4.13), (4.14), (4.15), and (4.18), the boundary values ¢ are

®(x,H) = 0, on AF ,
O(R,y) = (H~y)2/2, on aB,
2
d(x,y) = (hw-y) /2, on €D ,
¢(r,y) =0, on DF,
h2 In(R/x) + H2 1n(x/x)
d(x,0) = — 4 ont BC .

2 1n(R/x)

(7.1)

(7.2)

For v ¢ K let Vv = {v, ) denote the N = (m+l) X (n+l) vector such that

h ij

Vij = vh(xi,yj) s

Then

tv,) = vTAV + 2bV

where A = {A(i,j; i,3)} is an N X N matrix and b = {b(i,3)} is an N-vector.
matrix A and vector b are best obtained by computing

2 2
+ + dxd ’
IR xltv 97+ (v )7 + 2y laxdy

il

JR(vh)

T T
\Y ARV S ZbRV , say,

for a grid rectangle

= : < < i R € V.
R={oy): x, <x<x yj_y_yjﬂl.

and then summing over all grid rectangles.

Consider such a rectangle R which we divide into two triangles, L and

(See Figure 7.2).

(7.3)

(7.4)

The

(7.5)

(7.6)

(7.7)

u .




i,341 i+l,3+1
U
by L
i3 Ax i+l,3

Figure 7.2: A typical grid rectangle R

Then,
on L:
L Vh'x = (Vi+1'j -~ vi,j)/Ax ’
] = . . :
vh,y (vi,j+l vi,j)/ N, (7.8)
3 = - + 5
i vi,j + (x xi)vh,x (y yj)vh,y v
| |
4
On U:
vh,x F (Vi+l,j+1 B V,i,j+1)/Ax i ;
" (7.9)
v = (V =V ) /By |
ey T Yiar, 50 T Vi f :
= - y + - |
h Voun, qep 08 1 * WYL Vi
|
Let XL and XU be the x coordinates of the centroids of L and U : |
X = X + Mx/3 (7.10)
Xy = %X + 20x/3 . %

By direct computation, the non-zero components of AR are:
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Ll i -2 -2
AR(x,J,x,g) 5 Ax Ay xL(Ax + Ay °)

AR(i+1,j+1;i+l,j+1)= % Ax Ay )(U(Ax-2 + Ay-z) p

™

AR(i+1,j;i+l,j)

Rk 1
An(l.l*l;l;J*l) =3
Ao (i, 35441, = = An A ax~?
CTBERE TR “ = y X, &x '
A (i,3:i,541) . oa bty w Kyt
SETSERRS 3 y x, By '

2 : ; 5 -2
A§1,3+1,1+1,)+1F 2 Ax Ay Xy Ax i

Jighh. ki i -2
ALi+1, 35041, 34D)= , Ox by x Ay ‘

AR(i+1,j;i,j) AR(i:j;i+1,j) ¢

AR(i.,j+1;i,j) I\R(i:j:i,j+1):

AR(i+1,j+1;i,j+1) AR(i,j+1;i+l.j+l)'

AR(i+1,j+l;i+1,j) AR(i+l,j;i+1,j+1)'

The non-zero components of bR are:

x
L g ol L
bR(l,]) a5 Ax Ay x -3 Ax Ay [ 3 +
X
il L Ax
=2 Mx bylZ - 581 .

X
i41.9) = L Lo, 28x
bR(1+1,J) =3 Ax Ay[3 * = 14

x
1 U, Ax
+ 3 Ax Ay[3 + 55 17

—

x
g e L _ Bx
bR(1,3+1) =3 Ax Ayb3~ 36 ] +

X
1 U 2Ax
2 —2' Ax AY[—“3 = 36] v

20x
36

)

-2 1 -2
Ax Ay X Ax © o+ > Ax Ay Xy Ay ‘

-2 1 -2
Ax Ay X, Ay <+ = Ax Ay %y Ax

(7.11)

(7.12)




x
; ; ) 1 U 2Ax
bR(1+1,341) = Ax Ay Xy~ 3 Ax Ayl o ] -
Y
1 U Ax
~g byl v
The problem
Minimize: VTAV + ZbTV
Subject to: Vij = Qij on RDh, (7.13) !
N 2000
ij =

is a quadratic prograruing problem which is equivalent to a complemcntarity problem.
Many algorithms are available for the solution of this problem: sce Cottle [1974, 1974a]),
Cottle, Golub, and Sachecr [1974], Cottle and Pang [197G), Cottlc and Sacher [1972].

Here, we use a variant of S.0.R. (systematic overrclaxation) to solve (7.13).

§ kT 0
Given an initial gucss V( !

(k)

of approximations V using the following ALGOL seqment:

satisfying the boundary conditions, we gencrate a sequence

For i := 1 step 1 until n-1 do

For j := 1 step 1 until m-1 do

vtl = [b(i,j) - V{i,j+1)* A(i,):i,341) - (7.14)

- V(i+1,3)* A(i,5:i41,3) -

- V(i-1,3)* A(i,j:;1-1,3) -

- V(i,3-1)* A(i,3:1,3-0)1/A@,3:3.3)

-~

vt2 = V(i,3) + w* (vtl -« V(i j)) ;

v(i,j) = if vi2 <0 then 0 else vt2 ;

end;

Here, w is an overrelaxation parameter which must be chosen to optimize the rate of
convergence.

The algorithm (7.14) is known to converge. The algorithm, and related algorithms,
have been coneidered by many authors: Hildreth [1957]; Merzljakov [1962]; Fridman and

Chernina [1967]; Martinct [1967); Durand [1964/1969, 1972); Glowinski [1971,1973]);
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Cryer [1971]; Comincioli [1971]; Miellou (1971, 1971a, 1972); Luong [1973]); Martinet
and Auslender [1974); Eckhardt [1974); Mangasarian [1976].

To choose the parameter W we proceeded as follows. For the case m = 16, n = 24
computations were made with several values of w and it was found that the optimum

value of w was approximately 1*7 . For the gencral case we set

S I
l+sin|m/nfict)

where

nfict = +8590 [(nil)(m+1)]1/2 .

The expression for w is a modification of the theoretical optimim value for S.O.R.
on a square (Varga [1962, p. 203]). The constant °*8590 was chosen so that = 1°7 when
m =16 and n = 24.

The computations presented no difficulties. The solution of the smallest problem
is given in Table 7.1.

In Table 7.1 the position of the approximate frece boundary is shown by the first
zero term in each column. The approximate solution is identically zero on the vertical
line x = r so that it is not possible to determine the height hs at which the free
boundary intersects the well. As an approximation to hs we take the height h; of
the free boundary at the vertical gridline adjacent to the well. For example, from
Table 7.1 we obtain h; = 36.

In Table 7.2 the values of h; for a sequence of decreasing grid lengths are given.

=

The iterations were terminated when,

”v109, ol v10(9,-1)” < 10-6 3
(-]

In judging this accuracy criterion, it should be remembered that ||V||w = 1152, so that

the relative error is 10“9 s
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m n L number of
iterations
4 6 36.00 20
8 12 30.00 40
16 24 30.00 70
32 48 30.00 120 ]
64 96 30.00 230 .

Table 7.2: Values of h;

The method of determining w seemed satisfactory, although the ratios

10k 10 (k-1
¥ coretetly

10 (k~1 10 (k-2
”V ( )—V ( ”Iz

oscillated so as to suggest that the dominant eigenvalue of the iteration was complex and
hence that (from the theory of S.0.R.) reducing w would improve the convergence.

For comparison, we compare in Table 7.3 the values of hs obtained by different
authors. With the exception of the present computation, all the results are presented

graphically so that we have had to estimate h from graphs.
s

= h
BORTEE Method s

Hall [1955, p. 29] trial-free-boundary; 34.0

finite differences

Taylor and Luthin [1969] time-dependent; finite 34.0 ]

differences :
Neuman and Witherspoon trial free-boundary; 30.0
[1970]) finite elements
Neuman and Witherspoon time-dependent; finite 30.0 |
[1971, p. 620] differences |

|

Present Variational inequalities 30.0

Table 7.3:

Computed values of hg
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The differences in Table 7.3 may be explained by the fact that the physical assumptions
differed: Hall [1955]) assumed capillarity and a lined well; Taylor and Luthin [1969]
assumed partially saturated flow; and Neuman and Witherspoon [1970, 1971) made the same ?

assumptions as in the present paper.

Finally, in Table 7.4 we give the computed values of w at a typical point x = 19.2
y = 24 for different values of m and n . We also give the differences between succes-
sive approximations and the ratios of successive differences. It can be seen that the

results are consistent with the hypothesis that
2
W= o(h”) . /

In Theorem 6.2 we, of course;only proved that

”w-whlll,2 = 0(h)

m n Wy Awh ratio
4 6 81.333841

8 12 83.478767 2.144926

16 24 84.150541 .671774 3.193
32 48 84.298332 .147791 4.545
64 96 84.337269 .038930 3.796

Table 7.4: Values of LS at x = 19.2, y = 24.0

&

In conclusion we draw attention to some related work:

Numerical solution of variational inequalities for porous flow

Comincioli [1974,.1974a, 1974b, 1975],
Comincioli, Guerri, and Volpi ([1971],

Cottle [1974].

Numerical sclution of axisymmetric well problems

Babbit and Caldwell [1948];
Yang [1949); Boulton [1951]; Kashef, Touloukham, and Fadum [1952);
Kashef [1953]; Schmidt [1956]; Murray [1960]; Kirkham [1964]; Taylor [1966];
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o"-“

Taylor and Brown [1967] (see also Kealy and Busch [1971); Herbert [1968]);

Mauersberger [1967, 1968, 1968a, 1968b, 1968c]; France, Parekh, Peters, and

.Taylor [1971].

i
\ ! 4
i
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Appendix A: An alternative numerical approach

Brezzi and Sacchi [to appecar] have given a different error analysis fof the case of
plane flow through a rectangular dam. 5

The approach of Brezzi and Sacchi requires that Kh be chosen so that for every
vy € Kh there is a v e K with v < vy * In this appendix we show how one can choose
Kh so that this condition is satisfied.

In section 6 the approximation was obtained by triangulating D and approximating

w by piecewise linear functions, the boundary conditions L~ing satisfied approximately

by interpolation at the nodes. However, in the special case when

£(x)
e e 1)

we have from (7.2) that, on BRC ,

®(x,0) = [¢(R,0) In(x/r) + ¢(r,0) In(R/x)])/1n(R/x) ,

so that

¢ (%,0) = -[0(R,0) - O (x,0)/%> In(R/x),

<0 .

Thus, ® is concave on BC and any lincar interpolate v lies below any Vv ¢ K . There-

h

fore, even in this case, the condition of Brezzi and Sacchi is not satisfied.
To overcome this difficulty, we introduce new coordinates o and R defined by

X e y ;
a=f &F® g, g=f I g . (a.1)
b 0

-

The rectangle D is transformed into the rectangle D':

R
o<a<[ T 4 - agr  say,
r
(A.2)
H
0<RB< f eg(t) at = B., say.
R
0
We have that
w_ =W =w e-f(X)
X o “x o L
(A.3)

W, = g B = vg eg(y)
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The Jacobian of the transformation is

& ax
¢ 9

=y
Ja 9B

B |-
9x oy

B a8 ;

9x dy

: e-f(x) 0 -1
0 182

ef(x) = gl(y)

(a.4)
Thus the minimization problem (6.2) is equivalent to the problem:
: E
1 min J'(v') , 1
F iE - vieK! (A.5)
where
L} 1 L] 1 Ll Y
K'={v' e H(D'): v' - d ¢ H (D) (a.6) -

and v' >0 a.e. in D'} ,-

i e kel

3 IV = atv',v') + 2 3, (.7 .
| 4 hE -2g(y) _, 2£(x) ., _,
! a'(w',v') = g.f(e v v& + e wg vB)dadB v (4.8)
§rvy = f 29 G ggag  (a.9)
D’

[ We note that £(x) and gl(y) are continuous so that the mapping (x,y) + (a,B) is

i 1-smooth and Hl(n) is mapped homeomorphically onto Hl(D') (Adams [1975, p. 63])-
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We can obtain an approximate solution wg by proceeding as in section 6. The
rectangle D' is triangulated in the same way as shown in Figure 6.1. The subdivisions
are not uniform, but the ratio (interval length)/h is bounded both above and below. The

interior gridpoints are denoted by DA and the boundary gridpoints by BDQ . The space

of piecewise linear functions on Dg is denotcd by vg o

The approximation wé is then given by:

J'(w') = Min J'(v') , (r.10)
h v' e K h
h Kh

where
L U ', (IS i '
Kh {vhth vh__ 0 in Dh
and v' = &' on aoé} : (A.11)
Lemma A.1l
(] ' = { A (o [
If vy € Kh then ¢ vy <0 on 23D'.
Proof: On ra we have from (4.18) that
$' (0,00 = = [a O(rR,0) + (a, ~a) &(x,00] ,
GR R

so that ¢' is linear and hencc = $' on Va

On Fi we have from (4.13) that
Y g
O‘(aR.B) = Constant - | e (B-t)dt
0

- y
= constant - 8 + [ e¥®) ¢ at .
0

Let (uR,B]) and (aR,B2) be two adjacent nodes on Fi corresponding to (R,yl) and

& >
(R,yz) on Fl . We may assume that 82 81 . Then, for 81 <B < 82,

Yy

O (e B) - v B = [ e - aar
Y
1

= E(y), say .,

where the constant ¢ is such that E(yz) = 0 . We conclude that y1
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Thus,

E(y)

c<y<y so that E(y) <0 .

2'
Similar arguments show that
Theorem A.2

The approximate solution “ﬂ

[l -y

Proof:
linear form a' is coercive.

Remembering that

-a'(w',v'-w') <
and

ca'(w' . v'-w') <
a (wh,vh wh)

we see that for all v' € K'

(] Fomiy gt
a'(w Whe W wh)

[y [ e | - [} LI ] =
a'(w "h' w wh) <=3 w-vt +w vh)

decreases monotonically for y1

o —.V'

exists and is unique.

j'(v'-w'), for all

.
and vh

|A

Adding and subtracting the term a'(w',w'-v;)

~a'(w', w'-v' + w' -

<Yy £ ¢ and increcases monotonically for

ALl 3 Y o ] [ [ O
hS0 on ]2, while ¢ vy =0 on F3 u Ps
Furthermore,

||1'2 = o(h) .

The existence and uniqueness of wﬂ is a consequence of the fact that the bi-

vie K' ,

< j'(vﬂ—wﬂ), for all vﬂe Kﬁ i

e K,

-a'(w',wﬂ-w') - a'(wﬁ,w'-wﬁ) i
-[a'(w',v'-w') + a'(w'.wﬁ-V')) =
-fa (wﬂ,vﬁ—yg) it d(wﬁ,w -vh)l '
F'(v'-w') - a'(w',wﬁ-v') +

+ 3 (vg—wﬁ) - a'(wﬁ,w‘—vﬁ) .

—j'(w'-v'+w£—v£) - a'(w',wg—v ) e

an’ L L )
a (uh, w vh) -

from the right hand side we obtain

(following Brezzi and Sacchi [to appear]),

h

D ot sl . st v

L]
Tl

+a'(w'-wﬁ, w'—vﬁ) ’




e s B

a'(w'-wﬁ,w'~wg) S (-j'(w'-\%) - a'(w‘,w'~v£)] +

P | { o o [] [ togyt
+ [-) (wh ) a'(w ,wh v')] +
+ a'(w'-wﬁ, w'-vﬂ) ’
for all v' ¢ Kﬂ and v' e KY |

h

The remainder of the proof is very similar to the proof of Theorem 6.2.

(A.12)

By (5.4), we Hz(D) + We have assumcd that f and g are continuously differ-

entiable so that the mapping (x,y) » (a,B) is 2-smooth and Hz(D) is mapped homeo-

; 2
morphically onto H"(D') (Adams [1975, p. 63)). Thus,
w' ¢ HZ(D') .

I 4 i . q
Let w' denote the piecewise linear interpolant to w' . From Theorem 5 of

Ciarlet and Raviart {1972] we conclude that

fJwr - w) sclwll, ,»*™ for m=o0,1 .
;2

m,2
Using the samc arguments and notation as in Theorenm 6.2 we obtain that

a'(w ,v6) = —(L'w',vé) v

1
[ [
for all v' € HO(D ) v where

e w0 =2giy)i LG S 2. . -
L'w' = 30 (e wa) + 38 (e wB) e L°(D') .
Let JUvy = (e’ v') |,
where e'(a,B) = expl2£(x) - gly)}

(A.13)

(A.14)

(A.15)

(a.16)

(A.17)

(A.18)

Then the identities (A.15) and (A.17) can be used to manipulate (A.12). We obtain

alw'-wp,w'-w) < [=3' (w'=vi) = a'(w' w'-vi)] +
+ [-j'(wﬂ-v') - a'(w',wﬂ—v')] +

4 a'(w'-wﬁ, w'-vﬁ) ’




g N T LT ST S S

CE s ) 4 3t eev)) -

= [a'(w',w'-v') + a'(w', "}'1_";\” +

+ a'(w'-w'

h' w.‘V;l) '

= -l(e',W'-VA) + (e'.WA-v')] -
~[(-Lw',w'=-v') + (-Lw',w’;-v}'l)] +

. (.
+ a'(w v

!
, W vh).

= -(-Lw' + e', w'-v;\) =

-(-Lw'+e"', w};—V') +

' $anp [
+ a'(w whr W vh) (A.19)
where in the last step but onec we have used the fact that w'-v' and wl'\-vl'] belong to H;(D') .
In (A.19) we now set v;l = w'I . By Lemma A.l we have that ¢' - v}" < 0 ‘on  Ip°

so that v' - v", < 0 on 3D' for all v'e K' . Since v}'l is non-negative, we may
choose vVv' ¢ K' so that v' - v}'l < 0 on D' . BAnalogously to (6.14) we can show that

-L'w' + e' > 0 a.c. in D' .
Thus, in (A.19),

-(-L'w'+e’, wl;-v') = ~(-Lw'+e’, w'I-il’) <0 .
Noting (A.13) and (A.14) we thus conclude that

at(w'-w!, wiewt) < [l-zwreer [0 cllwr [l n? s

h h - 1,0 2,2

+ Qé "W'-w;] ”1’2 C “w' ”2'2 h v

2
- c It -wy ||1’2 h +0(n°) , (A.20)

where ai is the coercivity constant for a' and

cj=aglwll,, ¢ -

As in (6.20) and (6.21) we have that
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1 ; 2 I 2 I
7 (vt lly % < el %+ Cllw vy Il 7

ui( Ilw'I-w;1 “1'2)2 < a'(w‘l-wl“, w‘I-wt']) 5

Setting E' = ”w'-—wl" “1'2

we find that

ul
...!_' ' 2 \J I ,cI__ [} 2
> (E') " < a'(w' —w}", w wh) + o(h”) ,

*h E' + 0(h2)

< a'(w'-w' L]
< al(w wh' w wh) + 2C1

53cihr~:'+o(h2) ’

from which it follows that E' = 0O(h) . DO
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and using the same approach as in the proof of Theorem 6.2
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Appendix B: The computer program

The computer program used to obtain the numerical results quoted in Section:7 is listed
below. Two minor remarks are perhaps necessary:
1. The main program is written in ALGOL. Since the ALGOL compiler available to us

does not optimize, the inner S.O.R. loop is executed by a FORTRAN subroutine.
2. The computations were performed in double precision so that the asymptotic behavior
of the error, as shown in Table 7.4, would not be contaminated by rxround-off errors,

ONUALG,1S2ZX

BEGIN

COMMENT Rt m ARt A A AR AR AR R AN AR AR AR RN AR RARRAR AR R A ARRRRARR NN AR AR RRRANAARKN
PRAOGRAM FOR THE NUMERICAL SOLUTION , BY MEANS OF THE
VARIATIONAL METHOD PROPOSED BY BAIOCCH! ET AlL.s
OF THME FREE ROUNDARY PROBI.LEM RELATED TO THE STATIONARY FLOW
THROUGM A FULLY PENETRATING WELL

VARIABLE NAMES USED IN THE PROGRAM INCLUPE THE FOLLOWING 3
PN P PAN TR TR RN SN RPN PRI EREPRr TR ERRSESRERERTRO D
aY{x IS THF HEIGHT OF THF WATER AT X = B8
wY2w% IS THE HEIGHT OF THE WATER AT X s A
#Bwx 18§ THE RADIUS NF THE CATCHMENT AREA OF THE WELL
shv IS THE RADIUS OF THE WELL
#Ma AND #N# ARE THE MUMBERS OF POINTYS OF SUBDIVISION OF THE
SIDES OF THE RECTANGLE wRe,
*OMEGA% IS THE RELAXATION PARAMETER,
wEPSx IS USEN IN THE TESTY FOR STOPPING TKE ITERATION,
ARRAY #Ux SHALL CONTAIN THE FUNCTION VALUES CF THE DISCRETE
SOLUTION,
tt.ittttttﬁtlitni*itt'tttttlttltﬂﬂ*tttﬁtﬁkﬁﬁttl*itlata#titttt!’
EXTERNAL FORTRAM PROCEDURE ITERATHy
COMMON COEFO (REAL2 ARRAY CO (0814R,0832)
COMMON COEF) (REAL2 ARKAY C)1 (0148,0132))
COMMON COEF2 (REAL2 ARRAY C2 (084R,0132)
COMMQON COEF3 (REAL2 ARRAY C3 (0:48,0132);
COMMON UNK (REAL2 ARRAY U(O34B,0832)1))
COMMON PAR (INTEGER IMAX,N,M,MODITy)REAL2 OMEGA,TEST,TEST21)}s
REAL2 ARRAY R (0 ¢t 48)y
REAL2 ARRAY S (0 ¢ 32);
REAL2 DELTAX,DELTAYy
REAL2 NFICT)
REAL2 A,Y1,Y2,EPS,H1,H2) ¥
REAL2 A{,B1,A1R1)y
RE‘LZ Bp‘B,DENO“'
REAL2 MU,LAMBDA,PI)y
REAL2 TEST2P,RATIOy
REALE T1,T2,R2,RSY
RE‘L? TlP.PEP,RSPl
INTEGER I,J,K,ITER,LB,UB}
INTEGER NOCOLS,NPy
COMMENT Ramant A AR AR AR AR AR R R AR R A AR KRR R AR R A RAAR P AR AARRRRRRRRRNRART W)
FORMAY FMTY (Ef1,X10, 'NUMBER OF JTERATIONS =.1,Id4,A1,0,
X11,TCRIS,B8,X1),A8,0,
XELpTCLIS( et ) X1Y08,0),
FMT2 (X2,06,4)X3,T(R1S,8,X1),A1,0),
FMTU (XS5,'ITER & ',13,' TEST ® ',R14,7,! L2 NORM & !,R{4,T7,
' RATIO = ',R14,7,A8,0),
PMTO (E1,XS,! RW = 1 ,R12,4," RE 8 ',R{2,4,A1,0,
XSp! HW 8 ' ,R12,U,! HE ® 1 ,R12,4,A1,0,
XS, NX 2 1, 112 ,t NY = ', 112 ,A8,0,
XS,'EPS = ',R{2,4,' OM = ',R$2,4,41,0),
_43_
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FMTS (XS, 'www! X2,'TEST = ', R14,7, 'wun!, AL,0)9
COMMENT svssenaweee GIVEN QUANTITIES RN AN NS RNARNErANgYaRTRRENE® |
READ (CARDS,M,N,A,AB,Y{,Y2,EP8))
IMAX g3 48 ¢ 1y
PY 15 4,0RR0 % ARCTAN (1,08R0))
Al 13 LN (A/A)y
B 1=z A ¢+ ARy
BY 1= LN (B/A))
A1By 13 Bf = AYy
HY 1= A{BiI/My
H2 =8 YI /7 My )
COMMENY w#H{® AND aH2% ARE THE STERSIZES FOR THE OJISCRETIZATION
NPICT g2 0,8590R80 » SORT (1,0880 % (Nef) & (HMe{))y
OMEGA = 2,0880/(1,08R0 « SIN (PI/NFICT))y
COMMENT COMPUTE OVERRELAXATION PARAMETER OMEGA ]
FOR ! g2 0 STEP § UNTIL N Do
RCI) t= A *EXP (I*Hi)y
FOR J = 0 STERP { UNTIL M DO
S (J) 18 Jryy/My
WRITE (PRI~TER'F”T00‘ B 'YZpY‘oNpM'EPS'O”tG‘,’
ITER 1= 0y
TEST = 1,0880¢
TEST2 t= 0,0880¢
TEST2P 1= {,0880;
COMMENT Ao na it kR R kAR RA R R P A RR R R AR RN RARRARR AR ARANPAA R AR AR AR RAR R AR
INITIALIZE »U(T,d)w
ON THE BOUMDARY OF THE RECTANGLE %Rx , U(I,J) IS GIVEN BY
THE FUNCTION G(X,Y) (CF, BAICCCHI ET AL,)
EVERYWHERE ELSE WE SIMPLY SET IT TO SOME CONSTANT GE 0 3
COMMENT anescseenss)N THE SEGMENT (A,B) ARserTemCurARYAcERERNCEA RS ReRRES )
FOR I = 0 STEP § UNTIL N DO ;
UCT,0) 32 0,SRBO%(YInn2a[ N(R(II/A)+Y2a2xLN(B/R(L)))I/BYY
COMMENT onesemsseaN THE SEGMENT (B'C) I LI PR TP DR T L LR L L L LY L X
FOR J t= { STEP § UNTIL M 0o
UCN,J) 18 0,580 & (Y] » YI = J / M) w2, :
COMMENT avsvensaraQN THKE SEGMENT (A'D) (LI LT EEE LI LA LI L LT DT Y
K t® ENTIER (Y2 / H2) @
NRITE (PRINTER,<<13 ,A1>>,K)}
POR J 3w | STEP { UNTI{L K 0O i
U (0,J) t2 0,5280 » (Y2 = Yi w J/ M) #w2
COMMENT weeINITIALIZE U (1,J) EVERYWHERE BY LINEAR INTERPOLATION e=wne;
FOR I 13 § STEP { UNTIL Nejy DO
FOR J 1= § STEP § UNTIL Mei DO
BEGIN
LAMBDA g (R(I) @ R(0)) / (R(N) = R(0))y
¢ U (1,J) 13 U(N,J) » LAMBDA ¢ U(0,J) ~ (1,08R0 = (AMBDA)y
ND
conNzﬁT RNRRR R AR RR AR R AN AN R ANRAAR AR AR R A RANR A ANRARRA PR AR AR RNRANERY
FOR 1 3= 0 STEP § UNTIL N =« § DO
FOR J t= 0 STEP { UNTIL M « { DO
BEGIN
DELTAX 12 R(I+1) = R(1)y
DELTAY sa S(J¢§) = S(J)y . .
COMMENY (LOWER TRIANGLE) T T Y P Y Y T L LY LT P L P Y Y
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T1 .18 (R(I) ¢ § = DELTAX / 3,0R8R0) » DELTAX = DELTAY / 23 |
T2 tm DELTAX ##2 » DELTAY /36,08807 |
R2 13 DELTAX & T2 ¢ (R(J) ¢ { » DELTAX / 3,08R0) = Tiy

RS 13 ® DELTAY %« T2 / 2 ¢ (S(J) ¢ 1 « DELTAY / 3,0880) % T4,

1
cocr ,J ) g=COCI ,J ) ¢ T1/ DELTAX nedy £
c1(r ,J ) 1SCICY ,J ) e T§/ DELTAX w#2y '
COCY ,J )  #2COCT ,J ) ¢ Ti/ DELTAY w2y { 1
£261 J ) 2C2(1 ,J ) = Y1/ DELTAY 2wy 1
C3CT ,J )  2=C3(Y ,J ) ¢ T4 = (R2 w R(])aT$)/ DELTAX ]

»(RS @« B(JIwT1)/ DELTAYY i1
CocIst,J ) t=COCI¢t,J ) + T1/ DELTAX =wp2y
C3(¢i,ed ) 12C3(1+1,J ) ¢(R2 = R(I)T3)/ RELTAXY
CO(T ,J¢1) $=CO(Y  ,J¢8) ¢ T1/7 DELTAY w»e2y
C3I(I  ,Je¢1) tSCX(I  ,J+1) +(RS « 8(JInT1)/ DELTAYS
COMMENTY (UPPFN TRIAP-GLE) L L L L T L L L Y P L L LIS L L L DL Y L T )
TiPt= (R(1) 2 » DFLTAX / 3,0800) « DELTAX » DELTAY / 29
R2Pt= DELTAX % T2 ¢ (R(I) «2 # DELTAX ¢/ I,0R80) = TiPp
RSPy= = DELTAY = T2 /7 2 ¢ (S(J) 42 » DLLTAY /7 3,0880) * TiPy
CO(Tet, Jet) t=COCI¢y,Je1) +TIP/ DELTAX %2y
CO(Yet,Jel) tuCO(lef,Je1) +TIP/ DELTAY rnwgy
C3(I+1,J+1) $=CI(I+9,.0¢4) ¢+ T1P+ (R2P« R{T¢{)«T{P)/DELTAX
¢(RSP=e S(I¢§)wTIPY/DELTAYY

i
{
]
z
i
{
i
s
i

cocr ,J+1) s€C0C(r  ,J¢1) + TIP / DELTAX®re2g
CL(I ,Je0) teCi(l  ,J+1) = TIP / DEILTAXw2y
C3(T  ,Jd+1) t=C3I(I ,J¢1) w(RZP w» R(I¢13274P) / DELTAX}
COCT«¢1,J ) 1=CO(T¢i,ed ) + TIP / DELTAVAvZ)
C2(Tet,d ) $2C2(1+1,J ) o TIP / DELTAYW:2q
C3(I¢t,d ) $2C3(I+§,J ) = (RSP = S(J¢1)*TIP) / DELTAY)

ENDY
COMMENT Rt A Ak s A RARN AR A AR R A KA R P AR R R KRR SRR NN R PR R LY SR r R
FOR IYER g= IVER ¢ 1 WHILE TYEST GEQ EPS AND ITER LEQ 400 DO

BEGIN ;
MODIT t= MOD (ITER,10) !
ITERAY |
IF MODIY EQL 0 THEN {
BEGIN !

TEST2 = 8CQRT (TEST2/((Mei)a(M=1)));
RATIO =3 (TEST2/TESY2PY##0,1
WRITE (PRINTER,FMTU,ITER, YESY,TESY2,RATIO))
YESTeP ga TEST2y
TEST2 13 0,0%80)
END}g
ENDy
COP"’,E’.‘T AREREN KPR SN AR AR KR A AR ARV R AR ANR AR AR R AR R AR AR RN RN
us t= 0y
LB 1= 1y
ITCR 13 IY(R » 1y
NOCOLE t= N + 8¢
FOR NOCOLS t= NOCOLS » 7 WKHILE NOCOLS GYR 0 DO
BEGIN
NP g= MIN (NOCOLS,7)p
U8 t= (I 4 NPy
WRITE (PRINTER,FMYY{,ITER,FOR I t= (LB,1,UR) DO R(Iw§))}
FOR J g= M STEP =1 UNTIL 0 DO
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WRITE (PRINTER,FMT2, S(J) ,FOR I 33 (LB,1,UB) DO U(let,Jd))
LB 12 UB ¢ |

ENDY

WRITE(PRINTER,FMT3,TEST)

END

eFOR,I8Z2X ITERATY
SUBROUTINE ITERAY
IMPLICIT DQUBLE PRECISION (C,0,T,U,V)
COMMON/COEFO/COCY)
COMMON/COEFI/C1 (1)
COMMON/COEF2/C2(1)
COMMON/COEF3/C3(1)
COMMON/ZUNK/ZU(Y)
COMMON/PAR/THMAX,N,M,MODLT,OMEGA,TEGT, TEST2
IF (MoDIT EQ, 0 ) TEST = 0,0DP0

Do
DO |
1J s
Mg
IP1J
1JIM4
1JP}
UoLo
UNEW
1 ¢

END

J

I
I
-
3
H]
-
e
a

s 2,M

8 24N

¢ IMAX n (Jei)

1) = ¢

IJ ¢ ¢

IJ = IMAX

IJ + IHAX

udrJ

w(C3C1J) ¢ CLCIII®UCIPLT) ¢ C2CIJY =UCTIP1)

CLCIMEII*UCIMES) & C2CTJIMIYAUCTIIML)Y / COCTI)
VINT & (1,0DP0 =« OMEGA) * UOLD ¢ OMERGA w UNEW
U (IJ) = DMAXY (VINT,0,0D0)
IF (MODIY L ME, 0) GN YO §
i VABS = DABS (U(€1J) « UOLD)
TEST & DMAXY (TEST,VARS)
TEST2 = TESY2 ¢ VABS#w2
1 CONYINUE
RETURN

4 6 4,8880 72,0880 48,0820 12,0880 ,CREw6

8 12 4,820 72,0880 48,0820 12,0RR0 §,0REeH

16 24 4,B8RR0 72,0880 48,0880 12,0880 §,CRLef

$2 48 4,8880 72,0880 48,0880 12,0880 j,0R&eb
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Appendix C: The strong form of Green's theorem

In deriving variational inequalities it is often neccssary to integrate by parts
(i.e. use Green's theorem). The weak form of Green's theorem (for domains bounded by
piecewise smooth boundariecs) is well known (Kellega [1953, p. B4)). The strong form of
Green's theorem (for domains bounded by Jordan curves) is less well known. Since it is
desirable to make the weakest possible a-priori assumptions about the free boundary, the
strong form of Green's theorem is of value and we therefore describe it here.

We recall that a closed Jordan curve is a mapping

s » z(s) = (x(s), y(s))

of the interval [0,1] into the xy-plane such that z(0) = z(1) and z(sl) = z(sz) iff

either 8y gy OF 8y = 0 and s, = 1 . The curve is rectifiable if the mapping is of

bounded variation; that is, there exists a constant L such that for all subdivisions

0 = SO < Sl i sn =1,
n-1 n-1
X 3 5 - ¥z o 2 L 2.1/2
i£0 lzts, ) - 2(s,)] -iio [x(sy, 1) = x(s;107 + (yls; ) = y(s )]
SN

If J is a closed rectifiable Jordan curve then x(s} and y(s) are of bounded variation

so that the Riemann-Stieltjes integrals

f f dx and f f dy
J J

are defined for every continuous function ¥ .
Now let @ be a bounded domain in the xzy-plane with boundary 90 which is a closed

rectifiable Jordan curve. Green's formula takes the form

oM oN
!I (— - — )dxdy = j Mdy + Ndx ¢
iR oY a0

wheie the integral over 0 is taken in the positive direction around 3R . If x(s)

and y(s) are absolutely continuous then the formula takes the more familiar form

M AN o 2
— - — )4 = ’ x)d
fo x  dy ) dxdy faQ (My + Nx)ds ,

=/ (M, - wmnat
W " B
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where £ denotes length and (nx,ny) is the unit outward normal which is defined a.e.

To establish conditions under which Green's formula holds, it suffices to considerx

the case when one of the functions, N say, is zero.

Theorem C.1
Let M be continuous on § . Assume that
., oM ; : M : :
(i) = exists a.e. and is Lebesgue summable (5; exists everywhere and is

Riemann integrable.)

(ii) I/ %:— axdy = [ mdy
R oR

for every rectangle R: a < x <A, b<y<B contained in {, where the integral over
R is taken in the sense of Lebesgue (Riemann).

Then Green's formula holds:

| %dxdy=f Mdy
1) :194

the integrals being in the sense of Lebesgue (Riemann). D

Proofs of the above theorem are given by Verblunsky [1949) for the Lebesgue case
and Potts [1951] for the Riemann case; these authors give references to carlier proofs.

If condition (i) of the theorem is assumed then sufficient conditions for condition
(ii) to holad are:

(@) M is absolutely continuous in a < x < A for almost all y in (b,B)

(Lebesgue case). =

(B) The integral ! Mdy exists, (Riemann case).

3R
In particular, if u is absolutely continuous on § and continuous on Q , and
and if Lol and du belong to LZ(Q), then
9x dy
ff (gﬁ - %E)dxdy = f udy + udx .
Q - N

-48-

—




Bibliography

Each item in the bibliography is followed by a list of the pages on which it is
quoted. :
ADAMS, R. A.: Sobolev Spaces. New York: Academic Press, 1975. [(5:;17;37;40]
BABRITT, H. E. and CALDWELL, D. H.: The free surface around, and interference between,
gravity wells. Bulletin Series No. 374, Engineering Experiment Station-
University of Illinois, Urbana, Ill., 1948. [34]
BATOCCHT, C.: Sur un probléme a frontiére libre traduisant le filtrage de liquides a
travers des milieux porcux. Comptes. Rendus Acad. Sci. Paris A273, 1215-1217 (1971).[3)
BATOCCHI, C.: Problémes a fronti®re libre et indquations variationnelles. Comptes
Rendus Acad. Sci. Paris 283A, 29-32 (1976). [16]
BAIOCCHI, C.: Estimation d'errcur dans Lm pour les inéquations a obstacle. rTukblicazioni
No. 79, Laboratorio &i Analisi Numerica del C.N.R., Universita di Pavia (1976a).
{25]
BAIOCCH1, C., BREZZI, F. and COMINCIOLI, V.: Free boundary problems in fluid flow through

porous media. In Proceedings Second Tnternational Symposium on Finite Element

Methods in Flow Problems, Santa Margherita, Italy, 1976. [3]

BAIOCCHI, C., COMINCTOLI, V., CUERR1, L., and VOLPI, G.: Free boundary problems in the
theory of fluid flow through porous media: a numerical approach. Calcolo 10,
1-85 (1973). [4)

BAIOCCHI, C., COMINCIOLI, V., MACENES, E., and POZZI, G. A.: Frec boundary problems in
the theory of fluid flow through porgus media: existence and uniqueness theorems.
Annali di Matematica ﬁigzl, 1-82 (1973). [4;15;16)

BAIOCCHT, C. and FRIEDMAN, A.: A filtralion problem in a porous medium with variable
permeability. Annali di Mat., to appear. [16;18)

BEAR, J.: Dynamics of Fluids in Porous Media. New York: American Elsevier, 1972.

11;4)

BENCI, V.: Su un problema di filtrazione in un mezzo poroso non omogenco. Rend. Acad.
Naz. Lincei (8) 54, 10-15 (1972). [4;10;15)

BENCI, V.: On a filtration problem through a porous medium. Annali di Matem. (4) 100,

191-209. (1974). [4;10;15;16;17;18)

-49-~




BOULTON, N. S.: The flow Pattern near a gravity well in a uniform water bearing medium.
J. Instn. Ciyil Engrs. 36, 534-550 (1951). [34])

BREZIS, H.: Seuil de régularité pour certains problémes unilatéraux. Comptes Rendus
Acad. Sci. Paris 273A, 35-37 (1971). [18)

BREZIS, H. and KINDERLEHRER, D.: The sméothness of solutions to non-linear variational
inequalities. Indiana Univ. Math. J. 23, 831-844 (1973/74), [18]

BREZIS, H. and STAMPACCHIA, G.: Sur la régularité de la solution d'inéquations elliptiques.
Bull. Soc. Math. France 96, 153-180 (1968). [18]

BREZZI, F., HAGER, W. H., and RAVIART, P. A.: Error estimates for the finite element
solution of variational inequalities Part I: Primal theory. To appear. [18;21;25])

BREZZI, F. and SACCHI, G.: A finite element approximation of a variational inequaiity
related to hydraulics. Pubblicazioni No. 97, Laboratorio di Analisi Numerica del
C.N.R., Universita di Pavia, to appear. [21;25;36;39]

CAFFARELLI, L. A.: The smoothness of the free surface on a filtration prcblem. To
appear. [18]

CIARLET, P. G. and RAVIART, P. A.: General Lagrange and Hermite interpolation in R"
with applications to finite element methods. Arch. Rational Mech. Anal. 46, 177-
199 (1972). [23;40])

COMINCIOLI, V.: Metodi di rilassamento per la minimizzazione in uno spazio prodotto.
Publicazioni No. 20, lLaboratorio di Analisi Numerica del C.N.R., Universita di
Pavia, (1971) . [31)

COMINCIOLI, V.: A theoretical and numerigal approach to some free boundary problems.
Annali di Matematica (4) 100, 211-238 (1974). [34]

COMINCIOLI, V.: On some obligue derivative problems arising in the fluid flow in porous
media. ' A theoretical and numerical approach. Appl. Math. and Optim. 1, 313-336
(1974a). [34)]

COMINCIOLI, V.: A comparison of algorithms for some free boundary problems. Pubblicazioni

No. 79, Laboratorio di Analisi Numerica del C.N.R., Universita di Pavia, (1974b).
[34)

-50-

e S —




COMINCIOLI, V.: Sur 1l'approximation numérique des problémes a frontiere libre lies a la
filtration dans les materiaux Poreux.  Publicazione No. 105, Laboratorio di Analisi
Nunerica del C.N.R., Universita di Pavia (1975). [34)

COMINCIOLI, V., GUERRI, L., and VOLPI, G.: Analisi numerica di un problema di frontiera
libera connesso col moto di un fluido attraverso un mezzo poroso. Pubblicazioni
No. 17, Laboratorio di Analisi Numerica del C.N.R., Universita di Pavia (1971).
(34) i

COTTLE, R. W.: Complementarity and variational problems. Technical Report No. SOL
74-6, Department of Operations Rescarch, Stanford University (1974). [30;:34]

COTTLE, R. W.: Computational experience with large-scale linear complementarity
problems. Technical Report No. SOL 74-13, Department of Operations Rescarch,
Stanford University (1974a). [30] b

COTTLE, R. W., GOLUB, G. H., and SACHER, R. S.: On the solution of large, structured
lincar complementarity problems: IIT. Technical Report No. SOL 74-7, Department of
Operations Research, Stanford University (1974). [30]

COTTLE, R. W. and PANG, I.-S.: On solving linear complementarity problems as linear

| programs. Technical Report No. SOL  76-5, Department of Operations Research,
{ Stanford University (1976). [30]

COTTLE, R. W. and SACHER, R. S.: On the solution of large, structured linear comple-

mentarity problems: I. Technical Report No. S0l 73-4, Department of Operations

Research, Stanford University (1973). [30]

COURANT, R. and HILBERT, D.: Methods of Mathematical Physics, vol. 2. New York: 4

Interscience, 1962. [13]

CRYER, C. W.: The solution of a quadratic programming problem using systematic over-

relaxation. SIAl J. Control 9, 385-392 (1971). [31]

CRYER, C. W.: A survey of stcady-state porous flow free boundary problems. Technical
Summary Report No. 1657, Mathematics Research Center, University of Wisconsin,

Madison, Wisconsin, 1976. [1,3,4]

DURAND, J-F.: Résolution numérique de problémes aux limites sous-harmoniques. Thesis,

Université de Montpellier, 1968/69. [30])

s st i e




DURAND, J-F.: L'algorithme de Gauss-Seidel appliqué a un probléme unilatéral non
symétrique. Revue irancaisc d'Automatique, Informaticque, et Recherche Operation-
nelle 6, No. R-2, 23-30 (1972). [30)

ECKHARﬁT, U.: Quadratic programming by'succcssive overrelaxation. Berichte Nr.
Jul-1064-MA, Zentralinstitut fur angewandte Mathematik, Kernforschungsanlage Julich,
Germany, 1974. [31)

ELLIOTT, C. M.: Some applications of the finite element method in numerical analysis.
D. Phil. Thesis, Oxford University, September 1976. [4]

FALK, R. S.: Error estimates for thc approximation of a class of variational inequalities.
Math. Comp. 28, 963-971 (1974). [25]

FRANCE, P. W., PAREKH, C. J., PETERS, J. C., and TAYLOR, C.: Numerical analysis of free
surface seepage problems. J. Irrigation Drainage Division, Proc. Bmer. Soc. Civil
Engrs. 97 No. IRl, 165-179 (1971). ([35]

FRIDMAN, V. M. and CHERNINA, S. V.: An iteration process for the solution of the finite
dimensional contact problem. U.S.S.R. Comput. Math. and Math. Physics 7, 210-214
(1967). =Zh. Vych. Mat. mat. Fiz 7, 160-1G63 (1967). [30]

FRIEDMAN, A.: Personal communication, May 1977. [16]

GLOWINSKI, R.: La méthode de relaxation. Rendiconti di Matematica 14, Universita Roma,
(1971). [30]

GLOWINSKI, G.: Sur la minimization, par surreclaxation avec projection de fonctionnelles
quadratiques dans la espaces de Hilbert. Comptes Rendus Acad. Sci. Paris 276,
1421-1423 (1973). [30]

GLOWINSKI, R.: Introduction to the appro{imation of elliptic variational inequalities.
Report of the Laboratoire analyse Numerique, Université Paris VI, 1976. [25]

GLOWINSKI, R., LIONS, J. L. and TREMOLIERES, R.: Analysc Numcrique des Inéquatipns

Variationnelles. Paris: Dunod, 1976. [25]

HAGER, W. W.: Rates of convergence for discrete approximations to unconstrained control
problems. SIAM J. Numer. Anal. 13, 449-472 [1976]. [25]
HAGER, W. W. and STRANG, G.: Frec boundaries and finite elcments in one dimcnsion.

Math. Comp. 29, 1020-1031 (1975). [25)

HALL, H. P.: An investigation of steady flow towards a gravity well. La Houille Blanche
10, 8-35 (1955). [33;34)




HANTUSH, M. S.: Hydraulics of wells. Advances of Hydroscience 1, 281-432. (1964).

[1:4)

HERBERT, 'R.: Time variant groundwater flow by resistance network analogues. J. Hydrology

6, 237-264 (1968). [35]
HILDRETH, C. G.: A quadratic programming procedure. Naval Res. Logist. Quart. 4, 79-85
[1957). [30]

JENSEN, R.: Structure of the non-monotone free boundaries in a filtration problem. To
appear. [18]

KASHEF, A.: Numerical solutions of steady-state and transient flow problems, artesian
and water well problems. Ph.D. thesis, Purdue University (1953). [34)

KASHEF, A. I., TOULOUKIAN, Y. S., and FADUM, R. E.: Numerical solution of steady-state
and transicnt flow problems - artesian and water-table wells. Purdue University
Enginecring Experiment Station Bull. 117, Lafayette, Indiana (1952). [34]

KEALY, C. D. and BUSCH, R. A.: Determining secpage characteristics of mill-tailings
dams by the finite-elerent mcthod. Rep. Invest. RI 7477, U. S. Burcau of Mines,
Washington, D. C., January 1971. [35)

KELLOGG, O. D.: Founditions of Potential Theory. New York: Dover, 1953. [47]

KIRKHAM, D.: Exact thcory for the shape of the free water surface about a well in a
semiconfined aquifer. J. Geophysical Res. 92, 2537-2549 (1964). [34]

LEWY, H. and STAMPACCHIA, G.: On the regularity of the solution of a variational in-
equality. Communications Pure. Appl. Math. 22, 153-188 (19693). [18]

LIONS, J. L.: Optimal Contirol of Systems Governed by Partial Differential Equations.

Berlin: Springer, 1971. [20]

LUONG, N.: Sur la méthode de sur-relaxation, dans le cas des problémes avec contrainte:
un résultat de convergence asymptotique. Rev. Prancaise Automat. Informat.
Recherche Operationnele 7 No. R-2, 107-113 (1973). [31]

MANGASARIAN, O. L.: Solution of symmetric linear complementarity problems by iterative
methods. Technical Report No. 275, Computer Sciences Dept., University of
Wisconsin, Madison, Wisconsin, 1976. [31)

MARTINET, B.: Convergence de certaines méthodes de relaxation en programmation convexe.
Comptes Rendus Acad. Sci. Paris 2651, 210-212 (1967). [30]

-53-

ab




MARTINET, B. and AUSLENDER, A.: Methodes de decomposition pour la minimisation d'une

fonction sur une espace produit. SIAM J. Control, 12, 635-642 (1974). [(31]

MAUERSBERGER, P.; Ein Variationsprinzip fur die stationare Grundwasserstramung in der
Uméebung eines vollkommenen Brunnens. Gerlands Beitrage zur Geophysik 74, 343-350
(1965). [4]

MAUERSBERGER, P.: Bemerkungen zur Theorie des stationaren Brunnens. Gerlands Beitrgge
zur Geophysik 74, 516-526 (1965a). [4)

MAUERSBERGER, P.: Herleitung einer ersten Naherung fur Grundwasserspiegel und Stromungsfeld
eines stationdren Brunnens mit Hilfe der Trefftzschen Variationsmethode. Acta
Hydrophysica 11, 171-179 (1967). [35]

MAUERSBERGER, P.: The use of variational methods and of error distribution principles in
groundwater hydraulics. Bull. Internat. Assoc. Scientific Hydrology 13, 169-178
(1968). [35]

MAUERSBERGER, P.: Eine hydrologische Anwendung der Trefftzschen Variationsmethode.
Gerlands Beitrage zur Geophysik 77, 235-250 (1968a). [35]

MAUERSBERGER, P.: Die Methode der Randkollokation in der Theorie stationarer Grundwasser-
bewegungen. Gerlands Beitrdge zur Geophysik 77, 331-336 (1968b). [35)

MAUERSBERGER, P.: Fehlerabgleischsprinzipien in der Theorie stationarer dreidimensionaler
Grundwasserbewegungen mit freier Oberflﬁchc.. Gerlands Beitrage zur Geophysik 77,
363-374 (1968c). [35]

MAUERSBERGER, P.: Die Ergiebigkeit eines stationaren Brunnens im inhomogenen, orthotropen

Grundwassertrager. Acta Hydrophysica 14, 143-163 (1969). [4;16]

MERZLJAKOV, Ju. I.: On a relaxation method for sclving systems of linear inequalities.

USSR Comput. Math. and Math. Phys. 2, 482-487 (1962). (30]

MIELLOU, J-C.: Méthodes de Jacobi, Gauss-Seidel, sur-(sours) relaxation par blocs,
appliquées a une classe de problémes non linéaires. Comptes Rendus Acad. Sci.
Paris A273, 1257-1260 (1971). [31)
MIELLOU, J.~C.: Méthodes de Gauss-Scidel, et sur relaxation par blocs, dans le cas de
v probl%mes non linéaires, application au controle optimal de systemes gouvernes par
des equations aux derivees partielles: methode de 1'etat adjoint par relaxation.

Expose au Colloque d'Analyse Numerique d'Anglet, 1971la. (31}

-54-




R

MIELLOU, J.-C.: Sur une variante de la méthode de relaxation appliquée a des problemes

comportant un opérateur somme d'un opérateur différentiable, et d'un opérateur

maximal monotone diagonal. Comptes Rendus Acad. Sci. Paris A275, 1107-1110 (1972). [31)

MOSCO, U. and STRANG, G.: One-sided approximation and variational inegualities. Bull.
Amer. Math. Soc. 80, 303-312 (1974i. [25]

MURRAY, J. A.: Relaxation methods applied to seepage flow problems in earth dams and
drainage wells. J. Instn. Engrs. (India) 41, No. 4, 149-161 (1960). [34)

NEUMAN, S. P. and WITHERSPOON, P. A.: Finite element method of analyzing steady seepage
with a free surface. Water Resources Res. 6, 889-897 (1970). [33:34]

NEUMAN, S. P. and WITHERSPOON, P. A.: Analysis of nonsteady flow with a free surface
using the finite element method. Water Resources Res. 7, 611-623 (1971). [33;34]

POLUBARINOVA-KOCHINA, P. Ya.: Theory of Ground Water Movement. Princeton: Princeton

University Press, 1962. [4]

POTTS, D. H.: A note on Green's theorem. J. London Math. Soc. 26, 302-304 (1951). [48]

SCHMIDT, H.: Uber eine Anwendung der Relaxiationsmethode zur Behandlung von Grund-
wasserstromungen.  Diss. T. H. Wien, 1956. [34]

STAMPACCHIA, G.: Formes bilinéaires coercitives sur les ensembles convexes. Comptes
Rendus Acad. Sci. Paris 258, 4413-4416 (1964). [17]

TAYLOR, G. S. and LUTHIN, J. N.: Computer methods for transicnt analysis of water-table
aquifers. Water Resources Res. 5, 144-152 (1969). [33:34]

TAYLOR, R. L.: Axisymmetric and plane flow in porous media. Technical Report, University
of California at Berkeley, 1966. [34)

TAYLOR, R. L. and BROWN, C. B.: Darcy flow solutions with a frec surface. J. Hydraulics
Division, Proc. Amer. Soc. Civil Engrs. 93, No. HY2, 25-33 (1967). (35)

VARGA, R. S.: Matrix Iterative Analysis. Englewood Cliffs: Prentice~Hall (1962). (31]

VERBLUNSKY, S.: On Green's formula. J. London Math. Soc. 24, 146-148 (1949). (48]

YANG, S. T.: Seepage towards a well analyzed by the relaxation method. Ph.D. thesis,
Harvard University, (1949). (34]

YOUNGS, E. G.: Steady state flow around wells in aquifers with hydraulic conductivity
varying with depth. Water Resources Res. 7, 1366-1368 (1971). [Errata: According

to the author the figures in Table 1 are slightly in error). [4;16)
-55-




SECURITY CLASSIFICATION OF THIS PAGE (When Data Fntered)

- READ INSTRUCTIONS

REPORT DOCUKENTATION PAGE pErEAD INSTRUCTIONS

1. REPORT NUMBER 2. GOVT ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER

17(\1 7/

4. TITLE (and Subtitie) S. TYPE OF REPORT A PERIOD COVERED
THE NUMERICAL SOLUTION OF AXISYMMETRIC FREE Summary Report - no specific
BOUNDARY POROUS FLOW WELL PROBLEMS USING reporting period
VARIATIONAL INEQUALITIES 6. PERFORMING ORG. REPORT NUMBER

7. AUTYHOR(s) 8. CONTRACT OR GRANT NUMBER(s)

Colin W. Cryer and Hans Fetter DAAG29-75-C-0024

DCR75-~03838
®. PERFORMING ORGANIZATION NAME AND ADORZSS 10. :zgﬁRAA:oERL‘EMEINT’,DR“GJE&RCST, TASK
Mathematics Research Center, University of i
610 Walnut Street . Wisconsin Work Unit Number 7 -
Madison, Wisconsin 53706 Spnerical Analysis
11, CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
June 1977
See Item 18 below. 13, NUMBLR OF PAGLS
55
4. MONITORING AGLNCY NAME & AUDRESS(/f different from Controlling Office) 15. SECURITY CLASS. (of this report)
UNCLASSTPIED

T5a. DECLA ilEVlCATlON/DOHNGRADlNG

6. DISTRIBUTICH STATEMENT (of thia Le o)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of ths ebatract entered !u Block 20, if different fron J:;po.-r) J

18. SUPPLEMENTARY NOTES
U.S. Army Research Office .
P.O. Box 12211 Ay National Science Foundation
Research Triangle Park wWashington, D. C. 20550 ‘
North Caroiina 27709 A

19. KEY WORDS (Continuv on reverse sido if neccese:y and identify Ly block number)

Porous flow, Free boundary problcms, Unconfined flow, Numerical methods,
Variational 1nequa11t1e Existence, Uniqueness, Error estimates, Finite,
\/ }H elements ‘ b Y4 ¢ ph o tue”

x - - §

ABSTRACT (Continue on reverse sids If necessmy and identify by block numiber)
The free boundary problem for a fully penetrating well of radius r and filled

with water to a depth h, in a layer of soil of depth H, .radius R and per- ¢
meability k(x;y) can _be formula ed as follows: Find¢¥ € C {r,R] and u € C%(R)
n C(N) such that (xkuy), + (x}fu ) in Q, u(R,y) =H for 0<y<H,

un(x,O) =0 for r<x<R, u(r,y) = x for 0<y<h, u(r,y) =y for h<y<y(r) ,
u_ (x,0(x)) = 0 and u(x,¢(x)) =¢(x) for r<x<R, where Q= {(x,y): r<x<R,

2 0<y<¢(x)] The results of Benci {Annali di Mat. 100(1974), 191-209} are usefl
vWWW&M‘

DD ,an'ss 1473  eoiTion oF 1 Nov 68 1s oBsoLCTE UNCLASSIFIED
il SECURITY CLASSIFICATION OF THIS Pm.n Data Entered)

problem is approximated using piecewise linear finite elements and O(h) convergence

of the approximate solutions is proved using recent results due to Brezzi, Hager,

and Raviarf,«.i?-
I,

(W o — ]




