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AIv ~T~ IoH~

I~~ t~~. f ;  ~~~~ t-o - - .~~ ec o:- t I . ’. - - . .,  t int  ap p i i c - f i - r n of ~, ci , , - , ;  ef (para .n H t r i c )

1 j fl C ii C I’ y 1 ’ . 1  1 ‘r i - ~~t i~- i I ’ O T . ‘:u- ‘ 1 diverse arOH,. as port--

f o l i o  dr . lI yHi; , . ‘ ‘t i L il . r j ~ ~~- r ; ~ - ; ,’ - I  ,I :;j it jon.  A f t ,  r & > - ; l~~ if l~~~.J how the

( d ~~~It ’~. ;o i , t  r i t ,’ - , - ‘ j ’ ! , - ; ~O- - ; i - - , o - ’  n o t l ie;o ’ ; : 1~ t ions , oo perf o1-m o:o3:~ d o a l y t  1Ld l co~ —

i,; . I :  ~ ‘ -d -,- ;  ‘ O f l  ( ‘C U l t  ,,:;.1 t .; ~~ ‘ - ; o ; i ~ -~~c t s )  c f  s~~v~-ra1 e x i o ; t in g  a t —

gorit l o. 1 - i  - -~ 1 e r ’  ‘ l o i s  c l i - . . H I  cu ri i o i o ’ ’ ; ~ l ,ir ~~ t ,’ ~- x H - l ~ -cc~ . We - I -ill alrc’ j r c ’se: t

COiflpIO ot I ( , l o  r t - ~~ . .. 1 t ~ ‘ H H  t t I -  t t i i -,‘t c-a l Colc000 ,t1 1 c’ I,H rj na] . i V , we ci - ,!, co- or ooc

(‘Oz _’I U S)Ofll , ,, i . - I t o - - o ;o :, -, - r ; , l - r  ( o l s o , .  H - f  f , c - o c c a l  ~. r  I t o o t t o , .

o- !(.t•Jr~ 1, ’ , 0 .  ,,,~~.-

For a g i v e n  t .; , a i d  ri X 
~ n 1, r i x  N I l e  I i ! i~~ C r  cornp le r n e nt a r i  ty prc b]e, lo ,

denoted  by , t-~ - t o  f i : t d l0 10— - v I uO x ::;o t I .  1

Tq 4 Mx > 0 , ~ > 0 and x (i + Mx) 0

The ! ‘ r ~, : -  t r i o  ij ~~c , , r  comp lenie , t ; ,r 11- - ~ --t  n - c o  c or o i ;  t ,  of t he  fa mi ly  of l i ncar  comp lemen—

t , i x i ty  p o I 1 - ~r i’ . (q ).p N o  where  p it; an n — v e c t e r  and ~ is a n c a l a r  pa rameter  rang i n g

lfl  3 c e r t a i n  ~u b i n t e i v a I  of t hc  real  t in e .

S ] p c i  ,t . ,; i r t r o , , i u c t  ion in the , i x t i , - H , the  l i n e a r  comp l e me n t a r i t y  problem has be—

come an e x t r - r ; o l y  o p o r t  a n t  l ,u t ~ “co t ~~ 0- f ie l d  of m at h e m a t i c al  p ograrmn i ng .  It  has

f l u m ’ - r H c i ’  aj ’pl ~ca tio n s  in  many d i  I Ic-rent areas

* M a th c n - ,t :,~ }~~
- ;  - ‘ i t ch c - t , t r - r  , Universi ty of Wi s c on r i n , Madison , Wiscons in  53706 .

** Depart :  - - .1 of jr iu-;t rj~~1 E~ qiiu r i ng ,  U n i v e r si ty of Wi scon s in , Madison , Wisconsin 53700.
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(2 )  ‘ I i. - t - a t  c - o , l  0 0 ’ i ’ ’ T c o } - ~o f , - j , , 1  i on  t ooL-i Grant No. MC S 7 h— l i ) b h .
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In l i i i;  ,iper , SC’ d l s c u o - s  t h r e e  im r ) o r t an t  a~- ; l i .-au co, i’ ,, c l , o  - . of 0;’ - .r r i ; ’ . t i  I C )

l i n e a r  con .1 ! r i  d o t  d! c t  y p rablems a r i s i ng  independent  I y 0 o;” such oh ‘‘ c i  o r -  ai ao ac

port lot  t o  anal  y’ i , St r u c t u r al  eng i nec- r i n g  and ac - I ‘h i !  i . i l  q . .d . , , .  t ion - 
( or  j l r ’ j o c  - o ; are :

( j )  to C -Oi l a m  h i , -.’ cornplementarity p r o b l e m s  cm, roe in  t o  r a j ’ jr l  t - i t  t r i o ; , ( i i ) t o  c C i l ,

pare , ai..ilyt i j a ]  l v  a; .! l I u i o o ’i icaily , cL- ~- ,‘; ‘‘;‘ ut. at i .1 c t  t i ,  i ,  id - i ,  S - o r - t~~ i at C X I s t  i 1 r 9 ,

*sp e0001  “ “ t ! i l c’ ” d O d  ‘qeflc’ ; , t i — p U r p O S C ” a i q o r i t h t o  i I - . , i.r l v c - t I i  c l i  ,; - oil  c’omplc-nr ta~ —

i ty  pro l  1- - - , - ar id  ( i i i )  to draw some •-o ric- l :0; io f l ’  eli  0. - ’ ,~, i t  i i i  l i t  - -  of  t i 0  o t -  a i  i - i  i t l i n t ,

appi ir ’d to t 0 , ;  - pa i t  c ulai  c lass  of pi crh l or, ’,, ,

?J45 (N - _ . )  S~~b J r  ,c ~‘1~~;,t, i 0 c i t  e r r . ;  — 9o~~7;t , 9~~iC’ o U , € ‘ O .

Key ‘~; c  c it - A; .; I ; - - t  ions , (parametric) linear cc ’mplement.,i i i t y , q i i c i - l :  at  i c’ r r oq ramminq ,

.~~r r t t o )  t o ,  a na l y s i s, in dex r ;oadc ’l e , s t r u c t u r a l  r . i q i t ; c’ c i  n q ,  gr a d u a t i o n ,

di t Ic-r e  r c-e~ equ a t i on  r & ’ t h c c i  , g e n e r al_ J o -u i ;  - roe a i q u r i  thms , s pe c - i a l— J :u r p o s c ’

a l o 0 a r ’ i thms , compariso n , com p ut a t i o n a l  r e su l t, ;

Wo r k U n i t  N o : .i c i ’ S — Na th c -m .t t  icai  p roqr ar ou ainq and operations  research

— ~~~~~~~~~~~— - :
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ON TilE ~ fi I , l r T )  coN i i i ’  - c- I t .  I l ANA I: ’ N i  C )  1.1 t~p .’\;; cL° Ml ’l.l- ;l-lLN’r’Atrl - l V
WITH ItPPLICA’l’IONS TO l’( ’k’I ‘ - ‘ L I  ~ ANAl Y SIS , STl cI ’ ;”tUFAI .  E N C O T N E I I :I N G  T O N I -  C~J°-’ADUATION

- ** - 4 *iong-Shi Pang 4 , lkuyo  Kaneko aria i-. , i y , i c ’  P.  h l . i i l p c i : ,

I .  I N ’ tR0100’ ; 1 1 ’  ON

For an n—v o ct o r  q and n by n m i t . r i x  N , we dc’not - t h e  l i n e a r  c-otnp ]e m r : , it . i o i ’

probl em (LCP) of f i r o d i  ng an n — v ’ c - t o r  x sat i  toO ~i uc: t h e  ce i - . - l ,  t In , , -

T
q~~~~~M x o , x > 0  and x ( q + M x )~~~~ 0

by the p a i r  (q , M) • The j 1 a r 0 u n - t t i o’ l i t ;  Tj .~~’ ”: - t ~~~~- i t v  -i i i-:’, (Pi,cr) dc’noti ’d h’

the t i j - i e  ( q , p , M ) ,  c - - o n t O - t o ,  - f  0 1 , , - f , i c - o i ’ , - oil  0. - t o  (co + .r ;. il ) , s ’ l te i t -  p  is  an n— ’.; ‘ - I - cit

and A is a sca l ; r r  c i i . ; ’ o o ’ t c ;  t ; i ci : i i - c i  i i i  ii cc - i  - o t  - -. i i i r i t e t c a l  of t i c  1 0 - 0 ]  l i n e .

The i ; i r ; . o o i - : .  I t Oi l  t ; ;g ‘ t c i t r - t  ( i  ) t o -  -x ~ l a o ,  i n . . ; -ai  t ant ~~~~~~ 1 H o t  lOI iS of  -i

class c f  Li. l ’ s and ‘Pc ’] ‘ ,-, char  ,i - i  :o - !  1 1 t - . i t-  ci :  . - ; ; - , c r f  t i, - c, .. tr ix  N i nvo lved ,

( i i )  to a n a i v o c  ;;r,d cot; ; - ., 4 .  - ‘ . , c ; - 0 0 0 .; t ; c - : i . i l  . 11 ‘ c c - ; ,v : . , ; - I  ‘ i i  c x i o - t i x - j ,  ‘‘ t I c  o i a l —

purpooc “ and “ , i ’n - t , i — t o ;  j o . ‘ ‘‘ ii - n O r .- : ,  to o o o ,  vc l o i s  c l a o . ; ’ -o I cart; ’) - o n  , . r ,  t v  i c t - I .  , n _

( j j j )  t o j i i  H O t  - “ - r r - - ; o t : - ’ i o n r a]  i t - : o l r o ; n: id (i t ’) t o  n o w  coi n . r , c l ; i o i c r n s  on t h e  r-; o i i t , , -

bil~~ty of  iti-oc al ~o o r t t ; , ’ o - ;  a ; ; ’  l t ~,~ ] t o  t ’ ; i ,  ] o o t C o i l I r  - :Lio.  ‘ i f  h I~~ o o -

In recent In - a , - ; . , 1m; - , l  t o i l, . ] o i j c -,-lt j olt s  ; , f  I ’ , , .  1 0)  0,1 1 1 , 01’ ho ’,’ ’ ’ c-to - - o , :d in  t w o  ( ‘I:—

t i r e l y  d i f f o r  0 , 1  l a O - . TO .i , .j l~~o ’ . i ’ ion o f  ( 0  . , i , t ~~~’t  1 1 0)  ,t U o r , , i  c i t  ic p r o c o r c i o ; c ’- r i d to j -3 i  O c - i l O

a ; o a l y ’ ; i o ,  i t  s - i l - - i , - . : .  1C’ ’ , -r i , I c l y ,  c i a -  of t O o  , r n t l .  o t , . [ ] N j  ia:;  dcvc i o1-cd or ,  e f f i c o i~~ol  a l —

gor i t h in i  t o  on I V c ’ ci id , , , , , ; c l  r i r o i p i ; ’  ; - ,‘ I  but  1 0 1 , ,  4 l a 1  ‘. 1 1  0 , . )  ci , n a ) y t ; ]  — ~~i e - i - ) . m o . TEa al—

got - i  t u r n  is i - c i t e d  or ,  ci l i i  1’ t o r t ,  1 it  r , r c  of t t !  ‘ err, an d  i.’: ‘x; -o - l c d  to or 001,0 ider a bl

nw r e elf  - ic ’nt than etiico t j i , , j ‘ r o l u t  j o t ,  r ;0 I I ; -  i,]

The o t b , i - r  c i ; - ; ! i o ’ ,,t i t - , ,  to -, in  t O ’ . -  ar  ci of 5- i t i t  or  ii i - r i c ~ t n r - , ’ r i n , , . Ma~~- - r  (s t e 1 1 2 1  ~- . g .

has f o rm -u i  ate.’] , i c  a 1.01’, I I - r o l l • I C ,  of - 0  1,  i c o ~ t o r  - t ho” I o h , i vj o r  o f  oc t  t n t :  I c :  i c ’) ~, o . i i  r rg t o

a c e r t - i n  hr .” ;, I c - l i , ; ; , ,  S i r .  t i - n , n ’ c i r i y  vat  i ;i t i n , , atari  , - x t . - n : ; ’ ; , o  of t h i s  LCP approach

have bet- i d v i -  l i ’ ; ’ c . !  - n 
~~~~~ 

t i c - u i . ., , n , , -  of t i ,  Out  co. rr ;  (1 0]  b o a ’ . j i oposed  a r e f o r m ula t i o n

* M a t h em a t i c s  F ; i : , , - , , . , o , o , , , ’ t , 1 r i m v - i  ‘e t y of W j , - . -~~i , ’;j n , M a , i i , . n :i , Wi scor tsi : i  5370 6 .
** Depurt  n , : , of b u t ! ’  oil  F : : - r i  r o - ’~r i  r i ; ,  U n m t ” ’ : - ’-, i t  y of W I  c - - c o o l , ; , Mcv’ ison , W i s c o ns i n  53706 .

Sponsored by

(1 )  The ( I n i ’  i - , ]  P t . a t t - ; ,  At  i t - ,’ u n d e r  o , - ,’ r oo t ‘ . l ; ,\AG 2 ’) -- 7 ’ - C - -  0 - 0 2 4  and
(2 )  TIn ’ S i t  i - ’ o i a !  Science  l’ - i , ;o d- -i t  r o o t  ii ntlc’ r Lr ’ , i r t No. N’ ’. 1 ‘385.

L . .~~~~ _ _ _  . .~~~~~~~~ ~~~~~~~~~~~~~~ -— - -~~~~~~~~.
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ar id dl o~ c ,t  1 t liui the ’, ‘ - f  wOo i - i sol 0 0 ,  the pi - l ’l e n  ‘o i i s :  i i . ,’ r ab ly  rn oi e i , - f !  (c i  toO t  ly t h a n  t i l t -  Or i g ir i a l

il’s’ l,two1 nO t t ~i 0 01

Au i c ; ‘i I , i i , t  , a i l - .t i i  k i ng  Oo t, is  t h a t  t i n -  LCI’ ‘ a a r i s i n g  i n  these two app) i c-a t  ionr;

at cc ico f i n~ d (‘c Slat i l o ot- s at  tO X O c o t ly  the ;.cijci c form :

( 1 . 1 )  M ‘ Z i

wI; - : ,  f is a i r  i i  by ii d l a , t o i o , i l  m a t r  : o  w , t h  1’e~~it  iv .,o d i a g o n a l  ..- r i t x  ico n and G is n by

m w i t h  io Ic. ’ , - , ;  l i i i ,  n . Phi ; ;  imp l r i . ; ; , i n  ; - . a r ~ c’U l S i i , t h , it  t h e  ‘ ; - en  i a 1 — p u i ~~-o:;e a l ’o . i  i t h r n  do—

ve1ci; ’~. -l  i i i  ( 1’- ’)  f o i t  t t~ po r t f o l i o  ~ i~~ l l o l l -  app) ic-at ion can be used to solve t h e  s t r u c tu r a l

( ‘li l t i - - c ’ i i , , - , ;

In t i n s  j c i } t ’ i  , s, d i a l )  lie’ cc, ; - - a r n , - h m,’ i t l ;  the I,Cp and PLCI’ which  involve a m a t i  i x  u - f

the f o r  ( 1 . 1 )  A i t l c o o i . .~l ; t h is  cc -) :;; o h  ; i - ’ : - O e-rii - . i s  c. ’ i t  , t o n l y  quit.e rcnt x i - t e d , t h e n -  ;, .,‘,- rt ,

to be i;; , - t . -  ~p - ; ’t  j o - i t  m o ; - cot ch c- r t i , , , :  t i , -  t o ~, ,  au  • ~~~~ ; . . ,, ‘ i c - o r - i . I” cr t  i i ; c o t , a r o c - , - , we -  have to, —

c e r a t l y  - 1 -  - i v o o l  tOi l  - e ’ r t a u i ,  ~- u ’ l 1 ~ -i ; i i  1 ’ ,~~
- a l e , .  , ‘ t  c Ur V e  f i t  t i l o ;  and o.ra ~ o t i i i ;, or

qi acluat  to ri , leadt  t o  a i.cP w i t h  m at i - i x N c t  t t o . - f o r m  ( 1  . 1 )

TI ; ’- fnr i n ( 1 . 1)  ir np l leo  t h a t  1.1w- t - . . , I t  ix  N is symme t r i c  and ] “ ‘ ‘ i t i v e  d e f i n i t e .  Ther e-

f ore , the- lkP 02’ l’LCi w i t h  s ue ) ,  01 c a r t  I - c ; ;  l v i i k y moot  w i ]  1— k n o w n  I.CP a lgor i thms :

N ot a b iy ,  Lernk e ’ s a lg o r i t h m  ( 1 1 ) ,  Col t  l e — l ’ ,a~~ t , ’, i o ;  ( 2 ]  and ; , r , u v , - - : ’ (6 ]  p r i n c i p a l  p i vo t i n g

al gori to, ’ - ,  for the ( O I I , ; o i i - c i n e t i t’ i n i - i )  ], ‘P c l i ; i !  a ;-~ o l a f l~~ t r I c  v e r s i o n  of Graves ’ al 7or i  thm ( t e ’ c c ’

( 1 ) )  f o r  I t o .  I ,lr , i rr , - t i - i c- I_Cl’ .

By t d c i ;r ,j  aolv~a r I t aoj ’~ of the o pec t u l  foi m ( 1.1 )  of t I , among other special prop ert ies

of t i r e  p r ob ] ’ - r n , t Ooi ’ :;j’ : c i a l ’- p u ;j s, ‘ - ,- ,- i l - . p r i t b i m s developed fo r  the p a r t i c u l a r  c lass  of comp—

l e m e n t a r i t y  l - r : o l , ) c - r c : .  a re expected to be si gn i f i c a n t l y n~~re e f f i c i e n t  than  those g e n e r a l —

purpose ’ a l qo n r t h m s . ‘the import in .-e of inves t i ga t ing  such special methods in  jus t i f ied by

the f a c t  this  J ot !  I i ; . u i , i i  c las s  of ;orol . l ( ’ r. t , ,  has applications of considerable practical

~‘al u” . a: , ri nt  t oned above .

—2-

L ~~~~~~~ - -— 

-
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7. POR T f ’Ol- ]b  A N A L c i  ;. 1 0 - A l - I  i , 1 ; 7 o T t l , h

2.1. Probl e m  1’, i to-ui  a t  i o n . S t a r t  ing  w i t h  t h i s  sect ion , we present  the promised  a p j . i  :cat  i n rc .

of t h e  c l ans  of L- c ’ s and l’LC;’ ’ s w i t h  m a t r i c e s  of the f at ’s, ( 1 . 1 )  . The fO o t of ouch a;--

~- l i c a t i o r , -  a r : ; . , : ;  ir , the ,‘inea of por tfolio anal y;;ic .

‘l’he st a , ,d , i r  ,) pot t fo~ ~o a r ;a l ’,- ; : is p rob lem is  one wI r e  art 0 r o y ’  ::t.c ,r a l l o c a te n ,  h i s  i n i t i a l

to ~) t h , , b k - - j o  t o  I;- - u n i t y  with rio lo’ui; in generality, among n r i ; :k y s e c u r i t i e s  a v a i l ab l e

i n  t h e  m a r k e t .  A s su m in o ;  the roccurity return,: are stocha,-t cc , Markowi tz , in his pion cc- c’r log

woi-k [16] d r , ; c u  ibed a t b ’ , r ’ ,’ ; ‘o c i , ; t u l a t ir i q t h a t  r at  ion c il  iiovc-n tors should select a j.’or tfc ; l is

f r o m  the o a t  c ,f a] 1 “ f e - o il - I ’ ’ ” 10 1  O f t - l i  o l ;;  wh i c h  c , f f u - r s  m i u i a m u r n  r i sk -  (measured  by van  a , :c - o

fo r  a g i v e n  li ve ) of e m - . - ’)  - - I r e ’t u i  r; , :;r ;.i r 000 x l , ; ; u,rn ex ; - e c t - o o d  i t- f  -.;rn for  a g i v e n  level of

r i c k .  Olu -i , , i ; - ’ . r ’ f o l i o  i s  :,i ’,i 1 : -  ) e f f i c i e n t .  T u e  o bj e - :l , iVe’ of the portfol io analysit.

j ’r ob l ’ , ’ , is t imer :  t -’ ’- di ’ ) ’  r r o : ; o , -  ‘,h ’’ ;:i - t o , f  , - f f t c i , - c o ’ ;ior tfc .lioci.

The . 1  - -.- - rcr ’-h. .1 — ‘1 t~- ,r ~ - - 0o : t ; ’  i s  know:i a;, the r . c a r , — o - a I ’i ;ince r i ;o - t i ’- ]  , S ln o , -  i t S  jr;t,t’o—

o r , :; i, IL- ’ f i f t h r - n , t h e  r i o - I - ’ )  ho :: cl-o” o ; t o  l t i ’-s) a g r e a t  deal r . f  t he  l l t e ’ r a t u r ’ oo 10 1- (’ rt - fo~ icr

an a l  ‘,- - i n .  o. t c ,  ‘; ‘s .,i r ’ l  i s  ito wo - l ] — i o ; , - o w  r i , s-c- ar sume-  t h a t -  the rc , , i- .’i ’ has  some h a sa c  kn ow) -

i t  i t , h t ) i . : r e fo , ’ : -  o : i . a ] l  not d i m - c u s s  i t s  f m i , a r :~ i a l  ~io ’r ; l  e conomical  i t - ,, ) u , ’ ,’i t  ( ott o ,

cu r i o - i ; . ;  t O , . - ’  t o u t s , . Tn; : t  i - ao l , w ’- pi oo - c’i- ol d i r e c t l y  to t l;c - m a t h e m a t i c al  forms 1 a t  j o n  of t I ; ’~

rrc-:l ’ 1

0 ( a r t  l (  ‘i l a r  pot t i - o i l  in b.c i . !  m e d  l y a Vector  X = (x , ...,  x ) T where x -1 n 1

- r o t s  i t ;  r n  o r ;  of the  j i u v t ’ : , t o t  wea l t h  inven ted  in s e c u r i t y  i . t~~t the s e c u r i ty

r , - t  U :  n o , 1, - n ’  r - - - : , t ‘ -  I by a vu o t o , - of candom v a r i a b l e s  P = (~~~ R ) T w i t h  means

Li 1. ’ , . . . ,  0 1
T 

, ia i e o ov a nj an c e  m a t r i x  v (ci , , )  whet - i— o - -  = Cov (f l , , R . )  . Then the
1 n i 13 1)  1 3

par t~~ ’d i ’  ; r : . i ) y c , o ,  ; , - . h l e m  t o ;  to  f i n d  tha t  va lue  of x t h a t  w i l l

- , , ,  i T  P( . 1) m i n i m I z e  
2 x Vx - x

sub jec t  t o  a ~ x > 0

and = i

i t o  t h e  o t ar  of ou t -  ‘s , a given 1~~si tiv , vector of upper bouods on th e

f - i  i r ; ~~ r i  t r i , :  t i  I . , ’  I r r v , - ; c t t ’ d  I n ,  the sc’cun i t  i t t , , and 0 is the coefficient of risk aversion.

By v 0 a t y i r i ~ 
(I f n o o  ri t r ,r = , a ll  ~ f f  m i - i t - i t portfolios ; ,in he determined . The upper

—3—
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t~ .t i iud : i r . ~ e on :;) u a i m , t  a . - c 0 i o - t  i - , ’c.i u ;,e c o t  l eg a l , p c i  sonal or i t o o t  i i  U’ i o it a l  r. ,’a;:. ’r ’ : ,  - Some’ c-n m—

0 0  h O  ‘‘ ed _ o n  a m o o , ty  foe i n f i n i t y .

F’,oi t ’vc ’i y I i x . - .l va i n ’  01 0 , i’rob le-rru (2 . 1 )  is a ( c o n v e x )  c;cm ,r  h r . , t  i c  ( - z o g r a m  w - t r m c b ,  can

be so ivc” l  I - c a n - . o t cO’t  o’. a l .~o, m t i a i m - , not a b l l - , Ntar kom - ’ i t_ o ’ cr0 h e a l  h u t ’ it. - t t r c , i  [ 17 1 ,

Wol fe ’ s a lu .’- r  ; t hor , ( 2 ’ - ’ )  , 1,,.- r ;o ke  ‘ 0 a l c ; o o x ( t o o t -  [ 1 1 ]  arid Voti h c , b r r .c i o I - a ) k o ’im ’ a a l t - - i  to i ; :  1. ’ - - ]  . Bc,th

Ma t k o r ; , - i t . ’, ’ ,u, . O S ‘lIe ’ ,; J I - O - u  i t ’  ,,. r , c  , u t e  j . u i d o .. ’l t i e  ( i .e .  w i l l  f i n d  t O , . ,  t - , c , 1 o , t h e n  tool C c i ’ !  0

‘ - ‘ h  ‘r i o  ri O , . r i - _ i l k - - t o m- ~t z e ,  not

I ) e s pj m i ’  t h e  t , ; . , i t h a t  ( ‘ . 1)  i s  a l a t h r s imp le ’ ( p~i t . i ; ; ’ - t i- i c )  , ; , i
~~ 

l i _ o r  it; ;~~~~
‘ ; s  o r , , f e w

(if d ull’ ) of t i , 0 -  , , u m  i’ e n t  l v  , , v , t i l , o t . l e  po J o  , u t  ic ~.‘ o o o - J t 0 ; o : : , ,  i i i  a i r ~ -., -i  i t h o , O _ -Oi  c i t - a l  w i t h  J ’ t - ~b l c ’m;;

w it h  a l , i i ’ , ,’ , o ~°.0i ; . O ‘ ‘I  m-e. ..- i i t  i ’ ’ , , - i i i  u , ,i~ ‘ m  t o . n ; l  c-c an ; ,’,,, ) oe l ni .J  t h u  f a c t  i_ h at  t \ ‘ l - 1 t ’ ~~l ly  the

covam i , : .  ‘ .- c , . i t , r m >: V i t  i , i ~~b , l y  , l , ’ n i t . e  , I h ut , a un i ny  computer  t on , ,.oj c : ; - m ’ - J ’  I cu t s ,  in r o t _I t  t l o . i t

to t h i s  0_ o r  n t . ,  10: _i 1 1 . ,  i t a t  o n  t o , ‘ i,e  c ; e u . - i a l  m e ’ an — v : r i  i , u i m  i — s - ) ~’l ~ lse c ’ c .n f e o n t t s  the  in—

forma t  l c o i , , t l . 0 1  t I m - - u i  t O  , , n  c l _ i t o  o’c. ] 1 - - , ’t ion  ;ut,J  st a t i s t _ ic-a l e t o t - - ,  i t o ; ;  c o t  t he  , c o V . i i ’ J d n i c O e S  of

the sc- u i  i t c r. ‘I sit  i i ; ,  i n :  1 .u t  ~, r ’ - - - c a 1. ’ ~t t~ - 1 t co  i t r o t , . ’; -

Ti, Si m~r l  I I ‘ -  t b  - oo- ; - 1 - o c t  i t  1 , 0 , 1 1  and i r t f , -m ’m-,at t Ofl ;i l  ,.‘~~ii~ o l c cx i  t_y of the genera l  m ,uoxlc ’

Sharp e [ 2 - I ) .  h ” )  ; i ’ ; - - - : ’  I ‘ : -m - : , c’ s ; r , o l - 1~~f i e d  models for ;o-:nrtfo )io analysis. ‘rhese are t. l i e

n cl’ i m -  s - l o u  oh t o ’  1 , I. , ’, t h - . f l , c o : o O  s- i’ I ~‘ use-i form-uI at lea; or ! t h e  r o rt . fo l io  anall’si S

probl em. 1:, a t : - ; - , c a l  r n - m r , o ) - -o , to - - it ) , i t  I s  oic ,s, :r; ;o. ’ ol that t h i e ;:r ’ - ’_ , r ; n - r t y  s- turns an ’s- d r I e r —

mined 1 - ’, 1 , n  v _ i l  ‘ : 5 ’ :  i_it is o, , i L . - t  t o , , I i c e s  .
~~~~~

- ; - n - .

( 2 . 2 )  c- 4 h ] + . . . -f 0 1 + c c . ,  i = 1 
t i i i )  : r n m  I

where I , ‘s ar ’s’ t i ,c : ; : , .  i i t , i n - l i  o w  w h i r  cc l ,  a r t ’  random var iable ’ s s o t - h  Sloan IC! o , , b -
3 1)

are c o n s t a n t  -
‘ 

a n )  , . ‘ :: a r e  n , u , n o l o m  v a n  i , , h ,o i c m -  s - i t _ h  r r , . - an  ne’i ; ’, and :ct a : , . l u i  ,1 d ev i a t  m a r ,  ci ’ s

These I at  t o ;  cc _ n b ’;- v a i  t o i l - l i ’s ‘s ’ s arts t i m - , , ”1 as measur e’s of I ) i c errors of approximat t o g

the ac tua l  ~, .- ., .uu  i t - , i - t i  ii’: H . ‘ ;; b y t a k i n g  l i n e a r  cornbin .t t . i c ’n ; s  of the mar’ kct i r ’m d i c e t ; .

The model u n  I t o e ,

(A.1) Cov (e ,
3
) 0 foi I ~

(A .2) Cov (i ,, I .) 0 for a l l i , j

~~der I i c - n c  t W i ,  a ’ - :;: t - r u ’  , the n ov , , n ’ I o , r , ”e n o.: too x of 0 c i r m ’ ii y r e t u r n s  ;; given by

(2.3) V L 4 HCII T
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where 1 is the n by n dia ’jontal soi l r r , x w h a t - . , : i — t b otii i n i , n 0 . -i l & ; , t . n y  i S

b . . . b is the n o  in matrix of c.- e r u u r ’ - t , , : , t ; l ’ s11 inn

b ... b
rim

and C is th~ uu by in covar iaru ce ’  m a t r i x  of t O o t ’ 0 . _ i t o - - I  h o o c h ; ’ - . ’ . I t  m-ou~~ i be t ’ n r n v ’ - n ’ i . r t

f o r  us to ao; r_i ’,ime t h a t  the  e . ’ S are j o ; : .  i l  I cc l’- i n ; .’ C ’ i i  : . ) ‘ t o c : o n  ti - ic: .i~~J j “ r ~ - i t  iv .  ‘ - -- -

d e f i n i t e , wc may decompose C int .eu

C =

i.ett inq  G Hf ” , we may w r i t e

v 1: + c”1’

wh i ch is of t ie foo t: (1.1).

in th e rest of thm; . ret - r  , - t n O n r . ,  we - ;: k , - i c ’ - , loo m-- l ’ r i_ I ~l . ’ rc  (,°, i )  - ‘a: i - s .’ ;- ‘It” n t \‘ia I ’ , , ’

PJX’p ,- i H - t .  h . Th :-;ro’~- l j f y .1 , t l ; n c - ’ i c -, ; c ,r r ; , m-- ’ -  ,oo - : : o n t : : ’ ’  r h _ i t  a l l  ‘ , - r o o , l o n ; ; I o  - ‘f l l o ’ ’.’c ’ -. t c

of toj  ‘ n o ).n : , o n i o i  a t ’ -  t r o t  m r i t i  r C i T .1 i c  fcc t t O o t :  r , o n - ; -  r tn ’ [1 ci) r - .: i ~~~~~~~~ i’ .’, o ’,i ’  .

The K a i u ; ; I ,  - h r i h n ; - - ’i’, i , ’ki” o n J  • ; r . t o i t y  r i - o r o o l ; t  h r ’ : , :  t o - i -  ( 2 . 1 )  a n -  I c  f i n , ’ )  a c- - c l  -, ‘s aun t

scalar  -1 ‘nu t -h ,  t h a t

(2.4a ) u ‘- - Ic ’ — Ohm + Vx °‘ 0, x > 0

(2 .4b ) u
T

x 0

(2 .4c) P 
‘

‘i~~ cc- ’au ’.” ( 2 . - l i , co ’,.  w o o l 0 )  r,C r i ’:ri,’,ll I’ t r ue’, ;  0 a:, ‘u v at  i ab l i ’ , iIowc- v c’r , one may &1 :-- o .r

t r e a t  it. as a par ar t s ’tr ’r .  Tn l b s :  l a t t e r  S it o d t , t ot i , ( 2  ‘t i )  and ( 7  ~4h)  ho- - c ’s-’, f o r  ‘-v i ’t  I’

f i x e d  0 , the  d i ’f i r i i n g  c o n d i t i o n, :  fo r  the Phd ’ ( — 0 ; n , — e , V) w i t h  ), as t im - ;o oii ’ .,rio~ t i n

Now i f  we solve t h i s  l a t t e r  PLCP f r i  a l l  v a l ues  of and i f  ire can dr ; t e r n : i u m c a s u it a b l e

* a a
va lue -1 such t h a t , t i ’ -  solution ~ ( ) to the I C r  ( — I  e -. Ojj ,V) c u l t - r i  s , : t i ’ ; f i ” s  (:‘ .4~~) ,

— a *then x ( A  ) and 1 v i i i  f u r n i s h  a solw ic o n to (2. 4) for t I, i r o f . , o i  ( icu1~~r c . . l t r e  c’f 0 .

The a c t u al  app l i c a t i o n  of t h e  PLCP t e chn i que to solve (2 .4 )  for a] 1 no - ron ’ g a t  i ce

value ,~ of 0 is divided in to twu stages; the first r .tagc ’ bu’ inJ t h e  r i t”t e rnn in . it ion  of t i c ’

ini t i a l  s o l u t io n  r or rt : ’cj r civ I - ing  to 0 = 0 and the second stage  hem rig the ’ sol o u t _ i o n  of t O n , -

— 5—



j - n  ~ o l ‘ em i , .r  a l l  p o s i tIv e  0 . W~ have, :;ecuI 1 r n ; , ’ t i ; ,  f i r s t  s i_ age  can be n , ou r ’ r ’ ied Oust . The

c- c ’ , ‘ ‘iii o t a ge ~ I ,~ t’ t n ;  a f te r  the i n i t ia l  s o , I : i t  i0 ’ iu is oh,tained . The j’~’rame ter 0 is intro—

duo - c d  hack in t h e  problem , w i t h  i t s  va i rs ’  to i - ~ i i nc reased .  The prob le’nuu now i nvo lves  two

paramete rs  A and 0 . N e v e r t t , r  less , i t  is po smnibl~ to e l i m i n a t e  A ( u s i n g  ( 2 . 4 c ) ) and

exj .n  ,, ,-,: : i t  i n  t i - r n ; : - of 0 artc l t i u ( ’  ~,‘, u l  t ie S ;  01 the ba s i c  x— v a r i a bl e s .  Therefore , the problem

is  ;t o jcu in  l e f t  w i t h .  o, n !r ,  j ’an a : - i c - t e t ax -1 to , 0 -  solo ; t  ion process can be completed by treating ‘3

as t l t e’ ,,‘i , l ~ ’ p ar a m e t e r .  r0 ’r a m m ; ,  J ’ sn t a i  1cc 1 d i scu : .ns _i c ili of the method , see (19]

‘the FL ’ ‘I’ a) ). ; c n ,in ’t . d e o ; o .:i tb ccl  a t ’ - ” .,  I s  .i~ j o i  i cable to the port f o l i o  ana l y s i s  problem

( 2 , ) )  w i t h  a gene ra l , u r o u u s i u n g u l , u i ’  , o i o e t u ’ i a i n , ’e m a t r i x  V . In t h i s  paper , we s h a l l  be con—

ccc i,.~d c~~i 1t’  wi th  the i i u . l e x  tr,c ’d r I s .

2. .‘ C o ) i S nj r OlC t Inive- ro ,e I’ : ; nuc ijr ~~l Ps c’,ot i;, .~ t o)  ‘i ’ m ’  hot ’ . The purpose of t h i s  subsect ion  is to

d,-scn ’ ito .  a sl ’n c ’ c ia l  “1 :0mm - “ o r ’  , u l ’ ; c n t i i _ i o u  fcn t so lv i  rig the c lass  of ICP ’ S and PLCP ’ s having

m a t ,  cr ’s of i _ l o i n  t o ’t , r o  ( 1  . 1 )  - The a o ’ , , n i  it i o t i  is l , . i y n -d on a moeh i f i c a t i o n  of a p ar a r n e t e r iz ed

ve r ’ :oor t  of Graven ’ j o r ’ t t O i l  - i l  b ’iv -r I m u g  ,‘u i  ‘j c o i  i t  io: , c  [6]  fo r  s o l v i n g  a PI.CP ( q , p , M) w i th  a

C o - n o ,  t r i c ao l )  t -o i t i - .’e , t r ’ f i t m i t .  ; ; :, , r m i x  i-I - l m t i c ’ e  tho p a r a m e t ri c  Graves ’ al gori t i ’mm is also

t h ’-  ba , ;is  for  I i , ” “ con do a d  GIr ’vc ::’ al go r i t h m ” to be described i n  the next  section , i t  is

u t , r - i  o i l  f - i  u ’ to  m c v i  ro w 1 r n e f l y  t h i , ; I a: ’ I c  j ,‘u i, , i n i , ’ t t I C  al g o r i t h m .

ii PI,i b’ (q,i - ,M) wI s.h a ge o . :  i -a l  ( sy r tmmet r i c  ar i d )  p o s i t i v e  d e f i n i t e  N . Ac—

coot cIt n rc, t o  ~m f u n ; :  ‘I cr ’ n i _ u  I t t n o ’ri ; — o n - i i i  t ii’ : t i ;e ’on y of the LCP [2 2 1  , there  ex i s t s  a u n i que

, ;e lut  ion x ( 1 )  ‘ o ( r )  + i jo ,I’i) I nr - , -,’, - ; ’~ . The paramet r ic  Graves ’ al gor i thm ~ij l 1  de-

t e r m  i t t ’ t he  Scot at ,  s~~- i t  x ( A )  lot ,u l I A i n n  f i  t r i t e  number of s t eps .  Suppose for  conv en i—

er,cp , t o u t  ii o ’ ; i l o i c - I it; n r t , t . , ; n , r - ,) : - ; m n : h i  t O t _ u n

( 2 .”)  ‘j + Ap > 0 for all A < A

T h i s  lSj °i it s , i i i  ‘,,rtic:ilar , tha t x ( I )  0 f , ’u  a l l  A A , Now we w a n t  to d e t e r m i n e

x ( X )  foe > A . To a c h i e v e  t h i : . , sc ) r e’i i’o r n r o i  a minimum r a t i o  t e s t  to de te r-mine  how much

ti c’ ca l ; ’ .’ of A can be i t , c r e ’ a ; o - -  I m - ’ u t t r o - u i  v i o l a t i n g  cond i t ion  ( 2 . 5 ) . Assuming nonde—

900 , ’ ra ( ’) ’ , we e i t he r  o b t a i n  a u n iq ue  i n dex  where  t I ,i~’ m in imum r a t i o  is a t t a ined , or a r r i v e

at a n , , . , o i , ’; ~a ,  ny c p . in  the f i r m - t  cas- , ’ , we jre’rforfll a p r i n c ipal 1)ivot , on M , o b t a i n i n g  a

j r  in  - u p a )  jri - . 1 ; ,  1 1 r u n u ,;fo r rnu  of M ,‘u r i - ]  ne w vu - c t  ‘r r s  q arr d p . This  then completes  an

i t  r - t  i i n . n u  . 0  t i . -  uul goi ’ it  burn , In  i _ i . e  t;u : :cino-l cast’ , a f u r t h e r  increan , , ’  of A can onl y
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incr ease I i ; , ’ value’s  cr 1 t ; r e  c u r rc it t  l o a n - i c  var  ~.n 1 r 1 . - s ;  t h o c  n e t ’ . c c  tin ,’ a lgo r i t h m  tel nu l na te no .

(
For a more’ d c ’ t . o l i d  dc- ne-ti pt io tn  of the a lger  i t  him , See  (1 )

‘P~’o rc -n n oa m Ooc .tr i, it uu ;r o r t an t .  F i r s t l y ,  i I one is i n t e r e s t e d  i n  t bue  ;srl n i t i o n ,  x ( X )  f or

A l y in g  in ; oir n , ’ t ’oun , , le ot  i n t e r v a l  on ly , one should  i n i C O n ’pOm ate aui  a d c l i t i on , , 1  n t _ c r ,  - j - m  nm i o ; t  cc

so that t h e ’ 0t lq ,  ~t 1 t l c to  w n  11 also t , ’ r m i o m o  t cc whu ’u t  the  r r  qn- ,t  end of t b , ’ i n ter v a l  is m c’aC tir’d

i n  0 ‘ie ’ case S t o r m , ’ t h i s  l a t t e r  si tu a t i o ;o  occurs  before ’ the a r r i v a l  of a i u o n n . r ’ oJat iv,- p

an o n - di nn ar y LCJ’ (q, N ) w i t h  a ( sy m n ie t r i c  at r d )  pos i t  iv c- def inmi te N car; be i ; c o ) v u

L~ t h e  F - t n  c n ’ . ‘ n  t i c Ci ac’ c - o ,  - a l g o r i t h m  as we ’l l .  To do t i n i cc , r , :t uj n  t b -  PLC)’ (f , q — f  , M) s b- xe

f is a ‘ r ; ,u t ’ t - u ’ n t r y  n ; a r o r o u ’ ,k i t  i ve  vector c ; c u cho  t b , m t  I > q . C l e a n ly  A 0 o - a t i ; . O  ;o ’ ’:; (2.5).

101’,, - ’ n .‘ m . 0  ‘.- :~ 1 , the problem (ci , N)  s r ; r ’Cn l cod

‘‘cno:~ o ,i r c’ -I to  t One o’ - ” o- ~ ,m c’ t ],00t’ o i O ’ i l ’ y in c i ln a l  p i v o t  ir,g o l r nu i n’ i t t nn o to h-’. jnx ’r - n; r”tm t. ’ cl t o t  - ‘ c l i,

I ’ll ’’ j , , t ’ , .O’ O’ m l  c~ - - , ;n av u ’ ; - ’ a m i r o n r n t l;or , is more r ; , ’ r o ’ , ’r a l  in t O u r : ro t-n o- cc’ b L o t  i t  solv ’ -: any  ( 1’) icr

as b o ~:oj O r b  t o , - n u t  mx in (symumuw- trmc and ) ) - “ . r e n t ; v c -  ( s e m i — )  d e f i r i i t - ,- (or ha : ,  l o r . l t  m t - c  p r i r ; o - r - -

,u l t r o u t ,  ‘ c t .  h ie i ng  . ; ,  ‘cn n’ .1 it’ n a t u r e , t ,I,,x’n t ort t .’u k r ’ ,m d’,-o r : u t , - m . i ’  of ai ry  ) ‘ o r : o c .  elsIe special

; - t r u c t - , o : ,  ( ‘ 1  t O : , n o: , ‘ t , r u x I-i , i x , ” p t  u , oo o - : - i L l y o ; ’ , o r t ; r t ’ ,’ , In  (l ’ J] , one of t he  o i nt l’:: or n ,  has

pro)-’ i - - of a ne- _ o i l i d  c - a  ‘ S n , ; ;  o f  Ii;’ a)  qnru i t , bi~ m om su,n cl-u ,‘u s m - ,’ t o—m t a rmy ;ojcc- cial ‘- t t a ‘t on i ’ s’ “n ’.

F w i l l  O n ’ j-t ’ese n v- 0 and o n ’  i- ’ be cm ’s - - i  - r c . f i f  .~I - l - -  in  t O ; - -  c’o ,t i r e  ; . o n ) , ; t  ion  process .  R o u g h l y

to t t’ . u b i : , c t ,  t h i s  i’; oi -cioiec ” - .- I ’ o-y t n ,’l b o u :’tti q t h o r -  j - t V O t  r Ot , r l ;o in  tOm e original v e r s i o n  ho -,’ up—

cii t ,:mq th e i x . , , .  S : ‘ . t - o I l - a c e v a n  j o d i c o , , Hem’ , - , Wc: s h a l l  not de s c r i he  the-  p i t h  f l e d  al gr’ t t O ’ -

l r u ; , l . - ,- m , i , s- j r  - - ‘ n  :u A i o i e r i t l , r n  1 below i t  oc impe c ia l  m z a t  i on  t o  a P lC ) ’  ( q , p , N )  w i t h  H

of t he- f o ’ t : o ’  ( 1 . 1 1 .  F’.- t o i ’ ’ - ° I  t o -  i t ’ ,t o - ’ - . i o n o ’ ,’ r000 c n o t , m t  t o r i - - f i r s t .  l i t  A be air n o by tin

nuat r ix ,,nwi ‘ , u 1 ,..., n -, ‘i , ~i c’ [1 , . , , , rn - we d c - t r o t , ’  t t o , r  t ;‘cni’t ’, ,ut t- mx of A con ,—

s u  n t  t o ~ i . f  r ~~ y r  ‘ n, m - - l , o , t ; , - row and c o l u m n  m ice’:; be lenug  to  a and tA respect  r c’el y . I f

5 .0 ,. .,,  nil  ( ( I  C l  t n t ) ) ,  we w r i te A (A ) tc r  mean A~~ . S i m i l a r ly ,  i f  q

is ‘i t ,  n-v ector , by q wn ’ mean tha t  su l,v , ’c ter  of q wloo to ; e  coxn T’ oxme n l t s  have i n d i c e s  be— -

]w r o t r  r o o j  to  - u N’ a t t, -u c h t  su lsscr ipt , nn t a  the  i l e n u t i t y  m a tr i x  I to denote its dimension .

We ’ assume c o n t d i t  s a n ,  ( 2 . 5)  holds  for some A

i~~lo t n I. (‘on’nJ’ouo ’t invern:e principal pivoting algorithm .

Suej ’  Ii . Let A mm (-q ,/p,) and l e t  k he a mi n i m i z i n g  index . Let a = ( 1  - old 1 i
p i 

< 0
\ { k }  m ind ~ ‘ (It ) . Go to Step 1.

— 7 —
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i.,
Stemj ~ 1 . ‘1 vi ., t ‘ oc n~~’ , - t  i- o n ,, o r I 1 i m m . ,’ ,t r e’ pi ;t i cun i s  I ’ .  i ci - ‘  o . m  e

T —1 q
11 

jr ,
(2.6) (1 (C~ ) Y (e n

8 
) ) (o , ,,.

( ( ( i  ) T 
~~~~ o , - 

~~~ ~~“ 
08. sr 1’- . t’O l-

and u.-~’,iorjn;,

q
8 P lot(2.7) s = q — Go , t = j ,  — o ;o

i f  , r  and t~~ < 0 , set x ( A )  = 0 and x
8

( A )  = —1: 1 
(s ,, + Xt ~~) fo r  a l l

A > A and 1 , - i  m : o m ,  t o : , Ot h e r~ ’isp d e t e r  rom e the r ,e-w - r i t i c a l  \‘,, ) O O c— old

5 , 5 .
( 2 . 8 )  = t ’ ; ln { m i n  C— - - --a-- i ~ cm , t , < 0 ) ,  m i u m { —  ~~ i 8, t ( i i )m n,’w t~ 1 t , I5 1

and let t O , ,  S - - s ,  m i t  i y , u )  m id - -s k 1”: a m i n i m i z i n g  u n m d , c- x ,  l’ut- x ( - )  n 0 and x
b

( A )  =

+ ‘t
8

) :co n i i~~~~ , X l  . t r o t  A
ld 

= , go t o  f b i  3.

St~ p_j . Ru ’p l .w~~ - -s and B by a u (}~1 and F\ (~ 0 t  ( - i ’ ( I - , )  ~ nd B us {k })  r e~~~c o~o’tit’e i y ,

dependir.ui run k r

The ’ I t o n~~ o )  m a o j  o n  I c ,  i - u ,  c u r  :Hcj n  2 i s :.,-  I UP f o r  t - o r o ) ’ . ’ i r o q  t O o  } i ’.’l - ‘ cr rr ’o; l r - t e l y .  O t h e r

s t o p p i n g  r u l e - ; - ; ; I i o o o m l o l  - - 1  c , r o ; m o , , -  i n - i n r , ’h - .t .0 to -hes I m : i t ’ . ;  o n t l o e p  O i t d r o . t i o t t p i ,

Tbn ~ - l a n ’ m ’ - - - t  ) o o  t R u ,  o r  ~ c’i , r c’o, o n n u o  I i t t  .-A ) n ; o n r  i t i;:on i i s  t b :  e X r ’n O u t  em a t  S te ;  1. In

fac t , t i c ’  on - o r - n u l l  n h  ‘c i ,  mn :’; ‘ - 1  t i e  c l n p ’ i  l i i i : ’  is  c a,,,; Ii r r 1  d c - t o m  ;oo m S o n  ol  0 y b _ c , ’,” f a st , St. -j

c- sit I~~ y a s  m i , J  r o t  - I n n  s’l,at 1, ,)  l o o m s -no , c:e ,S- :o - I  r a t ’  b o o ’ s  i_ I s i s  im j x n r t a n t  n o t  o j n  can s  i c ’ e x e c u m i _ e d

moun t o f f  u r  I - i t t  I- i’ . To t O i l s  cat ,i , I ’

( 2 . 9 )  A ( B )  = ‘m 
+ (G~~~)

T
)~~~ (G

A
)

and w r i t ,

PB( 2 , l ’ t i  s ( B )  q — Go , t ( l° )  
~‘ -‘ C-i

The m a tr i x  A ( B )  is  : - ‘,‘mni :,e t r s c , 1 - on;. i t  i c e  d r - f  u n t i l , ,  , in , , i  l a o -  ‘ .j n c t n o l  i . o h m u s  , n t  l c ’ast

I’~)r eovcnr , AU ’ ) is c- i  o n d e - m  in w l , i c b m  i t ’-, , i o , n , 0 0 , t at it -

— 8 -



Suppose 8 ’  and B a m , ’  two i n d e x  s c o t ; .  such that. ft’\;- ) u ( B  \~~~~) = (Ii  . I L ’ - :;

by an easy c a l c u l a t i o n , i t  canu 1’-’. ‘,; b ,o wni t h a t

( 2 . 1 1 )  s ( A ’ )  sU r ) - K ( B , k )~~~ . k
, t ( B ) = t( t ’ ) - K ( 0 , k ) ’

where

( 2 . 1 2 )  E f’. , k 
(~~~l ,

w i t h  8, k t h i  ( u n i qirs’’. - c - t a t  - 

( 2 . 1 ,1 )  A ( 8 )  1
t 

( - 0  1 T

(n m )~~) i  ( t ( 8 ) )
( 2 . 1 4 )  K ( t  , “: )  

,~~ 
, )‘~~~~ , A , m - 

:‘~
w i t Or

1 i f  k c l’ ’\  0.
(2.lS ) u. =

l~~ I if k ‘ F \ 8’

,ur ,  I f m n , i i i - .’ , ‘
2 

is I t . - k t o ,  c; n - - - n o , ,1 -.- n ’. m o f E

1-nm r o u t )  ,‘, (2. 1 1) d r ’ .,.0 p b o a t  o n  s 1,) o m nol  t ( mU r n  r k r n c u , - r ,  o n ; ,-- c oi l  r.’., on- - o , ’ o - - t ; ( B ’

-, , L , ka nd u ’ ( : -- ’ )  0’- ’,’ fm: n , t n o o ’ l ’.’m t ,oi for’ ’ o in ( 2 . 1 3 ) ,  and tb , ’ . io c.co n ” ) - o : ’ t n ; - J ‘ , N ( o - ’ , k )

8’ ( S . ~ :t  u s i ng ( 2 . 1 2 ) ,  ( 2 .  I - ) ) a:,,1 (2.15). A h a ” .  c m o ; r l : c n c t o  to - ‘ O l \ ’ ~ ’ ‘~ ‘c - t~ is  t O  aI cp O l’

Chn lesky  fao: t :’r i ,zj’mtm c t ; r  1,0 t b o . a  m’ , - r ’ r , ,., 1 1 ( B )  . c’t o ’ ’ ’ u ’ v l n n o ;  t O o t ’

(:0 . 16) A ( 8 ) A ( m ’ . )  + “ K 
( ;

k .  
)

T 
(G

It
)

wh ich  i d e n t i f i e s  A ( 8  ‘ I  as a r ot ); ‘ - u ’ - : ”  m o d i f i - o m t  m o r n  of 11(8) , 5, ’ may apply  a ver’y e f f i  i - c o t

a lgor i  t h t m door - i ::iJor ’d r i o  ( 0 ,] t o  cxp d o r l  ‘- t b n ’~- Chn-,) c’n , ;k y f , o - t e n - ’ of A ( B r  ‘ ) - We m ’ :- t r u - .’u ’ :c  t h i  p.

a l g o r i t h m  in  i’.uu h n r o r m t  u uo . ~- 1 h u e low ,

A ssurnc :  t h a t  t O o , ’  Cb ;- n l e s k y  f , n n  t o - i n oil A ( B )  o ur ’ :  known , v i z .  A ( B )  = LDL T where L

is a u n i t  lower t n  i , n m n r n ’ n b , i u  m a t r i x  ar id  D is --m pos i t  i t ” -  o l i - - o q o r n . ’n t  m a t r i x , we w i o , h  to d, ’-

t er mine the f - i c t o r r o  1 1 ( 8 ’ )  LD I , T 
- In the p-, tml’ t ’oo nt i n,, be l ow , th e nt’,at ,r iccs L and t)

have overwr i I ri-n I. and P re: 1 , 0 - c -  t iv e ly .

-9-



l i ubmi c u o t  i n ~~~~ I , ( G i l l  et al . 15) ) 0I j r o l ~ n t .  cog t h. u - O R - I  e n o k y  f , i o ’t oi

1.  t~ ’f i t i ~ ’ 
Hi z

2.  I”oi -t = 1 nu n , c o - r : ; o U l i ’

= d ( j )

I u ’mn ’~r = y,in’o t t ~m • ,‘ ) j )

d ( j )  d ( j )  4 t c ’;. • 1Uj)

io c t , i  t e  o , -  ‘0 ( j )

ganuxru a d; ,n v ,  * s,, o, ; : ro, l a ‘ - 1 ( j )

Z R )  = Z R)  - ? ( j )  Q ( k , j )
ii = j  + I , , . . , n oo -

i (k , j )  (k ,j )  4 I o n  a * 1(ot ; ) J
S i m o c , :  0 . 1 0 ,  1 1 ) ; ; )  ‘ . rmma A U - ’)  l~~i’ - j o r  o ,’~~ i ’ cll r a d i i  at lean t I , i _ b: - ’ above ) i n r e ed u re

is m i o n a .  , c c i i i ’.’ - t . ; O - I ’ ’ , ( i i , , - , i_ ba -  C i u e r l . m i k y  I i -  ‘ c m : ;  - ‘ 1  11( 8 )  .uu c ~ K t ; o o o s ’ r o , t . .  co ’J i ’ J t i c — i ,

in ( 2 . 1 3 )  i n : v o - l v r r t ;  n h  - - - , t j ~~t u o f  ; , .r u n u j t  t r i a r i g u l a i  : . y ; - t n ’ r ’ ’ . ‘ 1  l u r , -; ar  r ’ o ; n o , i t t , ’ O i O °

and n ti n v i  io i orus .  i ’ ,O - ; r O ’ - i t ;e ly ,  i_ he - - o n  o u t  , r i _ i o n ,  of ,~8 cons m n o t  I t O;, ’ 1’ - )  l owing

thr c ’o  st e j ’o

So i L n o c .  c I  or i t  S o l v . m t c j  ( 2 . 1 3 ) .

1. Ilolve fe r n , s o t  t I c -  , -;c , u r - ~~ t .~ (G~ )
T

5 m m ’ ) -  2 .  r ’ r ’r no i at e  P

St~~- j r  ‘I, So1v~’ f c , p ’ 11B , t 
in i_ he t .yno t eitu ~T ,0 8 , k 

= -

We xi ’  “a deu.cril,c O m n n w  t he- O i l . , ’. - ’ ; i i i , i t  y ;~m n o n s m t ;  o i i ~~ , n  , - t  - - I i n  t O , ’ . -  i : - - ;  i. r~- r . , u ’, u ’ . r : o  o o f

A i j : n ; i ’ t  o no I .  I r m i t  j o l l y ,  B is  i _ t u e  s i n o o j l~ t on ( k i n  s ( B )  , m i , O l i t )  a t ’ -  - o o - - o ; o o ’~~~r~~b f r o m

(2.11)  1, -,’ se t t i n t g  B’ B and B = . Note I b o c u t  s( ~~) = 0 1 , 1 U >  — t -  a r id  ~~~ = (G
k

) T

In g i - u i ’ ,- i’ oi l , a4’, the heq in o i ng  of o’ , u r , i o  I t  , : u  , , t  i c m , , we have r, (B )  a r i d  t ( I - ) a~~a t i a b l e ,  The

mi l r ~~u x i thm Ii i .  ii goes t h r o u g h  the  u - a ti o  t rou t i_cu d e t e rm in e  i f  t .  , ; , 0 0 c o i t b u m  i ’- r ’ ’b . ~ . or a

r on o~~ en i _ i  ‘ca l  i ndex It i s  fo u t t d . In t . io c  I ci t  t i - n - c,t se , a new m tal c-c ’, ;.et I ‘ i s c-I ’ n t  o n  n , ’:d by

in s e n t i nmj  ru 1’-)’ t i n g  t i m , ’  m dcx k to n ’ s  f r o m  8 . We th un’n u  u’ ; S u b r . i u t i n t e  t a  u , i . ct ,it ~~- the

Cholesky f a c t , , r t c  of 1 1 ( B )  , use HuI ,r r t u t i i , e  I I  to ‘H i v e ’  fo r  r~~* k 
an d f u  u u a l l y ,  i .,n: .5 c i t e  t ime

on -v  s ( A ’ )  an i d  t (Ll~~) by (7 . i i ) .  TJ’uu , ‘ ‘ . m j r ) m ’ ( i ’ ; ;  i i ,  i t e r a t  i r - n u  of the  ,‘ 1~~c ’ r m t h m .

-10-
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2. 3 . Ar ia ly 3 , j - o : o ’- -o ’ r p a r i r m o u u eo f A l g o r i t h m s. In  t h i s  subs ec t i on ’u , we make some comparisons

bet s-c ent  t ire cncr r ; ’,.’ ’t inverse and some gene ra l—purpose  LCP algorithms to solve the (parametric)

LCP Iua v i nn j  a i n S t r i x  cr 1 t O t ’ .’ form ( 1 . 1 ) .  11s “ r e p r e s e n t a t i v es ” of general-purpose a lgor i thms ,

we have chosen ia ’mnke ’ s a l g o r i t h m  for  the (nonpa rair r e t r ic )  LCP and the p a r a m e t r i c  Graves ’

a l g o r i t t : ’ n  for  t ine PLC[’ . C l e a r l y ,  the coxrnpa ct inverse  a l g o r i t h m  is appl icab le  to both th e

LCP n o. 0  PLCt ’.

As c r i t ’i i , i  of i_ lie comparisons , we shal l  consider the  computer s torage r e q u i r en o :  rot

( f ot  time i n o p c n ’ d a ta  and “ha~~is  in v e r s e  r e p r e s e n t a t i o n” )  and the n umber of o p e r a t i o n s  ( m u l t i —

p l i c a t i o ni s  and d i v is i o n s )  r equ i red  t o  solve the problem . c o : n i ot c ’r i n g  the fac t  tha t  a l l

three’ , m b r r - u i i t i  - : ‘ o , ~~~cr c- t,ap.’:-l on e~ son tia1l~ the earn ” pm ’ m n c i j ’l eo , i .e .  e i m p le,x p i v o t i n g ,  re-

s u l ts  c - b  t O ,  r c - ’,o ) n c  Ct to  t O o ’ - : . ”  two c r i t e r i a  s h o u l d  p rov ide  a n - c a :  c o n t o i b i e  measure  for  the over-

a l l  L i ’  f o r n ’,, o : . , ’ ’, ’ co b ’ t h e  ai -;o ot ’ i thins .

N o - .’ot i c i ’ :-  to r : o r y ,  t b , - p e r f o r m a n c e  of an a i m  i t t i n  en t i c , m l l v  ole ~‘ -t odn  Oh iuow i t  j~

imo , ; o le ; . c  : 0 : -  . J o ’ 0 0 Sc r o om m ’ ; ’ o n O e c,f t h e  compar i  : ; o ’nu , no c o n o r o i d ’  r o o t  i - i n :  i s  g i ven  no- n r : 1- a m ’ o i t v  of

I’o t ’ O I n l n o  ‘ I o t a .  l t , (c : c ’ oI , l i t  ~ o nrf f ol io  a ; ; , o t ~ ’sj ~~ stud t ,’io ‘ - r . o o n o s - : . t , q , o o - : °  m e-at ion

t he  d , , n . oi a re  i u i q h l - ;  di-no ~~e , 
1 , 1 0 , , , fop  to;’, ‘ cooke of n - m o p ) i c - c l  y , 10 ’ ’  d , — t . O o : c o , -  t !:~ i ’ .  ito b a s i s  re —

i n v e r s i ’ ,r t m  s i l l  i - .- i ° - ’r  b r i m - cl t n t O o ’ :  u ’c - ; ,- r ’ e,’ ‘of  c a l c : c u l ; t t  r u n -

It ~ ‘o , i  u . t in wh ie  O r  x : , a j n u r  t i n  I f , o i ’ o ‘n r cr ’ no  could occur ’ 1p’ I A c’ n -u ’! r ’- : ’ ’o t , t  at  m o o  of basis  in—

vet c ; ’ . m m  I to ,  u - , ,,- ,: v t .  inv er se al gorithms , ii, is assumed to  i - c ’ ‘ x a , :t  l y an -. ‘~~o e c if i eod abovc

In Ic-to 0;’ n and cli ,ov .-s, ’ a ’i y r o r i t i i m n ; , we assume the s t anda rd  product  form us ing  an “e t a — f i l e ” ,

an d c ’ , o ’ m t i c c l  in ( - 1 ,

‘I’he 000 , ’r j r o o r  1 .  -eo n r ep ;u lt s  are sumnmt ariz & ,d in  Table  2 .1 .

—11—
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i’ ‘ O O t ) ° ,i~ , ’t  m m o e ,  ‘p ‘ - r  J , , p,i,, c u  . t - . c o o

3 * -, Ii n u i r u t  ‘o . i  S a n i ’ ,> , o o  n ( r n f 3  ) q+ A 
~ ‘ , M :  I t  +11 nj ,p ,  1-i ;  xi  + 7n

iN L a - m o  u , r v , ’ n , .n 1.: m O m -  1)/2 - 5 - 6
u r n  0: 

,‘ t a — f i  O r -  : 3 n t  e t  r lu  I . -  ;

t o - n  a )  n (m ~ 3 ) m  not (no 1)/ . ’ ~ 2 
+ ii  (T ’ 1) mu 2 

, (‘1 ’ ’ 2

2
‘- i t , -i , o r m o o, :- ‘ o t - : - ,, o n t .rne I :  mu + ‘lmti n’om J, n o — t e c , t :  xi i, u t i o  tr o t :  n

~ (af t. , s—i - - 2
i c o n  I 

- n o n ’ i o u t  t i c ’ l b  in e t a— V e.’e ’ tc r m’ : mu j - t v r i  ‘.r.u l u u r u u t :  ( k — l ) n i

g S s n o t  0 :  u m ( p - 4 2 ) m 2  Flit S : n e t , u — v , ’,,’t ~ r r : it

r i b  nu ,~ i_r oot : 0 1 v o i t  e’oluruu k i m F l i tS :  2n

~ m t l  T [ i ( o i i ) i m ( n n n f l ) ) 0[~~~L~~
1
~~~~ n f~~t u j  

______

- J m i t , - 7 . 1 .  S tc n m’ou q o- and c’~ n - n a t  ie:n 0 0 0 : u o , l  0 1 , - n h o - ce 0mJ o;o r u i m n , n o c .

No tes :  1.  1~ , m:’ - K -  ‘ i. mloj _ on m i _ l u::: is a ) ’ ; - ]  m l  t o  t i ; c  pr ’oblenur  w i t  to  A ,= 1 -

2 .  O n ly  n o t )  , ,u  m r i o
_ co o i n ’ c- ~~u k . - t o  ‘m x m t o  ,m~~-, o , r o t o t

3. L ynn ;: - ’. - ‘ . r v o  0 N could be t m c i r - .J to  n’ r ’ - b :i’,-o: i _ i r e  o ; t r ’i o  ~~~~ t u ,’ , ; olnr’o cn n t m m  I,c mn , kc ’ ’ il

and r ,. n , ’,’ ,:s ’ n11 o~o , t ’ i t  l o o n : ’ : .

4 .  In  i t : ,  - t icc , t i n - l . - n o , ~ t O u  of t h e  e t a— f i l e  can be - ‘r n ; ,  n , ~~) I ’ .- m - r , c i n t v c . r t j o n

and/ cu r ort m o p dcvi  ccci .

5.  T’ o— t , - t a l  n m ,m tnbco r (if p i v o ts  i n  Is ’m ’no’ ’ s a l r , l o r i t t : - , .

6. T t c u i _ , i l  nurrxi r e i of ’ pl v m r ’ c o i n  r~ cu’.’m ’ n o ’ a l n t , - n  i i _ J o n : ;

7 .  ~1’I~, r : o~ o ’  - r a t  ion s coun t t m fcr r  I O m n ’ r a t i o —  t es ts  a t e  u q , - ; ” . : i_o o o o o n , d o -  -

From t ’ . n ,  ,‘i t - : , v ’ - c i . o n n } r t r  u c oin i c - o u t  0 , t ime  f o l l o w i ng  two oi,’ , - r  x v e t  i r r m , o  cant I o ’ macI, ’

( r ) ‘ii, ’ , : e f f j c m u  n o - , m n - c ;  of time t m-c o q’ - n o o ’x ou ) ) ’o n r j- cr , e alru crr S t  b oo n ;  ci i ,’ , m t - , r o , t  t )uc s , m o o m u ,o

pz~~vide” d t o n _ i t  ‘ A- , - r o , i r r n l - r ’ r m m  of 1 ri t ort S to - o n !  v ’. h b , c pr o i r l e rn  fom e,- moOn of t i m e -  t o r i a l qo r i t hm s

are c i , , : . ’ -  t o  u,- a”t ,  o t l o n o :  
I 

( t h e r e  is no t ,  c o r n , O r ,  l ’e l j ev c -  t h a t  C u , ’ o m l o 7 0 0 m ’ i t  inn :: I c ’ m w  - , t e n - .  w i t h

consi t o t -  I b ’
~
’ f ~ ~

- - , op none-  I n c - o t t o  tlu ani t i n e  t n t  i , n ’n ’

‘t he- n , ,mrn o ’m’u ’ -n , r f  n ‘,‘, r t  n ,  m t  Lcmke ’ n o a lgon ’ i t i n , ’  ol u- ) , or b, ; on t l , ~- c i , - ’  t c. of t ) n r ’ “ o ’o n - - u  n nci vec to r ” .

I f  th ,’ colo r i t - ; ’ -
’

’ ‘or  i s o ’ b , o . n - t l  t o o 0 ’ q w O , i o ’ Oi  i n .  n e r u , i o ’  r O , i t  1’ ,’ ’ t t o - - n o  T = ‘t’’ h o l d s .

— 1 2-
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( i i )  The n e l a t i v e  perfor mance of the s~ ’eci o i l -  and g e o n r c n i a l — j r u u i  C o . C  51,;’ m i _ n o o n , :, O le ,  r

on the values of T (or T ’ )  and m/nt th e a d v , , r m t : ; - n e  of t i c ’ :;~ u - ,, i o i l — 1  r o i l . - ” -  r t l~~o i m 1 t i mZti

comes mon-c significan t as nt/ i’m beconoc s s m a l l e r  axmd T l o i n - j r

2 . 4 .  ç2~~~~~~~~~ iona 1 R e e r t it n .  In  th is  subsec t i~~n ’m , I n n ’  i r - ) C n t  the c-em’ ,,~~o n t m o n : o o u l r e s u l t s  w i t h

the solution of some v a t - i o u _ i o n s  of t O , . - p or t f o l i o  , , n o a i - ~- : . c : -  r o b I n - : :  ( 2 . 1 )  u - O r t o o ’ -  o. .o: no-

tions of an r n — i n d e x  model .  Ite for e - r e :  - ‘nt i n . ; ;  t he  n o - no m i t ’ ; , we’ ‘ o i t r t  out  - ante’ f c t r m  l e t

chara cteristic:; of t h e  mat r i x  1 + GGT 
ap} o e.t n o n n ~) (p m t O ; i  — i n  0 i c u l , m ’, a;~~- i i  - , t t j O : : ,  F: i s O  c’l

a l l  , t i t e  mat n i x  C to - m o _ b o o  0,0 be l o c q O n  ly  ~ c~~::, ’ in c ‘ m i , :’, t O n ’ ’ :  - - m o  ito r e ’.’sn os : m t o  aso~ i: o ’ 0.1: r ’. I O r e

indices  a r e  un -,n v:’io ,- Ionte.l , t, r ; o - o , t l e  t t o o, ’ r , u t i o n  :o,, ’ o o  ip:  t y i  s e o u l ’,’ v- x ’y o , no . i i l .  I n ,  a ~ - n n ’ c : u ’-

ti al l a n g - — s o il ’ .  app l o - o u t i r no , , . n , ’ -  t o : i o : t r ]  i’ x J o , ’t 5 10 0 ’ :” /i n o , i  no ; = 10 , T h i r dly  :mm n d  Lo o t ) ’ , ’ ,

the nuinube r mi could  b e  v i - s y l a r o ; n - ::s ;-rot ’t i ce .

The i - x j -. r r n  - - n t  - - ; , ‘ r f o , o  c-i- .‘t i n  ii, ; n r 0 , - n -r I  ,,~ I b o r n -  u ,° I n - S o n S  co - - .’.’ a l l  d c u n , n o  cnn,  I n c

UN 1VA C l l !u  .1 n o , ’ “ l , m i o : . ’ ’ o ,  r’, ’ on bo o : o i o  C n o n o ; n : m l i n ; : ;  O n t o  no n t ,  n.j .,- l’ n . n ’ ,’c i s j t . ’ - -I L n o _ , ’’,r t , ’ j m m —

N a d in e : ; ,  A l l  I : :  i ’, . m o ; t  ; O o i i , , c, ’ ; -  o ; o n , - ~~~’ i 0 ’ - .t n- r n ;  t o - i , - . ‘1’ - ’ o - “‘; o I .ut ~~~ - ,: m c  ‘v . 0 - - n -  sin , :-:

weru ’ cO-r ’ n. i o u  , O o ’ ,: Lnl co ; - tO - ‘ i  01  Ot t .

The main  )‘-:nr )”’)sc- ’r t Ao’ -c ;  ;‘ n n : - ’ ” : , t  s i n -  It,.,: a-a n, n t , c o t ti.o -_ ‘ot~ cc - n t ’ ,’ n J  c f f n c L  n o ,  no

the c or n - a c t  j n r v , n r : - c  a l , ; en  i th n m in  c i o l c ’ o t ; - ;  ) 0 i ~~~~,’ l  t c: ,r l , 1 : , t . , ’ — n . ; ’ ,. 11 o t t  ~- ‘ l i o  o , n to , i ~ ’ o i n  ~~n l e t : . .

The fac n t  t t , , u n  the  ) .t o o’ oiem dat ,, t c : o-: t t o  be h s r n t i l y n t u : n , r , m -  1-0 , 0 . , - - i’In r r a~ -~ I s - n t  i n n  of - : ‘  n o - - n  o n —

)‘‘ci i’ ) ’ ; o o- a i u o ’ o  u t t u n ”,:: :c; t -o - Y u o -  1 , 1 to ; ’’, l m n ) n c m , ; o o  b i n  , f _ r n ’ ‘ - , ‘ i v n  c - i  l a m  : n - — : c - o , l  . - ; n n l -  lems o t t : , ’ ,-

in t O o - o r -  a i o ,- :o r ’ i t  A n o n,; , i t  1 :,or,7”nt e lemtu c n i t  no of N t , , m mi ; t  i n -  s to red , tot’ t O r i  ann -I n i_ ba-i ’

reasons , W i :  ~ !;,ill o , °t u i ;-~o r t  Ia t i n  arty Cotn tpu t ,o t m , n r . , -’m m ‘ ‘ - : ‘ ,.‘ t t , - ci ’ t n t 0 t h e  yoxoo c a l — I  o o f l o o a , :c’ n i l

gori  thins . Lee con o •i u n m e t  ( i i )  i n  t- :o ’c o t ion 2 . 5  and I O c t  : o o r t  o 2 b e low.

Three s e tun  of ‘ox)  n t  i ‘ 0 - s o t . : -, wet e performed , each ‘of which  u - c e  r c - : . ) n o m ; o I n o . i to solv ing  a

varia tion of i _ O .~ ~°n nm t f o l i o  n l i l t i l y 5 i S  Inrobl em.  A n ’m ut nnb .ou ”r  of lmro t i lems ccn t ’ re n -~’- 0 - ;md i u ’ mq to c O i l —

fer ent  va lues  of n were solved in  n - a c m  set of u o x] n n :nmmoo no t to . For each v o u l o n o’ of n , t u e

in teger  rn was a l lo w e d  to v a r y  f rom f i v e ’  to t h i r t y ,  iii the ’  n c o u l e ’  of f i ve , in order to

test its in fluenuce on the e f fi c i e n c y  of the s p e c i a l - t t t r ; o - n m ; o ’  a l : n c n i i t h n r .

The first sot of e x t u : r n n - r e n t s  was desi gned to solve t i m e  f o l l o w i n g  ~om ob 1cm :

(2.17) minimi ze ~ x~
’
(Tt + Gc,

T
)x 4 q

’t’
x

t ; i t i m ~~r ’ c t  to x > 0

anui
-- 1 0 - 

- —



s’i,io i, corr ; : j ’ o n oj r :  t o  F n r o b l n , -fl ( 7 . 1)  f i n n ’  ,i l i : - o ’ c o n  v dl u ,’ of ‘a ,  a , i i ,  ‘2 ‘‘ 1 I t o ’  t n - n n ~ 1 1 . 1 )

and no c - x j n l i c j t  u) ’) ( ’r bounds ( i . e . ;m ‘ or’ f o r m  a l l  j )  . ‘I t , - ’ o c n , 3 . , r _ t  t , i o - _ m :.c ,n -I ° -m ’ i t}ono

was used to solve the p l,Cp fc, r m n n m l s t i o n  c t  ( 2 . 17 )  . ‘1~~o m n ’ ) n r n n,,r - : n ; . , t, 0 ’~’ r -  ‘ 0 t n ;  of ren ’ m n l t m , ,

coort - c’m.~ -o”n0i t J’mq t o ’  twc’i v a l u e s  of n , ,t re  c c n n u t a u n , n o : t  io  F ’ m r j u r n _ 2 . 1 .  N~ - 0 , n ’~ ’ nn :;r ,.t I m n o,c- .’i t n ’ n —

a t e , ’, ,  Sit S u r r c o a : 0 n t C  of h i ,, ’ c f  I t o ’ 0 , - n , ,  y - . 0  n I - , no - b l o n d ,  ‘b i n , ’  t m o o u o n u o ;  i s  e;-.c b u n ,j c ’ n of i np t t t  ,‘c o : ; t —

Put , .

Time ~ec ’on , o f  m o n - I  of exp em ’i m e t n t o  m~ou: , c- c ° x m ; c , m u o ’ . - -b  o r m l  1 , Soi’r’ i o r 5  t fu n ,’ } o m  ‘1, 1cm ( 2 . 1 7 )  i n  j ’ o e i : m —

m e t n ic f orm , i . e .

I ’ m , ‘n’ T( 2 .  18) m en  n o o n iii , x (1 , 4 n o r , ) x 4 e
~ X 4 ‘ j -  x

sub j ec t  t o .’ x > ii

ar ,d c- 1
x o l  -

The.’ compact t n ’ ’ , t o - o t t  o n  i t t .;’ , 0., :, n ; :  ,b n o , -  ro b ’. ’, ’ l i o n  I t o  I - ‘ 0 , _r n ,  i f  c b , . -  , m o b  1~ ;‘ - , One

n q  : , ‘ o- ’ , - ’ o t  n i _ i c r  SO o t n o t  m o  n t . ] t o .  u s  m ‘ . . - n : t ’ . , l  l it  i’ m - n u n .  2 . 1 ,  I n  n - o n .; ’ n t i S , - ; i_ I o n  t t p o , ’ ,’n I, i’a ti o , m

in t i , ’ ’ . , -  ~ xj - ~ m m c r’’ r : t ’ . ,  Otn ll ’ O t . - ’, , :. - : u m , t  ‘. , n - O r ’  o f  t i ,  ~LCP r~ j ’ ; ’ S~~ - , . O ’ b i  is  1, , , , . ; ,  t i O t o  co n si d er ~~—

t I o _ r t o

Ti , , ’ t h u d c .  t of , ‘x :o ’ - r r ,un’i , ’ - - a.,- ’ d e s i n ’j : : c- ,l t i  O , O I V c  m i - b c -n o n ( .18) w i t h  i , X ) - l i c ’ 0 u j ’ c’r

i- a,: t il:

I T , T T T( 2 . 1 9 )  m i n i m i z e  x ( I n .  + Gm ’; l x  4 q x 4 A )’ X

subject  to a > x 0

and e ’b x = l

The ~o e t f o h i o  c m n o , u l y : ; i s  problem (2 .1) In , :’ q = 0 . N e v er t hn ’l  C’ I , S , q was not :,c ’t to be

Zere n in I t , , -  xj :o - r i m c - n t s .  An ex ten s i o n  cnf the c’onntj oic t i nverse’  a l - t o r n ’  i t i,; - ( 19 )  w on: ;  used i n

t h i s  r r r ’ - t  o o o , c r - - Tine upper bono uxm , t  ; a were a l l  :.et equal  to 1/20 . Twa n ’ e)or. ‘ . ‘ - n ~~ ~ib n VO

sets of r e t  ru ts are shown i n  F igu r e  2 . 2 ,  The t in i l n ug is comnn put ed ~~:; i n t i e  lo ot  toe t  n ’n l’

expe r i cr ’  t o t ’ - . .

Several important j u o l i o t o ;  imboto t the above th r ee  sets of ( -c j ’ ,- m i m on t s  a re  sum m a r i z e d

below :

( i )  I n ,  a l l  t !a’, ,c_ n - x j - ’ -  n i p , , t o , ,  t o , - v a ) u e o s of iii we r e n i t . m o - I  to ‘. ‘xn- e m ’ .l t h i r t y  i n

or der  to be c r a u . : , l n , t c ’ t , t  w i t  On ti0 s ma i l n o ~~s of t t , u -  r a t i o  rn / ru  itt m o u n t , p i a n : t i o :o i l  s i tuce t i o n s .

( i i )  In s olv i n g  ( 2 . 1 8 )  (and ( 2 . 1 9 )  on ,  w e l l )  by t h e  PIfP appro ach , t he’ t i m e/ i t e r a t ion

-14”
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n o ,  t : n .  f i t ’ ’ - t n  - - o n ;  n i  t o n  b y i c :  - I O , , ’n n ;  t O . ,’ t m m n - / m t . ’ l , n t  n o n ,  m m ,  the ’ se,nco ntd c l o g . . . T h i n  i s

I-- - to , ’ - ‘ li I t  ,n S ‘ - ‘ n o  n n . i  ‘ t r ’ .’, somewhat n On ’ ,  q u a n t  i t  ic:’ have to  be cr cnrp ut e:l ,

m l )  n o ,  n - i  - O t t  m ~- -n to t h o r , , ’ ~-r orhl n ’ n n : o -  whose rt ” : , o : l t  e are p lo t t ed  in Fl gores  2 .1 and

.2 , ~~, 
- l i -v - ;0 ’ ; ’. .1 - - - - ‘ .‘, ‘ m ’ ,, c .I I n n - u  - n  o n b i ,  n, ’ o nO tb ,  Samn , n n ot t u r e .  A l l  of t 0 o , ’n,: i_ or ociu c , ’ curves

S inn  i n. i i  - - t - 0 ‘, t i i  t he t w- n f m - j o n  t i- n . . T Im - n - I o n  e i _ b o n ~ , . in ’ , on, , l i t ’ . -  I ,

I t  n , ;  ‘rn - : • , : u  I t  - “I  II,, - ox ;  ‘.‘m u ’nn” I r Im , ’  conno , o , t  c , : ’ ,  won th t Om e o)-
~cr a t ion c o u n t s  of

10 ’,’.- o ’,~~- , S . , ’1 , - , - :. t ‘ u i  - n - r n  i t i m :  q i v .  n ,  i n  Tab le  2 . 1 .  In p a r t i c u l a r , the t a b l e ’  i n d i c a t e’s  t i m o u t

t o : ’  n _ i n  t o t  m ” o t , - ‘ , ‘ ‘ , - ‘ - n ’  o l e .  n o t ’  - n o  of (t on - , i l o t o ’ r t t t u : oo I tO i t ; o i r - ~ o c ’ t o d - n t  of t i m : - t o t a l  n unother of

jt,’i ‘ tent s t , ’  , b -oc o i  n i t  i o ’ ~fl Sn - TAco;’.’ t a o ,  f o i s t s  a m , - nu l o n o t  o ’ n n t  r a t ’ , d i -v  t l ~,’ two f i g u r e ’s

C n n . : ; n n ° , r ’ r  t r ’ : ; r , t n s  , - o t  u t ’ ; c - m t - - b  ‘ ‘ n o ) .

( v ) ’ ’ i o . -  t n  n b o n : n : ,b - n ’ n o , - I i t - n  ‘ ‘ ~t n t , s r c ’ q o o n r - c i  t o  ‘ - s l y ’ .  t i . - ; o m’oO ,r l c - r to ~ ( 2 , 1 7 ) — ( 2 . i ” ° )

lt ’ ’]’ o ’ n o _ I  s n - n ’ .’ n , o u ’’ t i  ‘ - n o  t O , , -  ‘ - ‘o. ; - t  t y ~ ’.- and st one ’  c - f  t I n  t n t  ‘1 ‘ - ‘ o’: . Tine i a u ’ q , ’ s t  mon n : , b - - - r  of i te i ’ a —

( n o n ,  ~‘ ° .n  l u n d t~ o t I m , ’ . ,.‘; o ’ p n o ’ o r ’ t . Z o , )  f - - n  ( ‘ 1 7 )  is ‘/ .~ w t , n ’ n n  n 300 , rr = 30; t o o , ’, f;- :

( 7 . 1 1)  sn ’ 1 0 1  ( u ’ ’~~ t r , 1 m r , c ;  ( 1., f i n  0 ’ ) I n c .  ) ur ’t,o -n n ‘ (0’ ) , 37 ; and t ’ ,O f-to ’ ( 2 .1 ” )  is

2col ( ‘ c  t n t , ,  i t t - - b m n : t  o , t ,,- c n )  wI - n ,  = ‘rl’o”) , nnn~~~~ .’o ’

- ‘ , o. o n , , ’ I n  c - n o ~ , I . , ‘ - o O on m l , - , u n o , , I no -c a o n ,  b o- ,’;, : , o t .  , ‘ co i l  c) o’, - n o ’ ’ : , ’. ’ c Sn: have r ; : n I  I n .  n n .0 ,

a’: no :1 ’,’ d m a  t I -  fo u lt on a’ u : , , - ’’ ‘ n ,  i u : : , onn , , , 0 ’  - o t  t b . ’ no~ t : t , j i , m i  m y  n n f  a ] o n c m r j t t r , o ’ ’  t o  sol’,’r” ) - m a : b ;  ‘1

)o ’nno ;r ’’ r ; r ::il ” h . i t f o l i o  - o n o n l y: i t ’. ; - n - . b - l - ’ r o , o -I i t , :  k m m u o i ’:  q iv e n  O n ’ , ’ ( 2 . 1 7 ) — ( 2 . 1 ~~) .

( i )  Ti , ’’  r - : - - ;  - ‘ j l , ’’ r ’ r : .c-  a l o ; r r m  i t  lt i ;n i s  o ’ , u )  m O - i n  of t , , , c : o f i  it s :  ; ‘ m r ’ l , l n - n nn: of pe’ nt e r u t ) , a l  ~\‘

viar’,’ l o t i . ; . - : o n ’ . ’ ’ a i t l c ,-m i ’tj t n i n c ” r ’ n o  - - I o n ’ - .q. - ’ - t . a - - ’ r e q u n n o s ’  n o t  and n i l  - i  n ’ ’ , i s o o ’ n . n O - t n o’ f a~~t m a r n c ’r .

i i  t ) ) :~~j , n t In :  - •u s ’ . r nnn n ; - _  ‘(unit: ‘ I -  - t  rt i n ;  lom m’ o;c- n o .1 rn/n in ’  mn mmm a 11 , u- to n e t :  n mc [ h o c -  ca’- ’.

in  m a n y  
~~~ 

0- - b  m u , t  s i t  t ro t t on::, i t  i n .  i ’ v m , I r t i t  I I o , t (  t i n ’ -  u n ’:” , e l  i n ’.’r - i  1:0 a l g o r i t h m  is much

pr efe” r t- . ’ -i  I - . I t , - nj_ t ons rtI— ) oo um ’)’o ’n’: n’ aiq orut inno ’- .

2 W~- n o t e )  - n ‘ , - , r o ’ on , ’ ’ r 0 ‘ 1 n - X ) n , 1 0 ‘ n n o t  S nno ’t onp , i  P i i , ) ~- . o o ’ r ~ ‘t n t  , ,t  ion t m m m i ’ ”  r e ’qui red by ti n , ’
e’.rc’,n - ,,’ I u n i v .  u n  n,- .jt,rI I . . c l :’ ‘ no ,n l n ~’’.r i t 0 m m ’ ;  ote a n, u r . r - “ ‘ i  n o f  ) n r r , t o n ’r r - s i m m  l o i n ’  to (2.17) . We
chose m n , mt t o ’  i ’ m  ‘‘“ t n t  t h e ’  i i  t , n u  I !  ‘0 i- o n m e -  s i nce  th em m o r n ]  - ‘ m  t ot  n t y  of t toe loon - -n  is  c lea r  from
tin e 0 ) - r n - n m  i o n : ,  u - n ’  m , n t  :. a na l y s n ’ ’. i n  T a l . i n -  2 . 1 , and : . t t r n ’ e I t o , ’  n . ’i u - n t - i l  u t y  of such  a n a l l ’t ;m n -
i,ad i n n s  n ,  r - c . t  . 11 - i  i n  0 , 1  b y  t O ; ’ - n o m m n ; ’ ’ m t a t  u n - n o , : )  r e s u l t  n; : t n  sn ea r l  i c r

— I S—

~~~~~ ~~~~~~ __* 
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I ,  t ;’t i;~o n,’ ’ luRJ\1, I to - l td iou , .‘,)‘ 4’ J ). ;

As ins . o  t o - ’ ,. , :  u ,  dc _ C : o i m  1, t n , ’  ( ; , n m . , ; o , r ’ i  m i n ; )  I C ’]’ w i n  t, ,e Ool t_ z ’ j x  of  t O ,,, n o. mr (1 .1) .,’—

peal’ s o n  th e . -  n o m u u i n ’ - - ., i  : , t m u , ’t , n , n m u l , u r ’ - i l’,’ : - i n o  i n m x t i a i - - d  by t ’ I , u o , ’n ’ ( t o o  0 , 0 .  1,~)). t ’ t . u i r , ’i ’ ’ S

I,Ci’ m odel S n . : .  b , , I , ’ m m , - O , o m : o o , i ) , i t ’ . ,O in’ ;  C . : , ’ . ’  of t O n ’ -  a c m t i n o n ’ c; in  I, o : , ’S (n f  w i t  he ’ c a l I c o  a

LCP.

In  I l , , : ;  s e - u  n , m : m , a’,- I i i  n t  Out  b u m , , ’  no -a a ,o: , , 10u , - ’,r ,- n , t  - i i  ; o - ’.’t , eumm i n  : ‘ 0 r , t ’ : n  u I  o ’ny i m , e , - s n m n n r :

is f c n u m n n i , m t ,  i a~ t O . ~ roo. n: nr p l c ’ - n n e i m t , i u  i t ’ ,’ n ’ ’ ’ l h c ’ m: ; . . Z , f n ,  n o b -n t iir, u ,o. j tt~ ( t  i : uo. - l ; o , il  (‘i’o.’ o. t lng

a l g o n i t t o n ’  , O . so ’ !e ; - o 3 i i i  181 ‘ ,- d c i i  w i t h  l Ion: n l -y  dii 1(1 , ,, ‘ ‘  ~ hu11  ~ n ’m o O ” n n t  50mg n,0e.’S u l t ’ ;

on c onic ;  - n m  i :.,,‘re , o r b . u l n t o - .- n t o , : : ,  I c ’  solve t i n ,- O t m ’ o n , ’ 1:0 , n )  ;-m ’o,i , - l  n - m n  o in c ’ iud i  i . : t I o n : , , ’  of a r ’y s tcm—

atic o ’ n r n n o ( , o . t . o t  i . - , . , , I , - m o - :  n n n , , r t i t  .

3 .1 .  ‘1’),, - 5.1 m ’~~n ’t uu  ,ul 0 n ’obt,’:o: ‘ n o - i I t t ;  i-’n ’ , , o o , i l , m t i o r n . Them f - o r - , , l o t  j o n ,’’n c, : 1 1  t m , - ,1 ho-low is

e sse n t i a l l y d r n ”  n_ n,’ N i l ,  u . To r u n i n n m m i ; ’ e .  t n - o - t u ir o, ’u I i t y ,  a’;’ n o b ’  i i  I r - , t  0 ‘- o u r ;  i i !  n e d  t r oxb n ,’ 1

we r e f e r  t o o  ~‘, , u ’  r 1, ’) ,  and K a u o ~~k r r  19 , 10) for  t i o c  ‘l c ’(  o i l s  o:,,b for  ‘ o n , -  njr , u, o ’ra) ,i i o )- t ’ ,,n ’ n tb n ein .

A f u ’ o , t , - :r, - , 0 1  ~ l j.’j’c nb,j, - o o , i l l  c t  t n o o .’t , ,r o l n ’ : , t o : . r , i  ir on ; is  I - n  b ’ , ’ t o o n u t m i : . e  t ’ . 1, ’ b , . t v m ’ r i  of a

st r u c l nm r e -  £anl,n j - ’ , b r o.J 1 ,0 on r , r - t  cob ] o ,u : t : : . I t  is o n : o n ,, o ,n no, ’ c i  t i , , i t i _ t o -  o r o ’ n o ; n ’ .’ :o i ’ o f  t h e  ‘ t O i  i n n ’

s t r u c t u m i -  o S u t o  I ’m , ’ n o ’) r o : ; o : o t c ’ d by the v a l ;n . ’o ; ‘‘1 s t i n ,’ c , u , ’ :  ,‘u o n . I  St r a i n i s ~ t c’m,’r t a i n  ( f i r u l t r ’) ’ , ’

many)  ) ‘ - .r o n r t s  i n  t i n , :  u t u ’ ’ , - ’t u r e . 3 
W- , ’ : , O , , m l l  c a l l  t I n t ’ :  on ’, : ’  m l  :0 0 . 1:  anu d 1: - I  mm I n . ’  t b .

~~ tr,’~~- n  n n f  , m j t l  - ‘. n b  p o i n t s r c ’ : . o ’ : , t  m m ,  h o -  c t  n o n ,  t o m  u n - ui, - t n t ’ COIl: i ,b r n . m n l ot , ,

For r~ n n n i o t  t ’ , 1, , ’, ,  i t  ii, f u r t t _ r - i  ,,01, o , 0 0 n ’ . o h 0 b , r m ( i nn - . t t e s o , it n m ni t n - n o n  ., ‘ - .,no. - l, (‘I t O n .

c r i t , ic’ ,o i  ~-c’ r ’’. I - . t n m - o .  l i nmm r - m , e i ; - n u o u l .

TO,.- n o - I A - - b - - a” -  s ha l l  n i co ni w i t h  ~m m :- de~~m n;:nc-d fore ~, o. ’ n O m t d O t i  Sn I m c  , o b , , m , l o ot , ) r r a  - b ‘i c a l ly

lmi ’ cn tir - c.t cl ,n :, n. c,I - b r o ,  c t _ t u n e : ;  c a l l - I (~~:, ‘:- : w i .  h i n ; e ’ a i )  r - t o r ’ : I  ‘ o,= ; - i , n : . t m .  - I n n  pa:’t , n ,  - , l , , r ,

r e i n m t o r r r  J C o i u .  n o t ’  f u , m n t r - n ,  ~nr ’bo.nu-j t c n b o n i t o  c _ t  n .

tj n dc_’r ,n~ - ; m - ‘ , ‘ m i t  ,‘ O ’ - r o , o , b m l  ion s , t ine . ’  o n - I  of m r r r - c  o u t ,  i c -al J ’ r u  :.; - i m 1, -s w i n i  n -h governs  the

behav iom ‘‘f  t t o r ’ ’.’ i r n ’  t i  1. , ’  t i c  o , t t , t o ’ t a r , -  ~ j i r b e  u e ) ’ m n ’ : ; r ’ : o t ~ ‘I l n ’~’ ( 0 , ’ .  f , o I ) e i w i n y  ( m u o n l i m m e a n )

cot onj o] C - t t .  O o  I - ,  i I t ‘, ~~‘ i ‘ n O  - I

( 3 . I a )  q - N- .~ 4 h I x )  ‘ t a N s  > 0

3 The ’ - - ) n o m n , 0 ’ ma y n ’ -; t o - n ’  n t so m ’.nns n,,-m tt: ’,,,, in ~ 0 - s -  ~n ’ n , or f u u n m t ’  n’ ’i , ’r ,, -’ t o t ‘, i n n  a cont inuum ,
and t.u ’i (‘In s



( 3 . 10 : ) X ? 0

( 3 . l c )  x
T

(q — ~ i u ( x )  - I d l N x)  = 0

Here , q i n ;  a m o o n , ,  n o -  o a t  i V n ’ n :’ ‘,‘ r ’ot  or , N i n. a n by n di o t ’  o n i o n  1 oI , . , t  u mx a. In ; ~~] cm : ;  or

nu inutn o ’ n - , o - o as di  O . t  0 0 0 , 0 1  em 1’ -: - - n  is , i t ;  an n — y e .’ on to r  n;uch t o o _ n b  i s  p o s i t i ve .  , h In’;  a

func t  t u t u  of the ’ i o . - n ’r,’ O m ( x )  i t -  ( x  ) ,, , . ,  h (x ) ) ‘l coI n - r u  h , ( x , )  i t o  a n ’ o m . , . , v ’ -  , :~b r ,n, c’t 1v
1 1  n u n  3 )

monotone n n ’ o c ’r , ’;, - jt .~; ic,i l V a l : r : ’o t  I u ’ , n , t t s 0 0 0  of x a u t h  h , ( 0 )  = 0, j  1 , . . ., .‘n , and
I I

f i n a l l y  Z is  an mm 0 ; ’ , ’ m u n . - ’ m  : ,.‘ , :f  t h e .- 0 -  ‘ -c , ‘/, - —~~~ R , m , b .  ‘ o r  S ;u c i ’ i  13 ar e  n’ 0 - ’,’

m and uo by rim , i n  “ ; - ‘ . o n  1 ’ ’] ; ’ .

In (3.1). a l l  d , . I . n  o . . m : ,  P, ;;- ‘ I ,  n t n ; , n , ’ t  i - ’, moo h , r ’ n i . , , u l  I n ’ ~t - r m t i ’ - ~n of ; n . ’o’ :, .t u o m o . O o , t e -  u n o o t c o

con :’ - : , i ’ - n ’ . n t  0 Ot ,  and t O o ’  l id s , :n ‘1 ~ r .1 t O i t .  I n n  ; - .~~~ t t - - U i n , m m o  t i; - t n ; : :n, I - : r of cu ’ i tb  -oi l

) - o n no t :, a o l ’ , on .‘e. : ‘a . ’ - m o o ; ’ , n ‘ ( - , ‘ .n f l o  0 - ) . ;o:- I . , ’ . ’ 0 . ; c o  :0 t n .  ‘ t o  C the  : . t i b n  S O r t t  O c

w i t h  n ’  - ; - I o’- t 0’, - r i O ; . nr ; , , n .  n ~~, :: - t l o o m : ;  n - c ‘: i i  , i no , i  S i n ,  - - - , I vi ,0 ’: I n - - ; t em

c. , : ,  on ‘ - u i - n ’ , ’ : ,  ,, f ( 3 . ] ) .  1 m o .” i t , t O , o  v , o ’ I - n on - . t  cs , s , and

St n ,m ;  n o ’ , v , ,u m r -  , - O I , n i ~ o - ’., O 0 - ’, ’

( 3 . 2 )  5 0 • 7~
, .’

an .]

( 0 . 3 )  V C’s 4 Ny .

‘40 :- ’r e  C i s  1 0 ; . -  it  b o ~ n f l , ’.o i ) t I . t , ’ n ’ o , u t m : x  b ;, ’ o t t ’  ‘:0 1 . 0 1  I ’ ’  ~o l 1  co- i t t , - .’, ]  ho r n t ’ t  ) .

I n n  1’ , - -  1 ° : l ]  en’ .- .’ n n o d ,  w” n . O t t  I ]  . : t t o  -n ’ o~ ‘ I - 0 C X )  i ,‘ni mu v e r y  b r i  . 0 ]  y — some nom echan i coal

m n n o . ’i~ o lo ’’: w t , u c t o  g i v o :  r i c e  • 0 .  ( t . i ) .

L . - t n  (n .j q ’ = -0) • h ( x )  , u no -O . m n ; t i o j  ti ,. ’ r ’ -<’, - t ’ ’:m’ :toui (3.2), u-on’ non o iy cc ’no ’ ’ i d - - r ( 3 . l a )  as

r ‘ - ; 0 i i n y  t nt ’  ‘‘ O , - 1 i - :0, - . ‘ n n  0~~. ’’ , S . 1 u e  i n  t O i n  0 , 0 ,’ . ’’ ’ x p ..] n o - b , , -d n o : , ,

(3.4) n (so q ’ — Ina : o)

The r o t  II , c i]  1” 1 t I n , ”  l , o ; I i ‘, do n~ , u m  n o , dc l  in e m s  b ‘no . ’ 0 0 0 ; ;  on such t it at  t he  “p l a s t i c  a c t i v it y ”

l a i n - ’ , I i , - onl y u l  t O ; e  - t n - - n , ,  ; -  ‘ m t  i , ’a o - I n o n : m :  t h -  b o c r t o n o - t ~~i ’ y of E 0

Tb , ’ p la ’  t n - n t u v i  t o ,’ i s  t m . ; n n ’n , , t ’ o , t  t ’ o i  by x , t b , ’  vector of Ll au t ’ i c rou~u 1 b : 1 n l i ’ r s , and

‘i f f , ’ c  I -  tOo ’- o . t u u , c t - , m . r !  b e h o i ’ . ’ i c n r. i n  two s - i n , ’ , ; . ~~i m o c t  , i t  c o m n t r , m l,n o o t , - n ;  to t he.’ v a lue:,  of

n t  i e ’ ’ ’ : e ’ ’ , dod O - t n , l i m o o .  d i n ’ -  - I ly  throug h (3.2) amid (3.3) , r t ’o p r ’ct  ive l y.  The v ,m l u e  of x

—1 ’l —



als mn ,nb n e .  , : t  - , t o o , ’ value. :  of q,  l , , ’n , c: , - t O m e .  r ; O n , , l o ’  of t inc  e ’h a st  in- m I , -m.u. , u 0 ; , i l O  0 0 0 0 - J i i  Ou .

noo n ) I’m is ~ “Ln-r n e d  to a: a (~~‘n r m ’ k ’ ) : , , , ; , , r - 0 0 0 , 3  m r . ) ’ . .

‘l One p_h _ m u - h u e  f l o w  i o n I c ’ , t.4oc ’c’ i l ’  ,‘ o i , c i O t  ~~~~~~~ X i n ; ° i - , ’. c., u t  n o - t n , . t i n  0, 0 a m ’ ’

( 3 . 5) x > 0

( 3 .6 )  X ’l (c) ~ “ N a)  0

T u e  b o o  o n  n _ m t ’, l i y j ’c ’mj ’ ] a i u . o - s  e f  F t’ e.’; ’- i ’ .- O r  m u  ‘ , u o l t m o . o o  l i n n o i t ’ , , Thus , the r u l e ,  ( 3 . t , ) ami d ( 3 , i . )

( t n ’ q m ’ t l u o r  w i t _ l i  a c fl )  st U t e ’  t l ,~i t  t i o n -  3
t h  

L;~~~’d ic  nuu l t ip l i er , x . , o - 0 ; om t , ih i  on a o s i —

t i ve  ‘ . ‘ o n l , i c- c - o n l y n o  t h e  : ; t i e : , s  j x n l u u t  i’ n , , n ,  o n -u  to,e. ~th  
y i e l d  l i m i t  ( a m i d  ‘ , ;~~ l o i t t . .i r ,: c : c t m n

t h e r e . ) .  TInc cnoa ,O i t i c ’nn c o ( 3 . 5 )~~~~( 4 .E,o) ,n ::d t t o n t  a . F g ive  ( .4 . 1) .

F’i r u a l  I y a remark oil on j o a n  ,mr . o . .’t u- i o _ n o  b - i  n m:; . I i i  t i ; e  r ’ . - ] r n  (‘ s , ’ n m n  m iou’t ( 3 .  1) , ( 0 , .- o f f .  ; - I

of Li , . ’ ;t ; ’ j ’ ] I e ; I  ioou , ’ l no  is a c c o u n m t ’ - ; i  b o o : ’ in them t o n ; o ’m of the.’ v -.’octur  5
F,
, w i ti ci n is cal m d  0-hat

of I i t ; r a i — - l . u , t u c  n ’ - n . . : : . - , - ,  t r C i i  l..o ,,d:o , It m u - ;  - 1 0 . - n ;  ci in :; - ,.on t , , n , ~~, to ,I r - t , ’ m n o ; , n - ,- t o . ’ com—

~n 1m ’ t r-  ,,
~,,r , t  c im b o n n  O f n . t n ’ o’ :;;o ’ n o and ot  i ’ , , i  0 : , ) ’ ’. , i i ; - ’ ; 0, l o .o,t- ,o I u i g  I ’ m ’ -’ “ ‘ . 0 ,  sho t’, It, .’ n,’, , ’t cot of loads

of t o ;- ’ f , o t n n ’ , A f  is app l ;n ’ni i t  t i m e  \ font in e. 10 , \ 1 with \ > 0 . ‘ l im i t ,  can be d o n o r ’

to -j  aol cm , ’ 3  tb ; , j - 0t r 0 i r r ’ - - t m - i c  f o r m  n o f  ( 4 . 1)  , o n m c c - t m  as f n n l  I orw’; , fo r  al  1 in in , A )

( 3 . 7 a )  q — ‘ to- : 
1 

~ 6 ( x )  - N:l: ; x > 0

( 4 . ’/On ) x > 0

- T F 0(3. / c )  x ( ,
~ 

- i t o , -  • Ou ( x )  - la— ,,\ ,,) = 0

In  t h n s  : n , t 0 , - , , , w. - ‘ f r  i l l  o , o o l ’ .’ m o o , - , n b ,  , , f o r  :,inr l - i n o ’ it y ,  t O me m n ( - t ; 1 ’ . i r , i o n d , ’ t t 0 . ’ p rob lem (3 . 1 )

(‘Xm ’’, ’1- t’ b u n  t I n o ~ ’ ;I, ’ ’ o ; , ’o m m t o t i ; o o ,  of t O n e ’ : , r ’ m O  i ’ ’ t n  ):m ,00 ’c..I’mn c- .

3 . 2 .  l.u ’b ’  l o o t  c- u I a t  ions,  By asnj um n n o ’ ;  t b o i l  h . ( x ) iii ) r t e . . .’wi o e m  i i  n e a t  , j  = I ,~~~~. ., in

we ~ amu “ i i i s ’~~r m n n , ” the  p r o b l e m  ( 3 . 1 ) ,  i i i  two a l t e r n a t i ve ways , so tOtaL pivotinng methods

can be a;-;: ie ’ nO t o  solve i t .

F i r s t  , n O  a l l  sn note t h a t  i f  m l;; ) = H x for  sor tie ( p o s i t i v e l y d i ; n j n ’n ;~~l )  m a t r ix  H

i . e .  i f  n y c - m y  O n . .  i s  l i n e a r  t h e n  ( 3 . 1)  i tnoe] f is a LCP wi t _ Fm t O e  m i o a t r i .0 11 NBSBTN, which

can 6’- ) .uo t  m n-u t I n , , ’  form ( 1 . 1 )  (a f a c t o nj z a t -  ion  of S mi m at  be o b t a i n e d )

In the fo l lowing , we assume that, h ( x .)  O u ; u - , ci ( ‘> 1) l inea ’ 1’ i e c n ’u  ‘is dep i c t e d  in

I ” i o j o i m .  4 . 0  f . m  j  l , . . ., n . S u r : t r  6 ( x ) no, ‘;) ‘n - ’ u f i t ’ C i b o y  q i v i o o n m  n,’ n u l n n n s of u 1
, ~ 0

I I , ..  ., d and r
1 
‘ 0 , i 1 d-I

-18-
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Under t i m e. ’  ,i l.r ove an ;sumptio n on 6 , i t can be yen fied  (by el enm m eim t a ry n m a u n i p u l a t i o n s )

that x solve : ( 3 . 1 )  i f  and only if a dn—vector x solves the fol lowing LCP due to

Maj or :

(3.8a) - ~~~~~ 
+ — pTNBs p

T
~~~)
. 

> 0

(3.8b)

(3 .Obc ) ~T (~ - p
T

10 ,;E + - T T ~~~~~) = 0

- - dn nxdnwith the z’.’l.ntI on ship x = Px . Inn this problem , t he new da t a , q R , P e. N and

- din xdn
H c N , are speci f ied  as fol lows :

= q~ 
~ i n

= 
~ .] (~~_ 1 ) + ~ + U~ n’~~, k 1 d -1 J

d
r m

1l . . . l  0 1

~. = 1  ~~

.
. I

L o

a

ii . .  0 , i ~ j

d ( j - l ) +1  
= u~ ‘ 0

k k+ 1 j = 1  n

~ d ( j - 1 ) 4 k + 1 , d ( j - 1 ) + k 4 1  = 
~~~~~~~~~~~~ 

> 0 , k 1 d_ l

J

Again , af te m  factori ’.ning S we can put the matrix in (3.8) into the form ( 1 . 1) .  We

would like to enn 1 t n a ” , m z c  O e m - that by pamu sing from (3 .1) too (3.8) , t.he size of the problem

has i o n - c i t  inr;n,’,u: on -i by a factor of d

Tine l im’ ,’n r i s a t i o n  scheme e-nmm }mlo y ce l  by one of the authors 1101 is based on a represen—

taticnru of the p i n  n ’ 0 ’a ’ise linear function h g iven by

d
( 3 .9 )  h ( x )  = ~ U’ x~

i=1

— 1 9’-



wj t l ,  n , 0 t i r  ‘ o t t . .

( 3 . 1 ; ’ :  03 ~- x~ 
< n~~. i 1 , . . . , d- l , > o

I I T  i l l( . ] l )  (r — x ) x = 0 , 1 = I , , . . , n b — I

d -

x~~~~~ ~~
i ,  I

sO, - u X , m . (~ 
0 n T - ,~~ = ~~~~~~ u~ , .,.,  u~ }, i = 1
I it 1 i-u

,1 i t . - ,,, 6 m m ,  i i . ] )  in - , (3 m )  a l on g  w i t h  the  ~ m J ~ co o . o o o b i t i c ’ooo :’ ’;’i e ’l o i ’ t he  n by

4d t u  I . -

d -

( 3 1 . _ m t  - Ne ” V ‘ N Z N ) x m 
5 0

1= 1

(3 ,1,1 0 -b 0 < X < i , = ~~~ 
d 

~

i t . ) . ” )  ~~~~~ - ~~~~ ( U ~ “ N?,N ) x 1) — 0

( 3 , 12 0 ) (‘
1 - x~)~ ~~~ = 0 , i 1 , . . . , d - l

to , ’ , - i i o o  i” on ; n ‘ i v , - 0 , , - . , , :  ,t ’ f t o , t I  - ,it’, ,O  i~ c ) o . j n n o , m I  y ’ ith  . , o , ’ io iv em d i n ’ ; .  t o _ m i

e’ in’ mu ’ ’.- ; ,  I ..~~ 
, u - I d , n t 1;-  1 I n  -~~., t b o , r t  t im e ’ nn 1 -y O n ,  i o u  0 m - x

(U 1 
— N’/1i 13

d 
NZN 1

has t O ,, ’  5! ; i , ‘ - - (t i e. - OLe - ‘ k - - u  I L )  I - ,n J  t i t u s  ( 3 .  12) 1;,.s a un lo 1t o e s o l u t i o u m , wh ich can

b e  ( ‘ n O’t)”oj t e . t  l~~’ t h c ~ ,t! qo ,n n  i t ’ . , : :o d e . - ’.”. - ) o - ~ o. ’ J  n o ,  [8] (de s ;or ibc - .l  n o ,  t t , e  n e x t  r o i h u r : - , ’ t i c ’ o , ) .

The o b v m ’ o n , e ,  a d v a n t a oj s . . o f  t i n . ’  n by dn f o r t - n t u l a t i c n m o  ( 3 . 12 )  is t h a t  it i nvolves only

fl I I u o e , i u  c o n n n t r a m n m t , S , O X . ’ n ’ ) - i  t o m ’  the. e u i r ,~- l , c’ u)’o~ en bounds on souse of t i m e  v a r i ab l e s  which

can b e . ’  I, , ‘ r ,t  r I as i n  t lut ~ - - I n o o n  i t  .1 n o ) , ) - ’ ,  O , e m , r , , o o l  I o;y t echni  ‘~ uc~ i n  l i n e a r  progran-t m i nr ,J

o :10 .’ n ’rnu onr ’n n’ ,n-o O G r a y - - - ‘ 1 ’ : ~ ,; , I i , : , ,  In ;  t i c -  f o l l o w i u m q  , s o -  si tall  descr ibe  the p r i n c i p a l

) - n ’Jo t n o , ;  r n ) - 4  ‘ , ‘ i t l , t , ,  i - v t - I ,  j~~- i I - , ’ O’o- i m o e k o n  ( 8]  to solve an n b o y  dim I~~ P sit.h a mnoatnix

4 N - n i .  t io. nt ui , , ) ,  r I’. , n :  cori d i t  m o n i n ;  ( 3 - 1 0 )  - ( 3 .  1 1 )  , t ime c’ o mno~ .i enmi , ’m i t  am it , y ( 3 .  l e O  is  e m ’j r t i v a l e n t
to (3.1) ). 

d
5 Tn. . Li I t hat  . 0  . , > i i , > 0 , 1 = 1 , . . .  , n , fo ) 1 o w ~ Iro ns (b o o :  assumed n’ , : , e t n i u n c i t y

Iar,rO , ‘ e - t , , . n v u  I ‘ o h  h ( ot
3 1

- 20-
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___ _ _ _ _ _ _ _ _ _ _ _

—

having the ~~~-p reo) c’ r t y .  T lue a l g o r i t h m  was cal led t im e  y~~p~~ r r . ’ 0 ’$ L’,~L)2,~L ° : fc, m I Ou,:

reason explained in [8). Time alejorithru given below is essentially the t aint : as i n  [8] cx -

cept tb_mt in (8] d is assiumed to be two while here it can be anmy positive irmtc’yn-r .

The a l g o r i t h m  is a p pl i e d  to a parametric form of an mn by dn I. Cl’ :

a
( 3 . 1 3 _ m I  w = q + ?mp + 

~ 
M

t. 
X ’

1=1

(3 . 13b)  w > 0 , 0 < x’ < r 1
, 1 i 1 d— 1 , xci 

> 0

( 3 . 1 3 c )  w
Tx

l 
n= 0 , (r ’ — \ 1

)
T 

X~~~~~’ = 0 , i = 1 

where A n, [0 , X ) ,  In > 0

In a genera l  i te ra tion c t n - ~’, tt me m , ’ exist iutdex sets y° 1
d 

such t h a t

(~
W a : basic

) y

= 0: non }’atmic , j

ansi fo r  i = 1, . . .  ,d

1)001 
- = 0: noninas ic , j = 0 
3

i ix - : bas ic

- r - : m i On b a r i c , ‘I i 4 1  , . . . ,  ci

L~
1 ~

W e sha ll cir ”n o, ’ t , o  b y  ~~~~~~~ time c’urrene v_ ml o i er,’ of ti;, oo , it om. Also we n - I c - n o t e  b o y

the n -vec to r  d ef ined  by

~~ 
=

~~~~ ~ 
n

1 
M .

i - I  j Cy

,,~9~~~i t h m l I -  Conolensed Graves ’ a l g o r i t h m .

I f  p > 0,  p > 0 and p = 0 , j = 1, . . .  ,d—1 , then rot ; : the cn ,n r n’n

y Y I

basis  q l v ’ - n ;  t he  s o l u t i o n  at A = A

2 :  Dt ’t ’ r ’ i t e m o n -  t i o e  neXt  cr i t i c a l  i n d ex by

— 2 1 —

4
‘--- - - -~~~~~~~ ---~~~~~~--“-— — -- ‘ -



—----
~~---- -

- ( ,
~ 4 - n ’ ) -

- I _ _
u 

O n 3 1, . . .  , n t

‘_ i,mn’cj cm .im u

p . :’ 0 , j 
01

‘In ‘ ‘ i n c - o t t  o u ’ ~ O m c , i ) ‘.‘ , n i ue , k ‘ , i n ,; o ; i v n , ,0 0 0  i o ,

I ( ,, ‘i t” , )

I ~~~~~~~
-‘ ‘ i i ’ 

~‘ < 0
I P 5

i n  , S

id , t~~ ’ )
n n ’ ”  n. p >

S

St e ; 3 :  I f  I n ’  > In , t ,n , c, , st - .o ~ - ; t, , , , c c - t u , t ; t  m , n ’ , f t O  give’ s c i , ,  d m 0 _ j o , , ;  .n i  in =

0 - l e O -  4 ,  L,c’t in, in ’. ’  t i m ’  ; ‘m’ It l e n t  i ; . b c x  dcl e n o o r m n o - -o m i n n  ;-; t e . 1n 2 .  ‘I ’m , - . oe.- o ’ I - i ’.’ _ m I  c l c - n o o c : ’,t is

i *
l’I , W e e  - 1 Ic cj m c ’ , ’ , ,  I , , -: C toe . ’ 0 . 1  I n n s  i - ; -

Sc

( o )  p 0 , s r - i e ( m n , I , d i , , - : ,  0 = 1

( i i )  i ’°~ 
< 0 , c ‘

t ,  1 .‘ , . . . , d } ,  tb , ’,, o o  i i

( i i i )  P S 
> 0 , ti e ~~~~~ {1 , . . . ,d-1~~ , tO o - m o  1 = 14 1

111 e m o  m o o ~ - t bn -  - t u , 0 0 - O  ‘ r n  - o - - - In - n  “ ‘: o n - o , ; 1  - o i l  i n , ’ 3  0 - - . ‘ , o :  0 n : o ’ ‘‘.nlw” of ‘1 ’ 1 ’ - ‘os - ,, .1

t m  . ‘ o e f o ’ o , :., t ’ i o ’o m n ” )  - b i ; o d,’. t n -  q .  and y o - ‘ t . n : o - l . n n . ,O m v , r t  t , - m n n - n l a : ; , ~~, ‘ rn t - , n O O t .e. ’; 1.

3 . 1 . ;‘ m’ np.i r l o ; : m m ;  of  ~‘o b 9 ~ j o n imrn e . 0’ - - ;  , , , -  I L ,,b  w- - _ u r . . i - , s o i v’  6,’ ; - u r o b  n - o f  0 , 1 -  i ’ tf l 0 0 1 0 o - J

t o o , -  l - r - b ’o , u ’.° m m n m c f  a o . 0  t o n ; ’ ’, i c ’  ‘ : 1 1 0 ,  5 ‘ m i t t  ‘ , t i  ; o-o t ’ , ’ ,; St  s ’ : ;n , -  1. on n o - , ’ “ o r  . m j : o l , ; t  ‘ “ ,u n m d

im . ( x  ) h ,.uv i ru n3 ci ‘
~ 1 I n  o n e . ,  r p m  ,- c - n no , ; =  I , . . . ,  no n o t  nO b , - n  i c’. ’ u s  t o -  ‘ . on 1~ .- t h e

Cc nnon 1- -_ o t e . m  : 0  -: , n  0 :o~ n _, cn’ .in i t im.; ’ o n , m 000t :c- n ’ n o t e n ) o c ’ n  ,.b m o - t o. m ’ , n o o m t ’ ,- t o , S e n i l e ., I : ’ ,,- - u - - t - b - - : r 61’,

(1) 1 ’  ,‘ , ‘,e. • 
~ c i i ’  ; - o r ’ I on- ’ ( n - t n t  ( 3 , 0 0 ) )  , ( i i )  t O  r ,  n ., 0 0 0 , . n ,  t j n y ’, ’n ’ o - .  m l  o ; ’ n o ’ 0 ’~ I n n , (on-u (3.8)) en ’

(iii) I :  c o - - o , j - - t u ” ’ ’ - i  ‘ ‘ m m’ : , ’ , ’ a l - ; c u  i t h m m m  (on ( 3 . 1 2 ) ) .

‘It to u n ’ - - m I : of t ‘ ‘ - ‘ co on,1 - - , i i on t o , n u i , o ° a:’- - in -’ r ‘ n -Cl i 0 ‘I ’d 01 e -i - 1 - ‘I’ni non i k e .  t ine Coi n, 1 ,. in t o  - -

i t  i ’ . , n : , , - - ’ 3 t i , , n t ; - ;o e ( i’ o - . n I i ’ m , : ,  of ‘ ‘ n i n - ct  two al g o r i t l o mn e. , a m ,  n -  ‘. t ~~~I ’  i n n  Sc- , t i c .n  2 ,

a m , !  t O o, ’ : - ’  r I t uo’ 0 l i i i  ‘u n - non ’ ’ a m . -  t O t c ’ ’ n o n -  a ’ .

It  m u ’ ,  n- I n - _ m r  m ’. . t  fcm e.  ,! > I. t O n , ’ ‘ . 00 b - n o o n - n I  tL_m ’jn ’to ’ ain ’t .’nitbmm i t .  a l w ,n ’ ’ s  su p er i o r  to

I , ;  ‘ - ‘ :o ’ W i ’ ; n - - ; - ’  ‘ I  t n  i t b  c r x ’ ,  i m u , i n i ’ n n \ ’ i b .  ‘0 1 , _ m t  T ’ and T ai c- c1,- n : , e~~ . T O ntn ti ,

C. “ f ” u  I, ’ ’  i n n- o t t ,  t n ’  1.

i n -,,



____________ — 
Le.n iouke compact i n v e r s e  condensed Graves

storage d 2
n

2 
+ T ’dn + dn dmn + 3dm -I 

in (nn + 1) 
n

2 
+ Tn + 2dm

o1oei at i of l  
dn 

2 
+3T ’dn T [ d n ( m + 3 ) 4 2 ( m 4 l )~~~ 0 .TL~J ~ + 4Tn

T_mb le 3 .1 .  S to rage  and op e r a t i ou m  counts  fo r  th ree  a lgon i  t hrn~

Leitmke ’ s a1~j, o’i t.O cn ; w i l l  i n - ’  o m i t t e d  [rots further considerat ions.

Tine. ’ i - d a t ive  a d v c u : m I ’ o i o m ’ of t he  two r05-ecial—purponoc , tb - ’; s r i  t °. ,o n , ’, depend on the  values  of

o , m ,d a n d  T. II ,- o ’ t o , n i l  d i , o , . -u tm s , below , 1; kc - ly  v a l u e s  of ni , on. , 3 and T in p r a c t i c a l  ;n r ob lc :n n ’- ,

hut  in jcn,cr;n], tOn, ’ f o l l o , e i o , ,’o may  h c’ a s s e r t e d: The con,’lensed Gr ; rv , ’ :o ’ alger ; tt;c is more

ad’,’, n t ; t  :uo m n - , - . . o: s’L’.- m o  f l u /n o  i n ;  lam’ ;, and T is smal l , a n n - b  t i m , ’ . ;n on t ,o ’O. t inverse  a lc t r o t ’ i t i n - t o  i s

n~~re ;ndvai,’ ,,-
,,, “n o ’ c Oo n -  no nn ’r; i s’ erno ,o L i  and T is I ar c j n :

In th i s  p am ’ t i c ; i i a r  mip~’l i e a t i on , t t o e  m a t .r i - cr- -to i nvo lved  ( in  ( 3 . E )  and ( 3 . 1 2 ) )  tend to

hi-’ h i g h l y  d ’ :o ;~~c.

The va lue  of in ce,uld bin q u i t e  I c - n o o . . i f  fo r  i m n o ; t a m n , c e  l i o n ’  c mi ; nh r -r l’,- i n q  st r uct u r e  in ’;

cc ,o , i  i no.0-os In ; ‘ o  ;u o - l  j r - ,,1 r o ,’ in f o i r o. ’u ” o b c omnc l ’e t in  f r a m e  pre .b le’nnt s , smal l  to nmm ediu tn; s ize  n i s

CX);. ,‘t,e d ,

The va1u~ ‘1 m v a r i e s  f t ’ om mn one prc.bl’~ns. to atoc ’ tbn ~’i , but the r a t i o  rn/n i s  expected

to be i n n  t !o O’ r i  -; O n b n m n n  Ion - n m -i of one h a l f  in most cases.

The value of ci depends on how accurately the piecewise linear approximation of h

must be done . In r e i n f o r c e d  concre te  f rame problems , for example , d = 2 or 3 seems ado-

q n ,at e -

F i n ai J y ,  in  t i r i ~~ app l i c a t i c im  the number of pivot’,, T , is expected to be of a modec-

ate m a gn et o - i - , eve-n sb m e n  the p a ram e t r i c  problem ( 3 . ’? ) must’ he solved , the r ange of A is

r e l atively :;n :nil Time actual value of 3’ could be highly variable but in general  it is

expected to he large wi nen dn is  l a r e (note t h a t  in ixith (3.8) and (3.17) there.’ are do

v a r i a b l es )

—2 3—
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3.5 .  C,..r ’. n o r n m n ,u ’ , .  n u n , )  to , ‘, , t  to -: ha ‘ - ,b em t In , ,.’ r.’, o o n . ; ’ ;t r m  Son im m I, • nm :; of  t hc’ (n ; ’ o i n ’ a t  I c -on coutots

i t  1:, e.:xp~ - n ’ t r ~J t O non d t O , , , - ,‘n o 1- , 0 0  do . , ;nto, ’ 5 ’ m l  qo,oi ’ it  Ii , ,  S o l v e : ;  t i m e  pm ’ oil n l o - o n  m~,,o .. qui’ -k l~ ’ t han

the c’ c’ n o o h ’  -n ‘0  n o v  in u s c -  n t ~J c i ’  i t  i t0 i , W I ;. in tim/ n is  l ; , rc ; cu’ and t o , , ’ i - el at ive  a d v a n t a m j r ’ is reversed

when r i .  I - ‘cc - no ,  o ; m o o , n ;  1 ( m o O , a - 0 m l u e  of rn/n w i l l  be cal l ed  time r e v - n  Snil ~‘ e I u e )

I r n  , - , - I - ,’r t n -  ( i )  c c -u  i t ’  t O , i : ;  t, e o , , 1 n - ’ i o ’ c ’,’ au , , O ( i i )  de. t , - t n n n i u n . ; ’  the rev co i’ ca l v , n b m n o ’  of rn/n ,

We O,.i’,’e J o ’: b - o n , , -  - O  ,n C, OSi ’ ’ . n  at  n o u n _ m i n ’ , , - - m  o ;tt ’c ; m l  n~~- o’o ;oar in g  t i n , :  e o :nm ; ’u t , t n ’  t o n a l  t iunc:0’. n ’ r ’g(i ; r e d by

tOme (So n .il’’, - o  m o m , , - .:- to u ’ - n , I v e  sn,mo . ,e ‘i’d O ’ l c ’fl t C ( m m  v ar i o u s  s i z e s .  The r e su l t : -  ar e  rn ’ ; - n ’ m ’t  ‘ 0

‘do -

b’, 7 (St ,000 ,;,, O i ’ c m , n , ‘, , , ,  Smi l o/e l the  n by dn LCP ( 3 . 1 2 )  by t I ;c :  c c o m , ’ In ’ cc-cl Graves ’

a Ig ; ’,  m O O , . , ,  iron 1 c ’ , .o’ t o  , ,O d.ot - n 5 -0 0 h o a r  m onnue y r  loon’ : ; of 0 , n o  and m ( c m ’ o’, I_re. ’ l eo - ,;) . The d a t a

W n ’ i e . ’  i’ , n o , ’ :n m i - ,’ c- i - -o a t ,  : m u ,  t b , c -  1”o U - n .o ;o,~ f er n -n o o i t i m  t im e r o l n o:. ,- u f m ed ; ‘n ’o ; ’n r t i n s :

q > 0 , p = _ N , F. 
< 0

t i  = U~ + aG
’1 

wi th mm by ri  a a :]

t O  (1] r o i l - n  , . . ,  C I ) , i = 1 0 , w h e n ’ ”

U .  S . . .  ~‘ U .  > 0 , j~ I , . .. , m
3 3

:
1 

0, i = 1 , . . . , d — l

Wi-  t b , . : , coo, ’ - , m Led I O O e - 0 , ,  I i toe . n o b , t . n i n t i c  eo m : re sp o n , - o m o o  ,; l.CP ( 3 . 8 )  , and solved i t  by

the L’Ot n oj  O n _ C m u ,  :e 0 - . 0 0  ‘j m i t ’ i t  O n; - , ,

A t o t , , ! en ) b i n  ~‘ . - i b .  o n . - ce rc C u b / c o o l  boy  ‘‘ - o h  of 0.0,;’ 0 ; .  ; , l o n , r n ’, t O ; c m : , wj t d u I O n - -  f o l i o’,,’ —

i mg va 1 m m ’ - - o n  0 , u m ,no , , I  f lu :  p m , , 0 l n_- n ; , : ;  ci t O t  t i n e  Sol i ro -  - va lu e t ;  of ci amid to are ( ‘C0o ~ o, b ,, n-- c-cl t o

be I m u  on e y k n ’i :i ,

Grou p 1: d = 2 , n “ 40 , tom 2 , 4 , 28 , 10 and m = 8 + 2t , t = 0 6

Group 2 : 4 = 2 , n ’ - 5o) , m e  2 , 4 , 30 , 40 and n n t = 8  + 2 t , t = 0  10

Group 3; d 2, ii — i - nfl 2 , ’i , ’ t - 3 , S0 and m 8 + 2t , t 0 13

Group 4: ci — I, n ,  — 70 , em . i , , 4 - , 50 and m e  10 + 2t , t = 0 , , . . ,  15

Group 5: (1 ~- ,, — ‘ O , , — .0 , 4 , 1-I , i~ i - i n  o r b no “ 8 ~ 2t , t 0 In

Group C r :  d 3 , no * to ) , me — .° , -1 , 38 , 4 ( i  and  in, nr g + 3t , I =

Group 7 :  0 0 , no — f no 2 , 1 , 00 , 0 ~nn ’ I to- ’ ‘- 0 3t , I 0 7

G r ’ n m u ; A :  d 3 , mn = 70 , u , - ‘ , -1 , 4b’ , ‘nc ) ; t , i , I  m .~ (1 9 It , = 0 , . . .
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We wrot e  a b ” o ’ r t i ’ c - o o  1-r om ir am for  the condensed Graves ’ a l g o r i t O n -’. ~‘h i n - ’ t ’  s.n - I ‘n o - ,  ci - ‘ n o

t O ; -  .i’ ;’ -,’ i m i e ’ .i t m r n : S  s t , n t c ; O  in  d.o ’ c t n ; m n  4 . 3 .  The pro cj ra mn for t l n o  ‘- n r , , ,, , t  iS v ’ 0 0 ’ ’, ;n ] q o c r i i  ~

used w , i O ; ’ :, :. o :,t n : i l l y  t i m e  same a’o tha t .  mn e ’u ;t i onn.-d ito Sect ion 3 , i x , ’ -: ‘ 0 -  - t  im o t t  ,nm: . m o n - I n —

f i ca t iom wIn , i c O o t . t k , ’:, i n o t o  account  t ime special [onu s of the m a t r i c n ’ , .  P as I N

Results uno time n’ x i ’eo ’ to ment  ;t n’ co , i t t  g ene ra l  , closel y in a ‘ c - mi t  d at ,  ‘ n ’ so ’ 0 t In . ;m: .c - 1 n ’’ n~

based on t im’ - m o ) n r : r n i t  i n t o  c o t _ r o o t s ,  Some of them are.? shown and e x p l a i n e d  in l I o n ’  fo l  io-,; i m u g .

10-g u t , ’ - I ,r!~ ; n ; ~ ; n : : :  - c-flj’;it n-,t ion -n t imes ( e x c l usi v e  of l n m o o o o t .,” ooi ’ ut  ) F o” i ’ - ‘, ‘ r a t  i c - t o

i i i  bat O m al yori tOwn s are d i  o n o , n ,  f o r  problems in n- c- cl: of t_h’c’ c’~i o ; t  on,roo.m : - F’ic~~nre’o 3 . 1 —

3 .3  are t i m o ,  -o for  Group r. I , 4 and 7 o  o thers  are omi t ted  o:ilice they c - n p e n _ rr qu.i t m s i m i l a r  t ,’ n

F, cn : ; m ’  no O o- ’s_r , 0 , - n ’, . ‘i O ,n ’  0 m t o o v e — i s e n t i on i e d  t en th - i cy of t h e  relat ive:  advan tage  of u _ i n , , ’ a lgor i  u _ lo r o ,

is  c lea r ly  o i n - o o , n o m o n ’ t n ’ , , n - -d in all  t h e  f i geures .

‘I’On , n ‘c [ u - n u n ’ s ,‘m l c ,n c o n m O o r ’ s : ;  cm r e su l t  of thc’ a n a ly s i n .- i n  Table 3 . 1  t h a t  t h e  t ime  ) n_ ’r

o t e o ’ u t  m en u no the coo’;j’ , n: ’ o t  i mu ve r o o t ’ al g o r i t hm  I o o , ’m ’ n - c - : o ° ’ ,s qoo . i .b t ’ ,’n t i c a l ]
~~~

‘ in  m . Fi gure 3 .

: ,  o w : .  t o n ’ t o o . -  t t o o, ’ ~‘. ‘ m i t - - n ’  , o t  10 ’ : ;  ~~fl n_ i o n ’  i,’n ’ o::I . ’n:  : 0 )  d t ’_m ’,’ n’ ~ ’ ’ a i n o - r n  i t  ri i i  . : c . -  , o ’  n0s  l i ne ar l i ’

l.a ‘I’ , C n r : 0 0 0 1 - .o’ . i n o ’ )  t b - . - :o -l’ o ’ ’ , .n ’ - ’:’o-. l ; t n i :n’ - ,mo l _ -e t ; c o m i  ‘res’nol,t on  “n’, 0 0 ’ l ’ .o .1 . 1 ,

10 F i g u r o .’o o 3 . 1 — 3 . 0 O h ,’, t i m e  per i t n , :n -’ o n t  o ’ : ’, in  0 0:,’ coo:.), to;,” 0 , n ’ ,uv,-: , aln3orithr, i appea -r

to k ,oe drj ’ o: i i -  .n ~ . O n n )  m u  rn ,mi ; o i  ‘ b o o ; . . i t o c o n f l i c t  w i t : , u_ On- - .u 0 1 0 m l ’ ,’t ic im i m r ’ c - c P  I. (which  is m cmi —

~on : n d i - ’nt  of mc ) . Tin  n’ was , 0;’cms’.”,”,’r , a n a t u r a l  ,,‘onrm:. r - - :m u . ’;mcc’ of t Om :’ fac t  t O _ m t  T , the

7
m o m:nn ’cl nn r of i t ,  0 0 , 0 00 cr ’, r’,,’,o ; i’,’cl t n - n  r ;olve t , O:r ,- pr ’ n I _ b r  ‘ o . ,  t ended to be r ;m al icr as not becam e 1 no.

r ec ;,l l  tha t  t i . - t i m - ,’ pet ; u_ e m o t i o n  i m r c ’ n ’ n ’ ,’m O’. m - o .  I n u o ; - . io’ly  irn ‘I’

A ppr ox :: :o o t co ‘int l un_ :o of r ev ;- ,  :oal  we:r,:: d o t ’, n - on ;  ned in  tOo ’,’ fol l ow imug  f a sh i o n .  In F ’iqures

3 . 1 — 3 . 3  (c-ito) i t t  s i t : ’ i  ) , n , r  one:. not.  ~
-.O i o ~~.’.’ t ,  ioc ’r ’ ’)  we - i n ’ ,  s’ h o r i z o m i t a l  l i n e s  to indicate :  t i m . ’ t i:’ re

per it n - ’ n ’a t  i O o t ,  I t t  t h e  n.:n,no m c br ’o ;:,n’ n-i Go ’ ,n vco ; ;  ‘ algor i  i Ou _ rn n- ’or re’ ’:’ “0: 0 ,i n m q  to a ~rr~~b.m1 - -n o wOo ich is sc’n i  ‘.ini

in ‘F it ,’, m , n t  i otiS , oh - n ’ , - T i s  the average of th e nun’.b~~rs of i t ’cr at io n s  necessary to

t ; , r I ’.’ r ’  0 0 , , -  }, , r I n ’ b ’ : m f l ; ;  i n ,  (i n _ r U J ,  1 , 4 and 7 , r e s p e c t i ve l y .  We rt oed to do so since the time ~.ct ’

i t ’  t n t  i o n ,  i n ,  tOme  coo - n ; d , - r t : O r ’J Grave n . ’ c’i lcjoritiiin depends i i  n n ’ _ m r l y  in T (as shown in Figure

3 - - 1 )  and ( 0  n tum imbe r .,f i I_c t - at  ions needed to so] vi-’ each of t ime problems in ; each group

v . n m  it -

7 T ) u i t ;  t< , : n ,  0 ’  0 C’~’ may hi-’ n t  t r ihu t e d  to the mannm er in win i ch the data were constructed ; we
do not c ’ I . , O ” o u , ’o t ”  on ‘ b i t .  po in t  lucre , howeve r .
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in  o n  t I r p m ’  m ’ s  ,0 - 1 3  . I I n  - t m 0 . , ’ t i , r ’ L o u  rue n o t  no.  o oj  t e- S~ cr0 - 1 O ~ 0 t ‘‘ t I n e  “ c i

c-i,: m “ , n b , o I  , t , 0 - , t O , ; -  - - i . 0  mt  ‘o h m ,  0 : n 0 , ,  ° - ‘ 0 i i l i i i ’  mom - I :. t i . - ‘ o n - i n . n  t t - n m V,

.0 01 , , :  t . t m o o , ’ 0 - 0  c’o - : oo l’ ,, ‘t  0 n v . ’ 0 :,c - , 0 1 0 -, ‘ ,  I r I m , m - , 0” , i’ m i n c :  L c o . ,  , - ‘ , .. ‘‘or it m n - n n , ’d i l .  rye ,

*
u t  i t ,  ~~ n - , o i n g n ’ ~ i c - t m ’  t o ,  c o m , s t o l r : m ’ m h i .u: . n i o . n j i o i ’ m r x i : t o ’ t ;  i’,t l m m n ,  c - i  m .  i e m o - n b , ‘ t o - u ,  ,t .:t i i 0 t , ,

d~~~, . o - , i , O ’ c n t n  V , 0  n, ~~c- of C c , ,  0 ; - . , )  c - I n , t , o t o n n n ’ oI I i ~n t i t i s  f S - - I , u - n uo a l o m o . ;  i - r i b ,  - o m , , , n t i , n ,  m i -n , , ’ i ’ - : ,  0 - n

e - In O n  00 - ic-n ‘ci; ( t O ;~0~~ O ,

G m ,  ‘ 0 0 0 l 2 3 -I On / H

I 

- - - -

- - 3b hI / 0  to t? “11 1 00 3 0 ’  tOit,- , .,t m o t o r ;

0 :‘ ~ ~— 

do n i / 0  [ I ~~~~ I ‘
‘ i

Tal ’ ’m m - ‘3 ;r ~‘o ) o ~~o o X O t0 o ’ t m ’  m m - n _ n  : : , , u l  ‘, . , l n o e r , ,

Wt: ( ‘ o n i n ’ m ? t O ; , - t  n , ’cn i 1’ ,- n i - m o o t  ion  0 0 .1 t O , ,  r , ’v, t o ’ , t l  v , o i ’ : , ’ t e : o o . b t  0 ,o h,, l i t  a’ w h e n ,  t O - m acc r c - g e

r o o m : : , ,  t n - n t  i t , - ;  ,,t i omu s  n~~ i c - n  o n e ;  m - ‘S o n ,  , ‘ t o t -  nI I n -’ t i m e  , m n o . o i ’ :t l c o ,i  e m , l t  i n ,  T , n t . I ,  3.1.

0 1 , 0 0  I 0 0 , 0 c: onn :r , - a t  - n  t j o n o , , m  1 n r c -  on I t  ~ 0 , w, ’ n , t o - i  t n - n  cm rm )o, 0 r t l u l l  ‘ ‘ ‘ n - n ; , ’ - - t t O , , - ,o, O, In ’ - - o

.1. 0 0~~I ; t r ~ - i i  o i i ;  t o - m i  t OtJ) ” c’i  m o n o m l  ‘~ n . m t o ; , :  , ; ‘ i o o l , - m ’e;m -d n i  i’,’ 5. ’ ,, I o m - , o;  : 0 ’, , , : .  n.n ’. n - - r  I,no’mkec- ’

S it , ’ i c i i 0, t t o  t O ,~ ,‘o 50 -‘ i. . n t  m c m i  t 1:00 - , - .

3 , 1 ( e n , , , i t m ’ - l  0 ’ . I n  ( - n  :,t n’ ri~~t : , m ’ .t l m o n . t m m m r _ - n i : ’ )  , m ) - ~ ’ I i - ’ o o t i . . o m , ~n , o , n om n l i , n o  t Orn : f i t  o , , m n : o ;

cc’;, ; I r ; s o n - n i m t ;  “- o m  t l 0 ~- s u i t a b i l i t y  not t i , :  t , ’ , I o n t : m ; n m  “ ‘ L i o n ,

( i - )  T1,e.: n : o m r - t , ’ - t n o o n -’n] Pt’ ,, , ’, : , ‘ a J - j s m  0 ( 0 ,~n is a i w a y t .  i n , - t t  c r  t i nt i ,  ::n ’sm mo ,u l g o r 0 0 0 m o :  , b o t h

j i m t i c - nu t s _ , f  t i n -  n - cr:om l ; n t m ’L - , t n ’ r , o  t’  i t , , )  c ’0000}-: . l  ‘ m t  i c - n m  tOot , ’- m e n - 4 m u i r - d  t o o  ; ,m , 1 ’ .’ n ’ t O , ,  ) ‘ m n l o l n  0,.

( t  n o I n  u , y o ’ - ’. i n i l , mom (Soon ’, - lit i~~. , r t n o n i n t  to /2 ) , t O , ,  c o n n m o . O - s m : m - - t ( m d v i i, ’ a l u e n o ’ t

~ r_r 1ye.: 0 0 , ,  ~ - , , n i , b o  in t 0 0 0 C c ’ ’  i ; m i e k ) ’ ,’ m n m ) r i r  L o o t  m m - n m ,  ‘ t o ’ :  o g n -  t,Icro”n-° t i m ;  t,h~ c,;: 0 . ,, t i s v ,  n ‘ c o  a l —

gon’it

( i x  m ) ‘1 1 m m -  n . o ) no : ) - _ no t ’ t o r e - ’  am’ a ly o n  i t  O , m n  j 00 m t  t O - u  I I n n - n m  t i n ’ ’ m,, n n ; o r lo ’nuoc’d Pr ,‘t ’,’ m , :: ,  ‘ , n i gcn i c- t t o ut ’ Ii;

t i m  m n ,  ci hoth .0’,, - n - I :  ,tnd n mi - j u t . ’; t i nmo ’: m l  000 , ’ m m i t .  n o _ r h I . t t oo l  n l m m  i s  i n  go - .
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4 .  GRAItbII ,’I’ l ‘ °P fol’i’i.I(’A’i’ION

4.1. Protmle :no Pmiscl i }otiomn . In this section , we discuss the third and final application of

the d c- t o m, of LCP ’s and PLCP ’s with ma trices of the form (1.1). This application arise ’ s in

the  arc -cm of g r a d u a t i o n  or curve  f i t t i ng  and s m o o t h i n g .  Before d es cr i bi n ig  Itow t he  c o m n i ( I c ”-

m c n t t a r i t y  probl . ’tno;: Li nu, ’i go: we exp l a i n ,  the mea ning and proc ess of g radua t ion  in the  c o n t e x t

of e ’ct  mu, u n i a l  moc’ u “:0cc- co . ‘I h n o - f o]  I c n w i : o r j  do o, c05000 i on in ’, ina t oe d l ar g e l y  on the exce l l e n t  t r io  , ,t i se

o f the : - o i b ’ l n - - c t , a m or c - a ’ gr a ph  by M. D. M i l l e r  [ 1 8 )

Tb n & ’ act  o m a n -  ‘o- i n ’ .  -co o o ~ ,‘i ’ , oe . ’oO w o  t O n  tine continqe ne ’ic-,;  of death , d isah i  1 i ty ,  r e t i r e m e n t ,

t o m c k ;’,n ’ - , :’ , ,  w n t i o  b ’, ,, ’,, ’ .,l , m o o n  , m j o ’ , e.- t c-. Iht must  knn ow t i m e -  ~‘m ’ ob ,_rio ; l i t  ies  of ; c:o ’h event  no in

n - n y - I c r  t en n o  - :1 , - ’ :,n- m e  f n -t ’, ‘. ,n c’ n o _ u t  m’ i::ncm_ o t t o - I  i n  o n -n i .  n to bo o : ’ able t o  ca l cu l . n t , n- j - r i - m i  ni~~nn , rn - ’ ’

‘:0 ’ r e ‘-o , a m , mno o  t i i ’ ’ ’  .u :,,i so f,’c- tOn , 0 c m ’ in sm .t r anc c  and 01, O, c: 1’ f in c_ r i. ’ iom l 0 n n o t i t  - n t  l e o_ rn .. ‘I’ab] c-s

S o t  t i m n c j  t o - :  i O n  o’. u o ,: O ;  j n ‘ ‘ l r , u i o m  l i t  n o , : 0 0 0 , m ’ c t  ki n. c o nst ru c ted  and for t h a t  purpose , obse rvat  ions

arc’ m ’_ r . i , ’ of th ,c 0 : 1  u o on c o i n ;  of o - mm’ ,d o  n,’v,-y ot , ,  - Gr an lu a t  0 n - n o  i s  one of the ’ sO c},r:o in  the c o n o : ot  rue—

n c - n o  of t O e , ,’, t _ m O - l e ’; .

111 , a :; - t  ic’s of o t m : ; n - t  yi n-i ( ‘t ’001 , t i-0 o l o t  n ‘ :0 Ic f c , u o n 0  I : ’  c om n t a i n  0 ;  o ’ n.’( J U iOr  i t  in ’s. It

itt s’ it im i r u .  o o , m l a r  - ‘ i  l e o :  of m i O o : o o ’ i ’ v ’ O  v.n l n o ’ - ’,. of cont m n u . r ;u : ;  v a ry i n g  q u a n t i t ie r  such as mar—

t a Ut 1  t a t r ’ t ~~, t b , , i t , t O n . ’ ;o r ent’r l e : : i  of q r a d m t a t i o n o  d e a l s .  F o r m a l l y ,  g r a d u a t i o n  may be d e f i n e d  as

the j o n ’ o , : - ,’c- t ’  of :‘ n - o ’ u m ’ r o , ’0 f rom am ;  i r n e g u l ; t r  ton r O e s  of ohn.erved v a l u e s  of a continuous vari-

able’ a r , u to0n- ’t ’, , n m.’ r ;m i l a r  m c - o r o ,, -n: n . f  va l u i’ s  C - - n o - o C t  c- n o t  In a general way ‘w i t h  the observed

0 
sm - n - i ” : ;  of v a l u e s .  T’ m :  : ‘~ smooth sen’ic-; . of gr a d u a t e d  v a lu e s  i s  t hen  t aken  as a r e p r e s e n t a t i on ,

of t O r n  undoo ”t y i n q  law wbt i ch 9_ m v’: m i ; ’ e t n - n  t h o m ’ moe r i i” ;  of observed v a l u e s .

0 Ther e are :-n -’ : r - r cm l t l o . ’ g i e t b ’ o  ,l  m e ’ o t : - c _ r n - , j u s t i f y ing t h e  p ot :t t m la tc ’  of a smooth r e g u l a r

u n ; 1”r ly o “- , t ‘on - m e:, n - o f  true values n m m m  the ~or o c - e c - s  of graduat ion o . Onto of these reasons can

be deal t w i t h  u t o i n o - )  the n im athem i tical theory of probability, scc’ (18] .

Axnnong those tm~’thod s by whi ch the proces s of g r a d u a t i o n  may be accomp lished is  t t m n o

d i f fc r emce.,’-eq uct t io r t  method . Thi s method is founded on the formulat ion of an ana ly t i c  ex-

pression unin -’ as urinq the combination of two e s s e n t ia l  c h a r a c t e r i s t i c s  of g r a d u a t i o n :

( i )  smoothne ss; and ( i i)  f i tness , or consistency wi th  t ine observed data .  On the one h,’ u i o - l ,

the graduated n o e r i e o ;  should be smooth compared wi th  the ungr a d tu atcd series;  on the oth e r

han d it shou ld  be c’onto:istent with the indications of t i r e  ungraduo mted s e r i e s .  Bas ica l l y ,

— 2 7 —



~~~~~~~ ‘ —~~~~ ‘— ---- .-‘ --- - -~~

tb ,n ,m,c’ t ’ .-n .~ ‘:. o 1  0 0  j e .’ r .  e n  o - ’ o , - - o t i , n i e . ’ n _ ’- , r - .;, ’I In o t  ‘-t o o.  o u r , ’ in c o ner  : o t n ’ m . m  i n  t i n - - o o n - - n i a c -  t O , , o t  o , mm r ’,im .m t 0’ -

oc r , : .  n . r e n ; ’ i : ’ ’ 0 ,  m , , - o o e n v. ,o S ’ ; t O , o - o m t  m o n - o s , , :  , ,,- i c r i f m c o  of f i t~~n - o , : o , , u m , ’ i  v ice ‘, - r - r o i a .  l ’lt is , o t m i . ’rt t n - i : ,

S 51 n , n u  l , i n  t n - n  M u  I,’c’w i t  z ‘ to e , n t ’m \ ’ ,iO j uno,:, ’ model i n n  }o ’or t f co l io a n a l y s i s .

N u m er i c a l l y ,  smot o , ’ - t l m ’  o c: ansI f t  t’neno n c - m o :  rrt, ’c-suro’d , n .‘-  
~~~ 

;ot  i v ” l  ~‘ , by

( 4 . 1 )  1 = w (u - u ”) 2

x=1 ~ ~

ansi

n-ut ;
( 4 . 2 )  S 

~~~ 

(A m 
u ) 2

Sm ,,

u ” u , , , , : , , , l a n t , - O ‘ , ; l o m ’ :,  f o r  i m o r n - . I c , u i v mj ln u c ’ s  x = 1 to x nx
u ,~ cou ’ u - - o -- ] ’ . 0 0 0  : i ; , ’1 yuo , n - h - m o o t c - .I _r ’ , , I o m r :

i. = e.° . 0 : 0 0  Ct : ; r ’n - n 3 i o ’ - cl t o I t O ’  vom lime n.i ”x ‘ ‘ X

no , t o .  1 . - :  ,,.., ,~ d I n  t n - i c o n , ’ m ’ of ( . 0 ; - , ’ ~~ -‘ ° i U c - t c - o i

~ 1 1 1
m r  ~rn

i (m

and

= u t ;  go m n n o o f n m : o n t . : o ; ’ ;  t O:- ’ d n - ’ _ m I i r, ni d c - re . - , of smn , cn , n t  0 ; : , , :’ or; tyloi ’ - l  v a l u e s  are

1 , ~ , -I c - i m n i  S

If  t O , :  m o n n q  i n , ;, n t - r i C’ ,, t o ni , .  ‘ . “ t i - p t  - - n o t  C i o n -  to’ m t , n l it  y rate ’;; , th eun  t h o u  w e t  g 0  t - - w are

n o o n m  n o - a l l y  , n :  : 1 t o ’ - ’] I n ( ‘ i n :  t ’ . ’ O 0 , , ’ t O l i m o ’ :  , 0 0 0 0 , 0, - ‘ ‘ i ’ :  c ’x~ o n ’ - , n~~1 t o  t i ;c  r i sk  of ,0- o m t i :

For .n m.p cc i  f m c i  C c - I ’ m ’  of inn , t O ; . -  d o f f  ‘ i n  : n m : e . : — n ’ o ju ~_ r t  i n - n o n  g u . t o o i m o o o t i o n  forum- a la , mml :,o n - c —

f e r r ,  -d t o ,  0,5 ‘n’ n ,  n ‘ o , r o n -  u , - u n t o ’ 0 , ’  y a c - z n  In - , : n o ; , , ]  cx , x s  den- iveci fx ’om mm t i n e  mm m i  m m  z , r t  ion  of t he  expres-

si on F + ko ;  . 0 , 0 - r e  I’. is tite coo _ r o t . n m n t  i n d i n - ,t t lm o oj the nc- I i t  ive  e . ’ m t t j ’ b o o o o ’ i a we are . ’ p l a c i n g  out

f i t n o o  - s . u , o o I  t ; m n ro n t O ,  ion ’- ’ ’  In ,  1 - o n ,  t i m i ’  n t ’ .’ : t o t  n o f  , l m - n - - t n o r n n - :  m r  ‘p o t  ‘ ‘r ’, , it. woe, ço ’- n o ’ ’ m ’ _ r l ly  fe l t

t i , , : ( 0 , 0 , o j ;  . 0  ,o t n - n i t  n o n - I t , ,  I , w h i l e’ , o ‘ n t t~~- m n o ;  n ’ x o ’c l I c ’ r u t  i n  o m i t  ‘ ,, in v o l n ,’, d  a w o r k i n g  procet:n0

SO bu n ;  - m i , O , O t f t  i c - n u l l  n o ; t ’  t i n  0 0 - t n t i o ’ c - l  cx’ ’ ’ j o t  for nni ,_r~~, i ; m n ;  g radu cu t i , , . m ’ ,  of ccnn side.’ rablc

m i , ~ - i t  , , n . -~ - l u - - c u t in e : l c , .o , , as I t 0 ,., ’ i n - n m } r n o j i u ( ~~ ’ - i  n n , m t  i n ,  1 7 ] ,  t h i s  um~ ’t t ; m , n,i  is  r e a l l y ve r y

5 i m oo~ . 1 m - , i - s i ’ , ’ - n c - I  i ’ ,° s O r t ,  .‘ , - n  b r u n o , , t i  o x  c-’rt ml m i i i  I n; e m T n ] o l , ) ’ ,’ o ’ o i . I m ’ i d , - n - ’,l , u t  u mo. J u ” and u

“7Im~

I



be the vectors  of i m n y r a d m i cu t e d  and gr a d t m a t e d  v a l ue ’s re . :n;j .ect iv c ’I y ,  )~ bc~ the d i a g o m u a l  m a t m - i x

of wt ’i gh tt ; , and G be the car f f i ci e n t  m a t r i x  of the r n — t b  order  d j f f e ’ n n - n _ r c , n  o p e r a t o r

i . e .

0(- 1)  o
( 1 ) 0 I 

(
int

) ( 1 ) 0 
.,~~

( 1 )
0 2  ( t’ l ( 1 ) m l  

...

0

1 : ~~. (
~~~1) ~~in 

0

( 4 . 3 )  G ‘ 
- -1

o 1 ( f l
iO~ ( nit ) ( _ j )

fl’O 
0

o o S
’ .,

O 0 1

we have

( 4 . 4 )  1’ K: -  :u
1 (~~ kG - ;’1 ) u  - , , 0T 

~~~~~ + u ’~~ u ’ -

Di f f e u ’ m - n u t  m 0’n t  ion w i t  it m ’ n ’ o ;’ - . ’ t I o u qi  e n ’ ;

(4 .5)  ( y  + kc o .’t ) u = 1 u ’

from w O m i c h  t i n ’ ’  c j r : n : h n i  m t r - ; O  - n - i  O r  (u ) ru n h - r n n i - n  m o o e d u n - I t  l y .  Ob serv i -  I - ‘it G is ofx
order n by ( m n — i n n )  m u d  t i n -  u no :o ’i ’ - n m -  . 0 -  ; , , , - : m t , o - ’ n - , n , ’O u n of i t ,  c’oli,mmrm arc  d e . ’ f i i o n ’, In to -5- the Cm 1)

b i n o m ia l  cs’:ft  i c ic iu t s  (_ 1) i-
, ( _ 1 ) m )  

( rn ) , , .. ,  1 . Menu n ay ,  t , ou c h row ‘of G conta ins  o t t

mst (in + 1) non—z ero  e . - m m t  r i o t , .

Surn am ing in ji the above eli scu sr jorm , w, ,’ c- e.’ n’ I ic-i t I t o  d x  f f  - u  c -nm ,- , — ( ‘ m u t t  m n ’ s  ,M m 1r n  m a c l u  t o n i

graduation i n v olv e : .  iu oth i  nq 1 ‘ : t  I t , . ’  moo] n i t  ion  m l  - n  ; ; y o o t  em n o  f i i  i n c - a r  , ‘ n T n - i , n t  m . ’ i , u  ( 4  . 5) der i v e d

f rom an n t n n e f l n m ’o1 r , ’n i n i ” d m u m , i m ’ , m s - n ’  m . n n n  j ’ o - t  l ens .
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1,,-n - . m ; t n  th,n.’ : , ; , : u  t i n , i t t i n m o -  i n ’ j m , n m l c - n  ~~~ 1 -  0 1 .  t o n  ‘ i n - o n ’ , c - i  - t o , ,-  t ’ n - ’ - r .  n o t d .  1~~’ .~ n -

c o  o r - i ,m n d  m.oiiCrO l,g i n  o . o ’ , , m ’ci ’tn .: m  0 ;  , n ; . , h  j’ O. n ’ it ’ ,,.,, i - 1 0; iC t . 0 , o i  t 1 ‘-t o i n ’ .o, ‘ - , 0,- n’ ( k - , t m ,,,,t i t i n ,

h i t o n , - , t ,n :noi c- cou ld I ’ ,- m r n j ’orov ,’d .  1 mm n t  i . ’ o i l , n i  , co o ’ ~n i , _4 000 , ’ t h n - - n o - o  i ,  - ; ,  - - - -u n - u ; .r ,n : , -J d o t - -

t n - u - m n ; , , - n ’ . 1 o i , i t  I , ’ ,, ,r~~j m c i _ n - On : I - n t (‘ oh i o - n - m o I i,, a c t  c - f  - u 0 , _ i ’ m  o ; , I n  c i i ;  r n  r i  t o n ’ C’ - m o _ n e w

;n i c o O  t o O - s c - m O n .’ : ;  ,ot uu m cJr m i ’ m , r  t c - i  Va i o n ’  00  0 ” , 1 ‘ C ’  - (‘ O S  .n ( m u  V n ’ . n  — 0 0 0  -- C - - t R . - m r ;  - 0  i n s : . -

C”’, - O C r  u ’ . ‘ l i m e ’  ito Or ’ ~‘ j ’ i ’ F  - - - , ‘ h o n 0 0 0  t 0 c - - I ’: , , ’, t m l , ,  o~ , ‘l  , ‘ - - ‘,~~~ L - ‘ , o : -n- m I , - C e - ’  ‘ . ‘ u . , ; ,

t o ’  t O n . ’ 0 - I i r O : ’ O ; i o t  , - ‘o , :,tr atmned ;m mlm,im: o ,o..t

( 4 . e ’ )  n r - i m n m m u ; z n o  P I ks ; o ’, . i ,  ‘~, - ; ‘ 0 t - .  u n- -

‘tn. ,  m mu m ’ ’;;  t o n ,  n’ n- ’ . 0 ’  - t - On - i m u , q  n i - i ,  a , a m m o ,  F m  - , 0 . m ; en1: n--tm; t o o  , I - :n - - ‘I’ !, m n- 0 - ‘(c- i , 0 ’ , 0 ,n 0’ 5 0  -

t i ;.o ’ i i j -  i o u - - I  ,‘ , m i c a  , ‘ , - , j , °, ,  0 m m  , n d l ; t m c ’ i t  t e n  c x l , ; ,  u , , - o  : ;r_ -rns ” , , r ;  . n - m _ ; r c -y m , m r : t  t O ’  ‘. . nn ’ ;e .

m i d-  m o -  ‘,‘ , i  , I b c -  U , , , : . o  .0n, i t  ‘ i I - - to , j ’e_’ : - o . n ’ : . o m t i n , -  .~,o n - C - o r , , , , ’ n e n 0 : - t o  ; , _ o ’ - t 10. ’ n r 0 C e - i  - ; C

F ,  r n o , .  ‘ ,, n o, ’, - , 0 n - n m ’ to - , m o - 0 , : .  m l  i n m~j  i , n ’ n m ’ t ,, I r t y n ’ - r t m , ‘ - , we.’ n c - m t  a 001 ;’ , , , ~,, 0 i: t t I n - n -,- . r i  n ‘0 ‘ In

V, n i o n r. :n  1 1 n ‘ , - n-’ ‘ 0 ‘ - i  ~- 0 - , , l - ;  I i t m e -c - . I t - ,- n n ,  i, ;  C t o .  i ., n i ,~ ‘ i n n  m t c r o l : , n ’  1 : ,  i - I  , u) , on’ - am’ ’-

cJ ( lnm 1 , 1 0 , 0  - , ‘ ,‘cl t i ,  it t n ; u  . o . I o n , u  ; - _ ! v o h mn ’ ’ - - t o o  1 I i n ’; - I n n ’ ’ ~i O - n ’ o mo 0 0 0 n n - ’ - t ,  i t  ‘C’ m n , - I ; - ‘ ‘ - ; t ’ , - , ; e . ’ i I

I t  t i ; ~o , I o i  0 , - j r o u u n t  1 m a u I  I b~ , , :  n o  o ; : ;’ s ’;ot  I m .  0 ,’’  - n ‘, , o , ; ’ ‘ .0  _r’ , m ) o , .’s t o -  i - ;-n ’o ’io .ni m i t t  mc’ ;. m y  t o ’ ,’

hr - n- ’ .0 0 0  5 ,  1 ; ‘ - 5 ‘ i , ‘ ‘ ° n ’ 0
~ i , n - t  0 , ‘ ‘ 0 0 -c ’; S c O  t o ,  a p ‘ ‘ 1 - _ n I  m I ‘ ‘,‘ 0 ’ - , ,  - 0 V ‘ n o ,  ‘ O r ,’ , n ’n n o  0 n , ~0 ‘ ‘ , m mc-

i ’  ‘ i n ‘ t  i n ’ , ,  c - m m  t , , ‘ ‘ ‘ . U m m ’ . ‘ 0  j o  ,n , I o n - m I  o . m  va I - , - 1 i ,,, , ‘ ,:, ,n ,-’ -

I n ,  1.0 o - m m , o ~ ‘. m 0 n u n ’ n - c m  - n-. , . ’ , I” n o ,  a i . ‘ t .0 ’ , o I c , n , o ’ . n , , , :; ’ - .  - - - , - - In, , : n - n c 0 ’ ‘~‘ o O  1 0 - ‘

o i l_ r O n , - c - n t  t - .‘ n , r ,  - I n - ~o’ , 0 - t ) l n ,  t i n -  tO ’ i n, , i - i n - o n ’ :

(.1 ’!) m i m ; o m - n u n ’  ~ r i ~~~( 0  + 
. O

; ; i
) , i  ‘ q~~n-u suhj ’ - t to (1 en -

‘l’eo l i o n ’ ,  ,; ‘ : O c - o u O o ’ kr i ’ n ’.- : I , - ,i,:, ’ , l i n c o l n - ’; .  ~- I . 7 )  i , m : .  ; , , - ;  o - n n - ; o ’o n n . - I t l o ’ -‘: 1 ‘ i t . - ;  iii t ’ , - l i t ’  inc- ott , -

N , 0 0 ,n e C  $ 5 , -  0 n ’ ’~~ . , ‘ - ,  C’ , 0 . 1 1  n - n i ’ i t~~~ - 1 r . -  ‘ i _ n i  c - m o - - u ’, ; ,  I ; , m  ,‘ n ’ in c - o n , t n . o O O i ’ O b i I , , 0 0 : i  \‘ , i O  t n - t i ’ , : 1  - 0 0  , . of

d’o , i ’ , ”.’ I i , i ,  ‘ ‘ i t  I I n ; ~ - ‘ o n t o ’ S  i , m i : , t s , ; - i o n ’,o l ,  o, ,  ( 4 . 7 )  n o - i , , ,  n - ’, t e n  t i n  ;‘ i a s ; o ; c:, ,n i  r I n i f ’  o : n o o ’ ’ ] o . o t t ; n n ’u

a n - 0 - , ’ , , ,  - l m , o , i o o - ’ , n I  n l l y ,  the ‘ o t i m ’ , o ; o ’ ’- t  m r i o . - n O u - l i ;, 0,. ,:; , t l r o n n  I n n _ nt ‘ t o r t ,  i o n ;  ( 0  ,-_ ‘ n ’e . r m i t - ’ ’t  of

n o ’ -  0 r o n , , ’’  t ‘u ’ , I n n - ’  ( 1 3 )  , ( .~ o~ ] ( 2 1 )  , I ~‘ ‘ I  I t . ,  o ,  a .  t a u t  ~ n , - i  S, - 1;,n. ,:.,n t , , i ( 1 ’ ]  ha ’’ c t i n -

v o , t . ,i nn n ,c.’ .o ocn n’y m n  ‘ o n t f f j u t c . ; i t  O j r t l S i I I t y  , o n , : r i o t n r ’ u , , t o o  t O , ’ .,t ,r I ‘ ‘ 0 u n  I n n  o f

di i i ,  r m .’ulCc. n - , ;’ i r n t n n n o .  ‘Ii ; ‘‘ o : n - O n  t i  ;~ ‘ ; n - ’ 0 0 ’ V r ’ t ’ t ( . n i ~ i i  r I .  o ’  Sj’o(’o i.m l . r ’i O (  i . O ~ . i j j ’ i  , i , . i  t O

n ; m r n i n ’u  I ho~ m ’ ’ n r , ’ ’ ,: I - f  - ‘ , o ; n t i n _ ’n l  l i i i ’ ’ , y - ‘ , r , - I  in I i)  m m ; , l m  u I I , , , - - - I - ~ t t . , . n n ‘ 0 ,  ‘ 1 c ~ t o t i l . i j  0 11’

Cd t ,  1 ( 0 0  -

— 3 ’ ) -



________________

The K a m ’ur ;h - K u h n i - T u c K er  op t inm oul i ty  condi t ions  for (4.7) are given by:

( 4 . B a )  w q + ()  ‘4 kGG
’r) U  + V > 0 , U > 0

(4 .8b )  z = a - u > 0 , v > 0

T T
( 4 . Sc ) w u = z v O

If  t O , 0 , co b o l -or } , oU n - t o l o ,  a . are all i n f i n i t y ,  then probl em ( 4 . 8 )  re duce’ s to a l i n e a r  complc’-

m e ’n t a r i t y  ;-r o’1.- l e ; -t  (q,M) witore ii is of the form ( 1 . 1) .  T h e r e f c r n e . ’  the , 0 0 n m i - a o , t  i nve r se

al gorithm is d i r e c t l y  otjoj.1 icable in th is case. The g eu n e ’r a )  c - c m , ,  o n i o n - n , -  r a n t  a l l  t h e  a ‘ r

arc i n f in i t y  can be t m .  c - I n  In by an n-’xtens icm, t of the.- a l c - o r i t h m m n o . S n - - - , ’ ) l 9 ]

In wha t  f o l l o w s , we po in t  out  sein e c h a r , ,  ‘ t n ’ m i ; ; t ; o o ;  of t ime n i t a t u i x  1, + kGr,’~
’ appear ;i ;’ :n

in th is  q n ’ ; , o i o o , o m , l , o n ,  om ;”p l i c a t i o n  which  cOb ion -’ us ud c u - t n - ’ o i : o t , n Oo ‘ n - , n  ~, l y  c- the a : - ;  I o n - -a ;  l e n t  of

Pml q on o t h oo n , I ( , m n m n - i  in , ”. C x l ,  ;o, , 10 n )  . S i m o n -  inn is  t ’n - p o i o , o cm l  I I ‘n ’ ,‘ ‘~‘ 0 _ n o , , ,  1 , n O , . n F ’ .’ ( ; ‘o ’ i t n t :‘o a t ; ’ i x  it ’,

a i m ,  ‘ “:0 ‘ ‘ i O : _ r m  -.- . n’oo: o n t o h  i nn-j to n t i ne . ’  comnt pon r m oat; i n t  I n . -  in  0 0 t 0 ‘ : 2 - 3 • t in t ’ - I m t  t ‘ In a .‘ 0’. s- -u _m i d

seem to i mp l y  t O , o , t  the app l i ca t i on  e,f the  compact o m i v e r s e  a) ‘nc -u  i t O o m  o - s ° u l - ’O f - c -  c o n - d c - s i  n a l - I ,

N e v e r t h c ’l n - - : - o o  , (‘1 - 3)  shows th, it G i s  V.,’; ‘n’ 0 ;~ ’~&I Sc’ sum-I o t ’ .  o - r n i  i y o 0, ; ’ , ‘ c o y  - -I  - 1 , - I n ’  r ,1 , i t

easy to see’ tltat for e.’very ~ in {i , . , , ,  n } ,  O h i o ’  mott o m x  ~( F )  n- i . f i m n e n d  i n ,  ( 2 .  ‘-‘) is a

band matrix w n  th t oanod w : d t h  2m -4 1 - The m n ’ O o : ’ n - -  C l , o  0 , ’ h n - ’ i n ’ s h ’n o  ‘n n ; ,i’ c, n _ r o t n’,

nonzero c n f f — , I m ; , r ’ ; , n n , o i l  ls- n ’n - ’ ; n t , s in ca n - it i-ow. The o,~ o , , r o . i t ’ , - of 1~ n , - ’ O ’ o u n - ° o  I ‘ on no - ‘ m o o t , n- o f  cg ’—

er at con imi in I 0 ’ o I , n : , - , : n , i  m o e ’’.: I and 11 f r o m  2 1 m m — r n )
2 

+ 4 ( n — r n )  t o  i n ( 4 i n , ’; ) — ,‘ :n o ( r n m + l )  . In’t r r e o -,- , i

the f a c t  t h a t ,  I hc- nonuz ero  n - - ) e m c n t  :0 in each row of G are i -c ’ , ’ f t  i -
_ m -  r , ’ s ‘ o f  t i m ” rn -tb ord ci

dii ~ c’ rnnc’ c’ operator makes it clear that 11 ..’ vec tor  d e ’ f i o , e o I  1.~ (~ , : 2 ~ can be

cal cnuic m t n’,d wi ’hout, any multiplicat ion Finally, becau se of i t s  o . b o e c i a l  o , t m , , , - 0 0 0 m i n , no

I o t ( n r , n o ; c .  space is required for the ma t r ix  C in the imlnlenmentatiorm of the algorithms . Its

e l n ’m , o r ’n i i o .  ca n be generated very eas i ly  i f  needed .

The m a t r i x  M = Z + kGGT is spar se i f  C is ( a it l t ou g h Ft is  less t oj - a r c ; e  t h a n

G ) ,  and t im i~~ could cer ta in ly  be taken into account to increase the c f f i c i e n c y  of general--

purpose a ) q n n r i ( h n o ” , such as I~~mke ’s. H owever , the fact that the compact inverse  algorith m

could t’n imp lenum ”nted  so tha t  i t  takes  f u l l  advantage of the special s t ruc tu res  of C in—

d ica t es  t i n ”  1.cn o ; ’ - i b o i l l t y  t , im at  the special-purpose  a lgo r i t hms  rnay t u r n  out to be more e f f i —

ci en t , t m u m  gene ;  ci ‘ j ’u mr pen ; ; m ’  algorithms . In order to draw m r r} ’ O r i ca l  c o ncl u s i o ns , we have 1°c -n ’-

formed r o cec - r a l  computa t iona l  e x p e r i men t s .  The r e su l t s  are reported in  the next subsect ion .
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4 . 2 .  (‘e n : o n l  ;o ’,, .n t  ; - o . t o , , o l t s .  In order tn - i ceummp oure t i m e  c - f  f i n -  t n - - o n - - ,  c o .  cnf t O , ,  compact in tv m ’,r s e

c - m i n i  I,entik n-’ . , n l o o n - o ;  i t  hm uum o u no s o lv ing  (F) LCP t, w i t h  m at  i ox  riO t f t c  f o u r inn (1 . 1) , ‘.oI. , - r n -  C is

given c- x~ b e t  t l y  by ( 4 . 3 )  , exper iments  are designed to solve. ’ t h c  f o l l e . n w i i m r j  v ar i an t  of

pro ) i l e i n i  ( 4 . 7 )

(4 . 9) m i n i o n  zn - u
’
~ ~~ + kGG

1
) u  + q~”a subject  to  u ~ (0

We do not c , o o .  i - t n - ,  Oi l ’. c-r boun d_i 1mm the expc’riunoents boo c ominc m o ’ time ‘o’ crd ’’  i-0 ’, ’l,i , ;’00J ~ t, l o c - t  ~~e use

for  Lemke.- ~ ‘0 n-n I  ,~~Oi i t O ; .:, bc - m u m — os  Ct I’ioei. ’ tuoun ds as separa te ’  con’ot m ,. ir i t s  , s- I - - r n . - ,,,. t im e  cn ’ r no o -ac - ”

nc -c c- c-c a i_ i j o r ;tO tm tn  n _ i n -  . , t  to  t henu i m p l i ci t l y .  It  is ce r t a i  s ly  d i o a d v a m ot n ’iq e o ’ n m m o  to  Lemke ’ s a l —

go r i t hnt  i f  t O o ,  un-j ot ;’ l o o o ’ , , nm ’ 3o ;  are included . It should be ment ioned  t O u t  F d ’ l . t - , ’h’FI does t a k e

advan taojc o ’ f :,~n o o u m , 1 ty  of t h c -  d a t a .

A se t of too t  c-c o’x p o” n h o c - n o t ; ;  ceorrespondino g to m = 2 , 3 and 4 on io n - ,  porformed . For each 0

valu e of m , f i v e  v a l u es  50 , 60 , 70, 80 and oo of n are tested . In th e c,ose us 0= 3

it is founid I ( o n - n t  , if  in- ’; ’ for  the r c inv err , ion  in Leuomke ’ s a l g o r i t h m , which  occurs  when u

n = 90 , the  t c. -o ’ algor it h: ;n s produce results  very close to each other .  The r e s u l t s  for

mum = 2 and 4 ,or e ,on - mo , ’ j r o , o m  - r i  in Tables 4.1 and 4.2.

c 0 ’ ’ n m ; ’ i i ~ ,~ n - -f  * of t i m e / i t n ’m ’ ; m t  i c - m o 2 
(30 ;o~° c - , )

It . - 1
Fl ( t I  it er a t  tor u s  Le. ’nnl ’,n ’ , connpan ,’t l i o n - ’ ;, -~ ;oe

5 (1 9.8 48 11.6 1- 1 .0

0 ,0 ’  8 . 2  58 1 5 .]  ii’. )

70 7 . 0  67 16 .7  1 9 . 3

80 6 . 2  76 18 .9  7 1 .9

‘4- ,’ 5 .5  88 2 9 . 3 ~ 2 4 . 7

Table 4 . 1  in = 2

S These va lu es  of in ‘ m o o t n a r e typ ica l  i n  a c ’ t u a r i a i  qr ani m al jo in ,

— 3 2—



density of ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ Sec .)
H ( % )  i teration s Lemke compact inver se

50 17 . 2  58 18.1  1” .6

60 14 .4  70 2 6 . 0  2 3 . 0

70 12 . 5  84 2 7 . 8  2 5 . 4

80 10.9 109 3 6 . 7~ 2 9 . 6

90 9 . 7  114 3 8 .2~ 3 3 . 3

Table 4 . 2  m u  = 4

Notes: l. We chose the covering vector  in Lemnke s a] gor i t h n : ;m  so t h a t  tb -’ nm .unbe,rs of itera-

tions in both algorithms are t ime same .

2. Time t in n o n - -  Is exc lus ive  of input/outp emt .

3. The sudde n increa se is  due ’, to the occurren ce of rn - , inv c ’r sj or t  of the basi s .

4 . 3 .  Conc lus i cnn.~~ based on tli~’ Shove c o m p ut a t i o na l  r n .’ :-ru lt:o , we may draw the  fo l l owi m ’iq

three concleurmion ,-,:

( x )  The c-riot ,n :1 i ;nvc - n ’ o o , -  ,‘m l ’ o o i m t h o n  r equ i  re’s much I ’ - : ; : ;  storage space t(,an Lerti:e’ • S

a lgo r i t hm.

( i i )  A l t O t o u u g l n  t O , .  - r , t t  io ( m o — n , )  / nu  i s  c i c ’on - ,m’- to en,.’ i m m  t b m r , ’,oc g raduat ion  j orot . l e’~~,,° n t h e”

compact. j o v e - r o e  a l g o r i t o m s o  i s  pcrf not r m n mog r n - n nom;.. ’ t t  n l , n l y w i t  I ,  t , ’u r ’ ,t on ’ s al go r i t h m , i n t ’rmr s o f

c o m p u t a t ion  t i m e .

( i i i )  The r es u l t s  ~ n d n r , m t - t b m a t  Ss m g e ts  l ar q e r , or eq u i va l e n t l y ,  as G becomes

“ thinner ” , the e f f i c m e m o m - y of the c ’ono;l - , u c ’ t  inn v  m n . .  a l g o r i t h m  b n ’ c u n o m n - ’oo hi gher , a fac t  consmr -t en t

wi t h the a n a ly s i s  of t O , ’ al g o r i t hm  man-ic in s ’c t i on  2 . 3 .
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