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ABSTRACT

This paper develops the concept of component availability as
intrinsically dependent upon the system in which the component functions.
The comnection between the repair aspects of the system and component
availability is developed in two. ways. An integro-differential equation
is derived that relates the twop concepts. Alternatively the repair process
{s treated as a combinatorial queue in which each element of the system is
tracked through its stetes of availability. Examples are given in some
detail for small number of elements. Numerical solutions are given for
{1lustrative purposes. Both time varying and steady state solutions are
obtained. Some approaches to a trade off analysis for availability

specification or design are given.
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Chapter 1, Basis Coﬁcepts-in Comj:oﬁent Ava.iiabjlijz

-

In the study of reliability and availability two major pbints of view are
widely considered. On the one hand, a complete operational system is con-
sidered and various aspects of system reliability or availability are addressed.
Alternatively one may focus on the components which make up a system or
indeed might be employed in a variety of different systems. A widely con-
sidered approach to these subjects is to express system reliability or
availability in terms of component reliability or availability by means of
the laws of probability and system logic. Implicit in much of this work is
the concept of component reliability or availability defined independently of
the system and use for which the component is intended. In the case of
reliability, one can certainly give a meaningful, operational definition of
component reliability which is completely independent of any system. When
this is done, one must still consider special situations (such as stress and
shelf-life) when applying specified component reliability to the formulation
of a system composed of many parts. In the case of availability, there
seems to be little or no justification for a concept of component availability
independent of the system within whicha component shall operate. The con-
cept of repair which distinguishes availability from reliability carries with
it a number of factors related to the repair process which are necessarily

part of a system description.

This report takes the point of view that component availability

must be defined within those aspects of a system which relate to the repair
process. It develops a general relation between component availability and
the system repair process, It then considers various repair process queues
in detail, using them to obtain corresponding component availability. System
availability is not considered directly in this work, such quantities would be
obtained by using the component availabilities as derived here together with
system logic and the laws of probability,

1,1 Definitions
In this report a system is assumed to consist of a total of N components

with specific components designated by the index i=l,..., N. The study deals
with component availability and does not consider system logic. Therefore,
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component failures are treated as events taking place within the population
s of N components. Several of the quantities arising in the report are defined

in this section, others will be introduced as they occur.

Most of the general material is developed for a single "typical' com-
ponent., Since only that component is involved, it is not necessary to
provide a subscript to quantities related to the component, However, a
subscript is provided to clearly indicate the specific dependence on the com-
ponent and to present results in a form directly applicable to more detailed

investigations where more than one component is involved.

Several of the most basic quantities employed in this report are now

defined and provided with notation:

ri(t) = the probability that component i has not failed up to time t. This

is the component gli_abilif_z_ as a function of time, Onme can consider a

— -

"steady state'' value for component reliability, defined as %_1_{.;1 ri(t) =r.
In most cases r.= 0 however, for completeness it is included among the

defined quantities arising in this report.

yi(t) = the probability that component i is nperational at time t. This is

the component availability as a function of time. The most basic aspect of

component availability is that repair (including replacement) is allowed.
There is no limit, in the general situation, to the number of repair events
that may have occurred up to time t. In fact the number of such events is a

random variable which, though useful to study, falls outside the range of

this report. The steady state availability is well defined and is most often i

a positive quantity }g;x yi(t) = Yy though in some special cases it can be

zero. |

. In the initial work described in this report, it is useful to place analysis 3

in the framework of exponential processes. Such processes often represent

1 reasonable approximations to actual situations and at the same time are
relatively simple to work with, Therefore, their use provides a meaningful
starting point for availability studies. - It is interesting to note that expo-

nential service and exponential failure do not result from an assumption
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of Poisson arrival at the faile’ state from the operational state. One requires

an infinite population of components, of the same kind, in order to make a
Poisson arrival assumption, The assumption of exponential service (repair)
time needs no comment. The assumption of exponential failure derives from

the following general argument with f(x) a general failure density.

P [a failure in Ax| operational at x] P [operational at x]
= P [a failure in Ax and operational at x] = f(x) Ax
When f(x) = Xe'kx,
le')‘xAx

Pla failure in Ax| operational at x1 = === = Abx
e 1-[1-e777]

The exponential repair and failure rates for compenent i are denoted by
My and )‘i respectively.

The mathematical framework for the present study is a queue which
represents repair. The total population of N components consists of
operational components, failed components waiting for service, and
failed components in service, Upon completion of service a component
returns to the set of operational components. The queue itself may be of
various forms representing the repair features of the system in which
components under analysis are to operate. In particular the queue will
involve specifications of service time distributions, number of repairmen,
order of selection of down components for repair, and indeed the full range

of possible variations to be found in queueing models. This report deals

mostly with the number of repairmen and specifically allows each component

to have its own form of repair time distribution (as specified by subscript i
in the exponential case ui). In this report the queue concept is treated in

two distinct ways.
‘As a general approach to relate the repair aspects of a system,
as reflected in the waiting time of the queue, io component °

availability,
‘ Detailed study of the queues themselves for very small

(N = 2, 3) populations.

The waiting time distribution is basic to part of this work, it represents

the probabilistic nature of the time a down component must wait before
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service begins (in a broader context the time to obtain a replacement or
some other part may be included, with due care, in the waiting time), The
waiting time is represented b, the distribution function:

Wi (s,t) = P [the time component i waits in queue before entering
service is < 8 if it joins the queue at time t 1, It should be noted that a
dynamic version of Wi is defined where its form is allowed to depend on t.
In many cases Wi will not depend on t for one reason or another., In

particular, interest may focus on the steady state value %gg Wi(s, t) = Wi(s).

Though most of the present work is in terms of exponential service,

some use is made of a genefal service time distribution denoted by:

™ (= P [repair time for component i < 7], this is not considered to

>n the time component i enters the queue or enters service.

A Fundag_nental Relation

E—

In this section a fundamental relation is developed between the com-
ponent availability y. (t) and component waiting time behavior as represented
by Wi (s,t). That relation is felt to provide a bases for a wide range of
investigations in the area of component availability some of which are
addressed in detail in this repc;rt while some others are discussed briefly

in the last section,

The fundamental relation is derived by considering how component i can
be available at time t+At from its possible situation at time t. In sucha
development, it is necessary to break the (possibly infinite) chain of events
that can contribute to availability at time t. Though it is theoretically
possible to introduce all possible situations of failure and repair, it is
extremely cumbersome to do sn, Therefore, the approach taken here is
to subsume all possible previous events under the availability at the previous
time values, The development follows.

i (t+At) is the result of two distinct gituations at time t:
1. Component i is available at time t and remains available over
the subsequent interval At (indepen&ent events by assumption).
2. Component i is not available at time t and becomes available
in interval At. Its failure within At upon becoming available is assumed

of higher order in At and is omitted from the formulation,

£
:
{2
]
3
g_
i

OV TR AT

At ATn
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If the probability of situation (2) is denoted by H, then

-
=

y; (6486 = (1A ) y, () + H

The probability H includes all cases in which component i is in the
! service queue (unavailable) at time t and completes service by time
1 t+At. A contribution is made to H by every possible service time for com-
ponent i where that time represents the service event which prevents i from
being available at time t (and hence part of situation (1) rather than H). For
component i to be receiving service at time t, it must have failed at some previous
time T and entered the service system. Upon entry, it had to wait a time
s> 0 (measured from 7)) and at time T + s its service started, to be com-
pleted between t and t+At, The passible cases for T can be introduced into
a sum of incremental terms which upon taking a limit process yields an

i integral formulation for H.

) Let A = the probability that component i was operating at time T 3 and
failed in the next AT interval.
AJ =¥y ('r ) X AT,
Let B = the probability that component i spent the remaining time period
t+At- TJ in the serv1ce system and completed service ir ‘he interval (t, t+A4t).

= lim (z P [component waited till s, from T,
8§ =% _1 k J
m—e =

'1; ! then entered service in interval (sk, 8 + As) and from that time on was in
service, completing service in (t, t+4t) measured from start of service at
T.+8

k| j

K /.

Then H=éﬁx£‘,z‘ A By
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The events involved in the detailed formulation of Bj can be appreciated

by reference to Figure 1.

Service

wait
s

 { t+At
measured from zero

Figure |. g'e%ce

By definition of Fi (t) and Wi (s, t) the contributions to the probability

Bj are given by the following expression:

m
Bj = lim y [Wi(sk+bs, Tj) -Wi(sk, -rj)][Fi(t+At-7j-sk)-Fi(t_-rj_sk)]
'%-_?c k=1

where the individual terms correspond to possible waiting times indicated

by 8"
Upon taking the indicated limits in the expression for Bj' one obtains the

Stieltjes' integral:
L T
- J T, ,=8) = .
B, L[Fi (b4 86-7,-8) -F,(t-7,-5) AW, (s, 7).

Introduction of this expression into the equation for H and formulation of
the limits in H yields:
t t-7 :
H= [ y(0 2 [(F, (t+st-r-9) -F; (¢-7-5)] dW, (s, 7) dT.
. o bo i
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e Returning to the formulation of the equation for availability of

component i and dividing through by At one obtains:

t -T

y; (t+60)-y; () ‘ ‘
At = -)\i Yi(t) + 4 yi (T) )‘i ._L Fi (t+At-S) = Fi(t-T-S)] dwl(s, T)dT.

At

In the limit as At—o, under the assumption that the service time

distribution possesses a density function fi (t), the availability relation

becomes:

o

-T

fi (t-7-s) dWi (s, T) dar (1)

t
= Ay Eyi(mi

dy,(t)
dt

o

Equation (1) is the fundamental relation that was desired. It relates

component availability yi(t) to the waiting time distribution Wi(s, t) for the

same component. The waiting time represents the system in which the

component is to operate. Features of the other components and of the

system repair and service policies are all contained within the Wi(s,t)

‘ expression,

" Equation (1) utilizes the Stieltjes' integral employing waiting time
distribution Wi(s, t) because that distribution often has a finite jump at the
I

s=0 value which presents the general use of a density functicn representation,

In this section, two extreme cases for equation (1) will be evaluated,
an additional case will be illustrated in section 2, 1.3. Potential applications

and investigations involving equation (1) are discussed in Chapter 6.

Case 1 no repairmen. This is one extreme case in the concept of
; component availability. It means that a component is only available until
. it breaks down. Thus availability is the same as reliability for this case,
The waiting time for repair is infinite so that Wi(s, =0 for all finite values

of s, Thus the Stieltjes integral over Wi(s, T) is zero and equation (1) becomes:
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which is the well known equation for component reliability with solution:
-Ait.

f - yi(t)Eri(t)=e

Case 2 repairman for each component. This is the extreme case

In this case each component has a repairman available
Thus waiting time is

opposite to Case 1.

to start repair whenever that component breaks down.
The Stieltjes integral con-

S SRS SR

always zero so that Wi (s,t) =1 for s >0.
tributes a single term at s=0 and gives zero values elsewhere.

pecialize this case further by assuming exponential

It is convenient to s
These observations yield

service time distribution with service rate e

the following form for equation (1):

t

dy . (t) ;
A -)‘iyi (t) + 1 )‘i e Myt Lyi (7) MiT gr,

E at

or alternatively:

Differentiation with respect to t (using Leibniz's rule on the right

hand side) yields:

with general solution.

5 -C -\, +u) t
yi (t)-— m-i—' e 1 i +k.

1

) 2 It remains to evaluate the constants c and k. At t=0 it is assumed that
t near t=0, before the

Thus it is assumed

¥; (0) = 1. To obtain another relation one observes tha
first failure occurs availability is the same as reliability.
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that these quantities have the same slope (first derivative) at t=0, Since

dr.(t) dy.(t)
'—dl't-_ = ')‘i e')‘it and —-air = ce'()‘i+ui) 5

the assumption yields:

B e aeln o du =
3 " RN
PV S SRR SRR

| F

dri(t) dyi(t) e i
Tt=0 i g o or c=-1i. One then obtains =)‘i ui

+

This leads to the well known result (reference 1,page 337) for

: availability when repair is undertaken at once with exponential service

time distribution:

: X, W,
3 i vty i -(A, + )t i
: | | i s L b 3 7T
1 i SR -
| with steady state value
E | | ~ _ lim y,(t) _ M4

|

: ; Though this is a well known result, it is derived here in a different way
- f ‘ than elsewhere in the literature. It follows from and illustrates equation (1).
In this context it is very clear how the availability and the system, represented

o e o

by waiting time for service, are related.

The remainder of this report deals primarily with studying the details
of the system service procedure which determines waiting time distribution
E Wi(s,t). Such considerations also yield availability directly. In Chapter 6
E | | some further consideration is given to the interplay between availability

and waiting time as expressed by equation (1).

1. 3 Combinational Queues

This report deals with component availability within the operational
x context of a system comprised of a number of components. The system
( | : has some facility to repair (or replace) components which provides the,
: actual level of compone.t availability. A relation between the system
o : service capability, as expressed by component waiting time, and the
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component availability has been described above and given mathematical
form in equation (1). More detailed study of the waiting time and the

availability may be carried out by means of a queue model.

It is assumed that a system consists of mcomponents and that each
component is characterized by its failure rate )‘i and its repair rate W..
More general probability forms can be used but are difficult to work with
(short of simulation) and this report limits itself to exponential processes.
The system is provided with a service capability, specified in each case
under study, which can be generally referred to as the service system, or
service queue. When a component fails, it enters the service queue, waits
if necessary for service, receives service, and upon completion of service
returns to operation in the system, The history of failure and repair for a
component represents the component availability. In this process of com-
ponent failure, repair, and operation the system logic plays no role. From
a broader point of view the interaction of components in system opefation
may effect individual properties such as failure rate A but any such con-
siderations are assumed to be accounted for by parameter values so far
as component availability is concerned. System availability must consider
the combination of component availabilities following the system logic. The
system itself and the set of all components effect individual component

availability only through the service queue.

Thus one deals with a queue system having a finite, fixed total population
of m district elements, each of which has its own parameter values (proba-
bilistic behavior) in general. There are three ''states' possible for any
member of the population: operational (available), waiting for service, or

in service (the last two correspond to the unavailable condition).

Such a model can be thought of as a cyclic queue, a topic that has
received attention in the literature (for example in reference 2). However,
the interest in this report is to a special kind of detail and result not con- |
sidered in the standard approaches to cyclic queues. For the kind of results
desired here,it is necessary to follow each member of the population through

the queue process. For m of any size,his becomes extremely involved to

the point of practical infeasibility, However, for m=2 and 3, it is completely
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feasible and is done in the following chapters.

Because of the detailed nature of the queues treated here, it seems
appropriate to give them the name 'combinatorial queues', This implies
full attention to the individual character of each element of a (small) finite
population as it interacts with the other members through the queue model.
The notation used for these models is Qm,r for m elements and r repairmen
(channels). In each case first come first served (FIFO) service discipline
is assumed and none of the possible variations of queue behavior are con-
sidered. Many generalizations suggest themselves for future study. An
important special case is when all the components (population elements)
are the same, i.e, )‘i ad oy do not depend on i, For these casés the special

notation Q% may be used.
m,r

’ »

The cases for m=2 and m=3, though small size from a general point of

view, are studied in detail for two reasons:

eThese cases are small enough to be given through investigation indicating
a variety of features in the nature of combinatorial queues as they relate to
component availability. '

¢ Components may be relatively complex and significant parts of a system
so that actual systems may be encountered which are usefully considered as
having only a few components. For such systems detailed studies as illus-
trated for the m#2 or 3 cases are appropriate, When this is the case, it is
felt that the combinatorial queue approach is likely to be the most powerful
treatment of system availability. By such methods, a complete analysis
(without simulation) can be produced. The kind of results and their use is
indicated by what is done for the cases in the next two chapters and also in

Chapter 5.
Chapter 2. Two Component Queues,

This chapter deals with queues of the form Qz’ 5 The cases r=0, no
repairmen and r=2, full number of repairmen have been given in Section
1. 2 where component availability is obtained from equation (1) for these
cases in general, The only case to be considerad here is whenr=1, one

repairman to service the components as they fail, Though one could form-
ulate the Q . ¢ queue analysis in terms of Markov chains and the states
’ &>




RS (7 e

of the system, the approach of this report is to use differential
equations as the mathematical representation of the queue system.

2.1 One Repairman

The notation of this section is as follows:
yi(t) = availability of component i at time t, i=1,2 .
‘;i = steady state availability of component i.

{t) = probability that at time t component j is in service and
component i is waiting for service. Only certain values of i and j lead to
possible forms of Pij namely Pyor Py1» Pozr Fr2s 21,where subscript
zero indicates np component in that situation. For example POO means
both components are operational. When steady state values are intended,

the same notation is used without the variable t.

In this notation, availability is the condition ofnot being in the service

system so that:
y, () = Pog (8) + P, (1),

Y2 ) = Poyo () + Py, (®).

Waiting time can also be expressed in terms of the queue probatilities

(t) arp g in the steady state., For simplicity consider the steady state
wa1tmg tlme distribution W (s) = Wi (0) + Pr [ a completion in f_s‘ arrival
finds one in service]. P, where P_=Pr [on arrival one is in service]. Thus

one must consider the a posteriori probabilities.

Pr [component i completes service <s | another customer finds i in

service] = 1.e™Mi® by the assumption of exponential service time.

Let 990 (1) = Pr [component 1 arrives and finds none in the service system]).

90 (2) = Pr[component 2 arrives and finds none in the service system]
qq, = Pr [on arrival component 1 finds 2 in service]

qq = Pr [on arrival component 2 finds 1 in service]

Thens
W (s) = gg (1) + (1-e ™2%) qp,

W, (8) = qyq (2) + (1-e 1%,

L, s it i Ll s i 7 T GO L
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00 Poo
where: Qoo D =9—37 %0 ¥ = 77,
00 T E" oo Py ¥ Py
- Po1 o Po2
01 " Py ¥ Py 2 Poo * P2

These values, upon some simplification yield the following expressions

for waiting time distributions:

P
g 02 -, 8
wl(s)"l'f’——_r- e 2

>0
oo ¥ Yoz

»

w,(0) = ;
2 Poo * Py

The same logical cases contribute to the general time dependent waiting

time distributions so that one has the following exprassions:

e Pj2 (t)
s,t) = - - e
1 1500“' + pozlt)

-uz'

,8>0
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2.1.1 Differential Equations

In the subsections of this section, the differential equations
for the five service system probabilities Pij (t) are presented. The first
subsecticn gives the general case and the next subsection gives the case
when both components are the same. Logical cases contributing to the
probabilities are combined to form the equations, in most cases terms in
( Al:)z or higher are never shown since they drop out upon forming differential
limits. It is felt that the various cases are clearly indicated within the

equations themselves and further discussion is therefore omitted.

2.1.1,1 General Case

The initial formulation for the combinatorial queue QZ 1 gives the

following sy.-tem of equations:
P00 (t+4t) = (1 - klAt) (1 - let) Poo(t) + (1 - XzAt) u.lAt POI(t)
+ (1 - llAt) uzAt POz (t)

P01 (t+At) = (1 - )zAt) (1 - ulAt) POI (t)

+2,8t Py (t) + w,ot P, (t)

1

Py, (t488) = (1 - A 8) (1 - u,B) Py, (t)
+ 2,86 P (t) + 1, 8 Py (8)

plZ (t+At) = l] M (1 - uzAt) I:’G2 (t) + (1 - uzAt) P12 (t)

p21 (t+At) = let (1 -u, At) Py (t) + (1 --ull.\t) Py (t)
Upon renewal of some higher order terms in At the system becomes:
l"c’0 (t+4t) = (1 - llAt-let) Poo (t) + ulAt Po1 (t) + uzAt POZ (t)

Poy (t48t) = (1 - ), 0 - uy &) P, (8) + ;86 Pyy (8) + 0,88 Py (1)
Pyy (486 = (1 - X 8t - U, B) Py, (1) + 2,8 Poolt) + 1,8t Py (t)
Py, (t488) = ) 8t P, (t) + (1 - uyBt) Po(t) '
Py, (t48) = 2,86 Py (t) + (1 - u8t) Py (1)

e

e e i G S A

T S

e - LS
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Forming differential quotients and taking the limit as At—0 results in
the following system of difference differential equations. Since the
difference is accounted for completely by explicit expression of each

function, the system is in fact a system of differential equations.

dPoo(t)

—(11+12) Poo(t) + Pol(t) + oy Poz(t)

-0y t) Pop(0) + 3, Poolt) + 1, Pypt)
02"
= = H,) Poo(t) + ), Poo(t) +uy Poyy(t)

= ~u, Ppo(t) +3 Fpo(t)

aP, (1 :
—5— = M) B+, PG (t)

One can in principle solve this linear systei‘n by transform
or other ""elementary' methods. Such solutions become extremely com-
plicated. Therefore, it is felt that numerical solutions, for selected
parameter values should be used to obtain desired solutions and to
appreciate the nature of such solutions, some such results are given in
the Appendix. Another approach is to study the steady state as done in a
subsequent section, Still another approach is to consider the similar
components case Q;’ 1 which is done in the next subsection. Before turning
to that topic, the ''transformed'system is expres sed below as a matter of
general reference. To formulate that system, the notation ?ij(s) is used
for the (Laplace) transform of Pi (t) and assumed initial values are Pij(°)=°
except for i=j=0 and P00(0)=1. This results in (the dependence on s is not

explicitly shown):
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(543 #15) Pog “M1Pgy “H2Po2
=) Pgo + (sthty) By -M2P1p
-} 2P0 Hs+) (+4,) Poy -U1Py)
- Pz (sH4,) By
-}2Pp1 s+, )P,

2.1.1,2 All Components Are the Same

In this case )l=lz=l and ul=uz=u so that POl(t) = Poz(t) and
Plz(t) = le(t). The typical values pOI(t)' Plz(t) and their transforms
501(9), ﬁlz(s) will be used, There are now only three quantities to be

determined rather than five, The transformed system is:

-)p’oo + (s+X+u) 301 u@'lz =0
-8y, Het) By, =0

From which one obtains:

)
Pigw = w3 Pt

3 A (s+u)
Poi = gEyzexs  Fool®

and

e2iuli2uens

Bools) =

8 (a~r1T t-rzf
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where = 5

k- .  @maea -NDPray
& : A

T2

Standard algebraic reduction and partial fraction expansion yields the

solution in terms of the quantities:

1 1 |
B B , b= 4 c= -
227 + 2 u + uz ry ’XZ ¥ 4 rz‘sz + 4)\u

The results are:

Sk b et ekt et e e B T I TR I

Poo(t)=u2a+(rlz+r(2u+))+uz)b 1ty (rzz+rz(zu+x)+uz)c e

Py, () = wa + Mr ) beflty ) (r,ta) ¢ e"2°

Pp2(t) = Py, (t)

P, = 123 +3% b eT1% 2% T2

PN T T T S R e — -
S S A G RS 2¥s . el s DR s Tl IS

PZI(t) = PlZ (t)

EeT———

The values r, and r, are negative for all positive values of A and u
(which are never negative, being rates of events). Thus limit values exist
for all the Pij(t) quantities for all },uvalues. In infinite population queues,
this is often not the case but here all the probabilities are defined for any

d

time.
Direct calculation establishes that the sum

e S A el Al # T,

POO (t) + 2 POI(t) + 2 Plz(t) = 1 as it should be.

The steady state values when the componerts are the same raay be

found from the above expressions to be:

. z l

5 .
0 - 142 (%) + 2( a-)z

S
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: A
Poi * Bgz = lim. Py,ith = ~— Pgqy

t—e

4 2. 2
P1p = Py = lim P,(t) = ({7) Pgg

e

This result will also be obtained as a special case of the general steady ¢

state results in Section 2.1,2, 2.

2.1.2 Steady State

In this section the steady state values for Qz. 1 and Q;' | are obtained.
This is done by supposing that the probabilities have become constant over
time so that their derivatives are identically zero. A system of algebraic
equations is obtained for the steady state probabilities. Lower case letters are

usedso that p.. is the steady state version of P..(t).
le 1)

2.1.2.1 The General Case

The equations presented in Section 2.1. 1. 1 yield the following steady
state system:
-(\#15) Pog + My Pg1 * Mz Poz = 0

o

-ty poy + Ay Pog t M P12 F
() Poy + X5 Pog F My Py =0

~ua Pt M P2 = 0

My Py 2P =0

Solution is (by successive substitution)

)1 +3,
= 2 P
s Po2 2 p1u1+)2uz+u1 u,| Poo

5 Pl I.)l"')‘z"'“z ']

)

P
1 l"l“l“z“z’““l“z_l 00

RSo [

SR A PR ¢ gilan kot il es Ll e Lt ont
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since the sum of the probabilities must be unity, we get p,, by forming

that sum: Pgoo = é where

A+, +U A X+uz A, A )l+kz+u1
oereny g, [t 2 fengey

3ihs ["1”2*“2]

The expression for S and indeed for any of the above values does not

+

where A=)\ lu1+)2uz+uluz

e il appear to simplify for general values of )1, )z, My and Moe To study them,
JE one must employ numerical evaluation one form of which is discussed in

Chapter 5. Other numerical results are presented in the Appendix.

. | 2.1.2.2 Components The Same
f | When )l = )2 = ) and My = My = U are introduced into the general steady .
t state solution given in the previous section one obtains directly: 4
4 ) X2
B | = 1 - 2 -
1 S + 2 (u) + (u)
E 4 1
: s SRS X 2
‘ l+2(-&-) + Z(-J)
i )
: = P
bl . Bo1 = Poz = (2 Poo

T .Y
P12 = P21 = (" Poo

in agreement with the values previously obtained in section 2.1.1,2,
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2.1.3 An DNlustration of theFundamental Relation

As described above, the QZ, 1 results can be used to formulate
yi(t) and wi(s,t) for this case. It is interesting to introduce these values
for one component, say i=1, into the fundamental relation, equation (1) of
Section 1.2 and observe that the relation does indeed yield an identity nader
such substitution. This gives a kind of closure to the two distinct approaches

developed in this report and indicates the complimentary role of each approach

in the study of component availability.
Set i=1 in equation (1) of Section 1.2 and assume exponential service

time distribution to obtain:

dy,(t) t t-T

__a!t._ = =Ny, + Jyl('r)ll Lul eTMpE=T=8) w, (s, 7) d7
(o]

Let

t-T
J = J. My e’ul(t' 7-8) d wl(s, ), then using material introduced previously
o

for the waiting time distribution one obtains:

(t-7) =T uy(t-T-s)
J=u P igs w,(0, 1) + rul ' Saud Basnidn Wy Pop (M)
‘o e M2% gs
P (T)® T
00 02
where d w(s, 7) & My P oo (T) -uzs,
ds % T)+ T ©
00 02
wl(O, ) = POO(T) |
POOTT)+POZ(T) ]
Simplification and evaluation of the integral in J leads to: 3
H ¥ Mey Paa(T) By Pas(T) 1
1 wplt-m Y2 02~ -uplt-7) 2702 ' -uz(t-7)

J =F_TT_F—-(—$ P (T, e
00(M+Pg,(T) | 00 Hy-Hp Hp-H
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From previous work yl(T)=P00(T)+P02(T) so the present version of

equation (1) becomes;

d[P, (1+P,,(M]
00 2 = .3 [Pgg(HPg,(1]
fup) ) (t-7)
+  fi | “Mylt-T g (-
foul_uz;ulpoo("—) e 1 "HZPOO(T) e 1
“U,P (1) e H1(t-7) + UyP o (T) e M2t 4.
Alternatively:
d[P, . (T)+P,, (7]
oL It 2 - A [Poo(™) + Pyy(1)]

t t
45 e et P,..(7) eule'r+———-—-ul)1u2 e M2t p__(7) eH2Tar
o 48 | 00 Uy-uUy 02
o o

[V SV t
Pl 30 e G L - L dw} o
My-H, 02
(e}
Turning to the queue equations for Qz 1 shows that:
’

d[Poo(-r)+P02('r)]
dt

- ()\1 + Xz) Poo(t) + HIPOI(t) + uzPOZ(t)
- ()\1 + uz) Poz(t) + )2Poo(t) + ulel(t)

Therefore the present form of equation (1) will be established as an identity

if the bracket expression in equation (&) is shown to be ul[POI(t)+P21(t)]'

SRR IR

Ty AR

S ,.__.-u.m».,..-.——.—.‘
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For simplicity the My multiplier may be divided out at once since it is

present in every term of the bracket.

From the differential equations, one obtains:

© e e e I I A S R Ry

| d[POI(t) + P21(t)]
“ dt

= -y [Py, (®) + Py (0] + 2, Poo(t) + uyPyo(0)

where d Plz(t)
dt

+ u'ZplZ(t) = )\lpoz(t)

t
so that Plz(t) = )l e'uzif eM2” POZ(T) dT which may be introduced into
o

the differential equation above to give

d[Py, (+P,, (t)]
dt

t
= -dst M2 T
+L.11[P01(t)+P21('c)]_)IPOO(t)mZ)1 e Zfe Poz(-r) dr
o

which upon integration yields:

SHESRECESED v

t
o sugt W
POl(t) + PZl(t) = e lf A e 1 Poo(w) dw
o

t w
+ Uyt e'“‘ltf eH1¥ e'uZ“f eH2” POZ('r)dT dw

o (o]

The first term on the right is equal to the first term in the bracket expression

in (a) with Hy divided out. Integration of the second term by parts yields the

i remaining two terms of the bracket expression as follows:

w
Let u=f eM2” Poz(‘r)d'r and dv = e(ul'uz) Waw then the technique of

integration by parts yields:

t w
TR e -HIt [ M1V o -HzW( euszoz(w) drdw =
o o




i

- t t
P PRCTRPAL M T MpT
uz)\l e e e Poz(,'r) dr - e Poz('r) dr

U= & S )

-
o TR .Mm:m‘”m

t t
-Mot M2T -Mqt ul'r
_Hp e zje Poa(MdT  Mp)y 1fe Py, (ndr
(o]

HyHy Hy-¥y @0

as required,

This illustrates that introduction of the values wi(s,t) and yi(t) obtained
from the solution of QZ 1 satisfy the fundamental relation, equation (1),
as in identity. :

2.2 Summary Results.

Because of the relatively complex form .of the solutions even in the two
component case, general results require numerical calculation, Some such
considerations are presented in Chapter 5 and the Appendix. In this section

~the case in which both components are the same is summarized in terms of

the algebraic solution forms.

For two components, the only cases possible are Q;, 0, Qg 1’ and
Q; 5 8° long as a FIFO service discipline is assumed. This re’port does
not consider generalizations of the combinatorial queue problem, Q; o has
the (reliability case) solution §
: Y
y(t) = e
The steady state value ¥ = )tg.p y(t) = 0 for this case.Q; 1ha.s solution

for component availability.

t

v(t)=(uz.+,u7\)a+[rf 1 r1(2u+l)+u2+)(r1+u)]b e"lt+[r§ +r2(zu+u+uz+x (r2+u)]c e’2

G O T TR g 1 4

where . (3)+2y) VA% + 4y (32 + 20N )2 + 4y
b 7 ¥ 3

» r2=

1
a=—s

1 -1
b= c= e s
2 Xk .
AR BT rl«})z+4lu rz'\} )!+4)\u
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Figure 2
Chapter 3 Three Component Queues

This chapter deals with a system having three components, The FIFO
assumption is made as is the assumption of exponential service and
exponential breakdown distributions. Special cases for steady state and all
components the same are considered. There are a total of four possible
3,0 Q3 1’ Q3 2 and Q3 3 The first and last
of these have already been treated in the general results of Section 1.2,
This chapter treats Q3’ j and Q3' 2 Results become complicated and can

not readily be carried as far as the two component cases. It is f2lt that

kinds of repair queue: Q

for more components special studies are called for and simulation of cases
of interest might prove as (or more) effective as the differential equation
approach. However, the material in this chapter should serve as a guide to
the more involved cases. It is, of course, useful in its own right when a
system consists (in some operational configuration) of three com_ponents

(likely to be individually complex).

3,1 One Repairman

In this case the notation P, k(t) is used for the probability that at time t,
component k is in service, j is next in line waiting for service, and i is
second in line waiting under the FIFO discipline. The value 0 means no

component occupies the indicated position, Possible service queue

probabilities are:
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Poo0 meaning none in the service system,

Pgor Poo2’ Poo3’

Po21’ Po31: Po12:Po32’Po13’ Po23:
in service,

meaning one in the system and in service,

meaning one is waiting and one

P13 Pa13r Pr3zr P3y2r Pa3pr P32gpe meaning two are waitinc an- one

in service.

Availability is given by appropriate combinations of the service system

probabilities, for example:

Y18 = Pooo() + Pogplt) + Pyos(t) + Pogy(th + Poss(t)
(i.e, component 1 is not in the service system). Waiting time can also be ]

considered as illustrated in Chapter 2.

3.1.1 Differential Equations

In formulating the differential equations, higher order terms in X are

either not included or are removed as limits are taken. The equations are
formed by considering the logical cases that contribute to the probability

values under the exponential distribution assumptions - LT A 1SS

3.1.1.1 The General Case

PR e T e

The system of equations for queue probabilities at t+At in terms of

values at t follows:

000 (EFBO=[ 1-00 43, 43 ) ] P (8) + 1y Bt Py (£, 8 Py (t)+ug M Pog5(t) ?

(t+4t) =M1-u, atjl1-( o+ 3)At] POOI(t)Hl At Pooo(t)+u2At P12, AtP°l3(t) ‘ a

Aot s

001
002t At):[l-uz At][l-(xl+)«3)bt] Pooa(t)H) bt Pyoolt)tu; it Pozl(t)+u3AtP023(t)

P
P
P
Pgoaltt At)=[1 M4 at][1-(A 2 5) At] P003(t)+) 3 AtPooo(t)+ul M Py (), MP (4, (t)
P
P
P

e

021 tHa)=(1-u; MN1-) S 80P, (42,8 P, (t) + U bt P,13lt)
o031 (tHot)=(1-u, At)(l-)zAt)Po3l(t) +, 0 P001(t) +uy bt P3lz(t)
o012t 8)=(1-u, At)(1-) 31\t)P012(t)+> 18 Ppgo(t) +us bt Ppoalt)
Po3z(t+l\t)=(l-uz M)(1-24 At)P03z(t)+)3At Pooz(t) + 1y bt P321(t)
P013(t+1\t)=(1-u3l\t)(l-)zAt) P013(t)+)1At P003(t)+ uzAt P13z(t)
P023(t+At)=(l -u3At)(l-) lAt) P023(t)HZAt P003(t)+ ulAt P231(t)
P ,5(tsat)=(1-u,5t) Ploalt) + ) 8t Pj,3(t)
(t+At)=(1-u3At) Pyis (t) + 3,4 Po“(t)

P13




ol =

Pg, (EHM)=(1-u,08) Ppoo(t) + ) 8 P (t)
Payp (EHM)=(1-u, ) Pyoo(t) ) 406 Py (t)
Poyy (b M)=(1-py &) Pyy (B) £ )5 M Pygy(t)
Py,q (t+8)=(1-u &) Pyy () + Nyt Py (8)

Upon division by At and passing to the limit as At-0, one obtains the

following system of differential equations:

d_P%‘z_"it_) = -0, ) Pyoo(t) +u Poo ) + Uy Pooo(t) + g Poost)
fgdgt_l_(t_) = =y ,Hg) Pog )+ 3 Pogolt) + 1y Popplt) +us Poy5lt)
il‘)%%ﬁ = =yt 3 g) Pogylt) + XpPga0(t) + 1y Pooy(t) + 1z Pops(®)
f%%%(—t) = -(ugt#2)) Pooslt) + X3Pqqq0(t) + Uy Pz (1) + U, Posplt)
TR g Pon + 22 P+ Py
?g?t_l(_t) = -4y +25) P031(t) +), Poo1t) + 4, P3lz(t)
f%lg"('t') = -lugtrg) Popolt) + 2 Pogolt) + 13 Pragy
ff%%_gf‘_’ = =(uph) ) Pygolt) +35 Pgp(t) + 4y p321(t)
f_%l?-”_(_t) S -lugh,) Pyyat) £ 3 ) Poos(t) # 1y Pt
f_gT-’-i(__t) = (gt ) Poa(8) 2, Pooa(t) +1) Pyy ()
? f%%é.(_t.) = sy Piaglt) # Xy Posalt)
_‘Eza_lt_a_(i’ = M3 Pyia®) + 1, Poyst)
dP;3,(t)

—qr— = M Pp3at) ) Pygolt)

ey
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g dP4y,(t) :
"5 —3r— = M P3pt) +23 Pyt
dP,,, () |
—Fr— T My Pyy;(t) 42, Py t)
dP 35, (t)
—Fr— = M3 P31t #33 Pyyy ()

This system can only be treated by numerical solution methods. Some
results are presented in the Appendix. The steady state can be considered

p ' along with some special cases. This is done in the present chapter.

3.1,1.2 All Components The Same

When the three components are the same u;=U,=U;=U and)1=)z=)‘3=).
The sixteen probabilities reduce to four, which are taken to be (as typical
E cases) Pooo(t), POOl(t)' POIZ(t) and plZS(t)' The differential equations
E ] become:
dPyoolt) _
dt

!
| 23} Pyoot) + 3u Py, (¢)
1 { : dP 5, (t)

— = =(u+2)) Py, (t) +) Pogo(t) +2u P012(‘:)

3 il VA
‘ 1 —T o -(u”‘) POIZ(t) + ) POOl(t) + P123(t)

dP,5(t)
~AE . P By W)

. ( Though considerably simpler than the full system when the components

- i differ, this set of equations does not seem to yield a simple closed form

solution with reasonable effort, One approach to solution is to take the

, { Laplace transforms using initial conditions P000(0)=1 and all other
: probability values zero at t=0. This results in the following set of equations

in the transform variable s,
s $00(8) - Poo(®) = =32 Pggo(s) +3u Py (s)
s Pygp(s) - P (0) = -(t2)) f’ool(’) ¥ X f’ooo"’ +2u P ,(8) _
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s Pyy,(8) - Poy(0) = (ath) Py o(8) + A Py (s) +u Py,ale)
s Pyp3(8) - Pppg(0) = -u Bypnls) +2 Ppypp(e)

which become, upon substitution of initial values:

(s+3)) f’ooo(s) =14+ 3u 13001(3)

(s+u+2)) i’OOI(s) =X f’ooo(s) + 24 13012(5)

(s+u+)) 1;012(3) =) f’ool(s) +u 13123(3)

(s+u) Py,4(8) = 2 By ,(s)

It should be kept in mind that there are in fact 6 values like P,,,, 6
like P, and 3 like P,,, these being representative values.

The above system yields:
f o0 P A2 Bl
123'77 7 s+u 012'%) = sFu)2 + 1= 001

= A (sty) E
P (s) 2 —— P (s)
012 (s+u)2+)s - 2001
£y, 1[(s+u)2 + As] B (s)
001 (s+u)3 + 3)s (s+u) + 22 s 000
So that:

3
~ ) ~
P23 =3y Poool®

ﬁ s )2 s+ p v
012'®) = (s 000'®)

" 2 o
Poo1(*) ""‘L—%('T_l) el Bogole)

where h(s) = (s+u)> + 318 (s4a) + 2)%s

Poool®) = -
0007 = (Tistut1) + 32 (s41) (s4ut)) + 222 (1)}
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This does not seem to reduce to simple closed form expressions
though of course the general nature of the solution is clear in terms of

the roots of the denominator.

One can consider the limiting form (steady state) for the probabilities
since: :

&%‘ s f’ooo(s) = POOO’ the steady state value, with similar expressions
holding for the other probabilities.

Now 13000(5) = %’- + terms corresponding to roots of the cubic expression
in the denominator of 13000(8). By setting s=0 in the algebraic formulation for

the partial fraction expansion of f’ooo(s) one obtains

a= 1 , Where p= %

143 0+6 p2+6p3

Therefore, Pooo = lsi_rg s f-"ooo(s) = a (as given above)

L}

and similarly Poo1 P Ppoo’

L
Pg12 "3 Pooo’
P123 = P” Pooo’

These same values will be obtained as a special case of the steady state
condition in Section 3. 1.2.2,
It is interesting to note that
Pooo * 3 Poo1 * 6 Po12 * 6 pyy3= (1+3p+6 p2+6 p3) Poo0 = 1 as, of course,
should be the case.

3,1.2 The Steady State

The general steady state equations are obtained by setting the derivatives

. equal to zero in the equations of Section 3.1.1.1, Steady state values are in-

dicated by a probability notation without dependence ont, e.g., Py is the
probability that no components are in the service system.
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. 3.1.2.1 The General Case

When each of the three components are allowed to have their own values

of X and u, the one repairman steady state equations are as follows:

(A #2542 3) Poop = M1 Poo1 T M2 Pgoz * H3 Poo3
(412,42 3) Pog; = ¥ Pooo * 42 Po12 ¥ U3 Po13
(uy#21+23) Pooz = X3 Pogo * M1 Poz1 * M3 Po23

(M#} 1425) Pog3 = ¥3 Pggg * M1 P31 t M2 Po32

M1+ 3) Pgz1 = *2 Poo1 * M3 P213
43+ 3) Po31 = 23 Pog1 * H2 P32
(Up+X3) Poyz = X1 Pooz * M3 P123
(My+))) Po3a = 73 Pooz * M1 P32t
(W3+25) Po13 = Ay Poo3 ¥ M2 P32
(3#21) Pga3 = 22 Poos3 * M1 P23y
M3 P123 =) Po23
‘ M3 P213 = 'z Po13
1 Up P13z = *1 P32
. Uy P312 = 13 Po12
Uy P231 = *2 Po3g
Wy P3z1 = }3 Po21

The last six equations yield six of the probability values directly in

terms of another six values, One can write the other ten equations in terms
of ten probability values by using the relations given in the last six equations.

This procedure results in:

(#2243 3) Pggo = M1 Poo1 * M2 Pooz * M3 Poo3

T | s 2 H3
001 *d;~ Pooo " & Po1z * & Pois

R . S b E L A  vt s
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; M
2 O 3
Poo2 * . Pooo Ta, Po21 @&, Poz3
2 2 2
e iy U
Poo3 = a. Pooo "o, Po31 T, Pos2
: 3 3 3
ul-l-k
g
Pp21 ® Poo1 * Po13

5)
T P31 = Poo1 * Po12
X T4 Poiz” Pgez + Po23

~ %y ¢ Posa T Pope + Po21

i Po13
Uq + )l
5 ) Pp23 = Poo3 * Po31

[}

Poo3 * Pp32

Whereal=ul+)\2+)3, a2=u2+)\1+)\3, anda3=u3+)1+)2.

In principle this system can be solved in algebraic terms to yield the
probabilities as functions of the six parameters Mo )i’ i=1,2,3. However,

the results become extremciy involved and it is not considered to be

practical to proceed in this "direct' way.

Numerical solutions of the linear algebraic equations seem to be the
most reasonable way to obtain particular results. Some examples are
given in the Appendix. In addition, the special case of equal components
is considered in the next section. An alternative approach to utilization

of these equations for the study of component availability is discussed in

Chapter 5.

3.1.2.2 All Components The Same

When the three components are the same yu, = u and 3, = A for i=1, 2, 3.
Moreover, many of the probabilities are necessarily equal, e.g., Pgqy =
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Pp02=P003* Po12°Po21°Pp13~Pg3 2nd so forth. Typical probabilities
used are Pooo (unique), Poo1 (three like this), Po12 (six like this), and
P23 (six like this). The equations defining these probabilities are:

* Pgoo=4 Poo1
(u+22) p401=? Pggo + 24 Py 12
U+ 2)py12=? Pooy tUPy23
; Upy23- APz
3

Let p = H , then the solution is:

Poo1 ©  Pooo
oy
Po12 = ® Pgoo

S
P123 © " Pooo
Since the sum of all probabilities is unity one finds:

1
1430460 +65°

Pooo =

These results agree with the special limit case given in Section 3.1. 1, 2.

3.2 Two Repairmen

When there are three components and two repairmen, one must consider
a total of ten service system probabilities pijk(t) where k and j specify
components in service and i specifies a component waiting for service with
both repairmen occupied. The quantities to be considered are (all are
fractions of time in the general case): P00’ Poo1’ Pooz’ Poo3’ Po12’ Po13’
Pg23» Pi23» P213s P3jp- Note that the indices specifying service are
unordered, they simply tell which one or which two components are in

service,

3.2.1 The differential equations

The usual procedure is followed in this section. Values of the service

probabilities at a time t+At are expressed in terms of appropriate values at

e
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time t, Higher order terms in At may be omitted in the formulation, or if
| - included as part of the initial concept stage, fall out upon forming limits
as M-0. Somewhat more care is required in the formulations for this case

than in the cases delt with in previous sections, as discussed below.

3,2.1.1 The General Case

e e o e
SIS S

Because of the two servicemen, it is possible (as a logical case) that

two distinct service activities could be completed in the same time interval

At. Though a logical possibility, this is in fact an event of hicher order

when using independent, exponential service time distributions, Due to
the somewhat complicated nature of this case, an initial formulation of
the equations is given below, followed by the resulting system of differential

Some higher order terms are included within the initial form-

—

‘ * equations,
‘ ulation.
pooo(” at)=[1-0 1+)2+)3)At] Pooo(t)ﬂ;lu POOI(t)+u2At Pooz(t)+u3At P003(t)
+ higher order terms in At,

| % Py (b 8)=(1-3, B60(1-2 5 86) (1-uy 8P o () + Xy (1D B)(1-0 3 MIP(8) +

U, B(1-uy 8)(1-X 3 8) Py o () + U3 bt Poy5(t)

1 _ Uzt Poyslt)

P o3t M00=(1-) lAt)(l-)zAt)(l.-u3At)P003(t)+)3At P o0 (t1HH 8 Py 5 (614, 0t Posys(t)
2 pOlZ(t+ At):(l-)3At)(l-ulAt)(l-uZAt)POIZ(tH)zAt(l—ulAt) POOl(t)+

: i 701U M) P () + st Pyps(t) + gt Py y4(t)

P013(t+ At)=(1-> 2 At)(l-ul At)(l-u,3 At)POI3(t)+) 3151:(1-;).:l At) POOl(tH

N dyitlu, ) Foost ¥ Baft Pagp(f £, 8 Bypyft

P, (t+at)=(1-) . -
023t 86)=(1- ) A) (1o, M) (1-ug M)P 5 5(t) + ) 506 (1-1,88) Ppyoo(t)t
(1-ugft) Pooalt) + uybt Pyoa(t) + u; 8t Pyys(t)

P
P123(t+ At)=(l-uzl\t)(l-u3 At) Plz3(t) + llAt P023(t)

P213(t+ M:):s(l-ul At)(l-u3At) P213(t) + )zAt P013(t)
P3lz(t+ At):(l-ulAt)(l-uzAt) p312 (t) + )\3I.\t POlZ (t)
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o Upon taking the limits as At—0 after first dividing by At and forming
appropriate differential quotients one obtains the following system of

differential equations for the service system probabilities.

dP (1)
= = #35403) P (t) U Pogy (8) + 1w, Pooo(t) F 03Pg05(t)

%

T Y N —_
Lilag L Dbl ooatad s WOLPE 2

|
|
|

= ()2 542 3) Py () + 3, Poqo(t) + uyPoyo(t) + WaPgy5(t)

n

=y th #23) Py (t) + 3,Pq0(t) + Wy Poyop(t) + UsPysslt)

t

= =(ugth 425) Pogs(t) + 33Ppa0(t) + 1 Py + 4P g5 5(t)

= =P 5) Popo(t) + 2 ,P00) (8 + 3 Pooo(t) + WaPyoa(t) + 1aP55(t)

|

dP, 4 (t)
s
$onlt!
dt
dP 5 4(t)
Eay |
st
i
dP. . .(t)
3yttt
—t — = -ty Pao(t) + A3Pg,

il

-lugtusdy) Popg(t) +35Po0 () + 3 Pogsalt) + WPy, o (t) + U, P 5 5(t)

~(UpHtia#h ) Pos(t) + 23Poq, () + A Poga(t) +u) Poyslt) + 1Py, (t)

-(ptiz) Pyas(t) + 3y Pyosl®) E

T m— e i —

-(uytus) Pypalt) + 3, Poyslt)

(t)

T T T ST

This system is complicated for a general solution in terms of closed ;'
b i form expressions depending on the six parameter values. Special cases

E are considered and some numericzal solutions are given in the Appendix

. 3.2.1.2, All Components The Same
In this case ;=M and )izl for i=1,2,3, It is also true that POOl(t)zpooz(t), | i

=P003_(t), POIZ(t)=P013(t)=P023(t), and P123(t)=P213(t)=P3lz(t). These

correspond to one in the service system, two in that system, and three in

o b e
et s < o
. .
.

that system (with one waiting) respectively. Typical quantities are used

for each case, the probabilities used are POOI(t)’ POIZ(t)’ and P, ,,(t).
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The differential equations for this case become:
EE%}_Q_Q R o Pooo(t) + 3u POOl(t)
dPpop(®) |
s | o (u+2)) POOI(t) + ) Pooo(t) + 2u P012(t) |
dPy ;5 (1) i 3
s | el (2u+>) P012(t) + 2) POOl(t) + 24 P123(t)
dP123(t)
——— TP+ 2Py,

As observed in Sectica 3.1, 1.2 for the one repairman case, it coes

not seem possible to get useful direct solutions to this system. Numerical

values can be computed and the steady state limit considered (as was
It is

done, using the transformed system for the one repairman case).

felt that these techniques are sufficiently well illustrated for other cases

and no further coasideration is given to this case in this report.

3. 2.2 Steady State
The steady state equations for the three component, two repairmen

case are obtained in the usual way from the differential equations of

E | Section 3.2.1.1. The nota.tion‘pijk is the same as in the time dependent

case except that the service system probabilities do not depend on time

in the steady state.

3.2.2,1 The Ceneral Case
The linear alpgebraic system which defines the service system steady

state probabilities is as follows:

b =
0 1425%23) Pooo = Y1 Poo1 ¥ Y2 Pooz ¥ H3Poo3

(U #2542 3) Pogy = ¥ Pooo * M2 Po12 F H3Po13

(a#2 #33) Pggp = 5 Pogo * M1 Po12 ¥ M3 Po23

342 14#35) Poo3 = 23 Pgop + M1 Po13 * Wz Po23

Bl - (y+,423) Py = 25 Poo1 + g Pooz t 43 (Pr23 * Pay3)

(M +a3#25) Poy3 = Y3 Poor + 71 Poo3 * Mz (Pyyp + Pyaa)

(#d3#31) Poa3 = 23 Pooz * 72 Pops t ¥y (P13 + P3p))
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(uptus) Pya3 = 1 Po2s

() +u3) Pa13 = P2 Po13

(uyhp) P31z =73 Por2

It does not seem reasonable to use this system to express the service
system probabilities directly as functions of the six parameters i, )i
i=1,2,3. Numerical solution of the systemn for various parameter values

is a much more reasonable approach to the generation of specific results.

Some numerical results are given in the Appendix. An alternative approach

is discussed in Chapter 5. The special case with all components equal is

treated in the next section.

3.2.2.2 All Components The Same

In this case W=l and }.=) for i=1,2,3 and p,,,=Py02Po03’ P0127P013
=P23r and P23 P213°P312° The probabilities represent one in the service
system, two in service system and three in service system with one waiting

for service. The quantities Poo1’ Po12’ and P,,3 are used as typical

quantities. The governing equations for this case are:

} Pooo = 4 Poo1
(u+23) pggy = * Pggo * 24 Po12
(2u+)) pgy5 = 22 Poop + 2H P23

24 P13 =7 Po12

3 The solution is:

.

Poo1 = °Pooo

i
Po12 © " Pooo

P23 =% P 3 Pgoo

where there are three probabilities of each type and

1
Pooo © Z.

-3

1430+30 +-§—p
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s Some general results in the case of all components equal are given in
| Chapter 4.

3.3 Summary Results

Because the solutions for general parameter values are so difficult

to express in terms of Uy and )\i, summary results are discussed for the

all components equal case as was done for two components in Section 2.2,

S

Three components, with all components the same, allow four cases

YO A

without generalization of the basic queue assumptions (e.g., requiring
FIFO conditions). These are denoted by Qg’ 0’ Qg’ 1’ Qg, 2 and Qg, 3
The extreme cases 03’ 0 and Q3’ 3 have been treated in general in
Section 1. 2,

Unlike the situation for two components in Section 2, 2, the time varying
expressions for service system probabilities and hence component avail-
ability have not been obtained for the cases Q; 1 and Q;, 20 Some numerical

results can be found in the Appendix. However, the steady state values can

be summarized here.

Q

g 0 steady state value .}.’o =0

T T
Q3 1 ¥ =Pgooot 2Poo1 * 2 Po13

»

(based on component 2 for example)

L zas 2pt
y_

i 1+3p+ 60 -I-6c>3
: s 22

B Q3,2 ¥ =Pgoo* 2 Poo1 * Po13
: Note that the notation Pijk differs between cases Q, and Q3 p» i the
latter when two are in the service system only one case’re sults (!;oth in

service) in the former two cases (since either customer can be the one in

service),

2

3

1+3p+392+3o
2
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Direct algebraic comparison establishes that 9‘° < ;71 < 72 < 573 for all

(positive) values of p= -2-1- as one would expect.

The spread between values like ?1, y‘r“z or )”r'z, ?3 serves as a potentially

useful measure of what is achieved by introducing an additional serviceman
into the service system. Figure 3 allows such a comparison as a function

of p. Of course one repairman gives meaningful values of availa-
bility in relation to the zero value in the no repairman case. An additional
repairman is seen to be increasingly worthwhilé as pincreases. However,
going on to a third repairman produces limited effect for the values of o
shown, As pincreases, the three repairman case will be a real improvement,

However, such values yield rather low availability in any case due to the

tendency of components to fail at a faster rate than they are repaired (p>l1).
Such component availability values should be avoided in design unless there

is no chance to avoid them.

Chapter 4 The General m Component, r Repairmen Case when All

Components are the Same.

The cases of two components with one repairman, three components

e

with one repairman, and three components with two repairmen have been
treated in previous sections for all components the same. In this chapter,

the all components the same cases are given general treatment for m

a2

components and r <m repairmen. The cases of no repairmen and m

repairmen were treated in Section 1.2 by means of the fundamental relation,

equation (1). However, the combinatorial queue model can be used to obtain
the result for m repairmen as well, An example of such a development for

m=3 is given by the equations.

dP(t)
—3r— = - 3 Pylt) + 3u P (t)

dPl' (t)

— - (u+2)) Pi(t) + ) Py(t) + 2u P,(t)
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dP, (t)
—5r— = - (20 +2) Py(t) + 2 Py(t) +u Pylt)
dP,(t)
— = 3u P,(t) + 3) P, (t)

where Pi(t) = probability that there are i components in the 3 repairman
queue at time t. The basic assumptions of the combinatorial queve model,

previously specified, should be kept in mind.

The steady state values are determined by the following system with

=2/ u.
P1= Py
(U+2) py=) py + 24 B,

(2u+?) p2=21 Py t i py

P3*E R,
with solution plzé Pyr Pp= 02 Py» P3= (\3 Py and Po= } > 3
1+3p+3p +0p
3 14204 o° 1
The availability is § ~ = p0+2pl+p2 = . ey 7
143p+3p +p

in agreement with the result from Section 1. 2.

As a general approach to the same components case one considers
Pk(t) as the probability that there are k components in the service system
at time t, out of a total population of m components. The steady state
expression is Py In the case of Q:n, #Px indicates k receiving service
and some waiting if k<r, otherwise r are in service and k-r are waiting.
The availability for a component is the probability that the component is
not in the gservice system. If k are in the service system and m-k are in
the remaining (available) population, the probability that a particular
individual component is available is (m-k)/m on the assumption that all
the components are the same. Thus:

y=Pr (component ' a" is available)
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m
= l:- Pr (' a' is in non-service population ‘pop’ulation size is m-k)

0
Pr (population size m-k)

LB k)

T k=0 m

Consider the case Q:n 1 (m=2, 3 have already been discussed), for

which the defining equations are:
Py (t+At) = (1-m) At) Po(t) +uat Pl(t)

P, (t+4t) = [1-(m-k) ) A] (1-udt) Py (t) + bt P, 1 (DHm-k+1) 2t P,

for k:l, za' e ’(m-l)
Pm(t+At) = (1-ubt) P_ () + AP (1)

These yield the difference differential equations:

dPo(t)

BT S m)Po(t) + uPl(t)

-d—l;%—(i) = -[(m-k) Y+u] P, (t) + uP, () + (m—k+l))Pk_l(t), k=1,2,..., (m=-1)
de\‘,t)

ey R M Pm(t) + ) Pm_l(t)

The steady state equations are:

Py MRy

Py = [1+(m-k)p] p - (m-k+1) p Py, k=1,2,...,(m-1)

Pm = P Pm-1
Where p=)/u as usual.

‘Induction yields the solution:

m! b
P® Tk ° Por <=L,Z,....m

1
and p,=
o 1+ 7 -(——-ﬂ-,-m: X
k:.‘l m' .

This result can be used to obtain the m=2 and m=3 results with one

repairman obtained previously. Thus
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1
1+2p+ 202

m=2 , Po~

i |
I+3o+6;z+6o

m=3 , Py

T

The availability values may also be considered.

& _f2-K)
m=zry=r E P, =P +'}p
k=0 % 9 k
e o , as previously obtained in Section 2.1.2. 2,
1+2p0+ 2p
2 2 (3-k) o 2 1
e Kty PLTEPR

2 1

1+2p+20°
b e ) A 3
1+35+6p" +6p

as previously obtained.

Now consider the Qsm , case which only has meaning for m> 3 (except
{ ’

| for the full repairman situation when m=2 which is not under discussion

here). The service situation can have one in service and none waiting,

' i or two in service with zero or more waiting, or of course none in service.

The equations governing this case follow:
Po(t+ At) = (1-m) At) Po(t) + it Pl(t)
P, (t+at) = [1-(m-1) A At] (1-yat) Py(t) + miat Py(t) + 2udt P,(t)

Pk(t+At) = [1-(m-k))At] (1-2uAt) Pk(t) + (m-k+1)) At Pk_l(t)-l—?.uAt Pk+l(t)
for 2<k < (m-1)
Pm(t+ At)= (1-2u4t) Pm(t) + LAt Pm_l(t)

This leads to the difference-differential equations:

dPo(t)
— = -m) Po(t) + U pl(t)
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dP, (t)
3 — = - [(m-1)A+u] P (t) + mAP(t) + 2u Pz(t)
dP, (t)
—— =lm-K) ) + 2] P ®) + (m-kt]) M Py (9420 Py ()
for 2 < k < m-1
dP_(t)

—Je— - 2P M+ P ()
The steady state equations are: |

Bt o

5
P =[5~ o+*lp -5 opg

_ ¢ (m-k) (m-k+1)
S S e A 73 PRy i BX KiE mial

A
prp = 2 Pm
Induction yields the solution

m! k
Py = - P p for k=1,2,...,m.
k k) zk 1 0

With = -

Pg = m i Kk i

H k=1 {m-k)! 2
1

When m=3 this result gives p, =

143pt3p%45 o
and availability.

m-1 m-2 2 1
YePpt=m M1 T Rt tIP Y Py
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: 2
2 1+2p+ ;
=py t 2p Py +p pg= P pZ 7, a8 previously

8 1+3p+3p +§p

obtained.

For general r the situation is somewhat more involvec thaa for the
r=1, 2 cases shown above. The major feature contributing to increased
complexity is the need for more individual equations. Tie defining

equations are:

PD (t+at) = (1-mAAt) Po(t) + WAt P1 (t)

P, (t+At) = [l-(m-l))\At](l-uAt)Pl(t) + m At Po(t) + 2udt P, (t)

Pz (t+At) = [ 1-(m-2)) At](1-2p At)Pz(t) + (m-1)) At Pl(t) + 3ust P3(t)

P, (th8)=[1-(m-r+1)) 8¢] [1-(r-1) utt] P, ;)
+ (m-r+2)l At Pr_z(t) + ruit Pr(t)

P, (t+bt) = [1-(m-k))> At](1-ruAt) Pk(t)+(m-k+l))« M P, ()+rddt Py, (E)

k+
for k=r, r+l,...,m-1

P (t+80) = (L-rup) P (t) + M0t P, (8)

These yield the difference-differential equations:

dP,, (t)

~—5 = -m Pyt) +u Pylt)

dP,(t) = [m-1)) + 4] Pl(t) + m) P(t) + 2u P,(t)
dt

sz(t)

-[(m-2))+2y] Pz(t) + (m-1)x Pl(t) = 3u P, (t)




situation.
become:
Py 240 Py
. 3p,y = (2042) p, - 30 p; |

dP_ " (t)
—El o [emortIDH(r-Du] Py ((0) + (mors2X P ,(0) £ ru P ()
aP, (t)

3 % . Pamak) Y pk(t) + (m-k+l))Pk_l(t)+ i Pk+1(t)

ker, v+l ..., me=d

de (t)
dt

= - P _(H+)P_ (®)

The steady state equations are:

& Sl ¢

sz'-'[(m-l) o+1]) p; - MO P,
3p,y=[(m-2) p+2] p, - (m-1) o p,

rpr=[(m-r+1) o+ r-1] O B (m-r+2) oo, ,

rpk+l=[(m-k) Mr] pk - (m-k+l) Opk_l ’ k=r, r+1,...,m-l

TP ® PPy

This system does not lend itself to a simple general solution in terms

of r. One can develop a solution by induction, however, it does not seem

to be worthwhile in view of the resulting complexity.

Particular cases of interest can of course be treated as needed from the

general equations. For example the r=3 case arrises in a four component
One can consider the r=3, m=4 case, for which the equations

3py= 0P,
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“’hich has the solution: Py = 40 Py
2
=4 3
P3 e P Po
_4 4
Py =3° Pg
where p, = ) '
0 1+40+ 6pz+403+%c>j

The availability expression in this case is:

4 4. 3 1 1
L. AT RtR Nty Bg
2 3
2 3 1+3p+3p "+ p
y=pn+t30p,+30 pyt o py = i |
0 < 0 0 1+4o+6p2+4p3+-§-p'

It may be observed that y < 1l+—p which is the full repairman case.

This should be the case since there are only three repairmen.

Chapter 5 Application to System Design

This report deals in detail with the concept of component availability
within the context of various system service procedures. When the com-
ponents operate in a system, various levels of availability are required
for individual components. It is therefore of value to consider the
different component availabilities together in some form to which a trade
off analysis can be applied. Such a formulation is presented in this
chapter. In a particular system design of course, the required level of
system availability drives the rest of the availability analysis. System
logic is utilized to relate system availability to component availability
levels. The consideration of this chapter relates the A and i values
(design parameters) and component availability levels for two component
and three component systems. There is no reason that the procedure
could not be extended to more components. However, the underlying
queue problems and numerical analyses become involved. The procedure
will be introduced for a two component system then generalized for the

fra i

S
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three component case,

5.1 Two Components

In a two component system, two component availabilities are to be
considered, they are denoted by y, and Yo The design parameters are

the failure rates )‘1’ )\2 and repair rates Hy» Moo Because of the difficulty

in combining all these values into a relatively simple comparison form the

following procedure has been developed.

One component is considered to be the reference or major componént,
though this does not really have any firm significance, and the other com-

ponent is related to it by ratio value. In addition failure is related to

A o WYY

repair by a ratio value, assumed to be the same for both components.
: These assumptions restrict the possible cases for study but result in a

very managable presentation which still allows a wide range of options .

Following the procedure outlined above, the following assumptions are
made, taking component 1 to be the reference (or major) component:

uz=Bu1, )\1 = 0y, X2=au2=~ﬁul. One can consider the differential equations

T S b e v

for queue probabilities and the resulting component availabilities as functions
of time." Only detailed computation is required to do this. However, for

purpose of illustration only the steady state availabilities are treated here,

SESERNSEES SR

Making the substitutions for )\i and My in the results for Q2 1 steady
state (the cases Q2 0 and QZ , are not of great interest here), 'one obtains:
’ »

PE i L ARy ST N e NN AN

, Pg2 = & Pgo
| Po1 = B Pgo
: P12 = € Poo
P21 = D Pgo

where A = aB G.+U.Bi_l_. B= atabe P

a+aBz+B a+aBz+B
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C = % A, D=oBB. LetS=1+A+ B+ C+D theny=(1+A)/S, y,=(1+B)/S.
Now one considers curves that relate y, and y, as shown in Figure 4. Curves
are shown for fixed a and for fixed B. The B=1 case is for both components

the same. Constant B cnrves are symmetric about B=1 as can be established 1

by the substitution % for B in the above formulation, Such a substitution
interchanges y, and y,. :

1
(o+1)

for example when a=1, Y 25, y,~ 5 for R=0 which agrees with the numerical

1
5 and yZ(B—O)z T

For fixed a as f~0 one obtains y, (B=0) = 5

results shown in the figure.
As B~» one obtains:

lim A =qa, lim B = lim C=0

B o B R0
S B AlatsS, hen B S=140)T
R—e R o
3 1 hich sh he interch fy and
8o as f=w, y, =z and y,= ,, which shows the interchange of y, an

(1+e)
Y, under the transformation f- -é (by comparison with the B=0 case). For

example as f—» for a=1 one finds Y= 5 and Yo = 25 (in the limit).

In this formulation, an increase in & means that failure rate is increasing
relative to the ability of the system to repair components. Of course, this
reduces component availability. For a fixed value of a the availability of
component 1, namely y, increases with increasing . An increase in B
g means that component 2 has increasing repair rate relative to component
! | 1 (when B>1, the repair rate is greater for component 2 than for component 1).

g Thus it is not the repair rate that produces the effect on availability but the

waiting time. Even though the repair time for component 2 decreases in this
instance, its availability decreases because it must wait while component |

undergoes service with relatively longer service time.

The a,B curves of Figure 4 can be used ina number of ways in design

trade off studies. For example if system availability analysis shows that

14 B .75 and ¥p2 - 65 then only those &,B values yielding such pairs could
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Chapter 6 Directions for Expanding Research

6.1 Combinatorial queues

The concept of a queuing system in which the individual members

of the population (components) are identified and followed through the
> stages of the system has been called a combinatorial queue in this report.
Such queues were utilized to study two and three component systems with
a FIFO service descipline and exponential arrival and service distributions. i
A In addition to more general service times, discussed in the next section, a
e number of alternative investigations can be considered for the study of
combinatorial queues as models for availability calculations.

If a component can be replaced with some short (or zero) wait then one
can bring in the concept of an inventory for each part. The down part may
undergo repair then enter its inventory to wait until needed as a replace-
ment. This sort of situation, widely studi:d in the literature by various
methods, has not been treated here. However it can be incorporated into
a broader description of the combinatorial queue concept. In doing so it
seems likely that a more general definition of component availability would
result. One way to do this would be to define the component as the set of
components that can perform a particular role within a system. Such a
general component is oy uravailable when the set becomes empty or during
the transition period when a failed member of the set is replaced by one that
is operable. There seems to be an area for useful research in this direction.

Another potentially useful generalization is to introduce priorities to
replace the FIFO type of service. Different components can be assigned

diffcrent sarvice nriorities on the basis of their importance to the system of
F which the components are a part. These priorities would represent one more
system input to the component availability concept. A closely related idea
; arises when there are several repairmen available to the service function.

Repairmen can be assigned to components in such a way that when a particular

component fails it must be repaired by a particular repairman (or set of
repairmen). An extreme case of this for, say two repairmen, would be having
one repairman dedicated to one component and the other repairman responsible
for the repair of all the other components. Such situations are likely to have

useful application such as when one component is particularly complex or when

its service requires special safety features.
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Rather than have each component distinct in its descriptive character-
istics it might be a,propriate to have several components the same forming
a class of similar components. The combinatorial queue would then deal
with a number of classes where the particular members of one class haveno
special features. In the extreme cases where all components are the same
there is only one class. This case has been treated in various sections of
the present study. In many respects the generalization to classes of compo-
nents shows potential utility. In particular it might lead to an ability to
treat larger numbers of components than can be handled directly by the basic

combinatorial queue models.

6.2 General Service Times

It is felt that a major restriction of the work described in this report is
ihe use of expormential service time distributions. A considerable body of
research has been carried out on service times and a number of distributions
have been found based on combinations of statistical analysis and theoretical
probability arguments. Therefore, it would clearly be of value to generalize
the concepts of this report to a number of service time distributions. The
ideas have been formulated and illustrated here for the exponential case. To
generalize one would have to employ numerical solution techniques and simu-
lation. It is unlikely that any kind of 'closed form'' solution approach would

be possible.

One aspect of general service time analyses is to consider the service
time as a sum of several random times (possibly dependent) each having its
own characteristic type of probability distribution. Those characteristics
arise from the nature of the service being carried out, possibly depending
upon the relative amount of ''search' activity involved in contrast to ''repair"
or ''replace' activity. Indeed it may be conjectured that service time distri- , ,
butions can be formulated by proper mixes of such basic distributions. Such
studies are rather distinct from the ideas of this report but combine with

them in a more general description of component availability.

Of course one may also wish to generalize the way in which components
fail. Exponential failure has been used in this report. This kind of general-

jzation can also be introduced. However, it is felt that the service time is

the more significant effect on any broader study of component availability.
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6.3 Waiting Time as Input to Design Analysis

The basic result expressed as equation (1) in Section 1,2 relates compo-

k- nent availability and waiting time in the repair service queue for components.

Most of the present report has addressed the service queue directly and
. attained waiting time and availability for special cases. An alternative

approach is to consider various waiting time distributions and use equation (1)
to obtain the resulting availability values. In many cases this would be
accomplished by numerical integration of equation (1) once the waiting time
distribution was specified. Several procedures suggest themselves for the

formulation of waiting time distributions:

. Various large population queue problems can be solved to give
reasonable limit type values for waiting time distribution,

. Waiting time distributions may be stipulated in either numerical form
or as specified distribution functions,

. Results for simple cases with known solutions for waiting time can
be used as a basis for assuming the form of the waiting time distribution in

more general cases.

The second of these approaches introduces a synthesis prdlem into
queuing theory, One postulates a desirable waiting time distribution and uses
equation (1) to obtain the corresponding availability. However, it is necessary
to consider whether or not a service queue structure exists that would yield
the postulated waiting time, If such a queue or queues exist the next problem
is to comstruct-anapproepriate queue. These questions of queue synthesis

seem to hold potential for considerable amounts of useful research.

The third procedure can be illustrated by considering some results
obtained in this repori. An ovuiline of the argumnents involved and an initial
try at obtaining the form of a waiting time distribution are given below.
This material is intended only to illustrate an approach, it has not been
developed beyond initial stages.

A large class of waiting time distributions may be considered as

steady state, not depending on the time at which a component enters the

service queue, For the two components, one repairman case the steady

state waiting time expression was found to be of the form ( for FIFO service):
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where “j is the repair rate of the '"other'' component and ag, bi are nor-
malized probabilities of none in the queue and the '"other' in the queue
respectively, Normalization was achieved by dividing by the sum of the
unnormalized probabilities which represents the probability of component

i not in the queue, that is the availability s of component i,

One may generalize from the above result and consider the three compo-
nents, one repairman case. In that case, for a typical component, say
i = 1 one may consider:

¥1= Pooo * Pooz * Poos T Poz3 * Pp3z: and assume the form:

Pooo
W, (0) =
j(0) s o
P P P P
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where A and B depend on the joint distribution of service for components 2

and 3.

The joint density for two independent exponential distributions is:

3

where component 2 is in service first then component 3,

A reasonable way to generalize this is in terms of the moment

generating function which for two variables is:

Ha M3 b “H2 M3 Ha M3 :

e : =
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For three joint exponential variables, supposedly related to components
1, 2 and 3 one has the generating function:

¥ s T M2, M3 H)
Myt Mgt et e N elhd ot

- o B [y, ¥ Hy H Ha )
)\l ) (i) (i
This yields the density function:

C e e e e S L e
(Mg -1y ){Hg-1y) My -mp) (kg -p) (1) -13) (Hp-13)

In general for m joint exponentials the density function has the form

m 3 m
a e Hi# v a=1 (3%
= e
Il (UJ°LL1)
j:
j#i

These kind of density functions may be used in combination with parameter
values for the steady state queue probabilities to form waiting time distri-
butions. One can retain the availability factor y in the waiting time
expression. Such a procedure would turn equation (1) of Section 1. 2 into

an integro-differential equation for component availability which could be
subjectied to analysis.

6.4 Optimization and Trade Off Analysis

The work reported on in this report has delt with component availability
in the context of a repair facility present as part of the total operational system.
The point of view considered was taken from the operations end of the
system and the desirability of available components. An alternative point
of view is in terms of cost, either in actual expenditure or modified perfor-
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mance, of desired levels of availability. The effect of one, two or more
repairmen has been investigated as regards the resulting levels of component
availability. However, the cost increments have not been considered. For
example it may be better relative to some measure of cost (or effective-
ness) to have the kind of availability one repairman can supply rather than
have two repairmen at increased expense. One can formulate an appropriate
objective function or goal of system operation, These quantitative
expressions combine system requirements in terms of component avail-
ability and the cost of repair operations, They should also include the
cost of availability levels representing the value of increased availability
and the penalty for reduced availability. A study of goal seeking ar opti-
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imposed by relations between component availability and the repair function.
Such relations have been formulated in the present work so that the initial
steps have already been taken toward trade off analyses of available systems
in terms of component availability, Every system has its own particular
characteristic so that a general theory of trade off optimization can not be
made. However, some general methodological procedure can be formulated

and illustrated using special system configurations.
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Appendix

Some typical numerical results are presented here in graph form.
These are meart to be illustrative of the kind of results one may .
obtain from both the differential equation systems and the steady state
formulations, Typical parameter values have been used as specified on the
various graphs.

Differential equation systems are solved using a subroutine recently
developed by R. Flynn at the Polytechnic.

The systems of linear algerbraic equations representing steady state
values are of course redundant. Thus one must utilize a subset in each
case and our procedure was to omit the initial equation in each formulation.
This worked very well, A standard subroutine from the Scientific Sub-
routine Package was employed. Similar calculations were used to produce
Figures 4, 5, and 6 of Chapter 5.

The following examples are presented in the Appendix:

Figure Number. Case.
7 aeawue cecccanccnac== 1 time variation

Becccncdrnannrran s e 1 steady state

1 time variation

1 steady state

Q
Q
Gumeonmananensnsnpenss
Q
Q




= By

References

1. M. Shooman Probabilistic Reliability, Mc Graw-Hill, 1968

2. D. Gross and C. Harris Fundamentals of Queuing Theory, Wiley, 1974

AR s wi i i B e Bt <o




9sD) 3awdIX3 SO
_io_ ..I.Ni .iNn X

e

irlo| = 1

_.lN =
_i_ = i— lKA

1'2p \.2: _n_

«,n-e'su&;.gxwwutwi".&m.
& ey o o 3

A bl 2053 o i o




<

‘Pauyap Jou st 0 =7l
9509 SIy} J0j 0N

_i...N,A

g0 -lr=ly

1+ 4l =%

31V1S AQV3lS
'2p g ambiy

@

(]

2
o]
;
5
a4
3
M
#
3
=
.

o

ATl S M SR S

G A i Al




odd T TS HETROV RS U oAb e Lo e R L S i ot A
Rl S T N TR S e PR B TS i ey it

¥

MBI e b qan K i P

I o1 =271 4
I z2=27 )7
_i_.HNi

SasDI |V

2 =tz =%
"=t

1€ "6 @anbig

@ © < 3

«— 2 wauodwo) jo Ajiqo|ioay

Q




g

T ey S AIECTLl (Y

e

S A b

A5

LR R Y RS AR A

e

Py AP A DS B

g

ey

Q

o

g L

T T

€ M

L. . 8 0O

_..?_i"niuNi = _K

2+I( =Y =2¢
3ip}S Apoays
"€p 01 anbig

L

gt T

10AY

K311190)




e’ W, . L
el W o T e O

T

s

R B A Lt o3 e g

T L e L S SR T e

R

_io_ uNi .iN n‘

Q=2 .
Iz =27 i -AA
_i—. =2

S3asDd Iy

¢

®

©
e S SO0 0 AN

QO



m> nNh

£
5/

2 +ly =8y =2y

| +rf =Erf=2n] =1y

JLVLIS AQV3LS
N.no g

ol




e “\*.‘--.im;- S SR o A RS R il s ) D il o P A Lo BEEN D A  aE : 6 I e L

e —

pax 3
UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)
REPORT DOCUMENTATION PAGE SERONE Lokt STS Pos
1. REPORT NUMBER 2. GOVT ACCESSION NO.J| 3. RECIPIENT'S CATALOG NUMBER
Poly EE/EP 76-004
g 4. TITLE (and Subtitle) 5. TYPE OF REPORT & PERIOD COVERED
| Contribution to the Theory of- Component ;
, Availability Technical
i 6. PERFORMING ORG. REPORT NUMBER
EER 121
7. AUTHOR(Ss) 8. CONTRACT OR GRANT NUMBER(C)/
Clifford Marshall N00014-67-A-0438-0013
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. ::giR‘A)'?OE KE!JE:{_‘_TNF;J oBJEEcST TASK

Polytechnic Institute of New York
333 Jay Street '
Brooklyn, New York 11201 NR 042-301

1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

Office of Naval Research (Code 436) February 1976

800 N. Quincy Street s INUNBER O F BAGES
; Arli VA___ 22217 63
3 4. MONITORING AGENCY NAME & ADDRESS({f different from Controlling Office) 15. SECURITY CLASS. (of thie report)

Unclassified
15a, DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, il different from Report)

18. SUPPLEMENTARY NOTES

15. KEY WORDS (Continue on roeverse slde if necossary and identify by block number)

Availability
Reliability

N Differential Equations
\\\Queuo

20. ’STRA( T (Continue on reveras side If hecoseary #na 1GeNcity Oy GIOCA numoer)

This paper develops the concept of component ava1|ab111ty as intrinsically
dependent upon the system in which the component functions. The connection
: between the repair aspects of the system and component availability is devel-
Bl . oped in two ways. An inteqro-differential equation is derived that relates
| the two concepts. Alternatively the repair process is treated as a combinato-
k' rial queue in which each element of the system is tracked through its states

| - of availability. Exampies are given in some detail for small number of

‘ elements. Numerical solutions are aiven for illustrative purposes. Both ,

DD ,55%s 1473  Eoimion oF 1 NOV €5 1S OBSOLETE UNCLASSIFIED <9 ;‘ :

S/N 0102-014- 6601 | ——
SECURITY CLASSIFICATION OF THIS PAGE (Hhen Dete Knter

T




TS R AL RN < e S P i e i o W e DR e N e i b MRS S v dal ildnitiiion A N e T A 1 P AR T e 7 AR RN W p

Unclassified

L LCURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

20. Abstract (Continued)

—__—~Ptime varying and steady state solutions are obtained. Some approaches to a
trade off analysis for availability specification or design are given.

Y
.

UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




