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ABSTRACT

N

Two algorithms for generating a ncn-homogeneous
Poisscn process with log-quadratic intensity function)
A(t) = exEp(ag + alt + aztz) S>are implemented into
computer prograas and compared for relative speed,
core storage requirements and fidelity. 3y siaulating
several cases of non-homogeneous Poisscn processes
with log-quadratic intensity functions it is shcwn
that the Poisson-decomposition and gap statistic
algorithm developed by Professor P.A.W. Lewis, Naval
Fostgraduate¢/School, Montersy, California, and G.S.
Shedlar, IBM Research Laboratory, San Jose,
Califcrcnia substantially reduces computation tiae
from that required by an algorithm that uses a
time-scale transformation of a homogeneous Poisson

process. e faster algorithm employs a rejection

technigue in copjunction with a method for siamulating
the ncn-homogengous Poisson process with intensity
function A(t) = %xp('yo+ ylt) by generaticn of gap
statistics. A}though additional core storage 1is
required ty tzZ Lewis and Shedler algorithm, the

resulting gau in computing efficiency 1is so

significant hat it outweighs the memory
consideration. -LtThe experience gained from

implementing the algorithm has led to several
possibilities which are suggested for improving the
efficiency of the Poisson-decomposition and cap
statistic algorithn.
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I. INTRODOCTION

Many familiar physical and operational processes are
vell descrited, in whole or part, by examining their "eveat
streams" over time. Some such well-known processes are: the
flow of traffic through an intersection; the arrival of
persons at scme service facility such as a bank teller's
vindow, a service station fuel pump or a grocery store check
out counter; and, the arrival of telephone calls or radio
transmissions at some switchboard or other type of
communications terminal. Analogous processes abound be¢th in
nature and 3in the course of our everyday lives. Ey the
proger definition of an "event" 1in these situations, the
process being observed will be <characterized by the
probabilistic nature of the flow, over time, of the events
of which it 1is coaposed. 1In the above three examples the
events could bte defined respectively as the arrival of a
vehicle at the intersection, the arrival of a customer at
the service facility, and the arrival of the telephone «call
or radio transmission at the terminal. The process may then
be analyzed Lty examining the interaction of various event
streams with different intersection configurations, service
poclicies and terminal capacities.

A commcn method used to perform such analyses is to
consider the event streams to be homogeneous. This could
mean that the expected number of events to cccur in any ¢wo
or more time intervals of equal length is the same (siaple
homogeneity), or that the Qdistribution of the numter of
events occurring in any two or more equal time intervals is
the same (complete homogeneity). The homogeneous Poisson
process is often used as a tool in the analysis of such

U1
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activities. For very simple systems involving event streaas
the use of the homogeneous Poisson process as a zodel leads
to tractable analytical results. Most systems of interest,
however, are not amenable to purely analytical methods, and
simulaticn of the processes by digital means becoames
necessary.

The assumption of homogeneity in event streaazs is often
a very restrictive one. The *®"rush houg" phenogenon,
vell-known and abundantly cursed by 30torists, provides
cogent evidence that the modeling of event streams is not
alvays well served b7 the homogeneity assumption. The
intensity of event streams varies over time for @»any
physical c¢r operational processes. 1In these cases, purely
analytical methods must be abandoned almost iamediately in
favecr of simulation techniques. (The intensity of the event
stream is defined to be the derivative with respect to ¢ of
the expected nuaber of events in an interval of length
(0,t1].)

The ncn-hcmogeneous Poisscn process is cften eaployed in
the analysis of processes that exhibit gross departures fron
the homogeneous event stream criterion. If these processes
are to be simulated, it is necessary to first describe the
nature of the inhomogeneity (i.e. how does the intensity of
the event stream vary over time?) and then to artificially
generate event streams that behave in accordance with the
descripticn.

Of course there are infinite variations in the types of
inhomogeneities that can occur or that can be constru%g.
However it is intuitively appealing to consider event
streams that display varying intensities of the following
types:

i) ircreasing continuously over tinme;

12




ii) decreasing continuously over time;

iii) iocreasing and then decreasing continuously over

time:

iv) decreasing then increasing continuously over tiase.

A ncn-hcmogeneous Poisson process that has quadratic
properties can be manipulated to produce the above-mentioned
effects. The effective simulation of such a process on the
computer is the subject of this thesis and has been
mctivated by the work of P. A. W. Lewis, Professor, Naval
Postgraduate School, and G. S. Shedler, IBM Research
Latoratory.

There are of course other types of inhomogeneities, such
as cyclic variations (time of day effect), but we do not
consider them here. They have been discussed by COX
(Ref. 2] and LEWIS (Ref. 9)]. 1In particular LEWIS (Ref. 9]
describes a process consisting of arrivals at an intensive
care unit in a hospital. It is shovn empirically that, in
addition to the time of day cycle, long term fluctuaticns in
the 1intensity function can be adequately descrited by an
intensity function whose logaritha is quadratic.

LEWIS and SHEDLER ([Ref. 11] proposed a new aethcd for
generating a non-homogeneous Poisson process with an event
stream intensity (rate) function that 1is of degree-twvo
exponential fpolyncamial foram. (The wuse of exponential
pclynomials is natural in this context since an intensity
functicn is a positive function.) The nev method appears to
have the virtue of increased efficiency over the more
conventicnal time-scale transformation technique when
isplemented on a high speed digital computer.

Efficiency in this context is wmeasured in tecams of

13




computer memory requirements and computational speed. The
prcblem of efficiency comparison is recognized by LEWIS and
SHEDLER in the final pages of their paper [Ref. 11, p. 15]:
"There remains the question of efficiency (cf the proposed
algorithm) . . . for generation of a non-homogeneous Pcisson
process vwith degree-tvo exponential polynomial rate
function, relative to generation via time scale
transformation of a homogeneous Poisson process."

After scme brief discussion of the requirements of
isplementing the time-scale transformation algoritha the
regport concludes . . . "We therefore would expect the exact
method of (the proposed algorithm) to be nmuch faster,
although at the expense of some complexity of prograamamsing."

The oktjective of this author has been: to iaplement
both the algorithm of LEWIS and SHEDLER [Ref. 11] and the
conventicnal time-scale transformation algorithm on the 1IBH
360/67 Ccmputer System in PFORTRAN IV language; to define
reasonable measures of effectiveness for comparing the two
algorithms; and to determine which algorithm is the more
efficient in terms of the measures of effectiveness defined.

Section II discusses the definition of a non-homogeneous
Pcisson process. It also states some special properties of
Pcisscn frocesses that are used in the development cf the
algorithms investigated in this thesis, and concludes with a
general discussion of two basic methods of generating a
non~homogenecus Poisson process. Section III gives a step
by step description of the twvo algorithms that were
implemented into computer prograas. The method of
implementation is the topic of Section 1IV. Methcds of
comparing the algorithms are presented in Section 7.
Section VI presents conclusions drawn from the comparison
and makes a recommendation for improving the LEWIS and
SHEDLER [Ref. 11] algorithnm. Other recommendations for

14
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further study are also listed imn Section VI. Appendixes
provide additional details that would have been awkwvard to
include in the main body of the thesis. Computer prograns

listings are provided after Appendix E.




II. DEPINITION AND PROPERTIES O

A. GENEERAL

This section will present basic definitions and
explanatiocns concerning the concept of non-homogeneous
Pcisson processes. References citesd zay be consulted if a
mcre in-depth understanding is desired. Only the
fundamental concepts necessary for understanding thae
specific non-homogeneous Poisson process under consideration
are presented.

B. DEFINITICN OF A NCN-HOMOGENZOUS POISSON PROCESS
LEWIS and SHEDLER (Ref. 11] define the non-homogeneous

Poisson process on the real line as follows:

1. The nuaber of events 1in any finite set of
non-overlapping intervals ar2 independent random variables,

2. Let A(t) be a monotone non-decreasing
right-continucus function which 1is bounded on any finite
interval. Then the number of 2vents in any interval, e.g.
(O,to), has a Poisson distribution with parameter

A(to) - A(O).

The functicen A(t) - A(0) is called, among other things, ¢the

16




mean value function since the expected number of events in
an interval (0,t] is just A(t) - A(0). Property 1 is the
independent ircrement property of the Poisson process; it is
basic to the idea of a Poisson process. Figure 1 provides a
graphical representation of the definition above.

The above definition insures that
{ A L)Y = A(O)}/( A(to) - A(0)} meets the following
criteria for an arbitrary function PF(t), to be a valid
distribution function on the interval (O,to), et LARSON
[Ref. 7, chly =3

4y o< PplE) < 1

1A8) lim F(t) = 0; 1lim F(t) =1, 0 <t < ¢t

- 0
tehe (0) ) t to

iii) PF(a) < F(b) for all a < b in (O,to)

iv) lim F(b+h) = F(b) for all b in (O,to),
h—+20

where h > 0

Letting F(t) = (A(t) = A(0)} / (A(t)) = A(D)) it follows
that if A(t) 1is absolutely continuous in (O,to] then
dF (t) rdt = M(t) /¢ A(to) - A(0)) is a valid density function
on the interval (O,to]. The function ) (t) is called the
intensity function (or rate function) of the procasss and

A(t) = é% E{number of events in (O,tol}
pend
= 3t {A(t) - A(O0)}
=
= @€ AiE)

47




) A(t)

l\(o)ﬁl - A W e R S S ==

Situation: Events occur randomly in time (i.e. along t-axis)
1) If X = number of events in fixed interval (t].tzl

Y = number of events in fixed interval (tz.t3]

Z = number of events in fixed interval (tj.t‘]

S = number of events in fixed interval (0.t°];

Then X, Y and I must be independent random variables (note:

S and I are not independent because of overlap in the intervals).

2) Given the monotonic increasing right continuous function
A(t), the number of events in any fixed interval (t‘.tj]

must have the Poisson distribution with parameter A(tJ) - A(t‘).

Loy X ~ Poisson(A(t,) - A(t, )}
Y ~ PoissoniA(t,) - Alt,)}
Z ~Putison(A(t,) - Alt,))
S ~Poisson{l\(t°) - A(0)}

figure 1 - DEFINITICN OF A WON-HOMOGENEOUS PCISSON FROCESS
(GRAPHICAL REDRESENTATION
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C. THE INTENSITY POUNCTION

The mcst intuitively appealing way to think about a
non~homogeneous Poisson process is to consider the variation
in the intensity of the event stream over time. The ccncept
of an intensity function vhose integral meets the criteria
of the definition in paragragh B above is essential tc the
modeling and simulation of a non-homogeneous Poisson
prccess. When one starts with the existence of A (t), the
A(t) 1is often called the integrated intensity (or rate)
function.

The 4intensity functuion reveals the instantaneous rate
of arrivals (in the event stream) as a function of tiase.
(This function must be a positive function.) Por example,
if telephcne calls arrive at a switchboard at the rate of 5
per hour at 0900 (9:00 a.m.), increase to a peak rate of 20
per hour at 1300 (1:00 p.m.), then decrease to a rate of 5
per hour at 1700 (5:00 p.m.), the intensity function could
lock something 1like Figure 2a. Then, by plotting the
integral of the intensity function over the interval of
interest (i.e. from 0900 to 1700) it is obvious that a
mcnotone~increasing, right-continuous and bounded function
is obtained (see Pigure 2b). If the assumption is made that
the arrival strean is a Poisson process, i.e. has
independent increments, then the number of calls received in
any chosen interval (e.g. 0900-1000, 1230-1315, 1107-1632)
is distriktuted as a Poisson random variable with paraameter
equal +tc the dJdifference between the integral evaluated at
the right end point of the interval and the integral
evaluated at the 1left end point of the interval. These
values may ke read directly froa Figure 2b. Specifically,
the number of calls received in an eight-hour working day is

19
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a Fcissor random variable with parameter 120.

Although it is unlikely that ¢telephone calls would
arrive at a switchboard in accordance with the convenient
parabolic intensity function of Pigure 2a, the exaample
serves to illustrate two important points. Pirst, it would
not be realistic to assume that the arrival rate of
telerhone <calls at a swvitchboard would be constant
throughout a working day. Some function that descrites an
initially increasing and finally decreasing rate of arrivals
seems more akin to reality. The iaportance of being able to
model a non-homogeneous Poisson process is therefore
established.

Secondly, it is obvious ¢that the definition of a
ncn-homogeneous Poisson process is not always used-as a
starting Ecint fcr modeling operational processes. Bvent
streams are usually thought of in terms of their underlying
intensity functions. The idea of an intensity function
applies to any model <£for an =avent stream, and is not
specific to a Pcisson process. The further step of modeling
the physical process as a non-homogeneous Poisson process by
assuming that the process has independent increments is
taken either on the basis of empirical evidence or physical
reasoning. Testing for independent increments in a point
prccess is discussed in COX and LEWIS [Ref. 3, ch. 6) and
LEWIS [Ref. 9). The main physical reason for assuming
independent increments, and therefore a Poisson process, is
that the cperational process is the superposition of many
individual event streanms. Por instance, in a computer
center equijped with several interactive time-sharing
terminals, the event stzeam of users at each specific
terrinal sight be assumed to be an arbitrary point process
with a certain intensity function. The event streaa seen by
the central processing unit is then the sum total (or
superposition) of the event streams of the individual

20

el s b i i i




rr

terminals and, if there are enough <+erminals, should be
approximately Poisson. This property of superposition of
intensity functions is discussed in the next paragraph.

A Calls per hour
20T

i "
+ * 4 ~—

0900 1100 1300 1500 1700 t

time of day
Figure 2a - Rate of Arrival of Telephone Calls at a Switchboard

LY
r of

<+

A Total Calls
120 ¢
90 ¢
60 T
30 +
= = - ' ‘ >
0900 1100 1300 1500 1700 t
time of day
Figure 25 - Average Total Calls Received
?igure 2 - RATE AND INTEGRATED RATE PUNCTIONS POR TELEPHONE
CALLS ARRIVING AT A SWITCHBOARD
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D. DECOMPOSITION AND SUPERPOSITION OF POISSON PROCESSES.

To ottain a Poisson process with intensity function
A(E) = A (t) + A, (Y), we may superpose tvo Pcisson
processes, €ach of intensity Al(t) and xz(t).

We may deccmpose the intensity function of any event
stream into two or more component event streams. However if
ve then superpose the component streaas, we will recover the
original type process only if vwe started with a Pcisson
process. For example begin with a renewal process with
intensity vit) = and let v =V o+ v, . If two renewval
prccesses with intensities vy and v, are superposed, the
resulting prccess is not a renewal process.

This urigque property may be exploited when simulating
Poisson frocesses. It permits the partitioning cf the
intensity function to take advantage of any special
properties c¢f its component parts. This is the basis for
the methcd used in the Poisson-Decomposition and Gap
Statistic Algorithm discussed in later sections.

E. TWO EASIC METHODS CFP GENERATING A NON-HOMOGENEOQUS
BECISSON PBOCESS

1. Iime-Scale Transformation Algoritha

Ccnsider the non-homogeneous Poisson process with
intensity function (t) > 0, 0<t<t0, on the interval
(O,to]. The integral of the intensity function is then
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A(t) and the number of events in the interval is a Pcisson
random variable with parameter A(to) - A(0) = o (or
Aty) = uy since A(0) = JAMt)dt = 0). Now if TF, ..., T*
are events in a unit homogeneous Poisson process (i.e. a
Poisson prccess with constant intensity function

At(t) = A' = 1) then A7l (T¥), -..,A71(T%) are events in the
non~homogenecus Poisson process.

This result gives a procedure for simulating a
ncn-homogeneous Poisson process, starting with a homogeneous
Poisson gprocess, which 1is analogous to the probability
integral transform method of producing random samples from a
continuous distribution with distribution function P(x) when
starting with uniformly distributed random variabpies. The
latter method is essentially that if the inverse of F(x) can
be fcund, then by generating uniform (0,1) variates ul,
SGio g un the values

= a=d —
X, = F (ul), R F (un)

ccmprise a sample of variates from the desired distribution.

The right-continuous monotone increasing function
A (t) descriking the ncn-homogeneous Poisson process on the
interval (0,tg] can be thought of as a distribution function
which has Lkeen ‘"scaled"® by the factor ug. (Since
A(to) = g then A(to)/uo = 1, thus A(t)/uo is a valid
distribution function on (O,to].)

Tc implement the time-scale transformation procedure
one can use the following basic result £for homogeneous
Pcisson frocesses: given that n events have occurred in a
homogeneous Pcisson process over a fixed interval (O,to],
those events are uniformly distributed on the interval. 1A
prcof of this property is given in PARZEN [Ref. 14, p. 140].
Therefore, if events are generated as a unit Poisson process
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on an interval of length WM, by first obtaining a
Poisson (¥g) random variate n, and then letting the order
statistics frcm a random sample of uniform (o,uo) variates
be the times to events in the unit Poisson process, and the
times to these events are then transformed E{ the inverse of
the integrated intensity function, i.e. A “(e), the effect
is the same as that obtained from the probability integral
transform method. Figure 3 illustrates this method
graphically and also provides a £flow chart. Note the
difference however between this procedure and the
probability integral transform procedure. In denerating a
unit Poisscn process by this method we need a sample whose
size is randcm (and could be zero) i.e. Poisson (v - The
prcbability integral transform method simply transforms a
fixed numter c¢f uniform (0,1) variates into variates from
scme other distributicn.

In Appendix A it is proved that scaling both the
distribution function F(x) and the interval (0, 1) ty the
same factcr dces not affect the valility of the probability
integral transform method.

The unit homogeneous Poisson process may also be
generated by adding a sequence of unit expcnential variates
(variates frcm an exponentially distributed random variable
vith mean = 1) wuntil the sequence of partial suas of the
random variaktles first exceeds Hg (see Appendix D). This
acccmplishes two things. First it provides an ordered
sequence of events from a homogeneous Poisson process on the
interval (O,uoj. Second, it determines a realization of the
Poisson randcm variable Nto vith parameter A(to) =Hg . Note
that givem n, the times to events are uniform order
statistics.
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The difference between these methods for generating
a homogeneous Poisson process should also be noted. The
first method requires a Poisson variate and ordering of that
number of uniform random variables. The second regquires
generaticn of independent exponential variates. The second
method is probably most basic in that it requires only
exponentially distributed random variables, and these can be
obtained froa unifora variates by the 1inverse probability
integral transform, which is just a logaritba. The method
is, however, not aluayé the most efficient.

rder Statistics Algoritha for a

Polsson Process

This met hod reguires the result of a theorens
sketched by LEWRIS and COX [Ref. 3, ch. 2] and restated here
for convenience and continuity; it is an extension of the
result on conditioning in a homogeneous Poisson procass
which results in a conditional unifora distribution of the

tizes to events.

Theorem 1: Assume that a non-homogeneous Poisson process is
observed for a fixed time (0,t;), so that the nrnuaber ol

events in (O,to], Nto' has a Poisson distribution with
parameter A(t < Then If T., - . . 'Tn denote

0) - AQQ) = Mo 1

times-to-events for the process in (O,to], and if N =n,

to
conditional cn having observed n(»0) events in (O,to], the

T;'s are distributed as order statistics from a sasple with

dis+4ribution function

A(e) - A(Q)

Evey £ A(EgI= A(0) -

This theor=n reduces the problen of simulating a

.

-

26




nocn-homogeneous Poisson process to that of generating a
Pcisson number of order statistics from a fixed distribution
function. That is, given an 4intensity function over an
interval (a,b), vhose definite integral A(t) = I:A(s)ds is
bounded and right-continuous on the interval, an ordered
sample, frcm a population with distribution function

A(t) - A(a) B < e b (1)
RS T = i E

will yield the desired non-homogeneous Poisson process
defined Lty the intensity function A(t) on (a,b]. Por
simplicity the interval will hereafter be assuzed to have
its 1left end point at zero (a2 = 0) and its right end point
0 (b = to). Using this
(O,to] interval results in no loss of generality, and (1)

at some arbitrary, but fixed point t
becomes identical with the expression in the theorea.

Many methods exist for obtaining the necessary order
statistics. The inverse integral transfora explained above,
deccmposition of the density function (see LEWIS Ref. 8),
or the rejection-acceptance method discussed 1later inm
Section IV-D, are all possibilities,

For the family of intensity functions addressed in
this thesis the non-hcmogeneous Poisson process is obtainad
by a combination of Poisson decoaposition, an algoritha of
LE4IS and SEEDLER [Ref. 13] for obtaining a non-homogeneous
Pcisson fprocess with log-linear intensity function, and the
conditioning and order statistics theorem given above. The
procedure involves four basic steps.

1. The intensity function is decomposed into two
ccapcnents; i.e. A(t) = A(t) ¢+ Ax(t).

27

e e




2. A gap statistics algoritha is used to generate
a ncn-homogeneous Poisson process from one of the
components, A(t), vhich is chosen such that it has
a special structure (log-linear).

3. A rejection-acceptance routine is used to
produce a sample from the remaining component,
A*(t), i.e. a Poisson number of ordered variates
are generated. This algoritha 1is described in
detail in Section 1III-C. This sample, when
ordered, becomes a Poisson process also.

4. The Poisson processes of the coamgcnent
intensity functions are then superposed to produce
the desired non-homogeneous Poisson process.

Piqgures 4, S and 6 (Section III) illustrate the four general
steps of this procedure.

Ncte: Theorem 1 provides a second vay to generat*e
the unit homogeneous Poisson process vrequired by the
time-scale transformation algoritha previously described.
Pirst we may generate a variate from the Poisson randoms
variable Nt with parameter Mg o say Nto = n, Then
conditional wupon N, =n, n uniform order statistics can be
generated c¢n the interval. Por reasons explained in
Appendix D, this second gmethod was used in the coaputer
prcgram implementation of the time-scale transforsation
method.
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P. RATIONALE FOR SSLECTION OF DEGREBE-TWO EXPONENTIAL
POLYNOMIAL INTENSITY PUNCTION

The intensity function identifying the non-homogeneous
Poisson process investigated in this paper is of the fornm,
t?)

A(t) = exp(u0 + a,t + a

il 2

vhere uo, and q. are re2al constants.

= 2

This 1intensity function was selected for three reasons.
Pirst, an intensity function aust always be positive (or
zero) 1if it is to be meaningful. The above function is

non-negative for all values of gy and g Secocndly,

a

this 3intensity function, by proper cgbice of é%nstants, can
be used tc represent the four different types of event
streams nmentioned previously in Section I. And finally, <he
selection of this 1intensity function 1leads to simple

statistical procedures; (for details, see LEWIS Ref. 9,

p.30-34).




III. COMPETING ALGORITHMNS

A. GENRBBRAL
Assuaing an intensity function of the fora

A(t) = exp(a0 + + atz)

Sl
three algorithnms for generating the corresponding
ncn-homogeneous Poisson process are discussed. These
algorithms are based on the two general methods presented in
Section II-E, and the decoamposition and superposition
property of Poisson processes.

B. TIME-SCALE TRANSPORMATION ALGORITHM (ALGCRITHM A)

1. Step One

By definition of a non-homogeneous Poisson process,
the total number of events observed over a fixed interval
(0,tg) is itself a Poissgn distributed random variable, N, ,
with parameter Mg = foolxt)dt. The first step cf tae
algorithm is to determine the value of the parameter ,.
Although an explicit, closed-form expression for the arove
integral cannot. be <£found, a series representation doas
exist. Except for a constant factor, this series
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representaticn assumes the form cf the error functicn cr of
Dawson's 1integral. A negative value for the coefficient of
the second degree term, o , yields the error function for=z:

S 2 tl u2
uo = K( _2._ f 2 e u du - -2—. f e dU)
/T 0 /T
whereas a gpositive value for results in the Dawson's

integral fors:

In the above expressions K, ¢t and t are uniquely

e 2

determined ty the coefficients Age 30 Oy and the end fpoints
of the interval over which the intensity function apglies.
A detailed derivation of above relationships 1is given in

Appendix C.

Evaluaticn of the error function is a PORTRAN
supgplied procedure arnd requires only that the proper
arquments be calculated and provided to the FORTRAN FUNCTION
ERF or T[ERF [Ref. 15]. Evaluation of Dawvscn's integral is
best accomplished through use of the INSL (International
Mathematical and Statistical Libraries, Inc.) FONCTION MMDAW
[Ref. 6]. The accuracy of the function values calculated by
these rcutines is liaited only by the precision
characteristics of the computer.

2. Step Iuo

Cnce the parameter of the Poisson random variable
N is determined, a realization on that random variable is
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required. (The approach 1is somewhat backwards since it
first determines hcw many events occurred over the interval.
It then distributes that fixed number of events over the
interval in accordance with the non-homogeneous Pcisson
process descrited by the intensity function. The importance
of Theorem 1 now becomes evident since it assures the
validity of such a procedure.) Generation of Poisson
variates, especially those with large parameter values, is a
ccaplex procedure in itself 1if efficiency in terms of
computer time and memory requirements is desired. This
prcblem is discussed later 1in Section 1IV-B. Por the
present, assume that the requisite variate has been

procduced, i.e. N = n.
o
3. Step Three

Given that n events have occurred over the interval
(0,t0] we then distribute n events along an interval of
length uo in accordance with a homogeneous Poisson fprccess.
Since events in a homogeneous Pcisson process are uniforamly
distributed over an interval (given that n events have
occurred), this step merely requires that n uniform (0,1)
variates be generated, ordered.from lowest to highest, and

then each multiplied by the factor u The values in this

0.
n-e€lement vector, (ui, ui, O 100 uﬁ), correspond to the
Ecints plotted on the vertical axis in Pigure 3.

4. sStep Four

S

Each event 1in the homogeneous Poisson process must
be transformed by the inverse of the integral of the
intensity function. Letting ft A(s)ds = A (t), the inverse
A-1 (e) applied to each event oin the homogeneous Pcisson
process, will produce a corresponding event 1in the
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non~homogeneous Poisscn process, i.e. A"l(ul) = tl'

A'l(uz) = t,, etc. The Qifficulty is that since ¢the
integral of this specific intensity function canpot wusually
be explicitly expressed, the form of its inverse usually
eludes any convenient computational foraula expression. The
unique fpcsiticn on (O,to] the inverse determines for each
input value can be found to any degree of accuracy desired,
by iterative, numerical methods. The Newton-Raphson method
is easily employed and very efficient in the g.resent
scenario. Its ioplementation is explained in Section IV-C.
Since the function A(t) is strictly monotone increasing,
the inverse function A'l(u) applied to an ordered sequence
of input values results in an ordered sequence of output
values. Therefore, tl' t2, Holowy tn are the times c¢f events
in the non-hcmogeneous Poisscon process and the algorithm is
complete.

C. TIME-SCALE TRANSPORMATION ALGCRITHM, ALTERNATE
(ALGORITHM A')

An alternative approach to the time-scale transformation
method described akove is to generate the reguired
hcwmcgeneous Poisson process by using the fact that in this
process the random times Lbetween events are independently
exponentially distributed. Thus one generates unit
exéonential variates until their sum exceeds Mg * The
partial sums give the times to events and the number of
partial sums 1less than or equal to o is a Poisson (“0)
variate. Note that the Poisson variate «comes out as a
by-product in this procedure rather than as a pre-product as
in Step Two of Algorithm A above.

Althcugh this methecd combines Step Two and Step Three of
Algoritha A into a single procedure, it is not necessarily
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the best method. Because it requires the use o¢f the
additive method of Poisson variate generaticn, it Dbeconmes
inefficient for Poisson processes with many events (see
Appendix D). Por this reason Algorithm A instead of
Algorithm A' was wused vhen implementing the time-scale

transformaticn method into a computer prograam.

D. POISSCN-DECOMPOSITION AND GAP STATISTIC ALGORITHMNM
(ALGORITHM B)

It is recommended that the reader refer to Pigures 4, S
and 6 for a tetter understanding of the following steps.)

1. Step One

The Poisson-decoaposition and gap statistic
algorithm begins with an examination of the coefficients of
the intensity function. By doing so, the intensity function
is categorized into one of six possible configurations.
These six c¢ases are discussed in LEWIS and SHEDLER
[Ref. 11]. Examples of each case are illustrated in Figures
7 through 12 located at the end of this section.

2. Step Two

a. If the intensity function A(t) 1is a@cnotone
increasing or monotone descreasing over the interval (Cases
I, II, IV and V; see Figures 7, 8, 10 and 11) the intensity
functicrn is decomposed into two separate intensity functions
over the same interval. The resulting intensity functions
are of the fcrm;

Ale) = exp(YO oz Ylt;)
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A¥(E) = (k) = X(e) = exp(uo - alt + azt ) - exp(y°4-y1t)
It is clear that A(t) + A*(t) = A(t).

b. If either of the two cases not covered by 2a
abcve occurs, A(t) will be monotone increasing (decreasing)
on the subinterval (0,b) and monotone decreasing
(increasing) on the complementary subinterval (b,ty] (see
Pigures 3 and 6), where b 1is a unique point within the
interval at which X (t) has a maximum (minimum) value. By
dividing the interval properly into two disjoint, contiguous
subintervals, each subinterval may be treated as explained
in 2a. Sutsequent steps are applied to each of the two

intervals separately and the results combined.

An efficient algorithm for generating a
ncn-homogeneous Poisscn process with a log-linear intensity
function (i.e. A(t) = exp(so + elt)) is presented by LEWIS
and SHECLER [Ref. 13]. This algorithm generates the
non-homogenecus Poisson process through the use of gap
statistics. (A comparison of the gap statistic technique
with the conventional integral transfora technique is
discussed in Appendix C.) By judicious selection cf the
coefficients cf the log-linear intensity function, most of
the total area under the original intensity function ) (t)
will be contained under the function A(t) . Therefore most
of the events in the non-homogeneous Poisson process with
intensity furnction ) (t) can be accounted for by employing
the gap statistics algorithm on the intensity function
A ().
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Step 1 - Categorize intensity function

A
A(t) |
t
t >
1 2

Step 2 - Decompose A(t) into A(t) (log~linear) and
A*(t) = A(t) - A(t).

A
6T
4T
2T
A*(t) I
t
— : ;F:)
1 2
Ficure 4 - DIAGRAM OF POISSCH-DECOMPOSITION AMND GAP

STATISTIC ALGORITHH
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Step 3 - Generate events Ti from log-linear intensity
function, A(t), using gap statistic algorithm.
Events will be ordered.
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0 1 2

Step 4 - Generate events S; from intensity function
A*(t) = A(t) - A(t) using rejection algorithm.
Events will not be ordered.
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Step 5a - Order events from Step 4. f
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Step 5b - Merge (superpose) events from Steps 3 and 5a,
Result is event stream T], T2, ... from
E) = A(E) * 2F(t).

Figqure 5 - DIAGRAM (CONTIWOUED)
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Figur2 6 - FLOW DIAGRAY OF POISSON-DFCOMPOSITION AND GAP
STATISTIC ALGORITHM
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4. Step Four

All that remains to be done 1is to generate an
ordered sample of some given size, on the interval (O,tO],
frcm the remaining component of the original intensity
function, i.e. A*(t).

The number of events in the interval is a Poisson
random variable N%o with parameter ut = f;OA*(t)dt.
Once a realization on this random variable is obtained, i.e.
Né = n', Theorem 1 may be invoked. Since A*(t)/;;b is
more easily evaluated than its indefinite integral, the
rejection technigque (explained in Section IV-D) is used to
generate the n' required variates. The rejection technique
is not, 1in general, always an efficient method for variate
generation wunless great care 1is taken. Yet in this
deccmpositicn scenario, it will be used to generate c¢nly a
small percen+t of the total events required by ¢the original
intensity function A(t). The majority of the events will
be generated ty the efficient gap statistics algorithm. The
efficiency gains should more than compensate for any
efficiency lcsses due to the use of the rejection technigue.

The events produced by Step 3 will be in order on
the interval (O,tp]. The events produced in Step 4 will not
be in order cn (0,t;]. By ordering the events from Step &,
(which are few in number compared to the total numkter of
events in the non-~-homogeneous Poisson process) it is
possible tc superpose the two ordered event streams. The
merced event streams produce a new event streaa from the
original intensity function A(t).
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A. GENERAL

This section explains the several specific techniques
that were applied to impleoment the tvwo competing algorithas
(Algorithm A and Algorithm B) into PORTRAN cozputer
prcgrams. Detailed discussion of the various subprograams is
avoided since References 11 and 13 and attached progras
listings provide such information. The Algorithas A and B
have some subprogram requirements in coamon while other
sutprograms are unique to one algorithm or the other. This
section will discuss first “hose requirements common to both
algarithas, then those needed only by the time-scale
transforosation algorithm (Algorithm A) and finally those
unique to the Poisson-decomposition and gap statistic
algorithm (Algorithm B). Hereafter differentiation betwveen
the algorithms and the  PORTRAN computer programs
implementaticn of the algorithms will not alvays be aade.
The meaning will be clear from the context.

B. COMMCN REQUIREMENTS

1. Integration of a Degree-Two Exponential Pclyroaial

- e St e em e a  ap St e e mm e ca e =

Algorithm A requires that the intensity <£unction
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A(t) be 1integrated over a fixed 4interval in order to
determine the value of the parameter of the Poisson random
variable that governs the number of events that are observed
to occur in the non-homogeneous Poisson process. Algorithm B
requires that the intensity function *(t) = A(t) - A(t),
be integrated over a fixed interval for the same reason.
Since

b b b
[ Aa*(t)de = [ A(t)dt - [ A(t)dt
a a a

and A(t) has an explicit expression <for its indefinite

integral, i.e.

b eXP(Ylt)
[ A(t)dt = explyy) | —5——{ -
a Y1

the problem fcr both algorithms is reduced to computing the
value for

b " b 5

£ A(t)dt = £ expla, + a;t + a,t)dt .

SUBROUTINE HELP employs IMSL FUNCTION MMDAW or the FPCRTRAN
supplied procedure DERF, as appropriate, to perform this
calculation. Section III-B and Appendix B discuss how this

computation could also be made using a ccnvergent cseries

representaticn.
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Both candidate algorithms require at 1least one
realizaticn on a Poisson distributed random variaple with a

given paranmeter. The value assumed by the random variable
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is the number of events observed in a specific interval of
time over which the occurrence of events is governed by a
given intensity function (i.e. A(t) for Algoritha A and
A *(t) fer Algorithm B). The nature of most real event
streams which lend themselves to analysis using a
non-homogeneous Poisson process model is that they consist
of a large tctal nuaber of events. This will be the case
either if a dense process is observed over an interval of
shert or mcderate 1length or if a ‘"sparse" process is
observed over an extended interval (see the arrivals at an
intensive care unit given in LEWIS [Ref. 9]). The point is
that both algorithms must be flexible enough to generate
ncn~-horogeneous Poisscn processes that result in high
nuabers <c¢f events occurring. Since the number of events
occurring over any interval in such a process is a Poisson
random variarle, it beconmes 6ecessary to be able to generate
a variate from a Poisson distribution with a large
parameter, i.e. large mean. The ¢two most theoretically
straightfcrwvard algorithas for generating Pcisson
distributed variates (the additive and multiplicative
methods) Leccme computationally cumbersome as the [fparameter
of the random variable increases. Both the additive and
multiplicative algorithms and the practical deficiencies of
each are discussed in Appendix D.

The technique selected to deliver a Poisson variate
on demand tc both Algorithm A and Algorithem B is the Gamma
method. It is developed and explained in an unpublished
book by AHRENS and DIETER [Ref. 1]. A paraphrased account
of <the development of this algorithm is 4included in
Appendix L. The main advantage of AHRENS and DIETER's Gamma
method is that whereas the computer time required for the
additive apd multiplicative methods is proportional to the
parameter of the Poisson distribution being sampled, the
computer time required by the Gamma methed is propcertional
to the lcgarithm of the parameter. The SUBROUTINE PVAR
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employs the Gamma algorithm to return a Poisson variate when
given a rarameter as an input.

3. [Event Storage

Any algorithm which simulates a nomn-homogeneous
Poisson rrocess must have some mechanism to provide the user
with  information that completely describes the
realization(s) of the process simulated. Since the specific
arrangement of the stream of events over the interval is the
informaticn <c¢f interest to the analyst, the locaticn, or
time of occurrence, of each single event on the interval
must be stored. Egquivalently, the spacings between events
would ccapletely describe the realizations on a
non-homogenecus Poisson process. Thus event spacing
informaticn rather than event location information could be
stcred. (Programs written for candidate algorithms A and B
both provide the cption for the user tc¢ demand either event
location or event spacing information.) When using either
algorithm, an array large enough to hold location or spacing
data for each event generated by the algorithm must be
created. Since the number of events observed in any
realization of a non-homogeneous Poisson process is itself a
random variable, the precise size of the array carnnot be
determined a priori. If the programs are to have any value
for gensral application, they must be able to accept
intensity function parameters which will demand large
numbers of events when simulated. Using the somewhat
arbitrary assumption that an event stream with an average of
4500 events is sufficient for most simulation scenarics, a
fixed array with a capacity for 5000 events is used in the
prcgrams implementing both of the algorithms. If the value
of the intensity function integrated over the interval is as
high as the maximum limit of 4500 (i.e. the number of events
in the 1interval is ©Poisson distributed with mean = 4500)
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then the array of length 5000 allowvs the Poisson random
variable to exceed its mean by 7.45 standard deviations
before an array overflow is encountered. This bhighly
unlikely evept is of such rare occurrence (less than one
chance in a killion) that it may be disregarded. Hovwever,
should it <cccur, the programs will reinitialize themselves
and generate a new Poisson process. Also an error indicator
is incremented. This error indicator (IER) may be written
on demand. Its value is the number of times the program vas
forced tc atort generating a Poisson process, reinitialize
itself and start again.

A 5000 element array is small enough to avoid its
being an undue memory requirement burden on most operating
systeams, jet large enough to accommodate most
non-homogenecus Poisson processes of interest. Its choice,
though arbitrary, was based upen the above tvo
ccnsiderations.

C. SPECIAL REQUIREMENTS OF THE TIME-SCALE TRANSFORMATICN
ALGCRITHE (ALGORITHM A)

- s i —

As explained in Section III-B, once the number of
events ckserved in the non-homogeneous Poisson process is
established (i.e. Nt = n), it is necessary to construct a
homogeneous Poisson process consisting of n events over an
interval cf length Mg units. This 1is easily dope by
generating n uniformly distributed variates on the interval
(0,1) and then scaling each by tke factor Hg The LLRANDON
computer 1litrary package developed by LEWIS and LEARMONTH

[Ref. 12] is a very efficient source of such variates. Once
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an array of n uniform (0,1) variates is obtained from
LLRANDOM, each element of the array must be nmultiplied by
the appropriate scaling factor. It is these resulting
numbers which must be acted upon by the inverse of the
integrated intensity function to yield the 1location of
events in the non-homogeneous Poisson process on the
original interval (O,to].

2. Sortipg of Events

Tc¢ Le of much practical value a sinulation routine
for a non-hcmogeneous Poisson process should order the
events in thke interval from first o last. 1In Algorithm A,
this ordering may be done before applying the 1inverse
integrated intensity function to the elements in the
homogeneous Ecisson process. The monotonic nature of the
integrated intensity function maintains the relative order
of all elements after they have been transformed by the
inverse function (see PFigure 3). Of course the ordering
could be dcne after the transformations also. In
implementing Algorithm A, the uniform variates were scaled

by the factor then ordered, from 1lowvest to highest,

Ho
before being transformed by the inverse of the integrated

intensity function.

Ordering of large arrays of numbers is a <inme
consuming operation on the computer. There are maay
ordering algorithms of varying degrees of sophistication and
efficiency. Because ordering is unavoidable when using
Algorithm A, selection of an efficient ordering routine 1is
important. The ordering algorithm used in this
ieplementation was the W. R. CHORCH computer center library
routine EXSORT which employs Singleton's version of the
partition exchange sort. (A program listing of PXSCRT is
prcvided in the computer «center's catalogue of 1library
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routines.) The PXSORT routine appears to be the most
efficient <crdering routine readily available for the
purpose. (It is acknowledged that more efficient routines
specifically tailored to the problem of ordering unifora
random variates may possibly have been developed that would
improve the overall efficiency of the program implementing
Algorithm A.)

3. Computation of the Transformed Values

The essence of Algorithm A is the application of the
inverse cf the integrated intensity function to each event
in the hosogeneous Poisson process on the interval (0,ug].
As menticned before, the intensity function, A(t), under
consideration does not yield an explicit expression fe¢r the
integrated intensity function, A(t) = P(t), ¢that must be
inverted. (Note: FP(t) is a "scaled" distribution function).
Hence neither does a ccmputationally convenient exgression
for this inverse function exist. Numerical methods must be
employed to transform the position of each event on the
interval (0,Hg] in the homogeneous process tc its
corresponding position on the interval (0,t;] over which the
simulated non-homogeneous Poisson process is to be produced.

The Newton-Raphson technigque was used to accomplish
the transformation. This technique allows for iterative
approximations which converge to the true transforaed

; -1
values. (1.ec ty, to, oo, tp; where Ty = (ui)) The
iterations continue for each value u; until an estimate t°'
for its corresponding 2 is found that satisfies
IP(t') - u; | < &€ , where € is a predeterained tclerance

level. (The specific value for € used was Hg X 10-5 .)

In the Nevwton-Raphson technigque, given a function
h(x), ¢the objective is to find the solution, x*, satisfying

52




the eguation h(x*) = 0. Letting X, be the initial estimate
for x* (based upon some reasonable criteria) the next
estimate for x*, that is, X ,, can be <calculated from the
fundamental iteration relationship,

h(x)
k1 Tk T R

This assumes that the function h(e) and its derivative h!' ()
can be evaluated at xi. The process is repeated k times
until {h(xx)|l <€ ; or, until IXp = Xypqql CE @ This
procedure 1s nothing more than using the first two teras of
the Taylcr series expansion of the function h(e) to locate
the x-intercept of the line tangent to h(x) at the point
h(x ). That intercept value becomes the next approximation
for the roct of h(x) and the procedure is repeated. A
graphical explanaticn of the Newton-Raphson method is
presented in Appendix E.

Applying the Newton-Raphson method +to the present
prcblem requires some special modifications. The probleam is
to find a value ti such that P(ti) = u,
i.e. to find ti =P (ui). Direct application of the

inverse E'l(o) is impossible since its functional foram

where u, is known,

defies all but the most abstract mathematical expression.

However if a new function Gi(t) = F(t) - u is defined and
if its root t*, determined (i.e. a t* such that Gi(t*) = J)
th = P(t*) - u = 0, and P(t*) = u; . Thus ti = ¢« is <the

value desired.

In order to apply the Newton~Raphson method tc the
function Gi(t) it must be possible to calculate both Gi(t)
and its derivative. Since Gi(t) differs from F(t) only by a
constant, the problem reduces to that of evaluating F(t).
This has already been done, as previously explained in
Section ITI-B, and merely requires the assistance of
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SUEROUTINE BELP. Now Gi(t) = F'(t), so taking the
derivative cf Gi(t) returns the intensity function A(t)
which is easily evaluated for any t. Clearly, the
Newton-Raphson method may be used.

It shculd be noted here that for eacﬂ uy there is a
correspondinc function Gi(t) on which the Newton-Raphson
technique must be used. Since each use of the
Newton-Raphson method may require several iteraticns to
arrive at a value ¢t* which satisfies the tolerance
criterion, it is readily evident that for 1large n,
consideraktle computational effort is required to obtain all
the values ti (t =1, ..., n). The number of iterations
required to arrive at a suitable approximaticn for each ti
is hignly sensitive to the accuracy of the initial
approximation (designated ti,f If the initial approximation
is close to the actual ti' the Newton-Raphson method will
converge very gquickly. If the initial approximaticn is
pocr, ccnvergence could be auch slower. The procedure used
to select initial approxizations for each ty vill therefore
have a §grofound effect upon the overall efficiency of
Algoritha A.

Selection ¢f these initial approximations is dcne by
partitioning the interval (O,to] into equal length s2gaents.
The number of segments is equal to =in(10, n/4]. The
function F(e¢) is evaluated at the end points of each segment
and these end points, with their corresponding function
values are stored in an array. This procedure is perforaed
by SUBROUTINE BNCHMK. See Appendix E for a graphical
regresentaticn.

To find an initial approximation for the t; which
corresponds to any given uy. the array of function values is
searched until two adjacent function values which bracket uy
are located. These adjacent function values uniquely
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identify the segment of the interval (O,tO] in which the
elusive ti is located. Either end point <cf the segment
would serve as a good initial approximation tj, pfor the
Newton-Raphson method. However, for the purpose of this
implementaticn, the end point which yielded the function
value clcser to uj is used for the ipitial approximaticn.

The decision to divide the interval (0,t,] into
min { 10, n/4) segments was based upon empirical results. Of
several rrorosed segmenting schemes that cneluhich resulted
in the fewest total nuamber of distribution function
evaluaticns over several intensity function/interval
scenarios was chosen. Higher values than n/4 for sparse
event streaams may produce better results. But n/4 gave good
results for dense streams and adequate results for sparsé
Streaas. It appeared to be the best ccapromise as a
candidate fcr general usage. (The number of function
evaluaticns of G;(t) for each t, averaged tetveen 2.2 and
2.7 for this partitioning schene.)

Alternative amethods would be to use for the initial

approximation for t one of the following values:
* 4 (<t;)

= Yttt
Neither <¢f these other wmethods were atteapted so it is
uncertain whether they would be more or less efficient than
the methcd which was used. Bfficiency differences among the
three methods are probably not substantial since each will
usually yield a good first approximation.

55




D. SPECIAL REQUIREMENTS OP THE DECOMPOSITION ALGORITHN
(ALGORITHY B)

1. 1Intensity Function Categorization

The decomposition routine selected depends on which
of six possible shape categories the intensity function
A (t) falls into (c.f£. ?2igures 7 through 12). An
examination ¢f the constants g, @ 2nd aq in the intensity
function and the interval (0,tp] over vhich ¢the
non-homogeneous Poisson process is to occur will uniguely
identify the category of the intensity function. A thorough
discussicn of this procedure is presented in Ref. 11, and is
nct reproduced here. Iaplementation of the category
identificaticn procedure requires a lengthy sequence of
decision statements vithin %“he computer prograa.

2.  gelection of the Imbedded log-linear Intensity

Once the intensity function has been categorized it
must be decomposed in accordance wit a complex scheme
described in Ref. 11, The objective of the decomposition
scheme 1is tc fit a lcg-linear curve (or curves) coapletely
underneath A (t) on the interval (i.e. l(t)s AT ; OStSto)
in ’'such a way as *to maximize the area under the log-linear
curve(s) . This is done by partitioning of the interval
(0O,ty] into subintervals (0,b] and (b,to] if necessary, and
then by proper selection of the coefficients Yo and v; for
the log-linear function(s). These coefficients are

functions cf the coefficients ao, al and a2 in the original
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intensity function XA (t) and of the interval (O,to]. As the
prcgraa advances through the categorizing decision
statements, the proper coefficients are computed fcr the
appropriate lcg-linear function(s).

3. Gap sStatistics Algoriths

The grecursor to LEWIS and SHEDLER (Ref. 11] wvas a
paper by the same authors [Ref. 13] proposing a gap
statistics algorithm for siasulating a non-homogeneous
Poisson Erocess vith a log-linear 4intensity function
A (s) = exp(8g * 8;S)- (Reference 11 reviews this algoritha
in detail.) As previously noted, Algoriths B divides the
intensity function x(t) into a sum of tvo intensity
functions, A(t) and A*(t) . The nevw intensity fubnc<tion
A(t) is chosen to take on the form of a log-linear function
so that the cap statistics algorithm may be used to generate
a stream of events from this portion of <¢the original
intensity function A(t). The SUBROUTINE NHPP2 igplements
the LEWIS and SHEZDLER gap statistics algoritham for the input
intensity function A(t) and returns an appropriate event
stream to the calling prograa. Since the wuse of the gap
statistics algorithm wvithin Algorithm B is the rationale for
suspecting it to be a more efficient algorithm <than the
time~scale +transformation, it is instructive to examine the
efficiencies gained in using the gap statistics algeritha
vice a time-scale transformation algorithe on a lcg-linear
intensity function. This question is addressed in Apgendix
G It was found that use of the gap statistics algoritha
resulted in a reduction in computer tiae of approxirately
50% from that required by the time-scale transforsation
method.
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4. <The Bejection BRoutine

P

The gap statistics algoritha has efficiently
produced an event stream from a non-homogeneous Poisson
process defined by the 1log-linear intensity function
A (L) = exp(yo + Ylt). But the process to be simulated has
intensity function A (t) = exp(ao + alt + aztz). It is
therefore necessary to superpose an event streas frcm the
intensity function

A*(E) = A(t) = A(t)

2
= exp(a, + a;t + a,t”) - exp(y, + v;t)

onto the event stream obtained from the log-linear intensity
function.

Once it 1is determined howv zany events are to occur

over an interval with intensity function A*¥(t), i.e.

Néo = n', it is necessary tc select an ordered sample of n'

variates from a distribution with density function

o
[ 7 Ax(t)at
0

The value n' will be small compared to the total number of
events in the original non-homogeneous Poisson process.
Therefore tke need for realizing efficiency in generating
these n' crdered variates is not usually as crucial ¢to
overall algcrithm performance as is the need for efficiency
in producing the non-homogeneous Poisson prccess fros the
log-linear intensity, A(t), in Step 3. However if the
technique for obtainirg these n' ordered variates is
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extremely inefficient, wmuch or all of the efficiency gains
realized frcm Step 3 above cculd be lost here. (In fact an
example of such a loss of previously gained efficiency is
documented in this thesis; see Section VI-B.)

The rejection methed 1is particulary useful for
generating random variates from populations with continuous
densities that are bounded and which are concentrated on a
finite interval; this is the case for £+*(t). The rejection
method and an algorithm for its implementaticn are presented
in LEWIS and SHEDLER [Ref. 11]. A geometric argument will
suffice to exhibit the principle involved. Consider the
density functicn £ (x), for a random variable X on the
interval (a,b) 1in Pigure 13. The maximuz ordinate of this
density is «c. If another function g(x) = c* 2 ¢ is
constructed then the density function £(x) 1is enclosed
within the rectangle (a,0), (b,Q0), (a,c*), (b,c¥). If a
pcint withins this rectangle is selected at random it will
fall either under the density function or above it. TE it
is under the density curve the abscissa of that point is
accepted as a variate from the population. If the pcint
lies above the density curve that point is rejected and
ancther point within the rectangle is selected at randoa.
The procedure continues wuntil an' variates have been
prcduced. The random points within the rectangle are easily
produced ky generating two independent wuniform (0,1)
variates and scaling them properly resulting in a point
(x,Y) wvhere x = a + ul(b - a) and y = ujece. Then if
£(x) 2 ¥y, x is accepted as a variate, otherwise it 1is not.
After n!' variates have been obtained, they are ordered to
yield an event stream for a process with intensity £function
A*(t). SUEROUTINE REJECT employs this method 1in the
prcgram for Algorithm B.
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| density f(x)

My

Yo ¢t I (xzv.'/z).

The density f(x) is completely enclosed by the rectangle

(a,0), (b,0), (a,c*), (b,c*).

Procedure:

1. Generate 2 independen’ uniform (2,1 variates U |
and u,.

2. Compute: x = a + bu], y = :*uz.

3. Plot (x,y).

4. If the point (x,y) lies under the density f(x) accept x

as a variate; otherwise go to Step 1.

Example: In the graphical example above Xy would be accepted
as a variate whereas Xq would not be accepted.
(Note: Ideally, c* =c and a and b correspond

to the lateral limits of the density <{x). This

minimizes rajection region.)

Pigure 13 - THE REJECTION-ACCEPTANCE METHOD OF TARIATE
GENBRATION PROM AN ARSITRARY DEVSITY i
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Since the probability that a point on the abscissa
will not te accepted as a variate is proportional tc the
area within the rectangle that 1is not under the density
function, it is advantageous to make this area as small as
possible. Therefore it 1is best to set c¢c* = ¢ and set the
values a and b equal to the end points of the interval over
which the density function occurs. This is desiraktle but
not necessary. Pigure 13 illustrates the more general case
vhere the rectangle 1is larger than necessary. One zay be
required to select a ¢c* > ¢ if ¢ is difficult to determine.
Seldcm would a and b not coincide with the lateral limits of
the density however.

I+ 1is obvious from Pigure 13 and the preceding
discussicc cf the rejection method of variate generation
that it 1is the “"shape" of the density function which is
critical to the validity of the amethod and not the fact that
it integrates to one. Therefore any scaled density would
preserve the relative shape of the density function. As
long as the value c* is at least as great as the aaxiaunm
value of the scaled density, the rejection method will yield
valid variates. The intensity function A *(t) may be thought
of as a density scaled by the £factor pé = ftox*(t)dt.
Algorithm B uses the intensity function A*(%t) rather than
the density function A*(t)/ua in the rejection routine.
This eliminates a division stap for every function
evaluaticn required by the method.

The event streams fromr the intensity functions 1 (t)
and A*(t) must be merged to produce an event strear from
A(t) = ME) ¢ x*(t). In the present case there are two
event =streams (one long and one short) which are already
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ordered. This structure allows for superposition rather
than a more general (and mcre time consuming) ordering
procedure. To do this merging Jjob SUBROOUTINE COLATE is

called.

il B

E. SOMMARY

This secticn has presented a general discussion of the
mora significant and interesting procedures used to
implement Algorithms A and B efficiently in FORTRAN. The
reader 1is referred to LEWIS and SCHEDLER [Ref. 11] for a
detailed listing of steps for Algorithm B. Program listings
may also te consulted. These may be found after Appendix E.
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A. GENEERAL

Conclusicns drawn from the results of comparing the
efficiencies of two computer programs are only as sound as
the measures of effectiveness upon which <they are Lased.
These measures of effectiveness are always somewhat
arbitrary, so their selection should be based upon

comgpelling reasoning.

Even after reasonable methods of effectivenass have been
defined, only a finite number of trials (usually a small
finite number) for a given set of circumstances may be run.
Therefore, general statements such as "this algoritha is
better than that algorithm" can seldom be made with coaplete
confidence. Yet if <the incomplete information gathered
reveals certain trends, generalizations hypothesized from
such trends may warrant a high degree of confidence.

This section describes how the two algorithms are
cconpared and the rationale for choosing the method employed.
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B. MBEASUFRES OF EFFECTIVENESS

Perhaps the most popular efficiency measure for
ccmputer fprograms is their speed of execution. Speed 1is a
natural standard as long as computer time remains a costly,

scarce resource.

Algorithms A and B wvere compared in terms cf the
mean time required to generate event streams zfrom a given
set of intensity functions. It should be noted that since
the number of events in each event stream is a random
variable, the time required to generate one event stream is

also a randcwm variable.

Several event streams with different intensity
functions, each having a different expected number of
events, are produced. Event streams for each of thase
intensity functions are replicated many times by each
algoritham. The total execution time reguired for all
reclicaticns is the "speed" measure of effectiveness.

The number of replications varies with each
intensity function. Por exawple, an event sStream with an
expected number of events less than 200 was replicated 100
times whereas event streams with over 1000 expected events
vere reglicated only 30 times. In both cases the total
number of events produced was of <the same order of
magnitude,. A priori it =seemed reasonable to assume that
computer time required to execute each algorithm's prcgran
#ould be rcughly proportional to the total number of events
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generated. Therefore in Jdesigning the experiment the
prcduct cf the expected nuaber of events times the nuaber of
replicaticns (E[NtO] x # reps) was kept roughly constant in
order to keep demands on computer time reasonakly under
control. (Note: Program execution times vere isolated from
compilaticn and 1linkage times for the fpurpose of the
computational speed comparison.)

2. Computer Memory Regquirements .

A seccnd natural efficiency measure for computer
prcgrams is their core memory requirement. Both prcgrams

vere vwritten with the goal in m3ind of <conserving as much

memory as possible without unduly increasing prograa
complexity. Ccre requirements reductions could most 1likely
be accomplished in both programs through more sophisticated
prcgramming methods. Therefore this comparison has a =major
veakness as a measure of effectiveness. Recognizing this
caveat, memory requirements for each program were compared.

3. FPidelity

The question of paraamount importance is: How vell
does the program sinulate <the true process? This is a
difficult question to answer vhen dealing wvith a finice
number <¢f realizations on a process whose theoretical
properties can be validated only after an infinite number of
realizaticns.

Several methods of comparison are possible. The
simglest is that «cf comparing the sample means and saample
variances of the random variable whose realizations are the
number of events generated on an interval by a given
intensity function. This random variable should be Pcisson
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distributed with mean equal to the integral of the intensity
function over the interval. Por a Poisson random variable,
the variance equals the mean. This test, altaough useful
for determining if either algorithm varies grossly from
expected performance, Yields no information about hcv the
algorithms are distributing their simulated events over the
interval. It 1is necessary to look at discrete segments of
the interval and examine the distribution of the number of
events groduced in each segment by our sipulated
non-homogenecus Poisson process.

From the definition of a non-homogeneous Poisson
process (see Section II-B) we know that the number of cvents
observed over any segment of the interval must be a Poisson
random variable with parameter equal to the intégral of the
intensity function evaluated over the interval. By dividing
into several segments the interval over which the Pcisson
process is teing simulated, the number of events in each
segment can te observed. Two hypothesis tests may then be

made for each segment.

The first test is the dispersion test [PRef. 3,
p. 158]. This +test seeks to ascertain if the numkter of
events observed over each segaent 1s distributed as a
10 B eeer My be k
observations on the number N_ of events occurring in a given

Poisson random variakble. Let n

P_
fixed segment p, and let np= (n1+ ...+nk)/k. If Np is a
Poisson distributed random variable, then the statistic

k - 2
& Zi=1 (np,i-np)
P n
p

has a distritution which is approximated by a chi-squared
distribution with k - 1 degrees of freedom. 1If the interval
has been par*itioned into m segments, then by siamulating the
ncn-homogeneous Poisson process k times, we can perfcra =
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hypothesis tests at a selected significance level a. The
test statistic dp would then be <compared to the (1-q)
percentile of the chi-squared distribution with k - 1
degrees cf freedom. For a large number of hypothesis tests,
say 1000, we would extect approximately 1000 rejections of
the null hypothesis, if in fact the Np's are Poisson
distributed.

Pecr example consider the non-homogeneous Poisson
prccess over ¢the interval (0,100). If this interval were
partitioned into 100 urnit segments the number of events
occurring in each segment should be Poisson distributed. If
51 event streams are simulated over the interval, a value
for the test statistic 4 may be computed for each segment,
i.e.

3L tn A2
- =l p,i p
P n
|%

Assuming a significance level a= .05 and comparing each 4
to the critical value Xéo,a= 67.5048, we wculd count the
number cf test statistics such that dp > 67.5048. If the
number of events in the segments are indeed Poisson randonm
variables we would expect, on the average, that 5 out cf the
100 4, values would exceed the ¢critical value.

In the above discussion of the dispersion test, no
mention was made of the parameters of +the Poisson randon
variables (assuming that they are Poisson). This is because
the dispersion test for Poisson distributions is parameter
inderendent. Thus it 1is necessary to perform a second
hypothesis test to determine if the mean number of events
per segment is equal to the difference of the integrated
intensity function evaluated 2t the right and 1left end
points of the segment respectively. For large k the sample
mean n is ncrmally distributed. Under the null hytothesis,
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i.e. that the mean of "p =f3x(t)dt =up {vhere a; and a. are
the end fpcints of segment p) 'n is normally distributed with
mean g, and variance up/ke The test statistic is

and the critical value is the (1-%.) percentile of the
ncrmal distribution, za/2- Again, there would be one
hypothesis test for each segment and if we made 1000 such
tests we would expect to reject the rull hypothesis
approximately 1000a times, on the average.

Continuing the example above, it is now of interest
to see if the mean number of events on each segment agrees
with the theoretical value determined by the integrated
intensity function. This time assuming a significance level
of a = .10, the critical value for each test statistic o
would be zu/2=1.605. Each Cp > 1.645 would te counted and
if in fact tte random variables have the hypothesized means,
we would expect (on the average) that approximately 10 test

statistics cut of 100 would exceed t1.645.

After the dispersion test and hypothesis test for
the means have been performed on event streams from each
algorithm, the test results may be compared to see if either
algorithm appears to have null hypothesis rejection
percentages which are not consistent with the a levels of
the hypothesis tests.

(It should be noted that during the development of
the programs histograms of the event streams were plotted to
determine whether or not they "fit" <their respective
intensity functions. Both programs seemed to produce
satisfactcry results by this subjective measure.)
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C. OTHER CONSIDERATIONS

1. Intensity Function Category

e e

Algorithm B classifies the input intensity function
into one of six categories and then determines what action
to take tc generate the appropriate event stream. It might
be expected that the speed of Algorithm B will be affected
not only by the total number of events to be denerated but
also by the form of the input intensity function.
Decomposition of the intensity function into four sections
will prctably require more time than if it must be divided
into just two sections.

Algorithm A treats all intensity functions alike.
Therefore, it is important to compare the two algorithas for
all six possible categories of intensity functions. It is
possible that Algorithm B could be faster than Algorithm A
for one «category of intensity function and slower than
Algorithm A fcr a different category of intemsity <function.
The six intensity functions =selected for the comparison
represent all of the categories defined by Algoritha B, and
are, 1in €fact, those intensity €functions 1illustrated in
Pigures 7 through 12 of Section III. These categories are
numbered frcm I through VI and correspond directly to those
listed in Ref. 11,

* Value in Rejection Routine

The importance of reducing the size of the rectangle
enclosing the intensity function i*(t) prior to beginning
the rejection algoritha was mentioned in Section 1IV-D. If
possible c¢* shculd correspond to the maximum value of ) * (%)
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on the interval (o,to]. Por Cases I and II (Pigures 7 and 8)
this wmaximum value is easily determined since it occurs at
one of the end points of the interval. For Case III (Figure
9) ‘the maximum values of xf(t) and x;(t) both occur at the
pcint b where the interval (0,t;) has been partitioned into
tvo subintervals (0,b] and (b,to]. Por Cases IV, V and vI,
(Pigures 10, 11 and 12) the maximum value of LA*(t) is not so
easily determined. LEWIS and SHEDLER [Ref. 11, p. 11] state
that it is not possible to find ¢this wsaximum explicitly.
However an upper bound may be determined from the values k
and k where )(t) < k and A(t) 2 k on the interval (0,%;] (or
subintervals (0,b] and (b,to] for Case VI). Then by setting
c* = k - k it is certain that A*(%) € c* on the interval or
suktintervals ¢f interest. Figure 14 vhich illustrates tae
rejecticn routine for the intensity functicns for Case V and
VI used in the analysis, reveals that the c* coamputed in
such a manner 2ay not Le very efficient as an wupper bound
for the rejection algorithm. One would expect some
reduction in speed erfficiency for Algorithm B when c*
greatly exceeds the azaximum value of A*(t).

Algorithm A requires selection of a tolerance level
which determines the stopping criterion for Newton-Raphson
iterations. The speed of the algorithm could be expected tc
be very sensitive to this tolerance limit. By setting it
tco small the comparison would be prejudiced in favor of
Algorithm B. By not setting it small enough the fidelity of
the resulting event stream to the true intensity furction
would be impaired.

It was determined that a tolerance 1level of
o -7
B[Ny ] x 10
discriminate beyond its significant digit capability in

occasionally demanded that the cornuter
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single precision. This resulted in the failure of the
Newton-Raphson iterations +to converge, although in theory
they would have done so if enough precision had been
retained. A tolerance level of B(N,_ ] x 107% seemed to be
unnecessarilv demanding on Algorithm A even though the
computer cousd discriminate at this level. A stopping rule
fixing € = B[Nto] x 10-'5 was the compromise that insured
reasonable accuracy of the simulated event stream without
unfairly turdening Algorithm A.
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Figure 14a - Graph of Rejection Routine for the Case V
Intensity Function Analyzed
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Figure 14b - Graph of Rejection Routines for the Case VI
Intensity Function Analyzed
Figur=s 14 - ILLUSTRATION OF REJECTION-ACCEPTANCE REGIONS
TPOR SAMYPLE CAS2 V AND CASE ¥I INTENSITY FUNCTIOUS
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VI. RESJLIS AND CONCLUSIONS

A. GENERAL

Computer programs implementing Algorithms A and B were
ccapared in terms of efficiency as explained in Secticn V.
This section documents the results of the compariscn and
discusses general observations of the author concerning the
twc competing prograas. Also recommendations for further
study concerning Algoritha B are offered.

B. MEASURES OF EFFPECTIVENZESS RESULTS

1. Speed

Table I convincingly illustrates the superiority of
Algoritha B over Algorithm A when compu‘ational speed is
used as a measure of effectiveness. The column in Taktle I
labeled "Time A/Time B" 1is the ratio of the total time
regquired ty Algorithm A to produce a specified number of
replicaticns of the given non-homogeneous Poisson process,
to the time required by Algorithm 8 to produce the same
nuaber cf replicaticns of the process. Por all six
representative intensity functions the Pcissca-decomposition
and gap statistic algorithm is at least twice as fast as the
time-scale transformation. For large event streams the
superiority cf Algorithm B is even more pronounced.
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The most obvious disparity revealed in Table I 1is
the difference in speed efficiency (of Algoritham B with
respect to Algorithm A) between the group of Cases I, 1I and
IXI; and the group of Cases IV, ¥ and VI. In the fcraer
group Algcrithm B wvas S to 7.6 times as fast as Algoritham a.
Por the 1latter group Algorithm B was only 2.2 to 2.5 times
as fast as Algorithm A.

This difference betveen the two grcups immediately
made suspect the value c* used in the rejection routirpe of
Algoritha B. For the first group c* is set at the least
upgper bound for *{t). For the second group c* is not, in
general, a least upper bound for A*(t) but is omly an upper
bcund. To determine whether or not this difference in the
"guality" of the c* values could have such an adverse effect
on time efficiency for Cases 1V, V and VI, these cases were
simulated a second time with new c* values which were
empirically evaluated by graphical methods. These aodified
c* values were set close to the least upper bounds of the
respective )*(t) component of the intensity functions for
each case., Marked time efficiency gains vere observed (see
Discussicn cclumn, Table I) indicating that significant
efficiency 1losses can be sustained due to the method of
setting c* values in Cases IV, V and VI.

.

Three factors appear to influence the degree of
speed efficiency gains of Algorithm 8 over Algoritha A.
First 1is the selecticn of the c* value as discussed above.
The second factor is the percentage of total events which
Algorithas P must generate from the rejection routine. Por
the specific intensity functions analyzed, this percentage
ranged from 4% in Case V to 24% in Case VI. The fewer
events required from the rejection algorithm relative to the
number generated from the gap statistics algorithe, the
greater the efficiency of Algorithm 3.
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Finally the total number of events in an event
stream affects relative efficiencies between Algorithas A
and B, This is because as the number of events to be sorted
by Algorithm R grows, the less efficient its sorting rcutine
becomes. Sorting requirements for Algorithm B are greatly
reduced due to the properties of the gap statistic procedure
used. Therefore as total events increase, so does the
efficiency advantage of Algorithm B over Algoritha A
increase.

2. Ccmputer Memory Reguirements

Algorithm A requires approximately 72,000 bytes of
core storage. Algoritha 8 demands about 92,000 bytes. B2oth
programs are costly in terms of storage due to the numkter of
library routines used and the need to store up to 5000 event
times. The difference of 20,000 bytes would aot be
impcrtant unless comaputer capacity were being challenged.
Memory requirements for both algorithms could be teduced by
reducing the event stream «capacity of the prograas. a
reduction of capacity from a maximum of 5000 avents to a
maximum cf 2000 events in each program would result in
storage requirements of 54,000 bytes and 68,000 bytes for
Algorithm A and Algorithm B respectively.

3. Fidelity

Table II 1lists the results of six series of
hypothesis tests of the types discussed in Section V-3.
Three series of dispersion tests and three series of
hypothesis tests for the mean were conducted. Intensity
functions for Cases III, IV and VI wvwere selected for these

tests,




Fcr each of the three cases, a large number (500,
900 or 1000) of each type of hypothesis test vas performed
for a fixed level of significance a. The number of times
each null hypothesis was rejected was recorded and the
statistic a = {(number of rejections)/(total tests)} wvas
computed for the series of dispersion tests and the series
of hypothesis tests for the mean. If the null hypothesis is
true, then a is an estimate of the significance level a.

From Table II it appears that for the hypotheses
tests associated with Case III and Case IV, & gives a very
good estimate for a, the true significance level. Por Case
VI some disparities are observed. For Algorithm B the &
value for the dispersion test (i.e. hypothesis <est that
variates are Poisson dJistributed) is 0.039 wvhereas the
significance level is @ = 0.01. Algorithm A yields a much
better & value of 0.012. Por the hypothesis tests for the
mean, both Algorithm A and 3 yield & values almost twice
that of a.

These results, though interesting, are inconclusive,
Por the dispersion test, the statistic

K o
= Zi=1(n9,i-np)
n

P

p

is only apprcximately distributed as a chi-sgquared random
variable. It has been shown by FISHER (Ref. 4] that for
Poisson randcnm variables with low expectations, hypothesis
tests based on the chi-squared distribution may produce
spurious results. Also, we would expect that if the
distribution of d 1is only approximated by the chi-sguared
distribution, that the relative error betveen the
approximate and true distribution is greatest in the tails,
i.e. at high percentile values. Case VI was tested at an a
lavel c¢f 0.01. It is also the intensity function with the
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fevest expected number of events of the three intensity
functions tested. Partitioning of the 4interval into
segments produced some segments which had a 1low expectad
number of events (see the right tail of the density funoction
pictured in Figure 12). The results for Case VI rather than
indicating any serious flaws in either of the algorithas
suggest further research into finding .bettet vays of
hypothesis testing for sparse event streams and bighly
discriminating levels of significance.

Results of the hypotheses tests on Cases III and IV
indicate tbhat both algorithms simulate event streams that
ccnform to the desired hon-homogeneous Poisscn processes.
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C. GENERAL CBSERVATIONS

The rrogramming of Algorithm A is simpler than the
programming of Algroithkm 8. Because the time-scale
transformaticn technique handles all intensity functions
alike, several different cases nead not be identified.
Algorithm B 1aust categorize the input intensity function
into one cf six categories and then must treat each category
in a unique way. A rough indication of this difference in
the degree c¢f ccamplexity is the number of instruction
statements required by each progran. The progranm
isplementing Algorithm A required 142 instructions. The
program fcr Algorithm B required 364 instructions.

2. Exact Method Versus Approximate Method

Algorithm B employs an exact method in generating
the non-hcmogeneous Poisson event stream. It 1is exact in
the sense that all event times are calculated directly and
the precision of those calculaticns are limited only by the
physical constraints of the computer.

Algorithas A employs a Newton-Raphson iterative
method tc approximate event times on the interval. The
stcpping critericn for the technique is limited by machine
precision ccnsiderations. Also the stopping rule does not
give a firm account of the magnitude of error that can be
expected in the event times. The epsilcn criterion is
applied tc the value of the integrated intensity <£unction
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3 and not to the abscissa, (or time interval axis). Por the
' integrated intensity function, ?(t), it is conjectured that
given a function value P(tj) = uj, if a t = t' can be found
such that {P(t') - P(ti)l € € that t' 1is very close to ti.
Although this is a reasonable assumption given the
well-behaved nature of the 1integrated intensity function,
the problem of not knowing how close t' is to t; may tend to
reduce one's confidence in the algoritha.

3. Initialization

The initialization time required for the programs
implementing the two algorithms has not yet been amentioned.
Computaticn time comparisons did not include compilaticn or
linkage times regquired for the two algorithams. These
initializaticn times were significantly different, being
approximately 16 seconds for Algorithm B and only 8 seconds
for Algorithm A, Should simulation of only one or tvo event
streams te required it is 1likely that Algoritha A may
actually require less total time than Algorithm B. The
difference Letween the initialization times could probably

l te reduced if the programs were to be revwritten in Assembler
language.

D. CONCLUSICN AND RECOMMZNDATIONS

Ul cnclusion

For general usage, the Poisson-decompositiorn arnd gap
statistic method of LEWIS and SHEDLER [Ref. 11] 1is clearly
superior to the time~scale transformation methcd in

generating a non-homogeneous Poisson process with a




degree-twc exponential polynomial intensity function.

The main advantages of the Poisson-decomposition and
gap statistic algorithm are its speed and its qualification
as an exact method of variate generation.

The time-scale transformation method enjoys some
advantage in core storage requirements and in lower progras
initialization time., These advantages are not sufficiant to
overcome the relative deficiencies of nuch greater
computation time and uncertainty about the accuracy of the
aprroximating mechanism for determining event tinmes.

2. Becopmendations

The full potential of the Poisson-decomposition and
gap statistic algoritha can not be realized until it
includes a better aethod for selecting an upper liamit wvalue
c* for Cases IV, V and VI intensity functions. Algorithas
for choosing a c* value that will be close to <the pmaxiazum
value for the function ) *(t) should be developed and
incorporated into Algorithm B. A single variable search
technique (such as a Golden Section search or Bisection
search) for finding the maximum value of a unimodal function
may be apgropriate.

The computer program for Algorithm B shculd be
rewritten in Assembler language in order tc reduce prograa
initialization time. The program could then be developed
into a library routine for general use.

The question of fidelity of the sinulated
ncn-homogenecus Poisson process to the true theoretical
process should be investigated further. Of special ianterest
is the question of how well the algoritha simulates sparse
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event strecams. Methods for conductiag the dispersion test
and the hypothesis test for the mean at very high levels of
significance (i.e. a = .01, .005) for intervals vith a low
mean number of events are needed.

———
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APPENDIX A

PROOF OF THE VALIDITY OF SCALING THE INVERSE DISTRIEUTION
PUNCTION

Propositicn: Let T be a continuous random variable with
distribution function FT(o) « Such that

FT(t) = 0

_ A(t) = A(O)
FT(t) = 0 § <" < to
FT(t) =1 E> to

Let Y = UOPT(T) such that T e(o,to) and is a real aumber.
Then the random variable Y is uniforaly distributed cn the
interval (O,DO).

S PT(O) maps the line segment [O,toj onto the interval
J- EE FT(O) is strictly increasing on (O,to) then
p-l (¢) exists on the interval (0,1) and maps (0,1) cato
(O,to). Now,

F,ly) = P[Y ¢ y]

P[UOFT(T) Xl

P /S
P{Fn(T) ¢ u0)]

]
)
=]
A
"~

|
&)

b

FY(Y) 0 <y < ug
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Therefore,

ar (y) ¥

T*fY(Y)“u-; 0<Y<L|0

and Y is upiformly distributed on the interval (O,uo).
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APPENDIX B

ERROR PUNCTICN AND DAWSON'S INTEGRAL REPRESENTATION CPF THE
INTEGRATED INTENSITY PUNCTION A(t)

The standard form for the error function is:

t 2
e U du

5 [P
O

Dawson's integral is usually represented as:

o Lt d
£72 [ &% au
0

Both of these integrals may ke <calculated to any desired
degree cf accuracy by using the exponential series
expansion,

A
e 8
IR

u u ;
Thus, € and € may be written as




and
x©
JC R Y T L S 5 ¢
n=0 B n=0 ol
. 1
respectively. Integrating e yields .
’ ¥
t 2 t = 2n |
[ &Y aus=/ 3 ET— du
0 0 n=0 "°
§ £ u2n
= [ 7T du
n=0 0 ™
® t2n+1
i n;o Ta+l)nt
. . -2
Multiplyirg by t results in
: & 2 ® 2n-1
-2 u 2
t [ e au= }
0 n=0 n+l)n:
and the series representation for Dawvwson's integral is
revealed. This series will converge for all t, althouch the

value of the integral increases very rapidly as ¢ incrzases.




Using the same arqument it is easily shovwn that the series
representaticn for f; e " du is

(_1)n t2n+1
n=0 (2n+l)n!

The error function is cbtained by sultiplying the integral
by the ccnstant 2//7 ,i.e.,

& 2

/ b=t ol 2n+l
0

2 7 (-1)"
ﬁ n,o (2n+l)n!

A

Although the series expansion may be used to calculate both
functions, there are very efficient computer 1library
routines available for computing Dawson's integral and the
error functicn.

The FORTRAN supplied procedures ERF and DERF [Ref. 15]
evaluate the above rfunction for input values of t.

The 1INMSL (International Mathematical and Statistical
Litraries, 1Inc.) FUNCTION MMDAW {Ref. 6] evaluates Dawson's
integral for input values of t.

It remains to be shown that the intensity function

A(t) = exp[al + alt + agt } may be 1ipntegrated over the

interval (O,to] using either ERF (or DERP) or MMDAW.




Consider,

L b

Atg)=A(0) = [ A(t)at = | explag + a
0 0

2
lt + azt )dt

By completing the sguare of the exponent the expression

beccaes
¢ 2 0y
A(to) = [ exp | %y ~ 75. exp Gz(t s EE_) dt
0 2 2
/
( A(0) = 0,<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>