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0. Introduction

It is frequently the case that service facilities, designed to accom—

mocate in an optimal fashion certain demand , become inadequate due to un-

anticipated increase in the arrival intensity of customers. This is often

manifested by an excessive waiting time of customers and sometimes even

saturation of the systems. To avoid these undesirable phenomena the service

intensity of the system should be adapted to suit the circumstances. If

the nature of change in the arrival intensity is not completely known the

problem is twofold. One has to make proper inference from observations on

the system about the possible epochs of increase in the arrival intensity

and concurrently to make optima]. decisions on the proper service capacity .

In the present paper we study this problem for the special case of only one

possible change in the arrival intensity, which may occur at unknown time

point. The model of at most one change in the arrival intensity may be con-

sidered as an over simplification of the real problem. However, our objec-

tive is to present the problem and show an approach for obtaining an optimal

solution. We allow only N possible additions to the initial service

capacity of the system. We assume that one can only increase the capacity.

We further restrict attention to one—server Markovian queueing systems .

For such systems we develop a procedure for the optimal adaptation of the

capacity. This procedure is based on a cost structure which consists of

the operating cost , set—up cost and holding cost. Furthermore, the optimi-

zation is carried within a Bayesian framework. We assume that the t ime till ~~~~~~~~~~~~~~~

the change in the arrival intensity follows an exponential prior distribution. ~~ 1

The Markovian decision procedure is accordingly a function of two state— f~J j 
‘~

variables: the number of customers in the system and the posterior prob a— -.

bility that the change has already occurred. The optimality cricerion is ~~gy co~
g
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to minimize the total expected discounted cost for the entire future.

Since we make decisions under uncertainty , there is the option of changing

the service capacity in N steps. We provide here an algorithm for such

adaptation. In Section 1 we present the problem in more specific terms.

In Section 2 we study the posterior probabilities process. In Section 3 we

present the formulae for the expected cost functions at the maximal capacity.

On the basis of these functions we develop in Section 4 the general func-

tional equations describing the minimal expected cost functions, under the

plausible assumption that the optimal adaptation is a non—decreasing func-

tion of each one of the state variables. This assumption is not essential

but helpful in simplifying the development. Moreover, in Section 5 we pro—

vide a piece—wise linear approximation , which reduces the integral equations

previously developed to simpler difference equations. An iterative method

for solving these equations is discussed in Section 6. In this section we

provide also computational algorithm which combines the solution of the

difference equations with the determination of the optimal adaptation rules.

The results of the present study can be ge-&eralized to cases where the

adaptation of capacity is done by adding servers to the system.

The literature on the optimal control of queueing systems consists

already of a few hundred papers. Reviews of the basic problems and

approaches can be found in Crab ill , Gross and Magaz ine (1976) , Sobel (1974)

and Stidham and Prabhu (1974). The present study is related directly only

to the previous studies of Zacks and Yadin (1970) and Yadin (1977). These

specific papers can be ascribed , accord ing to the classif ication of Crabill ,

Gross and Magazine (1976) to the general category of “service process control”

of dynamic systems. We prefer, however , to call our process an adapta tion

process , since the service capacity cannot be decreased but only increased.
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1. The basic problem

Consider a single server queueing system in which arrivals follow a

Poisson process . This process starts with an arrival rate and at an

unknown time point, r the arrival rate changes to We assume that

and are known and that 0 <k.~ < < .

We adopt a Bayesian model, according to which the epoch r of shif t

f rom to A
1 

is assumed to be a random variable having a prior

exponential distribution with mean 1/ci. The service times of this system

are conditionally independent random variables having exponential distri-

butions. The capacity is defined as the expected number of customers that

the system can serve per unit of time. The system is set initially to

have a capacity 
~I ’ which is related to the initial arrival rate A

0
.

It is possible, however, to increase the capacity in N steps from

to ~~ according to specified values:

~O
< U1

< < 11
N

The time points at which the changes in capacity take place are called

adaptation points. There is no possibility of decreasing the capacity

of the system. The problem is to determine the optimal adaptation times

in a way which minimizes the total expected discounted cost of operating

the system. This cost consists of three elements: the cost of maintain—

ing service at a given capacity per unit of time, S(p); the cost of

holding x customers at the syst~~ one unit of time, Q(x) and the cost

of increas~~g the capacity (set—up cost) from p
1 

to (0~~ 1< jS K),

c(i,j).

— —
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2. Posterior distributions based on the arrival times.

Let A (t) be the arrival rate at time t, 0 < t < ~~~. According to

the model

(2.1) A (t) = ?~~I (t < r) + X11 ~t ~

where 1(A) is the indicator function of t, with respect to the set A.

Accordingly, A ( t )  Is a random function. We derive here the posterior

distributions of A(t), given the past history of the arrival process.

Let denote the length of time elapsed since the most recent arrival

till the present time t. More generally, counting the arrivals from the

time t in a backward fashion, let ek (k = 1,2,...) denote the length of

time since the k-th arrival till the present time t. In this notation,

the last k arrival time points, prior to t are t - -

t — 0
2
,..,t — e~. We also set 0. Let N(t) denote the number of

arrivals in the time Interval (o,t]. In the event of (N(t) = n) we set

t1 and the posterior probability of (A(t) = A0), given = (N(t) = n,

o ,e ,...,e ) is1 2  n ~ -air , .~e iJ~r ,S1 )ur

(2.2) P{fl(t) = = t

a.! e L(.r ,st )dT

0

where L(T;&t
) Is the likelihood function of ¶ for a given ~~~~~~ Thi s

likelihood function Is expressed by

(2.3) L(T;St) = e 0 i(~r > -t)

fl —~~. ¶-X ( T— t )

+ L A r
~~~X k e o 1 Ift_ Ok+1 < 1• < t~O}ç)

k=0

_ _ _ _ _ _ _ _ _ _ _ _ _  ________  - - ~~~~~
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Substituting ( 2.3) in (2.2) we obtain after proper integrations the following

formula for the posterior probabilities .

(2.1~) P(A(t) = = 
fl 

~~~~~~~~~~~~~~~ ~k+l l~~O~~~- 
~~~~~~~~~~~~~ - e

k=0

where p = X
1/X0

. Define the atochasic process (A(t), t � 0} which, at

every point of time t, Is a funct ion of the sufficient statistic as

given by the formula

(2.5) A(t) = E k1e
_Oka.

~’ 
e

_0
1~~~~~~
]

where i~ = (X1-X0-cv)/a.. Notice that A(0) = 0 with probability one. Every

decision process based on the behavior of the relization of the posterior

probabilities process P(A(t) = can be equivalently based on the

realization of the A(t)-process, since

(2.6) PCit(t) = = ¶~ + A( t ) 0 � t <~~

I
We investigate here some of the properties of the A(t)-process. We focus

attention on the case of ‘fl > 0. The case of ‘fl � 0 is not of interest,

since it implies an early change of ?.o. The process A(t)  is induced by
the non-homogeneous Poisson process In the following fa shion, Consider the

time interval [t ,t + h i .  If there is no arrival at this time interval then

(2.6) A(t + h) - e~~flh [A(t) - ii + 1.

On the other hand, if t is an arrival point then

(2.7) ,A(t+) = pA(t—).

htII.._ - ---—- ----—-—-—-- —----—-——— ~— — . - - - —.------ _ ... ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—~~- ---— -
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In other words, the A(t)  process has discontinuities at the arrival points .

At t-polnts which are not arrival points the process has a smooth realization

with derivatives given by

(2.8) ~~ A( t) = -a.i~[A(t) - 11.

This shows that A(t) is an Increasing process as long as A (t) < 1. Once

A(t ) jumps above the level A 1 it always stays there. Moreover, after

crossing the level A = 1 the process is strictly decreasing between arrival

points, at which it jumps upwards. 
-

Let E1(a),  i = 0,1, designate the conditional expectation of A(t)

ininediatel.y after an arrival point , given that the level of the process

immediately after the previous arrival is a, and A (t) = for all t

between these two arrival points. This conditional expectation is

(2.9) E1(a) = p!~i e i
~~~e~~~

t[a - ii +

= 
~~~~~~~ 

()~.1
a+a~ ) , I = 0,1.

Since we consider here cases of ~ > 0 one could immediately verify that

E1(a) > a, I = 0,1. Thus, the Imbedded sequence of A(t+) at the arrival

points is a submartingale which diverges a.s. to infinity.

This in conjunction with (2.6) implies that the posterior probability

= ~~~~ 
.
~~ 0 e.g ., as t ~ ~~, even if there is no change in

This Is not surprising, since the prior probability P(A(t) = ~~~ ~ 0

exponentially fast , as t ~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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3. The Expected Cost Functions at Maximal Service Capacity.

Due to the Maricovian structure of the queuelng process, the total

expected discounted cost for the entire future, at epoch t, given that

A( t) — A
1 

(I — 0,1); the system operates at capacity ii
~ 

~
j —

and there are X(t) — x customers in the queue is independent of t.

We denote this cost function , therefore, by M1~ (x) . In the present sec-

tion we present the expressions for M,.~(x) and MON(x).

3.1 Derivation of

Let P
j

(X) uj 
if x� 1 and i~(O) 0. The change in the queue

size, x, is induced by two independent Poisson processes of rates

and ii~~ (x). Accordingly, the time until the next change in x is expo-

nentially distributed , with parameter A 1 + il
j  

(x).  At the time of change

the queue Increases from x to x + 1 with probability X 1IQ~1 +

and decreases to x — 1 with probability ~ (x)/(A +u.(x)). Thus ,
i _ i .)

M]N (x) satisfies the functional equation

(3.1) M~~(x) = (A ,~ + ~K (x) ) exp(-(A 1 + ~N flO) 
-

. 

. { ~ e~~~[S(u~~ + Q(x)] dT + e~~9[~~~~~~~
) 
M1N(x+l)

~~ (x) -,
+ 

N M.~~(x-l)t dO.
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Notice that e~~~, 0 < p < ~, is the present worth factor . Let

(3.2) H(~,x) = ~~ [s(~) + Q(x)] .

Notice that H(~,X) is the total discounted cost of maintaining a service

rate ~ and queue size x for the entire future. Substituting H(~,x)

in (3.1) we obtain the functional equation

(3 3) 
- 

M~ (x) = 
x+l)+

~ N(x)M,
~~

(x_ l) + pH(~~,x)

The solution of this functional equation can be approximated for any H(i~i,x)

function. However, in special cases one could get the solution in a closed

form. Zacks and Yadin (1970) derived a closed form expression for M1N
(x),

for the case of H(~i,x) [S(~.i) + qx] . The explicit solution obtained is

(3.4) M1N(x) - ~ [s~~~ + q + 
A
1 

- 

~ ~~~~~~~~~~ }
where

(3.5) çj(~
) 

~
_ [

~ 
+ + 

~ 
- ((A

1 
+ + P) 2 - 4xipi

)1~~J 
,

1 0,1,; j

3.2 Derivation of ~~~~~~ -

The functional equation for M0~
(x) is derived as in the previous case

of M.
~N
(x), taking into account that the arrival rate may change to

before the change in the queue size. Accordingly, we obtain the equation

(3.6) M,~ (x) = 
~~~~~~~~ 

‘

where



-- - - -

• - - -- ..L

-9-—

(3.7) H*(~~~x) = 
~~~~~~~~ 

[a14
~~(x)+pH (4~~,x)].

For the special case of H(~&,x) ~ [S(ii)+qx) we obtain, according to

(3.5) and. (3.7)

*

- 

(3.8) H (~~,x) = 2 [s (~~
) + ç~+~y j  + x +

x+l
qa~1~ (p)

The function H*(~~,x) can be written as the sum of the two functions

:i ’
~ 

q(A —
~~~~~ )

(3.9) H
~~~
(
~~
,x) = 

~~ ~~ 
+ 

~~ (a + 
+ qx~

and

C )  ___ 
{ (p

(3.10 ) H (
~N,

x) = a + p • 1 - ~~~(~ ) 
-

. 
~~~(p).

By substituting the function H
~
’
~(4.~N,

x), for H
~
(
~N,

x) in (3.6), we r
obtain a functional equation similar to (3.3). The solution of this

equation is given therefore, in analo~~r with (3.1~), by
*

(3.ll) M~~~(x) =~~~ [s(~~) + q (~ + +

~~~~ (a+p) ‘\ 1
1 - 

~~~~~~ 
I J ’

where

~~~ aA 1 +p X0(3.12) - — a ÷ p

When H(2)(I.&N,x) is substituted in (3.6) the solution assumes the

form
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(3.13) ~~~~~x) = 
~~~~~~~~~~~~~~~~~~~

~

— 

~X+l() 
_ _ _ _ _ _ _ _ _

~~p) L’ - ~lN~~~ 

- 

1 - ~ON
(a+P)J

‘ ~~~~~~~~~~~~~ ~O N N ~~~~~ 

‘

where G
~

(z,s), jzL � 1, 0 < s < ~ is the double transform of the

transition distribution of the M/M/1 quaueing process with and

~N 
}b?eover, $ON(a÷p) = ~~~~~~~~ The denominator of (3.17)

can be further simplified and. the formula of (x) becomes

r x+l x+l
( ) ~~~ ~0N (cr+p)

(3.114.) MON (x) = ~ B 
Li - 

~~~(p) 
- 

1 - 
~ON

(a÷p)

where

a~~ (p)
3.15 B = X ( ~~~(p) - ~0N(a÷p))($ON(~~

p) -

= a/[a + 

~~ 
- X

1)(l -

Finally, since equation (3.6) is linear its solution of (3.10) is

the sum of M~~~(x) and M~~~(x). Accordingly,

(3.16) MON(X) = ~~ 
+ 

q [  
~ + 

~

x+l x+1
~ (a4.p) ~ (p)

+ Cl - B) 1 - 
~~~~~ 

+ B 
~ -

In the special case of A0 = we have B = 1 and (3.16) is reduced

to (3.11.).

_  
- -- - -
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14.~ Minimal Expected Cost Functions For Monotone Policies

In the p;eserit section we provide the recursive equations on which

the optimization process is based. The decision concerning the optima].

service capacity depends on the current capacity, 
~~ 

(n = O,1,2,...,N);
on the number of customers in the station, x~ and on the posterior

probability 11(t) = P(A(t) =
We start with the supposition that the adaptation policy should be

~~notone in the queue size, x(t), for a fixed value of the posterior

probability 11(t) and ~~notone in 11(t) for a fixed x(t). In other

~~rds, if for a given value of 11(t) it is optimal, at time t, to

shift from to (j > n); the optimal decision for all x > x(t)
is to shift from. to 

~k (k � j > n). Similarly, for a given value

of x(t), and since 11(t) is an increasing function of A(t), an opti-

ma]. shift from to (j  > 11) under ACt) implies that the optimal

shift for all a > A(t) is from I.L to 
~&k (k � j  > n). We further

impose the restriction that no change in the service capacity will take

place as long as ACt) <1. It can then be shown that under these cond.i-

tions the optima]. decision epochs are those at which arrivals occur . Due

to the Markovian properties of the decision process, increase in capacity

should take place either when the queue size increases or when the pos-

terior probability of increases. Since the posterior probability of

is an increasing functio n of A(t) and, when A(t) ~ 1, it increases

only at the arrival epochs. The epochs of increase in the queue size and

in the posterior probability coincide.

Let K~(x, a) be the minima]. (condition~a) expected discounted cost at

some epoch t, given that x(t) = x, A(t) = a and the capacity is

Furtherx~~re, let Kin Cx,a) (i = 0,1) denote the conditional expected

__ 
.1
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discounted cost, given ,~~, x(t) = x, A(t) = a and A(t) = x~, asso-

ciated with the optimal policy. For each n, and a

(li..i) X~(x~a) = (aK 1~(x,a) +

Let (x, a) denote an indicator function, which assumes the value 1 if,

under the optimal policy, an increase from to (j = n, .. .,N)
should take place at epoch t for which x(t) = x and A(t) = a; and

N
assumes the value zero otherwise ~~ I (x ,a) = 1. With the aid of the

nj

indicator functions I~~(x~a) we determine simultaneously with 
K1~(x~a)

associated fu~ations M~~(x~a) (I = 0,1) satisfying the equations:

N
( 14.2) Kin(x,a) = Ei~~(x,a)tc(n,j) + M

1~
(x~a)]~

j=n

1 = 0 ,1; n = 1,...,N and

p
(I4~,3) Mon(~,

8) = 
A
0 

÷ 4.L (x) + p + a +

~ -(X 0+4.t (x)+p+a)1
(a-1+p) +

~n~~
Mo,n

_1
~~~~~~

81) + 1) +

- 1) + 1) ] dT ,
and

p H(i.i ,x)
(14.11.) M1~(x,a) = A + ~~(x) + p +

S ~~~~~~~~~~~~ [A lKl,n
(x+l,pe

_a’
~~(a — 1) + p) +

+ ~n(x)~~n
(x_ l,e~~~~( 

a - i) + 1)] a~ .



~~~~~~~~~~~ deteIdtItiIs Mj~x , Tonsider theJ~~~ctatiou

(14~5) M~(x,a) = (aM,~ (x,a) +

Equations (Ii..i), (14.2) and (11.5) imply

N
(11.6) K (x,a) = Ei (x,a)[c(n,j) + M (x,a)].n ~~nj j
It follows that

(14.7) K (x,a) = mm (cCn,j) + M (x,a)).
n~j�N -

We remark that for n = N  -

(11.8) Icd(x,a) = MN (x,a) = (aM ~~(x) + TIMON(x))/(a + 10.

Equations (11.3) and (14.14) can be expressed in terms of the N-functions

only, by substituting the K-functions according to (14.2). Accordingly,

(11.9) M
~~

(x,a) = 
W
j (X) 

H(~~,x)

~ =w (x),f N
+ 5 e ~~ ~x1 EI~~(x+1, p(a_1)e~~

Th ÷p)[c(n,i) +
0

+ M
13
(x+l, p(a_l)e~

’
~~+p )] + 

~n 
)Mjn(x-l, (a.l)e~~

lT + 1)

+ aM~~ (x, (a-1)e~~~~ + 1) dT;

where w1~
(x) = + 4L (x) + a + p (i = o,i). Notice that in (11.9),

designates the random time of change in the queue size; capacity adapts-.

tion is done only at epochs of increa:e in the queue size and A(t) = a

changes according to the formulae given in Section 2. Making the trans-

formation u = (a.1)e~~~ + 1, (11.9) is reduced to
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(14.10) M (x,a) = ~ H(~.t ,x) +

S (~~i) in 1 

~~I~~(x+1, pu)

[C(n,j) + M1~(x+l~ pu) 1 + i
~
(x)M i~

(x_ 1, u) +

aM,~~(x~u)}du. --

Partition the interval (1,a) to the sets 
-

(14..u) €)
~~(x) = Cu ; I~~(x,~u) = 1), j =

Since we consider only monotone policies, these sets are si.Ibinterva.ls.

The functional equations are then, for each i = 0,1;

(14.12) M (x,a) = ~ H(~ ,x) 
.i.

win(x)f~~~lt
j=n ®~~(x+1) I

+ ~~ Min (x_ 1, u) + aMi~~(xiu)}du .

We introduce now boundary functions for optimal policies, ani (x),

j  = n,...,N, x = 0,1,... such that, if the value of A(t) lies between

a~~(x) and. an,j+i(x) it is optima]. to increase the capacity from

to 
~

. We formaU~r define a~~(x) = ~ and a
n,N+lCx) 

= a~ for each

n = 1, . . . , N and x = 0,1,... . The connection between the subintervals

(x) and the boundary functions a~ (x) is specified by

(~ .].3) = { ~nj (
~ ~ u a i;i(x)

}

- -



~~1~

Notice that for all j such that a < the subinterva]. (x)

is empty. Accordingly, define the index

I a (x)
(11.114) j~(x,a) = max 1j; ii � j, a. �

and set an,j (x,a)+1(x) = pa.

5. Piecewise Linear Approximation

In the present section we derive a linear functional equation which

approximates (11.12) on a derrnmerable set of points. More specifically,

consider a partition of the range of a according to the logarithmic

scale r ~ 
~~~~ 

where 2 is a predetermined integer. Furthermore,

consider sequences of integer boundary points, d~~(x), in the new scale

such that
d (x)

(5.1) a~~(x) = r , j  � n.

For i = 0,1, let

(5.2) G
in

(X
~~~

) 
w~~(x) ~~~ K1~(x+l,Pa) + 

~~~~~~~~~~~~~ + a M
1~ (X ,a)J ,

In these terms,, functions M
~~
(x,a) at the points a = r1

~, k = 1,2,...,

are given by

(
~•~

) Min(x,r
k) = w1~

(x) H(~~~x) +

w (x)
w~~

(x) 
(rk_l) uh1 1 

L j ’(u_ 1) 
~~ - 

~~~~~~~~~
v=l

4 
S

— --~~~~~~~
----

~~
— ---

~~~~~~
- -

~~~~~~~~
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~~~~
-
~~
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~~~
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For each v = 1,...,k, define

w (x)
w (X)r 1(5 14.) 

~~~~~~~ 
= 

~~ii 
!(‘-‘) all— - 

G1~(x,u)du,

and write

(5.5) M~~(x,r’~) = w (x) R (it~, x) +

k 
_w

~~(x)/a1l ic
(r - 1) L s~~(x,v).

v=l

By simple substitution we can verify that the functions Mjn(x,r’
~
)

can be determined recursively, for each k � 1, according to

(5.6) Mj~(x,r
k) = 

[
~ 

- 
r~~~ - l  

win(x)/all

]

p 1 r’~~ - i \ wi (x) /a7~ k-i
wi~

(x) H(~.i~,x) + 
~~~ rk - ) Mi~

(X,r )

-w (x)/& l 
S

+ (rk - 1) ~~

where, for k = 0,

M~~(x,l) = wi~(x) { p H(~~~X) +

A~ K~~(x+].,P) + ~~
(x)Mi~

(x_ l,l) + a M1~(x,1)

This expression is obtained directly from (11.12) by applying the L’Hospita3.

rule. We approximate now the functions M~~(x~a) piecewise linearly on 
S

the intervals (r”~~, r”) v = 1,2, . . , k. The value of 2 which deter-

mines the logarithmic scale determines the accuracy of the approximation.

The functions G~~(x~a) are, as in (5.2), linear combinations of M~~(x,a)

- ~~~~ 
— .—-.-
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functions within these intervals. Thus, they can be represented within

each interval [r’~~, r
”], v = 0,1,... by the linear functions

(s .8) 
4~(x,a) = 4’~ (x) + B~~~(x)a , r~~

1 � a � rV,

where

(5.9) B~
”
~(x) = 

r’1’ -.

1

r~
’
~~ 

[G;n(x,rv) - G~~(x,r’~’)].

If we substitute G1~ (x,a) in (5.~&) we obtain the approximation

* k w1 (x)/cifl * k(~.io) Sin(x~
k) = (r - 1) G~~(x,r )

k-i w
1 (x)/crll 

* k-i-(r -1) G (x,r )-
w
1 (x) w

1
(x) 1

B~~~(x) wj (x?+ all [r
k 

- 
all + ‘~ 

(r~~~ - 1) all +

Substituting (5.9) and (~.io) in (~.6) we obtain a recursive function
for the approximating function M~~(x,r

’
~), k � 1, where M~~(x,l) M~~(x,l).

~~~~~~~~~~~~~~~~~~
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6. Computing Algorithm For Recursive Solution

We provide a computing algorithm for the solution of the functional

equations for M1~(x,r1~). The approach is to determine first a reasonable

initial solution and improve it by a sequence of iterations. It is

desirable here to express the equations for i = 0 and I = 1 separately,

since these equations are derived from two separate sources (11.3) and

(14.11), respectively. They were combined to one expression in (14.9)

for the sake of uniform treatment. Following the general backward

induction scheme of dynamic programming we start with the functions

corresponding to We compute first M~~(o) according to (3.11.) and S

MQN (0) according to (3.16). Then, for every x = 1,2,... we compute

(6.1) 
M~~(x) = ~~~(x-1) + (1 -

= MON
(x_ 1) + 

~ 
- ((i_B)

~~N(o-p) + B
~~N

(p)
~J

and by (4.8) we determine their expected value NN(x ,r’5. For n = N—i, we

start with the initial solution , S

(6.2) 
- ,

140~_ 1 (x,r1~) c(N-1,N) + MIN(x)



!u1
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for x = 1,2,..., k = 2,1+1,... . This initial solution corresponds to

the case in which one increases the capacity following the first arrival. 
S

For this reason we set 
4~j,N

(X) = 2. Clearly, this is not necessarily

an optimal policy. The following iterations are designed to improve the S

policy and simultaneously to adjust the expected cost functions. Let

M~
\
~_1(x,rk) denote the solutions at the v-th iteration; v = 1,2 

These functions are determined for k 1 recursively according to the

formulae

M~~~~1
(0,l) = x-~ {x i K~~~~ (l,r

L) + s(1LN 1)} ‘

M~~~~1(0,l) = X0~a+p ~~o K~~~~ (l,r
L) + 

~~i,N-l~°’~~ 
+ s(~iN l )}~

(6.3)

= x1÷~~1+~ { 
X1 K~~~~~(x÷l,r

L) +

~N-1 
M~~~~1(x-1,

l) + p H(
~N_ lSx)}

= 
~0+~~

u

l+a+p { X o K~~~~ (x+1,r
L) +

~N-l 
M~~~ 1

(X-1,l) + a ~~V) (~,1) + p H(~~~~
1
~X)}

To obtain M~~~.1(x,r1~) for k � 1, we determine first

G~’~_1(O,r~) = 

~~ 
K~~~~~(r,r~~

’
~)

(6.1k) G~~~ 1(O,r~) = 
~~~~~~~~ ~ 

K~~~~~(l,r
’
~~~) + ~~~i(O,r

k
)} 

‘



________ 
- _______________________________

4~~~ = l~ 
X~ = 

X
l
+
~
L
N_l+P { ~ ~ (x+ 1, r’~ 

2) + S

~~-l 
Ml,N_l

(x_ 1,r 
)} 

,

and 

G~
V

~_ 1 (x, r
k) = 

~~~~~~~~~ { ~~ (x+l, r~~
2) +

~N- 1 
M~

V
~~1 (x- 1, 

r~) + at4~
’
~_ 1(~, rk

)}

For the sake of convenience, define 
-

* 

)~0
+~ t 1(x) +a+ p , if i = 0  S

(6.5) wi,N_ 1
(x) =

, if i l ;

and
r lw* (x)/all
I k-l i,N-l

* k I r  - i i) = 
[ 

k 
— 

J(6.6) 
BiN 1

(x,rk) = 1 - 
wi,N_ l (x) +~L E- A~,N l (x,r ) 

r~~- r ]~~~~

The functions M~~~ 1
(x,r’~) are given then by

(6.7) M~~~~1
(x,rk) =

+ (i - Al,N..l
(x,r’

~
)) 

w
~n

(x) 
H(
~N l ,x) +

- 
4, N-1 ”

1
~ 

- B
~~N_l 

(x, r1~J G~
V
~~1 

(x, r’~ 
1)

+ Bl,N...l
(x,r )G~,N_ l (x,r ). a 

S

Following these computations we determine a.t the v-th iteration the

posterior expectation

_ _ _ _ _ _ _  _ _ _  _____________ _ _  

I S

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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(6.8) M~
\)
~(x,r

k) = 
ii~r

1C [il M~”~~1(x,r~) + r~C 
4ti(x,r~

c.
~]

Furthermore, we correct the K functions and determine the boundary

points for the present iteration. Thus, we set

(6.9) K~~~(x,r~) = mm ~ ~~~~~x,rk), K j ~~ (x,r1c)}

= mm (k;K~~~(x,r’~) <M~~~(x,r’~)}

Let -

(v) k 
M~~~ 1

(x,r1o) ~ if k <

(6.10) K. (x,r ) =
1~ - 

K~~~~ (x,r1c) ~ if k 
~

(v-l) k . (v) k
For a given K. 1(x,r ) the functions M. ,~, .(x,r ) are determined

i,L’I~~~~.

exactly by the recursive equations developed above. At the final stage

of the v-th iteration the function ~~~~~~~~~~~ is changed to

K~~~ 1(x,r
k) which is the basis for the (v + l)st iteration. For each

x and k, the sequence [I~~~ (x,r
1c);~ � o} is non- increasing and

therefore converges to a limit as v -, ~~~. Moreover, the corresponding

sequence (x);v � o} is non-decreasing. This is verified by 
S

observing that for each x, if k � (x) then 
_ 1)

(x,r
lc
) =

S 

140
)(x,rk). Thus, if dN...i,N (x) < d~~~~~(x) then for all k,

< k  � 4”~’~ (x) , 4\~ (x,r
1
~) = K~_ 1(x,r’~). On the other hand,

a.t the (v-l)st iteration with k’ = 4”j~~(x), 
4V_ l)(x,rk

’
) < i4°~ (x,r’~~) .

But this contradicts the fact that ~~~~(x,r1~) ~ ~~
V_ 1)( x r k) at every

x and k. Under the following condition on the cost functions

(6.11) c(N-i,~) + 
~~~~~~ 

- S(s) )  + 
~ 

- <0

_ _ _ _ _  -_ 
~~~~_5_ — — -~~~ - S - - -~~~~ - —S-
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there exists a sufficiently large value of x, x say, so that for all

x � x it is optimal to switch to even if A(t) = L~, for all t.

We therefore restrict our computations only for x � x. Similarly, we

restrict the computations for k � k; where k is sufficiently large so

that the posterior probability that A(t) = is at least 1 - €

(c > 0 arbitrarily small ) for all k > Ic. On the restricted domain of

x ~ x and Ic � k, the iterations converge in a finite number of steps.

For n < N-i the procedure is very similar. However, to determthe

(0) Ic
K1,~~

(x,r ) we set

(0) k . . IcK (x,r ) = mm ( C ( ~~,j )  + M.(x,r ) )  ,
n j>n

(6.12) d~1~~(x) = min f~k;K~~
) (x,r~

c) = c(n ,j )  + Mj(x,r
1
~ } , 

j =

1 , if d~~~(x) � k

I~~ (x~k) = , j = n,...,N
0 , if otherwise

and

(6.13) K~~
)(x,rk) = L I~~~(x,k)(c(n,j) +n =n+l nj

The functions Mjj(x,rk) and M~(x~r )  are the ones obtained by the

iterations in the previous stages (j  > m). The rest of the computations

are similar. In formula (6.9) we should replace 4’~~ N (x) by

(6.114.) d~~~(x) = min {k;K~~~(x,r’~) <M~~~(x,r’~)}

and

max ~d~~~
1)(x) , d~~~~(x)) , j = n,...,N .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S S5 S~~~ S 
--_____ _ _ _ _ _ _
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where d
~~~

(x) is specified in (6.12) Formula (6.io ) is now replaced

by 5

(v) k 
M~ 2(x,r

k
) , if k < d~

”
~ (x)

x~ n~~,r ) =
K~~~~ (x,rk) , if Ic � d~

”
~ (x).

L _ _  _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ __ _ _ _ _ _
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