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Abstra ct - Eff ic ient al gorithms for asynchronous multiprocesso r systems must achieve
a balance between low process communication and high adapt abiht~ to variat ions in

process speed. Al gor ithms which employ problem decomposition can be classif ied as
sta t ic  and dynamic. Stat ic  and dynamic algo rithms are part icularl y suited for low
process communication and high adaptabil i ty, respectivel y. In order to find the “best”

method , something about mean execution t imec must be known. Techn iques for the
anal ysis of the mean execution time are developed for each type of algorithm , including
applications of order s ta t i s t i cs  and queueing theory. These techniques are applied in
detail to (1) s ta t ic  general izat ions of quicksort , (2 ) stat i c  ~‘~~~ ‘~~~‘ ~~i’tlnns of merge sort ,
and (3) a dynarn i generalization of quicks ort .
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1 — Introduction

We consider the design and anal ys is of k-process al gorithms for an
asynchronous multiprocessor system , which corisi~ts of k or more proc.ssors sharing a
common memory by means of a swi tch  or con necting network In addition there is an
operating s , ‘~te m providing such functions as process creation , scheduling of
pr ocesses , al locat ion of memory, synchronization , e t c. A real examp le of such a system
is described in [7], and a general discussi on of asynchronous parallel al gorithms is
presented in [5]. A k-process algorithm will be presented by giving the procedure
each process executes when assigned a processor . We will assume that a processor Is
a lways available for any of the k processes that is runnable.

Given a task we wish to execute on such a system , in order to exp loit parallelism
we must decompose the task into a set of subtasks. Some subtasks cannot begin until
othe rs which they depend upon fin ish; this establishes a precedence relation between
tasks. Inefficiency in an al gorithm arises w hen some process must spend too much
time waiting for other processes to comp lete subtashs, and again towards the end of

~xe ut~on whe n t here are fewer th an k subtas k~ A ttempts t o remedy this by “evenly ”
dividing the original task are hopeless , since task execution time will vary due to
j a r ia t ,o ns  in the input , the e f fec ts  of other users , pr opert ies of the operating system ,
process or-memory inter ference , and many other causes . Any ef f ic ient  air must
adapt to these var iat ions.  However , this adaptat ion is expens ive , in h ~uires
process c ommunication . Thus the t rade-of f  between adaptabil i ty a process
communication must be considered in the design of mult iprocessor al gorithms. In the
al gor i thms cons idered in this paper , process orrmunication takes place by means of
global data accessible by alt processes. Since in many cases access to this global data
must be confined to a c r i t i c a l  sec tion , one cause of process communication overhead is
the interference between processes seeking access to this global data.

Two methods of decomposition naturall y arise: ( 1) s tat ic  decomposition , in which
the se t of subtasks and their precedence relat i : in ,  are known before exec ut ion , and (2 )

dynamic decomposition , in w hich the set of suhtasks changes during execution St.t ic
decomposition algorithms offer the possibi l i ty of ve ry low process communication , /
providing there are not too many tasks ; however , their adaptability is limited. Dynamic
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decomposition al gorithms can adapt to vari i it ions in tas ,.~ execut i on tim, va ry well , bu)
onl y at the expense of high proces r communicat ion .

Given a problem which can be decomposed into subproblems , which method is
IL .. ‘~~~~ ~~~_ • ~~~~~~~~~~~~~~~~~ I•k.,. ~~~~~~~~~~~~~&~ ~ I I~~ ~~~i V V A p ~~ I~~~~~ , ,c , v~~~~ai y ~~~ a~~ , ~~ 

C..,,,, , ,u ,,ut..,, ,~
,,, ~~~~~~~~~

ef f ic ient dynamic algorithms ) justified ? If a dynamic algorithm is used, how far should
decomposition proceed’ In order to answer these questions we need techniques for
finding mean execution times for these t ypes of algorithms.

In section 2 algorithms emp loying s tatic decomposition are cons idered. We
develop techn iques for finding the probabilit y distribution of total execution time in
terms of the distributions of individual task execution times , and when these are not
known , techniques for finding bounds on the mean execution t ime. In section 3, the
mean execution time for a simple model of a dynamic algorithm is found, assuming
exponentiall y distributed task execution t imes. In sections 4 and S the results of
section 2 are applied to stat ic generalizations of quicksort and merge sort. Certain
partitioning strategies are shown to be unsuitable for a stat ic decomposition version of
qu icksort . In addition, a parallel merg ing al gorithm is presented and anal yzed. In
section 6 a dynamic generalization of quicksort is presented. Using a result of section
3, the mean execution time is found, and an expressi on for the optimal degree of
decomp osition is derived. Section 7 contains a summary of the main results.

2 - Static Decomposition Al gorithms

Given a set of tasks T 1,T 2,...T~ partiall y ordered by a precedence relation ‘, we
ca t )  T , a predecessor of T~ (T~ a successor of T 1 ) if T

~
<T

~
. If there is no task U such

that T <U<T 1, T~ is said to be an immediate predecessor of T~ (IJ an immediate
successor of T 1). Tasks with no predecessors are called initial , and tasks with no
successors are called final. In the execu tion of the stat ic algorithm , each process does
the fol lowing:

( 1) Select either an initial task or a task all of whose predecessors have
been completed, which has not already been selected. Check in the ord.r
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( 2 )  If no task can be selected , go to sleep , unless all tasks have already
been celected , in which case terminate. When awakened go to ( 1).
(3) Execute the selected task.
(4) For each immediate success or of the task , rec ord that an immediate
predecesso r has comp leted, and wak e up a steep1ng process if possible.
(5) Repeat from (1) .

For the purposes of anal ysis we assume that steps (1),(2),(4), and (
~

) take zero
time , and that the execution time of tas k T 1 is given by the random variable t 1, wi th
cumulative distribution function (c.d.f.) F1.

D.finition - The task-graph C associated with T !,T 2,...T~ and < Is a directed graph with
nodes T 1,T 2,...T~ and arrows from T

~ 
to if T 1 is an immediate predecessor of T~.

Note that there is a one-to-one correspondence between par tiall y ordered sets
of tasks and task-graphs.

D.finition - C is a chain if the tasks are totall y ordered.

The length of a chain is the number of tasks in the chain . If in a chain the initial
task is T~ and the final task is T~ we say it  is a chain from I, to I~. A sub-graph of a
task-graph G which is a chain is said to be a chain in G.

Definition - The level of a task T in a task-graph C is the maximum length of any chain
in G from an initial task to 1. The depth of G is the maximum level of any task.

D.finition - A set of tasks is independent if for any tasks T
~
, I~ in the set , neither

nor T ,<T
~. The width of a task-grap h is the maximum size of any independent subset

of tasks.

Given a task-grap h C, let t G be the random variable representing total  execution
time (the time from when all processes are s tar ted until the last pr ocess terminates ) .
Assume t G has c.d. f . FG. In the following de’ nition a class of task-graphs is defined
f or which FG can be expressed simpl y in terms of the Fr

Definition - Let C i,C2,...Cm be all chains from initial t o final tasks in C. For each chain

~ containing tasks T 1 1
,T12 ,. ., let E~ be the expression 

~~~~~~~~ 
where X 1,X 2 ,...X n are

polyromial variables. Then G is said to be simp le if the polynomial Ei+E2+...+Em can
be factored so that each variable appears exact l y once (see figure 2. 1).

-3-



i gur e . 1
1- 1
\ /

I 

~~ 

11 Ii

15 13 T (  I ‘,

~~i nit~
l .  S i m i l .  NCr ~ ..c iri1 l i l

x 1~~~
-
~ x 4 ~~ >~~~ i # ’ ~4 )

~r ) X 1X 3 +X 1)’ 4 4 X - X , )~4 x 1x~~i~~~~~~ ix 2 X 4
= I ~ 

( ) 
x 5 — 

~ 
+ 1 (x 3 +xj ~ 

)

Theorem If ~ . ii i t  I ( G) , t hen t G can be ex pr r~’ :d in t r r is of the t
~ 

ii’ in . r i  ~ y ~ and
may F i r i )  i~ o re , i f  G is simp le and the 

~~ 
ar • i ~i .i~ v tnnt , t hen F~ c a— ~ I ’. ‘pressed

ii t i r r o ’. of t i n  ri ’ . ing onl y (mu lt ip l icat ion) nd * (r~,n’’oli ition).

Proo f :  Note t hat  s ince k~ widt h(G) each t ,v .k hepins immed iat ~ ,dt  i ts  last
pr e t c  es Or ( C ‘ip if’ t r’ ’ I et C 1 ,C2,.. Cm be all c t i a i n~ fr om init ial to final 1 I hen

ni ax I > t )
L j  J

1~. i - m

f J ~~ t note t i ,.r t and max are (ommutat ive a l  a .o a t i  n O p e ra t i i i r i  i d  tha t  +

(ii ’ )  u ni te . n er max (i e., max (a ,b)+c =m ax (a+ c , br )) . l i i i .  if ~ v. SHi p1 
~~‘ ‘

f o r  t G abo ‘n ‘ an  In f a c t o r e d  in terms of r , i~ ,ioil so tha t ca h r i d  i,  ar iable
s oril nnr e Then , i f  t he 1 are indepi rd ’nt , t i a ~ V~~p r P ’.Si r f l  f r r  i may he

found b~ s~ l i , 1 i t u i t i r i 1 ’ F~ f~~ t , * for +, and tin may in the ex p r es .inn f~ t ç~ (see
f i~~i r q i  2 ?)

Figure ;‘?

T 1 1 ,

T3 14

Ic i

t G—m ax( max ( t 
~ 
,t 2 )+t 3,t 4 ).t 5 F ((

~ 1 F 2 )s F 3 )F i) r l  
~

4-



i i ’  p i o u  of liii’, t h o m  ~ c I ,  I t o ,  f o r  (ah i i l , t i r ’  ii’ r c l i . of

t u i l  ~~ e’ i i t i O r i  lii i to ’  ~.imp ie t as k  grap hs ~~~t i  , i h 1 n . d . i f  Ia r~~~ , t i i ~~ t imes ,

pr~~~’idinr ~~ know th~ c d i . of the execu tion t i  it  ea r h ta ’~~. W i n  f l  d f s  of

r,ich ‘ ~~ t’ . ’~ u lion  t ime are not known, t h ur  h ‘ .1 ~ie c an (to i’ d ’ r i  i h iinrlç On

n~ ’an eye (  0t iCi o t ime,  suc h as those of the fol~ii ~~~o: theOre m. 1 he r’x ;u . .  I ,  hoe of a

?flcfO fl ) . ir i ahie v. denoted by F h y

Theorem - ( i  .r  n a I a k  grap h C wi th  k~w ‘ It  i i ( ) and w il l  i the t 1 nd ‘ i font , let

C 1 ,C > ,  C ,,. h . 1 1  cha ins  in G f rom ini t ia l  to ( m .d ta ’ .~~’. Also tot  It ~~ t i .  i of all

t a I ~ . of i n )  i, f o r  I i~~l where i~~dep th(G). f u n

I E l f  ~) )  ~ E ( t G I I I ni,~~x t

1~ n I 
~ 

I i I I r (2 .1 )

h r  :un i I c i ’  i I’O~’P ,

f t .  fl~~~ii  I t~~)

1~ ~~~fli ~ C 1

i i’  iu j, ier i c  .
~~I 11 i’’r foli~~w ’. f r o m  Elm ax~

x
~

}) ‘ ‘ . 1  (x ~) } for any r andoiim ii ial) leS X~.

F t i  i i~ i~ u • t i n  , ‘d , i t  
~ 

0 an d define N • j )  0 ~~1
riH

1 
is empty,  ot he rw i ’ ’  f ,;i is the

fl, n H I n ‘ ‘u ’ 1 p I ‘k in Then

= i . i ~ 
I / I f f  . ) ) 

~ L 
( ii i~~f t f (  ~~) )

i~~~J 
i • )

i. i . r r i i~’ j ’ I  1 j~~ l 1 . i ~~?

10’ ’ ~ i Ii t I P r . ‘ I ( i l l () ~i ‘.

lii , ~ r j u ’ l in eq u at ’c  n 2 1 5 u~~’ 4 1  ~~~~~ i f  u u , i n t h i ’S ’, ~~ mn I i  I about

I (‘ .~~~ 
r~ d ; p li( a t i ) C  re , u i t  f rom or( r l a t i  I ’ ’ . I ’  nr ~ i’  t i  ‘ u f the

~~~~~~~~~~~~~ I r i r ’ ~t f l ’ ’ a’ aI 1 e .  ~~)~~~2 
x~~ art d i  ~ii , y di t r i t i i t p : I  ~~u f h  i. in ~i and

I and~ i i  (i i i  ~ r , t i n

r n - i
~ Ni. i x 1*  I I S ii 4 —-—-— S ~~~~ I...

lien , f f  f o t i c i  ~~ir ’ip c o ro l la ’’ :

BEST AVAIL4BLE CCT~



Corollary -. If k�width(C), the t 1 are independent , depth (G)— I , and the m~ tasks on level
have identicall y distributed execution times with mean u~ and standard deviation
then

~7 1.. . r n - i  - . -
~~~~ 

~ 
~~~~ ~ U j  ~ ~ D J )

1~~j~~l i~~j � l  ~!2rn~-I

let w—w idth (G) . When w>k, FG canno t in general be expressed simply in terms of
the F

~
, even when G is simple and the t~ are independent. For example , let G consist of

T 1,T 2,T3 with the set {T 1,T2,T3} independent , and let k— 2. Then
t G~

max(min(t l,t 2 )+t 3,max(t l,t 2)), and t G cannot be simplified further.

When w>k , the lower bounds for E(t G) given above still hold. For an uppe,
bound we take the following approach. It is assumed that w processes are created,
and each process has a processor available at least k/w of the time. For example , the
bound given in the corollary becomes

u .  
~ 

E (tG ) ~~~~~~~
. 

~~~ 
(
~

. + rn
;
-i g .  ) (2 .4 )

1~~j~~I k 
~( m~-T

Fina ll y, when the t~ are dependent, in general special techniques must be used,
such as those •n the analysis of partitioning strateg ies (section 4) or parallel merg ing

(section 5)

3 - A Dynamic Decomposition Algorithm
S

Given a task T and a procedure which decomposes a task into two tasks which
may be execu ted concurrentl y, we consider the following dynamic algorithm:. First ,
there is a dec omposition phase , in which each process repea tedly removes tasks from
the task-queue TQ (which initiall y con tains onl y T), dec omposes the task end Inserts
the two new tasks in TQ, until there is a total of M tasks. Next , there is an execution
phase, in which each process repeatedl y removes tasks from TQ arid executes the task.

-6-



We anal yze this al gori thm under No ‘oIlo~ ’ing a .c rnp s o ns :

( 1)  In this sect ion the time to access TQ ‘c assumed to be 0.
(2 )  The time to decompose a tas k is assumed to be exponentially
distributed with mean r11 ’ where i is the urrent total number of tasks.
(3) The time to execute a task is assumed to be exponentiall y dis tributed
wi th mean eM .

We use standard queueirig theory techniques in the anal ysis (see for example
[3]). Adopting as a state variable the total  number of tasks in TQ or currently being
executed or decomposed , the state-transit ion-rate diagram is given by figure 3.1.

Figure 3.1

d1 2d2 3d 3 ird k kd~~~1 kd ~~ .1

‘11 2.~ ~•f’1 4 i~ We 11

The mean exec ution time is found to be:

- .J (.!1J. + H + ‘~T — —  ~~ (3. 1)
e~ ~ k 

k
) / ~, r n i n ( i ,k )d

~
i�isM-1

where Hk - (1 + 1/2 + 1/3 + ... + 1/k ) .

-7-
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4 - Static Qu ick sort

We consider a static generalization of quicksort as given by t he tusk-graph of
figure 4.1 (see [6) for a complete discussion of sequential quicksort):

Figure 4.1

1

P2,2

P3 1  ~
‘3,2 F’3,3 p3,4

~L-1 ,1 PL 1 ,2L-2

5 ) . . . S2L-L 1 ~~~~

The tasks may be described as fo l lows :

( ) )  p1 is a par t i t ion of the file to be sorted
(2) 

~~ 
(j odd) is a part i t ion of the left subfi le produced by 

~i-1 ,( j +1)/2~
~~ ~ 

(j even) is a partit ion of the right subf i le produced by F’~~i,~p
(4) S1 (j odd) is a quicksort of the left subfi le produced by 

~L-1 ,(i+i)/ 2~(5) S1 (J even) is a quicksort of the ri ght subf ile produce d by 
~L-1 ,j/ 2’

First consider the simp lest case , where k is a power of 2 and L—1+l g(k) (where
lg is log2 ). In this c ase the width of the task graph is k. The question arises as to
what partitioning strategy to use, that is , how should the partitioning element be
selected in the P tasks~ First a definition of asysmptotic mean speedup:

D.finition - Given an algorithm for k processes, let the mean total execution time be

-8-



T k iN) , where N is the size of t i m  ‘ p u t  The ”  t~~ dsympto t i~ mean speedup Sk is

def ine d to be

— l i r n  11(N)

i’~-~m k ’

We would p re fe  a partit ioning s t ra tegy  which gi es asymptotic mean speedup of k
even in the simplest ca 5e; st~ategies which depend on large I for speedup are
i m n u f  able since the number of tasks increases ei ’ponentia ll y with L, and one of the
n~ain advantages of stat ic  al gorithms is low overhead.

It is now necessa r y to make some assumptio ns about the execut ion times of
t a s k s  In the sequential anal ysis of quic ksort it is f ound that partitioning a file of s ize
N takes 0(N) time with standard dev ..’ion 0(N), and that sorting a file of size N takes
0(N lg(N)) lime wi th  standard deviat uon 0(N’ (‘‘~e [6]). Thus in anal yzing asymptot ic
mean speedup it i s onl y necessa ry to consider the sorting task times .

( 1) When the part i t ioning element for a pa r t i lm on  of a fi le of size M is selected at
random , i t is natural to assume that either subt ile size is uniforml y distributed between
0 and ~vl. This , together wi th  the fact  that the sum of the subtile sizes is M, gives an
expected maximum subfi le size of 3M/4 . Using this , it is easy to show that of the k
subfi les to be sorted in the sorting tas ks , the e~pected maximum subf lie size is at least
(3/4) lg(k)~ which imp lies SkSk

~~~
/3

~
.

(2) If the median of three method is used to .td ei. t  t he part i t ioning element , and
if it is assume d that the fina l position of each of the three e lements in the subt ile is
uni forml y distr ibuted between 0 and M, then the probabilit y density func t ’on for the
size of either subtile is:

f I x )  — ~~ 1 - 
4?

M \  M~~1

This g .‘es an expected maximum subtile size of I1M/ 16. As in (1) , it can be shown
that the expected maximum size of the subt iles to be sorted is larger than
(11 / i 6 lg( k )~ It fol lows S~~k t~

( 16/ 11)

(3) If the partitioning elements for all partitioning tasks are found using the
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‘ m i ’thod of ~,a’ . çm i c’ ’.c i r t  ( f r ’  I i k —~~ t m ’ . I . • .~ : I ,~, ~~~ and u’.e these for the Ic—
1 1 ank ~b , ,tr m t  1 the ~~na poc it ion  of eac h nt the 1 elements is assumed to be
in ’t n ,  m i t  d st ’  ibuted he ’ .~ r ’ e n 0 and N, then the probabil it y densi t y function for the

s ize of the larges t subtile to be sorted is :

f ( x !  - ,~~~~~ 
(-1 )  ~~~~ ( k - i )  (~~1~ ’i -

1sj~~LN/xJ ~j - 11~ N)

~‘ee the discussion on the random division of an interval in [2)). It follows the
expected ma4 imum size of the subfi les to be so rted is:

(‘N x f  (x)dx - \~ 
(-1) j- 1 ( Ic - N,

J~3 Ic \j-1) j Ic
1Sj ~ k

leni e k k/ i l
k

(4 ) Finall y we turn to the partitioning ‘ t r a t egy  of f i rst  finding the median (in
:)(~~ ) time , where M us the size of the subtile) in each P task, and using the median as

~be partitioning element. This does give Sk~
k, but it should be noted that median

?indin g represents a large overhead. Unless process communication IS ex tremel y
expensive , a dynamic generalization of quicksort (such as the one presented in section

i’ probab l y be t te r

If the mear and standard dev’ation of t t e t ;me to quicksort  a file of size M are
aqf.A lg(M) and hqMi and the mean and standard deviat ion of the t ime to find the median
of a ( p of . ie M and p a r t i t i o n  the fi le using the median as partitioning element are

and bpMi N nn f r om  equation 2 3 we f und that the mean tota l  ex ecut ~ .in time is less

ma n

ci q .N’ l g (N i+12a i’l_ ~L ’~+ ~~~~~~~ _1
~q_ + ~~ ~~Li  b~ 1N

,k)  ~k)  L ~~ K)  ~ ~ 2k-1 / ~ ~. ~~~+i 1 j
1~~j~ l g ( k)  — 1

Wt i~~ri L is greater than 1 +Ig(k) a simi lar result may be found using equation 2.4.
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5 - Static Merge Sort

Cor ’~~, de r  a c ’ a t ’ c  ~,“e ra l izat ion of merge sort as given by f i gure 5.1 (see (4) for
a ci c L J . s c n  i,’ seque’ t a ‘~erge sor t ) :

Figure 5.1

~ 1 ~‘2 S2L-1 _ 1 S2L-1

M2 1  M2,2L-2

ML 2 1  ML 2 ,2 M1 2 ,3 ML 2 ,4
/ V

UL_ 1 ,1 ML_ 1 ,2
/

rip tasks may be described as foilows , assuming the fiie to be sorted consists of
records 1 throug h N:

( I )  S 1 is a merge sort of a lt the records between (i-l)(N/ 2t-
~~ ) and

i(N/2~-~~ )+1 .
(2 ) M21 is a merge of the two sor ted files produced by S2~_ 1 and S2~.
(3 )  

~‘2) m c a merge of the two sorted files pro duced by 
~~~~~~~~ 

and

~1 ,2j

When k is a power of 2 and L—1+l g ( k ) , t Ie  width of the task grap h is k arid
,,i j at ion 2.3 may be app lied. Assum ing the tine to merge sort a tile of size N has
m e ar  a5N lg(N) and standard deviation b~~i, and that the time to merge two tiles of
.i~,pç U and N has mean am(M+ N) and standard deviat ion bm (see [4)), we find that the
mean total execu tion time is less than

— 1 1 —



!~N+(Ic-1 ) ~~~~~~~ ~T 
(2i_1) 

bm
k \ k  K) L

l sj s l g ( k ) - . 1

When L is larger than 1 +lg(lc ) a similar resul t holds , using equa tion 2.4.

In the remainder of this sect ion we cons ider one possible improvement:
replacing the merging tasks wi th parallel mer ,r~es A two task merge of two f i tes is

pfl’.c htp h~ letting each task be an instance o~ the usual sequential two -way  merge
(see [4]), except  that •n one task merging begins wi th  the two smallest i tems of the
tw o f i les (a merge from the left) , and in the other ta c ,l~ merging beg ins wi th the two
larges t tern ’ (a merge f rom the rig ht). In addit ion the t w o  tasi ’ ’~ are interliriked as

‘oIl o ,ws: •n sequentia l t w o - w a y  merge , the po r m t e r s  to the fi les are compared to the

~“ds of the fi les; in a two task merge , the po rte rs  of one task are compared to the
po r te rs  of the other task . Beca ise of this , the two tasks finish together almost
e x a c t i ’) providing one has not already finished before the other s tarts. We now
as s ume a sequential two-way  merge of two f i le s each of size N takes time 2a mN.
Hence a two process merge using the above method would take t ime amN.

Next consider the merg ing al gorithm given by fi gure 5.2 , for k— 4 :

Figure 5 2

Ii ~2
\JJ

z
A

L 1 L2 P2 P3

Assume the elements to be merged are x l Cx 2 c 4 3 ~ ...~ xN and Y 1 <
~ 2<Y3

~~
YN. the tasks

are:
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II: Insert XIN/2J into the y~
’s.

12 Insert 
~LN/ 2J into the x i ’s.

7 The results of the insertions determine three pairs of subfiles , as

shown in fi gure 5.3. Z determines the subtile pairs and initializes the L~
and P, tasks.
Li: Merge from the left of the i’th subtile pair.
P
~
: Merge from the right of the i’th subtile pair.

Figure 5.3
A ~ 

—
, I

1 ,“ 2 ,’ 3
Vc

If process 1 executes L 1 and process 2 executes L2 and then R1, process 1
finishes before or with process 2. Let the sizes of the subfiles in the second subtile
pair be X and V . The execution time for process 2, starting at the completion of Z, is:

~ rn~~~~ 
( X +Y x+vj, ,~_~ — X + Y\  (N 

~~ 
t x - V  I \

~~~~~~~~~ 
~~~~~~~~~~ i

\

¶. ‘~ m e (X4Y) / 2 ~N/2. The same result holds for the process executing P2 and L3. In
order to find the distribu tion of IX-Y l, it is assumed all elements x

~
, y

~ 
are dIstinct , and

that all permutations are equally l ikel y. Then the probabilit y of inserting xaN In
position i is:

• 
. 

(I + aN ~1) (
N ( 2 -cx ) - i

PLJ 1<x aN< Y i+ 1 ) - aN = 1 

(2N
) 

( 1 - a) N

aN (N~ (N
- \. i J \ ~aN

( i +aN t (2 N
\ i +aN

-13~
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- -~.- __2~N_ . __ 
~~~~~~~~~~~I i +aNMf~ r

i.Jsing the normal approximation to the binomial distribut ion . This distribution is again
approximatel y normal , with mean aN and standard deviation N./2. Assuming X and V
are actuall y distributed normall y, the mean of X-Yj can be calculated to be~~2N/n.
Hen c e ,

F i t 6) am (..~~+ 

~/~~
)+ O (l g (N))

where t t ~c’ 0(tg(N)) te rm is from the insertion tasks.

litt er mergiig al gorithms fo r k~ 4 and for higher k can be devised by using
,ar ,ouc  eie’nent insertion strate g ies. Similar techniques may be used in theur anal ysis.

6 - Dynamic Quicksort

We may use the dynamic alg or thrn of .,ect i or  3 for sort ing, wh ere tas Ks are
considere d to be subfi !es , the decompositi on of a task is a pa r t i t i on  of the subtile into
t w )  subfi les , and the execution of a task is a sort of the subt ile. In anal yzing th is
al gorithm we make the following assump tions , where the file to be sorted contains N
rec ords:

( 1 )  Jf U is the tota l  nun icr of s ij bf H~~, to be produced during the
decomposition stage , the ~ number of task-queue accesses is 3M-2 ,
and each process maker )prox imate avera ge of 3M/k such accesses.
We therefore assume th head due to pro e ’s communication is linear
in U, and is giv en by w( l
(2 ) When there are i suL es , the mean rubble size is N/i . It is assumed
the ti me needed to partition a subtile is exponentiall y distributed , and th at
when there is a total of i subfi les the mean time is aN/i.

-14-



(3) During the task execution phase , the a m r ~rage subfile size is N/U. It is
a’’i :med the time to sort one of I ti~~ U subfi les produced by
de om posit i oning is exponential l y distr ibuted , wi th mean b( N/M)Iri(N/M).

From equation 3 1, the mean execution time T(~.l,N,k) is:

Hrl ,N,k — i.ilk)tl + b(~~) ln ~~~~~ + HI c)  +

~~~~a~N~+ ~~~~~~~~~

1~~i~~k— 1 k~~i~ M—1

- w (k)M .!~ (b In N - aHI c !  + aHM I  - b In N)
K

+ b( I n~~ Ill . 1) + aNHK 1\rl ri~

Given N and k, we seek to find U so as to minimize T(M,N,k). If we approximate Hu.i
by ln~ ‘,, then U must sat is f y

— w (k) + N( a-b) + bN (Hk - i )  ( In N - In N -1
an KM N2

— 0 .

le t  A - 
j ( k )  arid (3 -

bN (Hk - 1) bk(H k - 1)

then the optimal value of U is the sotut uon of

M e M2
~~

M 1 )  
- N.

A short table of the optimal integer value of U for various values of w(k )/ b follows ,
for the case k— 4 , a—b , N”106:

- 15-
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N
ie
io2 313

ies
3S

iø~ 11

Thus , given a ,b,N, an d K, the optimal degree of decomposition is determined by wOc ),
the process communication overhead.

7 - Summary

lIVe have c l a ’ c i f ied  asynchronous mult iprocessor al gorithms which emp loy
pr oblem decompos 1tion as s ta t ic  and dynamic. Stat ic  decomposition al gorithms require
little process communication and would be we ll-suited for systems where process
communication is expensive , e.g., “loosel y-coup le d” computer networks.

A stat ic  decomposition algorithm is described by a task-graph . Simp e task-
graphs have the property that there is a simple expression for the probability
distr ibut ion of total  execution time in terms of the probabilit y distributions of each
task , providing the result of one ta s k does not a f fec t  the execution time of another. If
the probabilit y distributions of each task’ s execution time are unknown, it is still
possible to bound mean total execution times providing the means and variances of
task execution times are known .

Regarding the upper bound given by equati~ n 2 ~ , the bound is tight in t hat
task ’-g rap hs and task execution time probabilit y distributions may be constructed so
that equalit y holds , using distributions derived in [2]. Any improved bound would
require either more detailed information about the partial ordering of th. tasks in the
expression of the bound, or additional assumptions about the probability distributions
of task execution times.

-16-



When process ( O m m U n ic a t or i .. ne~~pr ’  ..e , d y n a r i. decomposition algorithms

are c u i t a t . l e .  Ore technique for a nalyz ing the~.’~ al~y~’ ) t m ms is b y means of a qusueing
model. .)ue.ie ng models may be used ‘n a r aj z i n g  other t ypes of asynchronous
par fit t e l al gorithms as well Ic g., ir [1] a queueirm g model is used to anal yze
async bronous iter at ie methodsl .

b r  ‘~ d e o mpos it on algorithm s the bounds derived fl section 2 may

be dir ‘~m~~ ’ ~s static quicksort with median linding and stat ic merge sort.
In othe r ca j 5~ executio n times are dependent other techni ques must be
u:ed ~~r mm ~ ~. ~~~ :~ s. t or stat ic qi icksort when rn~’dia n finding is not used and in the

par a m t e t  mergi rm g a~gorithr n presented. These al gc ri thm s have dependent t ask  execution

t m e s s nie there are tasks wh e re the input ‘sic depends on the result of a previous

ta - k .

Thr ass umption that p r o c e . s  com rnLns  a t m o r i  o ‘e r lead is negligible ri stat ic
dec o m p o s t r r m  algor th mc is v~ ’ id onl y if the to ta l  number of t~’s~ c is not very large.

~Or t~~ c reason we h~~,e g iven bounds on mean e~ ec ut ion time only for those
al gor ‘ m r ~ 5 ir which the width of the tas k-grap t . 5 k (alth oug i~ a technique f or greater
w ,iN t a c k  graphs has also been presented) . Th ese bounds g i b e  an ndi ation of the
perf or r riance that c s ”  be expec ted when process cc rrr r nca t i on  over beao is high
, . , m :  ug 1 to  ~~ s’ ‘ ant  N e use of sta t ic decompoct ion . However , in dyr~amic decompos tion
a ’gor i~~hro s w e  rra~ choose the degree of decomposit ’On , w hic h st o. 1 deaH~ be chosen
so a ,  ~o .,~;anc€ c r ocess co r’-m rr a nc icat io n  overhead dfld adapt aL t~ to ~ ai ~~~orus ii i th~
exo  utior’ t i m e ’ , of tacks.  For examp le , by app lying a queuev’g model N~ a dynamic
genera l i zat io n of quic ksort , we have derived an expression relat ng process

communication overhead and the opt ’mat degree Of decompCc t on

-1 7-
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