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CERTAIN FINITE-DIFFERENCE SCHEMES FOR
EQUATIONS OF THE NONSTATIONARY LAMINAR
BOUNDARY LAYER

A.P. Oskolkov
Department of Applied and Computational
Mathematics

A number of stable implicit finite-difference schemes for
the solution of the nonstationary Navier-Stokes w equations is
proposed in works [1] and [2]. In this article analogies of these
schemes for equatians of the nonstationary laminar boundary layer
are given; 1t is shown that these schemes 1n the two-dimensional
and three-dimensional case are decomposed into uniform finite-
difference schemes; the unique solvability of the appearing lin-
‘ear algebraic systems of equations 1s proven, and 1t st is
shown that these systems can be solved by means of a uniform
trial run.

The two-dimensional nonstationary flow in the laminar boun-
dary layer 1is described by the following set of equations and
initial and boundary conditions [3], [4]:

du du l’ﬂu 9%u oy _ﬂ_q_+0_g___a
Et—+u x| oy 01,’_ dx ox 0y X (n
0<x<X<w,tky<m,0<tsT-
ult o=?(x'9)’ (2)
“ 20.%] = a5 =V (3)
lv'o O’ Iy'o ol lx-o (v-0)
u (x,y,t) ——U(x,t),g;-oo . (4)
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where in conformity with the Bernoulli equation
a
- == WU = F e, L) . (5)

Furthermore, from the continuity equatlion, the initial con-
dition for u and the boundary condition for v when y = 0, deter-
mined is the initial condition for v
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The solution by the method of finite differences to the prob-
lem formulated by dependences (1)-(6) is virtually impossible due
to the fact that the variable y is changed on the semi-infinite
interval [0,00] . In work [5] the author goes around this dif-
ficulty in that by means of the Krokko [Trans. note: spelling not
verified] transform §=:c.2=—5—.‘t=t. W'—'Tuf- transforms (1)-(6)
into the initial-boundary value problem for function W, in which
the variables ¥ * are changed in the finite limits: 0O=<s<X .

0<Z<‘ . On the other hand, from the theory of the boundary
layer it 1s m known [3] that u(xvv,t) tends to U(ac.t) when
y—eo exponentially, and therefore the ® boundary condition (4)
can be consldered as being fulfilled when y = Y, where Y is a
sufficiently large finite number, whereupon the admissible quan-
tity Y can be defined according tc the assigned accuracy with
which the solution is sought by iterations. Therefore, subse-
quently with the writling out of the finite-difference scheme for
the problem (1)-(6) we will assume that its solution is sought
in the domain 0O<x<X |, 0<y<Y and u(x,y,t)—-—u(x,t) s Y-Y

Let us divide the parallelepiped Or-[O,X]'[O,Y]"[U.T] into

. . . X
elementary cells by planes x,={AX, Y=t 8y tfldt where {=0,1,.,Ls8%F,

j-o,l,...,H. Av-% +{=04,..,N, At--E— , and we assume

2




— '_.

SN

u-ﬁ-a u(iazx,jay, fat), qﬁao(ux jay,fat) .

Then by analogy with the Navier-Stokes equations [1],[2],
system of equations (1) can be approximated by the following im-
plicit finlte-difference scheme:

CM ul ult gyt u:u 21 lod oty
_L____L+ul_l_.__al_+g-‘£_l__¢atﬁ_ g_bl__._‘;l__ﬂ_.. Fl n
at ¥ sz ¢ ay (ay)? 4

2T 2V st (2%
Uy —U + % —Yia, =0,. (8)
AZ Av

where
=120 , juil,.. M, L=012,... , N-1 ,

Added to equations (7) and (8) are the following initial and
boundary conditions:

] 0 : . ’
u.=¢. ,0’=¢  i=04,.,L,j=01,.. . M, (9)
L} ‘Pl.l, ; "I ,,It ’ cl > t !} (v |
2z H_ gyl gyt ;
Yo =0, 9, =% u,/ "‘y} 4 (10) |

200 by Ju=Bt,.. M, Euld, .. Nt .

uf;“ =U.f"sU (taz,(L+1)at), i=0,...,L, €=0,1,...,N~1 . an

From equations (7) and (8) it is clear that introduced into
them are values of function U on two adjacent verticals X, and
x, , and values of function v - only on one vertical B, =02, L,
By using three of the boundary conditions (10), we obtain the
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cyclic process for the finding of the unknowns J .uq v R

each 1th step of which we have on the ith vertical at any
¢=1,2,...,N-1 a system of 2(M-1)linear algebraic equations with
2(M-1) unknowns, and these equations should be solved by taking
into account the initial and boundary conditions (9)-(11). There-
by the problem 1s reduced to the subsequent solution of the uni-
form finite-difference problems (7)-(11). Let us show that
theorem 1 is correct.
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The system of equations (7)-(11) 1s uniquely solvable at
each {=f2. L and each '{=0,¢,...,N-1.

Since the equations (7)-(11) arethe system of linear alge-
braic equations in which the number of equations 1is equal to the
number of unknowns, then for proof & of the theorem it i1s enough
to show akk that the corresponding uniform systems have only a
trivial solution. Further, starting from the uniform initial
condition (9), we find that on the ith vertical when

v4=04,....N-1 the corresponding (7), (8) uniform system has
the form

te tu Lot
! 2 “L;u_zui}' tu ;o -0 (78)
i 2 =y
at Y (ay)
1 0"‘—0‘"
Ce ul‘l+ M wtt g s (8a)
AT Y ; Ay
where {8, ...;L . j-:,z,...,n A R L

Added to these equations are the uniform boundary conditions

uf;'zo, uf;‘=a, (=i b, LsO, ... H~L (12)
eieg, t=gt, .. L, s, N1 . (13)

io
It is known [6] that the system (7a), (12) has only a

trivial solution us%a , and therefore from (8a) and (13) it

follows that v‘;“=0 0‘::!)2)"'71- ’ j=0,f,...,” ’ {=0,l;-..’N‘lo

Thereby the theorem 1 is proven.

Let us point out the simple method of solving the system
(7)-(11). For this let us rewrite equations (7), (8) in the
following way:

o e R i i ; b T v rr— —




13 {d ¢ (: utt
AL’ LJ i BJ c} V LJfl fLJ (14)
Gy, 8F by i_i_ bt _ ot
Y = ay Yy ay 9‘1 : (25}
where \
¢ at LS ! al at at
A==V —5+—— U Bi=1+-—U + — +2V ———»
Y ( (Ay)2 ¥ sy ‘J) e 9" sy 4 (Ay)2
>(16)
[ at (u at ¢ pu t_y!
C =y —— - Sgie e +
4 @yf ’ ALF J i Axlﬁfﬂﬂ4 ’ 99 LUJ

Equations (14) together with the boundary conditions

ut Loy _tyy
LO =0 ’ uth —UL ’

4 ¢
the initial conditions (9) and boundary conditilon UJ‘=W;“ can

be solved on each ith vertical, (=1,2,...,L by the dispersion method
[7], and after this 0&“ is determined from (15) with the
use of the boundary condition

bl -V (Y]

LS N by the formula

A
Leg U4 e L L1 e !
OL}‘—ULJ"+ Aix (95; u ),} 12,...,M

The three-dimensional nonstationary flow in the laminar
boundary layer, circumfluent a plece of plane (x, z), is des-
cribed by the following set of equations and initial and boun-

dary conditions [4]:

du du & du o du_ 0%u L. 3 o
ot B dy W o 0y* ox ;
ow ow oW ow o*'w _ ap.
s i s YT s s ¥ e (17)
at b dax T 0y dz k¢ 692 0z
du + do + oW 0, Osx<X  O<zsZ ,0<y<oo,0<t4r;
0z dy 0z v’
5
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. |t=° =HESE) hllt=o=‘1"(°t $7) s (18)
. l9=0 =0, olg=o =V‘(:z:,'z,t) ’WIV“’:a ; (19)
8l o=lyat], 4 =plx.y.0), .

w w :
| =J«(g.z,t), ,” =& (x,y,t);
u(ac,g,z,t)-u(x,z,t),W(x,y,z,t) W(a,x ) 1#—-00_ (2i)
-B—p—E F(I,’t,t) and
“,“"EG(“»ZI) are considered to be the assigned functions.

Here the derivatives of pressure

Furthermore, from the continuity equation, the initial: condi-
tions (18) for u and W and the boundary condition for v when

y = 0, it is possible, ® just as in the two-dimensional case, to
define the 1nitial conditien for v

o‘ v (x,2.0) f[ (m§2)+-*— a;gz)]dg O(x yz)(i??)

Having in mind to use the finite-difference method for sol-
ving the problem (17)-(22), according to the very same consider-
ations as in the two-dimensional case, we replace the semi-infi-
nite interval of the change in variable y by the finite inter-
val [0, Y], where Y 1s a sufficiently large number the accessi-
ble value of which again can be found by iterations, and, there-
by, we examine the problem which describes the relations (17)-(22)
in the domain Osx<X, 0<Yy<Y ., p<sz<Z, and we replace the
boundary conditions (21), respectively, by the following:

u~-U(x,1,t) ; w—-w(:x:,z,t) y Y=Y,
Let us divide the parallelpiped Q= [O,)qx[O,Y]x[o,Z]x[Q'r] into

the elementary cells by planes X=(4% -'jf}“‘}' i A t¢=ldt *

X s Y
where = 0dioiby AX=T 00 M, Y=g, k=04, R ave g 04, N,

At.—:-r'- , and we assume
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Similarly determined are ¥4

(iA:n,jA, , KAE ,lAt)
2 ¢
tx L lU‘}“

plicit finite-difference scheme:

and so on.

u!u u.t C ult tot lu
UR U, U E 51-4 x
y Lt _ 21t Wy o, tH 1271
+wl Mix "y T ke T R YT =-F;.
LiK AZ (A y)z
et w e O _
L'T-.“ - Wik +u£ Ltl ;,:_j_‘u O i} GLj-1,k
at gx ax : o ay
Cu lﬂ 1 Lot {4t
+ wz LK 1 =Ly u’i.ju [ Zwv.;u +u’,; Ax B
"J’ Az (A y)2
i i {+1 4t L [2X 2 {4 '
.*» o AL + o +
| S gk L] [ + wip‘ u’ql"l =0,
| AT ay AZ
where
i=i 2, ... L ,J:szujf,n=gzv.qn s B2, W=t

b boundary condtions:
(]

ui}x c ‘PL}K %

ult -0

ek ’

i ta M b
uo}n -.(1}“ ’ LJO P«.; )
- w i N
OJK J-‘K ’ L} o JL
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i=0,d,...,L,

[ ] o
vi}x ol}x » wi}u.le: »

C=01,....0 , I=O,l,...,M s KeOf,... R, J

271 __V!ﬂ ey _
tox ik Y ek

Kk=0d,...,R, £=0{,...,N-4

Of,...,L ,§=04,..., M,

y K=0d,...,R, £=0,{,...,1{~1,J

By analogy with the Navier-Stokes zquations [1] and [2],
system of equations (17) can be approximated by the following im-

(23)

(24)

(25}

Added to equations (23)-(25) are the following initial and

(26)

(27)

(28)
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!01 U(«n u’,bl wtu .

Hane™ ’ (29)
i=04,..,4 r=01,...0, £=04,... N-1.

From equations (23)-(25) it is clear that entering into them
are values of functions u, w on three adjacent verticals with
numbers ({,x) , (£-4,k) and (i.k~1), and values of function v only
on one vertical (¢,x) . Using boundary conditions (28), we ob-

taln the ecyclic process for the finding of Uz: { j?- IOJ?'

in which on the ({,k)-th vertical at any 4{=42,...,N-1{ we have a

P system of 3(M-1) linear algebraic equations with 3(M-1) unknowns,
whereupon these equatlons should be solved, taking the initial
and boundary conditions (26)-(29) into account. Thereby the prob-
lem (17)-(22) is reduced tothe subsequent solution of the one-
dimensional finite-difference problems (23)429). Just as in the
two-dimensional case, it % 1s shown that theorem 2 is correct.

The system of equations (23)-(29) is uniquely solvable at
any ¢=12,...L, K=142,..., M, {'-‘0,(,...,5[‘1 .

The system (23)-(29) permits a simple method of solution.

For proof of this, let us rewrite the equations (23)-(25) in the
following way:

Al 4+ +B£ b1+cl ubl . 14

L o e (30)
g/ NI LT % e, jx "
Ae i 4 l*l (d
Ljx ,} 1x BL},‘ pe +C L/K '},“ f‘/‘ ’ (31)
_y_ (ﬂ w0 l4l+ D_lﬂ 12Y (32)

AX "Jk AZ Ly Ly c,}-l/( 94./:'

where
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C_,_‘lj‘}_ i—t— t & A.t_ l'f,f'_ 4 _A_t_'_ ¢ 24t
l'-.l}—' ((By)z+ Ay o,'_}‘) Bt}‘—i"" A% ULJK+ Ay L}K + “z wij“f ‘A?,

t
Cz_iﬁﬁ_,fl ALF O, 8+££~ut uh‘-bﬁ~uf {

e ; u ’
LJK (A 2 LJ g L}k AX YK Tk AT YK )k ',(33)

e LY AL T VN | S R 2
.fl.}k ﬁAt’Gz}r'rwt‘l‘* AT L}K wL-:JA +.A—7_°o£/_k wbl,}'a ’

£+1 ay {44
B —t s

gt.}x AI -l‘ + Az L},k-l J

The unknowns uéz and urég
ently from each other from equations (30), (31) and the initial

are determined 1ndepend-

and boundary condtiions (26)-(27) by means of the one-dimen-
sional dispersion,and after this the unknowns Véf are deter-
mined from equation (32) and the second of the boundary con-

ditions (27) according to equation

{“ ( Ay i A l’l) =1 2
‘,-L‘K ;'}4, 9!.}‘ AX ui}ﬁ L}K }

By applying the ®m known sufficient conditions of correct-
ness of the one-dimensionaldispersion [7], and using the fact
that according to the physical meaning of the problem

45;20 10;’>0 , 1t is easy to m®m establish that the solutions
to equations (30)-(33) are a stable with respect to the &k com-

putational errors if the following condition is fulfilled:

3 + rm.n o, K>0
Ag L‘K ¢

In the two-dimensional case the condition of correctness of
the dispersion for the system of equations (14)-(16) has the form

L ]
— 4 mmo t0,

Ay I.J }

e ha—
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