
O—AU 47 115 SANDERS ASSOCIATES INC NASHUA N H FIG 13/10
COMPRESSIVE STRENGTH OF SHIP HULL GIRDERS. PART III. THEORY AND——ETC (U)
1977 H BECKER, A COLAO I10002k—72—C—5555

UNCLASSIFIED SSC—267 NL

_ _

_ U._!!U~~_ _ 
~~~~~~flIUUEIii _

~ L~Ui.1~ ~!Piji



I c::~ ~III~ _____

• 
=

_ _  

2 2

I,. I ~ IIllJ~°
IIIll~8

ou t’ .25 L4 m~ .6

• MICR OCOPY RISO IUIION R~~I IIARI

~~~ N. I (J AI AU (A ~ l(N~~
( P  A



SSC-261

~ COMPRESSIVE STRENGTH OF SHIP HULL GIRDERS
PART III

THEORY AND ADDITIONAL EXPERIMENTS

D O G
f?flflf7~

~~~~~~~~~~~~~~~

This document has been approved
for public release and sale; its

distribution is unlimited.

~~ 
___ SHIP STRUCTURE COMMITIEE

1977



frr._

—— -. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

SHIP STRUCTURE COMMITTEE
AN INTERAGENCY ADVISORY

COMMITTEE DEDICATED TO IMPROVING
THE STRUCTURE OF SHIPS

MEMBER AGENCIES: ADDRESS CORRESPONDENCE TO:
UNITED STATES COAST GUARD SECRETARY
NAVAl SHIP SYSTEMS COMMAND SHIP STRUCTURE COMMITTEE
MIt ITARY SEALW T COMMAND U.S. COAST GUARD HEADQUARTERS
MARITIME ADMINISTRATION WASHINGTON. D.C. 20591
AMERICAN BUREAU Of SHIPPING

6 September 1977
SR—206

The Ship Structure Committee has been sponsoring an
investigation into the ultimate strength of a ship’s hull girder
under various combinations of longitudinal, transverse , and normal
loads in an effort to develop an analytical expression for use by
the ship designers.

This report is the third in a series covering the
theory and additional experiments on the compressive strength of
ship hull girders.

If you have any comments on this report or suggestions
for other projects in the ship structure area, they will be most
welcome.

M. enkert
Rear Admiral, U. S. Coast Guard
Chairman, Ship Structure Committee

.- ,
~~~~~~—- 

_
~
_-1-~~~~~~~

I- - ____________ _ _ _ _ _ _ _ _ _ _ _ _



~~~~~~~ NAL~~ CHNI CAL R~~~~~’

Project SR-206

“Small Hull Girder Model ”

~~~~~~ COMPRESS W E S~~E~~TH OF S  GIRDER S

PART
~~~~

I /
J THEORY AND~~DD I TI ONAL EXPER I ME N T~~~~

J
/

_______—
~~~~~~~

-

c T T i~~~r~~~~A./Co1J ~~~~~
j
~~~~~~

g

~~~~~~R~~ SSO~7ATES, INC .

under 
~~ ~~ CDepartment of the Navy

Nava l Sh i Systems Cnmmaj~d,
Contract NØøQ~4-72-C-5565 DEC 2 197?

15
B

This document has been approved fo r  public release
and sale : its distr ibution is unlimited .

U. S. Coast Guard Headquarters ~~~Was hi ng ton , D.C.
1977 3~I5 ~~5o)



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

ABSTRACT

A phenomenologi  cal theory has been deve loped  for p red i c t i ng  the u l t ima te
s t r e n g t h  of rectangular structural plates loaded in uniaxial longitudinal
com p ress i on , uniaxial transverse compression and biaxial compression.
The effects of normal pressure also were considered.

The theory was found to be in reasonable agreement with experimental
data. Certain areas of the theory and some of the experiments require
additional study .

The longitudinal compression theory was found to agree well with cor-
responding theories of other investigators. However , the new theory
employs the detailed stress-strain curve for a given material , which
the others do not , and demonstrates that , In genera l , strength prediction
requires a curve for each structural material. The commonly used para-
meter , (b/t)(c /E) 1”2 , is shown not to be universally employable across
the total material spectrum as the factor identifying ultimate strength .

Other results of broad interest are the demonstration of the applicability
of a biaxial plasticity law to biaxial strength theory and the delineation
of a method for selecting an optimum ma terial for compression strength.

The use of stress -stra in curves for strain analysis of critical and
ultimate strengths is described. They were employed .to construct
theoretical strength curves.

Theoretical relations and corresponding curves have been developed for
perfect plates. The effects of strength degrading factors are discussed
and the analysis of residual stress effects is included.
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NO ME N C L ATU R E

Sy~nbol s

~~ A
~ 

Area , in 2

a Length of plate , i n .

b Wid th  of p la te ,  in. (outs ide d imensions of tube)

be Effective wid th of equivalent flange , in .

C Shell buckling coefficient , figure 22

c Loss of perfect plate buckling stress

D bending stiffness of plate , Et 3/ (lZ (l—v 2)], in— lb.

E Young ’s mo du lus , ms i (1 ms i = io 6 psi) or psi

Secant and tangent modu li , msi or psi

F (t/b)(E/a
~~
)
~~

2

g Multiplier converting to

h Number of effective transverse flanges in a plate at
biaxial failure

j Component of plasticity reduction factor

K krT 2/l2 [(l_v e
2)]

k Buckling coefficient

Longitudinal buckling coefficient

k~ Transverse buckling coefficient

Multiplier of plate thickness (t) to obtain effective
width of weld tens ion stress region on one side of
w eld cen terl i ne

m Number of longitudinal half waves in buc kled plate

Plate longitudinal loading, ta~ = P
~
/4b , lb/in.

N P~ a te tr ansver se  loa di n g, toy = 0.707 P~/a~ lb/In.

Force applied longitudinally to tube , lb. (See sketch , P .69)

P Force a pp l i ed d iagona l ly t ransverse l y to tube , lb.
(See sketcn , p.69)
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p Pressure  ac t in g normal to p la te , psi

s Parame ter In theoretical relation for un l ax ial longi-
t u d i n a l  str en gt h

t T h i c k n e s s  of p la te , in.

w De flection norma l to prebuck ling plane of plate , in.

w0 Central def lection normal to preb i.~c k l i n g p l ane  of
p l a te , i n .

x Lon g i t u d i n a l  coord in a te of p la te , in.

y Transverse coordinate of plate , in.

Effectiveness factor for transverse postbuck lin g
s t resses , eq . ( 24)

B (b e/b)

St ra in , micro i nc hes /Inc h (~)
P l a s t i c i t y  reduc t ion fac tor for i n e l a s ti c b u c k l i n g

v Poisson ’s rat i o

a Stress , ksi

Su bscri p ts

e Alon g edge of plate (also elastic when referring to v)

I Related to imperfections

p Related to perfect plate behavior

r Res i dual , or related to residual stress

u U l t i m a te

v R elated to load variations

x ,y,z Coordina te directions

cr Cri ti cal , or b uckl i n g

cy Com pressive yield (in this report a reference to yield
Is always identified as com pressive yield)

p b Postbuckl ing
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Combined subscripts may be formed from the above . For example :

xcr x-direction (or lon gitudina l) critical or buckling

yu y-di rection (or transverse) ultimate

Vj 2:—
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SCOPE OF I N V E STI GA T I O N

Purpose of Pro ject

This investigation had the major purpose of developing a usable theory
-

t for predicting the strength of rectangular flat plates in polyaxial
compression. The theory is developed for materials typical of current
and projected ship construction.

An additional purpose of the investigation was to acquire experimental
data on materials and plate proportions different from those in the
preceding investigation (Ref. 1) in order to provide a broader èxperi-
mental base from which to test the theory in a critical fashion.

The form of the theory is applicable to a large range of practical ship
design problems. It is useful for the construction of design chart s
and should apply to materials different from those inv estigated in this
project. The general form of the theory contains iden tification of the
material parame ters to permit the construction of design charts. How—
ev er , this investigation has been confined to the development of the
basis for the charts. It is considered that chart development is beyond
the scope of the current project.

U n i a x i a l  T h eor y

The primary emphasis throughout the current investigation was on the
development of a reasonably clear understanding of the physical charac-
ter of uniaxial plate strength as determined by labor atory experiments
and the ~nner in which those results relate to the strength of a plate
in a ship. For this reason , the technical content of the report begins
with an exposition of uniaxial plate strength , to which the primary mass
of experimental data pertains.

In this development frequent use is made of the concept of strain analy —
sis of buckling. This requires a detailed understanding of the charac-
ter of the stress-strain curve and presents related information for
several materials including the curves for the materials used in these
studies. One of the consequences of the current theory of plate
strength is the indication that it is possible to identify the proper-
ties of an optimum material for compression strength. This was done
usin g the stress-strain curve alone.

The main stream of the investigation pertains to plates supported on
a l l  edg es . However , data exist on the strength of flanges which are
plates supported on three sides - and free on the fourth. The uniaxial
theory was extended to that case with good agreement, as will be shown.

The uniaxial theory was compared to experimental data provided by many
investigators. The theory not only predicts the behavior of a perfect
plate , but also identifies the influence of strength-degrading factors.

When conducting a plate experiment the feature that is most difficult
to con t rol i s a se t of boun d ar y con diti ons on the p l a t e  e dg es .  In  a
sense ,  a c r i t i ca l  eva lua t i on  of a g i ven  set of ex pe r im ents i s as muc h
an assessment  o f the tes t tech n iq ue as o f the ex per i men tal d a ta . For

1. 



this reason , an an alysis is presented of the proc edure used in this
investigation and of procedures used by other investiga tors. The in -
fluence of the test method upon the data is discu ssed. Also important
is the comparison of the experiment with the behavior of the pl ate in
a ship g rillage.

One of the bounds of plate strength theory is the thick -plate regime
in which plastic buckling will occur. A resume of p lastic .buck l ing
theory is presented in Appendix III toge ther with some resul ts not
previously reported.

Biaxial Theory

When a plate is subjected to both transverse and longitudinal membrane
compression the buckling and strength can differ radically from that
under uniaxial compression. The biaxial theory addresses this problem
with the purpose of identifying a computation technique useful for gen-
eral analysis and design. The development of the theory depended upon
the results of the uniax i al investigations. The results of Ref. 1 are
now explicable. The most important result was the identification of a
lack of boundary condition control in the previous studies when plates
were loaded transversely with no concomitant longitudinal load. Current
examinations , in which these boundary conditions were controlled , have
shown most  of the p rev ious  da ta  to agree w e l l  w i t h  b i a x i a l  theory .
Furthermore , they have made possible the careful selection of test load
cambinat ions to check critically the applicability of the biaxial
strength theory during the current test series.

Effect of Normal Pressure

The effect of normal pressure has been separated from membrane strength
analysis. If it were possible to develop a basic mathematical procedure
(such as plastic finite element analysis), then al l  th ese ph enome n a
theoretically could be encompassed in an integrated approach.

In this investigation the effect of normal pressure was identified for
the uniaxial case first. Some of the results of Ref. 1 were employed
for this purpose. These relate to the shell theory for the strength of

• com pressed plates subjected to normal pressure.

- - The interaction of normal pressure with plate biaxial strength is
apparently considerably more complex. An explanation is offered which
is shown to agree reasonably well with observations. However , the
requirement for additional research for this area is indicated.

- - _- - --~~- - ------ -—- - - - ~~_ - - -~.- _ ~~ --~~~~



Form of Report

The theoretical approach is based upon features of p late strength, and
upon a uniax i a l theory , described in previous reports (References 1 and
2). Those reports also contain the seeds of the polyaxial theory de-
veloped during the current investigati on. It would be possible to pre-
sent the polyaxial theory by referring to those previous results at
pertinent stages in the development of the polyax i al theory . However ,
it is felt that a more useful purpose would be served by presenting the
entire development systematically in this report. The advantage of an
integrated approach in one report is felt great enough to outweigh
possible objection s to some repetition.

The experimental procedure is essentially the same as for Ref. 1 . Some
modifi cations have been made to test equipment. These are described
in this report. However , the descri ption of the basic procedure has not
been repeated. The data from all box experiments appear together with
the experimental procedure in Appendix I.

The conclusions and recommendations relat e to the degree of understand-
ing of the phenomenology of plate strength under po l yaxial loads.
Several features require further study. Also , the theory may be tested
by comparison with the more fundamental methods of determining plate
strength such as the use of finite element analysis. Areas for further
study also are delineated.

Discussions are presented on the strength s of grillages , in which
rectangular p lates of various types provide the load -carrying capacity.
In th e ge n era l surve y of Re fe rence  2 , the state—o f-the-art in gril l age
strength referred to gaps in the curr ent state of knowledge. Some of
those gaps have been partially filled by various investigators as m d i—
cated in the discussion in that section which is subsequent to the main
stream of the report. No new theoretical approaches are presented.
This section primarily contains a dis cussion of the various modes of
gr iu lage strength with emphasis on the use of strain analysis.

Ac k nowl edgment

The authors wish to express appreciation to Mr. W . F. B ierds . J r., and
Mr. R. W. James who designed and built the compression whi ff letrees ,
modified the transverse compression fixtures and pressurizatio n equip-
ment and performed many of the experimental tasks.
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UNIAXIAL LONG ITUDINAL STRENGTH

Introduction

The uniaxial theory employs a phenomenol ogical model of the post-
buckling stress distribut ion within a plate. The development of the
theory was presented in Reference 1. It is repeated here for con-
venience and also because it forms the basis of the biaxial strength
theory .

The procedure to be employed in thi s section w I ll be the development
of the basic theory for supported plate s. This will be followed by
correlation of theory with existing test data . The same basic
approach for simply supported plates has been applied to flanges .
The development of the flange theory also w i ll be presented after
which a comparison will be shown w ith flange-strength data.

Hypothetically, maximum strength would be achievable only by a per-
fect plate , which is defined as a flat plate with no residual
stresses under a uniform stress field throughout : Strength -degrading
effects are described and are related to observed test results. If
degradation is severe enough to obliterate the plate —buckling load-
carrying capacity , the plate is classed as poor and the ultimate
s tren gt h i s p resume d to b e minimal . This applies to plates with
large initial imperfections , residual stresses and certain types of
loading nonun I formi ties.

In the process of developing the p late—strength theory use has been
made of the critical strain approach to stab ility anal ysis. Success
with this technique is documented in Reference 1 which shows how
the method was used to predict the effects of residual stress.

Plate Failure

• The classical description of buckling is the sudden change from
the flat state to the bent state. Classical buckling will not
occur in a practical plate since it is virtually impossible to avoid
i m p e r f e c t i o n s  in the plate. As a result , the plate will begin to
deflect normal to the plane as soon as load is applied. The buckle
height will grow with load. Conse quently, the identification of the
buckling stress usually Involves some mathematical process together
w ith measurement of lateral movement.

Buck l i n g w i l l  occur  i n a f l a t p l a t e  a t a loa d l e v e l  b e low tha t whi ch
w ill Induce failure. After the plate buckles in this nonclass i cal

• sense , the ability to carry load beyond the critical level is confined
m a i n l y to reg ions near the p la te  edges if the p la te  is modera te ly
thick to very thin. When the edge stress level reaches the region
of the yield strength of the plate material , the plate is not able

• to support additional load and collapse occurs . The strength level

-4- 
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i s cons id era bly g rea ter than the c r i t i cal  s tress l e vel for th i n
p l a t e s , in which buckling will occur elastically. It is essentially
the same as the critical stress for thick plates , in which buckling
will occur plastically.

The problem of predicting plate strength with an explicit relation
is to identify the character of the post -buckling stress at the
instant of failure. This was done by von Karman (Reference 3)
who conf ined the load -carrying capacity to the edges , wh i c h were
assumed to act as flanges operating at the yield strength of the
material. Bengtson (Reference 4) amplified that approac h by in-
cluding the buckling stress in the heart of the plate. The theory
to be described incorporates the additional stress distributiofl which
would provide a smooth transition from at the edges to °cr in
th e cen ter .  Fur th ermore , it is assumed that the plate may not be
perfect and consequently a coefficient is added to reduce the post—
buckling stress at the heart of the plate to a value below the
critical stress for a perfect plate. This is a consequence of
assuming that strength degradation arises from buckling degradation .

Basic Theoreti cal Approach for Supported Plates

The assumed post—buckling long i tu di nal  mem b r ane s tr e s ses  i n a perfec t
re ctan g ular  p l a te  are shown in Fi gure 1 . The force balance yields

bo
~~ 

= 2b eacy + (b - 2be)(l - c)a
~ cr

b/2 — be (1)

+ 2[acy - :u - c)a
~ cr]~~~~~~~~2 

- b e)~
l ]Sdy

Ty p ical A s~ um.dPastbuck lt, g - Post b u cklln g
Str.~~ Stre~,Dls tr i b jtFo , - D i s tri b ut i o n

iz~~ b
•~ 1’cy - C 1 - c)o cr J~~ 

— _________

\~ __~~~L~~ 

~~ 
FIG uR E 1 LO!-IGJTUDIt4A L
P O S T B U C K L I N G  S T R E S S

________  — 

I N  
I.N

(1 C)a cr

_
~

(P~~~do rlanq.)
p.— b
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The c o e f f i c i e n t , c, Is the loss of perfect-plate buckling
stress which Is induced by degrading factors . For a perfect plate
c = 0 and for a poor plate c = 1.

When the indic ated integ ration Is carried out and Eq. (1) Is divided
by

Oxu /O cy = s(s + lY 1 {2be/b + (1 - 2b e/b)(l - c)acr /a cy } (2)
+ (s  + l )~~

• The general physical character of plate strength may be seen In
Eq. (2). For example , when b/ t i s  la r ge ( g r eater th a n 1 50, say),
then b e/b and Ocr /l acy beco m e van i sh i ngl y smal l an d

O xu /O cy -‘ (s + l )~~ (3)

This makes it possible to select s from the test data at large b/t
where the sc a t ter  Is sma l l .  More important , h owever , is the in-
d icat i on that oxu /ocy does not vanish at large b/t.

When 0x cr h’G cy -‘ 1 , 0xu ~ 
0cy~ 

In this regime the theoretical curve
from Eq. (2) must agree with values from plastic plate buckling
theory .

If a perfec t  rec tan gu la r  p la te is  l oa de d t r ansv e rse ly , Eq. (2)
un dergoes modification to the fo rm

Oyu /’O cy = s ( s  + l ) ’{2(be/b)b/a + [1 — 2(be/b)b/a](l — c)a~ cr 1~
’0cy }

+ (s + lY 1 (4)

For a flange only one side of the stress field of Figure 1 is acting,
but the width of that half is b instead of b/2. The n

cixu /clcy = s(s + lY 1 {b /b + [1 - be/bJ (l 
- .c)ax cr /’Gcy)

1 
(
~

)
+ (s  + l )
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In the preceding development it Is assumed that the centerline stress
in the plate remains at the critical value. This Is open to question
for a number of reasons. For wide plates , for exam pl e , the post-
b uckl i ng s t ress  may be near zero , as Is ex plained below. For long
plates , the centerline stress has been reported to decrease , by some
investigators (Duffy and Ailnut , for exam p le , in Ref. 5), as the
loa d is increased above critical toward ultimate. One of the
most interesting results was obtained by C. Smith* during a test
of a grillage under longitudinal compression. The plate postbuck ling
strains at the centerline decreased In the plates near one unloaded
edge of the gri ll age , increased in the p 1at~s at the other edge , and
rema ined essentially constant at °cr in the plates midway between.
In that t°st the end loading was controlled by jacks to be unifo ,tm.

In the absence of more definitive data , the cho ic e of con st ant
p os tb uc k l i n g s t ress  a t th e cr i t i cal v a l u e  has b een ma de in de v e l o pi n g
the theory for perfect long plates longitudinally compressed.

Plate Bucklin g Theory

The fundamental mathematical theory of structural stability fre-
quently utilizes a differential equation derived from the physics
of the deformed state of the structure under load (see Appendix III).
This equation can b~ s o l v ed to fi n d the m i nimum ma gn i t u d e of the
type of load app lieo to the structure subject to the applicable
boundary conditions.

Tw o tools of the theory are the stress -strain curve and the concept
of cr iti cal s tra i n.  T h ey are use ful in  anal y z i n g  i n e l a s t i c
buckling and assessing the influence of degrading factors . Exact
ma the ma ti c al solu ti ons for b oth el a st ic an d i ne las t i c  p ro b lems are
ava ilable in closed form for a large number of shapes and boundary
conditions. Numerical solutions have been obtained for cases
wh ich do not lead easily to closed-form solutions for which energy
s o l u ti ons (an d , more recently, finite-element computer programs)
are employed.

i n th e case of perfect  rec tan gu l a r  p la tes  the anal yses yi el d
the result

0cr = i[kir 2E/l2( 1 
~
)
e
2)j(t/’

~
)2 (6)

i n wh i c h n em bo di es the i n e l a s ti c  p ro per ti es of th e p l a t e  ma te r i a l
(Table II-1 while k embodies the effects of the boundary con-
ditions and plate shape. For a simply supported infinitely long
rectangula r plate under longitudinal compression , k = 4 and (Table 111 1)

1 - (7 )
= 

- ~~ 
(E 5/E)tO.5 + 0.25(1 + 3Et/E 5)

1”2]

* Private communication
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For the s ame p l a t e  un de r t r ansv erse com p r e s s i o n , k = 1 and (Table 111 - 1 )

2 2
= E (1 - V

e 
) / ( l  - v ) ] (E 5 / E ) [ O . 2 5  + O . 7 5 ( E t / E 5 )J (8)

Plasticity reduction factors for flanges are discussed below.

Strain Analysis of Plate Buckling

The p r i n c i p l e  of s t ra i n anal y s i s i s to see k the cr iti c a l s tr a in  of
a structure and then enter the stress-strain curve to find critical
stress. For a perfect plate it requires prior knowledge of the
value of fl that applies to the problem. The method was used by
Gerar d to anal yze pl as t ic  b uckl i n g of f l a n ges ( Re f . 6) .

Suppose that the perfect—plate critical stress relation from
Eq. (6) we re to be written

Cc 
= O cr /Es cr = [K(t/b)2 ( l  -

• 

ve
2)/(l - v2 ) ] ( E  cr~~~

i ( 9 )

w h ere K = k~r
2/El 2(l — ‘

~e~~~ 
= 0.905k at v = 0.3. Th en

Ccr = j[K(-t/b)2 ( l  — 

~e
2)/0 — v2)] (10)

It Is possible to use t h e  stress-strain curve to chart Ecr as a
function of b/t for a given plate problem , and then to use the chart
to enter the stress—strain curve in order to find °cr~ 

This chart is
shown schematically in Figure 2. The curve for the flange is
parabolic in t/b except for the slight influence of Poisson ’s ratio.
A l s o , com p arat i v e c a l c u l a ti ons show a dif fe rence  of onl y a few per-
cent between the values of ,j for a simply supported long plate and
for a clamped long plate. There would be negligible error in
cr i t i ca l  s t ress  if the s imply  suppor ted p la te  ,J we re to be use d
for both cases.

The critical -strain method of imperfect -plate buckling analysis is
based on the principle that the perfect —plate critical strain is
the sum of th e s tra i ns d ue to res id ual s t resses , to imperfections ,
to load - variations , and to the mean uniform critical loading of
the p rac t i ca l  p la te ,

C = C  + C . + C +~~~ ( 1 1 )cr ,p r 1 v cr

Consequent ly ,  6 cr  is found by s u b t r a c t i n g  C r~ ~ 
a n d  from the

critical strain of the perfect plate and then entering the stress-
strain curve to find the critical stress of the imperfect plate ,
as shown schematically in Figure 3.
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Pseudo Flan ge A ction

Each edge stri p of the p la te in  Fi g ure 1 i s considere d a f l a n ge of
width be which is hinged along the unloaded edge and which buckles
at 0c so tha t

0cy 
= n[0.433rr2E/12(l - v e

2 )] t /’b e
2 (12)

Then

b / b  = CF(~ )
’”2 (13)

where

C = [O.4331T 2/l2(l - ve
2) ]~’2 = 0.626 with Ve = 0.3,

F = (t/b)(E/a cy)
1/2

u

o = ( E 5 ~~~~~~ 
— ‘

~e
2
~~~

0 —

v = 0.5 - 0.2E
~ cy~

E (Eq. 111-12 )

E 5 ~~
/E = [1 + O .O02E/a

~~
]
~~

so that

be/b = O.597F(l + 0
~
0O2E/acy)~

1/2 X ( 1 4)

ti - [0.5 - 0.2(1 + 0.O02E/a~~y
l ]2Y L

~
2 =

Eq. (14) shows be/b to depend upon b/t and E/a
~~

. The ran ge of
(be/b)/F is shown in Figure 4 over the range of E/a cy re levan t to
sh ip structural materials.

0.5

F I G U R E  4 EFFE C T I V E  W I D T H  O F P SE U D O F L A N GES

• ..~ 

AT PLATE U L T I M A T E  L OAD

b1/b

0.3 . . i i a . i

200 400 ~OO 500 1000

“ IC,
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T heoret i ca l Sca tter Ban d

It was shown above that when supported p late degradation Is so large as to
obliterate the buckl ing stress then the ultimate load— carrying
c a p a c i ty wil l come only from the p s e u d o  flanges and transition -curve
st r e s s e s .  In that case Eq. (2) becomes

clxu /cJ cy = (2Sb e/b + l)/(s + 1) = (2s8F + l ) / ( s  + 1) (15,)

For 1010 steel E/a
~~ 

= 744 (Table Il—i ) and 8 = 0.417 (Figure 4). Thus ,

at s = 12 ,

= 0.77 F + 0.077 (16)

For 4130 steel

O xu /O cy 
= 0.94 F + 0.077 (17)

The bottom of the band is not the same for all ma terials . However ,
it r e a c h e s  a limi t of 0.077 for extremely thin plates for which
F + 0.

When t he p la te  i s th i ck , be/b approaches 1/2 and the bottom of the

band will join the perfect—plate curve at a
~u/a~~, 

= 1 . Thi s  w i l l
oc cur at

F = 1/28 (18)

which is 1.22 for 1010 steel and 0.98 for 4130 steel.

The band width is sensitive to Ocr i’Ocy s as seen from
= s ( 1  — 2 8 F ) ( acr /acy )/(s +1) (19)

It would be greatest for clamped square plates and least for long -
h inged flanges. Maximization witn respect to F shows that the band
is thickest near the proport ional limit (0.0001 offset strain).
For ex tremely thin plate s (F 0) the band width would be

= s ( a cr /a cy )/(s + 1) (20)

which is 0.92 GCr /iY Cy at s 12. The value of s was selected to fit
the data at 1/F = 8. If s were 8 or 16 It would alter the the oretical
curv e by onl y 2 percent when 1/F appro aches 2.

— 11—



General Discussion of Degrading Factors

Plate —st rength degrading factors arise from all the processes to which
a plate Is subjected including fabrication in the mill , installation
in the ship and the accumulated action of the sea upon the ship struc-
ture up to the moment of application of the load which would produce
collapse by Instability. An extensive bookkeeping process would be
required , toOether with sophisticated measuring devices , in order to
record that history of ship plate degradation. It is more practical
to idealize the effects and to deal with probable ranges of the asso-
ciated parameters.

The degrading factors most commonly mentioned in regard to plate.
strength are residual stresses and initial imperfections. An addi-
tional influence is the presence of stresses which cause a departure
in the internal plate loading from the perfectly uniform stress field
which normally is assumed to be applied to the plate. It is the pur—
pose of this section , and of the three which follow , to di scuss  the
manner in which those factors are taken into account in developing the
theory presented in this report.

Degradation is assumed to be confined to the heart of the plate where
the local load-carrying capacity of a perfect plate would be provided
mainly by the critical stress. Therefore , reduction of the post—
buckling load— carrying capacity would be equivalent to reduction of
the critical stress for a long plate under longitudinal compression.
Degradation is expressed as a fraction , c , of the critical stress. It
is incorporated in the basic strength relation of Eq. (2

~u~~
’cy = 5 + [ 2 b e~

’b + (l 2b e/b)(l )c
~cr

/
~ cy] + s ( s + lY ~

Degra dation by Residual Stresses

Measure ments have been made by various investi aators (Refs. 7, 8 and 1 ,
for example) to determine residual stresses in welding plates. The approach is
to assume a stress field as shown in Figure 5. The problem is to deter-
m i ne re p resen tat i ve v a l u e s  for th e w i dth of the tens i on b loc k , which is
u s u a l l y ex p resse d as a m ul tipl e , P., of the p la te th i c kness .  T h e v a l u e
of P. can range from 0 for an annealed laboratory test plate to a magni-
tu d e as g reat as 7 or 8 de pen d In g u pon th e wel di n g p roc ed ure.  There
also has been some expression of the viewpoint that P. can be reduced
by shakedown in a ship. However , there is a possibility that the
reduction in P. may be converted to an initial imperfect ion (or to an
enlargement of initial imperfections already present).

The force balance for the stress field in Figure 5 yields the relation

ar/O•cy = (b/2P.t — l)~~ ( 21 )

Once  t he value of P. is known for a plate with a given b/t fabricated
from a material with a known 0cy then the cr iti cal s t ress can be found
from EQ. (el ) and the strain, 

~ruI’E~ 
can be found on the assumption that
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centerline residual is elastic.

The magnitude of P. has been expressed in terms of welding param eters
(Ref. 8, for exam p l e ) .  T hose resu lt s have  no t b een r e l a ted to elec-
tron beam welding which was used in Ref. 1 and in the current tests.
The residual stress fields for several plates were constructed through
the use of a shaving operation described in Ref. (1). The centerline
residual also was measured by trepann ing, both in Ref. (1) and in a
few specimens during the current study. The results show that the
idealization of Figure 5 is not accurate enoug h for fine detailed anal-
ysis. However, it may be suffici ently accurate for practical use.

One of the interesting results of this investigation is shown in
Ta ble 1 which reveals essentially the same numerical values of resid-
ual stress for both 1010 steel and 4130 steel. Table 1 also shows a
considerably lower residual after normal ization. The 1010 and 4130
p lates showed comparable gains in streng th.

1010 Steel (Ref. 1) 4130 Steel
0cy = 39.2 ksi 0cy = 98.6 ksi

As Welded 1 Annealed As Weld dd Annealed

a a a a a a a ar , u , r , u , r , u , r , u ,
psi psi psi psi psi psi p si psi

30 14.0 36.9 <1 36.8 15.0 54.1 <1 57.1
50 8.2 30.5 <1 33.7
70 4.7 20.3 <1 27.0 5.2 26.6 <1 30.1

TABLE 1

E F F E CT ON LON G I T U D I N A L  STREN GTH OF RE S ID U AL STRE SS E S
IN ELE CTRON-BEAM WELDED PLATES

Dwight and Dorman (Ref. 9) prepared plate structural tests which
included transverse welding as well as longitudinal welding. (They
also included a variety of special imperfections typical of box-girder
cons tr uc t i o n ) .  The d a ta a g ree w e l l  w it h M ox h am ’ s predictions when the
tr ansverse  wel d s are we l l remov ed from t he b uc kl es . R ef. ( 9 ) s h o u l d
be consulted for practical design guidance since the purpose of the
effort was to aid in establishing design rules for box girders.

Jubb et al (Ref. 10) explored plates with a variety of longitudinal
and transverse welds in connection with natural frequency measure ments
to determine nondestructively the influence on longitudinal stren gth.
They also have employed longitudinal centerline welding to recover
plate strength lost by edge weld ing.

Duffy ~nd Allnutt (Ref. 5) studIed the influence of longitudinal and
transverse internal welds on plates which were otherwise unwe lded.

-14- 
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They showed a small gain in strengt h for longitudinal cente rline welds
and the same ma gnitude loss for transverse cente rline welds.

If the welding residuals are large and the plate is thin then buckling
may occur as a result of welding alone and the plate strength would be
found on the bottom of the scatter band (c = 1). This would occur when

= 0cr or , from Eqs. (6 ) and (21),

(b/2P.t — l)~~ = 3.62 (E/a cy ) (t/b)
2 (22)

Table 2 shows the effect for 1010 and 4130 and indicates that high
strength steel plates would suffer greater compressive strength degrada-
tion than the same size mild steel plates if the heat-affected zones are
of equal width.

b/t for
Material P. = 3.5 P. = 7

1010 Steel 378 177

4130 Steel 148 59

TABL E 2

RELATION BETWEEN WELDIN G PARAMETER AND b/t FOR WELD—INDUCED BUCKLING

Degradation by Initial Imperf ection s

An initial imperfection is a geome tric distortion from the flat state
which exists in the plate before external membrane load is app lied.
It is often assumed that the magni tude of the distortion is signifi-
cant only when the shape of the di stortion matches the buckle pattern
which the loading would be expected to induce. When load is applied
in the plane of the hypothetically perfect pl ate the eccentricities of
the load lines from the deflect ed median surface of the plate tend to
amplify those imperfections. The amplification factors used by many
investigators is that derived by Tinioshenko (Ref. 1 1 ) for a variety of
structures,

w/w 0 = (1 — a/a cr )~~ (23)

It might be assumed that the initial imperfe ction would be amplified
by an i nfi n it e amou n t a s the a pp li ed s tress a pp roaches t h e cr i t i cal
v a l u e  o f the st ruc ture . I t ha s b een shown , however , (Refs. 1 and 5,
for example) that the load -deflection pattern for a p late departs
radically from the relation of Eq. 23as the ultimat e strength is
approached , as shown in Figure 6

The i n fl u ences of t h e i n it i a l  i m perfec t ions  have  to b e cons id ered in  a
var iety of ways. For example , T i m o s h e n ko u t i l i z e d E q . ( 23 ) to iden ti f y
the curvature of the center of the plate to wh ich the stress (in corn-
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bination with the membrane stress) would reach the yield value at
which point failure was assumed to occur. More recentl y, other the o-
retical approaches (discussed below) incorporate the beha vior in the
mathematics of post-buckling action.

Degradation by internal Stress Deviations

I t i s shown b e low , in the section on experimental boundar y conditions,
that there is no practical method of conducting a plate experiment so
that the boundary conditions are identical to those assumed theoreti-
cally in conducting plate -strength analyses. One of the potential
degrading factors is the restraint , at the loading heads, of the
Poisson lateral expansion under the longitudinal stress field. If the
friction forces are large enough to permit complete restraint at those
locations then a transverse compressive stress would be induced equal
in magnitude to VO x~ 

This laterally compressed zone might extend as
much as 3/4 of the plate width away from each loaded edge. The effect
would be to lower the level of the longitudinal stress at wh ich buck—
ling would occur. If loaded—edge rotational restraint is assumed to
be absent , and if the interact ion curve for an elastic bia xial stress
field is employed , the longitudinal critical stress theoretically
could be reduced by 40% or more.

~:: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

4000 0

o0 E x p e r i m e n t a l  Po in t s

/
3000

2000 
FIGURE 6 POST BUCK LING CUR VATURE

1000

0 — I —S
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Experimental Boundary Conditions

Theoretically, the process of buckling is considered to occur suddenly
on a specimen to which the buckling boundary conditions are applied
only at the onset of buckling and not before. Furthermore , the stress
distribution is assumed to be controlled precisely to a ~rescribeddistribution which is usually assumed to be uniform throughout t~e plate.
An alternative assumption is that the end shortening is uniform at all
load levels up to failure . It is virtually impossible to conduct a
buckling experiment in complete consonance with the theoretical ideali-
zation because of the pr actical difficulty of achieving those conditions.
The plates of these in vestigations were loaded In a manner that induced
resistance to membrane stra ins , to transverse deflection and to twisting
and bending at all load levels up to buc kling. The prebuckli n g con-
straints induced prebuckling load nonunif orm ities in each specimen.
Furthermore , the loading platens continued to exert restraints of the
type just described during buckling, post buckling and failure . The
precise measurement of those features w ou l d involve instrumentation
considerabl y more extensive than the scope of this program permitted .

In spite of those effects , all specimens were assumed theoretically
to be simply supported and uniformly loaded when a/b was equal to 3.
It is doubtful that rotational restraint on the loaded edges was
si gnificant for specimens with a/b = 3 since the buckling stress for
a clamped loaded boundary theoretically w ould be only 10 percent above
the simply supported case for a/b = 3. The influence theoretically
could have been much mo re for a/b = 1.5 and there is indication that
this was true. Therefore , it would be necessary to assess the importance
of this aspect of the testing proces s when checking correlation between
theory and experimen t , if the theory Is based upon simply supported
loaded boundaries .

There is no known method of specim en design and loading that avoids
these problems completely. Every loadin g device in c l u c~cs some measure
of uncertainty . In the NSRDC experiments (References 5 and 12,
for example) the use of gripping structures along the unloaded edges
may have affected the load distribution after buckling because of
friction which could have caused some of the load to be carried in the
grip columns. As a result , the plate failure stress could have been
less than the apparent value from PX/A X . The primary virtue of square
tube tests is the high probability that the specimen faces pr ovide
simple support to each other on the unloaded ed ges. Furthermore , it
is reasonable to assume loading symme try at any cross section of this
specimen if the load boundaries have been fabricated with a high degree
of flatness and if proper load distributing pads are used , as were done
in these tests.

In addition to the rotational restraints possible at the loading heads .
it Is also possible for the membrane strains parallel to the loaded
edges to be restrained by the loading heads as result of the friction
between the head and loaded edge. This theoretically could induce a
transverse membrane stress in the vicinity of the loaded edge as large
as The consequent biaxiality would lower the l ongitudina1 critical
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stress of the plate in the region of the loaded edge and thereby
reduce the plate strength as was discussed above. This effect also
would occur where transverse frames or bulkheads are welded to the
p late. In some measure , therefore , the test procedure of this investi-
gation simulated the action of p lates in a ship.

Effect of Plate Length

A portion of this investigation was devoted to an assessment of the
effect of a/b on longitudinal strengths. This was stimulated by the
observation of prevention of rotation on the loaded edges of all
specimens which were tested in uniaxial longitudinal compression. It
could not be determined (without extensive strain gaging beyond the
scope of the current study)whether the rotational restraint equalled
full clamping, however. The short — plate experiments were not con-
clusive since there was significant degradation initially, especially
in the 4130 plates. Two actions were present. As the plates became
shorter the longitudinal residuals would decrease while the effects
of clamping also would enhance the strength. The remainder of the
degradation action would have to be charged to imperfections and to
transverse restraint.

1010 Steel , Welded 4130 Steel
a/b a/b = a/b = 3 a/b = 3

Welded and
b/t Theor. 1.0 1.5 3 Theor . 1.5 ~elded Annealed

.92 0.97 0.88 0.55 0.58
30 0.98 .93 — —

50 0.94 
— 

.91 0.89 0.78 
____ ____ ____ ____

70 0.73 .66 0.65 0.52 0.46 0.47 0.27 0.31
.69
.71

90 0.53 .51 0.49 0.42 
____ ____ ____ ____

1 Figure 7
TABLE 3

E FF E CT OF a /b ON LON G IT U D I N A L  STREN GTH RATI O ax /a cy

Part of the reason for the short -plate tests was to determine the
feasibility of conducting biaxia l strength tests on plates with a/b<3.
(Transverse strength tests are discussed below). A study of aspects
of the design of an app ropriate loading fixture and test specim ens
reveale d problems that could not be resolved durinq the Inve sti ga tion.
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Theoretical Stren gth Curves for Simply Supported Plates From Eq . (2)

Figure 7 contains plots of the theoretical plate buckling and ultimate
strengths for the two steels investigated in the current program. It
is clear that the theory predicts one set of ultimate strength curves
for each materi al stress-strain curve, which bears out von Karman ’ s 40
year old prediction (Ref. 3). In addit ion , there are two buckling
curves in the thick — plate region where plasticity influences the be-
havior.

For p rac t i cal  pur poses , the two sets of curves of Figure 7 could func-
tion as bounds for a variety of steels and one may irsterpo late for a
material for which the properties of the stress—strain curves are
known.

The curves of Figure 7 pertain to long pla tes for which the influences
of the loaded—end boundary conditions are assumed not to affect buck-
ling and ultimate load -carrying capacity. If the plates are shorter ,
then those boundary conditions would begin to affect the curves. For
exam ple , rotational restraints would tend to raise the portion of each
perfect plate curve in the intermediate and far elastic range which
corresponds to I/F of the order of 3 or more.

C r i t ical  Strengt h

1010 4130
1.0  Ultimate Strength

1010 Perfect Plates

U l timate Strength
4130 Perfect Plates

C

U l t i m a t e  S t r e n gth

1010 Poor Plates

Ultimate St renq th

- 4130 PoOr I~late s

0 
~ 

_
~ 

I I
1 2 3 4 5 6 7 8

1/ F

~I G U ~ E 7 T H E O R E T I C A L  B UC K L I NG A~’~D U L T I M A T E  ST R E NG T H S OF SIMPLY
SUPPOR TED L O G  RECT ’k~~ ULAR PLATES U~1 DE R LON~IITtJ DI ~RL
COMPRESSIO N
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Comparison of Theory with Experiment

• The experimental data embrace all the properties of the materials , a
large part of the range of boundary conditions and plate proportions,
and the gamut of plate degradation. An initial comparison has been
made in Figure 8 by plotting the available data together with the
extremes of the theoretical scatter bands shown in Figure 7. The
general trend of the data in Figure 8 shows good agreement with the
theoret ica l  re la t i ons .  It appears  that  the cho ice  of s = 12 is
appropriate. Furthermore, the nature of the scatter band at small F
is reasonably well-defined and is shown to have the size indicated in
Eq. (20). Some of the test points at small F are shown to have
greater strength than the maximum value for a perfect plate. These
may be the result of test restraints.

Figure 8 shows no relationship of data to degrading factors. This
work was done by Moxham (Ref. 8) who tested plates with a large range
of I. in fixtures which were designed to provide simple support or
clamping to the plate boundaries. The comparison with the current
theory is shown in Figures 9 and 10. The data band for simpl y sup-
ported p lates shows upper bounds that are identified reasonably well by
the theoretical curves for the selected values of ~.. The clamped plate
data do not appear to have attained the theoretical strength , however.
In fact, each scatter band for a given value of P. is almost in the same
zone of the chart as for simply supported plates.

T r u n c a t e d

1.0 FIGURE 8 COMPARISON OF TOT AL SCATTER BAND WITH
EXTREMES OF STRENGTH CURVE S FOR
U N I A X I A L  C O M P R E S S I O N

.8

.6
a xu
a
d

.2

-I I I I
1 2 3 4 5 6 7 8

1/F
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Man y of the test specimens in the scatter band of Figure 8 were fabri-
cate d i nto sha pes such as a n g les  an d c h a n n e l s  by b en di n g a f l a t p la te
i nto the d es i re d confi gura ti on.  Th i s co u l d ra i se the com p ress i ve
yield strength of the plate material in the bend zone thereby generat -
ing an increase in ultimate load -carrying capacity.

Fi gure 11 shows a comparison of data for high -st rength steels with the
th eore ti cal curves  for 41 30, wh ile Figure 12 shows a comparison of mild
s tee l s  and a luminum a l l o y s  w i th  the 1010 curves. Theoretically, it is
i m p ro per to i nc lude  th e a lum i num a l loys  I n  th i s  com par i s i on .  However ,
many of those test specimen s were formed by bending of Initially flat
p la tes  into the des i red  shapes and the s c a t t e r  band reveals the large
ga i n in stren g t h for t he t h i c k e r  pl ates wh i ch can occur  as a resul t o f
that cold work. Material property data are not available to permit
cons tructing the theoretical alum inum alloy curves to include that
effec t. Consequently, they have been included In-Figure 12 only to
reveal  the ma gni tu d e of the ach ieva b le  s t ren gt h i ncrease .

At this point it Is possible to see the significance of the theoretical
bounds of the scatter band. The general agreement with the test data
show that no practical plate would be expected to have a strength less
th an the bot tom cu rve .  A l s o , perfect plat es with simply supported
edges probab ly  wou ld  not exceed the s t rength  leve l  i nd i ca ted  by the top
of the band. In fact , i f a p l a t e  tes t shoul d reveal  h ig her st ren gt h i t
would be well to examine the details of that test guided by some of the
fac tors  mentioned above.  It is importa nt to indicate, in this regard ,
that Eq. (2)  is not considered to be the most p rec i se re la ti on of p la te
s t reng th .  It agrees well with more basic theori es, as discussed below ;
al though there are dif ferences .  Ho w ever , the important point is that
any we l l - f ounded  theo re t i ca l  per fec t  p la te  curve w i l l  p rov ide an upper
bound from which departures may not be charged to variations in plate
pa rameters  a l one ~
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Other Theoretical Procedures for Simply Supported Plates

This section is intended as an overview of some of the more recent
approaches to predict p late strength. Most investigator s utilized
either a phenomeno logical theory or a strictly empirical approach.
The d i f fe rences  among the var ious methods l ie in the choice of the
mathemat ica l  model and in the in f luences of practical de sign consider-
ations upon the fitting of curves through the experimental data. In
all cases a single curve has been utilized to predict strength for a
variety of different materials, except for Dwight , Ract liffe and
Moxham (Refs. 7 and 13) who incorporated the effects of initial imper-
fections and residual stresses to obtain individu al curves for those
types of degradation.

The phenomenological theories were essentially those of von Karman (the
f lange approach)  and Bengtson (the f lange and c r i t i ca l  p late app roa ch ) ,
both of wh ich  are mentioned br ief ly above.  These would predict zero
s tren gt h for th i n p l a t e s  in contras t to ex p er i men ta l d a ta wh i ch a pp ear
to show finite strength for large b/t.

Dawson an d Walker (Ref. 14) have employed a variation of Coan ’s theoret-
ical procedure (Ref. 15) which utilizes a distribution of membrane
stress across the plate width that is slightl y different from that
employed in deriving Eq. (2). Dawson and Walker also have included a
degradat ion term to account  for imper fec t ions .  Their  theoret ica l  curve
(Figure 13) is close to the perfect plate theory from Eq. (2) except
for the thick -plate end where the effects of plasticity have not been
inc luded.

In Dwight and Rac t l i f f e ’ s theory (Ref. 7) the p la te  unloaded edges were
cons t ra ined  by t ransverse  edge s t resses  and the s t r e s s — s t r a i n  curve was
assume d to be elastic — el ast oplast ic . They were able to account for the
effects of degradation and obtained good agreement with the experimental
data.

Faulkner (Ref. 16) employed ba sic theory in conjunction with empirical
curves.  However , he u t i l i zed  a tangent —modulus relation which would be
highly specialized to tension stress —strain curves for mild steel.
Faulkner a lso  has exp lored another important strength problem. The
theories that have been presented to date , including that wh ich  ap pears
in this report , are deterministic. They include the possibility of
modifications to the theore ’ic a l curve s as a resul t o f chan ges i n ma te-
rial properties, plate dim ensions and degrading factors. Faulkn er and
Mansour (Refs. 16 and 17) have investig ated statistical approaches and
have found good predictive capability relative to the mass of experi-
mental data. That approach could be amplified in scope by addressing
each of th e re l evan t s t ruc tural  p aram eters ( boun d ar y con diti ons , types
of degradation , influence of material proper ties , etc.) and then per-
forming a statistical evaluation for each parameter. For example, some
of the reason for the existence of data above the theoretical perfect
plate curve has been charged to boundary restraint. These may be taken
Into accoun t in defining a proper desIgn curve for ship construction if
the buck l in g  bounda ry cond i t i ons  of the ship p la tes  can be ident i f ied.
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Moxham (Ref. 8) ca lculated plate strength with a fini te -element com-
puterization based on the plastic variational princ iple in which resid-
uals and imperfections are included. The analysis is based on an
assumed elastic—plastic stress —st rain curve (E5/E 

= 1 for e less
and 0 for e ccy )~ 

He compared streng ths theoretically for a variety
of values of C cy I E and b/t for each of several selected values of F.
He found the same strength value over the total range of parameters at
each F value and concluded that strength could be related to 1/F for
all materials. This was in contradiction to the current result, and to
von Karman ’ s proynostication , that a different strength curve would be
required for each of a range of materials with different stress -strain
curves.

In order to test the concept more accurately in a fundamental way it
would be necessary to utilize the complete stress -strain curve in the
yield region. It is doubtful that an elastic -el astoplastic curve
(E > 0 at e > 

~~~~ 
would be sufficiently accurate.

One of the interesting results of Moxham ’s analysis was the indication
that the ultimate strength of a plate could be attained with the ulti-
mate amplitude of an imperfection of the order of the plate thickness
at the instant of failure. This differs from the value , used by
Dawson and Walker , of an ultimate impe rfection equal to 4t. However ,
Moxham also showed little variation in ultimate strength for a large
range of initial imperfections and ultima te imperfections , both theo-
retically and experimentally.

Dwight S Ractljffe (Ref. 7)
1 • 0 Experiment

—----Theory

FIGURE 1 3 1010 STEEL DATA

0 I I I I I I
1 2 3 4 5 6 7 8

1/ F
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Flange Strength

The general utility of the basic plate strength concept was tested
by comparing the predictions to flange test data. The internal
stress diagram of Figure 1 leads to Eq. ( 5

G xu /~
acy = s ( s  + l )

~
1 [be/b + (1 - b e/b)(l - c)ocr /ocy]

+ (s + 1 ) _ I 
(5)

Stowell developed a basic theory of flange strength (Ref. 18). It
agrees with test data only at small values of F , which is proportional
to 

~°cy~°cr~
1”2

~ 
A comparison was made in Ref . 19 using test data

on cruciforms and formed angles. The results are presented in
Figure 14 together with Stowell ’ s theory and also with Eq. ( 5 ).
The theoretical bottom of the scatter band also is shown . It was
obtained by letting c = 1 in Eq. ( 5), which yields

O•xu /acy = (Sb e/b + l)/(s + 1) (23)

This , als o , is the same as for supported plates [Eq. (15)] except
for the factor of 2 before be/be

The thinner scatter ban d was predicted above (p.17).

Stress-strain curves would be required to extend the theoretical curves
into the plastic range for comparison with Ract liffe ’s data (Ref. 24).

LO Niw Th.or y . Mix ~~ u.
(For Ps r f ,çt  Hlno.d fling.,)

:~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

20

Ger a rd ( R e ? .  19)

0 , _______________________________________
1.0 2.0 3.0

FIGURE 14 FLA ’ IG E STRENGTH CO MPARISONS
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UNIA XI AL TRANSVERSE STREN (~TH

Introducti on

The prediction of transverse strength is discussed in the fol l owing
paragraphs primarily to identify the aspect of the strength de-
grading factor , which is sli g htly different in form from that
which affects long itudinally compressed plates.

Eq. (4 ) can be used to predict the strength of a transversely
compressed plate with a/b > 1 . One of the problems in predicting
transverse strength is associated with the determination of the
postbuckling stress at the heart of the plate. In an extremely
long plate the transverse loading would tend to induce wide-column
action . A column is known to exhibit negligible postbuck l ing load—
carrying capacity . For a square plate the postbuck l ing load would
be the same as for a long plate compressed longitudinall y. Con-
sequently it is necessary to define the transition of the post-
buckling action for 1 < a/b < ~. This may be viewed as an
additional degrading factor.

Postbuck lin g Stress Distribution

The postcritical stress at the heart of a transversely compressed
plate might be expected to approach zero for a perfect long plate
under transverse compression , to be equal to the critical stress
(for a perfect plate) when a/b = 1 , to decrease gradually at firs t
as a/b is increased from 1 , and to approach the zero value asympto-
tically. There is no info rmation in the literature on this phenomenon.
Furthermore , a basic mathematical solution of the problem was not
attempted at the present time . It is an area for further research.
The approach taken in this project was to assume a variation as
shown in Figure 15 . The coefficient -~~ is expressed in the form

a = [(a/b - 1)2 + (24)

It is a multiplier of acr /ci cy in Eq. (4 ) which now will take

~he form

Oyu /O cy = s ( s  + lY
~~

2(be/b)(b/a) (25)

+ [1 - (2be/b)(b/a)(l - c)
~~
(a cr /c cy )]}+ (s + 1) 1

Effect of Residual Stresses

When a plate is welded on all four edges , residual stresses are
induced both longitudinally and transversely. If the two effects
dre assumed to be separable and superpos ible , then the transverse
component at the longitudinal centerline in the midlength would be
predictable in the same manner as for the longitudinal residuals.
However , if the plate is long, then it is unlikely that the residual
s t r e s s  f i e l d  w i l l  ex tend  far from the short welded edges. It

- --

~

— - --- -.—- •

~

- - - • -

~ -



~~~ uuPIPuuuuIJ~~IIIIIIIIIIIII. ~uIr- —. ,,,
~~.—v ~~~~~~~~~~~~~~~

1.0 -

0.5

= [ (-~
- - 1)

2 
+ 1]

~ 1 

a / b
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probably would be confined to a region that would extend lengthwise
no further than three-quarters of one plate width. In effect , the
behavior would be synonymous to flange action. On the assumption
that pseudo flange width equals 3b/4 , the residual transverse com-
pression (on the assumption of rectangular and compression b locks)is

~r~~ cy = (3b/4~ t - l) 1 . (26)

The effect of this residual stress distribution is to decrease the
strength in a zone not far from a loaded edge but to leave it unaf-
fected in the middle of the plate.

Effect of Initial Imperfections

The critical imperfection shape for a transversel y compressed long
plate wou~ d be a transverse half wave which extends essentially the
full length of the plate. This is different in form from the critical
imperfection shape for longitudinal compression which would be pillow -
shaped with a square periodicity. Therefore , it would be unlikely
that a long plate would be degraded simultaneously by a single imperfec—
tion. In fact , if the initial imperfection were to match the longi-
tudinal buckle pattern then the transverse buckling stress might be
enhanced. However , the influence on strength may differ from the
influence on buckling stress because the failure mode shape would be a
single buckle both longitudinally and transversely.

Stress Non-uniformit y

If a plate were to be compressed transversely ) the lengthwise Poisson
expansion could be resisted thereby ind u cing a biaxial field in a man-
ner which is the reciprocal of the effect induced by longitudinal load-
ing. In a laboratory test the frictional constraints would i~ duce an
action of this nature unless steps were taken to permit free longitudi-
nal motion. In the current series of experiments the use of a whiffle-
tree avoided this problem. However , it also caused a departure from
the behavior of a plate in a ship in which the longitudinal stif fening
system would induce such a const raint. It would be effective to a
small degree , however , since the stiffener cross -sect ion area mi q ht be
cons iderably less than that of the plate or (at a maximum ) of the
same magnitude as that of the plate.

~f_fect of Plate Length

Transverse strength tests were conducted on 4130 plates with a/b = 1.5.
The s trengths were calculated using Eq. (25). For b/t 30, c

~yu
/cY cy =

0.55 compared to the theoretical value of 0 .71  w h i l e , for b /t = 70.

~~~~ 
= 0.31 compared to 0.31 theoretically. As in the case of the

short longitudinal tests the results are not conclusive. Imperfections
were s t i l l  present while longitudinal residuals probably were reduced.
W h er e should have been no clamping action. However , som e tr ansv e rse
~-~pnbr ane stresses should have remained as a result of the weldin g to
‘he end plates.
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B I A X I A L  STRE N G TH

In t r o d u c t i o n

The pheno m enological uniaxial strength theory has been enunciated
and experimental support has been delineated. The primar y physical
mechanism of plate strength is the attainment of the compressive
yield strength at the plate supported edges. In the uniaxial case ,
those were the edges parallel to the loading direction. The yield
strength would be the value obtained from a uniax i a l stress-strain
curve.

In this section a theory is presented for biaxial strength based upon
the same general type of physical behavior as for uniaxial strength .
The only difference is the utilization of a law of yielding for bi-
axial fields. In the case of biaxial compression all four plate
edges are under load. It is possible for failure to occur at either
pair of plate edges. Therefore , it would be necessary to determine
which set of edges reaches combined — ctress yield first. In general ,
this determination can be made beforehand for a range of a/b and
charts can be constructed to identify plate strength . Charts are in-
c luded in this report for a/b = 3 to compare theory with experiment.

The theory embraces the range from thick plates (for which plastic —
buckling behavior controls) to very thin plates (in which the buckling
stress is an extremely small proportion of the maximum load -carr ying
capability).

The theoretical approach has two aspects. One involves the identi-
fication of the numerical loading combination for a specific plate
from which it is possible to compute acu . In th e o t h e r , no ndi in ens lona l
relations are presented for determining interaction under biaxial
loading.

Upon completion of the presentation of the basic theory , the experi-
mental data from the current test series and from Ref. 1 are
employed to depict the correlation with theory .

Principle

As stated above , the biaxial-strength theory for plates is base d on
the princi ple that the load -carrying capacity will be reached when the
stress field at any edge satisfies the plasticit y condition (Ref. 20)

Ocy
2 

= 
2 

+ ~~2 - °x°y 
(27)

For inelastic buckling, the ultimate load is assumed to be synonymous
with the critical load and plastic-buckling theory is directl y ap-
plicable. Furthermore , Eq. (27) is germane to inelastic-buckling
theory as shown in Appendix II.
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Theory

The postbuck ling stress field in a biaxially compressed rectangular
plate that buckles elas tically is assumed as shown in Figure 16.
This model is an extension of the uni axial phenomeno logical model . The
difference is the set of biaxial fields in the edge regions.

It is possible to deduce a general aspect of biaxial strength from the
model in Figure 16. If the postbuckling stresses at the plate center
were to be considerably less than acy~ 

then the edge stress could ap-
proach acy in either the x or the y direction . This means that there
would be little interaction between the strengths for any load combinati on.

The basic theore L ical procedure employs Eqs. (2) and (25) for longitudinal
and transverse strengths , respectively,

~xu ”°cy 
= s ( s  + l )

~
1 {2be/b + (1 - 2b e/b)(l - c)o cr /a cy } (2)

+ (s +

~yu ”°cy 
= s (s + lY

~~
2(b e/b)b/a + u[l - 2 (be/b)b/a ](l - c)o~ cr~

’°cy~
+ (s + l ) 1 (25)

For a given load combination the edge stresses are computed using the
plasticity condition of Eq. (27). However , no change in effective width
is assumed. Ti-is theoretically should involve little error since there
should be 15 percent deviation at the most in the ed ge values of

or at failure according to Eq . (27).

The application of the theory requires knowled ge of the biaxial post -
buckling x and y stresses at the heart of the plate . This , in turn ,
requires data on the effect of res idua l  s t r e s s e s , in i t i a l  imperfections ,
constraint stresses and the influence of normal pressure. Another
aspect of biaxial strength is the process of mode jumping in which a
plate in b i axi a~ compression will buckle in one mode (possibly 3 half
waves longitudinally for a/b = 3) and fail in another (one half wave
longitudinally) as was observed during the experiments of Reference 1.
This implies one set of stresses in the heart of the plate between
buckling and failure and another stress field at failure. Also , the
behavior would depend upon whether the test load is a uniform dis-
tribution of memb rane force (which was emp loyed in the current studies)
or a uniform membrane displacement .

These comp l exities were bypassed In the current stud y by utilizing
normalize d interaction relations (See Figures 17 - 2 1 ) to ~ee if the
elastic buckling interaction curve woul d be usable for thick plates , in
which p lastic buckling would occur , and to see if the stress inte nsity
relation ‘.‘ould apply to thin p lates , in which buckling would be elastic .
This was attempted in Reference 1 w I thout success. However , the un i axial
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transverse strengths were not correctly determin ed in that study
because of i m p ro per boun da ry con diti o ns .  More rel i a ble va l ues were
em p lo yed in  the current  task based on un i ax i al tr ansverse  s t ren gt h
theory and on measured t ransverse s t r engths us ing en d p la tes  to en force
s i m p l e  s u p p o r t  at the tube ends when = 0.

In sum mary , then , the approach to biaxial ultimate strength determina —
t-ion in this i nves t i ga t i on  wa s to u t i l i ze  un iax ia l  s t rength data and
th en to em p lo y interac ti on re la ti ons i n terms of th e s t ress  rat i os
Ox/O xu and oy/ayu . In or der to a p p l y  t h i s  p roc ed ure pr o per ly to
biaxial strength prediction it is necessary to have a complete back-
ground of data on uniax i al longitudi r~ l an d t ransve rse s tren gt hs to b e
ab le  to compute 

~xu  and for praL ~a1 p la tes .

Comparison of Theory with Experimen t

Figures 17 through 21 display the b iax ia l  test  resu l ts  for 1010 and
4130 steels. The reference ultimate strength for the 1010 steel
t r ansverse  s tress ra ti o (R y

= Oy/Oyu ) was the theoretical value. The
experimental value of m xu was used for the longitudinal compression
st ress  ra t io  (R x = cY

~~
/a ,~~~

). The circles on the R~ a x e s  of Figures 17
through 20 depict the observed transverse strength for 1010 steels , in
which improper boundary conditions were employed.

In the construction of Figure 21 the exper imenta l  t ransvers e  st rengths
were used together with the experimental longitudinal strengths for
both stress ratios.

The general trend of the data for biaxial strength alone is seen to
var y from the elastic interaction relation for b/t = 30 to the plastic
stress intensity relationship Eq. (27) for b/t 70 In the c a r b o n
steel specimens. At b/t = 30 both the longitudinal and the transverse
compression strengths approached yield. They were elast ic at b/t = 90.

For 4130 s teel  the resu l ts  ap pear to support the use of the stress
in tens i ty  in teract ion law except  for the welded p la tes  w i t h  b/ t  = 30.
The reason for the large va lues  of R~ on those specimens is not c lea r .
They may have been less degraded than the other 4130 specimens. It is
to be noted that the uniaxial lon gitudinal strengths were observed to
lie close to the bottom of the theoretical 4130 scatter band for the
test  spec imens , for wh ich  b/ t  = 30 and 70.

The e f fect  of normal pressure is not eas i l y  i den t i f i ab le .  In a few
cases  the pressure did not ap pear to change the . pos i t i on  of the test
point on the in te rac t ion  dia gram w h i l e ,  for other spec imens ,  the
strengths appeared to have been shifted from the stress intensity law
to the elastic biaxial bu ckling interaction law. It would have re—
quired a considerable incre ase in the scope of the project to test
enough specimens at appropriate pressures to identify the trend of
b iax ia l  s t ren gth for se lec ted  s t ress  ra t ios .  A discussion of the
rela tionship of normal pressure to biaxial strength appears below.
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Eq. (22) Normalized ,

R 2 + R 2 - R R  = 1x y x y

U

f l b/ t  3 0 ,  Welded and
- Normal i ze d

- 
•b/t 30, Welded
Ob /t  = 70, We lded  and

- 
Norma l i ze d

•b/t  = 70, Welded

0 6 —4— I I I t— I I -L

0

R
~

F I G U R E  21 B I A X I A L  STREN G TH CO M P A R I SON , 4130 STEEL
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EFFECT OF NORMAL PRE SSURE

Longitudinal Strength

The a p p l i c a t i o n  of normal p ressure  to a perfect plate would tend to
bulge the p la te  into an in i t ia l  imper fec t ion , t h e  s h a p e  of w h i c h
would  depend upon the p late boundary cond i t ions .  If the p la te  were
s imply supported then the a p p l i c a t i o n  of normal pressure to a long
p la te  wou ld  tend to deform the median sur face of the p la te  into a
s e c t o r  of a cylinder with a cross-section shape approaching
p ara bol i c. T he cyli n d r i cal sha pe woul d be cons tant exce pt near the
ends where the de f l ec t i on  would be main ta ined at zero.

If the plate were to be subjected to longitudinal compression the
cy l indr ica l  shape wou ld  s t i f f en  the p la te  aga ins t  buck l ing ,  wh ich
wou ld  occur as a cont inuous s ine wave  in a lon g fla t p la te . The con-
sequent gain in buckling strength was investigated by Levy and his
coworkers (Ref. 21) through the use of large—deflection theory. A
simple approximation was developed in Ref. 2 based upon the hypothesis
that the plate would behave as a section of a cylinder in compression.
This predicts much smaller strengths than the Levy approach. However ,
it agrees reasonab ly  we l l  w i th  the trend of the exper imenta l  data
shown in Tab le  4.

1010 Steel 4130 S teel
p = 10 psi p = 30 psi

b/t  Theory Exper.  Theory Exper .
30 <0.01 <0.01 <0.01 0.06
50 <0.01 <0.01 — —

7~~ 0.04 O~O6 0.10 0.12
90 0.26 -0.03 —  —

TABLE 4
LONGITUDINAL STRENGTH INCREASE , axu i’0cy )~ 

DUE TO NORMAL PRE SSURE

The cylindrical shell theory requires the calculation of the centra l
radius of curvatu re of the cylindrical bulge. This can be done using
elementary beam theory. When the resul t  is combined with the chart
that relates cylinder compression strength to shell geometry (Ref. 22),
which  is dup l i ca ted  in Figure 22 , the buck l ing  s t rength  re l a t i v e  to a
flat plate can be computed with the relation

ocr /ocr flat = 1 + 0 .027 ( C p / E ) 2 ( b/ t ) 8 ( 2 6 )

This approach is an approximation. It is subject to significant error
because of the fact that thin -wall cylinder strength prediction has a
low degree of rel iab i l i ty  (Ref .  22 ) .  T his  s e n s i t i v i t y  is re f lec ted  in a
range of va lues  for C at any given va lue  of ( p / E ) ( b/ t ) 2 . The curve in
Figure 22 Is a~I avera ge.
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R/t (0.88 E/p)(t/h)2

F I G U R E  22 B U C K L I N G  C O E F F I C I E N T  FOR
NORMAL P R E S S U R E  E F F E C T ,
EQ. (26)
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The increase in longitudinal buckling strength shc ’l d lead to a corre-
sponding increase in longitudinal ultimate strength if the post—buck-
ling stresses at the heart of the plate were to remain at the enha nced
value induced by the normal pressure. The data  i n Tab le  4 wou ld  appear
to support that hypothesis.

Transverse Strength

The same deformation shape that enhances longitudinal strength, as a
result of normal pressure app lication , would tend to degrade transverse
strength. When a plate is loaded transversely under uniaxial compres-
sion a single full—length imperfection would have the same form as the
buckle pattern. Furthermore , the initial amplitude of the pressure-
induced deflection would be enlarged by the application of the trans-
verse membrane load. These two actions would tend to drive the plate
combined stress (membrane plus bending) to the yield strength thereb y
producing premature buckling.

The premature loss of buckling strength in the heart of the transve rse-
ly compressed long plate should have little effect upon the ultimate
strength , h ow ever , since the post-buckling stress in that zone would be
small.

Biaxial Strength

When a plate is subjected to biaxial membrane loading the effect of
normal pressure would depend upon the relative proportions of the
l onc i t - j dina l and transverse loads. This can be seen in Figures 17
th~~ -~.gh 21. It would appear that a go-no-go situation exists. There
seems to be a critical pressure below which the biaxial plate strength
is ni 4- affected by normal pressure and above which the strength is
drive r , to a lower value which appears to lie in the region of the
elastic interaction curve for biaxially loaded plates . The mechanism of
this process is not clear. Calculations have shown that the transi-
tional condition occurs when transverse membrane and the bendin g
stresses reach °cy~ 

However , as was pointed out above, the stresses
exist in the heart of the plate where , under uniaxial transverse compres-
sion , there is little post-buckling transverse stress in a lon g p late.
On the other hand , the long itudinal loading could induce a
sinusoidal buckle pattern which may inhibit the collapse of the plate
under the t ransve rse  loads throu gh the i n i t i a t i o n  of a se r ies  of node
lines that act in the manner of transverse sti ffeners. If the normal
pressure is strong enough to drive the nodes to a stress intensity
equal to yield then the plate shoul d collapse. Otherwise, the biaxial
strength will be achieved in spite of the normal pressure. This is an
obvious area for further study.
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MATERIAL COM PARI SON S

Introducti on

It is the purpose of this discussion to indicate the influence of com-
pressive yield strength on the ultimate uniaxial compression strengths
of p la tes  f a b r i c a t e d  from d i f fe ren t  m a t e r i a l s .  It must be e m p h a s i z e d
that these comments and conclusions pertain onl y to compression and
not to t~ nsi on .

The fundamental information utilized in this discussion is the stress—
strain curve. Once the basic mechanisms for plate strength are iden-
tified , the detailed evaluation of a given configuration requires the
knowledge of the stress-strain curve.

Optimum Material for Thick Plates

Two steels with widely diff erent yield strengths were used in this
investigation for obtaining experimental data. The stress-strain
curves appear in Figure 11— 2 . Consider a plate thickness such that the
critical strain is large enough to enter the yield regions for both
materials. This would be true for simply supported rectangular plates
with b/t = 30, for example. The longitudinal critical strain would be
4,000 ~i. For perfect plates compressive load -carrying capacity is
essentially the compressive yield strength. However , it is more real-
istic to assume that ship plates will not be perfect. If the total
degradation strain is subtracted from the perfect -plate critical strain
the result would be a relatively small strength loss for the weaker
steel. However , depending upon the magnitude of the subtractive
s t r a i n s ,  a large strength loss can occur in the stronger steel. This
result was observed in the current experiments.

One Implication is that in a real ship structure the proportionate gain
in compressive load -carryin g capacity, when consider ing the use of a
high -s trength steel , may be considerably less than the increase in yield
strength over that of a weaker steel. The yield strength increase for
the two steels of Figure IL -2 was 15O%. The increase in plate strength
was less than 60%. Essentially the same increase could have been
obtained using a material with a yield strength of approximately 70 ksi
and a sharp knee (n 20 or more).

Another im ol ication is that the evaluation of relative structural per -
formances can be made with no more information than the compression
stress-strain curve for each material under consideration. This
assumes that the pheno m enology of plate strength and the associated de-
grading factors are now understood well enough to permit these material
comparisons.

The preceding discussions are related to the strength of the plates
alone. Ship plating is stiffened. The load-carrying capacity of the
combination could depend more on the stiffening system than on the plate.
If the strength of the grillage depends primarily on the strength of the
stiffening system as a set of columns then the above comments again
would apply. The plastic strength of a column is closely related to the
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tangent modulus of the column material. Consequently, the critical
strain under that condition would force the effective strength to the
left on each of the stress—strain curves. For most high—strength
steels the knee is rounded somewhat in the manner shown for 4130 steel.
Once again, the gain in load -carrying capacity may be significantly
less than the gain in yield strength.

Identification of Optimum Material

The preceding discussions have provided the background for the selec -
tion of an optimum material for compression strength of plate. As in
the previous cases this pertains to uniaxial compression alone.

Suppose it is desired to determine the properties of a steel that
would operate more effectively to resist compression. The first step
would be the selection of plate proportions for very high loadings which
would correspond to b/t of the order of 30. The next steps would be to
draw the Young ’ s modulus line on graph paper (Figure 23) and to mark off
the critical strain on the strain axis. For many materials the critical
strain can be approximated by 

~cr 
(t/b)2 so that E cr = 0.0033. If a

vertical line is drawn at that strain value it will intersect the
Young ’ s modulus line at the stress level for a perfe ct plate.

Now reduce the strain level by the total degradation strain values. On
the basis of the data from this investigation that might be of the
order of 0.001. The net strain is then 0.0023. If a vertical line is
drawn at that strain it will intersect Young ’ s modulus at a stress level
of approximately 70 ksi , assuming E = 30 ms i .

This would be the largest practical yield strength for a steel with a
sharply rounded knee on the basis of the foregoing discussions.

When buckling occurs in the pla stic range , the parameter F may be used to
assess the change in ultimate strength with 

~cy~ 
Since Oxu /O cy decreases

with increased 0cy more or less in the man ner shown in Figure 7 then It
is clear that increased °cy implies decreased c~~U/o Cy for a given b/t and
E for 1/F in the range between 2 and 6, say. At smaller F the value of
0xu~

’0cy would be independent of mcy . How ever , this range would involve
b/t values which may be impractical for ship construction.

Some of the information in the literature indicates attainment of a
higher fraction of yield strength for the stronger steels than was
observed in the current studies on 4130 steel. These are traceable to
the plate restraints during testing.
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C r i t i ca l  S t ra in

F I G U R E  23 D E T E R M I N A T I O N  OF O P T I M U M  Y I E L D  S T R E N G T H  FOR
PRACTICAL PLATES FABRICATED FROM GIVEN
C L A S S  OF M A T E R I A L S
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GRILLAGE FAILURE MODES

Introducti on

The major portion of this research has been on rectangular flat plates.
This section discusses the manner in which that information fits into
the overall problem of ship hull girder strength. The various modes of
instability failure are examined and the relation of plate strength to
hull strength is indicated.

Panel Failure

When a gri l lage is composed of longitudinally stiffened plates support-
ed by transverses , the strength of the panel between the transverses
may be controlled by the column action of the p late -sti ffener system.
That is to say , if the plate strength exceeds the strength of the
stiffeners acting as columns (together with whatever effective plate
width is brought Into play) then panel failure may be the instability 

—mode provided that all other failure modes have greater attainable
stress levels. The column failure is assumed to occur in the same man-
ner as a block cross —sect ion column. Twisting and crippling would not
be a source of concern for this type of failure. In a column the
change from the straight state to the bent state is sudden. Further-
mo re , there is no mechanism that would permit the column to carry any
significant load beyond the critical value. Therefore, column failure
under a dead load is synon ymous with buckling.

Stiffener Torsional Failure

Another possible instability mode would involve the rotation of the
stiffeners between transverses. This could occur if the stiffeners
presented a slender cross section with a narrow flange. The resultant
movement of the flange translation perpendicular to the stiffener web
and parallel to the plane of the plate as well as rotation about a
longitudinal axis would result in another mode of collapse of the
stiffening system and therefore of the panel between transverses.

Crippling

The stiffeners may have sufficient column strength and sufficient tor-
sional rigidity to stabilize the plating and withstand panel failure
to a high enough lev ’ for design purposes. However , it is important
to insure a still hi~~ier level for stiffener flange buckling, which is
a form of a general type of failure known as crippling. This type of
instability almost invariably would take place in the plastic range.
As a result flange buckling would be equivalent to flange failure.

General Ins tab i~j~~
If the transverses are relatively light frames then the possibility
exists that the ent ire grillage will be subjected to instability in
the manner of an orthotropic plate. This type of buckling probably
would be synonymous with failure. Theoretically, the application of
proper boundary conditions to the grillage edges cou ld permit the
grillage to carry load beyond general instability in a manner similar
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to that in which a plate can have a strength greater than the bucklin g
s t ress . However , in the proportions of a practical ship, such a
situation is unlikely.

Role of Plate

If the stiffeners are small then it would be reasonable to expect that
plate strength would equal panel strength , or perhaps general instabil-
ity strength. If the stiffeners are large with column strengths con-
siderably greater than the plate ultimate strength then the role of the
plate may be small in controlling the panel strength and also general
instability . There would need to be an effort to identify the proper—
ties of the transition between those two extremes. For example, it is
n e c e s s a r y  to know whether plate buckling would tend to degrade the
column strength of the stiffener to any extent. At present , this
influence may be cons ide red  sma l l .  It is probab ly  c o n s i d e r a b l y  less
than for a stiffened cy linder for which the effect first was identified.

Loadin g~s

In the preceding discussions of this section the loading has in ip l icity
been assumed to be longitudinal compre ssion only. Detailed examinations
have not been made of grillages loaded in biaxial compression. Only a
small amount of work has been done on any phase of biaxial compression
loading on plates. Therefore, it is not po ssible to identify reliably
the interaction of the plate with the stiffening system for such a load
field. If shearing s t resses  were to be imposed in addi tion to biaxial
loading, the problem is more complicated. The presence of the tension
field in a shear buckling situation exert s a radical influence upon the
movements of the grillage boundaries and brings into play a strong
interaction with the side shell that does not occur for longitudinal
com p ress i on -

Comparison of Fa i l u re  Modes

In terms of overall bending strength of the ship hull girder , it is
clear that a number of failure modes must be investigated to determine
the manner in which the grillage would be expected to exhibit instabil-
ity. The edges of a plate are usuall y considered to reach material
yield strength at the time the plate fails. Cons equently, all failure
modes of the stiffening system mu st achieve at least that same stress
level and still be stable in order to drive the plate to the maximum
load carrying capability.

It now remains to find a simple method of comparing the individual
strengths as Identifed above. This is achieved most effectively
through the critical strain approach employing the stress—strain curve.
It also is possible to utilize ma terials for stiffeners which have
greater strength than ma terials used for plates. In this manner , it
may be possible to operate the stiffeners in the elastic range while
the plate boundaries are at stresses in the neighborhood of the yield
strength of the plate material.

-46- 

~ - - ~~~~---- - -- - - - - - - - --- -



r ~~~~~~

‘

~~~~~~

________________

The mode comparisons would be mad e by identifyi ng the critical strai n
for each type of instability id entified above. The criterion for the
relative strain magnitudes would be stipulated by the structural
designer. Th is process would be the most eff ective way to identif y
effectively the order of failure of g rillage compcnents made of mild
s tee l , which has ~. flat tang ent modulu s in the yield region.

CONCLUSIONS

The major conclusions to be drawn from the results of this investigation
are as follows:

1. The basic theory of biaxial strength agrees well enough with ex-
periments to be useful for ship design. However , the experimental
foundation should be amplified with careful attention paid to
controlling the boundary conditions and to identifying those which
act on plates in a ship.

2. In general , one set of strength curves is required for each struc-
tural material covering the practical range of residual stresses
and initial imperfections from perfect p lates to poor plates.

3. The compression stress -strain curve is indispensable in evaluating
plate strength , and conclusions about strength pred i ction could
be in error if only the parameter , 1/F = (b/t)(O cy IE)

~~
’2
~ 

is used.

In that connection , the critical strain approach provides a simple
means of accounting for strength degrading phenomena , which appear
to be confined to reduction of the critical strength component of
the ultimate strength.

4. It is possible to identify the yield strength of an optimum steel
(or other material) for ship construction using stress—strain
curves.

5. Plastic buckling in the yield range is synonymous with collapse.
For a material with a relatively sharp knee the loss of strength
from degrading factors would be small compared to the strength
loss for elastically buckling plates.

6. The effects of normal pressure are predictable for uniaxia l
com pression. The mechanism for biaxial compression needs further
study .
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RE COMMENDATIO NS

1. The biaxial strength groundwork should be tested in ship-section
s ructural models of larger scale than those employed duri ng these
investigations. In each test sufficient instrumentation should
be provided to establish plate boundary condi tions.

2. Compression stress -strain curves should be determined for the range
of ship s t ruc tura l  ma te r ia l s  in use and con templa ted .  Enough
samples of each mater ia l  should be tes ted to i den t i fy  the s i z e  of
the scatter band for statistical analysis.

3. Attempts should be made to Incorporate realistic stress-strain
curve properties in fundamental mathematical strength analyses
such as the application of finite-element computerization to plastic
variational theory .

4. Experiments on the influence of normal pressure on biaxial strength
should be designed and conducted to amplify the data base.

5. Design studies should be promulgated to determine procedures for
optimizing structures for biaxial strength. Both min im um weight
a n d  minimum c o s t  criteria should be used. Also , existing ships
should be investigated to determine whether they have adequate
biaxial strength for the intended missions.
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A P P E N D I X  1 - E X P E R I M E N T S AND DATA

Specimen Characteristics

In this series of experiments almost all specimens were 0.025 -inch
th ick 4130 s teel  p la tes  e lec t ron—beam we lded  into square c r o s s - s e c t i o n
box tubes w i th  a /b = 3, 1.5 and 1.0. Width/thickness, b/t, was 30
and 70. Two tubes were made from 1/16- inch thick 1010 carbon-stee l
plates with b/t = 70. The test specimen dimensions for the current
series are shown in Figure 1—1. Details of the 1010 steel specimens
of the previous investigation appear in Reference 1 .

The compressive stress -strain curves are shown in Figure 11—2 . The
test procedure was the same as in the previous stud y (Reference 1)
except for a modification to the transverse loading fixture described
below.

The current transverse strength tests and biaxial compression tests
were conducted on 4130 steel specimens with end plates. Figure 1-2
depicts the range of end fixtures studied and shows the dimensions of
the plates selected for the test program.

Load -Application Devices

The test equipment was essentiall y the same as in Reference 1 . Minor
modifications were required for the stainless steel specimens which
were 0.025 inches thick compared to the 0.030 inch thick mild steel
specimens tested in Reference 1. In addition , the transverse load-
ing fixture was redesigned with the purpose of achieving more uniform
loading on all four sides.

The new transverse load device was a compressive wh iffletree which
spread a single concentrated load into forces at eight equally spaced
pads for a/b = 3 and into four pads for a/b 1.5. The details are
shown in Figures 1-3 and 1— 4 .

The whiffletree arrangement was employed to achieve maximum uniformity
of transverse loading along the length of the specimen. It was antici-
pated that this also would result in more uniform distribution of

— forces into each of the four plates in the square tube.

Data Acquisition

Membrane forces and tube internal pressures were measured through
: 1 : gages described in Reference 1 and were recorded manually. The same is

t r u e  of strain during the trepanning studies to measure residual
stresses. The strain data and the load for stress—strain curve deter-
mination were recorded autographically.

Ex~perimen tal Errors (Current Serie s)

The extreme variation in thickness was 2 percent but the mass of data
y ie lded a va r i a t i on  of less than 1 percent .  The largest departure
f r o m  the nominal width (b/t = 30 was 2 percen t. All others were of the
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1/4 Square

~~~~~~~~~ ~~~~~ (..-Soecimen Outli ne

a. Cruciform (Schematic)

b . Locall y Attached Plate (Schematic)

r 0.025 Thick 4130 Steel

Edge Strip Width 
~
— — 

~~~~ *~
E1ectron Beam Weld to
Lnd of Plate

0.07 for b/t = 3O
~ 

I~,
0.11 for b/t = 70 ~Q ~0.10 for b/t = 30 ~ 0.16 for b/t = 30
0.35 for b/t = 7O~ ~~ (~

“

~~ 

~
j  0.45 for b/t = 70

c. Final Desi gn Perforated Cover Plate

F I G U R E  1 - 2  END P L A T E  C f l N F I G U R A T I O N S
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o r d e r  of 1/2 percent. Therefore , use of the nominal cross-section
area (instead of the directl y measured value) could have involved a
maximum error of  3 percent for b/t = 30 and 1.5 percent for all other
specimens. Furthermore , the maximum departure from nominal of the
theoretical elastic longitudinal buck ling stress could have been 6 per-
cent for b/t = 30 but would have been less than 3 percent for b/t
greater than 30. All specimens were flat within 0.002 in.

All specimen lengths were smaller than nominal by 1 percent or less ,
which would have introduced a negligible effect on longitudinal buck-
ling stresses ( and probably on strength also) since the buckling coef-
ficient curve is flat at a/b = 3. There could be a maximum deviation
of 4 percent in the theoretical wide column buckling stress and 2 per-
cent in the applied transverse stress.

The maximum load variation could have been no more than 1/2 percent at
the longitudinal compression failure loads , and the same accuracy
would apply to the transverse forces. The strain gage data are con-
sidered reltab le to better than 1 percent.

Youn g ’s modulus in compression was 28.8 msi for one 4130 test specimen
and 30.0 msi for the other which is 2 percent on either side of the
average. It was 29.0 in both compression and tension for the 1010
steel specimens. The compressive yield strengths at 0.002 offset
strain were 102 ,500 psi and 98,700 psi for the 4130 specimens (2 per-
cent either side of the average) while the average compressive yield
for 1010 steel was 39,400 psi with a variation of 2 percent for seven
specimens. These specimens are too few to permit a rational statisti-
cal analysis on material properties. Average values were used in
reducing the data and constructing theoretical curves.

Experimental errors for the previous tests are of the same order as
a bove.  ~etai 1s may be found in Ref. 1.
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TABLE 1.1 STRENGTH DATA FOR 1 010 STEEL SP E C IMENS OF P (FEI(NCt. I: a / b • 3 . 5 • 0.030 in .

ALL WELDED

— _ _ _ _ _  — — —  P

Mo d el ~x ~y p Lo ad
a c

b / t  No. lb .  lb . psi Sequence ks i

30 1- 30 —7 4060 — — N5 36 .91 —
30 1- 30-8 3810 - 10.6 pM 5 36.63 -

30 1—30 — 11 2420 2600 — N,N7 23 . 30 22 .80
P30 1-30 - 1?  800 3400 - N 5 N

7 7 . 70 29 . 80

y 
y30 1 — 3 0 - 1 4  1350 3600 • N ,N7 1 3 . 0 0  3 1 .50

30 1 — 3 0 - 1 7  2800 320 0 — N ,N7 26 .90 28 .00
30 1-30 .16 . 3Q4Q • N~, - 26 .60 I

30 1.30-2 4000 1335 - c 38. 50 1 1.70

50 1-50-6 5500 - - N 5 30 .41
50 1-50- 7 5330 - 10 .6 pH~ 30 .46 -
50 9-50- 15 5 5 40 15 10 — N7N~, 31. 60 1.94
50 9 - 5 0 - 1 2  - 2100 — N7 — 11. 02
50 9-50-11 4800 2000 — N7 N 5 2 7 . 4 0  10 .50 a Internal vacuum except for 1-50 .19

(30 psi interna l pres sure), and50 9-50— 13 2960 2600 — N 5N
7 

16.88 13 .65 7—70— 1 4 (16 psi int e rnal pressur .)
50 9-50—1 ’ 3500 1800 - N

7
N
~ 

19.95 9.46
- b P 5/ (4b t( l . 5/b))50 1—50 .16 2960 3500 10 .4 N 5pN

7 
16 .90 18.40

50 1- 5r-1 8 - 2660 9.9 pM
7 

- 14.00 c 0.707 P7/3bt
50 9 — 5 0 - 1 4  1380 2680 — N 597 7 .88 14 .10 d o ,~ 15.0 ks t , • 11 .7 ks i .
50 1 5 0 19 3580 2240 30 N 5pN

7 
20 .40 11 . 17 o 38.5 ‘.si (Failure)

70 2-70-3 5060 - - N 5 20 .32 — e • 8.34 1 k s i . u~, * 6.531 ksi .
70 7-70—5 5260 — 10.6 pM 5 21.30 —
70 7.70-1 5060 - - N

~ 
20 .32 - 

-. 1 .67 ksi . 0
7 

-. F a i l u re

f Failed 1 to 2 minutes after vacuum70 8.70.13 3800 2940 - N 5N7 
15.3 9 11. 04 was  ap p l i e d

70 8-70—15 2530 2610 - N 5N7 
10 .24 9.81

70 10-70-1 8 1270 2990 N~ N
7 

5.14 11 . 22 9 All Interna l pressure

10 2-7 0— 6 — 1470 — N7 
. 5.53 5 Welded and Normal i zed

70 2—70 -16 3800 2440 10.9 N 5 pN
7 

15 .39 9.18 
J Welded

70 7-70 .12 2530 2440 10.3 N 5 pN
7 

10. 24 9.18
70 2 .70-19 1270 2480 10 .5 N 5pN 5 .14 9 .32
70 10-70-17 - 1500 10 .0 pM

7 
- 5.64

70 7 .70—14 2530 2300 16. N 5pN
7 

10.24 8.64

90 9—90— 1 5250 — . N 5 16.43

90 10-90 .3 5360 — — N 5 16.65 —

90 9-90-5 5090 - 10.6 pM 5 16. 00 -

90 9-90.4 5130 — 10. 5 pM 5 16.11
90 3-90-8 2650 3860 - M 5N 7 

8.34 11 .28 
-

90 3-90— 11 2650 2290 11 . 6 N 5 PN y 8.34 6.69
90 10-90-7 3980 3690 . N 5M

7 
12 .50 10.78

90 3-90-18 3980 2000 10.8 N 5~ N~ 12.5 0 5 .85
90 8-90-1 0 1330 3480 - U ,,N~, 4 .18 10 .16
90 8-90-9 1330 2535 10.6 N 5 P?1

7 
4.18 7.40 :-

90 8-90-6 - 1520 10 .5 pM
7 

. 4.44 
I90 3—90 - 19  - 1 325 — N7 . 3.87

90 8 — 9 0 - 1 2  26 5 0 2230 - e 8.34 6 .53
530 3200 1 .67 9.34

90 6 .90 -1 6  2650 2340  10.6 N 5 N
7~ f 8 . 3 4 6 .84
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TABLE 1—1 CONTINUED STRENG TH DATA FOR 4130 STEEL SPECIMENS .

a/b - 3 , t • 0.025 in. 
TABLE 1—2 SHORT PLATE DATA

__________ _______ __________ _______ ________ 
w ELDED 4130 STEEL . a/b . 1 .5 . p • 0

— 

9 b c —  
P P ~~~~~~Mo d el ~~ p Load 0x a

7 x y a y t
b/t No . lb. lb. psi Sequence ksI ksi b/t lb. lb. k si ks i in.

30 l-1 ~ 4010 - - N 5 57. 08 - 30 5950 — 86.74 - 0.025
30 l— 2~ 3900 — — N 5 54. 55 — 30 - 2420 - 63.61 0.025

1.3 ’. — 2810 — p — 37 .28 70 7840 - 46.36 - 0.025
30 1~~31 ’. 1 000 3150 30 N 5pM 7 

14. 1 2 40 .94 70 - 3330 - 35.89 0.025
30 J _ 4 ’. 3000 2520 15 N 5pN 3, 42.08 35 .58 — — — ______

30 1~ 5’. 3000 2430 15 N 5pN 7 
41.61 31 .82

30 5 l ~ 4000 — — N 5 5 4 . 1 2  — WE lDED 1010 STEEL . a/b • 1.0 , p • 0
30 5—2~ 4220 — 30 pN 5 58.12 — ______ _______

30 5-3 d - 2500 — N7 — 31.79 
b / t  lb. k si in .30 5-3l- ~ 2000 3510 - N5 N7 - 46 .74 — ______ _______

30 5_ 4 3 400 2925 — N 5N7 
— 36.35 30 3830 36.62 0.030

30 5~ S~ — 2295 — N7 
— 29 .45 30 3790 36.03 0.030

30 5-Sl -~ 3600 3555 - N~ N
7 

- 46.90  70 6480 2 5 . 9 2  0 .030
70 2~ 1 ’. 5050 — — N 5 30.06 — 70 6805 2 7 . 6 5  0. 030
70 2_ 2 ’.~ 4200 2205 - N 5 N7 2 5 . 2 0  12 .5 1
70 2~ 3’. - 2000 - N7 

- 11. 13
70 2~ 31 ’. 3750 2205 10 N 5pN 7 

22.42 12.37 
TA D IE 1 -3 THI CK PLATE DATA

70 2—4~’ 1250 2250 20 N pM 7.43 12 .95
70 2~ 5’. - 1695 . N — 9.51 I’

70 2 .51 h 6 170 1080 - N
~ N X 3 7 . 7 3  6 .01 bit 

—_
lb.  ts i  in.

70 4- l i 4540 - - N
~ 

26 .58 — 
80 ~‘? ,2OO 24 .46 0.05570 5030 — 30 pM 5 30.0 5 
80 - 1 i ,500 2 1 . 45 0.05570 4 _ 3 d — 2020 — N7 - 1 1 .38

70 4 — 3 l ~ 500 2250 - N 5N y 3.01 12. 95
70 4~ 4~ 2500 24 7 5 — N

5N7 
14 .82 13.89

70 4_ 5~ 4240 1683 — N 5 N 7 
25 .12 9 .33 
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A P P E N D I X  I l - T H E  S T R E S S — S T R A I N  C U R V E

Plastic buckling theory utilizes several geometric properties of the
stress -strain curve which are delineated in Figure Il - la. Ramberg
and Osgood (Ref. 23) showed that , for typical structural metals ,
the curve is identifiable mathematically by 3 parameters; the tangent
at the origin (which is usually termed Young ’s mo dulus , E), the
s tr e ss l e v e l , o~ , at which the secant modulus is O .70E , and the
sharpness of the knee , n , defined in Figure Il - lb. Table 11—1 dis-
plays these parame ters for various materials of interest to ship
construction .

°cy E 01 n E/o (E/o )l/2

Material ksi ms i ( r an g e) (r a n ge)  cy cy

Mild 
- 

32 29 906 30 .1

Steel 39 29 744 27.3

to 60 29 483 22 .0

HY-80 
- 

80 29 363 19.0

Alum. Alloy 40 10 12 250 15 .8

TABLE J - 1  RE PRE SE1~TAT I V E COMPRE SS I V E  ME CH A N I CAL
PRC2F~ T IE S O F SELECTED STRU CTURAL M A T E R I A L S

The stress -st rain curves for the steels of SSC— 2l7 and the current
studies appear in Figure II—? . Each is an average from autographic
recordings of two measurements. The three parameters are shown
for each material.

The 3-parameter description shows that

E/E 5 = 1 + (3/7)(0/0 )n~ l 
= 1 + (3/7)(0/a cy )

n
~

l (G cy/a l )
n
~

l (11-1 )

E/E t = 1 + (3n/7)(o/o 1 )~~~ = 1 + (3n/7)(0/a cy )
n
~

l (0cy/0l )
n
~

l (11-2)

from which it is a simple matter to derive the result
n— l1 + (3/7)(o/o l ) ~II- 3E / E  =t 5 

1 + (3n/7)(c/a 1 )”

— 57—
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100 o , k s i
4 130 Stee l, 

~~~ 
= 98.6 ksi

- 

E = 2 9 .4  ms i , 01 
= 95 .9 k s i , n = 13

50 -

1010 Steel , = 3 9 . 2  k s i

E = 29.0 m si , 36 .9 k s i , n = 28

c , lØ ~ i n / i n
0 

~ i i  I I t I ~ I
0 5 10 15

FIGURE 11-2 STRESS -STRAIN CURVES F~ R M A T E R I A L S
USED IN REFERENCE 1 AND THE CURRENT
INVEST I G AT IONS
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From the conventional definition of the compressive yield strength ,
the compressive yield strain is

E cy = 0.002 + o
~~

/E (11-4)

a n d  s i n c e  E 5 = a/c , Eq. ( 11-4) reveals  that

E/E
~ cy = Ec/a cy = 1 + O •OO2E/O cy 

(11-5)

Consequent l y ,

= O •OO467E/O cy 
(11-6)

which shows that > a.~ since E/a
~y 

> 214 for ship materials
(see Table 11-1) .

The proportional limit is often expressed as the stress at an offset
strain of 0.0001 , -

~pl 
= 0.0001 + o~ 1 /E 

(11-7)

This may be combined w 4th Eq. (11-4) to obtain

0 1/0 = 20— l/n (11-8)

For n = 10 , Op l /O cy = 0.74. For mild steel (n = 20 , sa y ) c o mp a r e d
to high strength steel  (n = 10 , say )

(G pl /O cy )n 2 O /(apl / a ) l0 = 1.162

This result becomes si gnificant when materials are compared for
compressive effi ciency.
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APPENDIX III POLYAXIAL PLAST IC BUCKLING

General Solutions

An approach to the analysis of pl astic buckling in flat plates was
presented by Stowell (Ref. 20). The analyses in this section m ake
use of his diffe rential equation for rectangular plates

C 1a
4w/~ x4 - C2a

4w/~ x 3~y + 2C 3~
4w/~ x 2~y

2 
- C4a

4w/~ x~y
3

+ C5~
4w/ay 4 + (N

x/D’)0
2w /

~~
X 2 + 2 (N

~~
/D’)

~
2w/ax

~Y (111-1)

+ (t~y/D’)~
2W/~Y

2

using D’ = E5 -t 3/9 and in which w is the out —o f— plane movement.

A tractable solution for a sim ply supp orted plate in biaxial corn —
pression (and also shear under certain conditions) has been
employed in the form (with x in the a-direction and y in the b -direction).

w = w 0si n { (mit /a)(x + cy) ]s in ( -iiy/b) (111 -2)

which assumes one — half wave in the y direction . When substituted
into Eq. (111 —1 ) ,

C 1(mir/a)
4 

- C 2~ (mii fa) 4 + 2C 3(m ~T/a)
2 [(~ mTr/a) 2 ÷ ( 7 7 / b )

2
]

- C ~(m77/a)
2 [(~~m7T/a )

2 
+ 3(ir/b) 2j + C ~[kmii /a)2 + (u /b) 2]2

+ 4~ m ii /a b } = ( N
~

/ D ’ ) ( m T r / a )  + 2(N /D’) (miT/a)

+ (tl~ /D’) [(crnuT /a ) 2 + (ir/b) 2 ]

The coefficients are as follows

In the plastic region In the elastic region

C 1 = 1 - 

~~
(O

X / O j )
2 ( 1  - E t/E 5 ) C 1 = 1

C 2 = 3 (a
~

r/o 1
2 ) ( 1  - E t/E 5) C2 = 0

C
3 

= 1 - 

~~
[(G xOy 

+ 2T 2)/o~
2](1 - E t/E 5 ) C3 = 1

C
4 

= 3( IY y t/ 0 j
2 ) ( 1  - E

t
/ E

5
) C

4 
= 0

C
5 

= 1 — -
~- (o~~/o~~ )

2 ( i  - E
t / E 5

) C
5 = 1
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using (with r = o
~~

/ci
~~
)

= + - + 3t 2 = a
~~
2 (1 - r + r2) + 3 2

When shearing stresses are absen t, ~ = 0 and Eq. (111-3) reduces to
the biaxial compression case .

Stowell tabulated plasticity reduction factors for a variety of
loadings . These have been reproduced in Table 111-1. Results
appear below for shear , biaxial compression and transverse
compression.

STRUCTURE 
— 

j

Long flange , one un-
l oaded edge s imply  1
supported

Long flange , one un - 0.330 + 0.335(1 + 3E t/E 5)~
”2

loaded edge clamped

Long plates , both un - 1 2loaded ed ges simply 0 . 5 0  + 0 . 2 5 ( 1  + 3E t/E 5)supported

Long plate , both un — 0 352 + 0 324(1 + 3E / E  ) 1/
’4

loaded edges clamped ‘ t S

Short plate loaded
as a column 0.25 + O.75E t/E(a/b <<1)

Square p l a te  loaded
as a co lumn 0.114 + O.886E /E
(a/b = 1)

Long co lumn (a/b >>1) E
t

/ E
S

TABLE 1 1 1 - 1  PLASTICITY REDUCTION FACTORS
AFTER STOWELL

Shear Buckling

In the elas tic case , Eq. (111 — 3) becomes

N xy b
2/u 2D ’ = k xy = (1/~~)((1/2)u(1 + ~2)

2 + 1 + 3~ 2 + 1/2u) (11 1- 4)
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This is exactly the same relation , presented by Timoshenko (Ref. 11 ),
which was based on 1~~e use of energy procedures. Throug h mini -
mization , ~ = (2) and u = 2/3. These yield kxy = 5.66 , which
is 6 percent greater than the infinite series value of 5.35.

Eq. (111-4) applies to infinitely long plates . For plates of
finite length , the expression

k xy = 9.34 - 4.00(1 — b/a)~~
’2 (111— 5 )

gives a somewhat better fit than that presented by Tini oshenko.

For plastic shear buckling,

~~ 
= (1/c) [(u/2)(1 + 2C 3~

2 
+ ~4) + 3~2 + (1/2u) + C3] (111—6)

The mi n irnizatic- process involves matching a and u to C3. Since
this result is not of immediate consequence to the current project ,
no fur ther ac t i on  w i l l  be taken here on shear  p l a s t i c  b u c k l i n g .

Biaxial Compression Buckling

With C = 0 and utilizing N~ = rN
~
,

(b 2 N / u 2 D 1 ) [ (mb / a) 2 
+ ri = C 1 (mb/a)

4 
+ 2C 3(mb/a)

2 
+ C5 (111-7)

where C 1 = 1 — (3/4)(1 - r + r2Y
1(1 — E t/ E 5)

C3 = 1 — (3/4)r(1 — r + r2r’(i — E t/E 5)

C5 = 1 — (3/4)r2 ( 1 — r + r2Y~~(1 — E t/E~
)

When N~ = 0, Eq. (111 -7) reduces to the frequently used result
for uniaxial plastic compressive buckling (Table 111 -1).

In the elastic range , Eq. (111 —7) is the biaxial relation presented
by Timoshenko (Ref. ii ).

(b2N
~

/1r 2D’)((mb/a)2 + r] = [(mb/a) 2 
+

When r = N~ = 0,

= b 2Fl /u 2D = ( a/ m b  + mb/a) 2

When N = N = 0,x xy

C 1 = C 3 = 1 , C2 = C4 = 0 , and C5 = 1/4 + ( 3 / 4 ) ( E t / E 5 ) ( 1 1 1 — 8 )
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For a wide plate rn = 1 and

N~b 2/-!r2D’ 1/4 + 3/4(E t/E 5) + (b/a)4 + 2 ( b j a ) 2 ( 1 1 1- 9 )

In the elastic range Eq. (111-9) reduces to the rela tion for a
p la te  of f i n i te  a/ b > 1. For large a/b the last two terms are
discarded and the wide — column plasticity reduction factor of
Table Ill -i is obtained.

In the above results the term D’ is used. For slightl y greater
precision D can be used if the general expression for 0cr is

written.

0cr = k(u 2D/b 2t)[(1 - ue
2)(1 - v2 ) ] ( E 5/E)j 

(111 10)

in which the appropriate value of j is obtained from Table 111-1.

The p lasticity reduction factor then would be

n = CO - V e
2)/(O - v2)J (E5/E)j (111 -1 1 )

where

v = 0.5 - 0.2 E5/E (Ref. 25) (111-12)
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a R ) Y R o
~~~~~~,A  phenomeno l og ica l  theory has been developed for predicting the ultimate

strength of rectangular structural plates loaded In uniaxi a l long itudinal
compress i o n , un l axia l transverse compression and biaxial compression .
The effects of norma l pressure also were considered .

The theory  was  f o u n d  to be I n  r e a s o n a b l e  agreement with experimental
data. Certai n areas of the theory and some of the experiments r e q u i r e
additional s tudy .

The l o n g i t u d i n al  co mpr e s s i o n th eory was fo u nd to agree  w e l l  w ith cor-
respondi ng theories of other i nv e s t i g a t o r s ,~ However , the new theory

1/~ i~ 1oys the detailed stress—strain tu~va f’or a give n material , which
/ the others do not , and demonstrates that . In ge nera l , strength predi c t i o n
/ requires a curve for each structural m aterial. The commonly used para-

meter , (b/t)( O cy /E)
’/2

~ Is  shown not to be u n i v e r s a l l y  e m p l o y a b l e  across

the tota l material spectrum as the factor Identifying ultimate strength .
‘
~~~rOther results of broad interest are the demonstration of the a p p l i c a b i l i t y

of a b i a x i a l  p l a s t i c i t y  law to b i a x i a l  strength theory and the de li n ea t~ on
of a method for se l ecting an optimum material for compression strength .

The use of s t r e s s — s t r a i n  curves for stra in analysis of critical and
ultimate strengths is described. They were employ ed to construct
theore tical strength curves.

Theoretical relations and correspondin g curves have been developed for
perfect plates. The effects of strength degrading factors are dis cussed
an d t h e a n a l y s i s of r es i d u a l  s t ress e f f ec t s i s i n c l uded.  ,~
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