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ABSTRACT

This paper develops the concept of component availability a.

intrinsically dependent upon the system in which the 
component fu~ction1.

The connection between the repair aspects of the •ystem and cospoOeflt

availability is developed in two .ways. An integro-diffetential equation

is derived that relates the two concepts. Alternatively the repair process

is treated as a combinatorial queue in which each element of the system is

tracked through itS states of availabilitY . Examples are given in some

detail for small number of elem~nti. Numerical solution’ are given for

illustrative purposes. Both t ime varying and steady state solutions are

obtained. Some approaches to a trade of f analysis for availability

specification or design are given. -
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- • In the study of reliability and availability two major points of view are

widely cons idered. On the one hand , a complete operational system is con-

side red and various aspects of system reliability or availability are addressed.

Alte rnatively one may focus on the components which make up a system or

indeed might be employed in a variety of different systems. A widely con-

side red approach to these subjects is to express system reliability or

availability in terms of component reliability or availability by means of

the laws of probability and system logic . Implicit in much of this work is

the concept of component reliability or availability defined independently of

the system and use for which the component is intended. In the case of
— reliability, one can certainly give a meaningful , operational definition of

component reliability which is completely independent of any system. Whe n

th is is done , one must still consider special situations (such as stress and

shelf-life) when applying specified component reliability to the formulation

of a system composed of many parts. In the case of availability, there

seems to be little or no justification for a concept of compone nt availability

independent of the system within which a component shall operate. The con-

cept of repair which distinguishes availability from reliability carries with

it a number of factors related to the repair process which are necessarily

part of a system description.

This report take s the point o~ view that component availability

must be defined within those aspects of a system which relate to the repair

process. It develops a general relation between component availability and

the system repair process. It then considers various repair process queue s

in detail , using them to obtain corresponding component availability. System

availability is not considered directly in this work , such qua ntities would be

obtained by using the component availabilitie s as derived here togethe r with

• system logic and the laws of probability.

1.1 Definitions
In this report a system is assumed to consist of a total of N components

with specific components designated by the Index i 1 , . . . , N. The study deals

with compone nt availability and does not conside r system logic. Therefore,
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component failure s are treated as event s taking place within the population

- • 
of N components . Several of the quantities arising in the report are defined

in this section, others will be introduced as they occur.

Most of the general material is developed for a single “typicaP corn -

ponent. Since only that compone nt is involved, it is not nece ssary to

provide a subscript to quantities related to the compone nt. However , a

subscript is provided to clearly indicate the specific depe ndence on the com-

ponent and to present results in a form directly applicable to more detailed

investigations where more than one component is involved.

Several of the most basic quantities employed in this report are now

defined and provided with notation~ -

rj (t) = the probability that component I has not failed up to tim e t. This

is the component reliabilitL as a function of time. One can consider a

‘ steady state” value for component reliability, defined as ~im r~ (t) r1.

In most cases r . = 0 however , for completeness it is included among the

defined quantitie s arising in this report.

y1(t) = the probability that component i is operational at time t. Thi s is

the component availability as a function of time . The most basic aspect of

component availability is that repair (including replacement) is allowed.

There is no limit, in the general situation, to the number of repair events

that may have occurred up to time t. In fact the number of such events is a

random variable which, though useful to study, falls outside the range of

this report. The steady state availability is well define d and is most often

a positive quantity ~~~ y1(t) = y~, though in som e special cases it can be

zero.

• In the initial work described in this report , it is useful to place analysis

• in the framework of exponential processes. Such processes often represent

reasonable approximations to actual situations and at the same time are

relatively a3mple to work with. Therefore , their use provide s a meaningful

starting point for availability studies. - It is interesting to note that expo-

nentlal service and exponential failure do not result from an assumption

~~~~~~~~~~ —- --~~~~———  - -,~~~~~~~~~~~~~ -—— ~~~~~~~ —~~ -•-- - 
- - - - -~~~ -~~~•— ~~~—~—•~~-—~-
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of Poisson arrival at the fail. ’ state from the operational state . One requires

an infinite population of compone nts , of the same kind, in order to make a
Poisson arrival assumption. The assumption of exponential service (repair) —

time needs no comment . The assumption of exponential failure derives from

the following general argument with f(x ) a general failure density.

P [a failure in ~xt  operational at xl P [operationa l at x]

= P [a failure in t~x and operational at xl = f(x) ~x

When f(x) =

- . ,~~-Xx 
_ _— Pta failure in ~x ! operational at xl = - = X~x

1-Cl-c  I

The exponential repair and failure rate s for component i are denoted by

and A 1 re spec tively.
The mathematical framework for the present study is a queue which

represents repair. The total population of N components consists of

operational components, failed components waiting for service , and

failed compone nts in service . Upon completion of service a component

returns to the set of operational components. The queue itself may be of

various forms representing the repair feature s of the system in which

components unde r analysis are to operate . In particular the queue will

involve specifications of service time distributions , number of repairmen,

order of selection of down components for repair , and indeed the full range

of possible variations to be found In queueing models . This report deals

mostly with the number of repairmen and specifically allows each component

to have its own form of repair time distribution (as specifiec! by subscript i

in the exponential case ~~~ 
In this report the queue concept is treated in

two distinct ways.

As a general approach to relate the repair aspects of a system,

as reflected in the waiting time of the queue , to component

availability.
I Detailed study of the queue s themselves for very small

(N = 2, 3) populations.
The waiting time distribution ii basic to part of this work , it represents

the probabilistic nature of the time a down component must wait before 

~~~~~~~~~~~ • & g 
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• service begins (in a broader context the time to obtain a replacement or

some other part may be included, with due care , in the waiting time). The

waiting time is represented b - .r the distribution function:

-
. W1 (a , t) = P [the time component I waits in queue before entering

service is < 5  if it joins the queue at time t 1. It should be noted that a

dynamic version of W. is define d where its form is allowed to depend on t .

In many cases W1 will not depend on t for one reason or another . In

particular, Interest may focus on the steady state value ~~~ W~(s , t) W1(s).

Though most of the present work is in terms of exponential service ,

some use is made of a general service time distribution denoted by:

~1= P [repair time for component i < ¶ ] , this is not considered to

n the time compone nt i enters the queue or enters service.

A Fundamental Relation

In this sectioT~ a fu ndamental relation is developed between the com-

— 

- - -
. patient availability y 1 (t) and component waiting time behavior as represented

by W1 (s , t). That relation is felt to provide a bases for a wide range of

inve stigations in the area of component availability some of which are

addressed in detail in this report while some others are discussed briefl y

In the last section.

The fundamental relation is derived by considering how compone nt i can

r be available at time t+~t from its pas sible situation at time t. In such a

development , it is necessary to break the (possibly infinite) chain of events

that can contribute to availability at time t. Though it is theoretically

possible to introduce all possible situations of failure and repair , it is

extremely cumbersome to do Sn. Therefore , the approach taken here is

- 
- to subsume all possible previous events unde r the availability at the previous

time values. The development follows.

y1 (t+ At) is the re sult of two distinct situations at time t:

1. Component i is ava ilable at time t and remains available ove r

the subsequent inte rval ~t (independent events by assumption).

2. Component I is not available at time t and becomes available

in interval At. Its failure within At upon becoming available is assumed

of higher orde r in At and is omitted from the formulation. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~ ~~~~ -— •~~~~~~~ ~~~~~ ——-- .— -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~ ~~~~~~~~~~~~~~~~~
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If the probability of situation (2) is denoted by H, then

y (t+At) ( l — X ~At) y 1 (t) + H

The probability H includes all cases in which component u s  in the

service queue (unavailable) at time t and complete s service by time

t+At. A contribution is made to H by every possible service time for corn-

porient i where that time represents the service eve nt which prevents i from

being available at time t (and hence part of situation (1) rather than H). For

component I to be receiving service at time t , it must have failed at some previous
- 

- 
time ¶ and entered the service system. Upon entry, it had to wait a time

8> 0 (measured from ¶ )  and at time T + s its service started , to be corn-

pleted between t and t+At . The possible cases for ¶ can be introduced into

a sum of incremental terms which upon taking a limit process yields an

integral formulation for H.

Let A. = the probability that component i was operating at time ¶~ and

failed in the next M inter val.
A = y 1 (i~ ) X1

&r.
Let B

3 
= the probability that compone nt i spent the remaining time period

t +At - T . in the service system and completed service ir~ he interval (t , t+At).

B~ ~~~~ (
~ 

P [component waited till from ¶~

then entered service in interval 
~‘k’ ‘k + As) and from that time on was in

service , - .completing service in (t , t+At) measured from start of service at

1•
j + s k])

Then H = ~~j~~ ~~~~~~ A
3

B
3
.

;~ ~
- 

.

A



: ~~~~~~~~~~~~~~~~~~~~~~~~~~~

The events involved in the detailed formulation of B
3 

can be app reciated

by refe rence to Figure 1.
- Service

wait

- 

S 
- 

t +~ t

—~~~ -
~~~ meostted f rom zero

T.+s H

t—T . —s
J

t .At—r ~ -s
Fi~jre I 

~~~ce

By definition of F1 (t) and W~ (a , t) the contributions to the probability

B
3 

are give n by the following expression:

m
B~ = llmn 

k—I 
CW i(sk+A s , er .) _W j(sk, ¶J

)l[Fi(t+ A t _ Tj
_ 5

k
)_ F i(t_ T j

_ s
k)J

where the individual terms correspond to possible waiting times indicated

by 8k~
Upon taking the indicated limits in the expression for B3, one obtains the

Stieltjes Integral:
t — r .

B. = S ET? (t+ A t— 7
3
— s) -F1(t—1 3

— s) dW1(s , ~~~

Introduction of this expression into the equation for H and fo rmulation of

the limits In H yields:
d t t — I  -

H = I 
~i~
1 XJtT~ (t+At~ ’r— 5) -F1 (t- ’r-s) I dWi (a , T) dT .

————~~~~~~~ ~
—— ——  ~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - •• ~~~~~~~~~~~~~~~~~~~~~~ &~~~

- _ _
~~~~~~~
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• Returning to the formulation of the equation for availability of

component i and dividing throug h by At one obtains:

y. (t+ At) - y. (t) 
t t~~

________________ = _X~ ~ ~(t) + r 
~ ~ 

(1 A 1 S (F1 
(t +At — s ) — F1(t - T — s ) ]  dW .(s , ¶)d T .

In the limit as At-so, unde r the assumption that the service time

dis tribution possesses a density function f1 (t) , the availability relation

becomes:

t t_ 1.
dy . ( t )

-: dt = _)
1y1

(t) + ç~~.(T)X1 r~1 (t — r - s )  dW. (s , ¶) d r (1)

E quation ( 1) is the fundamental relation that was de sired. It relate s

- 

1 com pone nt availability y 1(t) to the waiting time distributio n W1(s , t ) fo r the

aame compone nt . The waiting time represents the system in which the

component is to ope rate. Features of the othe r compone nt s and of the

system repair and service policies are all contained within the W1(s , t)

expression.

Equation (1) utilize s the Stieltjes ’ integral employing waiting time

distribution W.(s , t) because that distribution ofte n has a finite jump at the

s 0 value which presents the gene ral use of a density function representation.

In this section, two extreme cases for equation ( 1) will be evaluated,

an additional case will be illustrated in section 2. 1. 3. Potential applications

and inve stigations involving equation (1) are discussed in Chapte r 6.

- 

- Case 1 no repairmen. Thi s is one extreme case in the concept of

component availability. It means that a compone nt is only available until

it breaks down. Thu s availability is the same as reliability for this case .

The waiting time for repair is infinite so that W1(s , ~ =0 for all finite value s

of s~ Thu s the Stieltje s integral ove r W1(s , ¶) is zero and equation (1) becomes:

dy .1 ,
_ l

~ i ~~i ~t 

—- — —~----—~~~ —-- -~ •-—- _~_~~~~~~ _•__,,__._~__•___~____.___ •____ _ - - ~~~~~ __•_ _ l_ _•_.___•.._. ~~~~~~~~~~~~~~~~ — — - ----.-—~——-~~ •~—-~—-•
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f 
which is the well known equation for component reliability with solution:

- .  A .
y. (t) r1 (t) e  1~~

Case 2 repairman for each compone nt. This Is the extreme case

- 

- opposite to Case 1. In this case each compone nt has a repairman available

to start repair whenever that compone nt breaks down. Thus waiting time is

always, zero so that W1 (s , t) = 1 for 8 > 0 .  The Stieltjes integral con-

tribute s a single term at s 0  and gives zero value s elsewhere .

It is convenient to specialize thi s case furthe r by assuming expone ntial

service . tirne distribution with service rate .
~~~~

. These observations yield

the following form for equation (1):

t

— 

dy 1(t) 
— _ X .y

~ 
(t) + A. e~~ it 4~

, y1 (ii ~~~~ dr ,

- 

- 

or alternatively:

E
Id y .  (t) eMit ~J

— 

- E a’t + A1 y~ (t)] j~—~ = j y1 
( 1.) e dr .

Differentiaticzl With respect to t (using Leibniz ’ s rule on the right

hand side ) yields:

d 2 y. (t) - d y. (t)
1 

— + (? . +u.) — =1 1 dt

with ge neral solution.

— 
-c -( A . + M ) t

L+M. e 1 1 +k.
0 

1 1.

It remains to evaluate the constants c and k. At t=0 it is assumed that

~~ 
(0) = I. To obtain another relation one observe s that near t=0, before the

first  failure occurs avai1ability is the same as reliability. Thus it is assumed

— £~ — ~~ — ~~_td__ ~~~~~~ — —~~ — ~~---~ —____ —--~~ — — — — —
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that these quantities have the same slope (first derivative) at t 0 .  Since

dr.(t) A ~ 
dy. (t) 

~ + ~= ..X
1 e i and = ce~~ I ~~ the assumption yields:

dr.(t) dy.(t) I M.
_____ = or c= -X ,,. One then obtains k=

t=0 ~ It=o i+ u i

Thi s leads to the well known result (reference l ,page 337) for

availability when repair is undertaken at once with exponential service

time distribution:

y~(t) 
— 

A1 e~~
’i + t.~) t +- XT +u . L+M .

1 1 1

with steady state value

~~~~~~~~_ lim y1(t) _y 1 - 
~~~~~ 

- —

~~~~~ +

: Though this is a well known re sult , it is derived here in a different way

— than elsewhere in the lite rature. It follows from and illustrates equation (1).

In this context it is very clear how the availability and the system, represented

by waiting time for service, are related.

The remainder of this report deals primarily with studying the details

of the system service procedure which determine s waiting time distribution

W1(s , t). Such considerations also yield availability directly. In Chapter 6

some furthe r consideration is given to the interplay between availability

and waiting time as expressed by equation (1).

1. 3 Combinational Queue s

Thi s report deals with component availability within the operational

• context of a system comprised of a number of components. The system

has some facility to repair (or replace) components which provide s the ,

actual level of compone it availability. A relation between the system

service capability, as expressed by component waiting time, and the

— -.--— -—- —.-~~~ - .—-.-— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ - 
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component availability has been described above and given mathematical

fo rm in equation (1). More detailed study of the waiting time and the

availability may be carried out by means of a queue model.

It is assumed that a system consists of mcomponents and that each

component is characterized by its failure rate and its repair rate

More general probability forms can be used but are difficult to work with

(short of simulation) and this report limits itself to expone ntial processes.

V The system is provided with a service capability , specified in each case

unde r study, which can be generally referred to as the service system, or

se rvice queue. When a component fails , it enters the service queue , waits

if necessary for se rvice , receives se rvice , and upon completion of se rvice -

returns to ope ration in the system. The history of failure and repair for a

component represents the component availability. In this process of corn-

- 
- ponent failure , repair , and operation the system -logic plays no role . From

a broader point of view the interaction of components in system operation

may effect individual propertie s such as failure rate A but any such con-

siderations are assumed to be accounte d for by parameter value s so far

as component availability is concerned. System availability must conside r

the combination of component availabilities following the systeth logic . The

system itself and the set of all components effect individual component

availability only through the service queue.

Thus one deals with a queue system having a finite , fixed total population

of m district elements , each of which has its own paramete r value s (proba-

bilistic behavior) in general . There are three state st possible for any

member of the population: operational (available), waiting for service , or

in service (the last two correspond to the unavailable condition).

Such a model can be thought of as a cyclic queue , a topic that has

received atte ntion in the literature (for example in refe rence 2)~ However ,

the inte rest in this report is to a special kind of detail and re sult not con-

sidered in the standard approache s to cyclic queues. For the kind of results

desired he re ,it is necessary to follow each member of the population through

the queue process . For m of any slze ,thi s becomes extremely involved to

the point of practical infeasibillty. Howeve r , for m=2 and 3, It is completely

- - - - - - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _S~~~~~~~~~~~ ,S &4~~~~~~~ai .  .~~.,a.. fA.k~~a~~~~~b .~~~~~~~~~~~~
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feasible and is done in the following chapters.

Because of the detailed nature of the queues treated he re , it seems

appropriate to give them the name ‘ combinatorial queues’ . This implies

full attention to the individual characte r of each element of a (small) finite

population as it interacts with the other members through the queue rno3el.

The notation used for these models is 
~ m r for m elements and r repairmen

(channels). In each case first come first served (FITO) service discipline

is assumed and none of the possible variations of queue behavior are con-

sidered. Many generalizations sugge st themselves for future study. An

important special case is when all the components (population elements)

are the same , i. e. A 1 adM 1 do nOt depend on 1. For these cases the special

notation Q8 may be used.
m,r .

The case s for m=2 and m=3, though small size from a general point of

view, are studied in detail for two reasons:

•The se cases are small enough to be given through investigation indicatit.g

- 
. a variety of feature s in the nature of combinatorial queues as they relate to - -

component availability.
. Components may be relatively complex and significant parts of a system

so that actual systems may be encountered which are usefully considered as

having only a few compone nts. For such systems detailed studie s as illu s-

trated for the m*2 or 3 cases are appropriate . When this is the case , it is

felt that the combinatorial queue approach is likely to be the most powerful

[ treatment of system availability. By such methods, a complete analysis

(without simulation) can be produced. The kind of re sults and their use is

indicated by what is don e for the cases in the next two chapters and also in

Chapter 5.

Chapte r 2. Two Component Q~.uee.

This chapter deals with queues of the fo rm Q2 r The cases r~ 0, no

repairmen and r=2 , full number of repairmen have been given in. Section

1. 2 where componeni availability Is obtained from equation (1) for these

cases in general. The only case to be considered here is whenr l , one 4

repairman to service the components as they fail. Though one could fo rm-

ulate the 
~ m r queue analysis in terms of Markov chains and the state s

~ ~~~~~~~~~~~ -. — ‘~~~~—“““' ~~~~~~ _SS ~~~~~~~~~~~~~~~~ 1—.
“——---4
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of the system, the approach of thi s report is to use differential

equations as the mathematical representation of the queue system.

2. 1 One Repairman

The notation of this section is as follows:

y~(t) availability of component i at time t, i4, 2

steady state availability of component i.
(t) probability that at time t component j is in service and

component i is waiting for service . Only certain value s of i and j lead to

poseible form s of Pij namely P00, P01, F02, P12, P21. where subscript

ze ro indicates no component in that situation. For example P00 means
both components are operational. Whe n steady state values are Intended,

the same notation is used without the variable t.

In this notation, availability is the condition of not being in the service

system so that:
y1 

(t) = I’oo (t) + P02 (t),

y 2 (t) = ~~OO (t) + P01 (t).

Waiting time can also be expressed in terms of the queue proba&-ilitlee

(t) or i in the steady state . For simplicity consider the steady state

waiting time distribution W1 (s) = W1 (0) + Pr ( a completion In < s  arrival

finds one in service].Pa, where Pa Pr (on arrival one is in servicel. Thus

one must conside r the a posteriori probabilities. . —

Pr (compone nt i completes service <a another customer LInda I in

service] = i.e i by the assumption of exponential service time.

Let q00 (1) Pr (component 1 arrive s and fi nds none in the service system].

q00 (2) ~ Pr(component 2 arrives and finds none in the service system]

q02 = Pr (on arrival component 1 finds 2 in service]

Pr (on arrival component 2 finds 1 in service]

Then~
W 1 (s) ~~~ 

(
~ + i-c 

_1125) q02
W2 (s)=q00 (2)+(l~e~~~l ) q 01

1t___._ ~~~~~~~~~~~~~~~~~~~~~~ ~___ — a,
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where: q00 (1) = q~~ (2) =

P01 
P02

q01 = 
~00 + P01 

‘ 
q02 = p

00 + 
p .

These values, upon some simplification yield the following expressions

for waiting time distributions:

W1 (s) = I ~~0:o+
2
~,02 

e -M 2 5 , s>O

~
‘00W1(0)= ~

, +~~00 02

W 2(s) = 1 01 e~~~l~ 
s>0

W 2(0) =

The same logical cases contribute to the general time dependent waiting

time distributions so that one has the following expr~ ssions:

P02 (t)
W 1 (a, t) = 1 - 

~~~~~~~~~~~~~~ + F (t) e 2

• P00 (t)
• W1 (0,t) p

00 (tj + P02 It)

• P01 (t)
W2(s t) = I- P~,0 (t) + P01(~)

e -IL, , s)0

P00 (t)
- W2 (0 ,t) = 

~~~~~~ + P01(t)

•—-~~ ——~~~
— -. -—— .

~~~-—-— ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
,~ - ‘...
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2. 1. 1 Differential E~~~ .tio~ s -

In the subsections of this section , the differential equations

for the five service system probabilities P13 
(t) are presented. The first

$ subsection gives the general case and the next subsection gives the case

when both components are the same. Logical cases contributing to the

probabilities are combined to form the equations , in most cases te rms in

or higher are never shown since they drop out upon fo rming differential

limits. It is felt that the various cases are clearly indicated within the

equations themselve~ and further discussion is therefore omitted.

2. 1. 1, 1 General Case

The initial formulation for the combinatorial queue ~ 2 ~ 
gives the

following sy~tem of equations:

P00 (t+~t) = (1 — A 1~ t) (1 - ).
2~ t) P00(t) + (1 - ?~2 At) u 1~t P01(t)

+ (1 - )1 At) $L 2 At P02 (t)

( t + ~t) (1 - ~2~ t) (1 - U 1~ t) P01 (t)

+ )t
1
t~t P00 (t) + u2t’t P12 (t)

P02 (t+M) = (1 - A 1 1st) (1 - u2tst) P02 (t)

+ ~2 1st P00 (t) + i.& 11st P21 (t)

p
1~ (t+1st) = )~~M (1 - u21st) P02 (t) + (1 — u2 &) P12 (t)

~ 21 (t+ 1st) = ~ 21st (1 — u 1 1st) P01 (t) + (I — u~ 1st) P21 (t)

Upon renewal of some highe r order terms in 1st the system becomes:

P00 (t+1st) = (1 - )
1 1st-~ 2 1st) P00 (t) + u11st P01 (t) + i~2 M P02 (t)

P~1 (t+ 1st) (1 - ~21st - u1 1st) P01 (t) + ).1st P01 (t) +u~ bt P12 (t)

P02 (t+bt) = (1 - - u21st) P02 (t) + X 2At P00(t) + i~1M P21 (t)

p
12 (t+ 1st) = ~11st P02 (t) + (1 - u21st) P12(t) 

-

P21 (t+ 1st) = A 2 1st P01(t) + (1 - ~11st) P21(t) 

______- -“ ~~~~~~~~~ E . ,~~~~~~~~ - -
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• Forming differential quotients and taking the lim it as M-’O results in

- the following system of difference diffe rential equations . Since the

* diffe rence is accounted for completely by explicit e’cpression of each

function, the system is in fact- a system of differential equations.

dP00(t)
_______ = -(X 1+A 2) P00(t) + 

~~ 
p
01(t) + ~~ 

P~2(t)

dP01(t)
dt = 

~z’~O P01(t) + )~ ~ P~g~(t) + ~2 P12(t)
dP 2(t)—.-~~~~ ---— .= _ (A~ +si 2) P02 (t) + ~ 2 P00(t) + I.&l P21(t)

dP Ct)2 — p ‘t~~+~~ ~ t
dt — 

~~2 12’ ’ 1 02

dP (t) -

dt ~~ L
1 21 2 0 1

One can in principle solve this linear system by transform

or other “elementary” methods . Such solutions become extremely corn -

plicated. Therefore , it is felt that numerical solutions , for selected

parameter values should be used to obtain desired solutions and to

appreciate the nature of such solutions , some such results are given in

the Appendix. Another approach is to study the steady state as done in a

subsequent section. Still anothe r approach is to conside r the similar

components case which is done in the next subsection. Before turning

to that topic, the “transformed”syste m is expressed below as a matter of

-
- - 

gene ral reference. To formulate that system, the notation 
i
(s) is used

for the (Laplace) transform of P~~(t) and assumed initial values are

-

. except for l=j 0 and P00 (0) l. This re sults in (the dependence on s is not

I 

- 
explicitly shown) :

-- -
‘—‘-‘a,-.—.- ~~~~~~ —‘-———‘———a, 

~~~~~~~~~~~~~~~~~~~~~~~~ “ -~~ ~~~~
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-IL 21~02 = 1

~~I POO +(s+~2+u1) p01 ~L2~ 12 =0

— 

~ 2~~00 +(s+) 1+u2) 
~~~ ~~~~zi 0

~~~~~~~~~~~~ 
(s+~2)~~~2

- 

~~21~0l 
+( 5+~ L

1
)~~21 -0 1:

2. 1. 1. 2 All Compone nts Are the Same

In this case 
~ ~~~~ 2=

~ 
and 

~~~~~~~~~~~ 
so that P01(t) = P02 (t) and

— P12 (t) = P21 (t). The typical value s P01(t), P12(t) and their transforms

~~~~~~~ 
will be used. There are now only three quantities to be

- • determined rather than five . The transformed system is:

(s+Z ,)~~oo _2u
~’oI =1

~~oo + (s+)~+U) ~~~~~~~~ 

=0

~~~~~~~~~~~~ 

+(5+u)~~~2
From which one obtains:

~~~

a + ~.i ~~~~
X (s+)~~

~i’~’ 
— (s+u)’ + As 00

and
- 

~ 
( 

~ 
s2 + M 2 + (214+X) s

00 ~ — a Ts-r1) (s-r 2)

— ~~~~~~~~~~~ ~~~a.,,a. a, .
~ -. t4 , t,~~~~~~ ~~ ., - - -
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where r 1 = 
- (3A +Zu)

- . - 
-(3) +2~,&) ~~

2 +4t~
’

- -

Standard algebraic reduction and partial fraction expansion yields the

-solution in te rms of the quantities:

______ 1 
_______ 

1 — 1
a 

~~~~~~~~~~~~~~ 

-~-—— , b —  
_ _ _ _ _ _ _  

‘ c 
_ _ _ _ _ _ _ _ _ _

ZA + 2)u + ~ r 1JA~ + 4A~ rJ1~~T~f 4Ai,&

The results are:

ei~
t+ (r2

2+r2(2~L+X)+$.~
2)c eT2

t

P01(t) = M)a + X(r1+~.~) be
rl t+ A (r2+U) ~

= P01 (t)

= A 2a + b e
n l t+ X 2c er2t

~‘21 (t) = P 12 (t)

The values r 1 and r 2 are negative for all positive values of A and ~i

(which are never negative , being rate s of events). Thus limit values exist

for all the P1~(t) quantities for all , ~ values. In infinite population queues,

this is ofte n not the case but here all the probabilities are define d for any

time.
Direct calculation establishes that the sum -

P00 (t) + 2 P01(t) + 2 P12(t) = 1 as it should be.

• The steady state values when the components are the same r~tay be

found from the above expressions to be:

p00 Urn P00(t) = L& 2a - 

1 
~t-’. 1+2 ( - ~~) +  Z(~ j -)  

—a-- - - - - -~~~~4-a- .~~~~.,a .,a,k4..a&g - - - - -
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-

p01 = p02 = u r n  P00(t) =

A 2
= u r n  P12(t) = ( — )  p00t-.~

This re sult will also be obtained as a special case of the general steady

state re sults in Section 2 . 1. 2. 2.

2. 1. 2 Steady State

In this section the steady state values for Q2 ~ 
and Q~ ~ 

are obtained.

This is done by supposing that the probabilities have become constant ove r

time so that their derivative s are identically zero. A system of algebraic

equations is obtained for the steady state probabilities. Lower case letters are

used so that p1~ is the steady state version of P13(t).

2. 1.2. 1 The General Case

The equations pre sented in Section 2. 1. 1. 1 yield the following steady

state system:

-(X 2+u 1) p01 + A 1 p00 + 
~~ 

p 12 = 0

1+u2) p02 + A 2 p~0 + ~.L1 p21 
0

U1 ~21 
+ 
~~ 

= 0

Solution is (by successive substitution)

1
p02 

)
~ ~~~I1+) 2 u2 +~.L1Uzj 

p00

-

. 1
~~ [, .1 u 1 + A 2 u2 + u 1u2 j ~~00

• 
~~~~, .- ,  —a a’ aa,aaa.. a,aa,a t - ,-Aa -ia i- - ., - - -
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A 1 A2 f 1 + A 2 +u 1 1

“I2 U 2 
— 

[ X 1U1 + A z I.Lz +U 1 U2j ” 00

— A 1
)
2 Pi.~~z +U z 1

A 1 U1 + A 2 U2 + U1 Uzj 00

since the sum of the probabilitie s must be unity, we get p00 by forming

that sum: p00 = where -

________  _________  ~ >‘z 1) l +A z+u llS 1 + A 2 A j + A 1 A j + I.L2 
~ 

A

? l 2  1A1+A 2+~ j
+ 

~~ L A j where A=A 1U 1+A 2U2 +I.& 1U2

The expression for S and indeed for any of the above values does not

appear to simplify for general values of 
~~ 

A 2, ~~
, and 

~~~
. To study them,

-
. 

• one must employ numerical evaluation one form of which is discu ssed in

— 
Chapte r 5. Other numerical re sults are presented in the Appendix .

2. 1.2. 2 Compone nts The Same

When A 1 = = A and = U2 = u are introduced into the general steady
- 

- state solution given in the previous section one obtains directly:

S = 1 + z � - + 2(~ ) 2
U U

I
and p00 

—

~~ 

-A1+2(—) + 2 (—)
U U

A
• “02 = ~~~ P00

A Z
p12 = 

~~~ 
= (;) Poo

in agreement with the values previously obtained in section 2. 1. 1. 2.

— . -~~~~~~~~~ —— —~~ -— ‘~~~~~ á~~~~~~-
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- 2. 1. 3 An illustration of theFundamental Relation

As described above , the Q
2 ~ 

result s can be used to formulate H

• 
- y1(t) and w1(s , t) for this case. It is inte resting to introduce these values

for one compone nt , say i 1 , into the fundamental relation, equation (1) of

7 I 
, 

Section 1. 2 and observe that the relation does indeed yield an identity uflder

such substitution. This gives a kind of closure to the two distinct approache s

developed in this repor t and indicates the complimentary role of each appr oach

in the study of compone nt availability.

Set 1=1 in equation (1) of Section 1. 2 and assume expone ntial service

time dis tribution to obtain:

dy1(t) t (t
______ = - A 1y 1(t) + Jy1( 1) A 

~ 
U 1 e~~~1 ~~~ ci w 1(s , T) dT

Let

= S ~ i e~~~1(
t_

~~
5) d w 1(s , ¶), then using material introduced previously

0

for the waiting time distribution one obtains:

= 
~ i e 1 ~~~~ w 1(0 , ¶) + ~~i 

e l(t~~
_ 5) 

U 2 p02 N 
e~~ 25 dsp

00 ( .r)+P 02 ( r )

— where d w 1(s , i-) ~2P02 (’) -U25 ,
cia 

e -

w 1(0 , .r) ~‘oo~p00 ( r)+ P02 (r )

-

. Simplification and evaluation of the integral in J leads to:

~ P~0(i+P02M ~P00 ( r )  e l( t i  
- ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~

—S ‘~~~ -~ - — .— —--‘•-——- ~~~e..~ —————---— ----- ..~.-
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- F rom previou s work y 1(T) P00 (i+ P02 (T) so the present version of

- equation ( 1) becomes;

- 

d[P00
( T ) +P02 (i)

-
- 

dt 
- 

- 
~ i fp 00 ( ’r )+P 02 (T ) J

+f~~
II

~~~U p ( ~) e~~~1(t ) _U 2PQO (~ ) e 1(t~~~

2I’02~~~ 
e 1(t~~~ + U2P02(i e 2(t

l 
dT

Alternatively:

d[P00 ( r)+P02 ( r ) J
-

~ dt = _ X 1{P00 ( T ) + P02 ( T ) J

+)U i
)

i e _U 1tj P 00 ( T ) eU 1T d T + ~~~~
l
U

Z e~~ 2t fP0z ( l )  eU2~ d~

- 

U 1~ 1U2 e~~~1t (
t
P (

~
) eU 1~ d~ } . (

~
)

— 
U1-M2 j  02

- 

Turning to the queue equations for ~ 2 shows that:

-

- 
d(P 00 (~r)+ P02 ( T )]

dt = - (A 1 + 
~~ 

P00(t) + U1P01(t) + U2P02(t)

- + U2) P02 (t) + A 2P00 (t) + U 1P21 (t) 
-

= — ) ,tP 00 (t) + P02 (t)] + U 1[P 01 (t) + P21 (t)]

The refore the present form of equation (1) will be established as an identity
if the bracket expression in equation (a) is shown to be 12 1[P01(t)+P 21 (t)1.

~~~~~~~~~~~~~~~~~ ~
-
~
‘.-‘ ,  .“-‘ “ ‘ - - -——--- —~‘ - - ‘ “

~~ 
‘:

~~
‘
~~‘ 

- - ~~~~~~~~ ~~-~~~~- - -~~ -—~~——-—-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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- - For simplicity the U 1 mult~plie r may be divided out at onc e since it is

present in eve ry te rm of the bracket.

From the differential equations , one obtains :

d[P01 (t) +
-

~~ 

= _
~~1[P01(t) + P21 (t)j  + 1 P~ 0(t) -i- U2P12 (t)

whe re d P12 (t)
— dt + ~ 2P12 (t) = X 1P02 (t)

so that P12 (t) = ~ ~ 
e _U 2

tf eU2 l p
02 ( i )  d~ which may be introduced into

the diffe rential equation above to give

• d[P01 (t)+P 21 (t)} U ¶

dt 
_ + U 1[P01 (t)+P 21 (t f l_ ) 1P00 (t)+I•L 2 A 1 e~~2f 

e 2 P02 ( r) d~

which upon integration yields:

P01 (t) + P21(t) = e~~~1tf ~~ 
eU 1W P00 (w) dw

+ U2~ 1 e
~~~lt fteU 1%h/ e _U ZWf~~~ 2 T p

02 ( r) di dw

The first  te rm on the right is equal to the first  te rm in the bracket expression

in (
~

) with A
1 

divided out. Integration of the second term by parts y ields the

remaining two terms of the bracke t expression as follows:

Let u=j
”eUZ T P02 (idi and dv = e~~ l~~ 2~~~dw then the technique of

integration by parts yields:

e _ U 1 t ~
,

t
eU lw e _UZ W

eU2 T p
OZ (i) didw
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- 

e~~~1t e~~l
__

2)
t f e U2 i P02 (i) di ( M T  

~ 02~~ 
di

U1-M2

I
- 

M 2~ 1e~~~2tf e
U2 i P02 (i)di U 2) 1 e~~~lt ~~- 

U
1-U

2 

— 

0 
- - 

U1-U2 J o

as required.

This illustrates that introduction of the value s w1(s , t) and y1(t) obtained

from the solution of ~ 2 1 satisf y the fundamental relation, equation (1),

as in identity .

2. 2 Summary Re sults.

Because of the relatively complex form -of the solutions eve n in the two

compone nt case , general results require nume rical calculation. Some such

considerations are presented in Chapte r 5 and the Appendix. In this section

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ are the same is summarized in te rms of
• the algebraic solution forms.

For two compone nts, the only cases possible are Q~, 0, Q~ ~
, and

- I 2 so long as a FIFO - ervice discipline is assumed. This report doe s

not consider generalizations of the combinatorial queue problem. ~~ 0 has

the (reliability case) solution
— ) t  . . -y( t ) = e for component availability.

The steady state value 7 = ~irn y(t) = 0 for thi s case.Q~ 1has solution

y(t)=(u 2+uX)a+( r
~ 

+ r 1(2U+A) +U 2+A (r 1+U)Jb e~~
t+[r~ +r 2(2U+X)+U 2+A (r 2+U)Jc e r2t

where (3)+2U) +~IA 2 
+ 4X~ r - 

(3X + ZU)~
A/ )2 + 4~U

2 • 2~~~ 2

1 1 — l
2 + 2 )U +  U

2 b=
r l

j) 2 + 4A M r2J 
)2 + 4XM 
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Chapte r 3 Three Cornpp nent Queue s

This chapte r deal s with a system having th ree components . The FIFO

assumption is made as is the assumption of exponential service and

expone ntial breakdown distributions . Special cases for steady state and all

components the same are considered. The re are a total of four possible

kinds of repair queue: Q3 ~
, 03 1’ and Q3 ~~~

• The first and las t

• of these have already bee n treated in the general results of Section 1. 2 .

This chapte r treats 03 1 and ~~3 2. Results become complicated and can

not readily be carried as far as the two compone nt cases. It is f~ lt that

for more components special studie s are called for and simulation of cases

of interest might prove as (or more) effective as the diffe rential equation

approach. Howeve r , the material in this chapte r should serve as a guide to

the more involve d cases. It is , of cour se , useful in its own right when a —

system consists (in some ope rational con-figuration) of three com ponents

(likely to be individually complex).

3. 1 One Re~ airman

-

. In thi s case the notation Pjjk (t) is used for the probability that at time t ,

component k is in se rvice , j is next in line waiting for service , and i is

- - 
second in line waiting under the FIFO discipline . The value 0 means no

component occupies the indicated position. Possible service queue

probabilities are:
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p000 meani ng no ne in the service system ,

p001: P002 , p003, meaning one in the system and in service ,

~O2l ’ ~O3I~ 
p012 ,p 032’ p013, p023, meaning one is waiting and one

in ser vice ,
p l23~ ~2 13~ 

p 132, p312, p231, p 321, meaning two are waitiiv a .i-~ one

in service.

Availability is g iven by app ropriate combinations of the service system

probabili t ies , for example:

y 1 (t) P000 (t) + P002 (t) + P003 (t) + p032 (t) + P023 (t)

(i . e , compone nt I is not in the service system) . Waiting time can also be

considered as illustrated in Chapter 2.

3. 1. 1 Diffe rential Equations

In formulat ing the differe ntial equations , higher orde r term s in ~ are

ei the r not included or are remove d as limits are taken. The equations are
• formed by considering the log ical cases that contribute to the probability

value s unde r the exponential distribution assurriptione-----—-—-—---——-----—-------—-- - --

3. 1. 1. 1 The General Case

— The system of equations for queue probabilitie s at t+~ t in terms of

value s at t follows:

P000 (t+ &)=[ 1-(A 1+) 2 +) 3)t ~t] P000 (t) + ~i 1~ t P00 1(t)+~t 2 At P002 (t)+~ 3~ t P003(t)

P001 (t+ ~t) =r 1 -i*~ 
pat~f i  ~~ 2~~ 3

) ~t1 P001 (t)+) 
~ ~ P000 (t) +U2 t~t P012 (t)+M 3 ~¼tP 01 3(t)

P002 (t F P~t)= 1l -U 2 t~t]( 1 -(X 1+A 3) ~t] P002 (t)+) 2 t~t P000 (t)+u 1 ~t P021 (t)+M 3 t~tP023 (t)

P003 (t+ t~t)= 11 -~ L
3 

E~t}[1 _ ( A 
i+) 

~ 
t~t] P003 (t)+) 3 t~tP000 (t)+i4 1 tt P031(t)+~ 2 1~tP032 (t)

P021(t+~ t ) = ( I -~~1 ~t ) ( I - ) 3 1~t)P021 (t)+A 2~~ P001 (t) + u 3t~t P213 (t)

P031 (t+t~t)=(1-u 1 t~t)(I-)2t~t)P031 (t) + )
3t~t P001(t) + ~2~t P312 (t)

• 
p

012 (t+~~) 1 _ ~ 2~ t 1 3 pat 012 (t)~~~1tst P002 (t) +U 3t~t P 123(t)

• P032 ( t t ( 1 2 b t 1 1~ t~~ 032 (t)4~)
3~~ P002(t) + U1& P321 (t)

• P013(t+ !~t ) = ( l -~~3 t t ) ( l - ) 2~ t) P013(t)+A 1t1t P003(t)+ ~2 At P 132(t)

• P023 ( t t ~~~~~~3~ t 1 ~~~1At) P023 (t)+A 2 e~t P003(t)+ U1At P231(t)

P123(t+~t)=(I-U3~t) ~‘123(t) + 
)1t~t P023(t)

P213(t+tt)= (l—M 3~t) P213 (t) + 
)
2~t P013(t) ~- 

-

-A-—- — A----— S £~~~~--- ~- — t
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32 (t+ At) =( 1 -u2 At) P 132 (t) + A & P032 (t)

- ~
‘3l2 (t+ At) =( l -U2 At) P312 (t) + ) 

3At P012 (t)
P231 (t+ t t ) s ( l —M 1 At) P231(t) + ) 2 tt P031 (t)
P 32I (t+ tt)=( l-u 1At) P321 (t) + A 3 At P021(t)

Upon division by At and passing to the limit as At-0, one obtains the
following system of differential equations :

dP000(t)
cit = ~ l~~ 2~~ 3~ 

P000 (t) + U 1P001 (t) + U2 P~ 02 (t) + U 3 P003(t)

dP001 (t)
dt = -(~ 1+A 2+X 3) P001(t) + A 1P000 (t) + Li2 P012(t) + U3 P013(t)

dP (t)002 
= -(u 2+A 1+A 3) P002 (t) + X 2P000 (t) + u1 P~ 2~ (t) + U3 P023(t)

dP (t)
= -(i.i3+A 1+X 2) P003 (t) + A 3P000 (t) + u 1P031 (t) + u2 P032 (t)

- 
. 

dP 21 (t)
— ~~ = +A 3) P ~~~(t) + A 2 P001(t) + U 3 P213(t)

dP031 (t) 
-

dt (U 1~~ 2) P031 (t) + 
~~ 

P0~ 1(t) + U2 P312(t)

dP012 (t)
dt (u 2+~3) P012 (t) + ) 1P002 (t) + U 3 

p 123(t)
dP 2 (t) -

-(u2+) 
~ 

P032 (t) + A 3 P002 (t) + U 1 P321(t)

dP013(t)
-(u3+) 2) P013 (t) + A 1 P003(t) + U2 P 132 (t)

dP023(t)
dt = -(U 3+) i~ 

P023
(t) + A 2 P003(t) + U 1 P231 (t) •

• dP 123(t)
- 

dt = -U 3 
P 123(t) + A 

~ 
P023(t)

dP213(t)
dt -Li3 P213(t) + ~~~~~ P013(t)

dP 132(t)

dt = U2 P132(t) + A~ ~032~~

a-

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- ~~---—-- ~ -- - -- 
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dP312(t)

= -i-i
2 
P
3’2W + 

)~ P012 (t)

- dP231(t)
— cit = -U 1 1~23l~~ + 

~2 
P031(t)

dP321(t)

dt = .411 P321 (t) + A 3 p021(t)

This system can only be treated by numeric-al solution methods. Some

results are presented in the Appetidix. The steady state can be considered

along with some special cases. This is done in the present chapter.

‘1 
3. 1. 1. 2 All Cornponent s .The Same

Whe n the three compone nt s are the same Li1=U 2=L13=I.L and A 1 A 2 A 3~~ .

The sixteen probabilities reduce to four , which are taken to be (as typical

cases) P000(t), P001 (t), P012 (t) and P 123(t) . The differential equations

become:

• dP000(t)
dt = -3A P000(t) + 3i-L P~ 01(t)

• dP001(t)
cit = -(i -i+ZX) P001(t) + A P000(t) + Zi-i P~12(t)

dP012 (t)
—______ = -(U +A) P012(t) + A P001 (t) + P~23(t)

- I 
dP 123(t)

dt = -U P~ 2~ (t) + A P012 (t)

raT Though considerably simpler than the full system whe n the compone nts

7 diffe r , this set of equations doe s not seem to yield a simple closed form

solution with reasonable effort. One approach to solution is to take the

Laplace transforms using initial conditions P000(0) 1 and all other

: 
probability values zero at t=0. This results in the following set of equations

in the transform variable a.

a - P000(0) -3A P~~ 0(s) + 3~i P~~ 1(s)

~~ - P001(0) -(u+ZX) 
~~~~~~ 

+ A  ~~~ s) + 2~ E’012~~

-- —a—. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _t5 A-L&5_5 __~~j~~~~ ~~h~~5S SS Jã&_._.&. -S . _ a . ~~~~~~ . _ . - - - .
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• 
~~ 

~ oiz~~ 
- P012(0) = -(U+A) P012 (s) + )I. P001(s) + U P123(s)

- 
a P123

(s) - P123(0) = ~~ + X P0~ 2 (s) 
-

which become, upon substitution of initial values:

(s+3)) ~~~~ = 1 + 3i-i 
~~~~~~

(s+~+ZA ) P~~1(s) = A P~~~(s) + 2U P012(s)

(s+~,i+A) 
~~~~~~~ 

= A P~ ,~~( s) + i-i P~ 23 (s)

(s+u) P123(s) A P012(s)

It should be kept in mind that the re are in fact 6 value s like P123, 6
like P012 and 3 like ~~~~~ these being representative values.

The above system yields:

A A2
I’123 ( 8) = 

~~~ 
P012(s) = (s+U)2 + As 

P001(s)

• P012 (s) = 
A (s+~.i) 

- 
P001(s)

(s+i-i) +)s

2
~~~ 

- 
[(s+~.i) + X5 J P (a)

001 ~ — 

(s+~ ) 3 + 3)s (s+Li) + 2) 2s 000

So that:

— A 3
= h (s) P000 (s)

P012(s) 
+u)

I, — 
)[(s+i-L)2+X sl

~~~~~ 
— h(s) P000(s)

whe re h(s) = (a+iA) 3 + 3As ( .fj i) + 2)29

p (s) = hi si
000 

s{(s+u+))
3 + 3A (s+A) (‘+U-I-~

) + ZA 2(s+~~}

- S . ,  ..a ~~~~~ l S  A-1~~~~~~ a _  - .~~~~~s - a~~~~ d. -~~~ ,_ a.s._s~d5 S_5t~~~ à 5tSkSlts2-S ssa _.
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- This does not seem to reduce to simple closed form expressions

though of course the general nature of the solution is clear in te rms of
• 

- 

the roots of the denominator.

One can consider the limiting form (steady state ) for the probabilities

since:

lini a P000(s) = P000, the steady state value , with similar expressions

holding for the other probabilities .

Now P000 (s) = ~ + terms corresponding t~ roots of the cubic expression

in the denominator of P000(s). By setting s=0 in the algebraic fo rmulation for

the partial fraction expansion of one obtains

a= , where Q= —
l+ 3o+6~ 2+6p 3 U

Therefore , p000 ~~~ a = a (as given above)

and similarly p001 =

F - : = 
~~

_ 3
~ l23 — 

~O0O’

These same values will be obtained as a special case of the steady state

condition in Section 3. 1. 2. 2.
It is inte resting to note that

p000 + 3 p001 + 6 p012 + 6 p123 = (1+3p+6 p2+6p3) p000 = 1 as, of course,

should be the case.

3. 1.2 The Steady State

The gene ral steady state equations are obtained by setting the derivatives

-

• equal to zero in the equations of Section 3. 1. 1. 1. Steady state values are in-

- 
- 

dicated by a probability notation without depende nce on t, e. g., p000 Is the
• probability that no components are in the service system.

_______________________________ _______________________________- A-—S--a— ~~~~~~~~~~~~~~~ - - - -- A-
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• 3. 1.2. 1 The General Case

- 
- 

Whe n each of the three compone nts are allowed to have their own values

of A and U, the one repairman steady 8tate equations are as follows:

(A 1+) 2+A 3) p000 U1 P001 + U2 P002 + U3 p003

(U1+)2+A 3) p001 = A 1 p000 + u 2 p012 + u 3 p013

(U2+A 1+)3) p002 A 2 p000 + U1 p021 + 1.L3 
p023

(U3+) i+A z) p003 = A 3 p000 + U 1 + U2 P032

(U 1+A 3) p02 1 = 
~~ 

p001 ~ Li3 p213

(Li 1+A 2) p031 = A 3 p001 + U 2 P312

(U2+X 3) p 012 A 1 p002 + U 3 P 123

(U 2+) 1) 
~o32 

)
3 p002 + LL 1 p321

(U 3+) 2) p013 = A 1 P003 + U2 ~~l32 -

(U 3+A 1) 
~O23 ~2 ~ OO3 + U 1 p231

U3 p 123 = 
~~~~ 

P023 -

— u3 p2 13 ~2
u2 p132 A j p032
U2 p312 = A~ p012

U
1 

p23 1 = 

~~~~~ 

p031

U 1 p 321 = A 3 p021

The last six equations yield six of the probability value s directly in

te rms of anothe r six values. One can write the othe r ten equations in terms

• of ten probability values by using the relations given in the last six equations.

This procedure results in:

~~1+A 2+A 3) p000 = u 1 p001 + U2 p0~ 2 + U3 P003
X 1 U2 U 3P001 - p000 + ~~~

— p0~~ + ~~~
— p013



-
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U 1 Li3

P002 -ç-- P000 P021 + ç P023

LI1 U 2
p003 = - p000 + ç P031 + E I’O32

- 

~ 2 ‘~ 
p02 1 = P001 +

~\ ) 
) p031 = + 

~Ol2

~~~~ ~‘0l2 = I’OO2 +

( L12 +A 1\
/ P032 = P002 + Pozi

(Li3 + A 2 \
) - I p013 — p003 +

- . 

+ 
~1

~2 ~ 
= +

Whe re~~ 1 U 1 + X 2 + A 3,~~ 2 = U 2 + X 1 + X 3, afld~~3 = U 3 + A 1 + A 2 .

In principle thi s system can be solved in algebraic terms to yield the

probabilities as functions of the six parameters u1, A , 1=1, 2 , 3. However ,

the re sults become extremely involved and it is not considered to be

practical to proceed in this “direct” way.

Numerical solutions of the linear algebraic equations seem to be the

most reasonable way to obtain particular results. Some examples are

given in the Appe ndix. In addition, the special case of equal components

- 
is considered in the next section. An alternative approach to utilization

• of these equations for the study of component avaUability is discussed in

Chapte r 5. -

- 3. 1. 2. 2 All Components The Same

When the three components are the same = u and A for i=I , 2, 3.

Moreover , many of the probabilities are necessarily equal, e. g., p001 =

- - A-— ~~~~~~~~~~ 

~~~~~~~~~~~ - 5—--S-~ 5~~~~~ ~~~ ‘‘~• ‘.~~~ •S .A- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _~~.. . - - -
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P0o2 I~oo3
~ 

~~~~~~~~~~~~~~~~~~~~ 
and so forth. Typ ical probabilities

used are p000 (unique) , p001 (three like this), p012 (six like th2s) , and —

(six like this). The equations defining these probabilitie s are:

A p000=u p001
(u+Z))p001=) p000 + ZLL p012

(i-i + ~~p012~~ p00 1 + up 123
- up 123 X p012

Let p = .?- , the n the solution is: -

pool = (~‘ P000
p0 12 = c’2p000
p 123 = ~•‘

3p000

- Since the sum of all probabilities is unity one finds:

- 1
- 

~OOO 2 3l + 3 c + 6 p  + 6 p

These re sults agree with the special limit case given In Section 3. 1. 1. 2.

3. 2 Two Repairmen

Whe n the re are three compone nts and two repairmen, one must conside r
a total of ten service system probabilitie s Pjjk (t) whe re k and j specify
compone nts in service and i specifies a component waiting for service with
both repairme n occup ied. The quantities to be considered are (all are
fractions of time in the ge ne ral case): p000, p001, p002, p003, p012, p013,
p023 p~ 23, p213, p312. Note that the indice s specifying service are

• unorde red , they simply tell which one or which two compone nts are in
se rvice.

• 3. 2. 1 The diffe rential equations -

The usual procedure is followed in this section. Value s of the service
probabilities at a time t+At are expressed in terms of appropriate values at

— ,~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -a-- A-~~~4 S
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time t. Highe r orde r terms in t~t may be omitted in the formulation , or if

included as part of the initial concep t stage , fa ll out upon fo rming limits

as t~t-~0. Somewhat more care is required in the formulations for this case

than in the cases delt with in previous sections , as discussed below.

3. 2. 1• 1 The General Case

Because of the two servicemen , it is possible (as a loTical case) that
-~ 

- 
- two distinct service activities could be completed in the same time interval

1~t. Though a logical possibility, thi s is in fact an event of hiE her orde r

whe n using indepe ndent , exponential service time dis tributions . Due to

the somewhat complicated nature of this case , an initial fo rmulation of

the equations is give n below, followed by the re sulting system of diffe rential

equations. Some higher order terms are included within the initial form-

ulation.

P000 (t+ At )=f 1 ~•Ø 1+) Z~~ 3
)~ t} P000 (t)-f ~ 1 At P001 (t)+U 2 At P002 (t)+i-13 At P003

(t)

• + higher order te rms in At .

P001 (t+ At) ( 1-) ,A t ) ( 1 _ A 3At) (1 —u 1 At)P001 (t) + A 1A t ( l -A 2 At )( I  — )  3 A~)P 000 (t) +

~
2
~ t ( 1_ ~~

1At) ( 1 -A 3 At) P012 (t) + u3 At P013(t)

— 
- P002 (t~4. A t ) = ( 1_ A 1 At ) ( 1 _ A 3 At ) (1 _ U2 A~)P002 (t) + A 2 At P000 (t) + i-i 1At Pol? (t) +

u 3 At P023 (t) 
- 

-

P003(t+ tt )=( 1 
~~~~~~~ 

At ) ( 1-)  2 At )( 1_ Li3At)P~ 03 (t)+) 3At P000 (t)+i-L 1 At P01 3( t)+Li2 At P023 (t)

P012 (t+ At ) = ( l - )  3 At ) ( 1_~~1At ) ( l_ Li 2 At)P 012 ( t )+) 2 At( 1 —U 1At) P001 (t)+

) 1 At (1 —~ 2 At) p002 (t) + LI 3
At P123 (t) + U 3!~t P?l~~(t)

— P013 (t+ At)~ ( I . ) 2 bt)(l4l 1 At)( 1.4.L3 At)P013 (t)+) 3At(1.4.L1At) p
001 (t)4

A 1M( 1-U 3At) p003(t) + U2~t P312(t) + i-i2 At P 123 (t) 
S

P023 (t+ At) (1-) 1 A t)( 1—Li 2 At )(1 — U 3 At)P 023 (t) + )
3 At ( l — U 2 At) 1’002 (t )4

)
2 At (1-~ 3tt )  P003(t) -f u 1At P213 (t) + u 1At P312 (t)

-

- 

P 123 (t+ M) ( l - L i2~ t ) (1-U 3
(~t) P 123(t) + A 1At P023 (t)

P213 (t t (1 1A t 1~~~3At) P213(t) -f )
2At P013(t)

(t) + X 3At P012 (t) 

~~~~~~~~~~~~~~~~ . aS— -’-.- --a—
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• Upon taking the limits as At -’0 afte r first dividing by At and forming

appropriate diffe re ntial quotients one obtains the following system of
• diffe rential equations for the service system probabilities.

dP000 (t) —

_______ = - (A 1-r- A 2+X 3) P000 (t) + u 1P001 (t) + U 2P002 (t) + U 3P003 (t)

dP001 (t) - 3
——-

~~

--
~

—--— = -(Li1+)2+A 3) P001 (t) + A 1P000 (t) + u 2P012 (t) + U 3P013 (t)

dP002
(t)

dt = -(L,t 2+A 1+A 3) P002 (t) + A 2P000 (t) + ~1P012 (t) -f u3P023 (t)

dP003 (t)
-(~~+A 1+)2) P003 (t) + A 3P000 (t) + ~ 1P013(t) + L12P023 (t)

dP012 (t)
—a-i------ -(u1+U2+) 3) P012 (t) + A 2P001(t) + A 1P002 (t) + Li3P 123(t) + ~ 3P213(t)

dP013 (t)
-(u1+

~~3
+A 2) P013 (t) + )

3P001(t) + ~1P003(t) + u 2P312 (t) + U 2P123(t)

dP 3(t) -

dt = -(U2+U3+X 1) P023 (t) + A 3P002 (t) + X 2P003 (t) + u 1 P213(t) + U 1P312 (t)

dP 123(t) - •

— dt = -(U 2+Li3) P123(t) + A 1 P023 (t)

dP 13(t)
—— -

~~~~~

-——-- = -(u1+~ 3) P213 (t) + A 2 P013 (t)

dP (t)
— dt -(u1+u2) P312(t) + A 3P012

This system is complicated for a general solution in terms of closed

form expressions depe nding on the six paramete r value s. Special cases

j are considered and some numerical solutions are given in the Appe ndix

-
~ ~~ - 

3. 2. 1. 2. All Compone nts The Same
In this case U~~U and A 1=A for  i=1, 2 , 3. It is also true that P00 1(t)=P 002 (t),

• =P003(t) , P012 (t)= P013 (t)=P023 (t), and P 123 (t)=P 213 (t)=P 312 (t) . These I 
-

• correspond to one in the service system, two in that system, and three in

that system (with one waiting) respectively. Typical quantitie s are used
for each case , the probabilities used are P001 (t) , P012 (t), and P 123 (t) .

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ 
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The different ial  equations for this case become:

dP 000 (t)
— = - 31 P000 (t) + 3u P001 (t)

dP 001 (t)
= - (~i+2) )  P001 (t) + ) P00~~(t) + ZU P012 (t)

dP012 (t)

dt = - (Z~t+~ ) P012 (t) + 2) P001 (t) + 2~-i P 123 (t)

dP 123 (t)
-Zu P 123 (t) +

As observes i-t Sec ti a 3. 1. 1.2  for the one repairman case , it c~oes

not seem possible to get useful direct  solutions to this system. Numerical

val’ae s can be corr~.ute d and the steady state limit conside red (as was

done , using the t ransfo rmed sys tem for the one repairman case) . It is

felt that these technique s are sufficiently well illustrated for othe r cases

and no f u r the r cons ide ration is given to this case in this report.

3. 2. 2 Steady State

The steady state equations for  the three component, two repairme n

case are obtaine d in the usual way from the differential equations of

Section 3.2. 1. 1. The notation 
~ ijk is the same as in the time depe nde nt

case except that the service system probabilitie s do not depe nd on time

in the steady state .

3. 2. ?. 1 The Gene ral Case

The linear algebraic system which define s the service system steady

state probabilitie s is as follows:

(
~ 1
+)
2+A~) p000 = U1 P001 + U

2 
p002 +

(u 1
+)2+A 3) ~o01 ~i ~ooo + U 2 P012 + U 3P013

• (Li2fl 1
-fA 3) 

~ OO2 = ~~ p000 + LI 1 P012 + U 3 ~ O23

(u3+) 1+) 2) p003 - 
)

3 ~ØØØ + U1 P013 + U2 P023

• (u1~ ’ 2+) 3) p012 = 
~2 POOl + 

~~ 
+ U 3 

(p 123 + p213)

(~ 1+u3+) 2) p0 13 = 3 3 p001 + )
~ 

p003 + 
~~ 

(p 3 12 + p123)

(u2+U3+1 1) p023 = 3 3 p002 + 
~2 ~ØØ3 + 

~ 1 (p 2 13 + p 312 )

~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~
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(u2+U3) p 123 - ~ l ~ OZ3

- 
• (U1+u3) p213 = 

~~~~~ 

p013

(U1+I~~ ) p312 
)

3 P012

It doe s not seem reasonable to use this system to express  the service

system probabilitie s directly as functions of the six parameters  u~, )~
i 1 , 2 , 3. Numerical solution of the syste~~ for various parameter value s

is a much more reasonable approach to the gene ration of specific results.

Some numerical results are given in the Appendix . An alternative approach

is discussed in Chapter 5 . The special case with all compone nt s equal is

treated in the next section.

3. 2. 2. 2 All Compone nt s The Same

In this case u~=U and ) . =) for i= 1 , 2 , 3 and p001 p002 p003, p012 p013

and p 123=p 213 p312. The probabilitie s represent one in the service

system, two in service system and three in service system with one waiting

for service. The quantitie s p001. p012. and p 123 are used as typical

quantities. The governing equations for this case are:

~ p0 U P ~~~1

(u+ 2 3 ) p00 1 = ~ p000 + 2~ 
:~

( Zu+)) p012 = 2) pool + ZU p 123

ZU p123 = ~ p012

-
- The solution is:

pool = O P 000

p0 12 = P2 p000
• p 123 = ;~~p 3 p 000

where there are three probabilitie s of each type and

1
000 

~~ + 3~ 2~~ ~~~~~

- -a-—— ~~~~-5.~~5- - -
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• Some general results in the case of all compone nts equal are g ive n in

Chapter 4.

3. 3 Summary Results

Because the solutions for  gene ral paramete r value s are so difficult

to express in te rTn s of and A ., summary re sults are discussed for  the

all components equal case as was done for  two compone nt s in Section 2 . 2 .

Three compone nt s , with all compone nts the same, allow four cases

without generalization of the basic queue assumptions (e. g . ,  requiring

FIFO conditions). These are de noted by ~~ ~ 2’ and Q~ ~~~
•

The extreme cases ~~3 0 and Q3 ~ 
have been treated in ge neral in

Section 1. 2 .
Unlike the situation for two compone nts in Section 2. 2, the time varying

expressions for  service system probabilitie s and hence compone nt avail-

ability have not been obtaine d for  the cases and Q~ ~~~
• Some numerical

results can be found in the Appendix . However: the steady state value s can
• - be summarized here.

5 — o
• ~ 

steady state value y 0

i = P000 + ~ p001 + 2 p013

(based on component 2 for example)

..1 _ 1 + 2 c + 2 p 2

2 3l + 3 p + 6 ~ + 6 p

2 = p000 + 2 p001 + p013
ii

— ~‘ Note that the notation di f fers  between cases Q
3 ~ 

and Q3 ~ 
in the

latte r whe n two are in the se
3
rvice system only one case re sults (both in

a service)  in the forme r two cases (since either custome r can be the one in

serv ice).

- 
i 2o+y -  3l + 3 p - + 3 p  + 3 0

2

~~-~~- --a-— - ~~~~~~~~~~ - - - - - -
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Q~ , 3 ~
3

l~~~p

Direct algebraic comparison e stablishe s that ~o <~~
l <~~2 

~ f
3 for all

(positive) values of o as one would expect.

The spread between values like 9~~, ~~ or serves as a potentially

useful measure of what is achieved by introducing an additional serviceman

into the service system. Figure 3 allows such a comparison as a function

of o. Of course one re pairman gives meaningful value s of availa-
— bility in relation to the zero vu ue in the no repairman case. An additional

repairman is seen to be increasingly worthwhile as p increases. However ,

going on to a third repairman produces limited effect  for the value s of o

shown. As p increases , the three repairman case will be a real improvement

However, such values yield rathe r low availability in any case due to the

tendency of compone nt s to fail at a fa ste r rate than they are repaired ( p>l).

Such component availability value s should be avoided in desi gn unless there

is no chance to avoid them.

chapte r 4 The Ge neral_n-i Compone nt , r Repairmen Case whe n All

Component s_are the Same.

The cases of two components with one repairman, three components

with one repairman, and three components with two repairmen have been

treated in previous sections for all components the same. In this chapter ,

the all components the same cases are give n gene ral treatment for m

components and r ~‘ m repairmen. The cases of no repairme n and n-i

L 

repairmen we re treated in Section 1. 2 by means of the fundamental relation ,

equation (1). However, the combinatorial queue model can be used to obtain

the result for m repairmen as well. An example of such a development for

rn=3 is given by the equations.

• dP0(t)

• dt = - 3A P0(t) + 3U 
~~i 

(t)

dP 1(t)
= - (U + 2)) P1 (t) + A P0(t) + 2u P2(t)

-  - -— -— -—~~~~~~~~~ 
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• dP 2 (t)
at = - (2U + A ) P2(t) + 

2) P1(t) + U P3(t)

dP 3(t)
dt 3u P3(t) + 3) P2 (t)

where P1(t) probability that the re are i components in the 3 repairman
queue at time t. The basic assumptions of the combinatorial queue model,
previously specified , should be kept in mind .

The steady state value s are dete rmined by the following system with

p 1= O p o
(u-f2)) p1=) p0 + 2U p2
(2u+)) p2=2) p1 + it p 3

with solution p 1~~~ p0. p2= o 2 p0. p3=o 3 p0 and p0= 
~ + ~~~~ 3p 2 + ~3

The availability is f = p0+2p 1+p 2 = ~~
Z
~~

O
2 3  = 1

I
+~ -

in agreement with the re sult from Section 1. 2 .

As a general approach to the same compone nts case one considers
Pk (t) as the probability that the re are k compone nts in the service system

at time t , out of a tota l population of m compone nts. The steady state

expression is In the case of 
~~~~~~ r ’~ k indicates k receiving se rvice

and some waiting if k <r , otherwise r are in service and k - r  are waiting.

The availability for a component is the probability that the component is

not in the service system. If k are in the service system and rn-k are in
the remaining (available) population, the probability that a particular

individual component is available Is (m-k)/m on the assumption that all

the compone nts are the same . Thus:

y=Pr (compone nt a’ is available )

- a  - -‘ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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= 
~~~~~ 

Pr C a ’ is in non-se rvice population 
~ 

population size is rn -k )

• Pr (population size rn-k)
- S ~~~~~ (rn—k)

S 1~~0~~~~~ Pk

- Consider the case 1 (m= 2, 3 have already been discussed), for

which the defining equations are :

P0 (t+t~t) = ( 1—r n )~~t) P0(t) + u~~t P 1(t)

~~k (t+ tt) = [ l_ ( m_ k )  A ~~ ( 1-~~&) Pk (t) + Ut~t Pk+I
( t )+ (rn_k + l)  ) ,~t Pk l (t)

for k= 1, 2 ,. .., ( m — l )

Pm(t+~ t) = ( 1 — ~~~t) P (t) + )~tit P

These yield the difference diffe rential equations:
- 

dP0(t)
dt = - rrt)P 0(t) + UP 1(t)

dP (t)
= -[(rn_k) )+U J Pk (t) + uPk+l (t) + (m_k+ 1))P k I (t) , k= 1 , 2, . . . ,  ( r n - I )

• dP~~~t)
= - Lt Pm (t) + A P 1(t)

The steady state equations are:

p 1 m0i p0

= t 1+(m-k) 0] 
~k - (rn--k+ l) 

~‘~~k-1~ 
k 1 , 2 ,. . . , (m -l )

Where 0-)/U as usual .
Induct ion yields the solution:

- I m~ k
~k (m-k)~ 

p p0 ,

and p 1

-~~~~ 

.

. 
0 

1 + 
k~ l Tm-k).

This result can be used to obtain the m=2 and m=3 results with one

repa i rman obtained previously. Thus
-

~~ I - -

S

I .- - -- - -~~ -—a--~~~ - --
~~ Sa ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5--._ - - - -~~ $~ i- _ . : . a - f l .- -A- a--~~

. a - -~~_



~ 

~~~~~~~~~~~~~~~~~ . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~- . — -

1:1-

1 + Zp + Z p

m 3 , p 0= _Z 31 + 3 ~~+ 6 ø  + 6 o

The availability value s may also be considered.

2 (2-k)ni= 2 , y T  2 ~k 0 4
~~~~1

• k=0

Y I + 0 , as previously obtained in Section 2. 1.2.2.
1 + 2 p + 2 p

(3-k) 2 1
r n 3  

~ ‘ 3 ~k = 1~o + ~~ + ~

2 1 2
• y = p 0 +~~~(3P) p0 + ~ ( 6 p ) p 0

1 + 2 ~~+ 2 p 2
- 

‘= — 2 , as previously obtained.
1 + 3 ~~+ 6 p  + 6 p

Now conside r the cfm 2 case which only has meaning for m> 3 (except

for the full repairman situation when m=Z which is not under discussion

he re). The service situation can have one in service and none waiting,I.
~ 

~ 
or two in service with zero or more waiting, or of course none in service.

The equations governing this case follow:

P0(t+ t,t) = (1-rn) ~.t) P0(t) + Ut~t P1(t)

= [ l — ( m — l )  A At] ( l -~~~t) P 1(t) + mA tit P0(t) + ZUtit P2(t)

Pk (t+
~

t) = [ 1- (m-k )AAt ]  ( l -2u ~ t) Pk(t) + (m-k+ 1)A t~.t Pk 1(t)~ 24.& & Pk+1 (t)

-

. for 2 < k < ( r n - l )

P (t+~ t)= (1-2~€it) P (t) + X A t Pm 1 (t)

- This leads to the difference-diffe rential equations:

dP0(t)
= - m) P0(t) + u P 1(t)

- --~~~- . .- - ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~
-
~~~~~ - -~~~~~~~~~~~ - — S--—-- ~~~~~~~~~~~~~~ ~~~~~~~~~~ a ~~~~ -S ~~~~~~~~

~ -
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dP 1(t) —

= - f(m- 1)A +U]  P 1(t) + mXP0 (t) + 21A P2(t)

dP (t)
= -((rn_k) A + 2~t J  Pk (t) + (rn-k+l)  A. Pk 1(t~~ ZU 

~k+ 1 (t)

for 2 < k < m-l

dP (t)
= - Zu Pm(t) +) 1’

m- ~ 
(t)

The steady state equations are:

p 1 = r n o p 0

rn- i  mpZ = [  2 o +w ] p1 ---~- ~ p0

~k+ 1 ~~~~Z ~ + ~~ ~k 2 0
~~k- 1 , 2 < k  < rn-i

- 2 ~m -l

I
Induction yields the solution

k -l  
~k p0 for k= l , 2 , . . . , rn.

(m-k)~ 2

W ith p0 
1 

— —

m rn ’ k
1+  - k 1 ~~~k 1  (rn-k)~ 2 -

Whe n rn=3 this re sult gives p0 = 2 3 3I+3p+ 3 p +.~ p

and availability.

y p 0 +~~ .~~ p 1 + p 2 p0 +~~~p 1 +~~~p2

- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~--- . - a - - - . - ~-- 5 --  . . . -
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- . 2

= p0 + 2p  p0 + p0 
_~i+_Z p + p ~ 

~ 
as previously

l+3 p+3 p +~ p

obtained.

For ge ne ral r the situation is somewhat more involve~ tha i for the

r 1 , 2 cases shown above . The major feature contributing to i1ic reased

complexity is the need for more individual equations . T:~e defi ’iir-ig

equations are :

P0 (t+ t~t) = ( 1-m )~~t) P0(t) + U~ t P 1 (t)

P1 (t+~ t) = [ 1— ( r n — l ) X t i t J ( l_ U~ t)P 1(t) + m A t ~t P0(t) + 2U~ t P_~(t)

P2 (t+t~t) = [ l— ( m — 2 ) ) ~~t]( l — 2 U  ~t)P2 (t) + ( r n — i ) )  & P1(t) + 3~~i~t P3(t)

Pr _ i (t4 t)
~~

1_ (m 1
~~ ~t] [ 1 — ( r _ l )  u t~t] Pr i (t)

+ (rn-r+2))~ ~t P 2(t) + rU~ t P (t)

Pk (t+ót) = [I-(m-k)) ~tJ (l-ru~ t) Pk (t)+(m
~

k + l ) A
~

t Pk 1(t)+r~~ t P
~ +1 (t)

for k=r,r+l ,...,m-1

P (t+ t~.t) ( l-r ~~ t) P (t) + )~~t Pm i (t)

These yield the difference-diffe rential equations:

dP0(t) - 

—

dt - mA P0 (t) + U P 1 (t)

dP 1(t) = -[(rn-i)) + u] P1(t) + mA P0(t) + 2U P2 (t)
at

dP2(t)
— 

dt = m-2~~+2~ j P2(t) + (rn- 1)A P1(t) = 3
~ 
P
3 
(t)

~ 
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dP 1(t)
-

~~~~~ 

= - [(m _ r+ 1P +(r - l)U ]  Pr i ( t) + (rn -r+2 )A Pr 2 (t) + r~j Pr (t)

dPk(t)
= - f (m-k)  A+rU ] Pk (t) + (m~

k+ l ) AP k 1(t)+ rU Pk+I (t)

k=r , r +I ,. . ., m- l

dP (t)
= - ru P (t) +) P 1(t)

The steady state equations are:

p1 m op 0

2p2
[(m_J) c+fl p1 - m o p 0

3p3
[(m-Z) 0+ 21 p2 - ( r n- I )  o p1

• rp r [(m - r+ l )  o + r -1} 
~ r 1  (m - r+2) o 

~r-Z

rpk+l = [(m_ k )  o+rJ 
~k - (m-k+ l)  0

~~k 1  k=r , r+l , ..., rn.l

rp

This system does not lend itself to a simple general solution in terms

of r. One can develop a solution by induction, however , it doe s not seem

to be worthwhile in view of the resulting complexity.

Particular cases of inte rest can of course be treated as needed from the

gene ral equations . For example the r~ 3 case arrises in a four compone nt

situation. One can consider the r 3 , m=4 case , for which the equa tion s

become:

p1 = 4p p 0

= (3o+1) p1 - 4 p p 0

= (2o+2) p2 - 30 p1

3 p4 = o p 3

~

d

~

-ad

~

S-d
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• - ‘hich has the solution: p 1 4p p0

2
~~~~~~ ~~V
p4 = - ~• 0  p0

1whe re p0 = ----.~~ — 2 3 4 4i + 4 o + 6p  + 4 p

The availability expression in this case is:

‘~ 4-k 3 1 1
y T ~k = + 

~~~
• 

~ 1 + 
•
~~

• + 
~ 

p3

2 3 1 + 3 p +  3p 2 -1- p3
Y~~~~0 +30~~0 +30 p0 + p  PO = 2 3 4 4

l + 4p + 6 p  +4p +~~ p 
-

It may be observed that y which is the full repairman case.
This should be the case since there are only three repairmen.

Chapter 5 Application to System Design

This report deals in detail with the concept of component availability
within the context of various system service procedure s. When the com-
ponents operate in a system, various levels of availability are re quired
for ind ividual components. It is therefore of value to consider the
diffe rent compone nt availabilities together in some form to which a trade
off analysis can be applied. Such a formulation is pre sented in this
chapter. In a particular system design of course, the required level of
system availability drive s the rest of the availability analysis . System
logic is utilized to relate system availability to component availability
levels. The consideration of thi s chapter relate s the A and U value s
(design parameters) and compone nt availability levels for two compone nt
and three component systems. There is no reason that the procedure
could not be extended to more compone nts. Howeve r, the underlying
queue problems and numerical analyses become involved. The procedure
will be introduced for a two component system then ge ner alized for the

s&asaj n ~~~~~~~~~~~~~~~~~~~~~~~ - -
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three component case.

5. 1 Two Compone nts

In a two component system, two component availabilities are to be

conside red, they are denoted by y 1 and y2. The design parameters are

the failure rate s A 1, A 2 and repair rate s U 1, U2. Because of the difficulty

in combining all the se value s into a relatively simple comparison form the

following procedure has been developed.

One component is conside red to be the refe rence or major compone nt,

though thi s doe s not really have any firm significance , and the othe r com-

pone nt is related to it by ratio value. In addition failure is related to

repair by a ratio value, assumed to be the same for both components.

These assumptions restrict the possible cases for study but result in a

ve ry managable presentation which still allows a wide range of options .

Following the procedure outlined above , the following assumptions are

made , taking component 1 to be the reference (or major) component:

A 1 = ~U1, X 2=r~u2=’~~~1. One can :onside r the diffe re ntial equations

-
- 

~- for queue probabilitie s and the resulting component availabilities as functions

of time; Only de tailed computation is required to do this. However, for

purpose of illustration only the steady state availabilities are treated here.

Making the substitutions for and U1 in the re sults for Q
2 ~ 

steady

f state (the cases Q
2, 0 and ~~2 2 are not of great inte rest here),  ‘one obtains:

p02 A p00

p01 B p00

- I 
p 12 C p00

~~~ 

~~~~~~~
. p21 1)p00

I~ I where A (~~~
+~~~ + i~~ B=~~~(a

4- -~~2
+ 

~
‘\

\ a + c ~ + F ~/ ~~~+-a~ +
~/ 
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C A, D = ~~~~ Let S = 1 + A + B + C + D then y 1 (l + A ) I S , y 2= (l + B) IS.

Now one considers curve s that relate y1 and y 2 as shown in Figure 4. Curves

are shown for fixed ~~. and for fixed ~~~. The ~~ 1 case is for both components

the same . Constant ~ c” rve s are symmetric about ~~~ as can be established

by the substitution 3 for ~ in the above formul ation. Such a substitution

interchanges y 1 and y2. 
-

- 
- For fixed ~ as ~-.0 one obtains y 1 (R = 0) = 

1 
~ 

and y 2 (~~~0)~ ~~~~~~~~~~(a+l)

fo r example whe n ~~ 1, y 1- . 25 , y2~ . 5 for ~~0 which agrees with the numerical

results shown in the figure .

As ~~~~~~~~ one obtains:

u r n  A = ~~, u r n  B = u r n  C=0

Urn D = ‘~(~+1), then u r n  S=( 1+a~)
2

1 1 • • 
-

-

so as P-’~ , y 1— 
~~~ 

and y2~ —k which shows the interchange of y1 and

-
S 

( l+~ )
- 

- y 2 unde r the t ransformation 
~~~

- 3 (b y comparison with the ~=0 case). For

example as ~~~~~~~ for ~=l one finds y 1= . 5 and y2 = . 25 (in the limit).

In this formulation , an increase ri ~ means that failure rate is inc reasing

relative to the ability of the system to repair compone nts. Of course , this

reduces component availability. For a fixed value of ~ the availability 
of

component I , namely y 1 increases with increasing ~~~. An increase in ~

means that component 2 has increasing repair rate relative to component

1 (when ~>l , the repair rate is greate r for component 2 than for compone nt 1).

Thus it is not the repair rate that produces the effect on availability but the

waiting time. Eve n though the repair time for compone nt 2 decreases in this

- 
•

. instance , its availability decreases because it must wait while compone nt i

undergoes service with relativel y longer service time.

- 
- The ~ , ~ curve s of Figure 4 can be used in a numbe r of ways in design

trade off studies. For example if sy stem availability analysis shows that

y1 > .
75 and y2> . 65 the n only those ~~, ~ value s yielding such pairs could

—a--a-- - -- a-,a~~~~da - __________t_w_;_ _S_ —— ~~~~~~~~~~~~~~~~ - kS~~~S i %~~~~ ~~~~~~~~~~~~~~~ - - -—i—-i-- - - - -  — ~~~~~~~~~~~~~~~~~~~~~~ S - - - - - -
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Chapter 6 Directions for Expanding Research

6. 1 Combinatorial queues

The concept of a queuing system in which the individual members

of the population (components) are identif ied and followed throug h the

stages of the system has been called a combinatorial  queue in this  report.

- I Such queues were utilized to study two and three component systems with

a FIFO service desci pline and exponential arrival and service dis t r ibutior>s .

In addition to more general service times , discussed in the next section , a
— number of alternative investi gations can be considered for the study of

combinatorial queues as models for availability calculations.

If a component can be replaced with some short (or zero) wait then one

can bring in the concept of an inventory for each part . The down’ part may

undergo re pair then enter its inventory to wait until needed as a replace-

ment. This sort of situation, widely studi ~d in the l i terature by various

methods , has not been treated here. However it can be incorporated into

a broader descri ption of the combinatorial queue concept . In doing so it

seems likely that a more general  definition of component availat~ility would

result. One way to do this would be to define the component as the set of

components that can perform a particular role within a system. Such a

general component is otiy ui~~ailable when the set becomes empty or during

the transition period when a failed member of the set is replaced by one that

is operable. There seems to be an area for useful research in this direction.

Another potentially useful generalization is to introduce priorities to

replace the FIFO type of service. Different components can be assi gned

diffcrent  serv~’-. priorities on the basis of their importance to the system of

which the components are a part. These priorities would represent one more

system in put to the component availability concept . A closely related idea

arj ses when there are several repairmen available to the service function.

Repairmen can be assigned to components in such a way that when a particular

component fails it must be repaired by a particular repairman (or set of

— 
re pairmen). An extreme case of this for , say two re pairmen , would be having

S 
- one repairman dedicated to one component and the other repairm an responsible

fo r the repai r of all the other components . Such situations are likely to have

a 
useful application such as when one component is particularly complex or when

its service requires special safety features.

a— — - -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Rather than have each component distinct in its descriptive character-

istics it might be a~ propriate to have several components the same forming a

a clas s of similar components. The com binatorial queue would then deal

with a number of classes where the particular members of one class have no

special features. In the extreme cases where all components are the sam e

there is only one class. This case has been treated in various sections of

the present study. In many respects the generalization to classes of com po -

nents shows potential utility. In particular it might lead to an ability to

treat larger numbers of components than can be handled directly by the basic

combinatorial queue models.

6. 2 General Service Times

It is felt that a major restriction of the work described in this report is

the use of expo~~ntia1 service time distributions . A considerable body of

research has been carried out on service times and a number of distributions

have been found ba8ed on combinations of statistical analysis and theoretical

S probability arguments . Therefore , it would clearly be of value to generalize

the concepts of this report to a number of service time distributions. The
- 

. 
ideas have been formulated and illustrated here for the exponential case. To

generalize one would have to employ numerical solution techniques and siinu-

lation . It is unlikely that any kind of t l closed form ’ solution approach would

be possible. -

One aspect of general service time analyses is to  consider the service

time as a sum of several random times (possibly dependent) each having its

own characteristic type of probability distribution. Those characteristics

— arise from the natur e of the service being carried out, possibly depending

upon the relative amount of “search’ activity involved in contrast to “repair ”

f or “replace ” activity . Indeed it may be conjectured that service tin-ic distri-

butions can be formulated by proper mixes of such basic distributions . Such

studies are rather distinct from the ideas of this report but combine with

them in a more general description of component availability.

Of course one may also wish to generalize the way in which components

• fail. Exponential failure has been used in this report. Thi s kind of general-

ization can also be introduced. However , it is felt that the service time is

~~~~~~~~~~~~~~~~~~~
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6. 3 Waiting Time as Input to Design Analysis

The basic result expressed as equation (1)  in Section 1. 2 relates compo -
nent availability and waiting time in the repair service queue for components .
Most of the present report has addressed the service queue directly and

• attained waiting time and availability for special cases. An alternative
approach is to consider various waiting time distributions and use equation (1)
to obtain the resulting availability values. In many cases this would be
accomplished by numerical integration of equation (1) once the waiting time
distribution was specified. Several procedures suggest themselves for the

formulation of waiting time distributions:

Various large population queue problem s can be solved to give
reasonable limit type values for waiting time distribution,

Waiting time distributions may be sti pulated in either numerical form
or as specified distribution functions ,

Results for simple cases with known solutions for waiting time can
be used as a basis for assuming the form of the waiting time distribution 1i
more general cases.

The second of these approaches introduces a synthesis prd lan into
queuing theory. One postulates a desirable waiting time distribution and uses
equation (1)  to obtain the corresponding availability. However , it is necessary
to consider whether or not a service queue structure exists that would yield
the postulated waiting time. If such a queue or queu~ exist the next problem
is to ccxnstruct au appropriate queue. These questions of queue synthesis
seem to hold potential for considerable amounts of useful research.

The third procedure can be illustrated by considering some results
oo;ained in thi s repuri . Au outline of th~ a~ gum ento involvod and an initial
try at obtaining the form of a waiting time distribution are given below.
This material is intended only to illustrate an approach , it has not been S

developed beyond initial stages.

A large class of waiting time distributions may be considered as
steady state, not depending on the time at which a component enters the
service queue. For the two components , one repairman case the steady
state waiting time expression was found to be of the form ( for FIFO service):

- S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~S.a a-S-S S - __ S-a ~~-aa~~LS5L~~
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Wi (0)  =

W. (a) = 1 - b. e~~ $1 1 3

where 
~~~

. is the repair rate of the “other ” component and a.j . b1 are nor -

• malized probabilities of none in the queue and the “other” in the queue
respectively. Normalization was achieved by dividing by the sum of the
unn-ormalized probabilities which represents the probability of component

- 
- 

- i not in the queue , that is the availability y. of component i.

One may generalize fr om the above result and consider the three com po-
-~ 

- nents , one repairman case. In that case , for a typical component, say
i = 1 one may consider:

~ 1= p000 + + p003 + pbz3 + ~~~~~ 
and assume the form:

W1 ( O ) = ~~~ °~

W (a) = (1-e i4sj 002 
+ (I-e~~~3~ ) 003 

+ A 023 + B
- - - ~“l 

y l ~“l “1 ~“l

where A and B depend on the joint distribution of service for components 2
and 3.

The joint density for two independent exponential distributions is:

~~~~~ (e~~~3
5 

- e~~
25 )

S p z -
~

.L
3

- 

- 
i where component 2 is in service first then component 3.

A reasonable way to generalize this is in terms of the moment
generating function which for two variables is:

~2~~3 - a ~~.b ~~2~~3 
— ~ 2~~ 3 .

(~~~-t) (~t3- t)  j~~~t ~~~- t  (M2- M 3)(
~~~-t) 

+ (~~~ - M3) ( M 3 - t )

—— — — p —- — -



-
~~ For th r ee joint exponential variables , supposedly related to components

— 1, 2 and 3 one has the generating function:

P1 • 
at~ • 

____ - 
P2 P3 ( M~- . 

Ih .L1 t ~12 t I-13 t — 

~~~i~~~~
P1~

+ ~‘l ~3 1 
~2 + ~‘l ~2 f ~3

~~l 2~~~3 -pa ) ~p2 .t ) (p ~ -p3~ ~~~~~~

This yields the density function:

~
h l ~Z ~3 ~~~~ ~l~~2~~3 ~~~~ _ _ _ _ _ _ _ _ _ _  

~L3
S

S ~~~~ + .  . -  - p + - .

2 l ~~~3i1l ) 
1 2 ~~~3 P2 l 3 ) ( 1’Z~ P3)

In general for m joint exponentials the density function has the form

-: 
. a 

m 
e~~~~

15 
a = f l

i — l  ll (i.i~— i.i~)

j = 1
j t i

These kind of density functions may be used in combination with parameter
values for the steady state queue probabilities to form waiting time distri-
butions . One can retain the availability factor y in the waiting time -

expression. Such a procedur e would turn equation (1)  of Section 1. 2 into
an integro-differential equation for component availability which could be

-
~ oubjected to analysis.

6.4 Optimization and Trade Off Analysis

The work reported on in this report has delt with component availability
in the context of a repair facility present as part of the total operational system .
The point of view considered was taken fr om the operations end of the
system and the desirability of available components . An alternative point
of view is in terms of cost , either in actual expenditure or modified perfor -

- - •---~~~~~~~~ - - -~~~~~~~ — - -a-~~~~~~~~~~~~~~~~~~~~~ ——-a a-—— a a
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mance, of desired levels of availability. The effect of one , two or more
- • repairmen has been investigatei as regards the resulting levels of component

- availability. However, the cost increments have not been considered. For
- 

- example it may be better relative to some measure of cost (or effective-
ness) to have the kind of availability one repairman can supply rather than

- 
- S 

have two repairmen at increased expense. One can formulate an appropriate
objective function or goal of system operation. These quantitative

— 
- expressions combine system requirements in terms of component avail-

ability and the cost of repair operations . They should also include the
cost of availability levels representing the value of increased availability
and the penalty for reduced availability. A study of goal seeking ~ opti-
mization of effective objectives can be made subject to the constraints 

S

imposed by relations between component availability and the repair function.
Such relations have been formulated in the present work so that the initial
steps have already been taken toward trade off analyses of available systems
in terms of component availability. Every system has its own particular
characteristic so that a general theory of trade off optimization can not be
made. However , some general methodological procedure can be formulated
and illustrated using special system configurations.

ii
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• . Appendix

Some typical numerical results are presented here in graph form.
These are zneait to be illustrative óf the kind of results one may - -

obtain from both the differential equation systems and the steady state 
—

formulations. Typical parameter values have been used as specified on the
various graphs. -

Differential equation systems are solved using a subroutine recently
developed by R. Flynn at the Polytechnic. - - -

- - Th e systems of linear algerbraic equations representing stea4y state
values are of course redundant. Thu s one must utilize a subset in each
case and our procedure was to omit the initial equation in each formulation. I -
This worked very well . A standard subroutine from the Scientific Sub-
routine Package was employed. Similar calculations were used to produce -

-

Figures 4, 5, and 6 of Chapter 5. - :

The following examples are presented in the Appendix :

- a

Figure Number. Case.

time variation

8 
~ 

steady state

9 1 time variation

10 1 steady state

i i  
~ 3, 2 time variation

12 03 ~ 
steady state 

-I
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