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‘The form of the optimum processor for K = 2 is derived ; although it is not
difficult to implement , it needs knowledge about the absolute levels of signal
and noise and is very difficult to analyze in terms of error probabilities.

For partially dependent signal fading and general K, the characteristic
function of the decision variables is derived in closed form; however, no numer-
ical evaluations are attempted for this generalization.
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OPERATING CHARACTERISTICS FOR DETECTION
OF A FADING SIGNAL WITh K DEPENDENT FADES

AND D-FOLD DIVERSI TY IN M ALTERNATIVE LOCAT I ONS

INTRODUCTION

The probabilities of correct decision and false alarm for a fading
signal with D-fold diversity in H alternative locations were derived
and evaluated n umerically in re fe rence 1 for a wide range of values of
D , M and the si gnal-energy-to-noise-density ratio. It was assumed in
that report that all the M decision variables were statistically inde-
pendent of each other. In addition, the DM individual diversity-branch

‘uts were assumed to be statistically independent of each other.

In this report , we want to generalize the situation to include the
i l i t y  of having K signal samples (wi thin each divers ity bran ch )

are completely statistically dependent on each other. A possible

~mmunication scheme that could lead to this circumstance is illustrated
in figure 1. For this example , there are two alternative locations
(M = 2) for the si gnal , and there are three separated tones transmitted
simultaneously (D = 3). However , instead of bui lding narrowban d f i l ters
of duration T for each diversity bran ch at the receiver to include all
the received signal energy in each diversity branch , two narrowband
filters of duration T/2 are used in each di ve rsity branch , and their
envelopes-squared are summed. Although the two noise segments (for
K = 2) are independent (for white noise), because they do not overl ap
in time , the amplitudes of the signal fades can be completely dependent
if T is significantly less than the correlation time of the channel.
It is of interest to know the degradation in performance caused by this
suboptimum processing technique. The results in reference 1 correspond
to K = 1.

This report is a generalization of reference 1. To avoid duplica-
tion , that report is referenced for the physical motivation and applica—
tion , back ground information, and interpretations. In addition , the
definitions of the error probabilities of interest, the decision-making
scheme , and the signal  and noise models are documented in reference 1.
In this  report , knowled ge of the material in the earlier report is
assumed , and reference is made to the results , symbols , and notation in
that report.

1

- . r n .
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Figure 1. Time-Frequency Occupancy Pattern

PROBLEM DEFINITION AND PERFORMANCE CALCULATI ONS

The signal diversity is D; this is the number of statistically
independent signal components (occupied frequency slots) per transinis-
s ion. K is the number of independent noi se samples per independent
signal component . Hence, DK is the total number of independent noise
components in one of the M alternative signal locations .

If a signal is present in alternative location 1 (without loss of
generality) , the M variables , on which decisions about signal absence
or presence and identity must be made ,* are given by (see reference 1 ,
equations (24) and (B-i))

x l = 
~~ 1~~d 

+

d=l k= l
(1)

1) K

X =  
~~ ~~On)~

2 
2 < m < M  -

d=l k = l

*The optimum processor is addressed in a later section . Uere we
conside r the simple sum of envelopes-squared processor.2
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Here , Sd is the receiver output signal voltage comp lex envelope on
the d-th diversity branch; notice that it is not dependent on k. The D
random variables {sd} are al l  statistically independent of each other.
The random var iable {~~~

) } is the output noise complex envelope in the
k- th samp ling interval in the d-th diversity ~r~nch of the m-th alter-
native location . All DK~ random variables {n~~ ’} are statistically
independent of each other and of the vari ables

It follows from the above th at the M decision variables (x m } in
equation (1) are statistically independent of each other. If the prob-
ability density function of Xm, 2 < in < M is denoted by p0,and that of
x1 by p 1, then the probability of false alarm (see reference 1, page 4)
is

M

~FA = - [P 0 (A) ] , (2)

and the probability of correct decision is

~CD =f dx p1 (x) (P0 (x) ]M_l (3)

where A is a threshold.

From refe rence 1, equation (A-lO), we have the upper and lower
bounds on PCD:

M-1

11 - P~~)M [ 1 - P 1(A))< 
~CD < 1 - P1(A) - (4)

Since 
~FA << 1 for our applications , this is an exceeding ly useful

and ti ght bound for all M; it requires only that we be able to evaluate
the cumulative probability distribution P1, rather than perform the
numerical integration indicated by equation (3).

The derivation of P 1 is given in appendix A. T~~ alternative
forms are given by

1 - P1 (A) = exp(-A)(l - Y)D~~~(D 
+ n - 

l).r
ne (A)

(5)

= 1 - (I - r) D~~~(D 
+ n - 

l)~n11 - exp (
~

A)e D K l (A ) J

3
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Reasons for choosing one form over the other and a method for accurate
evaluation of equation (5) for large D are given in appendix A . The
parameter

KR 6
~~~~1 + K R  ‘ 

( )

where

R = = 
j S d l

2

4~
is the signal-to-noise power ratio of an individual samfle in equation
(1). The quantity

e . (A) = ZA
k / k ,  = 1 + A + .. + (8)

is the first j+l terms of the power series expansion of cxp(A ).

For zero signal-to-noise ratio , R = 0, we obtain from equation (5),

1 - P0(A) = exp(_A)eD K l (A) (9)

and then equation (2) yields the false alarm probability,

~FA - 1 - [1 - exp (_A)e~~~1 (A) 1 . ( 1 0)

Given values of OK and N and a desired value for 
~FA’ 

equation (10) is
solved for A. This value is substituted in equation (5), which is then
evaluated as a function of R.

The parameter R in equation (7) can he interpreted differently for
the model where the received signal is narrowhand and deterministic
(except for phase) and subject  to slow Rayle igh  f ad ing .  This  considera-
tion is taken up in appendix B , with the result that

4

~
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and 

R = = 
E
1
/N 0 

(11)

= RK (12)

where

is the average received signal energy on one dive rsity bran ch
during one individual pro cessing interval (D = 1, K = 1),

ET is the total average received signal energy over all diversity
branches and processing intervals,

E 1 is the average received signal energy on one diversity branch
during all K processing intervals, and

N0 is the (single-side d) noise density level.

The curves to follow will employ the signal-energy-to-noise-density
ratio parameters in equations (11) and (12).

PERFORMANCE RESULTS

In figures 2 through 6, the probabil ity of corre ct decision 
~CD is

plotted versus E1/N0 in decibels ,* with diversity 0 as a parameter
(solid curves) for M = 1, K = 2 , and 

~ Fh = lO ”, n = 2 , 3, 4 6, 8,
respectively. The dashed curves in eacl~ figure conne ct poin ts of equal
average total received signal-energy-to-noise-density ratio, ET/N o .

In addition to the relevant observations made in reference 1. page
9, the following points are worth noting. For 

~FA 
= io~~ in fi gure 2 ,

the difference in minimum E.,./N 0 requi red versus the K = 1 case
(re fe rence 1 , fi gure 1) is 1.1 dB over a wide range of 

~~~ 
(above 0.9).

Also , for a specified value of 
~CD’ the optimum order of diversity isthe same for K = 2 as for K = I. However, both E 1/N 0 and ET/N o must

be 1.1 dB greater.

*That is, 10 log (~ 1/N0).

5 
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For 
~FA = 10 8 in figure 6, the difference in required ~~/No between

the K = 2 and K = 1 cases is 1.0 dB over a wide range of 
~CD- 

Thus, the
difference in required signal-to~noise ratio is rela tively independen t
of 

~FA’ 
at least for M = 1.

In figures 7 through 11 , the curves for M = 16, K = 2 are plotted.
We find that the difference In required signal-to-noise ratio versus the
K = 1 results (reference 1, figures 16 through 20) is approximately 1.0
dB over a wide range of P0 and 

~FA•

Continuing on to M = 256, K = 2 in figures 12 through 16, we f ind
a difference in required signal-to noise ratio of approximately 1.0 dB
(0.9 dB for 

~FA 
= 10 8) between these results and those for K = 1. Thus,

the degradation in performance is relatively insensitive to the values
of M , 1’CD’ and 

~FA

The results for K = 3 are presented in figures 17 through 31 , again
for M = 1, 16, and 256. Once again, the same conclusions on invariance
result , except that the degradation now is larger . 1.7 dB for M = 16,
for example.

Finally, for M fixed at 16, curves for K = 4, 5, 6, 8, and 10 are
presented in figures 32 through 56. They enable us to extract the
degradation behavior with change in K that is plotted in figure 57.
Namely, for M = 16, we find that additional signal-to-noise ratio , to
the extent of approximately

3.5 log (K)decibels , (13)

is required , relative to the K = 1 case, to maintain the same perfor-
mance , 

~FA’ ~O• 
This is a rough rule-of-thumb ; the exact values can

be deduced from the curves in figures 2 through 56 or by mod ifying the
program in appendix A to f it the user ’s case.

6 
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OPTIMUM PROCESSOR

With dependent fading, the optimum processing of random variables
{xdk } (where we had, for the case in equation (1)

—5d “dk ~~~~~
x (m) 

= ) (14)

2 < m < M

is not simply to sum them . Rather, we find in appendix C that, for
K = 2 , we should consider the test

1 M ~~ (a~
”) + ct~m)) + 

~~ 

£nI
o(24a 

)ct~m))j ~ A , (15)
d=l d=l

where

~
(m)

(m) R 
~!k 16adk - 1 + 2R ~2

n

can be interpreted as a scaled and normalized envelope—squared sample.
Al though equation (15) is not much more difficult to implement than the
usual sum (which is proportional to the leading sum in equation (15)),
the test (equation (15)) requires knowledge of the absolute levels of

~~ and cia. Also , the exact performance characteristics of equation (15)
would be impossible to determine analytically.

For

~~~~ ‘~
) (m) 

<< 1, (17)

since

10(x) 1 + ¼x2, th10(x) ¼x2, for small x , (18)

the second sum of equation (15) is approximately

7 
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<c  + a~~~) 
. (19)

Thus , in case equation (17) is true , the processor (15) takes the form
of a sum of two squared envelopes, which are then summed over the diver-
sity branches.

For

>> 1 , (20)

since

10 (x) ex~P (x) R.n10 (x) x , for large x, (21)
2rr x

the processor (15) takes the form

+ 4
~~ n))2 (22)

which is a sum of envelopes that are then squared and summed over the
diversity branches. The likel ihood of equation (17) or (20) occurr ing
is discussed in appendix C. It is shown that if R << 1, the processor
rule on the right side of equation (19) is substantially optimum ,
whereas if R >> 1 , the processor rule in equation (22) is substantially
optimum .

PARTIALLY DEPENDENT SIGNAL FADING

When the rate of signal fading is neither faster nor slower than
the rate of signaling (time T in figure 1), but the two are comparable ,
the signal complex amplitude Sd in equation (1) cannot be considered$ constant over all K samples . If we let the signal amplitude obey Ray-
leigh fading, we find (appendix D) that the characteristic function of
the decision variable with signal present is given by

K -D

[k
~~
1

f 1 - i~~(a
2 + 2X~~~)}] , (23)

8 
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where are the ei genvalues of the

[ Xj( X Q~
] 1 

(24)

and where X
k 
is the real part of the Rayleigh-fading signal complex

amplitude Sd at the k-th sampling instant.

For completely dependent fading, the elements of the matrix in
equation (24) are all equal to = ci~/2, and

~~~ 
I(a2/2, k = 1

= (dependent fading), (25)
0 , 1 < k

in which case equation (23) reduces to equation (A-13). On the other
hand, for completely independent fading, the matrix in equation (24) is
½a~ I, and

~
(x) 

= ½a~, all k (independent fading), (26)

in which case equation (23) reduces to [1 - i~~(o~ + 0~~)] _DK~ This
corresponds to the case studied in reference 1 for K = 1 (see, for
example, reference 1, equation (B-3)).

For signal absent, the characteristic function in equation (23)
reduces to the same result as that to which equation (A-l3) would
reduce. Therefore, the false alarm probability in equation (10) is
applicable to this case as well.

A closed form for the probability density function corresponding to
the general result, equation (23), is possible, but would be extremely
tedious. Perhaps the best numerical procedure is straightforward
Fourier transformation of equation (23) (see reference 2 for example).
But, in any event, the results of this report and reference 1 furnish
bounds on performance.

9
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SUMMARY

The numerical results here for completely dependent fading , coupled
with the results for independent fading in reference 1, serve to bound
the performance in practical cases of part ial ly dependent fading.  This
would be true whether the dependence is intentional , as , for example ,
sampling frequently in time in figure 1 (large K) or unintentional , as ,
for example , not being aware of the true rate of signal fading . If the
losses indicated by figure 57 are too large for some larger values of K ,
it may be necessary to resort to the more exact result in equation (23),
if the fading is fairly independent, to obtain a more exac t result . The
gains expected by doing optimum combination of individual samples is
probably minimal and requires knowledge of signal and noise levels that
often is not available.

10
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Append ix A

DERIVATION OF P 1 (A)

From equation (1), we have

1,
p (t~ 2

= ~i: 211 
~~~~~~~ 

-<a (A-i)
c~~’i k.~ ~J~~I

where

~

~ ~1 _ I~4 4
~1~t - (A-2)

The U random variables {ad} are s t a t i s t i c a l l y  independen t of each
other. Our approach wi ll  be to f ind , first , the characteristic function
of ad, then the characteristic function of x1, and , f ina l ly , the proba-
bility density and cum ulative distribution of x 1.

We start by finding the characteristic function of a~j cond itioned
on a fixed known val ue of Sd,

= ~~~~~~~~~~~~~~~~~~~

(A-3)

~~~~~~~~~~~~~~~~s~~~+h~~~~i2)]

us ing the independence of and their identical statistics. Now
is assumed complex Gaussian wi th independen t real and imag inary

parts :

A -i 

-----. - — - - - - - - -  -. -— — .—- -- - --- .—. -- . . -
~~
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= 0, ~~ = 0, ~~ = = 0 . (A -4 )

~~I
2 —i 

~ = 2o~’

Ihen the bracketed t e mi in c-quat ion (A- 3) is g i y en by

ff~ ~~~~ ~~~ex~~- -~~~~~~~~

‘

~~ e *~~ (~ 
T(Sdr + +

(A-5)

(i -i ~~~
’
~~~ e r ( i~~)SdI

‘~ I-~~ 2~

where we have used the result

~~x e~ p(-~ 
2~~~~~~~ (~~~exr(~~) i  R~ ~~ > ~~~ 

(A 6)

For later use , the probabilit y density function corresponding to
equation (A-5) is

‘/2
2 

~~~~~~~

(~ 
= r 2~ ~ 

10 

~~ 
~~ 0, (A -7)

which is recognized as the probability density function corresponding
to the square of a Rician variate; recall that this holds for K = 1.

The characteristic function in equat ion (A-3) js now available by
using equations (A-5) and (A-4):

4~ (~i~~) 
(
~- ~‘c~~

< 
~~ ( ~~~ <i~~ I

2)  - (A -8)

( i f  the  signal component Sd in equation (A -2)  were d i f f e ren t  on each of
the K processing intervals , equation (A-8) would he replaced by

A — 2 

.~~~ . .. - .- .-  . .  . . .
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~~(~~[s~~~= (i-;
~ c~~ e x r ( 1  ~ . ~~~~~~~~~

We w i l l  f ind use for th is  result later.)

To find the characteristic function 
~ad (

~ ) ’  we have to average
equation (A-8) over the statistics of 5d We assume that Sd is complex
Gauss ian wi th independen t real and imaginary par ts; then J s d I is a
Rayleigh variate. Let t ing ,  as in equation (A-S) ,

= 5~,, + 5j,

= 0,

~~~ (A - b )
5

c~v ~~ 
= 0~ ~ir = O~ J2 ,

=

we have the average

2 
~~ 

(
~ 

s~~~~~= ff~ d~ ~~ (
~ 

x)~~~~ e
~ r (

~~(x
2
~~ ~~~~~

(A - i l )
( i - ~~~~~~~~ -)  

-

If v is identified as iEK/(1 - i~ ci~), the average on 5d in equation
(A-8) is now ava ilable as

°“d~~~~ 

~~~~~~~~~~~

(A-12)

A-3 

.~~~~~~~~~~~~~~~~~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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e cl,aracteri -~tic function of is immediately available in

equation (A-l), using the statistical independence of {ad },as

f ( \ - 

I (A-13)
L~,\c) — 

. )(b~~) D 
-

{i-~ c(~~~ K r 2) 1

Since we know the probability density function-characteristic func-

tion pair ,

_______ x > O (A-14)

we can write the probability density function corresponding to multip li-

cative characteristic function (A-l3) as the convolution

p,~x~) = ~~du ~A:~
(?
acTu/a\) (x .u X ? ~~~~~~~~ x ->r ’ ,

where

(A-l 6)

Now , by employing reference 3, 3.383 1 and ~.384 l , equation (A-is)

bec omes

1,(x~. ~~~~ (~~; T +  D ;  
- 

~~~~~~ ~~ o. 
(A-17)

~ (~~
+ i _  “ )‘

I f  we scale random v a r i a b l e  x according to

{ .  
.

~~~ 

(A- 18)

(AC can absorb the scaling in threshold t) w e get , fo r  the proba bility

density function of t , 

—-,.—- -- -- ---...-- . - - -  - ---
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~~~~~~~~ 

(A-19)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

( DK - ’)
1 

(I~~~~~~~~K R ~~

where we have used equation (A—16) and reference 3, 9.212 1 , and defined

D_  (5 5 ‘~~~~~~~~ ~~~~~~~— .
— 

(A -20)

As a check on equation (A-19) , we have the following : for K = 1 ,

equation (A—19) reduces to equation (B-3) in reference 1; and for R = 0 ,

equation (A-l9) reduces to equation (B-2) in reference 1 ,

To find the cumulative distribution function f variate t , we

integrate equation (A-i9) :

= ~~~~ ~(+~
‘A- ’

~~~~~~~ 
+ )D 

~~~~~d+ e~~~
(-t

~ ~ F (~ ; D~< ; ~f).

By employ ing the power series expansion of 1F 1 in reference 3 , 9 .2 10  1,
and defining the partial exponential

e3 (A) - 

~~~~~~ 

#

J
I ’ (A -2 2 )

i~e find

A -S

L ________ _ _ _
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~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~ (A) . A -23

The partial exponential in equat ion (A-23~ tends to the constant
value exp 1~ ) as n 

-
~~ and offers no help in convergence. Also , the

ratio of the n + i-th to n-th remaining factors tends to ‘( as n -÷
Therefore, equation (A-23) is always a convergent series of positive
terms , since Y < 1; see equation (A-20), However , for large KR , the
convergence is so slow that equation (A-23) is not very useful for
numerical evaluation .

By taking the exp (-A) term in equation (A-23) inside the sum , and
adding and subtracting 1 from the product of the exponential and the
partial exponential , we obtain

H (
~~~~~~~~ O 

(t
~~~~~

)

~~~ [
~- 

~~~~~~~~~~~~~~~~~~~~ e (A-24)

where ~~e used the rc~ u t  (reference 3, 9.100 and 9.121 1),

= (H . IA-25)

Now , the bracketed term in equation (A-24) tends to zero as n -
~

as do the leading factors . Thus, equation (A-24~ is a more rapidl y con-
vergent series of positive terms than equation (A-23).

A. problem arises in the accurate evaluat ion of the bracketed term
in equation (A-24) :

Q,~ H e~~p(- it
’
) e~~ 4~ (A)

- (~~~ ~~
(.\-2(~+)

T .
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We note the downward recursion of positive quantities

+ C,, ~ o ~ A -27)

where

C,,~ ~~~~~~~~~~~~~~~~~~~~~~~ o~ ~~ (A-28)

and for wh ich

ç exr (~~)
X!/(DK)

~ 
cn = c~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I (A-29)

Thus, if we evaluate {Cn}~
’4-
~ and QN~ 

we can then evaluate

via the downward recursion in equation (A-27) .

In order to accomplish this , we evaluate {C~ }t’~ by the forward

recursion in equation (A-29), and then note that , from equations (A-26)
and (A-28),

I \ J1. ~~~~~~ —
- % ) ~~:.J L )  

~~~~~~ ~T (DK +~J +’)~

(A-30)

= 
~~N 

~~~

This last sum is terminated for desired accuracy in

As a check on accuracy , we note from equation (A-2~) that

I .  (A-31)

But the terms in th i s  sum are computed in the  i n i t i a l  eva lua t ion  of C 0 ;
so, if t h ese  terms are saved and combined w i t h  the f i n a l  resul t  of Qo
obtained via downward recursion (A-27) , the sum of 1 di-tated by equation
(\~3l) should be obtained .

A-7
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The procedure is summarized below :

1. C0

2. C1, C2 , . - . , Cr,~

~ L (OK -~ N + 1)
m=0 

m

‘~~

5. ~~~~ Q~~2~ . . . , Qo

At all times w.~ are dealing with positive numbers , and no differences
are formed . The only  d i f ference occurs in the  final subtraction from 1
in equation (A-24).

\ FORTRAN program forthe evaluat ion and p lotting of equation (\-24)
by means of the procedure above is presented on pages .\-9 throug h .A-1 4 .
The a c c u r a c y -  of the check formula (A-3l) is typically ii decimals for
the double precision routine used.

-8

_
_ _
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Appendix B

ALTERNATIVE INTERPRETATION OF R

Let the transmitted waveform on one diversity branch during one
individual  processing interval  (D = 1. K = 1) be

= (B l)

Then the received waveform corresponding to th is transmi ssion is

R~[[~~E (f ) + N ( f ’
~] e)(r(i c.

~,+)} , (B-Ti

where

~ = A e ~p(i4) (B -3)

is the complex fading of the channel (assumed slow and frequency nonse-
lective) and N ( t )  is the complex envelope of the received noise.  The
noise correlation is

= 2N0~~(.~,-f~), (B-4)

which corresponds to white noise of single-sided density level N0.

The rece ived signal energy in one divers ity bra nch during one
processing interval is

f~t ~A 8 (~) C05k+ + + +11 -
~~~~ Jdf (4) , (B S)

and the corresponding average received signal energy is

(B-6)

The received s igna l  energy on one d ive r s i ty  branch dur ing  a l l  K
processing intervals is

El
, 

E~ K (B—fl

B— I

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ . . .~~A
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since the fad ing is comp letely dependent during this time . Hence, the
avera ge received signal energy on one divers ity branch dur ing a l l  K
processing intervals is

E
3 K . (B-8)

The tota l received signal energy over all diversi ty branches and
processing intervals is

= E~ + E2 ÷- + E1, , (B.-9)

with average value

L~D E~ KO.

This is the average total received signal energy .

For a synchronized matched filter to the transmitted signal on one
diversity branch and one processing interval (D = 1, K = 1), the output
complex envelope at the best sampling instant is (see equation (B-2))

9 ~~~~~ 
[~~~~~~

+ N If)] E~ t+~. ( B - l i )

Hence, the squared envelope output is proportional to

~r •= ~~~~~f ) E f f ) r  +$d~ N IF)E
*
(+)\

Therefore (see equation (A-b )),

~~~~~~~~~ 
=~~~~~~ ~J~flE~r] (B-13)

and (see equation (A-4))

= 2N05 E~~)~~ 2~~ J~~B1
~), (B-l4)

where we have used equations (B-3~ , (B-I), and ~ -4). \~ a

B-2 

~-- ,~~ -—rn. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~ 
(B-15)

using equations (A-20) and (B-6). Combining this result with equation
( B - b ) ,  we have

R \ ~ (~-l6)

and, f inally ,

El1 P~ - (B 17)
N0

Equation (B-16) is the average total received signal-energy-to-
noise density ra tio, whereas equation (B-17) is the average received
signal-energy per diversity branch-to-noise density ratio.

B-3/B- .I
Reverse Blank

_ _ _ _ _ _  . .
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Appendix C

DERIVATION OF OPTIMUM PROCESSOR

The a posteriori probability of alternative 2., given (squared-enve-
lope) observa tions

D ~~~~~~ ~~~~~~~~~~ M, (C-i)

~~~ 

= , ~~~~~~ (c-2)

by Bayes theorem. Using the statistical independence of all the variables
in equation (C-i), we have, for 9. = 0 (no signal),

~(fx~ }~o’) = iT ~~ (x~~)}, (C- 3)

~i

where the product is over the range indicated in equation (C-i).

On the other h and , for 2. > I , we have

= T~~ , ,..., x41j~ ~~~~~~ 
(C-4)

To make an optimum selection among the M + I alternatives , we only
need compare the numerators of the a posteriori probabilities in equa-
tion (C-2). They are available from equations (C-3) and (C-4). By
dividing these numerators by equation (C-3), the comparison is seen to
be between the quantities

~~~~ ~ )
X~~~~~ X~~) ~~~~~ ft (C-5)

ci ~~~ 
\

) .
. .  

~~~~~~~~~~~~~~~

‘

) j

If the a priori probabilities are all equal , Pr( 1 ) = P r (2) = . . .  =
P r ( M ) , the  compar ison is between

C-i

-

~

, .

~

— . ,--- -- --..-

~

- — ~. . .
~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~ 

, ....~~
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~~~~ ~X~~)

~~~ ~(~
) ~~~~ M. (C-6)

Ability to evaluate this  expression depends on the fo rm of the density
(2.) (9.)

pl (x
d~ 

, ,.., XdK )

In the rest of this appendix , we restrict consideration to K = 2.
From equations (A-7) and (A-4), for one sample of a squared-envelope ,
we have

~ x ÷ r) 
~~ 

(2r~~~~
) x >  o. (C-7)

~ 6
_ 2

But the probability density function of r is available from equations
(A-b ) and (A-il) as

2 ( ~
- 2 ’

\ (C-8)
~7~~y’) =-

~~~ r exp~— -~r) r ’> 0

Therefore , using a shorthand notation ,

~ (x , x~
’
) ~ 

(y”) ~ (x , \ r) f, (~~ I ~) - 
(C-9)

Substituting equations (C-7) and (C-8) into equation (C-9) and emp loying
reference 3, 6.633 2, we obtain

~~~~~~ ( ~+~R 
-
~1~~:\ / 1~ _ _ _ _ __ _ _ _ _ _ _ _  _ _ _ _ _  _ _ _ _ _  (C-b )

= 
* ~~~~~~ ç’j J oç~~# 2 R  c~ ) ‘ ‘x~,’ç’>O .

~
, (i +i~ )

Therefore , the desired ratio is

_ _ _ _ _ _ _ _  

I / ~~ x

~~~~

x

2) ’
( 

i~ 2
ex p

~4 2 ~ ~ I#2R ~~ I 4 7 ~ ~~~ 

( C - l i )

Then the ri ght-hand term of equation (C-h) is g iven by

C- 2 

_ _ _  __ _  _ _
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(~ #2R
’
~ ext’ j~~

-
~~ ~ 

(xv i- x
~))i~(-~

.
~~ f~~ x~~’) (C-l2)

and its natural logarithm is

(C- 13)

Finally, the comparison dictated by equation (C-6) can be summarized
as 

~ ax (4~~~o~~) + d~~, (C-b4)

where

~
‘ = ...J L ~~~~ (C-is)
Jk 1 4-2R c;;2

If the maximum on the left side exceeds threshold A , we state that
signal alternative is present ; otherwise, we state no signal present.
The value of A is adjusted to realize a specified value of false alarm
probability .

It is of interest to know what values the argument 2
‘ di d2

takes on, because we may be able to simplify the 9.n ‘o( ) operation if
the argument is often very small or very large . To this aim , we compute

the average value of .~j x
) x~~~ for an a l ternat ive wi th  signal  present.

~ince , from equation (C-b ) ,

= A ~ (- B(x 1 ÷ ~T0( cv~~~), 
~~~~~~~~~~~ (C- 16)

where

C- 3 

~~~~~~~~~~~~~~~~~~~~~~~~~~~
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-. 

+ 2 R  °~~

12 ’ _ _ _ _ _
— 

)42R i,- ’ (C-17)

R 2
- 

I+2~ 0~~~

we have

~~~~~~~~~~~~~~~~ ex?(~b(~~
+X a))~~~~(CV X c Xl)  (C 18)

By letting x2 = t 2 , equation (C-18) is converted into

2~~~dx d+~~~ F
2
A e c ( - B ( x14 t ) ~~~(CV~~’f). (C-19)

Emp loyment of reference 3, 6.631 1 , enables the evaluation of the
integral on t and yields

~~ Jdx , ~~ e ~p~ B~) ~~~ (4 ;
i ;  

~~~ ~~~~ (C-20)

Then , we employ reference 3, 7.621 4, to obtain

~ A (3  ~~~~~~ - .

P~~~~~4 
-~~- Fyi ’~~ ’ l ’~-

(I+~~~~~ 
F(~~~~~;1~~~~

)2) 
(C-21 )

The last step is hy use of equation (C-17). I ’h en r e t ’r c n c e  3 ,

C- 4

_ _  _ _ _ _ _ _ _ _ _ _ _
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9.131 1 , yields

rn = ~~~~~~~~~~~~~~~~~~~~
-i-

R) F(- +~-4 ; i~~~~~)) (C-22)

That is ,

~~~~~~~ ~~~~~ s~~~a~ i~~~ a~~ev~~~ Ve J

5 2 (_~~~
)2

~~ f l  (C-23)

There follows immediately, by means of equation (C-is), that the
average value of the argument of 9.n I~ in equation (C-14) is given by

JE R ,f 4~ o pu ~ J4~v~~~,V e ..Q
2 I#2~

A/ co ~t3’~ -- 

r th +~
) F(_i , - ;(~-~) ~ ~ (C-24)A1 4t4 f lc1 P V C

From this result , we conclude that if R << 1 , all the mean values
in equation (C- 4) are much less than 1 , and the expansion in equation
(18) is valid . Alternatively, if R >> 1, since the F funct ion approaches
~~ /T1 as R -

~ (reference 3, 9.122 1), we conclude that the mean value for
the signal-present alternative is much larger than 1 , whereas the mean
value for the other alternatives is n/4. Although this latter value is
not larger than 1 , we don ’t know a priori which alternative contains the
signal , and we mus t , therefore , go along with the signal-bearing alter-
native and use the approximation in equation (21) for all alternatives ,
for large R. Considering the fact that for large R the variable domi-
nating the maximum comparison in equation (C-l4) virtually always will
be the signal-bearing alternative anyway (if signal present), the
approximate rule of equation (22) is v i r t u a l l y  optimum , for large R.

C — 5 / C — ~
Reverse Blank 

-...~~~~~~~~~~~~~~~~ - .~~. .
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Appendix D

DERIVATION OF CHARACTERISTIC FUNCTION
FOR PARTIALLY DEPENDENT SIGNAL F 1*DING

The starting point for this derivation is the conditional charac-
teristic function (A-9) for different signal samples on the K intervals:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~ (D-l)

We express collection 
~~dk 1 in terms of their real and imaginary

parts according to

= 
~
-
~~~

- (~: 
# (D-2)

and assume that the real and imaginary parts , {xk } and {y~}. are samples
of two independent zero-mean Gaussian processes x(t) and y(t). Because
of the independence , the average of the exponential in (D - 1) can be
expressed as

ex~ (P~~~ ts
~~ )

2 (D-3)

~~~ ~~~~~~~~~~~~~~~~~ ~~~

where
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Now, for Gaussian {xk },

~~~~~~~~~~~~~~~~~ 
~~~~

2

(
~~~t 

~~
s/2 

~ [-*x c ~x1, (D- 5)

where column matrix

X = [x , (D-6)

and square matrix

c = [x~ )~~

Then , equation (D — 3) becomes

( ~~~~~~~~~~~~~

(D-8)

Upon employment of the integral

-r 4 2 /

MX] ~~~-n) /(~f M)

(which follows from equation (D-5) when we remember that p must have unit
volume for any positive definite matrix C), equation (D-8) becomes

~~ ~
T1s~r) = -2~c~] (D-lO)

S

(D-I1)

D- 2

_ _ _  _ _  ~1ii~~
_
~ ~
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where {A~
’
~) are the eigenvalues of C. Therefore,

~+(I-2~C) (
~~

p)
K 

~~~~~~~ ~~ (D-l2)

a

Combining equations (D-i), (D-4), and (D-lO) , we get

cj~~ (‘~
;
~r/~-(’~ ~~~

—% (D- 13)

if
Then, from equation (A-i),

~ , 
(
~
) = 

~JT~ ~
- 

~~~
-:+ 2\~)j] (D-14)

which is the characteristic function of the decision variable with
signal present in it. This result includes equation (A-13) as a special
case.

I

D-3/D-4
Reverse Blank
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.
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