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EVALUATION

This report describé;"the research accomplished between 1 June 1977 and

1 August 1977. The significance of this report is that a new pulse burst
waveform is presented that obtains lower time side lobes than any other
previously known waveforms. The new pulse burst waveform is compared with
the well known Barker and Hoffman codes.
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Project Engineer
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SECTION 1

INTRODUCTION

1.1 PURPOSE |

This report describes some initial results in the algorithmic gener-
ation of finite length pulse burst signals whose autocorrelation functions
are approximately impulse-like in nature. The codes will be restricted to
be real with piecewise constant amplitude that can either be positive or
negative (i.e., bi-phase). Such codes find various applications in radar
signal processing and digital communication systems.

1.2 BACKGROUND

In pulsed radar systems where it is required to improve upon the prob-
ability of target detection for a given false alarm rate, it is necessary
to increase the transmitted pulse's energy level. Ideally the transmitted
pulse should have a very small time-duration and large amplitude in order
to achieve a high probability of detection while maintaining acceptably good
range resolution characteristics. Unfortunately, since all radar transmit-
ters have a peak power limitation of some sort, it is not possible to arbi-
trarily increase the transmitted pulse's amplitude. To raise the energy of
transmission, it is then necessary to increase the pulse's time-duration.
This will typically have a detrimental effect, howsver, on the resultant
range resolution and ambiguity function characteristics.

There exists a class of techniques, generally refered to as pulse com-
pression methods, that overcome the above mentioned inherent pitfall which
large time-width pulses are susceptable to. 1In particular, by appropriate '
signal processing (e.g., matched filtering), it is possible to achieve the %
effect of a short time duration-large amplitude pulse while actually trans-
mitting a relatively long time duration-moderate amplitude pulse. Two of
the most widely studied of pulse compression methods are linear frequency
modulating pulse compression, and, pulse burst signals (e.g., see ref. [6]).
In this report, we will be concerned with presenting an algorithmic method
for synthesizing pulse burst signals whose associated autocorrelation func-

tion approximates the ideal spike-like time-behavior which is the goal of

many radar system designs.




SECTION 2

RADAR SIGNAL DESCRIPTION

2.1 BASIC SIGNAL MODEL

In radar target detection and tracking applications, the return signal
from a target is often modeled as a simple transformed version of the trans-
mitted signal. If the target is taken to be a moving point in space, then
the return signal r(t) is usually related to the transmitted signal s(t)
based on the following two hypotheses.

(i) the return signal will be a time delayed version of the

transmitted signal (i.e., r(t) = s(t-t)) where 1 is propor-

tional to the distance between the target and the transmitting

radar.

(ii) there will be imposed a frequency shift of wy on the trans-

mitted signal's spectrum which is proportional to the target's

radial velocity relative to the radar system (i.e., R(w)=8 (w-wy)) -

The quantity Wy is refered to as the Doppler shift and is

positive for targets moving toward the radar system.
The combined effect of these two factors will then characterize the return
signal from a point target moving at a constant range rate. It is tacitly
assumed in this model that the transmitted signal is narrow band and that
the target's range rate is much less than the speed of light.

To demonstrate the implications of this signal model, let us consider

the important case in which the transmitted signal is a modulated sinusoid,
that is

s(t) = a(t) cos[wot + 6(t)] (2.1-1)

where a(t) and 6(t) are the real envelope and phase modulating signals, re-

spectively, while W is the associated carrier frequency. Generally, these
two modulating signals vary slowly in time relative to the unmodulated car-
rier signal cos[wot]. According to the return signal model as specified by

the above hypotheses, it follows that the associated return signal (in the




absence of noise) from a perfectly reflecting point target will be of the

form
r(t) = a(t-1) cos[(wo+wd)(t-1) + 8(t-1)] (2.1-2)

where 1t and Wy correspond to the target's range and range rate, respective-
ly. Once the values of t and Wy are determined, the point target's range and
radial range rate are found from the relationships

R = ct/2 » R = cw,/2w
d o

where ¢ denotes the velocity of light. |

Although expression (2.1-2) yields a generally good model for the de-
cerministic component of the return signal from a point target, it must be
appreciated that the actual return signal will be contaminated by additive

noise. A more realistic return signal model will be then given by

x(t) r(t) + n(t)

a(t-1) cos[(wo+wd)(t—t) + 8(t-1)) + n(t)

where n(t) denotes a nondeterministic noise signal which can arise from such
sources as atmospheric conditions, clutter, chaff, etc. The main objective
of radar signal processing is that of processing this noise contaminated
signal so as to obtain an appropriately accurate estimation of the delay-
Doppler shift pair (T,wd). As might be anticipated, this estimation will

be considerably enhanced if the modulating signals a(t) and 6(t) are judi-
ciously chosen.

It will be beneficial to depict the radar signal processing model as
shown in Figure 2.1-1. The transmitted signal s(t) is shown as being oper-
ated upon to produce the corresponding point return signal model r(t) which
in turn has added to it the nondeterministic noise signal n(t). This sum

signal is then operated upon by a radar signal processor to generate esti-
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mates (1,wd) of the target's actual delay-Doppler shift parameters (t.md).

n(t)
s(t) | Point Target | r(t) | Radar Signal [—— ¢

Model (r,wd) Processor f—— O

s{t) = a(t) cos[wot]

r(t) = a(t-t) cos[(wo+wd)(t—1) + 6(t-1)]

FIGURE 2.1-1 MODEL OF RADAR SIGNAL PROCESSING

2.2 TARGET RESOLUTION AND THE AMBIGUITY FUNCTION

One of the primary tasks of a radar signal processor is that of detec-
ting the presence of (or resolving) two or more targets in the return signal.
As is well known, this capability is very much dependent on the selection of
the envelope and phase modulating signals a(t) and 6(t), respectively of the
transmitted signal. This is readily made apparent by considering the special
case in which there are two point targets in space that have the associated

delay-Doppler shift pairs (Tl,wl) and (11+T,w1+w). The two targets are then

said to be separated by the differential delay t and differential Doppler

shift w. Using the previous section's postulated point target model, it '
follows that the noise free return signal from each of these point targets ‘

will be '

= = =z ) = &
rl(t) a(t 11) cos[(mo+m1)(t T, + 6(t Tl)] (2.2-1a)

and }
4 |
|




rz(t) = a(t-Tl-T) cos[(m°+m1+w)(t-tl-t) + 0(t-x1-1)] (2.2-1b)

The ability to resolve these two point target return signals will be
obviously dependent upon the distinctiveness of their timewise behavior.
There are a variety of measures for quantizing this timewise distinctiveness.
Undoubtably, the most widely used such measure is the integral of the dif-
ference squared (integral squared error) as given by

E(t,w) = J lrl(t) - rz(t)]zdt (2.2-2)

This integral squared error criterion yields a very effective means for
guaging the distinctiveness of two point target return signals. In addi-
tion, its utilization leads to a desirable and tractable analysis.

The modulating signals a(t) and 8(t) are said to readily resolve the
two point target return signals (2.2-1) with differential delay-Doppler
shift pair (t,w), if the integral squared error (2.2-2) takes on a suit-
ably large positive value. It is clear that this criterion will be zero
at 1=0, w=0 since the return signals rl(t) and rz(t) are identical in that
case. Our basic objectives in selecting a(t) and 6(t) will be that of
causing this integral squared error measure to be large positive for delay-
Doppler shift pairs not at the origin of the (T,w) plane.

To evaluate the postulated integral squared error criterion, one simply
substitutes the point target return signal expressions (2.2-1) into rela-
tionship (2.2-2). Utilizing simple trigonometric identities and the as-
sumption that the modulating signals a(t) and 6(t) are slowly varying time
signals relative to the unmodulated signal cos[mot],l it is readily shown

1This is commonly refered to as the ''marrow band signal" assumption and is

typical of most radar signals. In essence, the narrow band signal assump-
tion sets to zero all integrals of the form
t

1
[ x(t) sin[uot + 0] dt
{

o

where the signal x(t) is a very slowly varying function of time relative
to the sinusoidal signal sin[wot + 0].




that the integral squared error criterion is given by (e.g., see ref [2])

E(t,w) = J az(t)dt - Ix(t,w)l cos[(wo+w1+w)r + 4fx(r,w)] (2.2-3)

The complex valued function x(t,w) which appears in this expression is
known as the "ambiguity function" which corresponds to the transmitted
signal and is formally given by

©

x(t,w) = J u(t)u*(t-t)e—j“’tdt (2.2-4)

where u(t) is the so-called complexed valued modulating signal specified by

u(e) = a(e)ed®(®

(2.2-5)
This complex modulating signal will play a major role in much of what is to
follow. It is seen to be uniquely specified by the transmitted signal’s
modulating envelope and phase signals.

An inspection of the above closed-form expression for E(t,w) reveals
that the second term is the only one dependent on the differential delay-
Doppler shift pair (t,w). Furthermore, for virtually all radar signals of
interest, the ambiguity function x(t,w) will be a much slower varying func-
tion of T than will its multiplicative cosine term. With this in mind, it
then follows that if one desires E(t,w) to be as large as possible for a
continuous range of differential delay T values, it is necessary that the
quantity Ix(r,w)l which multiplies the rapidly varying cosine term must be
near zero for all values of (t,w) other than the origin.

Thus, an ideal ambiguity function would be one which is everywhere
zero in the (1,w) plane except at the origin where it has value equal to
the energy in the signal a(t), that is

j az(t)dt T=w=0

- 00

X(T50) 4 jea1 =

0 otherwise

Wt
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Although it is impossible to generate a physically realizable set of modu-
lating signals a(t) and 6(t) which will attain this ideal objective, this
behavior will serve as a comparison reference for judging the worth of prac-
tical modulating signals in resolving multiple targets. In summary a good

modulation signal selection u(t) = a(t)eje(t)

is one whose corresponding
ambiguity function closely approximates this spike-like behavior.

The ambiguity function as defined by relationship (2.2-4) possesses a
number of interesting analytical properties which will characterize its be-

havior in the (T,w) plane. Some of the more basic properties are:

(-]

Property 1 %x(0,0) = mj az(t)dt > ]x(r,w)l
(-] 0
Property 2 - J [ Ve o)) drdmie i (0:0)
00 =00

Property 3 [x(t,w)| = |[x(-1,-w)|

Property 2 is particularly noteworthy in that it indicates that the postu-
lated ideal ambiguity function is not achievable. Namely, since the vol-
ume under the Ix(r,m)l2 surface is a constant, any attempt to cause |x(t,w)|
to be spike-like will invariably result in a large spread of nonzero levels
off the origin.
2.3 THE MATCHED FILTER

One of the primary objectives of any radar signal processor is that of
detecting the existence of a weak return signal in the presence of additive
noise. This detection will be enhanced if the linear processor's unit-
impulse response is chosen to in some sense match the return signals wave-
form. To illustrate this concept, let us consider the specific case in

which the input is given by
x(t) = r(t) + n(t)

where r(t) denotes the useful return signal component and n(t) is additive
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noise. If the additive noise is white, it is well-known that the "matched

filter" whose unit-impulse response is specified by
*
h(t) = r (-t) (2.3-1)

will maximize the output signal-tc-noise power ratio at time t=0.l A lipear
filter with this unit-impulse response is then said to be optimally matched
for detecting the signal r(t) which is masked by additive white noise. Sim-
ilar results may be obtained when the additive noise is other than white
(e.g., see ref. [2]).

With this in mind, let us consider the typical matched filter receiver

shown in Figure 2.3-1 in which the input signal is taken to be of the form
r(t) = a(t-1) cos[(w +w)(t-1) + 6(t-1)] (2.3-2)

and where the delay-Doppler shift pair (v,w) is not known apriori. It will

be assumed that the matched filter was designed to detect the presence of a

return signal whose Doppler shift is w The unit-impulse response of the

1
required matched filter is readily found to be

h(t) = a(-t) cos[(mo-wa+ml)t-e(-t)] (2.3-3) é

It can be shown that the response of this matched filter to input signal

(2.3-2) is given by

Sl

yc(t) = |X(T-t,w—wl)| COS[(wo-wa+w)t + Z:!(T—t,w—w])] %

where x(t,w) is the ambiguity function corresponding to the complexed valued

1Generally, for purposes of physical realizability, the required matched

filter's unit-impulse response must be appropriately time shifted for causal
*

signal processing (i.e., r (To-t)). In this case, the output signal to noise

power ratio is maximized at t=To.

——

i S e g J



modulating signal p(t) = a(t)eje(t). In arriving at this result, the

narrow-band signal assumption is made in which the intermediate frequency
RS is taken to be very large.

Thus, the signal processor's output is seen to have an envelope which
is equal to a translated version of the transmitted signal's associated
ambiguity function magnitude. If the matched filter is "tuned" to the in-

put signal (i.e., w, = w), then the envelope of the output signal will peak

at time t=1 therebylindicating the presence of a target at the range corres-
ponding to delay 1. This particular form of matched signal processing has
served as a very effective means for detecting the presence of weak target
return signals in a background of strong noise. Namely, one looks for the
presence of pulse like peaks in the envelope and measures the times at which
they occur. From the above remarks, it is apparent that the ambiguity func-
tion takes on added meaning whenever matched filtering operations are uti-
lized.

Matched yc(t{-
Filter-w

12 TN o

BPF

Y
\
2

t
cos[wa ]

FIGURE 2.3-1 MATCHED FILTER RECEIVER

2.4 AUTOCORRELATION FUNCTION

The ability to achieve fine range measurements is inherently linked
to the time behavior of the autocorrelation function which is associated
with the modulating signal. This is readily demonstrated by noting that
the envelope of the response of matched filter (2.3-3) to the input signal




given by expression (2.3-2) with w = 0 is simply

y () = 3 Ixti-t, 0] (2.4-1)

The ambiguity function evaluated at w=0 is otherwise known as the auto-

correlation function associated with p(t) and is formally defined by
I *
Ru(T) = x(t,0) = J u(t)u (t-t)dt (2.4-2)

The value of this autocorrelation function at t=0 is seen to be equal to the
energy contained in the modulating signal. It is a well-known fact that the
autocorrelation function's magnitude is maximum at =0 (i.e., RU(O) > lRu(I)I
for all 1).

In summary, we have established the following very important input-

response pair relationship for the matched filter operator (2.3-3)
= @lt= il - =1 " ke
x(t) = a(t-1) cos[(m°+w1)(t T) + 6(t T)]::§> ye(t) 4IRu(t )] (2.4-3)

To appreciate the significance of this relationship, let us consider those
modulating signals u(t) which have autocorrelation functions which are every-
where almost zero except near the origin (i.e., spike-like in appearance). For
such modulating signals, the matched filter response (2.4-3) is a signal
which is everywhere zero except near t=t where a spike will appear. Thus,
to detect the presence of target echoes in the return signal, one would
simply examine the matched filter's response signal for the existence of
spikes. The existence of a spike would indicate the presence of a target
whose range is proportional to the time occurance of that spike. Clearly,
the narrower the width of the spike, the more precisely the target's range
can be determined.

With the above thoughts in mind, it is apparent that the class of modu-
lating signals which have impulse-like autocorrelation functions are of great
usefulness in radar signal processing. The ideal autocorrelation function

would be one for which Ru(t) is identically zero except at t=0 where its

10
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value equals the energy in the modulating signal. Although this ideal ob-
jective cannot be achieved by physically realizable modulating signals, it

serves as a basis for comparing the effcetiveness of different modulating
signals.

11




SECTION 3

PULSE-BURST SIGNALS

3.1 BASIC DEFINITIONS

A particularly effective method for generating radar signals which
possess desirable fine range resolution characteristics is that of pulsed
sinusoidal modulation. In general, a pulsed sinusoid consists of a clust-
ered sequence of L+l sinusoid signals each of duration T seconds. In each
of these L+l "inner-pulse" intervals, the sinusoid's amplitude and phase
angle will be held fixed, but, these parameters will generally vary from
one inner-pulse interval to the next. Signals so characterized are commonly
referred to as "pulse-burst signals' and have the following convenient ana-
lytical representation

L

s(t) = } a, cos[w_t+, ] (u(t-kT)-u(t-kT-T)} (3.1-1)
k=0 o k

where ak and ek designate the transmitted sinusoid's amplitude and phase
angle, respectively, during the kth inner pulse interval kT < t < kT+T and

u(t) denotes the standard unit-step signal.l This pulse-burst signal is

seen to have a time duration of LT+T seconds and is identically zero out-

side the time interval 0 < t < LT+T. We shall refer to this pulse burst

signal as having length L+1 and its time behavior is seen to be completely
DLyl

10 0 b
In order to determine the suitability of this signal for radar proc-

specified by the 2L+2 real numbers {ao, ays - - aL} and {90, 0

essing applications, let us first obtain the complex modulating signal u(t)
which corresponds to it. According to expressions (2.1-1) and (2.2-5), this
complex modulating signal is specified by the following piecewise constant

function of time

1The unit-step signal is defined by
1 t >0

u(t) =
0 t <0

12




L LU
u(t) = ¥ ae Nu(t-kT) - u(t-kT-T)) (3.1-2)
k=0 X

Again, it is clear that magnitude and phase angle parameters {ak} and {Ok}
play a major role in characterizing the underlying radar signal. In par-
ticular, the associated ambiguity function (2.2-4) which depicts the de-
sirabiltiy of the transmitted signal for radar processing is seen to be
explicitly dependent on u(t) and therefore on these parameters.

PULSE-BURST CODE

The suitability of a given pulse-burst signal for radar processing is
then completely determined by the selection of the L+l complex numbers

38,
My = ake for k=0,1, . . . , L (3.1-3)

It is clear that a knowledge of these u, elements uniquely identifies the

k
pulse-burst signal (3.1-1) and vice-versa. As such, the finite sequence

Gigs mps oo v s (3.1-4)

will be refered to as the "pulse burst code'" associated with the pulse
burst signal (3.1-1). In much of what is to follow, we will be concerned
with presenting (or developing) methods for selecting the code elements
My SO that the autocorrelation function associated with the complex modu-
lating signal u(t) takes on desirable characteristics.
AMBIGUITY FUNCTION OF A PULSE-BURST SIGNAL
It has been previously indicated that the ambiguity function associated

with a given complex modulating signal provides an attractive visual method
for judging a signal's effectiveness in radar processing. With this in mind,
the ambiguity function which corresponds to pulse burst signal (3.1-1) was

next found and is given by

13
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x(nied ) = (T-8Ye °  sine@iT=Aly § o % gl | (3.1-5)
2 k" k-n
k=n
jw(2T-4) L
o e sinc[EA] s i o Jakl
- ¢ - - :
2 Gk k"k-n-1
for o= O, 1, £2 #3 . ., and 0 <A <T

An examination of this ambiguity expression indicates two interesting char-
acteristics of pulse-burst signals. First of all, this ambiguity function
is identically zero for delays greater than the pulse-burst length LT+T
(f.e., ln[ > L). Furthermore, since the two summations in this relationship
are each periodic functions of w with period 2rn/T, it follows that the am-
biguity function will tend to periodically decay to zero in a sin x/x manner
in the w direction for a fixed delay time.

Once the values for the pulse code

u have been assigned,

g TP
it is a simple matter to generate the surface behavior of the ambiguity func-
tion (3.1-5) with the aid of a suitable computer program and plotting routine
(e.g., see Appendix 8.1). 1In addition, with the use of this convenient ex-~

pression, the distinct possibility exists that one may generate an algorithmic

procedure for selecting the code elements u, so that the ambiguity function

k
will be optimum in some sense (e.g., impulse-~like in behavior). This will
be demonstrated, to some extent, in the next section when these code elements

are chosen to make the associated autocorrelation function impulse-like.

3.2 AUTOCORRELATION OF A PULSE-BURST SIGNAL

As indicated in Section 2.4, an important objective in many radar signal
processing applications is the generation of finite duration modulating
signals whose autocorrelation is impulse-like. The autocorrelation function
which corresponds to a pulse burst signal is readily obtained by evaluating

the associated ambiguity function (3.1-5) at w=0 to yield

14
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L * L *
R (aT+A) = (T-A) ] wp, __+ A& ) (3.2-1)
u s k" k-n ken+1 k' k-n-1
n=0, £1, 2, . . . and 0 <A <T

From this expression, it is apparent that this autocorrelation function

Ru(T) is identically zero outside the interval |t| < LT4+T. This is an
obvious consequence of the fact that the duration of the modulating signal
p(t) is LT+T seconds.

It will be desirable to investigate this autocorrelation function at
integral multiple values of T seconds (i.e., A=0). This yields the sampled

autocorrelation sequence

L *
R (nT) =T an Hpbs o (3.2-2)
whose elements are identically zero for integer values n satisfying n{ > L.
It is possible to reconstruct the original autocorrelation function (3.2-1)

from this associated sampled autocorrelation function by means of the simple

relationship
Ru(nT+A) = (l—A)Ru(nT) + AR(aT+T) for 0 <A <T

This is observed to be a straight line interpolation between the sampled
values. Thus, pulse-burst signals as represerted by modulating signal

?
(3.1-2) will have associated autocorrelation functions which are piecewise k

linear and continuous.

3.3 QUALITY MEASURES OF A PULSE-BURST SIGNAL s

The code sequence Hp» M which corresponds to a pulse-burst

1’ ’ uL

signal is said to possess an impulse-like autocorrelation if the sampled

auotcorrelation is such that the normalized maximum side lobe as defined by
IRu(nT)I

A = max (3.3-1)

n#0 Ru(o)

15
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is sufficiently close to zero (note, 0 < X < 1). 1In other words, the zerot"
element of an impulse-like sampled autocorrelation sequence dominates the
magnitude of its remaining elements. A variety of systematic procedures
for selecting the code sequence )i

J » M have been developed for

0’ ,
achieving such autocorrelation functién behavior. Before presenting two

of the more popular of such methods, let us first outline some practical
considerations which are imposed on pulse-burst signals.

In order to achieve satisfactory probability of detection for a given
false alarm rate, it is necessary that sufficient signal energy be trans-
mitted. For pulse-burst signals, the transmitted signal’s energy is equal
to one half the energy in the modulating signal u(t). The modulated signals

energy, however, is simply equal to RU(O), that is

L
*
E2 = T ) My (3.3-2)
’ k=0

This quantity must be made larger than some prescribed value in order to
obtain a satisfactory probility of detection for a given false alarm rate.

There are three methods for increasing the modulating signal's energy

(1) increase the inner-pulse duration time T
(659, increase the magnitude of the code elements Ml
(iii) increase the length of the pulse code

Since the main spike of the pulse-burst autocorrelation function is defined
over the time interval -T <t < T, fine range resolution considerations re-
strict the size of the inner-pulse duration time T. Furthermore, peak power
limitations of the radar transmitter restrict the magnitude of the individual
code elements to be no larger than a fixed quantity. With this in mind, it
follows that the most practical method for increasing the energy of the
transmitted signal is to increase the code length and to simultaneously

have each of the code element values py_ be nearly equal in magnitude (i.e.,

k
peak power is nearly maintained throughout the burst).

In selecting the elements of a pulse-burst code, we

Oykll,---»UL
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will then be concerned with both obtaining an autocorrelation function which
is impulse-like while simultaneously maintaining a reasonably efficient means
of transmitting signal energy. A criterion which measures this last criterion

is the so-called energy efficiency as defined by [5]

burst signal energy transmitted

B energy transmitted at peak power over each T second duration (3.3-3)
L
L l? 4
_ k=0 ik u
2 2
(L+D) (max|u [ (141 (max|w, | %)
This criterion takes on values in the interval 0 < p < 1 with the most
energy efficient codes being those with equal code magnitude and p=1. To
measure a codes variance from the most efficient energy mode (i.e., p=1),
the following criterion has been also used [5]
1 L EIJ 2
€ =m Z ka! - L—+-1- (3.3—4)

Although a given pulse-burst code may possess an autocorrelation function

which is impulse-like, it may be deemed unsatisfactory if its energy effi-
ciency is too small. A truly good pulse-burst code is one whose individual
elements are nearly equal in magnitude and which has an impulse-like auto-
correlation function. The Barker codes to be presented in the next section

are an example of such a code.

3.4 CONSTANT MAGNITUDE CODES

When transmitting a pulsed-sinusoidal signal under amplitude constraints,
maximum power transmittal is achieved by maintaining a maximum sinusoid
amplitude. In terms of a pulse-burst code, this corresponds to having the
elements of the code be specified by

30
b = Ae k=0, 1, « « v 5 L (3.4-1)

1HT




where A corresponds to the peak amplitude limitation. The energy utilization
efficiency for a code of this nature is optimum (i.e., p=1) and its variance
is likewise minimal (i.e., ¢=0). We shall refer to a code whose elements ard
specitied by relationship (3.4-1) as a constant magnitude code to reflect the
fact that Iukl=A Foe b w O, B, 2. o B

In synthesizing a constant magnitude code, one seeks to select the phase
terms 80, 81, oA b e eL so that the resultant transmitted signal has an as-
sociated autocorrelation function which is near impulse-like in behavior.
The autocorrelation sequence which corresponds to code (3.4-1) is readily
obtained by utilzation of expression (3.2-2) and results in
Lo it

A s TR SRR, (3.4-2)
k=n

R (nT) = A%
u

BINARY CODES AND THE BARKER CODES

One of the most widely studied of constant magnitude codes are those
for which the phase angle elements ek take on the exclusive values of 0 or

Such codes are also called binary codes in that the code elements My
take on either of the two real values A or -A. Binary codes are of inter-
est mainly because of their optimum energy utilization efficiency, and, the
case with which they may be generated.

To illustrate a particular important class of binary codes, let us now
H

consider the Barker codes. The code {uo, : “L} is said to be

“ y b
I 2
Barker if its elements are exclusively plus or minus one and its associated
autocorrelation sequence is specified by
LT n =0
R (nT) = (3.4-3)
. 0 or *1 n #0
It is observed that the normalized maximum side lobe ratio for a Barker code
is 1/(L+1). Thus, Barker codes would be ideal vehicles for obtaining impulse-
like autocorrelation functions if the pulse-burst length L+1 could be made
suitably large. Unfortunately, Barker codes exist only for a small set of

lengths as shown in Table 3 .4-1. Thus, Barker codes have somewhat limited

use and are generally not particularly appropriate in applications requiring

18
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near impulse-like autocorrelation belavior.

Code Length Code Elements
Xk 1
2 1, -1
3 ¥, 1, =1
4 : VL S 1
5 1 GR L i i §
7 1, 1,1, -1, -1, 1, -1
11 1, 1,1, -1, -1,-1, 1, -1, -1, 1, -1
13 Ly 1, L 15 10 =1 =1, 1,1, =1, 1, =1, 1
TABLE 2.4 -1 BARKER CODES

To illustrate the characteristics of a Barker code, let us consider the
length 11 code as depicted in Figure 3.4-1. The autocorrelation function's
magnitude which corresponds to this code is also shown along with the
parameters characterizing the code's efficiency. In a later section, we
will compare this code's characteristics with those of a so-called pseudo-

optimum code generated by an algorithm to be presented in Section 4.
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(a)
p=1 i

e=0

0 11T i

(b)
|Ru(n’l‘)| A = 0.091

12;

104

-t % T e !

FIGURE 3.4-1 BARKER CODE (a) plot of code,

(b) associated autocorrelation function
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3.5 HUFFMAN CODES
In generating pulse-burst codes, superior impulse-like autocorrelation

behavior can be achieved by allowing the code elements }, to be uncontrained

complex numbers. It is of course realized that in uciliting such codes,

particular attention has to be paid to their associated energy utilization
efficiency factor p when peak power limitations are imposed. The class of
Huffman codes to be now considered offer an excellent example of high per-

formance pulse-burst codes.

The generally complex valued code {uo, u s uL} is said to be

Tt
a Huffman code if its associated autocorrelation sequence is given by

Eu n=20
Ru(nT) = -1 n = L (3.5-1)
0 otherwise

where Eu = Zluklz denotes the energy in the code sequence.1 This auto-

3 correlation sequence can be made more impulse-like by simply increasing
the code's energy Eu. *As a further observation, it i1s noted that the re-
quirement Ru(LT) = gy = -1 imposes a constraint on the code's first and
last element values.

In what is to follow, we shall be concerned with presenting a systematic
procedure for selecting a L+1 length complex code which will have the specfied
autocorrelation behavior (3.5-1). This is best begun by considering the
z-transform of the finite length code {uk} as defined by

& (3.5-2)

=] =2 =
P(z) = uo+ulz +p22 + e +uLz

where z is a complex variable. Noting that P(z) is a polynomial in the

variable z-l, it follows that the code transform has the equivalent factored

representation

1The Huffman code in which Ru(LT) = eje can be synthesized in a manner
similar to that to be presented in this section.
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P(z) = uoz-L(z-zl)(z-zz) P g (z—zL) (3.5-3)

where z, are the roots of P(z). Clearly, if it is possible to determine,

in some manner, the set of roots 210 2y o0 2 of P(z) and the con-

stant uo, then one may generate the corresponding code elements by carrying

out the indicated multiplications in expression (3.5-3). Such a procedure

shall now be presented. '
The z-transform of the autocorrelation sequence corresponding to the

code {uo. Mps + o s uL} is readily found to be

L L
-k * n
S(z) = U,z vz (3.5-4)

S L *
= -2 I (Z"Zk) I (z-llz )
k=1 ) n=1 ra

where use of the constraint uou; = -1 has been made. It is seen that the
roots of S(z) occur in reciprocal complex conjugate pairs with L of the
roots belonging to P(z) and their corresponding L reciprocal complex con-
jugate pair mates belong to the polynomial multiplying P(z) in expression
(3.5-4).

If a particular complex code sequence {uo. Hys oo v s uL} is to have
the specified autocorrelation sequence (3.5-1), these code elements must
then be selected such that

S0a) -z-L(ZZL-EuzL+l) (3.5-5)

The polynomial zZL-E zL+1, which in part constitutes the transform S(z), is
observed to be a mir:or-image polynomial with real coefficients. It follows
that if reje is a root of S(z), then so must reje, r-leje, and, r—le—je also
be roots. Moreover, due to this basic structure, it is readily shown that
the 2L roots of S(z) are located at

2k 2nk

4 3 «3
| re ¥ and fe U k=32 00 Lk (3.5-6)
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where the scalar r is given by
' 1/L
= |1 - E2-

Thus, these 2L roots are seen to lie on two concentric circles centered at

the origin along rays spaced every 2n/L radians. This root pattern is
depicted in Figure 3.5-1 for the special case N=8.

A -

T

FIGURE 3.5-1 ROOT STRUCTURE OF S(z)
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To generate the roots of polynomial P(z), one then simply selects z

“ k
j2nk/L -1 j2wk/L

to be equal to either re fork ® A, 2. . e 5 Las

Carrying out this sequential root selection results in the following code
transform

P(z) = az-L(z—zl)(z-zz) st YR (3.5-7)

It is observed that the L roots not selected in this manner correspond to

the reciprocal complex conjugate-pair mates of the set {zl,zz, e ,zL}.
The constant a is chosen so as to satisfy the imposed condition MoHp = -1,
namely
L
lal? 1 (-2 = -1
k=1

As a final step, the multiplications in expression (3.5-7) are carried out
to yield the code element values {uk}.

From this construction process, it is apparent that since there are
two choices for each of the L roots of P(z) on each half ray, there will
then exists a total of ZL different code sequences which will have the
same autocorrelation sequence (3.5-1). As indicated in reference [5],
some of these seemingly different codes are in fact equivalent in terms of
the code magnitude distribution (i.e., |u1|, |u2|, e luLl). More-
over, some of the code selections will have a relatively good energy ef-
ficiency p while others will be very unsatisfactory in this regard. In
addition, the ambiguity functions which correspond to the individual 2L
codes will be highly variable in terms of desired spike-like behavior in
the (t,w) plane. Unfortunately, for large values of code length L+l, an
investigation of each of the ZL realizations is not feasible. Some rel-
atively ad-hoc methods based on conjectures have been offered for obtaining
individual satisfactory realizations. For example, the "optimum'" length
11 code in terms of energy efficiency is depicted in Figure 3.5-2 along
with its associated autocorrelation function [5].

Before leaving the interesting subject of Huffman codes, let us
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(a)
lucex}
p = 0.641
So € = 0.0513
—
0 - op 11T t
(b) 4 Py
15 A= 0.091
10 1
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FIGURF 3.5-2 HUFFMAN CODE (a) plot of code,
(b) associated autocorrelation function
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consider the subset of the 2L selections which will result in real codes.
A little thought will indicate that real codes will result if and only if

the roots z, constituting P(z) are selected to occur in complex conjugate- «

k

*
E pairs (i.e., Z k= zk). When L is even, there will exist 2 real roots
and L-2 complex roots thereby indicating a total of 2(L-2)/2 root selections
(L-1)/2 *

will result in real codes. Similarly, a total of 2 different real

codes can be generated when L is odd.
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SECTION 4

ALGORITHMIC GENERATION OF REAL PULSE-BURST CODES

4.1 TINTRODUCTION

In this section, we shall direct our attention exclusively to bi-
phase codes in which the phase elements ek are either 0 or m. A bi-phase
code is typically referred to as a real burst code due to the fact that

the associated complex modulating sequence'{uo,u . ,uL} consists

A
entirely of real numbers. It is to be noted that the Barker codes are
real while a subset of Huffman codes are themselves real. Interest in real
pulse-burst codes arises due to the simplicity of their generation as a
modulated sinusoid since the only variable is the sinusoid's amplitude and

not its phase.

4.2 PSEUDO-OPTIMYM CODE
A pulse-burst code 4s said to be ideal if its associated sampled
auotcorrelation sequence is equal to
E n=0
Ri(n) = ES(n) = (4.2-1)
0 n#0
in which §(n) designates the unit-Kronecker sequence and E denotes the
code's energyl. It is not difficult to show that the only finite length
codes which will have this characteristic are of length one. Unfortunately,
length one codes are not of interest since the main purpose for using
pulse-burst codes is that of transmitting a long duration pulse (to over-
come peak power limitations) which in turn can be effectively transformed
into a short duration pulse by means of a matched filtering operation.

Although the above ideal autocorrelation behavior cannot be achieved by

1'I‘he unit Kronecker sequence is defined by

0 n=0
§(n) =
1 ekl AR,23,05-530
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a finite code of length greater than one, it can be closely approximated
if the code elements are judiciously chosen. We shall now direct our
attention to this most relevant task.

In what is to follow, we shall investigate the sampled autocorrelation
sequence which corresponds to the L+l length real pulse-burst code
{uo, ul, OO S uL}. In referring to the code as having length L+1, it
is tacitly implied that its two end elements Yo and ML need to be each
nonzero for otherwise the code would be of a shorter length. To measure
how closely this code's sampled autocorrelation sequence Ru(n) approximates
the ideal objective (4.2-1), the standard squared error criterion will be
used, that is

L

£ = ] w@ R (@ - R ()} (4.2-2)
n=-L *

L
= w(O){R (O-E}} +2 | w(mr 2(n)
H H

n=1
The elements w(n) are nonnegative numbers which are used to weight the
approximation errors in any desired manner. Due to the symmetry of the
autocorrelation sequence, no loss of generality is introduced by assuming
that w(-n) = w(n). As a final observation, it is apparent from the formula
for Ru(n) as given by

L

R (n) = kzn WMy
that the above criterion f(u) is a quartic function of the code elements.

It is now desired to construct an acceptable code which will make this
squared error criterion minimum. Unless a constraint of some form is
imposed on this minimization, however, it is seen that an optimum code of
length one will cause f(u) to take on the value zero (e.g., g = /E,
ul = u2 O uL = 0). In order to avoid this possibility, we shall
constrain the first code elements uo to take on a fixed value a and then
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select the remaining L code elements to minimize criterion (4.2-2).1 This
constrained minimization problem is then expressed as
2

E .3
min w(o{ § w -E (4.2-3)
k=0

ol f o |
+ 2 w(n) U U
n=1 g e }

where the analytic expression for Ru(n) has been incorporated. A code

(ul,uz, s e e QUL}
Uo =0

which renders this criterion a relative minimum value will be referred
to as a "pseudo-optimum”" code.

In order to encourage a uniform distribution of code power (i.e.,
each element has magnitude E/(L+l)), a logical selection for the constant
a is E/(L+1). It will be shown in section 5, however, that other se-
lections will lead to superior codes. With this in mind, we shall let Yo
take on various values and find the minimizing codes which correspond to
each of these Ho selections. From this family of psuedo-optimum codes,
we shall select one which is deemed to be superior (e.g., the one with
maximum energy utilization efficiency).

A careful examination of criterion (4.2-3) indicates it to be a re-
latively highly nonlinear function of the code elements My A closed-form
solution for a minimizing code is then not feasible and one must appeal to

an algorithmic solution approach. In the next two sections, a particularly

effective algorithmic solution procedure will be presented.

1Another method for achieving this objective is that of adding the functional
L 2 %
2 E 2 z
gluw) = 1 {u - ==}
k=0 k L+l

to f(u) and then minimizing f(u) + Ag(u).
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4.0 NONRECURSIVE mObDEL
what s to follow, it will be beneficial to interpret the finite
eagth au rrelat lon sequence Rv(n) as being the unit-impulse response
alve discrete-time system configuration. To verify this
fw interpretation, let us consider the subsystem characterized by

" he wing tlse-causal nonrecursive operator

y
5

on) = u x(n) + "1‘("-“ B a& s ® uLx(n—L) (4.3-1) 4

where x(n) and s (n) denote the input and response sequences, respectively,
and the u, 8re constants which will be subsequently identified with the
elements of a real pulse-burst code. The transfer function which corres-
ponds to this operator is then given by

-L

H(z) = u0+ulz-1+ e T (4.3-2) ]

For reasons which will be ma&de clear shortly, let us connect in cascade
with operator (4.3-1) its time-anticausal dual. This anticavsal dual will

be characterized by the nonrecursive operator relationship
y(n) = uos(n) + uls(n+1) L w ar uLs(n+L) (4.3-3)

in which the input sequence s(n) 1is equal to the response of time-causal
operator (4.3~1). This cascaded configuration is depicted in Figure 4.3-1
where it is noted that the transfer function of time-anticausal operator
(4.3-3) is simply H(z_l). Using standard z-transform theory properties,
it follows that the z-transform of this configuration's response to the

Kronecker unit-impulse is given by
=1
Y(z) = H(z)H(z )

L
= 7 ukzk
k=0 n=0
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A comparison of this expression with relationship (3.5-4), however, indicates
that Y(z) is simply the z-transform of the autocorrelation sequence Ru(n).

In other words, the impulse response of the nonrecursive operator con-
figuration shown in Figure 4.3-1 is equal to the autocorrelation sequence

which corresponds to the real pulse-burst code{uo,ul, S ,uL}-

x(n) Time-Causal ol Time-Anticausal ¥
= Operator > Dual Operator i
H(z) H(z™h

e -2 -
H(z) = Ho + M2 1 + =

FIGURE 4.3-1 CASCADE CONFIGURATION FOR GENERATION OF AUTOCORRELATION
SEQUENCE

The generation of a real pulse-burst code which will have a desired
autocorrelation behavior has then been equated to that of assigning values
to the coefficients of a nonrecursive operator so that its unit-impulse
response best matches a desired response (i.e., the ideal autocorrelation
sequence (4.2-1)). This equivalency is significant since it is now possible
to utilize powerful systems theory modeling algorithms for generating
excellent real pulse-burst codes. A particulcrly effective identification

algorithm for this purpose will be presented in the next section.

4.4 LINEARIZATION ALGORITHM
In this section, an algorithmic procedure for selecting the coeffi-
cients {uk} which characterize the nonrecursive operator depicted in

Figure 4.3-1 so that its unit-impulse response best approximates the ideal
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autocorrelation sequence Ri(n) = ES(n) will be presented. The criterion
to be minimized is squared error functional (4.2-3) in which the element
Mo is held constant at some prespecified value. The ideal code's energy
will be normalized at E = L+l with the objective of encouraging each of
these conjectured minimizing code elements to have magnitudes close to one
for reasons of efficient signal energy transmission.

The method to be used is the so-called linearization algorithm which
has been found to be particularly effective in system identification and
modeling applications [3] - [4]. In the linearization algorithm, the
signals to be modeled are considered as approriately defined vectors.

With this in mind, let us now define two L+l dimensional vectors

ylul = [y(0),y(1),y(@2), . . . ,y@)1’
(4.4-1)

/

[L+1, 0, 0, . . . , O]

Vi

where the prime denotes vector transposition. In these representations,
the vector y[u] has components y(k) which correspond to the causal portion
of the unit-impulse response of the given nonrecursive operator and there-
fore the causal portion of the autocorrelation sequence associated with
the real pulse-burst code {uk}. We have here suggestively expressed the
response vector as an explicit function of the Lxl parameter vector

4

I PR PR ’“L] (4.4-2)

to emphasize the dependency of y[u] on p. The vector Yy is seen to be
identical to the causal portion of the normalized ideal autocorrelation
sequence that is to be approximated. It is only necessary to consider
the causal portions of each sequence since the autocorrelation sequences
corresponding to real pulse=burst codes are known to be even.

The functional to be minimized (4.2-2) can now be compactly expressed

in the standard-inner product format




flu) = (y[ul-yi) H(y[ul-yi) (4.4-3)

where W is the (L+1)x(L+l) diagonal weighting matrix whose diagonal elements
are given by w(0), 2w(l), 2w(2), . . . , 2w(L). It is noted that y[u]-y1
is the error vector which measures the amount by which the actual code's
autocorrelation differs from the ideal autocorrelation.

In any descent algorithm, the existing parameter vector is perturbed
in a direction so as to cause the functional being minimized to take on a

smaller value. With this in mind, let us consider the perturbed functional

value
f(uta) = (yluts] - yy) W(ylu+a] - y)) (4.4-4)

where A is a Lx1 parameter perturbation vector. The linearization al-
gorithm is based on making the following linearization of the response
vector y(u+a)

L
yluta] = ylul + ] 4,3y[u] /oy (4.4-5)
kel * k

where the Ak are the components of the perturbation vector A4 and the

(L+1)x1 vectors d y[u]A W, are the so-called "sensitivity vectors” of the
associated nonrecursive operator. These sensitivity vectors yield the
differential amount by which the given nonrecursive operator's response

changes when a differential variation is made in the component u With

K
reference to Figure 4.3-1, it can be shown that the causal portion of the

sensitivity vectors are given by

(aY[u]ﬁ uk) - [uk! Uk_la . L . » Uo, 0’ 0’ . . . ’ 0] (4.4-6)
+ [uk! Vk+1’ o e ey \JL’ 0y 05 « « « 0]
for k=1, 2, . . . , L. The determination of these sensitivity vectors

for a given set of coefficients {uo, Hys o 0 v uL} is then straight-
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forward ! requires only a simple two vector addition operation.

If the lineariztion of the perturbed respounse vector as given by ex-
pression (4.4-5) is substituted into functional (4.4-4), a quadratic (in
A) approximation of f(u+A) results. It is readily shown that an optimum
selection for the parameter vector perturbation & to minimize this quadratic
approximation must satisfy the following consistent system of L linear

equations in L unknowns
s, /
(TWT 1A =T Wiy.-y[ul} (4.4-7)
u u M 1

: . th
where T is a (L+1)xL matrix whose k  column vector corresponds to the

sensitivity vector dy[u]/dou, for k=1, 2, . . . , L.

It has been shown that i? the parameter vector j does not render f(u)
a relative minimum, then the pertirbed vector u+aA will yield a smaller
value to the functional being minimized. Here a is a step size scalar
selected in the interval 0 < a < 1 and A is a solution to relationship
(4.4-7). With this in mind, the linearization algorithm as described in
Table 4.4-1 is offered. This algorithm has guaranteed convergence and

in fact converges in a quadratic manner (e.g., see ref. [3]). A computer

program to implement this algorithm is given in section 8.2.
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Step 1 Enter initial guess uo

Step 2 Calculate dy[u]Au,  k=1,2,. . . ,L

Step 3 Evaluate T;

Step 4 if IITLW{yi‘y[u]}llz is less than some prescribed small positive

values (e.g., 10-7), then the algorithm is said to have converged,
otherwise go to step 5*

Step 5 Solve relationship (4.4-7) for A

Step 6 Sequentually set a« = 1, 1/2, 1/4, 1/8, . . . and evaluate f(ut+ab)
until condition f(pt+ad) < f(u) is first satisfied

Step 7 Let u = p+old and go to step 2

TABLE 4.4-1 BASIC STEPS OF LINEARIZATION ALGORITHM

4.5 INITIAL CODE SELECTION

The hypothesized functional f(u) which is to be minimized is a quartic
function of the code elements Mt
will exist a number of different code selections which will render {(p) a

One would therefore anticipate that there

relative minimum (i.e., values of the code elements for

l'“2’ R .uL
which the gradient of f(u) is zero). Some of these "minimizing" codes will
have an associated autocorrelation sequence which has a desired impulse-

like characterisitic while other minimizing codes will not be so characterized. |
The particular relative minimum code to which the linearization algorithm |

converges is to a large extent dependent on the initial code selection

0 0 0 |
{“0’ Hys oo v s “L} |

The quantity T w{y -y[u]} is in fact equal to m1nus one half the gradient

of f(u) (i.e., -o 5v f(1) while the notation || xl( stands for x'x.
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which is made at step 1 of the algorithm as specified in Table 4.4-1.

Since the linearization algorithm is of a descent nature, it foliows that
when the initial code selection has a satisfactory autocorrelation behavior,
then the code to which the algorithm converges must be of a superior quality.
Thus the initial code selection is the most critical factor in generating
suitably good pseudo-optimum codes.

For code lengths in which there exists a Barker code, a natural initial
code selection would be the Barker code. On the otherhand, an appropriately
chosen real Huffman code would suffice for any code length (e.g., see ref.
[1]). Alternatively, a concatenation of shorter length Barker codes has
also been found to be effective in constructing reasonably well-behaved
initial codes of long length.

In formulating the functional to be minimized, the code element Yo
was held fixed so as to prevent the algorithm from converging to an unde-
sired optimum code of length one. It has been empirically determined that
different choices of Ho will result in codes which has significantly dif-
ferent energy efficiency factors, normalized maximum side lobe ratios,
and, code variances. With this in mind, the linearization algorithm is

run with a number of different choices for Ho taken from the set
65 28, « ¢ + 5. p6}

where typically pé=1 with § being a positive number less than one (e.g.,
§=0.1). From the family of p pseudo-optimum codes which results from
each of these fixed p selections of Ho? it is generally possible to
select one which is deemed superior (e.g., one whose energy efficiency
is a maximum).
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SECTION 5

NUMERICAL RESULTS

5.1 PSEUDO-OPTIMUM CODE OF LENGTH 11

The linearization algorithm as described in Section 4.4 was first
used to generate a pseudo-optimum code of length 11. It is noted that for
this code length, there exists an associated Barker code. With reference

to Table 3.4-1, a logical choice for the linearization algorithm's initial

code is then given by
o o
uo= [uo, I, &, =1, =1, =1, 1, =1, =1, 1, =1} (5.1-1)

where it is noted that the Barker code's initial element value 1 has been
replaced by the fixed parameter pg. The linearization algorithm was then
used to gencrate the pseudo-optimum codes which corresponded to cach of the
following ten selections for ug.

ug = E0.4, 02, 008, « v g )

In this algorithmic procedure, the error weights w(n) were all set to one.
The normalized maximum side lobe ratio, the energy efficiency factor, and,
the code variance (as defined in Section 3.3) which corresponds to each of
the pseudo-optimum codes iteratively generated for these ug selections are
shown in Table 5.1-1. The best code from this family is deemed to be the
one associated with ug = 0.5 since maximum energy efficiency utilization

was of primary concern. A plot of this pseudo-optimum code and its as-

sociated autocorrelation function is shown in Figure 5.1-1.

1f maximum side lobe reduction were of primary concern, then the code

corresponding to “8 = 0.1 would have been chosen.
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UZ P € A
0.1 0.211 0.589 0.000909
0.2 0.289 0.456 0.115
0.3 0.367 0.376 0.00782 7
0.4 0.431 05322 0.0136 %
0.5 0.473 0.285 0.021 .
0.6 0.440 0.259 0.0298

3 0.7 0.410 0.241 0.0398

% 0.8 0.390 0.230 0.0510
0.9 0.378 0.224 0.0633
1.0 0.372 0.223 0.0763 ]

TABLE 5.1-1 INTTIAL CODE SELECTION-LENGTH 11

Liaab

In terms of normalized maximum side lobe ratio, the pseudo-optimum code
shown in Figure 5.1-1 is superior by 6.36db over the Barker code of length
11, and, by 6.00db over the complex Huffman code of length 11 as shown in
k Figure 3.5-2. Although this is but one example of a short length real

pulse-burst code, it does illustrate how one may generate effective real codes

using an algorithmic approach.

i To further compare the inherent signal characteristics of the pseudo-

: optimum, Barker, and Huffman codes of length 11, their associated ambiguity
functions were calculated by means of relationship (3.1~5) and are shown

in Figure 5.1-2. 1In these plots, the ambiguity surface is sliced along the
w=0 axis so that the associated autocorrelation function corresponds to the
leading edge of the surface as is readily apparent in the cases of the Barker
and Huffman codes. A careful examination of these ambiguity surfaces reveals
that the pseudo-optimum and Barker codes are clearly superior to the Huf fman
code. More over, the pseudo-optimum is somewhat better behaved than the

Barker, particularly relative to autocorrelation behavior.
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PSEUDO-OPTIMUM CODE OF LENGTH 128
The true effectiveness of the proposed algorithm for synthesizing
real pulse-burst codes is made evident when constructing long length

codes. To demonstrate this assertion, a real pulse-burst code of length

128 was next generated. When considering this relatively long length
0
ul’ o e

code, the choice of the initial code ug, used in

0
» Mp27
step 1 of the algorithm becomes even more critical as well as difficult
to make. In this example, the real code of length 128 as tabulated in

This initial code

reference [1] was used to initiate the algorithm.

has excellent characteristics as shown in Table 5.2-1.

Normalized Maximum | Energy Efficiency | Code Variance
Side Lobe
A o) €
Initial Code 9.508 x 107% 0.3348 0.2757
Pse -0 i
FaeMco-GpEinuR L g jge o in s 0.3426 0.2862
Code

TABLE 5.2-1 RELEVANT CHARACTERISTICS OF REAL PULSE=-BURST CODES OF LENGTH
128

Using this initial code, the algorithm was found to converge to a
pseudo~optimum code whose normalized maximum side lobe ratio was found
to have decreased by a factor of 10—4 over that of the initial code.
The relevant parameters which characterize this pseude-optimum code are
also shown in Table 5.2-1. 1In addition, a plot of the codes magnitude
and its associated autocorrelation and ambiguity functions are given in
Figure 5.2-1. It must be mentioned that these excellent characteristics
and ambiguity function behavior can only be approximated in practice

due to the inherent incapability of exactly reproducing the precise

amplitudes for the code length required.
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SECTION 6

CONCLUSIONS AND RECOMMENDATIONS

The iterative procedure as herein described for synthesizing real
pulse-burst codes has proven to be effective in all examples treated.
Namely, the pseudo-optimum code to which the algorithm converges has been
found to posses such desirable characteristics as having an associated
impulse-like autocorrelation function and a well-behaved ambiguity func-
tion. Furthermore, the algorithm's convergence rate is quadratic in
nature thereby offering a computationally efficient code synthesis
procedure. This procedure therefore promises to be a very useful tool
for constructing good real pulse-burst signals.

To achieve the algorithm's true potential, however, it is essential
that a systematic method for constructing a suitable initial code be de-
veloped. The method suggested by Akroyd [1] appears to satisfy this re-
quirement although further investigations along this line need be made.
For example, it might be possible to further adapt some of the techniques
as given by Schroeder [7] to construct appropriate initial codes. The
importance of this initial code selection cannot be over emphasized.

Another consideration which must be made is that of generating codes
whose energy efficiency is appropriately large. Initial investigations
of how one might achieve this capability, while still maintaining the
algorithm's basic features, have been made. In essence, this requires
that an inner product which gives a positive measure of energy efficiency
be added to the functional f(u). A minimization of this new functional
would then tend to simultaneously generate a real pulse-burst code which
has a relatively large energy efficiency utilization as well as an impulse-

like autocorrelation behavior.

45




(1]

[2]

[3]

[4]

[5]

{6}

(7]

SECTION 7
REFERENCES

Ackroyd, M. H., Synthesis of Efficient Huffman Sequences, LEEE

Trans. on Aerospace and Electronic Systems, Vol. AES-8, No. 1

b

January 1972, pp 2-8.

Bifd, G. J. A., RADAR PRECISION AND RESOLUTION, John Wiley & Sons, Inc.,
New York, 1974.

Cadzow, J. A., System Modeling, an Efficient Algorithmic Approach,
Presented at the 1975 Conf. Information Sciences and Systems,

The Johns Hopkins University, Baltimore, MD., April 1975.

Cadzow, J. A., Recursive Digital Filter Synthesis Via Gradient

Based Algorithms, IEEE Trans. on Acoustics, Speech, and Signal
Processing, Vol. ASSP-24, No. 5, October, 1976, pp 349-355.

Caprio, J. R., Strictly Complex Impulse-Equivalent Codes and Subsets
With Very Uniform Amplitude Distributions, IEEE Trans. on
Information Theory, Vol. IT-15, No. 6, November, 1969, pp 695-706.

Cook, E. C. and M. Bernfeld, RADAR SIGNALS, Academic Press, New York,
1967.

Schroeder, M. R., Synthesis of Low-Peak-Factor signals and Binary

Sequences with Low Autocorrelation, IEEE Trans. on Information Theory,

Vol. IT-16, pp 85-89, January 1970.




SECTION 8

8.1 APPENDIX A

AMBIGUITY FUNCTION PLOT PROGRAM

PROGRAM MAIN(INPUT,JUTPUT,,TAPES=[NPUT
$ s TAPEG=0OUTPUT
$oTAPELyTAPER2, TAPE3»TAPE4» TAPCTs TAPESs TAPED)

C ¥** TAIS PROGRAM GENcRATES THc AMBIGUITY #
C **%x FUNCTIIN AND PLJITS IN THREE *
C *%% DIMENSIONAL SPACE, *

CCMPLEX D»BLlCIMyB2COMeDTEMPyXTEMPEXLsEX2sCSUM

H sAs TEMP

DIMENSION D(123)»31C0OM(1238)532C0dM(L23)sX(25061)

- $ sMASK(4001),0aTA(256)
. $ sDINCL28) s TEMP( 43),A(4359128)

REWIND 1

REWIND 2

REWIND 3

REwIND 4

RewIND 7

REWIND 8

REWIND &

PI=3,141592053%893
c %% T —=== SAMPLING TIME *
C *¥¥% | ~=== NUMBER JF CODt LENGTH =
C %% NF ==< NUMBER JF LIN:=S FOR EVERY *
C * 4% 2*PI/T wWHICH ARE PLOUTTED .
¢ L2 PARALLEL TO THE TIME AXDS *
c %% DIN == REAL PART JF :ZACH CUDE *
€ 4% ELEMENT *
C Wew D === Cuie WRIANY *

T=}.

L=128

AL=L

Ll=L/3+1

L2 1%2

LHsL/2

L2Ms(L=1)%2~]

NF=g4

NF2sNF %2




14

L

luv

e R ]

o

[AY]
N

<

NFiaNrF ¢}
NFEoanNt o6
NEM] aNF=]

REAUV(Z2o*) (DIN(M)oMe),L)
) 14 Mml,|

MMaspM¥2w]
D(M)=CMPLX(DIN(M),0.0)
CSUMsCMPLX(D,405040)

DC 30 M=]1,(
CSUMaCSUM+CONJGIII(MIIHD(H)
Sum=REAL(CSUM)
SCA=SQRT(AL/SUM)

DO 41 M=sl,L
D(M)sSCA*D (M)
wRITE(BYL1IQ)
FORMAT(/s3Xy* CIDE D *)
PRINT * ,(D(M)sM=1sL)
(NE2D,

*%4 SUMMATI IN INVOLVED I& AMBIGUITY
*%% FUNCTION IS CuMPUTED BY FFT,

2 7 K=zly2
D) 1 IP=ly(
CALL SECIND(TIMe)
PRINT#,"TIME S ", TIME
11s]pP=-1

NNF=2#(IP+INZ)
IFINNFGEQeL) 3] TUO 21
NTJ 2 M=1,NNF
QATA(M)=CYPLX(0e050,0)
IS=IP+0ONE
IF(IS.GToL)
00 3 M=IS,L
MT=zM*2=142
DTeMP2D(M)*CLUNJG(D(M=11=JNE))
DATA(MT)=REAL(DTEMP)
DATA(MT+1)=AIMAG(OTEMP)
CONTINUE

LL=2%(L+]1)+1]

DO 18 M=LLyNFQ

0ATA(M)=0.0
CONTINUE
IF(LsLENF)

GO T3 22

Gl T 29
*%% COMPUTES B8Y NJIT JUSING FFT.

CALL AFOUR(DATASNFoLsNEST)
GO TJ 26
CALL FOURL(DATAyNFy=-1)
IF(IP.GTWL1) GJ TI 31
DL 6 M=]1,NF
MT2Mk2=]
ACIPyM)2CMPLX(DATA(MT )9 UATA(MT+L))
IF(IPWNESLL) GO TO &
07 32 MJ=lyNF

48




D3 33 MIs=]l,Ll
33 TEMP(MI)=A(MI, M)
IF(KsEQWs2) GO TO 35
WRITE(Lly*) TEMP
GO TI 32
35 WRITE(&y*) TeMp
32 CONTINUE
GO 10 1
31 IF(IP4GT4L2) GC TO 43
I[IP=]IP=L]
DO 9 Ms],NF
MNT=pd2-]
9 ACIIP»M)=CMPLX(DATA(MT)»DATA(MT+1))
IF(IIPeNESLL) GI TO 1
DU 34 MJs1l,NF
DO 35 MI=1,L1
35 TEMP(MI)=A(MI,MJ)
IF(KesEQe2) GO TO 37
WRITE(3,%) TEMP
GU TO 134
37 WRITE(7,%) TEMP
34 CONTINUE
GU TO 1
43 1IPsIP=L2
CO 44 Ms=]1,NF
MYsM*2=1
44 A(IIP,M)sCMPLX(DATA(MT),DATA(MT+1))
IF(IPeNEWL) GO TO L
O 45 MJ=1,NF
DO 46 MI=1,L1
45 TEMP(MI)=A(NI,M))
IF(KeEQe2) G} TD 49
WRITE(B,*) TEMP
GO T2 45
49 WRITE(D9*) TEMP
42 CONTINUE
1 CONTINUE
ONE=l,
7 CONTINUE

*%% THIS PRIGRAM HAS THE CAPABILITY UF *
*%% PLITTING FOR THe INTERVAL =6%PI/T TU *
%% +6%PT/T ALING OMEGA AXILS. *

OO0

CaLL PLOTS

ISTEP=1C
ISTEPL1SISTEP+]
DEL®T/ISTeP
IPCINT=L*[STeP
L2M=(IPDINT*2+1)/10
IP21sIPOINT*2+}

1 IBASE=NF3
NF3PaNF3+l
NF6PaNFo+1
NFD=NF*5+1

ILINE=O

CALL PLOT3D(10s0e09X024Gr0edd2350eu3125

49
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e N Ne]

15

12

35

39

47

42

40

»=Ued30sILINE,IP2]
% D“'ﬁoOl’g\}oJ’ 10.\)’025,2000,“ASK!0)

PewIND
REWIND
REwWIND
REWIND
REWIND
REWIND

O @~ & W

*%% tVERY LINE IS DRAWN PARALLEL TO THE

*

k%% TIME AXISe THE LINES WHICH $SH0ULD 3c *

*%% 4J0DEN BY PREVIJUS LINES ARE MASKED.

DO 13 I=NF3P,NFD
ILINE=]I=NF3

IRaNFEP+L1=-]

I[=NF3+1~-]

Il==]1
OMGePI*]IT1#%2,/(NF*T)
EX1=CMPLX(Jeus OMG*T/2,)
FX2=CMPLX(0e0psOMG*T)
IF(IReLECNF3) GJ TJ 156
IND=[R=-IBASE
IF(INDeNEWs1) GIJ TO 12
IF(I«EQeNF3P) GG TO 12
IBASE=IBASE=NF

GO TJ 12

IND=sI-IBASE
IFCINDSeNEGNF) GJ TO 12
IBASE=IBASE+NF
IFCINDWNESL) GT TO 50
REWIND
REWIND
RewIND
REWIND
REWIND
REwWIND
READ(1ls*) TEMP

D0 23 M=]1,L1
B1COM(M)=TEMP (M)
READ(3,%) TEMP

DO 3G M=l,L1
MT=L1+M
B1COM(MT)=TEMP (M)
READ(B,%) TEMP

DO 47 M=1,L1
MT=L2+M
BLCOM(MT)=TEMP (M)
READ(4,*) TEMP

DG 42 M=1,L1
B2COM(M)=sTEMP (M)
READ(7,%) TEMP

DO 40 M=1,L1
MT=L1+M
B2CLM(MT)=TEMP (M)
READ(9,#*) TEMP

DO 43 M=]1,L1

O W~ & W=
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10

24
140

23
i3

MTal 2+¢M

B2CIOM(MT)=TEMP (M)
XTEMP=T*CEXP(EXL)*SINC(OMG*T/2,)%81CIM(1)
XCIPJINT+1)=CABS(XTEMP)

D0 10 J=1,L

JJ=J=1

DO 10 Ks1,ISTEP

KK=K

EX12CMPLX(0e0» OMG*(T=DEL*KK)/24)
EX28CMPLX(0s0s OMG*(24#T=DcL*KK)/2,)
XTEMP= (T=DEL*KK)*CEXP(EXL)

8 *SINC(OMG*(T=DEL*KK)/2.)#*31C0M(J)

$ + DEL*KK#$CEXP(EX2)
3 *SINC(OMGH*IEL*XKK/2,)¥B2CIM(J)

XX=CABS(XTEMP)

KT=JJ*ISTEP+K

XCIFPOINT+1-KT)sXX

XCIPOINT+14+KT)=XX

CONTINUE

CALL PLOT30(1UsCedsXpUe0pGeOU23p0.03125

$ »=0euU36,ILINE»IP2L

3 9‘4500"2000’ 13.0» .Z5;29.0.MASK;L)
IF(I«NEJNF3P) GO T3 13

WRITE(5,140)

FORMAT(/53Xp*OMESA 3 U¥)

DO 23 IM=]1,L2M

BASE=10%(IM=-1)

IBS=3ASE+]

IBL33ASE+1D

PRINT *, (X(M)yM=2]I3S,1I8L)

CONTINUE

CONTINUE

CALL cFPLOT
STOP
END




SUBRIUTINE AFJUR(DATAyNFyL»INE,T)
S %% CIMPUTES FOURIcR TRANSFIRM *

DIMENSION DATA(256),DT(256)
COMPLEX EXpSUMyTMP
PI=3,1415926535898
00 1 IP=1,NF
IPPsIp#2-1 ¢ |
IIP=IpP=~-]1 %
SUMaCMPLX(0405040)
LPsL+l
DO 2 N=2,LP
[I=2%N=1
ANsN=1
Xz=2 ,#PI*[ IPANN*T/NF
TMP=CMPLX (0e0s X )
EX=CEXP(TMP)
TMP=CMPLX(DATACII)»DATA(II+1))
SUMaTMP*EX+SUM |
2 CINTINUE ' ,
DT(IPP)=REAL(SUM) i
DT(IPP+1)=AIMAG(SUY) i
1 CONTINUE |
NF2aNF#*2
L) 3 IslsNF2
3 DATA(I)=DT(I)
RETURN .
END i

TR Y, PR, 0 ¥
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8.2 APPENDIX B

PSEUDO-OPTIMUM CODE ALGORITHM PROGRAM

PPOGRAM MAIN(INPUT,OUTPUT»TAPCO3INPUT
»TAPEEaDJUTPUT
s TAPE1sTAPE2» TAPED)

¥¥% THIS PROGkAM COMPUTES THE OPTIMUM
**% PULSE BURST CODE.

COMMIN R(255),NsNNpaAN»Q(255)9DIsNP
DIMENSION D(L27)s0D(127)sP(127)s0T(i27)

9S5(127)922(255),DIN(127)

REAL LAM
%% ) —=== CODEt ARRAY
%% R ~==- CORRELATIUN ©RRROR ARRAY
%% N -=~- THE LARGEST INDEX OF CODE
*x % THE LENGTH OF CO0E IS N+l
k% J —==«= WEIGHTING FACTOR OF MEAN
kx SQUAR ERROR
¥%%x L AM ~= ADJUSTABLE FACTOR TJ oeTd
*k# 3ETTER EFFICIENCY
k% (JEIGHTING JF PeENALTY
k¥ FUNCTIONAL)
4% JBET ~= ADJUSTABLE FACTJR TO GET
LR 2 B3ETTER SpPI«<t TU SIderJBe
LA RATIO

N=127

NP=N+1

NP2aN+2

NH=N/2

NYMasNH=1

AN=N

NN=2%xN+]

LAM=20,0

BET=250.

WRITE(6935C) LAM
FORMAT(/9s3Xs*LAMBDA = *,F1045)
WRITE(6,360) BET
FORMAT(/93Xo*BETA = *,Fi0e5)
FORMAT(/53Xs%Q MATRIX & *)
READ*, (Q(M)yM=]1,21)

LR R R TR N R R B R R

P
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32

20

66

€8

14

13
15

13

READ*, (Q(M),M=22,41)
DO 32 M=42,NN

Q(M)=]1,

DD 35 M=s]1,NN
CQ(M)=Q(M)

READ *,00,(D(M)yM=l,yN)
SUM=Q(C*DC

DO 60 Ms],N
SUM=SUM+D(M)%*D(M)
FACs(AN+1,)/SUM
FAC=SQRT(FAC)
DO=DO%*FAC

DO 61 M=1,N
D(M)=sD(M)*FAC
PERO=CORRE(Ds»SsLAM)
CALL PVEC(P,»GRAD»DsLAM»S)
I=Q

CALL CONVT(RsN)
WRITE(6,100) I,PERDsGRAD
WRITe(6»200)

CALL WR(PsN)
WRITE(6,3090)

PRINT *,DQ

CALL WR(DyN)
WRITZ(6,»310)

CALL WR(RpNN)

CALL EFVA(DO,DsR(N+1)pN)
CALL CONVT(RsN)

DO 2J M=]1,N

DD(M)=D(M)

=]

Ml=1

#%% CIMPUTES P VECTOR

CALL PVEC(P»GRADsIDsLAM»S)
PERU=CIRRE(DsSs LAM)

PO 66 Ms],yN
SUMsSUM+P (M) *P (M)
ALFs(AN+14)/SUM
ALF=2SQRT(ALF)
IF(ALFeGToe2e) ALF=2,0

#%% SEARCHING THE STEP SIZE

D3 13 J=1,10

PRINT #*,ALF

DD 14 K=sl,N
D(K)=DD(K)+ALF*P(K)
EROC=CORRE(D»Ss»yLAM)
IF(ERQsLECPERD) GO TO 1%
ALF=ALF/2,

CONTINUE

PERU=ERD

0O 18 M=1,\
DD(M)=D(M)

SUMEQ
e 54

T o —

_”*m:&hkyz‘




ALL=(le/2.) %23
[F(ALFo.LEeALL) GI TO 17
IF(GRADeLTeau0Gl) GO TO 17
IF(JetQs1l0) GO TO 17
IF(I.EQe5V) 530 TO 17

Ia]+])

GO TO 11

¢ *%% ADJUSTS WEIGHTING Q *

17 SUM=0,
DO 23 M=]l,ANN
33 SUMsSUM+R(M)*R(M)
DO 34 Ma1lsNN
34 Q(M)sQQ(M)+BET*R(M)*R(M)/SUM
WRITE(6»10J) IsPEROYGRAD
L1CO FORMAT(//s10X,*ITERe = *,13,5X,
$ *ERRQOR =2 *,¢11,3,
$5X 9 *GRADIENT = %,F20,45)
WRITE(6»20C)
2ol FURMAT(1Xs* P VECTIR %)
CALL WR(P,yN)
WRIT=(6»300)
300 FIORMAT(/,»LlXy% CODE D t#)
PRINT *,D0
CALL wWR(DsN)
CALL CONVT(RyN)
. WRITE(65,310)
310 FORMAT(/91Xe# CORRELATION R :#)
CALL WR(RsNN)
CALL EFVA(DO»DsR(N+1)sN)
wRITE(6,340)
CALL WR(QsNN)

¢%% CJOMPUTES CORRELATION #JR TRUNCATED *
**% CODE *

OO

CALL TRUNCI(D(U2DsN)
PTRA=CORRE(D,SyLAM)
CALL CONVT(R,N)
wRITE(6,310)
CALL WR(RsNN)
Call CONVT(R,N)
IF(MleEde4) GO TO 38
IF(Ml1eEQel) GO TO 38
MlsMlel
GJ T0 11

33 STOP

k END

A . —
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SUBRUUTINE PVel(PyGRADsDsLAMHS)

*%% COMPUTES FRECHET MATIRIX
%% AND FINDS P VECTUR.

COMMON R(235)sNsNNsAN»Q(255)»00sNP
DIMENSION FRM(127,127)5P(127)55(127)»3(127)
$ ,D(127)

REAL LAM

DO 1 J=l,N

USaN¢+l=J

UL=sUS +N

DS=Jy+l

DL=DS+N

DO 2 I=1,nNN

IF(I«GTsUL) GO TJ 3
III=I-US

IF(III) 35495

UK=(,

G0 TC 6

UK=DO0

GO 10 6

II=I-US

UK=D(IT)

IF(I«LT4DS) GO TO 9
III=sI=-DL

IFCITI) 74899

II=0L-1

OKsD(II)

6l TJ 10

DK=D(C

GO TO 10

NDK=Q0,

IF(I=NP) 38,39,2
FRM(I»J)=aUK+DK

GC Tu 2

S(J)=UK+DK

CIONTINUE

CONTINUE

REWIND 1

DO 23 I=1,N

DD 24 Js=l,N

SUM=(,

DD 25 Ks1,N

SUMS] ¢ #FRM(Ky [ ) *FRM(K» J)#*2(K)+SUM
P(J)=SUM+Q(N+1)*S(I)*S(J)
CONTINUE

wRITE (1) P

CONTINUE

CO 26 I=]1,N

SUM=() .

CO 27 K=1yN

SUMSFRM(K, I)#R(K)*Q(K)*1l,+S5UM
B(I)=SUM#Q(N+L)*R(N+1)*S5(])
CONTINUE

REWIND 1

DO 36 Isl,yN
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READ (1) P
DU 37 Js1,N
37 FRM(IsJ)=P(J)
3¢ CONTINUE
DN 31 I=]1,N
31 FRM(I,I)sSLAM+FRM(I,I)
SUM=(C,
D0 32 I=1,N
32 SUMsSUM+D(I)*D(])
SUM=SQRT(SUM/AN)
D3 33 I=sl,N
33 SCIIsSIGN(SUM,O(I)) |

¢ *%% CUMPUTES GRADIENT *

DD 34 I=]1,N
34 B8(I)sB(I)=LAM*(D(I)=S(I1))
SUM=0,
DU 13 I=ji,N
13 SUM=SUM+B(I)*3(])
SUM=SUM*4,
GRAD=SQRT(SUM) /AN
CALL SIMQ(FRMyByNy ING)
IF( INGecQs0) GU TI 35
WRITE(5,101)
lul FORMAT(/93Xy*MATRIX IS SINGULARX)
35 03 17 Isj,N
17 P(I)=8(1)
RETURN
=ND

LT




FUNCTION CUORRE(D»S»LAM)

*%% COMPUTES THE CORRELATION ufF CODe *
*4% AND MEAN SQUAR ERRUR. *

OO

COMMUN R(295)sNsNNsAN9Q(255),D0sNP
DIMENSION D(127),5(127)
REAL LAM
NlsN=]1
CC 1 I=1pN1
IIsN+1l+]
R(II)=sD(I)*Dy
JIsN+l=]=-1
DD 2 J=l,JJ
R(IIN=R(II)N+D(J)*D(J+])
CONTINUE
R(N+1)=DC*D0
; D] 3 I=1,N
l 3 R(N+#1)=R(N+1)+D(I)*D(I)
RINN)=D(N)*DO
00 & I=sl,N
II=NN+1-1
4 R(IN)=R(II)
DO 5 I=l,sN
IIaN+1+]
R(I)==R(I)
F(II)==R(II)
R(N+1)=AN=R(N+1)+1,
ERU=0.
DO &6 Is]l,yNN
6 ERU=Q(I)I*R(I)*R(I)+ERU
SUM'O.
DO 7 Isl,N
7 SUMaSUM(D(I)=S(I))*(D(I)=S(I))
EROSERO+LAMRSUM
CORRcsERD
RETURN
END

- N
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330

SUBRIUTINE £FVA(DOsDsRXsN)

*%% COMPUTES teFFICIENCY AND CuUDe
%% VARIANCE.

DIMENSION 0(1)

AN =N

OMsC0*DO

DD 29 M=]1,N

DQ=C(M)*D(M)

DMsAMAX1(DOM,0Q)

EF=RX/((AN+1,)%*DM)

WRITE(6»320) ¢tF
FORMAT(/oLCXxo*EFFICIENCY = *,FlCe7)
EF=cF#DM

EF=SQRT(EF)

SUMS (DO=EF ) *%2

DO 26 M=]l,N

ABD=ABS(D(M))

SUM= (A3D=EF)*%2+5UM

VAR=SUM/RX

WRITE(6533G) VAR

FORMAT(/»1UXs*CODE VARIANCE = *,F10.,7)
xt TURN

END

SUBROUTINE TRUNC(XL1sXsN)
*%% TRUNCATES THE CODE.

DIMENSION Xx (1)
X1=X1%1CO,
IXl=Xx1
X1=Ix1/100,

DO 1 I=]1,N
X(I)sX(I)#*100,
IxsXx(I)
X(I)=IX/10G.
RETURN

END
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SUBRNDUTINE CUNVI(R,N)

¥%% CUNVERT T CORRELATIUN FRUM
*+#% CORRELATIUN ERRQOR OR VICt VERSA.

DIMENSION R(1)

AN=N

00 23 Ms1,N
II=s2%N+2=¥
R(M)==R(M)
K(II)=R(M)
RIN+1)3AN=R(N+1)+1,
KETURN

END

SUBROUTINE WR(XX»NNN)

*%4% THIS SUBRJUTINE [S USED TJ PRINT
*#% QUT THE RESULTS FOR CIONVENIENCE.

DIMENSION XX(1)

NLASaNNN/10

DC €1 I=1,ANLAS

IS=1C*(I=1)+1

IL=IS+9

WRITE(E»370) (XX(J)pJ=IS,IL)
FORMAT(/»3X»10(tlle2))
CINTINUE

IIS=NLAS*10

IF(IIS.EQ.NNN) GO TO 1
IS=NLAS*10+1

WRITE(65370) (XX(J)sJI=IS,NNN)
KETURN

END
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MISSION
of
Rome Air Development Center

RADC plans and conducts research, exploratory and advanced
development programs in command, control, and communications
(c3) activities, and in the C? areas of information sciences
and intelligence. The principal technical mission areas
are communications, electromagnetic guidance and control,
surveillance of ground and aerospace objects, intelligence
data collection and handling, information system technology,
ionospheric propagation, solid state sciences, microwave
physics and electronic reliability, maintainability and
compatibility.
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