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We study the eigenvalue problem ﬁ ‘ |

-u" = Ag(x,u,u'), x ¢ la,b[, ue C2[a,b], A > AO

(P) u(a) - cu'(a) 0, c,d >0

u(b) + du'(b) =0 .

We investigate the continuation and the asymptotic behaviour as A > of positive
and concave solutions of (P) . In the autonomous case we show that every positive and

concave solution (),u) can be continued. Concerning the asymptotic behaviour we show ]

that the positive and concave solutions converge to a solution u¥0 of gix,uu*) =0,
if they are uniformly bounded in Cla,b] . 1In the.autonomous case the limit u is unique.

The boundary conditions satisfied by u are also discussed.
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Key Words - Two point nonlinear eigenvalue problems, concavity, singular perturbations,

continuation.
Work Unit Number 1 - Applied Analysis
EXPLANATION
Physical problems often lead to second order nonlinear boundary value problems
where a parameter )\ is involved (for example A 1is the temperature or the energy). In
this paper, we prove that under suitable conditions on thé nonlinearity there must be
positive and concave solutions for every A bigger than some AO . Moreover these solu-

tions converge to a unique limiting function.
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ON THE STRUCTURE OF CONTINUA OF POSITIVE AND CONCAVE
SOLUTIONS FOR TWOPOINT NONLINEAR EIGENVALUE PROBLEMS

Ph. Clément and I. B. Emmerth

I. Introduction

In this paper we consider the following two point eigenvalue problem:

-y = Ag(!l“:“.)o x € Ja,bl, ue czlalb]
® { ula) - cu'(a) =0, c,a>0,

u(b) + du'(b) = 0 ,
where g is given. We shall consider two cases (forced and bifurcation case), i.e.
A. () gec(lablXR?), (M) g(x,0,0) >0, xe [a,b]

B. (Hl) g(x,u,v) = f(x,u,v)u, £ e Cc([a,b] X Rz) ’

(H2) £(x,0,0) >0, x € [a,b] .

In both cases under the assumptions (Hl) and (H2) it is known [5,10], that there exist two
maximal continua of positive (resp. negative) solutions of (P) in R X czla,b], un-
bounded in R Xclla,b] such that their intersection is (0,0) or (XI,O), where Xl in
the bifurcation case is the first positive eigenvalue of the linearized problem at the
origin. In what follows, we shall restrict ourselves to the continuum of positive solu-
tions, denoted by (€ , since the same arguments can be applied to the negati- - ~tions.
Observe that if (A,u) ¢ C , then A >0 .

The aim of this paper is to study the asymptotic behaviour of C as A tends to «
and the continuation of solutions in C . We do this under the assumption, which we call
condition '(') , that every solutio_n of C is not only positive, but concave. It must be
noted that condition (*) is satisfied in the interesting case, where g(x,u,v) =
s(x) hl(v) h2 (u), s >0 . (See example V.6). However in the general case it can be
violated. (See Section IV, counterexample).

Our main results are stated in Theorems IV.3 and 1IV.S5, where sufficient conditions

on g are given to insure condition (*}, in Theorem II.1, IV.6, IV.7, and IV.8 where the
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asymptotic behaviour of C is studied and in Theorem III.2, where the continuation is in-
vestigated. We apply those theorems to examples in Section V,

Concerning the asymptotic behaviour of ™ several possibjlities occur. If ) is
bounded, there is bifurcation from infinity, see [11], which we do not discuss. Other-
wise the'interesting case is where u is bounded and A tends to infinity. This leads

to the singular perturbation problem

-eu" = g(x,u,u’)
u(a) - cu'(a) =0, c,d>0

u(p) + du'(b) =0 .

In Theorem II.l we only assume a bound on u but not on u' and we get the existence of
a positive concave solution u # 0 ‘of the reduced equation g(x,u,u') = 0 which is an
asymptotic solution to the solutions in ¢ .. u does not necessarily satisfy the boundary
conditions. It must be noted that the derivative of u is not continuous on lJa,b[ in
most cases. It will be clear from the examples given in Section V and Theorem I how our
results can be applied.

A similar approach for the study of the asymptotic behaviour of ¢ as A + ® is
done in [7), where a specific differential.equation involving a delay is treated. How-
ever in [7) the existence of solutions for small € is proved by the method of monotone
iterations and the convergence to a limit is proved by Laplace's method. With a slight
modification that problem can be treated also in our framework. We did not find a similar
approach in the literature. ~

In Theorem III.2 we prove that if in (P) g does not depend on x and is con-
tinuously differentiable (autonomous case), then each positive concave solution can be
continued locally. In particular if condition (*) is satisfied, ¢ is a curve, hence
there is no secondary bifurcation. In [3]) a result of the same nature is proved for the
equation f£(n,u',u") = Au with Dirichlet boundary conditions only.

(In [3]), the following corrections have to be made. Read R X Czla,b] instead
of R X C2+k[a,b] in the statements of Theorems I and I'. Set k = 0 in the proofs.)

On the other hand we use Theorem III.2 in Corollary IV.4 to establish condition (*),
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and in Theorem IV.8 to prove the unigueness of € asymptotic solutions, in the autonomous

case.

Several authors [1,8,12) have used continuation arguments for this problem, but our

case is not covered by their results.

Theorem I.

Let the problem

~u" = Af(u,u')u ,
(1.1) u(a) - cu'(a) = 0, c,d>0

u(b) + du'(b)

o,

with a) f € Cl(nz) .
b) £(0,0) >0,
c) fu(u,u') <o,

4 4 v, <0< vy such that f(o,vz) =

£(0,v1) = 0, where vy (resp. vz) is

the first positive (resp. negative) zero of

f£(O,v) .

Then 1°C is a Cl—manifold in R XCZ[a,b] and Ptojnc > ﬂl. of &

2.

3‘

there exists u € Cla,bl, u >0 on Ja,b[ and concave such that

£(ux), upx)) =0, x ¢ [a,b] u(a) = ag, u )=o)

and lim max Jux) - ux)| =0,
A> o x € [a,b)
(x'“) € c
lim |u’ (x) - u' (x)l = 0 for every
A+
(A'“) €C

point of continuity of u'(x) where % = 0 if c=0 and

a, = sulal fla,te Yoy >0, te 0,01 it >0,

61-0 if 4a=0 and

a = sup{a]f(o,t ala)>0, tef=-1,00} &2 a>0.

Moreover if ¢ > 0 (resp. d > 0) and ao (resp. ul) is the first positive

-3-




zero of f(u,c-la) (resp. of f(a.d_la)) then u(a) - cu'(a) = 0
(resp. u(b) - du'(b)) =0 .

The proof is a straightforward application of our theorems. From (b) and (c) one easily

checks that the condition (c2) following Theorem IV.3 is satisfied, thus Corollary IV.4 s
can be applied. Theorem IIX.2 gives the first assertion of 1° . Corollary IV.4 again

together with (d) provide a bound in C1 for the solutions belonging to C , therefore

from the alternative of Rabinowitz's Theorem Proji‘c ) A, which completes (1).

Now Theorem II.1l, IV.7 and IV.8 give 2° . Theorem IV.6 proves 3°.

Remark I.1l. It follows from our theory that if f satisfies (a), (b), (d) and for

every v, <wv< v1 f(,v) and f£(+,v) have the same first positive zeros, then

all the conclusions of Theorem I hold with the same u .
Remark I.2. It also follows from our theory, that if in problem (I.l) we replace

f(u,u’')u by £(u,u’) as above (forced case) the same conclusions hold again with

the only difference that Proj]zg = [0, [ .

Notations: Throughout this paper we shall use the following notations: Ja,b[ is an

k o (x -
open interval. For u € C [a,B] we use ukllu,B] 1= xeTafB](u %xﬂ . If [a,B] = [a,b] we

shall drop the index ([a,B]) . wm'p(a,el are the usual Sobolev spaces. acla,B] = Wl'lfa'B].
Hlla,B] = wl'zlu,Bl . u is called positive on Ja,bl if u(x)> 0, x € Ja,b[ u is

called decreasing if it is nonincreasing. wu}(x) denotes the right (resp. left) derivative

+
of x if it exists. u(x ) denotes the right (resp. left) limit of u at x if it

exists. By a curve in R X Czla,b] we mean a cl one-dimensional manifold in

R X Czla,b] . Proji_c :={de R|[ Au)ecC [y
R

Acknowledgements. The authors would like to express their gratitude to Professors

C. C. Conley and P. H. Rabinowitz for their interest in this work.
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II. Asymptotic behaviour

In this section we shall use the following notations:
I := [a,b], Ja,b), I[a,bl, Jla,bl
E(I) := {u e c(I)| u >0, u concave}

Let (u) c E(I) n Cl(I) and u € E(I) . We shall say that u, converges

“n ne¢lN
to u in E(I) if

a) lim l“n - = 0 for every compact interval K c I

g AC[K]

b) there exists v decreasing on I such that ul'l(x)* vix), xeI.

Theorem II.1. Let (Hl) and (H2) be satisfied. let ()‘n,un)n ¢ W be a sequence of

positive and concave solutions of (P). Let M > 0 such that
a) xn -+ @ a_s- n-+>®©,

b) |un|o§H for every n .

Then there exists u positive and concave on Ja,b[ satisfying

1) g(x, u(x), G;(x)) =0, xe labl,

2) g(x,u(x), u'(x)) =0

and there exists a subsequence (Xnk, un )k < such that (u“k)k c W converges to u

in E(Ja,bD) .
If moreover
c) ux'l(a) <M

converges to u

then u belongs to E([a,bl), g(a,;(a), ;;(a)) =0 gn_d (un )k e N

k

in E([a,bl) .

Remarks II.l.

a) In the bifurcation case (g(x,uu') = f(x,u,u')u obviously £(x,ulx), ;;_(x)) =0,
x € la,bl .

b) In the case where condition c) holds, since u ec(la,bl), u satisfies the boundary
condition u(a) = 0 when c =0 . However if ¢ > 0, the boundary condition is not
necessarily preserved. For a detailed discussion see Theorems IV.6 and IV.7.

c) 1If condition (c) is replaced by u'() > -M, E([a,b[) has to be replaced by

E()a,b)) in the conclusions.

el




d) In the case, where lull <M (respectively Iulo < M when g does not depend on u').
Condition (a) is automatically éatisfied.

e) When g depends on u' it can happen that Iunl 1 is unbounded and nevertheless
conditions (a) and (b) are satisfied. Therefore, even if the bifurcation diagram in
R X Clla,b] would suggest the absence of a limiting function, a limit still exists
in the sense of Theorem (II.l). For an example see Section V.

£f) 1In order to apply Theorem II.l to a concrete case, a bound on the solutions has to be

found. This question as well as condition (*) will be discussed in Section IV.

Proof of Theorem II.1. The proof is done in these steps. First we prove that there

Indeed we have -ur(x) > 0 since u  is concave. u‘

(1) There exists a subsequence (

: i’ '] s
exists a subsequence (unk) ke N such, that g(x,unk,unk) + 0 a.e. Then using
Theorem A, Appendix we extract a subsequence, still denoted by u , converging to some

n,
k
u in an appropriate sense, which will imply that g(x,u,u’') = 0 . Finally we show that

u # 0 (which in the forced case is obvious). As it will be clear from the proof, the

concavity of u plays an essential role in each step.

Let assumptions (a) and (b) be satisfied, i.e. Xn + ® and l“n'OiM'

n=1,2,... . In this case we denote by I the open interval Ja,bl . If moreover
assumption (c) holds, i.e. ur"(a) < M, then I := [a,bl . sSimilarly if ~u"‘(b) > -M then
I :=)a,b), if u;‘(a) < M and u,"(b) >-M then I := [a,b] . This enables us to treat

all cases at the same time. By K := [a,B) we denote any closed subinterval of I .

We claim that there exists M) such that

(11.1) g |un|1,K < M(K).

being decreasing

|un|1'x = 'max{|u;l(u)|, I“r'z(B)” . Assume Iu;‘(a)l is unbounded. By the definition of

I it follows that a ¥ a . If some subsequence u"‘ (a) ++», then we have u' (x) -+ +»

k

a
for a<x<a, hence un(a) - [ u' (x)dx + un(a) + +® in contradiction to (b) . The

other cases are similar.

.
“nk)k « N such that g(x'“nk'“n )+ 0 a.e. on
fa,b] . By (II.1) and the fact that -u;(x) > 0 we have Iu;lL, (%) < M(K) . Hence

. ' 1
lat .un.un)lL (x) * 0 since ln + @ and (%.un) €C, - Choose By Ky ® sen ® I

-6=




(ii)

ii)

Lemma :

Proof:

e A A i

such that U Km = I . One completes the proof by extracting successive subsequences

converging a.e. on Km

There exist u € E(I) and a subsequence, still denoted by un , converging to u

in E(I) . < MK )

|un'0,x <M.
m

K A K 5
Let - be as before On each e we have by (II.1) '“n‘l,Km

and From proposition A. Appendix we have that there exist

;m € E(Km) decreasing and a subsequence un such that

k

lu o,

] +
n, m AC[Km]

x €K ’

u' (x) -’;-(x), ~

— -,
vm(x)'“mi (x) ., xexm .

One completes the proof as in (i) by defining u and by Gh(m = ;m,

Observe that u e E(TI)

g(x,u,ul) =0, x eI and u >0 . By (Hl), (i) and (ii) g(x,u,u') =0 a.e. on I

From the continuity of g and the Appendix we get g(x,;(x) ; ;;(x)) =0, x€1I.

Since u is concave on la,b[ it is sufficient to prove that v:f' 0, and hence

u>0 on Ja,bl in the bifurcation case. (In the forced case u # 0 1is obvious

since f(x,0,0) > 0) . To do that we use the following.

Let p,p,q € Cla,b] satisfying

a) p(x) >0, x e [a,b]) ,

b) p.,q concave, # 0, p(a), p(b), q(a), q(b) > 0 .

e p(x) g(x)

p(t) qlt)dt x € [a,b]) .

> w(x) »

b
| o®
a

where

-1 -3 2 a+b
'p]o,[a,b] (b-a) (x-a)”, x e la, 571,

P (x)
a+b

& xe[—z——,b] o

- 2
IDIO. [a:b] e i, g

X-a

p(E) r X € [argl ’

p(x) >
p(E)

We have

v
1

x-b
=%

X € [g:b]

e




=Yy

for any € ¢ la,bl . Similarly for q. Choose T such that p(E) a(® = lpaly .. b)

Clearly E # a,b . Hence

-1 1 p®) q(B) (x-ay2 =
Iploo [a,b) (b-a) — — P ¢ X € [a,E]
p(® q® \E-a
pix) q(x) o
b = — —
[ e)pttrg(trat |p|;1[a 5 (hf,) p® g() (f: b)2' 5
3 e p(® a(®)

3
which completes the proof of the lemma.
Let h. be the eigenfunction corresponding to Al of the linearized problem at

1
the origin, which we choose to be positive. From (P) we get

b
. I f(x;“ r“' ) u hl dx
n -
c = -2 kM % =i A E 0 .
k b 1 n
[ £x,0,00 u h a&x
a "x

By the previgus lemma and condition (*) we have
B L]
0< [u l(x,unk,unk) Ylxax < €
where [a,8] € I . Assume u =0 . Then we have
u +0 on Ila,B]

u' +0 a.e. on [a,8] (even everywhere)

: I“nxll.lu.BI SRR

By (Hl1) and Lebesgue's dominated convergence theorem we get
8
| £(x,0,0) Y(x)ax = 0
a

which contradicts (H2) since VP(x) >0 on Ja,bl .




III. Continuation

Theorem ITI.2. let g € CI(RZ) and u, € Czla,b], v, # 0 and Ao € R satisfy the

problem

-u" = Ag(u,u') ,
(II1.1) u(a) - cu'(a) = 0, c,d>0,

u(b) + du'(b) =0 ,

with Xog (“0'“6)3 0. Then there 2xists a neighbourhood %Y of (Xo.uo) in R Xczlalb]

and a C'-map s + (A(s), u(s)), s € 1-1,1[ from J]-1,1[ into R X c2[a,b] such that
(a) (A(0), u(0)) = (Xo.uo)

(b) (A(s), u(s)) satisfies problem (III.1l) for s € }J-1,1[ and in %Y there are

no other solutions of (III.1)

Remarks III.

(a) Obviously uo is concave on [a,b] and different from zero, hence positive on ]a,bl
by the boundary conditions. Moreover observe that uc')(a) and u(')(b) are different from
zero by using again the concavity of Uy the boundary conditions and u, #0 .

(b) Theorem III.2 can be applied to the investigation.of the structure of ¢ of problem
(P), i.e. if (H1) is replaced by the stronger assumption (H'l): g € Cl(Rz) and g does

not. depend on x and condition (H2) and (*) are satisfied, then (€ is a curve in

R XC2(a,b] .

{u e czla,bll u(a) - cu'(a) = 0, u(b) + du'(b) = 0} ,

Proof of Theorem 1II.2. Let E

E, :=c [a,b] ,
Let F: RX E, * E, be defined by

F(A,u) (x) := u"(x) + Ag(u,u')(x) .
Then (III.1) is equivalent to the equation F(A,u) = 0 for which we know a solution
(Ao,uo) . Remark that F ¢ cl(n X El'Ez)' du F(Xo,uo) is Fredholm of index O and
dim N(du P(Ao,uo)) <1. If dim N(du F(Ao,uo)) = 0 we are done by the implicit function
theorem. In the case dim N(du F(Xo,uo)) =1, by Theorem 3.2 of [6] it is sufficient
to show that

(111.2) dx P(xo,uo) € R(d F(Ao.uo)) .

-9-
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We claim that (III.2) is equivalent to the condition

b .
(111.3) : [ rx g(u,u')(x) R(x)dx # 0
a
where
x
- r(x) := expl/ Xo gu,(u,u')(t)dt} >0 ’
a
and

f e IN(d“ F(Ao.uo)), h+0.

. kil i e i e 3,

Indeed g € R(du F(Xo,uo)) is equivalent to

e . =
(I1I1.4) (rho) + Aor gu(uo,uo)hoarg
b —
for some ho € El . It is well known that (III.4) can be solved iff I r g hdx = 0 since
: a
Ty "Wh =
(rh')' + AO 9, gu(uo,uo)h 0
= b_, 5
h(a) >0, [ hW(xyax=1, heE . . |
. a
The proof will be complete if we show that H(x) # 0 on Ja,bl . Let v=1u'. v sat-
isfies
" . . L =
(I11.5) v" o+ AO gu(uo,uo)v + Xo gu,(uo,uo)v 0

since u € C3[a,b] . Observe that v(a) # 0 and the zeroes of v are simple, since
u#¥ 0, ge Cl and from the boundary conditions. Since u is concave and by the pre-
vious remark, v has exactly one zero on J]a,b[, hence by remark III.a exactly one zero

in [a,b] .

Now observe that we have h and v satisfying
- Y0 & . = -
(111.6) (xz') Ao r gu(uo.uo)z Wz, u=0

with different boundary conditions. We shall prove that h has to be the first eigen-

function c¢f (I11.6) with the boundary conditions

(BCh) z(a) ~cz'(a) =0, z(b) +daz'(b) =0 ;

-10-
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Thus it is well known, that h # 0 on Jla,b[ [4]. _We first consider the case of Dirichlet
boundary conditions (¢ =d =0) . In this case h ¥ 0 on Ja,b[ follows from Sturm's
comparison theorem (4] by using the fact that v has exactly one zero on Ja,bl, v(a) ¥ 0 ,
v(b) # 0 and Hh(a) = h(b) = 0 .

Then we consider the case c,d > 0 . By remark III.a uo(a), uo(b) >0 . From
(ITI.1) it follows that v satisfies (III.6) and

: c(u,u') =
z'(a) + c =i *e =0

(BCv)

2 (b) - ds-%’(%;lz(b) =0

Let us call u: < u; < ... (resp. u: < ug < ...) the eigenvalues of (III.6) with
(BCv) (resp. (BCh)) . By the fact that v has exactly one zero in Ja,b[, v is the
eigenfunction corresponding to H; hence 'u; =0 ([4] . By using a variational

characterization of the ui's .

We shall prove that

@ W 2w fSn2.
% h ’
(ii) uz >0 .

This will complete the proof of this case since h is an eigenfunction of (III.6) and
(BCh) with corresponding eigenvalue 0, which implies that h corresponds to u? .

For z ¢ H1[a,b] we define

b
v2 oot ' 2
f r(z AO gu(uo,uo)z )yate.

Qn[z]

a
Q2] = g [2) + (5P 2 + 2 J2q))
g(u_,u’) g(u_,u')
¥ i 6’0’ 2 o'°0’ 2
Q,lz) := 0 [z) - {r(b)a —-—“o(b) z°(b) + r(a)c -——-—uo(a) z(a)} .

Let & := {E S'Hlla,b]] E=FnB, F closed supspace of H [a,b], codim F = 1} ’
b

where B := {u ¢ Hlla,bll f uz(x)dx = 1}. From the Courant-Weyl theorem we have
y a

*
W, = sup inf Q,lz], *e {hv,n} ,
Ec€ ze¢E




— S — - O - -
MM"-~ - e . —on v S - - SR - i <

A e SN

p: < p: <... being the eigenvalues of (III.6) with Neumann boundary conditions
(BCn) z'(a) =z'(b) =0 .

By observing that c,d,uo(a). uo(b), r(a), r(b) are positive and g(uo.u(')) (a),

gluy,up) (b) > 0 it follows that !

n h
(111.7) DR T T e
In particular we have
i'
v n h h ‘;
(I11.8) 0=y, < U, <My <M . |

We claim that u’z' >0 . If not, "; = “; =0 . It follows that 5

sup inf Q [z) = sup inf {Q .[z) + P[z]} =0,
Ee@ z¢E Qn Ee@ 2zeE Q"

22(b) >0 .

z2 (a) +

where P[z) :=L:)— rgb)

Let us define by n the eigenfunction corresponding to u; normalized by n(a) > 0

b i
and [ nlydx = 1. -

a

We have Qn[n] > inf {0 (2] + P[z]} for every E € & . Let us denote by n,
z€E b
the eigenfunction corresponding to u: and define ni := {u e H]'[a,b]I f un, dx = 0} and
a
c& and Q [n] = inf Q [2] . It is easily checked that
zeEl

such that Qn[;] + P[z] = inf {Qn[z] + P(z)} . Consequently we

ze!-:l

1
31 = nl n B . Observe that li:1

there exists z € El

have

Qlz] > @ n) > @ lz] +Plz), zeE .

By taking z = z we get Plz] = 0 . Thus Qn(z] > Qn[;], z € El . By observing that n

to satisfy Qn[n] = inf Qn[z], we get n = z, hence

zcEl

PIn) = 0 in contradiction to n(a) > O . This completes the proof of the case c,d > 0 .

is the unique function in El

d
Finally let ¢ =0, 4@ >0 . As before we have 0 = u‘z'f_ug. Let us call u1<ug<

the ‘eigenvalues of (III.6) with

(BCd) z(a) =0, z'(b) =0 .




We prove ug < u; exactly as before by replacing Hlla,b] by Hl

o .
r(b) z (b) . With this new

{a,b}] := {u ¢
H [a.b]l u(a) = 0} and Q,[2) defined by @ [z] = Q. 8] # e

definition we have

ug= sup inf Qn[z] .1

E € & z¢E
and
n
W, = sup inf Q (z) .,
Ee& z€E
where

~ ‘0 = {E c H; - [a,b)| E=FnB, F closed subspace of H; , la,p) , 3
’ ’

codim F = 1} .

The proof will be complete once we have shown that u; < u: . But this is true since

U = sup inf Q,[2z] < sup inf o (2] = u A
Ee& z¢E Ee& z€E

-13-




IV. Discussion of condition (*). Boundary conditions and uniqueness of the asymptotic

solution

The aim of this section is primarily to give sufficient conditions on g in order

that there exists an unbounded continuum # of concave solutions of (P). We shall use the
following definitions:

&

K := {(x,u,v) € [a,b] X R u-cv>0, u+adv>o0},

Q := {(x,u,v) € K| g(x,u,v) >0},
90 := the connected component of  containing [a,b) X {(0,0)} .

In the autonomous case for simplicity we shall drop the first component.
Observe that from (Hl) and (H2) Qo ¥ ¢ . We shall say that § "c" Qo if
(x,u(x), u'(x)) e Qo for each x € [a,b] and (A,u) € §. Observe that § "cn Qo

implies even strict concavity. In Theorem IV.3 we give sufficient and almost necessary

conditions in order that #§ ner Qo . We show that § = in Corollary IV.4 for the

autonomous case and in Theorem IV.5 in the nonautomonous case under stronger assumptions.
Obviously the preceding theorems give bounds on u and u' for (A,u) € §,
whenever Qo is bounded.
Finally the fact that #§ "c" 90 i-s exploited~in Theorem IV.6 and IV.7 in order
to give information on the boundary conditions satisfied by the asymptotic solutions, and

the uniqueness of those solutions in Theorem IV.8. The proofs of the preceding theorems

are given at the end of this section.

Theorem IV.3. Let, in problem (P), g satisfy (Hl), (H2).

Let d,.g = {(x,u,B)] u=Bx-0al, xelanp)}.

If Q satisfies (Cl)

0
1) da 8 n Qo is connected for every (a,B) € R2 "
(c1) 2) (a,cB.B) € da—c,B n Qo for evexy B >0,

3) (b,-aB,B) € dea,p " ﬂo for every B <O,

then there exists a subcontinuum # ¢ 2 unbounded in R X CI[a,b] such that g(x,u,u'}) >0

for each (A,u) ¢ § .
-14-




Observe that in the autonomous case the condition (Cl) reduces to the following one:

dg n Q) = {1Bc, 8,V ;:1 1yi.6it,8}

(C2) where Bcf_60<'¥1_<_61<y2_<_62 <Yy ce-
AN~ 6l > [B] (b-a), with dg = {(t,B)]| t € R}

In the autonomous case we have:

Corollary IV.4. ~If in Theorem IV.3, g does not depend on x, then §=0¢ .

Remark IV.1l. It should be noted that if in Theorem IV.3 the assumptions on QO do not
hold, then condition (*) can be violated. Counter examples will be given before the proofs

of the theorems.

Theorem IV.5. Let in problem (P) g(x,u,v) be of the form s(x) g(u,v) with seCla,b] ,

s>0, ge Cl(Rz), g(0,0) >0 . If s(x) g(u,v) =0 and (x,u,v) € BQO imply

g,(u/v) <0, then € "t 90

Theorem IV.6. Let the assumptions of Theorem IV.3 be satisfied with ¢ > 0 . Let

sup{a > 0 | (a,a,ta) € 90 Vte lo, %l}

Q
n

0 the first positive zero of g(a,B, -:'; B)

w
n

If 1°) l"‘roj:R ® is unbounded

o =
Z)ao 80 < @ ,.

3°) gla,B, tB) >0 for t e [0, %[

hold, then lim u(a) = a
A>

(Au) e d

0 °

Moreover if ((An,un))n cIN € § is any sequence such that An + ®, u, +u in the sense

of Theorem II.1, then u(a) - cu'(a) = 0 .

Remark IV.2. With obvious modifications the same result holds at b .

Remark IV.3. If in Theorem IV.6 condition 2° or 3° is violated, the conclusion does

not necessarily hold. For example a) if g(u,v) =1 - u? ‘l-v2 with ¢ =d =1 then

«15-




condition 2° is violated and u(x) =1 on (a,b], b) if g e C(nz), g(0,0) > 0 and
R is {(uw| 0<uc<l; -1<v<l v<2ahN{(uw] %f_u:l.%_{vil) with

a=0,b=2,c= i d = 0 then condition 3° is violated and

2 .

= % (x+1) , x ¢ [0,1]
u(x) =

-x +2 , x € 11,2]

Theorem IV.7. Let in problem (P) g € cl(nz), g(0,0) >0, c¢>0 and a, := sup{a > o

(a, ta) e QO for every t € (O, %l}. Let Qo satisfy the condition (C2) and e, <.

If Pz’ojxc is unbounded, then 1lim u(a) = 00 .
A+

(A,u)eC

Remark IV.4. With obvious modifications the same result holds at b, with ao replaced

by a := sup{a| (a,ta) € Q) Vte t-a’t,01} .

In the autonomous case, Theorem IV.7 gives a precision of Theorem IV.6 in the case

Theorem IV.8. Let in problem (P) g € Cl(ltz), g(0,0) >0 . Let Qo satisfy the con-

dition (C2). Assume there exists M > O such that |v| <M for (u,v) € ﬂo . Then

there exist u ¢ cla,b], depending only on a,b,c,d and 3{20 such that 1lim Iu-;lo =0 .
L Sy d A B d A

Au)ec

A counter example

Consider the problem

-u"= (1- (u- %)2 - “,2)“
(1Iv.1)

u(0) = u(‘—;'-) -0

A is cl(:ll:). satisfies (H2) and ﬂo =Q= {(x,u,v) €

fov =1-@-7-v
(0, 531] Xx R2 | u>0, f£(uv) >0}. Here part 1) of condition (Cl) is violated. It is
easy to see that every solution (A,u) of (IV.1l) satisfies lu|o < %. |u|1 <1, hence
Projnc is unbounded. We shall show that there exists A > 0 such that (A,u) eC .

A>7%  implies (x,u(x),u’'(x)) ¢ ﬂo and thus condition (*) is violated. If not, there

exists a sequence (Xn,un) ¢ C , Xn > o (x.un(x). u;‘(x)) € Qo . The assumptions of

s

e

T




" l

Theorem II.1l being satisfied, there exists ueclo, ‘T" In Ac]o,-‘—;1 [, concave, satisfying

£(u, u') = 0 a.e. on )0.'4—31[
(Iv.2) £
u(0) -u(i}) =0 .
. 4n 7. . - 1 " n
But the unique solv* ‘on of (IV.2) belonging to C[°'_3'] n m]o.—3-[ is u(x) = z sin(x - g)
which is not concav contradiction.
Similarly il p--t 2) of condition (Cl) is violated, the condition (‘.) may not hold.
In particular if " g(u,v) = {[20 - (u-1) (u-2) (“_3”2 - vzl u, one can show that if b - a

is big enough condition (*) does not hold.

Proof of Theorem IV.3. Let g+ be defined by

g(x,u,v) if (x,u,v) € Qo

+
g (x,u,v) =

0 otherwise

and consider the problem =-u" = Xg+ (x,u,u') with the same boundary conditions as in
problem (P) . g+ satisfies (H1) and (H2) and therefore there exists a continuum of
positive solutions ® unbounded in R X Cl[a,b] . We claim that for all (A\,u) € 8§
we have (x,u(x), u'(x)) € Qo, x € [a,b] . Assume ther.e exists (x, u(x), u'(x)) ¢ 90 ’

and let us consider the initial value problem

~w" = Ag(x,w,w")

(1Iv.3) e 3 i s
w(x) = u(x), w'(x) = u'(x) .

u(x) — =
B . By (1) s : d&-'Bn ﬂo is connected.

If s is empty then Wwix) = u'(x) (x-x) + u(x) is the unique solution of (IV.3) on

Assume B :=u'(x) >0 . Let Q := x -

[{a,b) since g* vanishes on ﬂg . But u= w does not satisfy the boundary conditions,
thus s is not empty, i.e. s is an interval distinct from da'-s- . It follows that

q’ vanishes on da'g\s. therefore the solution of (IV.3) on la,;[ or l;,b[ must be
w(x) = u'(;) (x-;) + u(;) . In the case & = a-c from 2) u = w on [;,b], which is

impossible since the condition u(b) + du'(b) = 0 is violated. If afa-c, bya

=17
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similar argument the boundary conditions are violated at x =a or x=b . We get the
same contradiction if B < 0 . Therefore (x, u(x), u'(x)) e QO for every x € [a,b],
and for each (A,u) ¢ § . The proof is completed by observing that q’ =g on QO'

hence § is a subcontinuum of 7 , unbounded in IR X Cl[a.b] A

Proof of Corollary IV.4. Since ® is a subcontinuum of ¢ , it is enough to show that

® is open in C . Observe that for each (A,u) ¢ # , there exists an open neighbour-
hood ¥(A,u) of (A,u) in C such that if (u,v) €e¥(A,u), then (U,v) € Qo. hence (see

Theorem III.2) (A,v) ¢ ® . Thus § isopen in 2 and § = .

~

C

Proof of Theorem IV.5. Assume there exists x € [a,b] such that (x,u(x),u'(x)) € Qo .

We shall show later that there exists y € [a,b] such that (y,u'(y),u"(y)) € 390,
u'(y) #0 and u"(z) >0 for x <z <y if u'(y) >0, for y<z<x if u'(y) <0 .
On the other hand for such y we have u"(z) <0 for y<z<y+d8 if u'(y) <0,
respectively for y - § <z <y if u'(y) >0 and some & >0 . Indeed u'(y) <O

implies
-u”"(y+h) = As(y+h) (£, (uly), u'(y)) u(y) u'(y)h + o(h)] >0

for 0 < h < 4§ and we get a contradiction. Similarly, if u‘(y) > O . Thus -it remains
to show the existence of such vy . >

First observe that if u attains its maximum at x . (necessarily in Ja,b[ from
B.C) then g(;, u(;),O) > 0 . We claim that (;,u(;),O) € -ﬁo . Indeed from the connec-
tedness of C I := {|u|° I(A,u) € ¢} is an interval in R+ containing 0 . Let
u, ¢ ]0,%] be the first zero of f£f(u,0) . If u_ = we are done. If not by our

(]
assumptions there exists &8 > 0 such that f(u,0) <0 if ue Ju_,u.+ 8§ [ . Therefore

0"0
I < [0,u)), hence (x, u(x),0) € ﬁo, and {(X,u(x), u'(¥))| (A,u) € ¢, u'(X) = 0}c ﬁo .
Let o = min{xJu(x) = u| )}, B = max{x|u(x) = |u| } . We then have wu(x) = |uj]
.for x € [a,B) . If not, u has a minimum for some x € Ja,B[, which is impossible
since u"(x) < 0 . For the same reason, taking into account that u'(a) > 0, u'(2) > 0

for z ¢ [a,af . Similarly u'(z) <0 for z e 18,b] .

Assume there exists x € [a,b] such that (x,u(x),u'(x)) € Qg . We already know

that x¢ [a,B8) . If x < a, let




y := min{t € I1x,a)| (t,u(t), u'(t)) € 393 i

By definition, u"(t) >0 for x<t<y. y#a,6 otherwise u(a) would not be maximum,

hence u'(y) > 0 . The case x > B is similar. This completes the proof of Theorem IV.5.

;K g Proof of  Theorem IV.6. First observe that (a, Bo, c-l BO) € 890 . From Theorem 1V.3,
‘ the connectedness of § and the definition of 30, if (A,u) ¢ 8, then: u'(a) <i- Bo

and u(a) < Bo . From the boundary conditions at a, and the concavity of u, it follows

that sup Iulo < @ ., In order to complete the proof, it is sufficient to show that if

| J (A,u)e ® A A W

} (An,un) e d, An >R, O * 4, u"‘ -+ v as in Theorem II.l, then wu(a) = Ay and
;(a) = cu' (a) . From the definition of a.o and assumptions 2 and 3 we have; g(a,u,v) = 0,
(u,v) € A imply u = % and u=cv, where A := {(u,v)| u - cv > 0, Tu < %y

v > 0} . From the proof of Theorem II.1 we have g(a,G(a), u'(a)) =0, 0 i:' (a) < ;(a)

and ;(a) = cv(a). as ul(a) < uo the proof is complete.

Proof of Theorem IV.7. As in the proof of Theorem IV.6 it is sufficient to show that

u(a) < a, when (A,u) e ® . BAssume there exists (X,u) € @ such that u(a) > a

0

By connectedness of C , {u(a)| (A,u) € C }_:_7 [0,u(a)] = [0,(!0] . Thus there exists

(X.G) € ¢ such that f{(a) = OLO S From Theorem III.2, there exists a C1 function

s+ (A(s), u(s)) e R X C2[a,b], s € [0,11 such that (A(0), u(0))

[}

(AI,O) .

(A(1), u(1)) = (A,0) . From the concavity of { we have

a < fi(a) < Gx) < [§]

o as long as {'(x) >0 .

0
By definition of ao and the fact that ao < ® there exists 0 < v < c-luo such that
(uo,\7) € 390 . By a homotopy argument there exists s e 10,1] and x e [a,b] such that
(u(s) (x), u'(s) (;)) € BQO which contradicts the fact that if (A,u) €2 then

(u(x), u'(x)) € Qo, x € [a,b) .

Proof of Theorem IV.8. From Corollary 1Iv.4, C "c" Qo . By assumption ¥ M' > 0 such

that |u|o, |u|15M' for (A,u) e C . Thus Projmc is unbounded. Let

N u i -ul =o0.
Ao o EC  and u €Clab], u#0, such that A\, = and ,l,il:olu“ u|0

Such a ‘m exists by Theorem IT.1 . If c =0, u(a) =0 and if d =0, u(b) =0 .

1
(See Remark II.l.b and c). If c¢ > 0, observe that oy = sup{a| (a,ta) € Qo, Vte [0,;]}
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satisfies O < cM and depends only on ¢ and 390 . By Theorem IV.7 u(a) = a

0

Similarly, if 4> 0 u(b) =a, (o of Remark IV.4) with a < dM and depending only

; [ 1
on 4 and 390 . Let Y be the first positive zero of g(u,0) .
Let 3 := {he ClO,uj)|h >0, h decreasing, h(u)) =0, h(u =h(0) for
0<u<ch(O); (uh(u e for ue [ch(0), ugli {w|u-cv>0, 0<v<hwm}earl.

Note that h = 0 belongs to § . Moreover if (A,u) e ® , u# 0 + then the

function h defined by

u'(0) for 0 < u < u(0)
h(u) := u'(x) for u(0) < u(x) < lulo

0 for |“|Of-“i“0

belongs to J by using the fact, that C is a curve. Let B(u) < sup{h(w)| he 3} ,
ue€ [0,u°] x § is bounded by M, decreasing and l.s.c. hence E(u*) = g(u) . Let

B(u) := {(u, [E(u+), Bl ue [O,uol} be the maximal decreasing graph associated with
B

%

We claim that if (3,9) ¢ 3, and V>0 then B(@) <V . Ifnot ¢ <B@E" =

E(ﬁ) . From the definition of B there exists h ¢ ¥ such that d< h(ﬁ) < E(G) . But

6,9 e {(uw] u-cv >0, 0<v< h(a)} ¢ 90 .

o VA S Fodd - -
a contradiction. Let [x,x] be the maximal interval in [a,b] such that u(x) = Iulo .

We shall prove that u e B(u) a.e. on [a,%] . If ¥ < &, then u'(x) =0 on ];'(,Q[ '

.

hence g(u(x),0) = 0, x e 1X,X[ . It follows that u(x) = u, and thus u e B(u) on
VA If a= ; we -are done, otherwise let A := {x ¢ ]a,*[l u'(x) = u' (x)} .
Ix,x([ . + -
Observe that Ja,X[ - A is a countable set and u'(x) >0, xeA. Let xe€ A . Since
u' (x) exists and is positive, for n big enough u;(x) >0.

Since (u(x), ;;(x)) € 390 we have B(u(x)) ii;(x) =u'(x) . For n big enough

we have u!(x) < B(u (x)), hence u'(x) = v(x) < B(u(x)) . Thus u'(x) € B(u(x)) .

Consequently u is a solution of

u+ (-g(u)) » 0, a.e. xela,R]l ,

u(a) = u(a) .

By observing that -g is a maximal monotone graph in the sense of [2], this equation
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oo e

has exactly one solution, hence u is uniquely defined by a,c. and ano on [a,X] .
Note that from [2] we have ;;(x) = B(u(x)) for every x € [a,&I[ .
By proceeding in the same fashion on [;’:,bl , u is uniquely defined on [:.bl by

‘ - b,d and 390 . Since ;_5 X we are done.

-21-
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V. Examples
2
1°. Let f ¢ cl (R), f(p) >0 for p e lo,ool, f(po) = 0, and consider the

following problem:

-u" = Af(u2 + u'z)u on ]0O,T{
(P1)
u(0) = u(T) =0 .
From Corollary IV.4, it follows that the condition (*) is satisfied which implies by
1
Theorem III.2 that C is a curve in R X Cz[o,'r] . Moreover, u is bounded in C [O,T]

for (A\,u) € ¢ . From Theorem IV.8, lim Iu-;,rlo = 0 where

A+ ®
(Aa“)fc
3 P LS T
Py Sinx x € [o, m.n(i- . 5]
= Ly T n
uT(x) := fo X € ]mln(i,:‘;), max(-z-. T—f)[

5 T m
Po sin(T-x) x € [max(z. B Yo, T

Remarks.

1. If instead of f(u2 + u'z) we have s(x) f(u2 + u'z), s € c[Oo,T], s > 0, all the
previous conclusions hold except the fact that C is a curve, which we can not decide.

; a : = o :
2. If T=m, obviously (C := {(—2-, a sin x)| 0<u<p°} and u“(& = Py sin x

_  f(a)
is smooth but if T< W, u & clio,m .
3. Observe that the limit ;T in Remark 1, is independent of s and depends only on

the first zero of fl and on T .

* 4. If f "does not vanish and Projn € is unbounded, then |u|0 is not bounded for

(A,u) e . This is an immediate consequence of Theorem II.l.
2°. lLet f be as in example 1°, and consider

()
-u" = Af((u - TO)Z + u'z)u on 10,T[
(P2) u(0) - cu'(0) =0 c,d>0

u(T) + du'(T) =0 .

1
The case f(p) =1-p, ¢c=4=0, T= %" has been treated in Section IV. If c e [0, 5[
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or 4 ¢ [0, % [, by using a similar argument as in Section IV, one can prove that the
condition (*) is violated. However, if c¢,d € [l ,[, the condition (*) holds by

Corollary IV.4 and ¢ is a curve in R X Cz( 0 ,T} . From Theorems IV.8 and 1V.6,

;im Iu-;]o = 0 where u e C[0,T], satisfies the boundary conditions and £(u(x), Gl(x)) =0
-+

(Au)e

x ¢ [a,b] .
3°. Let f(x,u,u') = f(x,u), £ € C([a,b] X R), £(x,0) >0, x € [a,b] and

consider:

-u" = Af(x,u)u, x € Ja,bf ,
(P3) u(a) - cu’(a) =0, «¢c,d2>0,

u(b) + du'(b) = 0 .

It follows from Theorem II.1l, that a necessary condition in order that |u|o <M,
u concave for every (A,u) € C is that there exists u € Cla,bl, concave such that

{(x,u(x), Gl(x))l x € Ja,bl} = 3Q . Therefore we shall assume that this condition holds,

i.e¢., if for =x € la,bl. u(x) is the first positive zero of u -+ f(x,u), then G(x) is
concave. By Theorems IV.3 and II.1l, we get the existence of a subcontinuum 8 ¢

such that lim |u-3| =0 for every a < a' < b' <b . We do not know in general
A=+ o

(A,U)E c

o"[a' Db']

~

if this holds for the whole continuum ¢ . However if f£(x,u) <0 for u > u(x) ,
£(x,*) ¢ c'(R) and U(a) - ca'(a) >0, Ub) +du'(b’) >0 hold, then § =C . In
this case observe that if (A,u) e and x € {a,b] is such that (x,u(x),u'(x)) € 390
then there exists x ¢ [a,b] such that (x, u(x), u'(;3) € ﬁg . It follows that C is
the disjoint union of {(A,u) € ¢ |(x,u(x),u'(x)) € QO ¥ x e (a,bl]} and {(\,u) € ¢l
d x € [a,b] such that (x,u(x),u'(x)) € ﬁ;} which are open ing@ .

By the connectedness of C , we are done.

In the case f(x,u) = s(x) h(u), s € cla,b)], s >0, he clla.b], § =C also.
Indeed {|u|o‘(X,u) € ¢} is an interval containing O by the connectedness of 5
If there exists (A,u) €C such that f([ulo) = 0 then u(x) = [ulo is the unique
solution of the corresponding initial value problem at X € [a,b)] where ulx) = IU|0 '

But u = ]ulo does not satisfy the boundary conditions. Observe that in this case the
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condition f(x,u) <0 for u > u(x) is not necessary. Finally if s(x) 1, C is a
curve in R X Cz[a.bl .

4°. let f(x,u,v) = f(x,v), f e c({a,b] X R), £(x,0) > 0 and consider

-u" = Af(x,u')u , {
(P4)
u(0) = u(l) =0 .
Assume that there exists ;+(x) positive decreasing and V_(x) negative decreasing
such that £(x,v) > 0 for ;_ <v< ‘_l-+ and f(x,;i(x)) = 0 . Observe that the condition
(Cl) of Theorem 1IV.3 is satisfied. It follows in particular that |ull, hence |u|o is
bounded for (A,u) € § where § is a subcontinuum of ¢ such that Proj_$ is un-
bounded. Theorem II.l can be applied to ® . 1In the case f(x,v) = s(x) h(v), s € cla,b] , ’
$>0, he cl where v_  and v, are the first negative, resp. positive zeros of h , :
: :
® =C . As in 3°, note that v_ (resp. v+) is a solution of the differential equation '\
(P4) without satisfying the boundary conditions. Moreover if s(x) =1, C 1is a curve
‘

2
in R X C [a,b] . An interesting subcase is treated in 5°.

5°. Consider the problem

-u" = Af(u')u, on la,bl, >

(P5)
uf(a) = u(b) =0 .

Theorem V.9. Let £ in problem (P5) satisfy f € CZ(R), £(0) >0, f"(x) <O and f

is not constant on any neighborhood of 0 . (For example, if f' has at most one zero).

Then a) Every positive solution of (P5) belongs to C . b) C is a curve parametrized

bl A € [xllm[ ’ [AI'“) , ¢) 1lim '“‘-‘;'

>

(A,u)eC

where u is the unique concave positive solution of f(u') =0 x € Ja,bl, satisfying

= < A < L *
0,(a',b'] 0 for every a < a b b

;(a) = 0 (resp. ;(b) = 0) i_f f has a positive zero (resp. negative zero). Moreover

a' can be chosen equal to a if u(a) =0 (resp. b' = b, if u(d) =0) .

Remark. It is easy to see that every solution of (P5) can be deduced from a positive one

(resp. a negative one) by observing that the zeros of any solution of (P5) are equi-

distant, and thus correspond by an appropriate “stretching” to a positive or a negative
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one. The negative solutions are obtained from the positive ones by antisymmetry. It
follows in particular that if A < Al' (PS) has only the trivial solution 0, and if
lk <A< Ak-&l where Ak are the eigenvalues of the linearized problem at the origin,
then (P5) has exactly 2k-1 solutions. It follows that every solution of (P5) are con-

. + %
tained in the continua C_ defined in [10), which here are curves in R X Czla,bl and

k
+
moreover parameterized by A . The asymptotic behavior as A + © for the c; is thus

easily deduced from that of cI .

Proof of Theorem V.9. From example 4° we know that © is a curve in R X Czla,b] . In

order to prove that Projnc is unbounded, we shall need the following

Lemma V.1. Let g(x,u,v) satisfying (H1) and (H2). Assume there exists an increasing
+ + :
£vmction c: R * R such that g(x,u,v) < c(u) (1 + lvl) for u>0 and x ¢ [a,b]:"

" If in problem (P) corresponding to g, the condition (*) holds and if (x,u,v) € Q

0
implies v < M (resp. v > -M), then |u|0 is bounded for (A,u) € @ and Proj =

is unbounded.

Proof of Lemma V.1. The fact that |u|o is bounded for (A,u) € T follows immediately

from the boundary conditions and the half bound on u' . Assume Projnc is bounded.
Since -u"(x) >0 and Iulo is bound;d .for (Au) € C . I lu'(x)ldx is bounded.
Using the assumption on g we get [ |u"(x)|ax <m' [ (1a+ |u*])ax is bounded, hence
by -u" >0, |u|1 is bounded which c:ntradicts the factathat C is unbounded in

R xc! [a,b].

Let us return to the proof of Theorem V.9. Let us denote by v (resp. v+) the
first negative (resp. positive) zero of £, possibly infinite. Observe that our assump-
tions on f imply that v or v+ is finite. Moreover, from example 4°, we know that
condition (*) is satisfied. Since f is concave, the assumptions of Lemma V.l are
satisfied, then |u|o is bounded for (A,u) ¢ C and Projn’.', is unbounded. Note that
Theorem II.1 gives c) . Ir; order to show that i8 parametrized by A, it is enough to
prove that if (Ao.uo) eC , (A(s), u(s)), s € 1-1,+1) is as in Theorem II1.2 and

ls(O) = 0, then ASS(O) >0 . [Remark that ¢ is a C2 one dimensional manifold in

R Xczla,b] since f € Cz(n)] . Indeed for s = 0, we have:
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-u® - Af(u')u =0, u(a) = u(d) =0,
(pSS) -(ru;)' - Ar f(u')u' =0, u.(a) = u.(b) =0 ,

(B, 5) —trul )t - Arf(ut) u = A T £(u')u + Ar £7 (") uu;z '

+ 2Ar £'(u') u.u;, u'.(a) = u'.(b) =0,

x
where r(x) := exp{A f £'(u') (t) u(t) dt} and - denotes the differentiation with respect
a
to s . From the proof of Theorem III.2, we know that u >0 or ug <0 on Ja,bl .

It is standard that the right hand side of (PS.S) has to satisfy

b b

r f"(u') uu u'zdx+2kf r £'(u') u2 u' dx . Hence
= s s . s s

from the assumptions on f and an integration by part on the last term, we get l” >0 .

b
0= fa r f(u') uu dax + A [

This proves b). It remains to prove a). Assume v’ < ® the case v < ® being similar.

Let (X,48) be a positive solution of (P5). u'(a) < v’, otherwise if 14'(a) > v’ there

exists x e [a,b] such that &'(x) = v+, since G' vanishes where { achieves its

maximum. But then u(x) such that u(x) = G(x), 4'(x) = 4'(x), x € [a,b] would be a

solution of the initial value problem at x, which does not satisfy the boundary con-

ditions and which must be equal to u from the uniqueness of the solution of the initial

value problem. Thus {'(a) < v . on the other hand, {u(a)| (\,u) € 7 } is an interval .
F from the connectedness of ¢ , which contains 0O and such that v+ is a limit point.

Indeed f(;_;(a)) = 0, where u is defined in c¢), thus ;;(a) = v’ . Moreover it

follows from Theorem II.1 that in this case 1lim u'(a) = ;;(a) = v+ . Consequently
A+

(A,u)er

{u(a) |(Lu) e o}l= [O,v+[ . Finally observe that (A,u) is a solution of (5) iff

fod i L el et e B Pl L e S s

zx(x) = /X u(—i ) is a solution of (P'S)
A

-w" = f(w')w ,
(P'S)
: w(0) =w(¥A) =0 .

Since zi(O) =u'(0) € [0,v+[, by the uniqueness of solutions of (P'5), (A,u) € © and

we are done. ¢

4 e
Remark. The condition f£" < 0 is only needed on the interval [v ,v] .
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6. let f(x,u,u') = s(x) hltu‘) hz(“) such that s € Cla,b), s >0, h ,h ¢ cl(li) A

2R
hl(o) hz(O) > 0, and consider

-u" = As(x) hl(u') hz(u)u ;
(P6) u(a) - cu'(a) =0, c,d _>. o,

u(b) + du’(b) = 0 .

First observe that the condition (*) is satisfied. This is proved as in examples
3° and 4° . (If s(x) =1, C is a curve). Let v* (resp. v-) be the first positive

(resp. negative) zero of h possibly infinite. If v+ and v are both finite, we

ll
can apply Theorem II.1. If vt< ©, v = - and hl(v) Lcl(l+ Ivl) for v >0, by

by Lemma V.1, we can apply Theorem II.l again. Similarly if v > -», v+ = 4o

7. As a last example we consider the problem

-u" + |u|p‘1 u=Au, p>1,

(P7) u(0) - cu'(0) 0, c,d _>_ 0,

u(l) + du'(l)

Oke
o
-p

Define u = Xl u and (P7) is equivalent to

S =21 - 8P Y 6,

(p7)"* U(0) - cu’(0) =0, c,d@>0,

"

u(l) +dau'@Q) =0 .

From example 3° we have that C of probleim (P7) is a curve in R X’C2[0,1], param-

eterized by A [1], such that lim Xl-p u = 1 uniformly on every compact subinterval
A+ @
(A,w)eC
of )0,1[ .

Remark. Examples 3,4,6 can'be used for the forced case by considering:

-u" = Ag(x,u,u’') with the boundary conditions.
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AEEgndix.

We recall some basic results on concave functions.

.
then ul

(al)

(A2)

Proposition A: Let

Then exist a subsequence

(a)
(b)

(c)

Proof.

hence u
n

converging to u in acla,b) .

“@aln e

decreasing. From (a) and (b), ;1ly) = ;(y) a.e. in [a,b)

such that

is l.s.c. and decreasing,

u;(x) = lim u;(y)

u'(x) = lim u'(y)

is bounded in Wz'lla,b]

o' =— i, =
u+(xn) v(xn) « Vix)

is u.s.c. and decreasing.

(possibly =),

(possibly ~ «) ,

c Fanl, ol |

and u, v

+ u in ACla,b] ,

u o ) w(x), xe lap) ,
e = v < Ve < veO)

=u'(x), x ¢ [a,b)

(a) Since u e sza,b] and is concave, it follows that |u;|L1‘§ 2|unl1 '

We can extract a subsequence, still denoted by u
(b) Since . is bounded in wz'lla,b], we can apply Helly's Theorem [9] to
= r 3 e i = & =
u'(x) is (Al), since u is concave. v(x ) < v(x) since v is

1im  v(x )

-28=~
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concave for all
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