
AC—AWe? 315 STAT E UNIV CF NE W TOR~ ‘1 BUFFALO AMHERST DEPT OF (Li—ETC F/S 9/3
TIC ALSCRITI041C SENER AT I Oil OF PSEUOOeOPTIMUM PULSE BURST CODES, (U)
SEP 77 .1 A CA DZOW F30602—75—C—0122

UNCLASSIFIED RADC—TR— T7—3 12 NI.

i

UI EU U

a



1.: ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ‘ , k. . ’

~~~~~~~~~ ~~~~~~ -

• •
. 

- 
, :~ ~-

~~~~~~~ , • 4
.
~~~_-•Ss;~~ t.

* 
-

~

.

~ :~ 
4

- 
- - *‘ 

•- - 
-? 

~~~~~~~

~ -~~~ 4 ~ •. -

-
- 

~

/
. ‘~ .- .

~‘.

•/! 
~~~~~~:-~~~•

-

I

• -

• 

•

• ~~~~~~~ for 11c ~~1~~~~; ~~~*r~~~~~ s ~~11i~ td .

7_4

D D C
• r c ~citi~s~nnrErrn

a~~ E MR DEVEtOPMENT cENTVR 
~E c • 6  ~~~a.

- OfpItPmi Mi Pores iass P4sw Yoi~ 13441 
U L~LW

• 
:~~~~~~~

_

,

I
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  A



laøee M~i.Le~ _ _ _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 
u-.-”. 

~
- 

~ 

/

~~~ 
__ I$ -

~~~~~ ~~~~~~~~~~ 
~~~~~~~ctimg ,l1~. Oftic.



_  -

~~~

UNCLASSIFIED
CLJRIIY CLASSIFICATION SF THIS PAGE (~~ •., f l a .  EflI~~ od)

B F I O R I~. COMPLETING FORM
REPO

~~J~~~

)REPORT DOCUMENTATION PAGE IWAD INSTRUCTIONS

~ GOVT ACC ESSION NO RECIPIENT S C A T A L O G  NUMB ER

KADC TR- 7~~~~~) — 

~~~~Ll! ~~~~~~W~~ThIOD N

ORITHMIC GENERATION OF ~~SEUD O—OPTI~~~~~ Final %~chnical
PULS’~E-BUKST CODES , !. o~~~~

” 
~ 

1 Jud’j~ —1 Aug~~~ •“ , )
E rRL ~~~...., ~~~~~~~~~~~ ,,a r .~~ r

_____________________________ _____ 

N/A
• CONTRACT OR GRANT NUMSCR(aI —

~~.~~~~~~~~~7~adzow 

-

~~~~~~~~~~~~~

- 

(
~~~~~~~;3~6O2-75-C~~~~~~~~

S PERFORMING ORGANIZATION NAME AND ADD RESS t O . PROGRAM ELEMENT , PROJF CT. TASK
AREA a WORK UNIT NUMIJ.3L

Department of Elec. Engineering ~‘

62702FState University of New York at Buffa lo
Antherst NY 14260 (,/~,4 ~~~~~OO1 

_____

II CONTROLL ING OFFICE NAME AND ADDRESS .,

Rome Air Development Center (OCTS ) Sep _~~ 111 )
Crlf fiss AFI NY 13441 u. NUMBER F P A  

60
14 MONITORING AGENCY NAME a AOORE5S(if dIlf.~.nt fr~ , ( nnI,.ItIn Of1i .’e) IS SECURI LASS.

Same UNCLASSIFIED
IS.. DECLASSIFICATION. DOWMG RADIN..

SCHEDULE
__________________________________ ______ 

N/A
‘S DISTRIBUTION STATEMENT (•f Sh Sa ~~~~~~ 

—— —

Approved for public release ; d i s t r ibu t ion  unlimited .

‘7 DISTRIBUTION STATEMENT (of A. .baI,a~’f o~ ’•~sd ~ ‘ U d S U.,.n t Ira., R.porf) 
— —  -

Same

IS. SUPPLEMENTARY NOTES 
— - -.

R.ADC Project Engineer: P auL VanEtten (OCTS)

I

~ 

KEY WORDS (CenIin~. •n rprora ~ .i~~ ,f ~~~~~~~~ ~~d Id•nISI y Ar bIu~k n~~~~A.r)

Signal Processing
Pulse Compression
Pulse- Burst Waveforms

~~~~A B S TRA - T (C~nhInu. or, -~ r•~aa aid . It n.c.;r.~ and ld.ntify by Stork n~mb•r) 
— —

This report describes some initial results in the algorithmic generation of
f inite length pulse—burst signals whose autocorrelation functions are approxi-
mately impulse—like in nature .  The codes will be restricted to be real with
piecewise constant amplitude that can either be positive or negat ive ( i . e . ,
bi-phase) . Such codes find variou, applications in radar signal processing
and digital c osinunication syst.ma . A new pulse—burst code is presented and
compared with the Barker and Hoffman codes .

FORM IDD I JAN 73 14i~ EDITION SF I NOV 51 IS OBSOLETE 

SECURIT \ASSIFICAIION O H’S DAGE WT.n flora i~ntr,.M

UNCLASSIFIED

~~~~~q7

~~~~~II;~. ~~~~~~ .~~~~ 
_ r.. .~ ~.-- ~~

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~ ~~~~~~~~~~~~~ •~~~ . - 

. - 
~ ‘I”

~~



UNCLASSIFIED
S~~CU RIT V  CLASSIFICATION OF THIS P AC E (I4~,or, 0.,. FnI•f.d )

S

I

UNCLASSIFIED
SECU RITY CLASSIF ICATION OF THIS PAGE(W?, .n D , r r - F , ,f . , o d)

~

. — . 
.. , -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ rir ~~~~~~~~~~~~~~~~~~~~~~ ‘•r ~ 

‘
~~~



_

TABLE OF CONTENTS

Section

1. INTRODUCTION 1
1.1 PURPOSE 1
1.2 BACKGROUND 1

2. RADAR SIGNAL DESCRIPTION 2
2.1 BASIC SIGNAL MODEL 2
2.2 TARGET RESOLUTION MD THE AMBIGUITY FUNCTION .   4

2.3 THE M&TCHED FILTER 7
2.4 AUTOCORRELATION FUNCTION 9

3. PULSE’-BURST SIGNALS 12
3.1 BASIC DEFINITIONS 12
3.2 AUTOCORRELATION 14
3.3 QUALITY MEASURES 15
3.4 CONSTANT M&GNITUDE CODES 17
3.5 HUFFMAN CODES 21

4. ALGORITHMIC GENERATION OF REAL PULSE-BURST CODES
4.1 INTRODUCTION 27
4.2 PSEUDO—OPTIMUN CODES 27
4.3 NONRECURSIVE MODEL 30
4.4 LINEARIZATION ALGORIThM 31
4.5 INITIAL CODE SELECTION 35

5. NUMERI CAL RESULTS
5.1 PSEUDO— OPTIMUM CODE OF LENGTH 11 37
5.2 PSEUDO-OPTIMUM CODE OF LENGTH 128 42

6. CONCLUSIONS AND RECOMMENDATIONS 45

7. REFERENCES 46

8. APPENDICES
8.1 AMBIGUITY FUNCTION PLOT PROGRAM 47
8.2 PSEUDO—OPTIMUM CODE ALGORITHM PROGRAM 53

p 
~~ 1

O~~~~~~~~~~~~~~~_} 
~~~~ ~~~Wtltt SEi~Ii SI ~~~~~ ~._J — -

~~

Bu fl St;t c 1  —‘1 ~ r’ ‘- ‘ r TT~ 
- •“

INANNCUNCEU [1 —

JVSW ICAUOM — .~ ~~ 6 1911’

,
.

,

ZiP’ T~~~. A~A - ~ Ii

L

~

. .
~~~~~~~~~ ~ .~~~~ - -



_ _  — ---- ---
~~~
-;-- -. -

~~~~-~~~~ .-- - — --—
~~~~

--- -- - .

LIST OF FIGURES

Figure Page

2. 1— 1 Model of Radar Signal Processing 4

2.3—1 Matched Filter Receiver 9

3.4—1 Barker Code (a) plot of code (b) associated autocorrelation 20

function

3.5—1 Root Structure of S(z) 23

3.5—2 Buffman Code (a) plot of code (b) associated 25

autocorrelation function

4.3—1 Cascade Configuration for Generation of Autocorrelation 31

Sequence

5.1—1 Pseudo—Optimum (a) plot of code (b) associated 39

autocorrelation function

5.1— 2a Plot of Ix(t,w)I for the Pseudo—Optimum Code of Length 11 40

5.l—2b Plot of Ix (t ,w)I for the }luffman Code of Length 11 40

5.1—2c Plot of Ix(t ,~)I for the Barker Code of Length 11 41

5.2—1 Pseudo—Optimum Code of length 128 (a) magnitude of code 43

(u ( t ) I (b) corresponding autocorrelation function R~(T)

5.2—1 Plot of Ambiguity Function Magnitude ~x(i,w ) I  for the 44

Pseudo—Optimum Code of Length 128

iv

- ~~~~~~~~~~~~~~~~~~ -. ~~~~~~~~~~~ ~~ a--- ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. 

~~~~~~~~~~~~~



LIST OF TABLES

Table Page

3.4—1 Barker Code8 19

4.4—1 Basic Steps on Linearization Algorithm 35

5.1—1 Initial Code Selction—Length 11 38

5.2—1 Relevant Characteristics of Real Pulse—Burst Codes of 42

Length 128

V

— . — 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~



—~.- ---~~~-—~~~~~—

EVALUATION

This report describes the research accomplished between 1 June 1977 and

1 August 1977. The significance of this report is that a new pulse burst

waveform is presented that obtains lower time side lobes than any other

previously known waveforms. The new pulse burst waveform is compared with

the well known Barker and Hoffman codes.

Paul VanEtten
Project Engineer
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SECTION 1

INTRODUCTION

1.1 PURPOSE

This report describes some initial results in the algorithmic gener-

ation of finite length pulse burst signals whose autocorrelation functions

are approximately impulse—like in nature. The codes will be restricted to

be real with piecewise constant amplitude that can either be positive or

negative (i.e., bi—phase). Such codes find various applications in radar

signal processing and digital communication systems.

1.2 BACKGROUND

In pulsed radar systems where it is required to improve upon the prob-

ability of target detection for a given false alarm rate, it is necessary

to increase the transmitted pulse’s energy level. Ideally the transmitted

pulse should have a very small time—duration and large amplitude in order

to achieve a high probability of detection while maintaining acceptably good

range resolution characteristics. Unfortunately, since all radar transmit-

ters have a peak power limitation of some sort, it is not possible to arbi-

trarily increase the transmitted pulse’s amplitude. To raise the energy of

transmission, it is then necessary to increase the pulse’s time—duration.

This will typically have a detrimental effect, however, on the resultant

range resolution and ambiguity function characteristics.

There exists a class of techniques , generally refered to as pulse corn—
pression methods, that overcome the above mentioned inherent pitfall which

large time—width pulses are susceptable to. In particular , by appropriate

signal processing (e.g., matched filtering), it is possible to achieve the

effect of a short time duration—large amplitude pulse while actually trans-

mitting a relatively long time duration—moderate amplitude pulse. Two of

the most widely studied of pulse compression methods are linear frequency

modulating pulse compression, and, pulse burst signals (e.g., see ref . [6]).

In this report, we will be concerned with presenting an algorithmic method

for synthesizkng pulse burst signals whose associated autocorrelation func-

tion approximates the ideal spike—like time—behavior which is the goal of

many radar system designs.

1
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SECTION 2

RADAR SIGNAL DESCRI PTION

2. 1 BASI C SIGNAL MODEL

In radar target detection and tracking applications , the return signal

from a target is often modeled as a simple transformed version of the trans—

mitted signal. If the target is taken to be a moving point in space, then

the return signal r(t) is usually related to the transmitted signal s(t)

based on the following two hypotheses.

(i) the return signal will be a time delayed version of the

transmitted signal (i.e., r(t) = s(t— -r)) where -r is propor-

tional to the distance between the target and the transmitting

radar.

(ii) there will be imposed a frequency shift of on the trans-

mitted signal ’s spectrum which is proportional to the target ’s

radial velocity relative to the radar system (i.e., R(u) S(w_w
d

) ) .
The quantity w

d 
is ref ered to as the Doppler shift and is

positive for targets moving toward the radar syRtem .

The combtned effect of these two factors will then character ize the return

signal from a point target moving at a constant range rate. It is tacitly

assumed in this model that the transmitted signal is narrow band and that

the target ’s range rate is much less than the speed of light.

To demonstrate the implications of this signal model, let us consider

the important case in which the transmitted signal is a modulated sinusoid ,

that is

s(t) = a(t) cos[w t + 0( t ) ] (2 .1—1)

where a(t) and 0(t) are the real envelope and phase modulating signals, re-

spectively, while w is the associated carrier frequency. Generally, these

two modulating signals vary slowly in time relative to the unmodulated car-

rier signal cos[w t]. According to the return signal model as specified by

the above hypotheses, it follows that the associated return signal (in the

2
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absence of noise) from a perfectly reflecting point target will be of the

form

r(t) = a(t—r) cos[(
~~

+U)
d
)(t_r) + 0 ( t — T ) ]  (2 .1 2)

where t and w
d correspond to the target ’s range and range rate , respective-

ly. Once the values of -r and W
d 

are determined , the po int target’s range and

radial range rate are found from the relationships

R =  ct/2 , R =  cu /2u
d o

where c denotes the velocity of light.

Although expression (2.1—2) yields a generally good model for the dk~

cerministic component of the return signal from a point target, it must be

appreciated that the actual return signal will be contaminated by additive

noise. A more realistic return signal model will be then given by

x(t) = r(t) + n(t)

= a(t— ’r) cos[(wO+od
)(t_ -r) + 0(t— -r)] + n(t)

where n(t) denotes a nondeterministic noise signal which can arise from such

sources as atmospheric conditions, clutter, chaf f , etc. The main objective

of radar signal processing is that of processing this noise contaminated

signal so as to obtain an appropriately accurate estimation of the delay—

Doppler shift pair 
~~~~~~ 

As might be anticipated , this estimation will

be considerably enhanced if the modulating signals a(t) and 0(t) are judi—

ciously chosen.

It will be beneficial to depict the radar signal processing model as

shown in Figure 2.1—1. The transmitted signal s(t) is shown as being oper-

ated upon to produce the corresponding point return signal model r(t) which

in turn has added to it the nondeterministic noise signal n(t). This sum

signal is then operated upon by a radar signal processor to generate esti-

3
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~

mates (1 ,W
d
) of the target ’s actual delay—Doppler shift parameters (.ud

).

_ _ _ _ _ _ _ _ _ _ _  
n(t) 

_ _ _ _ _ _ _ _ _ _ _ _

s(t )  Point Target r(t) 
_____ 

Radar Signal ~~
- t

Model (-r ,wd) Processor ~~~

s(t) = a(t) cos[w t]

r(t) = a(t—i) cos[(WO+ud
)(t_T) + 0 ( t — T ) J

FIGURE 2.1—1 MODEL OF RADAR SIGNAL PROCESSING

2.2 TARGET RESOLUTION AND ThE AMBIGUITY FUNCTION

One of the primary tasks of a radar signal processor is that of detec—
ring the presence of (or resolving) two or more targets in the return signal.

As is well known , this capability is very much dependent on the selection of

the envelope and phase modulating signals a(t) and 0(t), respectively of the

transmitted signal. This is readily made apparent by considering the special

case in which there are two point targets in space that have the associated

delay—Doppler shift pairs (-t
1
,u~) and (-r

1
+-r ,w1

+w). The two targets are then

said to be separated by the differential delay r and differential Doppler

shift w. Using the previous section ’s postulated point target model , it

follows that the noise free return signal from each of these point targets

will be

L 

r
1(t) 

= a(t—t
1
) cos((u +w

1)(t—t1~ 
+ 0(t—t

1
)] (2.2—la)

and

4
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r 2 ( t) — a( t— r
1

— -r) coa[(w +w
1
+w)(t—t

1
—r) + O (t— t

1
— ifl (2.2—ib)

The ability to resolve these two point target return signals will be

obviously dependent upon the distinctiveness of their timewise behavior.

There are a variety of measures for quantizing this timewise distinctiveness.

Undoubtably, the most widely used such measure is the integral of the dif-

ference squared (integral squared error) as given by

E(r,~) - J [r
1
(t) - r

2
(t)]2dt (2.2-2)

This integral squared error criterion yields a very effective means for

guaging the distinctiveness of two point target return signals. In add i-

tion, its utilization leads to a desirable and tractable analysis.

The modulating signals a(t) and 0(t) are said to readily resolve the

two point target return signals (2.2—1) with differential delay—Doppler

shift pair (r,w), if the integral squared error (2.2—2) takes on a suit—

ably large positive value. It is clear that this criterion will be zero

at r—O , w=O since the return signals r1
(t) and r2(t) are identical in that

case. Our basic objectives in selecting a(t) and 0(t) will be that of

causing this integral squared error measure to be large positive for delay—

Doppler shift pairs not at the origin of the (r ,w) plane.

To evaluate the postulated integral squared error criterion , one simply

substitutes the point target return signal expressions (2.2—1) into rela—

tionship (2.2—2). Utilizing simple trigonometric identities and the as-

sumption that the modulating signals a(t) and 0(t) are slowly varying time

signals relative to the unmodulated signal cos[w t ] , 1 it is readily shown

‘This is commonly refered to as the “narrow band signal” assumption and is
typical of most radar signals. In essence, the narrow band signal assump-
tion sets to zero all integrals of the form

f
t1

J x(t) sin(~ t + 0] dt
to~ 

0

where the signal x(t) is a very slowly varying function of time relative
to the sinusoidal signal sin[w

0
t + 0].

5 
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that the integral squared error criterion is given by (e.g., see ref [2])

E(r,u) - J a~(t)dt - x(t ,w)I cos[(w~~~1~~)t + /x(r,w)] (2.2-3)

The complex valued function x (-r,w) which appears in this expression is

known as the “ambiguity function” which corresponds to the transmitted

signal and is formally given by

x(t,w) = J U(t),~
*(t_T)e

_jwt
dt (2.2-4)

where ii(t) is the so—called complexed valued modulating signal specified by

lj(t) a(t)eiO(t) (2.2—5)

This complex modulating signal will play a major role in much of what is to

follow. It is seen to be uniquely specified by the transmitted signal ’s

modulating envelope and phase signals.

An inspection of the above closed—form expression for E(T,w) reveals

that the second term is the only one dependent on the differential delay—

Doppler shift pair (t,w). Furthermore, for virtually all radar signals of

interest, the ambiguity function x(r ,~~) will be a much slower varying func—

tion of ~r than will its multiplicative cosine term. With this in mind , it

then follows that if one desires E (r ,w) to be as large as possible for a

continuous range of differential delay r values, it is necessary that the

quantity ~x(r,w)I which multiplies the rapidly vary ing cosine term must be

near zero f or all values of (t , w) other than the origin.

Thus, an ideal ambiguity function would be one which is everywhere

zero in the (r ,w) plane except at the origin where it has value equal to

the energy in the signal a(t), that is

J a
2
(t)dt

X(
~
t
~
(&
~
)
ideal =

0 otherwise

6
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Although it is impossible to generate a physically realizable set of modu-

lating signals a(t) and 0(t) which will attain this ideal objective, this

behavior will serve as a comparison reference for judging the worth of prac-

tical modulating signals in resolving multiple targets. In summary a good

modulation signal selection ii(t) — a(t)ei
O(t) 

is one whose corresponding

ambiguity function closely approximates this spike—like behavior.

The ambiguity function as defined by relationship (2.2—4) possesses a

number of interesting analytical properties which will characterize its be-

havior in the (r ,w) plane. Some of the more basic properties are:

Property 1 X(O,O) — J a2(t)dt ~.

Property 2 

~~ J Ix(r ,w ) I 2dtdw = x
2(0 ,0)

Property 3 Ix(t ,w ) I = Ix(-t ,-w) l

Property 2 is particularly noteworthy in that it indicates that the postu-

lated ideal ambiguity function is not achievable. Namely, since the vol-

ume under the x(-r ,w)1
2 
surface is a constant, any attempt to cause

to be spike—like will invariably result in a large spread of nonzero levels

off the origin.

2.3 ThE MATCHED FILTER

One of the primary objectives of any radar signal processor is that of

detecting the existence of a weak return signal in the presence of additive

noise. This detection will be enhanced if the linear processor ’s unit—

impulse response is chosen to in some sense match the return signals wave-

form. To illustrate this concept, let us consider the specific case in

which the input is given by

x(t) r(t) + n(t)

where r(t) denotes the useful return signal component and n(t) is additive

7 
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noise. If the additive noise is white , it is well—known that the “matched

filter” whose unit—impulse response Is specified by

*h( r) = r (—r) (2.3—1)

will maximize the output signa1—tc’—’~oise power ratio at time t’.O) A linear

filter with this unit—impulse response is then said to be optimally matched

for detecting the signal r(t) which is masked by additive white noise. Sin—

ilar results may be obtained when the additive noise is other than white

(e.g., see ref. [2]).

With this in mind , let us consider the typical matched filter receiver

shown in Figure 2.3—1 in which the input signal is taken to be of the form

r(t) = a(t—r) cos[(w +u)(t—t) + 0(t— -t)] (2.3—2)

and where the delay—Doppler shift pair (t ,u) is not known apriori. It will

be assumed that the matched filter was designed to detect the presence of a

return signal whose Doppler shift is w
1
. The unit—impulse response of the

required matched filter is readily found to be

h(t) = a(—t) cosKw —w +w
1
)t—0(—t)J (2.3—3)

It can be shown that the response of this matched filter to input signal

(2.3—2) is given by

y (t) = 
~ Ix (t—t ,w—w 1)I cOs [(wo_wa+w)t +

where x (t,w) is the ambiguity function corresponding to the complexed valued

1Gener ally , for purposes of physical realizability, the required matched
filter ’s unit—impulse response must be appropriately time shifted for causal

*signal processing (i.e., r (T —t)). tn this case, the output signal to noise

power ratio is maximized at t T .

8
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modulating signal li(t )  — a(t)ej8(t). In arriving at this result , the

narrow-band signal assumption is made in which the intermediate frequency

wo~
w
a 

is taken to be very large.

Thus, the signal processor ’s output is seen to have an envelope which

is equal to a translated version of the transmitted signal ’s associated

ambiguity function magnitude. If the matched filter is “tuned” to the in-

put signal (i.e., = t~), then the envelope of the output signal will peak

at time t=-r thereby indicating the presence of a target at the range corres-

ponding to delay -r. This particular form of matched signal processing has

served as a very effective means for detecting the presence of weak target

return signals in a background of strong noise. Namely, one looks for the

presence of pulse like peaks in the envelope and measures the times at which

they occur. From the above remarks, it is apparent that the ambiguity func-

tion takes on added meaning whenever matched filtering operations are uti-

lized.

r(t) 
__________ SPF _____ Matched y (t)

Filter—w]j

cos[w
~
tJ

FIGURE 2.3—1 MATCHED FILTER RECEIVER

2.4 AUTOCOE .RELATION FUNCTION

The ability to achieve fine range measurements is inherently linked

to the time behavior of the autocorrelation function which is associated

with the modulating signal. This is readily demonstrated by noting that

the envelope of the response of matched filter (2.3—3) to the input signal

9
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given by expression (2.3—2) with w — is simply

= 
~ Ix ( i—t , 0)1 (2.4—1)

The ambiguity function evaluated at w=0 is otherwise known as the auto—

correlation function associated with p(t) and is formally defined by

R (-r) = x ( r ,0) = J ~j(t)p
*
(t_T)dt (2.4—2)

The value of this autocorrelation function at r=O is seen to be equal to the

energy contained in the modulating signal. It is a well—known fact that the

autocorrelation func tion’s magnitude is maximum at T=O (i.e., R (O) >
for all r).

In summary, we have established the following very important input—

response pair relationship for the matched filter operator (2.3—3)

x(t) = a(t—-r) cos[(w +u
1)(t—t) + G (t—t)] ~~~~ 

Ye
(t) = 

~ I R (t—t)! (2.4—3)

To appreciate the significance of this relationship, let us consider those

modulating signals L 1(t ) which have autocorrelation functions which are every-

where almost zero except near the origin (i.e., spike—like in appearance). For

such modulating signals, the matched filter response (2.4—3) is a signal

which is everywhere zero except near t=r where a spike will appear. Thus,

to detect the presence of target echoes in the return signal, one would

simply examine the matched filter ’s response signal for the existence of

spikes. The existence of a spike would indicate the presence of  a target

whose range is proportional to the time occurance of that spike. Clearly,

the narrower the width of the spike, the more precisely the tar get’s range

can be determined . 
-‘

With the above thoughts in mind , it is apparent that the class of modu-

lating signals which have impulse—like autocorrelation functions are of great

usefulness in radar signal processing. The ideal autocorrelation function

would be one for which R (t) is identically zero except at T O  where its

10
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value equals the energy in the modulating signal. Although this ideal ob—
jective cannot be achieved by physically realizable modulating signals, it
serves as a basis for  comparing the e f f e c t  iv l t ’5s ~f diff~’rent modu lating
signals.

11 
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SECTION 3

PULSE-BURST SIC NALS

3. 1 BASIC DEFINITIONS

A pa r t icular ly effective method for generating radar signals which
possess desirable fine range resolution character istics is  t h a t  of pulsed -
sinusoidal modulation. In general , a pulsed sinusoid c o n s i - .t s  of a clust-
ered sequence of L+1 sinusoid signals each of duration T seconds. In each

of these L+l “inner—pulse” intervals, the sinusoid ’s ampiit~~le and phase

angle will be held fixed , but , these parameters wi l l g e n e r a l l y  vary  f rom
one inner—pulse interval to the next. Signals so characterized are commonly

referred to as “pulse-burst signals” and have the following convenient ana—

lytical representation

L
s( t )  = ak cos[u Ot+0k ] (u(t.

~
k T ) _ u ( t_ kT_T) } (3. 1— 1)

k=0

where ak and 0k designate the transmitted sinusoid ’s a m p l i t u d e  and phase
angle , respectively,  dur ing the kth inner pulse interval kT < t < kT+T and
u ( t )  denotes the standard unit—step signal .1 This pu l se-burs t  signal is
seen to have a time duration of LT+T seconds and is identically zero out-

side the time interval 0 < t < LT+T. We shall refer to this pulse burst

signal as having length L+l and its t ime behavior is seen to be comp letely
specified by the 2L+2 real numbers (a0, a1, . . . , a~) and {G o, O1~ . . .

In order to determine the suitability of this signal for radar proc-

essing applications, let us first obtain the complex modulating signal p(t)

which corresponds to it. According to expressions (2.1—1) and (2.2—5) , this

complex modulating signal is specified by the fol lowing piecewise constant

function of tine

1The un i t—step  signal is def ined by

I i  t > 0
u(t) =

~~~

1 0

12
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L
p(t) = 

~ 
a~e 

k{u(t_kT) — u(t—kT--T)) (3.1—2 )
k-O

Again , It is clear that magnitude and phase angle parameters ta
k

l and (O
k
)

play a major role in characterizing the underlying radar signal. In par-

ticular , the associated ambiguity function (2.2—4) which depicts the de—

sirabiltiy of the transmitted signal for radar processing is seen to be

explicitly dependent on 1i(t) and therefore on these parameters.

PULSE-BURST CODE

The suitability of a given pulse-burst signal for radar processing is

then completely determined by the selection of the L+l complex numbers

~
0
k

= a
k
e for k = 0, 1, . . - , L (3.1—3)

It is clear that a knowledge of these elements uniquely identifies the

pulse-burst signal (3.1—1) and vice—versa . As such , the finite sequence

~
‘o’ ~l

’ (3.1—4)

will be refered to as the “pulse burst code” associated with the pulse

burst signal (3.1—1). In much of what is to follow, we will be concerned

with presenting (or developing) methods for selecting the code elements

so that the autocorrelation function associated with the complex modu-

lating signal li ( t )  takes on desirable characteristics.

AMBIGUITY FUNCTION OF A PULSE-BURST SIGNAL

It has been previously indicated that the amb iguity func tion associated

with a given complex modulating signal provides an attractive visual method

for judging a signal ’s effectiveness in radar processing. With this in mind ,

the ambiguity function which corresponds to pulse burst signal (3.1—1) was

next found and is given by

13
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j~ (T-A)

X (nT+~ ,u,) 
= (T— L~)e 2 sincI -~~~~ ] 

k~n ~k~k_ fl e + (3.1—5)

L2 . c. * —j~ kTsinc E 1—] 
~ ~k

’
~k— 

—
~~~~~k—n-fl n

for n = 0, ±1, ±2 ,~~ 3, . . .  and 0 < t~ < T

An examination of this ambiguity expression indicates two interesting char-

acteristics of pulse-burst signals. First of all , this ambiguity function

is identically zero for  delays greater than  the pu lse-burs t  length LT+T

(i.e., In~ 
> L). Furthermore , since the two summations in this relationshi p

are each periodic func tions of u with period 2r r/T. it follows tha t  the am-
biguity fu nction will tend to periodically decay to ze~ : in a sin x /x  manner
in the w direction for a f ixed delay time .

Once the values for  the pulse code 
~~

, lJ
]~ - . have been assigned ,

it is a simp le matter to generate the sur face  behavior of the ambiguity func-

tion (3.1—5) with the aid of a suitable computer program and plotting routine

(e.g., see Appendix 8.1). In addition , with the use of this conven ient ex-

pression , the distinct  possibility exis ts  that  one may generate an al gorithmic
procedure for selecting the code elements  so that  the  ambigui ty  func t ion
will  be optimu m in some sense ( e . g . ,  impulse—like in behavior) . This wi l l
be demonstrated , to some extent , in the next section whe n these code elements
are chosen to make the associated autocorrelation func t ion impulse—like .

3. 2 AUTOCORRELAT IOM OF A PULSE -BURST SIGNAL

As indica ted in Section 2 .4 , an impo r tan t  objective in many radar signal

processing applications is the generation of f i n i t e  durat ion modulating

signals whose autocorrelation is impulse-like . The autocorrela t ion funct ion

which corresponds to a pulse burs t  signal is readil y obta ined by eva lua t ing

the associated ambiguity fu nction (3.1—5) at w 0  to y ield

14
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L L 
*R (nT+A) (T— A ) 

)~ ~k~k—n 
+ A 

~ 
‘k~ k—n—l (~~.2-I )

k=n k n+I

n = 0, ±1, ±2 -rnd 0 < A < I

From this expression, it is apparent that this autocorrelation func t ion

R (-r) is identically zero outside the interval 
~T I 

< LT+T. This is an

obvious consequence of the fact  that the duration of the modulating signal
p ( t )  is LT+T seconds.

It will be desirable to investigate this autocorrelation function at

integral multiple values of T seconds (i.e., A0 ). This yields the sampled

autocorrelation sequence

R (nT) = T 
k~n 

Uk~k n  
(3.2-2)

whose elements are identically zero for integer values n satisfying ni > L.

It is possible to reconstruct the original autocorrelation function (3.2—1)

from this associated sampled autocorrelation function by means of the simple

relationship

R (nT+A) ( l— A )R (nT) + AR(aT+T) for  0 < A < T

This is observed to be a straight line interpolation between the sampled

values. Thus, pulse—burst signals as repr.esented b y modulating signal

(3.1—2) will have associated autocorrelation func tions which are piecewise

linear and continuous.

3.3 QUALITY MEASURES OF A PULSE -BURST SIGNAL

• The code sequence 
~~ ~L 

which corresponds to a pulse-burst

signal is said to possess an impulse—like autocorrelation if the sampled

auotcorrelation is such that the normalized maximum side lobe as defined by

I R ~ (nT) I
A = max 

R fQ)  (3.3—1 )
n#O

15
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is sufficiently close to zero (note, 0 A 1). In other words , t1~e zer oth

element of an impulse—like sampled autocorrelation sequence dominates the

magnitude of its remaining elements. A variety of sjstematic procedures

for selecting the code sequence u~ , v~ have been developed for

achieving such autocorrelation function behavior . h~~1 ore p r e s e n t  in g  two

of the more popular of such methods , let us first outlin e some practical

considerations which are imposed on pulse-burst signals.

In order to achieve satisfactory probability of detection for a given

fa lse  alarm rate , it is necessary that sufficient signal energy be trans-

mitted . For pulse-burst signals , the transmitted signa l ’ s energy is equal

to one half  the energy in the modula ting s ignal p(t). The modulated signals

energy , however , is simply equal to R (O), that is

2 
L 

*E I 
~ ~k

1
~k 

(3.3—2)
k=O

This qu a n t i t y  must be made larger than some prescribed va lu e in order to

obtain a sa t i s fac tory  probi l i ty  of detect ion for  a given f a l se  alarm rate.
Th ere are three methods for increasing the modulating signal ’s energy

(i) increase the inner—pulse dura t ion  t ime I

(ii) increase the magnitude of the code elements

(iii) increase the length of the pulse code

Since the main spike of the pulse-burst autocorrelation function is defined

over the time interval —T < t ~ T, fine range resolution considerations re-

strict the size of the inner-pulse duration time T. Furthermore , peak power

limitations of the radar transmitter restrict the magnitude of the individual

code elemen ts to be no larger than a f ixed quantity. With this in mind , it

follows that the most practical method for increasing the energy of the

transmi tted signa l is to increase the code length and to simultaneousl y

have each of the code element values be nearl y equal in magnitud e (i.e .,

peak powe r i -~ near y maintained throughout the b u r s t ) .

In selecting the elements 
~ ()~ ~~ of a pulse-hurst cod e, we

16
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will then be concerned with both obtaining an autocorrelation functi on which

is impulse—like while simultaneously maintaining a reasonably efficient means

of transmitting signal energy . A crIterion which measures this last crit eri on

is the so—cal led  energy e f f i c iency as defined by (5]

= 
burst signal energy transmitted (3  3 3 )energy t r ansmi t t ed  at peak power over each T second d u r a t i o n  -

L

- k=O ~
‘k’ 

- ____________

( L + l ) (m a x ip
k i

2 ) ( L + l ) (m a xj p
k~

2 )

This c r i te r i o n  takes on values  in the  i n t e r va l 0 - ~ I w ith the most

energy e f f i c ient codes being those wi th  equal  code magnitude and p=l. To

measure a codes variance from the most e f f i c i e n t  energy  mode ( i . e . ,  ~~ l ) ,

the fo l low ing cr iter ion has been also used [5 ]

-

~~~~~~~~~ 
~~ 

- 
L+1 
}

2 

(3.3-4)

A lthou gh a given pulse-burst code may possess an aut ocorr elati on l u n c t i o n

which is impulse-like , it may be deemed unsatisfactory if its energy effi-

c iency is too small. A truly good pulse—burst code is one whose ind iv idual

elemen ts are nearly equal in magnitude and which has an impulse-like auto-

correlation function . The Barker codes to be presented in the next section

are an example of such a code.

3.4 CONSTANT MAGNITUDE CODES

When transmitting a pulsed—sinusoidal signal under amp litud e con straints ,

maximum power transmittal is achieved by maintaining a maximum sinusoid

ampl i tude .  In terms of a pulse—burst code , this corresponds t o  h a v i n ~ t h e

elements of the code be specified by

= Ae k = 0, 1, . . - , L (3.4-I )

17
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where A corresponds to the peak amplitude limitation. The energy util i~~it ion

ef 1 ic jencv for a code of th is nature is opt m u m  (i.e . , =1) and Its var lance

~s 1 ikewjst’ minima l (i.e., c=0) . We s h a l l  reter to a code whose ~~h-mt - i i t s  ar~

~pe- ii ted hv r e [at  lonshi p (3.4—i) as a constant m a gn i  ode code t O  ret I eet  t h.

tact tha t ;
~k

j=A for k 0, 1, 2 , - - - , I.

In synthesizing a constant  magni tude  code , one seeks to select the Phase

terms 0
~
, B

~~
, . . ~~ so that the resultant transmitted signal h o  in .15—

soc iated :iutocorrelat ion funct ion w h i ch  is near impu l se—i ike in behav ior.

The autocorrelation sequence which corresponds to code (3.4—1) is readily

obtained by utlization of expression (3.2—2) and results in

L j[B — 0 )
R (nT) A2

T ~ e 
k k—n n = 0, i, - . - , L (3.4-~~)

k n

BINARY CODES AND THE BARKER CODES

One of the most widely studied of constant magnitude codes are those

for which the phase angle elements take on the exclusive values of 0 or

Such codes are also called binary codes in that the code elements tl
k

take on either of the two real values A or —A. Binary codes are of inter-

est m ainly because of theIr optimum energy Ut ilizntion eff Ic iencv , and , the

case with which they may be generated .
To illustrate a particular important class of binary codes , let us now

consider the Barker codes. The code 
~
‘O’ ~~~ 

- L~ 
is said to be

Barker if its elements are exclusively plus or minus one and its associated

autocorrelation sequence is specified by

L+l n = 0
R (nT) = (3.4-3)

L o o r ±1

It is observed that the normalized maximum side lobe ratio for a Barker code

is l /(L+ l) . Thus , Barker codes would be ideal veh icles for obtaining iinpulo~ -

l ike autocorrelation functions if the pulse-burst length L+l could be made

suitably large. Unfortunatel y, Barker codes exist only for a small ~ et  (*1

lengths as shown in Table 3 .4—i. Thus , Barker i e - ~ have sumewho t I

use and are  generall y no t par ticular l y appropr late in appI icat i ons requirin g

18
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near impulse—like autocorrelation bel avior.

Code Length Code Elements

1 1
2 1, —l
3 1, 1, —l
4 1, 1, 1, —l
5 1, 1, 1, —1 , 1
7 1, 1, 1, —1, —1, 1, —l
11 1, 1, 1, —1 , -1,-I , 1, -1 , -1 , 1 , —l

13 1, 1, 1, 1, 1, —1 , —1 , 1, 1, — 1 , 1, —1 , 1

TABLE 3 .4 —l  BARKER CODES

To illustrate the characteristics of a Barker code , let us consider the

l eng th  11 code as depicted in Figure 3.4—1. The autocorrelation function ’s

magnitude which corresponds to this code is also shown along with the

parameters characterizing the code ’s ef f ic iency.  In a later section , we
will compare this code’s characteristics with those of a so—called pseudo-

optimum code generated by an algorithm to be presented in Section 4.

19

-.5-- --— ~~
_
~~i _ _-~~~~~~~~~~~~~~~~~ 

..j



-

~~~~~~~~~

- - -

(a)
p — 1

C

- 
- 1  

- . 

_ _ _ _

~~ 

~~~_ _

(b)

IR (nT)I A = 0.091

12

10

8

6

4

2

0
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FIGURE 3. 4— 1 BARKER CODE (a) plot of code ,

(b) associated autocorrelation function
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3.5 HUF FMAN CODES

In generating pulse—burst codes, superior impulse—like autocorrelation

behavior can be achieved by allowing the code elements 1
~k 

to be uncontrained

complex numbers. It is of course realized that in utilizing such codes,

particular attention has to be paid to their associated energy utilization

eff iciency factor p when peak power limitations are imposed . The class of

Huffman codes to be now considered offer an excellent example of high per-

formance pulse—burst codes.

The generally complex valued code {u~ , ~
‘
~~
‘ - - 

~~~ 
is said to be

a Huffman code if its associated autocorrelation sequence is given by

E n — 0
Ii

R (nT) —l n ±L (3.5-1)

0 otherwis~

where E = E
~ LI k I

2 denotes the energy in the code sequence .1 This auto—

correlation sequence can be made more impulse—like by simply increasing

the code ’s energy E .  As a further observation, it is noted that the re-

quirement R~(LT) — — —l imposes a constraint on the code’s first andlast element values.

In what is to follow, we shall be concerned with presenting a systematic

procedure for selecting a L+1 length complex code which will have the specf led

autocorrelation behavior (3.5—1). This is best begun by considering the

a— transform of the finite length code {Uk
} as defined by

P(z) = 1A
0
+1i

1
Z +JJ

2
Z + - (3.5 2)

where z is a complex variable. Noting that P(z) is a polynomial in the

variable z 1
, it follows that the code transform has the equivalent factor~u

representation

~The Huffman code in which R~ (LT) — e~
9 can be synthesized in a manner

similar to that to be presented in this section.
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P(z) — p
0

z 1’(z—z
1

) (z—z
2

) . . . (z—z~) (3.5—3)

where 2k are the roots of P( z) . Clearly, if it is possible to determine,
in some manner , the set of roots a1, a2, . . z~ of P(z) and the con-
stant i&~, then one may generate the corresponding code elements by carrying

out the indicated multiplications in expression (3.5—3) . Such a procedure

shall now be presented .

The a—transform of the autocorrelat ion sequence corresponding to the
code {u0, l.Il~ 

- . is readily found to be

S(z) — [ ~ U~~ 1 [ ~ (3.5—4)
L k0 J L fl-° J

—L L L 
*

= —z II (a—a ) II (z—l/z )
k n

~ 
n l

where use of the constraint ii
0

i.z~ — —l has been made. It is seen that the

roots of S(z) occur in reciprocal complex conjugate pairs with L of the

roots belonging to P(z) and their correspond ing L reciprocal complex con-

jugate pair mates belong to the polynomial multiplying P(z) in expression

(3.5—4).

If a particular complex code sequence ~~~ iJ
1

, - . - , is to have

the specified autocorrelation sequence (3.5—1) , these cod e elements must

then be selected such that

S(z) = _ z z 2L_E~zL+n (3.5— 5)

The polynomial z2T
~_E~zL+l , which in part constitutes the transform S(z) , is

observed to be a mirror-image polynomial with real coefficients. It follows

that if re~
0 
is a root of S(z), then so must re~

8
, r

1e~
0
, and, r ’e~~° also

be roots. Moreover, due to this basic structure, it is readily shown that

the 2L roots of S(z) are located at

1re and e k — 1, 2, . - . , L (3.5—6)
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where the scalar r is given by

____ ilL
r - [

~ 
[ E~- ~E~-4 }]

Thus, these roots are seen to lie on two concentric circles centered at
the origin along rays spaced every 2w/L radians. This root pattern is

depicted in Figure 3.5— 1 for the special case N—8 .

Im z

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~ /L~~~~

’
~~~~~~~~~~~ 

/ r 
Re

FIGURE 3.5-1 ROOT STRUCTURE OF S(z)
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To generate the roots of polynomial P ( z ) ,  one then simply selects a
to be equal to either rej2htk ’1 or r~~ ej2

~~~
L for k — 1, 2 , . . - , L. 

k

Carrying out this sequential root selection results in the following code
transform

P(z) = az (z—z
1
)(z—z

2
) . . . (z— a ~ ) (3.5—7)

It is observed that the L roots not selected in this manner correspond to

the reciprocal complex conjugate-pair mates of the set {z ,z , - - . ,z
The constant a is chosen so as to satisf y the imposed condition =

namely

Lk I ci I
2 (

~
.z

k) — —l
k—i

As a final step, the multiplications in expression (3.5—7) are carried out

to yield the code element values

From this construction process, it is apparent that since there are

two choices for each of the L roots of P(z)  on each half ray, there will

then exists a total of 2L different  code sequences which viii have the

same autocorrelation sequence (3.5—i) . As ind icated in reference [5],
some of these seemingly different codes are in fact equivalent in terms of

the code magnitude distribution (i.e., ii1j~~ I~2 I’ . . 1
~ L

I
~~ 

More-

over, some of the code selections will have a relatively good energy ef-
f iciency p while others will be very unsatisfactory in this regard . In

addition , the ambiguity functions which correspond to the individual

codes will be highly variable in terms of desired spike—like behavior in
the (-r u) plane . Unfortunately, for large values of code length L+i , an
investigation of each of the 2L realizations is not feasible. Some reF—

atively ad—hoc methods based on conjectures have been offered for obtaining

individual satisfactory realizations. For example, the “optimum” length

11 code in terms of energy efficiency is depicted in Figure 3.5—2 along

with its associated autocorrelation function [5) .

Before leaving the interesting subject of Huffman codes, let us

24
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C — 0.0513
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(b)

A — 0.091
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-T T liT t

FIGflkJ~ 3.5—2 HUFFMAN CODE (a) plot of code ,
(b) associated autocorrelat ion function
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- consider the subset of the 2~ selections which will result in real codes.

- A little thought will indicate that real codes will result if and only if

the roots Z
k 
constituting P(z) are selected to occur in complex conjugate-

- 
pairs (i.e., ZL...k — z~). When L is even, there will exist 2 real roots

and L—2 complex roots thereby indicating a total of 2(1~
2)l’2 root selections

will result in real codes. Similarly, a total of 2~~
4
~
’2 different real

codes can be generated when L is odd.
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SECTION 4 —

ALGORITHMIC GENERATION OF REAL PULSE—BURST CODES

4.1 INTRODUCTION

In this section, we shall direct our attention exclusively to bi—

phase codes in which the phase elements are either 0 or ir. A bi—phase

code is typically referred to as a real burst code due to the fact that

the associated complex modulating sequence 
~~~~~~~~~~~~~~~~ 

- - consists

entirely of real numbers. It is to be noted that the Barker codes are

rca]. while a subset of Huffman codes are themselves real. Interest in real -

pulse-burst codes arises due to the simplicity of their generation as a

modulated sinusoid since the only variable is the sinusoid ’s amplitude and

not its phase.

4.2 PSEUDO—OPTIMUM CODE

A pulse-burst code ~s said to be ideal if its associated sampled

auotcorrelation sequence is equal to

r E n0
— E6(n) = (4.2—1)

0 n#O

in which 6 (n) designates the unit—Kronecker sequence and E denotes the

code’s energy1. It is not difficult to show that the only finite length
codes which will have this characteristic are of length one . Unfortunately,

length one codes are not of interest since the main purpose for using

pulse-burst codes is that of transmitting a long duration pulse (to over-

come peak power limitations) which in turn can be effectively transformed

into a short duration pulse by means of a matched filtering operation.

Although the above ideal autocorrelation behavior cannot be achieved by

‘The unit Kronecker sequence is defined by

fo n 0
6(n) —

L 1 n.~~1,±2 ,±3 , - .
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a finite code of length greater than one it can be closely approximated
if the code elements are judiciously chosen. We shall now direct our

attention to this most relevant task.

In what is to follow, we shall investigate the sampled autocorrelation

sequence which corresponds to the L+l length real pulse—burst code

In referring to the code as having length L+l, it

is tacitly implied that its two end elements and 1
L 
need to be each

nonzero for otherwise the code would be of a shorter length. To measure

how closely this code’s sampled autocorrelation sequence R (n) approximates

the ideal objective (4.2—1), the standard squared error criterion will be

used, that is

f(~) - ~ w(n){R (n) - Ri(n)}
2 (4.2-2)

n—L

L
w(O){R (0)—E12 + 2 ~ w(n)R 

2(e)
n—i U

The elements v(n) are nonnegative numbers which are used to weight the

approximation errors in any desired manner. Due to the symmetry of the

autocorrelation sequence, no loss of generality is introduced by assuming
that w(—n) ~ v(n). As a final observation, it is apparent from the formula

f or R~(n) as given by

L
R(n) = 

~kn

that the above criterion f(~) is a quartic function of the code elements.

It is now desired to con8truct an acceptable code which will make this

squared error criterion minimum. Unless a constraint of some form is

imposed on this minimization, however, it is seen that an optimum code of

length one will cause f(~i) to take on the value zero (e.g.,

— U2 
— - . . — — 0). In order to avoid this possibility , we shall

constrain the first code elements to take on a fixed value a and then
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select the remaining L code elements to minimize criterion (4.2_2)) This

constrained minimization problem is then expressed as

r I L  1 2
mm w(O) ~ — E ( 4 . 2 — 3 )

L 1 k 0  J{U1,U2, • -

= a

L I L
+ 2 ~ w(n) -~ ~ U k l~k~nn ] .  I k n

where the analytic expression for R
~
(n) has been incorporated . A code

which renders this criterion a relative minimum value will be referred

to as a “pseudo—optimum” code.

In order to encourage a uniform distribution of code power (i.e.,

each element has magnitude E/(L+l)), a logical selection for the conatant

a is E/(L+l). It eili be shown in section 5, however, that other se-

lections will lead to superior codes. With this in mind , we shall let U0
take on various values and find the minimizing codes which correspond to

each of these U0 selections. From this family of psuedo—optimum codes,

we shall select one which is deemed to be superior (e.g., the one with

maximum energy utilization efficiency).

A careful examination of criterion (4.2—3) indicates it to be a re-

latively highly nonlinear function of the code elements A closed—form

solution for a minimizing code is then not feasible and one mus t appeal to
an algorithmic solution approach. In the next two sections, a particularly

effective algorithmic solution procedure will be presented .

1Another method for achieving this objective is that of adding the functional

L 2 E2 2
g(p) — 

~k-0

to f(ji) and then minimizing f(U) + Ag(U).
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• ~~~~~~~ L~~1~~~~ ~~~~
- is t~~~ foU -~~~~ it will be benef ic ia l  t I’ interpret the finite

r~~iat ton sequ ~ t o e  K (s) as b e t i~~ the unit—impulse response
- -: ‘it s t e w  J & s : r . t e - t  ~a~- ay~ tem - mt  igurat ~~n . To verify this

.~ ~ot~~rp r e t a t i m , ~t - t  ub - unsidei the subsystem ‘-haracterized by

.~~ ? L - ~~.~~sa~ nonrecura~~t- operator

- - + 
L.
X(S L) (4.3—1)

whers a ( S )  4 - ~ (n )  denote the input and response sequences , respect i ve ly ,

and t~ a .~ are ons t *n t ~ which wili be subse’quently identified with the

eAeaent ~ of a rea l p u l s e - b u r s t  code. The transfer function which corres-

pond s t c  t h i s  ~e r s t o r is then given by

H(s) • ~0’~- . 1 z 1
~ - . - ~~~~~~~~~~~~~~ 

( 4 . 3 — 2 )

For reasons which w i l l  be mAde clear shortl y, let us conn ect in cascade

with operator (4.3—1) its time—anticausal dual. This anticat’3a1 dual will

be characterized by the nonrecursive operator relationship

y(n) — u 0 s(n) + p
1

s(n+l) + . . . + U~~s(n+L) (4.3—3)

in which the input sequence 8 (n) is equal to the response of t ime—causal

operator (4.3—1). This cascaded configuration is depicted in Figure 4.3—].

where it is noted that the transfer function of time—anticausal operator
(4 .3—3) is simply H(z ~~ ) . Using standard z—transform theory properties ,

it follows that the a—transform of this configuration ’s response to the

Kr onecker unit—impulse is given by

Y(z) = H(z)H(z ’)

r_ L ~~r L  -1
I — k u  nI

l i Z  I I p a
L k 0  J L n 0
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A comparison of this expression with relationship (3.5—4) , however, indicates

that Y(z) is simply the s—transform of the autocorrelation sequence R
U
(n).

In other words, the impulse response of the nonrecursive operator con-

figuration shown in Figure 4.3—1 is equal to the autocorrelation sequence
which corresponds to the real pulse-burst code{p0,p 1

, - . -

I Time—Causal Time—Ant icausalx(n) I s(n) y(n )
Operator )

~- Dual Operator
H(a) H(z ~~ )

—l —2 -LH(z) — 1.1
0 
+ Pl

Z + U 2z + . . +

FIGURE 4.3—1 CASCADE CONFIGURATION FOR GENERATION OF AUTOCORRELATION

SEQUENCE

The generation of a real pulse-burst code which will have a desired
autocorrelation behavior has then been equated to that of assigning values

to the coefficients of a nonrecursive operator so that its unit—impulse

response best matches a desired response (i.e., the ideal autocorrelation

sequence (4.2—1)). This equivalency is significant since it is now possible

to utilize powerful systems theory modeling aigoritbms for generating

excellent real pulse-burst codes. A particui.~rly effective identification

algorithm for this purpose will be presented in the next section.

4.4 LINEARIZATION ALGORITHM

In this section, an algorithmic procedure for selecting the coeff 1—

d ents {Uk} which characterize the nonrecursive operator depicted in

Figure 4.3—1 so that its unit—impulse response best approximates the ideal

31
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autocorrelation sequence R
1(n) E6(n) will be presented . The criterion

to be minimized is squared error functionai (4.2—3) in which the element

U0 
is held constant at some prespecified value. The ideal code ’s energy

will be normalized at E = L+l with the objective of encouraging each of

these conjectured minimizing code elements to have magnitudes close to one

for reasons of efficient signal energy transmission .

The method to be used is the so—called linearization algorithm which

has been found to be particularly effective in system identif ication and

modeling applications [3] — [4]. In the linearization algorithm , the

signals to be modeled are considered as approriately defined vecto rs.
With this in mind , let us now define two L+l dimensional vectors

YE Ll] = [y(0),y(l),y(2) , - . -

(4.4—1)

= [L+l, 0, 0, - . . , 0]’

where the prime denotes vector transposition. In these representations,

the vector y[p] has components y(k) which correspond to the causal portion

of the unit—impulse response of the given nonrecursive operator and there—

fore the causal portion of the autocorrelation sequence associated with

the real pulse-burst code {Llk
}. We have here suggestively expressed the

response vector as an explicit function of the Lxl parameter vector

U — [p
1
,p
2
, . - ‘~ L

1 (4.4—2)

to emphasize the dependency of y [ p ]  on i -- The vector y~ is seen to be
identical to the causal portion of the normalized ideal autocorrelation -
sequence that is to be approximated . It is only necessary to consider

the causal portions of each sequence since the autocorrelation sequences

corresponding to real pulse-burst codes are known to be even.

The functional to be minimized (4.2—2) can now be compactly expressed

in the standard—inner product format

32
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f (u)  — (y [ i4 —y 1
) W ( y [U J _ y i) ( 4 . 4 — 3 )

where W is the (L+1)x(L+l) diagonal weighting matrix whose diagonal elements

are given by w(O), 2w (l), 2w(2), . . . , 2w(L). It is noted that y[~i]— y1
is the error vector which measures the amount by which the actual code’s

autocorrelation differs from the ideal autocorrelation .

In any descent algorithm , the existing parameter vecrur is perturbed

in a direction so as to cause the functional being minimized to take on a

smaller value. With this in mind , let us consider the perturbed functional

value

f(u.z+A) = (y[p+~] — 

~~ 
W(y[p+~ ] — y

~
) (4.4-4)

where ~ is a Lx]. parameter perturbation vector. The linearization al-

gor ithm is based on making the following linearization of the response

vector y(p+~)

L
y[U] + 

~ ~~~~~~ 
I~U (4.4—5)

k—i k

where the are the components of the perturbation vector ~ and the

(L+l)xl vectors ~ y ( u ] i ~ ii~~~ 
are the so—called “sensit ivi ty vectors” of the

associated nonrecursive operator . These sensitivity vectors yield the

differential amount by which the given nonrecursive operator’s response

changes when a differential variation is made in the component Uk~ 
Wi th

reference to Figure 4.3—1, it can be shown that the causal portion of the

sensitivity vectors are given by

(ay[U]/
~

Llk) — [U
k~ 

1.1k l ’  - U
0
, 0, 0, - . - , 01 (4.4—6) 

1

+ [U
k
i 

~k+l
’ . - t 11

L’ 
0, 0, . . - , 0]

for k = 1, 2, - . - , L. The determination of these sensitivity vectors

for a given set of coefficients {p0, p1, - . - , IA
L
) is then straight—
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f orward ‘ requires onl y .i simp le t w -  v e c t o r  additio n u~> crat1on.

If the lineariztion ot t~ ;e perturbed r e s ç o t t s e  vector as given by ex-

pression (4.4—5) is su~;st ituted ~n t  i’ tun ~ t lono l ( 4 .  ‘.—4) , a quadratic (in

A) ip~jr~ ximation of t ( . . + .) results. It l~ N- ~d i l v  ~h w n  that an optimum

~,elect lot; t r  thu ~‘lrame tor v e c t o r  
~ 

r tu r t - ~~t ion ~. t - - ~inimize this quadratic

-yp r ox  i~n~~t ~~- -~~ must  s~a t  1s t  \ t :~ t- t ol i - Wi ng c. 011S istent ‘-;vst em ol L 1 Int- or

t ’~~ t n i t  i o ; i —  ill I 

( T W T  1~ = T W - .) - -yLfl (4.4-7)
U I- — 1

wli e’re ‘1’ is 1 ( L + 1) x L  :~; , g t r  ix w l l o ~~~- k
th 

column vector urresponds to the

Sells It  lv i t ,  Ve ct or ‘v [  / 
~ k 

(~l k= 1 , 2 

It h,is been showii tb-i t if the parameter vt- c t o r  ,; does not  render t (j
~~)

a relative min imum , then the p er t i r b e d  vector , + ; ‘
~, will yield a s m a l l e r

va lue  to the functional being minimized . Here ~t is a s t ep  size scalar

selected in the interval 0 < n < 1 and A is a solution to relationship

(4.4—7). With this in mind , the linearization algorithm as described in

Table 4.4—1 is offered . This algorithm has guaranteed convergence and

in fact converges in a quadratic manner (e.g., see ref. [3]). A computer

program to implement this algorithm is given in section 8.2.
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I
Step 1 Enter initial guess P

Step 2 Calculate ~ Y [ L l ] J~ ~~ k 1, 2 ,. - . , L

Step 3 Evaluate

Step 4 If T’W{y.-y[p]} 11 2 is less than some prescribed small positive

values (e.g., 1O~~ ) ,  then the algorithm is said to have converged ,

*otherwise go to step 5

Step 5 Solve relationship (4.4—7) for A

Step 6 Sequ en tually  set a = 1, 1/2 , 1/4 , 1/8, - . - and evaluate f ( ~~+cjL)

until  condition f(p+ciA) < f (p )  is f i rs t  sat isf ied

Step 7 Let = p+aA and go to step 2

TABLE 4.4—1 BASIC STEPS OF LINEARIZATION ALGORITHM

4.5  INITIAL CODE SELECTION
The hypothesized functional f(p) which is to be minimized is a quar t i c

function of the code elements One would therefore anticipate that there

wi l l exist a number of different code selections which wij i render f() a

relative minimum (i.e., values of the code elements for

wh ich the gradient of f ( p )  is zero) . Some of these “m i n i m i z i n g ” co d es will

have an associated autocorrelation sequence which has a desired imp ul si- —

like characterisitic while other minimizin g codes w i l l  no t  he so c 1 , ; i r a c t c r i : - ~-d .

The particular relative minimum code to w h i c h  the lini-arizat ion il gtiri t in

converges is to a large extent dependent on the initial code selection

0 0 0
~~o’ 

P~ , -

The quantity T W ~y . —y [p)} is in fact equal to minus one half the gradient
~J 1 2of f ( p )  ( i .e. , —O .Sv f(p)) while the notation x stands for x ’x.
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which is made at step 1 of the algorithm as specified in Table 4.4—1.

Since the linearization algorithm is of a descent nature , it follows that

when the initial code selection has a satisfactory autocorrelation behavior,

then the code to which the algorithm converges must be of a superior quality.

Thus the initial code selection is the most critic-al factor in generating

suitably good pseudo—optimum codes. 
*

For code lengths in which there exists a Barker code , a natural initial

code selection would be the Barker code. On the otherhand , an appropriately -

chosen real Huffman code would suffice for any code length (e.g., see ref.

[1]). Alternatively, a concatenation of shorter length Barker codes has
also been found to be effective in constructing reasonably well—behaved

initial codes of long length.

In formulating the functional to be minimized , the code element p
0

was held f ixed so as to prevent the algorithm from converging to an unde-

sired optimum code of length one. It has been empirically determined that

different choices of p
0 
will result in codes which has significantly dif-

ferent energy efficiency factors, normalized maximum side lobe ratios,

and, code variances. With this in mind, the linearization algorithm is

run with a number of different choices for p
0 

taken from the set

{~$ , 25 , . . . , p6)

where typically p6=l with iS being a positive number less than one (e.g.,

6=0.1). From the family of p pseudo—o ptimum codes which results from

each of these fixed p selections of p0, it is generally possible to

select one which is deemed superior (e.g., one whose energy efficiency

is a maximum).
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SE CtIO N ‘

N UMERICAL RESULTS

5.1 PSEUDO-OPTIMUM CODE OF LENGTH 11

The linearization algorithm as described in Section 4.4 was first

used to generate a pseudo—optimum code of length 11. It is noted that for

this code length, there exists an associated Barker code. With reference

* 
to Table 3.4—1 , a logical choice for the linearization algorithm ’s initial

code is then given by

p 0 
= [pg, l~ l~ —1 , —1, —l~ l~ —l~ —1, 1, —1] (5.1—1)

where it is noted that the Barker code ’s initial element value 1 has been

replaced by the f i xed parameter p~~. The linearization algorithm was then
used to gencrat u the pseudo—opt imum codes which corresponded to each of the

following ten selections for

= [0.1, 0.2 , 0.3, - - , 1)

In this algorithmic procedure , the error weights w( n) were all set to one .
The normalized maximum side lobe rat io , the energy efficiency factor , and ,
the code variance (as defined in Section 3.3) which corresponds to each of

the pseudo—optimum codes iteratively generated for these p~ selections are

shown in Table 5.1—1. The best code from this family is deemed to be the

one associated with p~ = 0.5 since maximum energy efficiency utilization

was of primary concern.1 A p lot of this pseudo—optimum code and its as-

sociated autocorrelation function is shown in Figure 5.1—1.

~~~ maximum side lobe reduction were of primary concern , then the code
corresponding to 0.1 would have been chosen .
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0
P
0 

X

0.1 0.211 0.589 0.000909

0.2 0.289 0.456 0.115

0.3 0 .367 0 .376 0.00782

0.4 0.431 0.322 0.0136

0.5 0.673 0 .285 0.02 1

0.6 0 .440 0 .259 0.0298

0.7 0.410 0.241 0.0398

0.8 0.390 0.230 0.0510

0.9 0 .378 0 .224  0.0633

1.0 0.372 0.223 0.0763

TABLE 5.1-i INITIAL CODE SELECTION-LENGTH 11

In terms of normalized maximum side lobe ratio , the pseudo—optimum code

shown in Figure 5.1—1 is superior by 6.36db over the Barker code of length

11, and , by 6.00db over the complex Huffman code of length  11 as shown In
Figure 3.5—2. Although this is but one example of a short length real

pulse-burst code , it does illustrate how one may generate effective real codLs

using an algorithmic approach.

To fu r ther compare the inherent signal characterist ics  of the pseudo—

optimum , Barker , and Huffman codes of length 11, their associated ambiguity
functions were calculated by means of relationship (3.1—5 ) and are shown

in Figure 5.1—2. In these plots , the ambigui ty  surface is sliced along the -

w 0  axis so that the associated autocorrelation function correspond s to the

leading edge of the surface as is readily apparent in the cases of the Barker

and Huffman codes. A careful examination of these ambiguity surfaces reveals

tha t  the pseudo~-opt imum and Barker codes are clearly superi or in tl ìe lliilin ~ iii

code. Mo re over , the pseudo—opt im um is somewhat b~- t t e r  b eh a ve d  than the

Barker , particularly relative to autocorrelation behavior .
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FIGURE 5. 1—1 PSEUDO—OPTiMUM (a) plot of code ,

(b) associated autocorrelation function
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Figure 5.I—2a Plot of Ix (t ,w)I for the Pseudo—Optimum Code of Length 11.

(b)

Figure 5.l—2b Plot of Ix (r ,w)I for the Huffman Code of Length 11.
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S. -~ P S EUD O— OP T  I MUM COt)E OF LEN G Th I 28

The ’ t rue ef f ee t  iveness of the proposed al gor I th in for syn t lies iz I ug

real  pulse—bu rst codes is made evident when constructing long length
codes. To demonst rate this asse r t ion , a r eal  p u l s e - h u r s t  code of length

128 was next generated . When considering this relatively long length
- . 0 0 0code , the choice of the initial code p0, p1, - - - , p127 used in

step 1 of the algorithm becomes even more critical as well as difficult
to make. In this example , the real code of length 128 as tabulated in
reference [1] was used to initiate the algorithm. This initial code

has excellent characteristics as shown in Table 5.2—1.

Normalized Maximum Energy Efficiency Code Variance
Side Lobe

A p U

Initial Code 9.508 x lO~~ 0.3348 0.2757

P’ie do—t) timum —~~U I’ 8.125 x 10 0.3426 0.2862Code

TABLE 5.2-1 RELEVANT CHARACTERISTICS OF REAL PULSE-BURST CODES OF LENGTH
128

Using this initial code , the algorithm was found to converge to a

pseudo—optimum code whose normalized maximum side lobe ratio was found
to hav e decreased by a factor of lO~~ over that ‘f  the initial code.
The relevan t parameters which characterize this pseudo—optimum code are

also shown in Table 5.2—1. In addition , a plot of the codes magnitude

and its associated autocorrelation and ambiguity fu nctions are given in

Figure 5 .2—1 .  It must be mentioned that these excellent characteristics

and ambiguity fu nction behavior can only be approximated in practice

due to the inherent incapability of exactly reproducing the precise

ampli tudes for the code length required .

42

~~~~~~—---- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ - -  - - - -.



~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(a)

I p ( t ) I

/ 
— 

- 

128T

(b)

R~ (T) I 

—128T 0 128T

Figure 5 2—1 Pseudo—Optimum Code of Length 128

(a) Magnitude of Code p (t)j, (b) Corresponding

Autocorrelatiofl Function R (i)
P
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SECTION 6

CONCLUSIONS AND RECOMMENDATIONS

The iterative procedure as herein described for synthesizing real

pulse-burst codes has proven to be effective in all examples treated .

Namely , the pseudo—optimum code to which the algorithm converges has been

found to posses such desirable characteristics as having an associated

impulse—like autocorrelation function and a well—behaved ambiguity func-

tion. Furthermore, the algorithm ’s convergence rate is quadratic in

nature thereby offering a compu tatlonally efficient code synthesis

procedure. This procedure therefore promises to be a very useful tool

fo r construct ing good real pulse-burst  signals.
To achieve the algorithm ’s true potential , however , it is essential

that a systematic method for  constructing a suitable initial  code be de-
veloped . The method suggested by Akroyd [1] appears to satisfy this re-

quirement although further investigations along this line need be made.

For example, it might be possible to further adapt some of the techniques

as given by Schroeder [7] to construct appropriate initial codes. The

importance of this initial code selection cannot be over emphasized .

Another consideration which must be made is that  of gene ra t ing  codes
whose energy efficiency is appropriately large . Initial investigations

of how one might  achieve this capabi l i ty ,  while s t i l l  mainta i ning the
algorithm ’s basic features, have been made. In essence, this requires - -

that  an inner product which g ives a positive measure of ene rgy e f f i c i e n c y

be added to the functional  f ( p ) .  A minimizat ion of this  new func t iona l ¶ -

would then tend to simultaneously generate a real pulse-burst code which

has a relatively large energy eff iciency ut i l iza t ion as well as an impulse—
like autocorrelation behavior.
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SECt I ON S

8.1 APPENDIX A

AMBIGUITY FUNCTION PLOT PROGRAM

P’~QG-~A M MAI~~~~~ PJT,JUTPut,T4PE~~
. L NPJT

,TAPE 6~~OJ 1r~JT
5, T A ? Ej ,  TAPE2 , 14PE.3, TAPE’., IA’~c 7, TAPE d, IAPc~ I

C *** IrlIS ?R3Gi~A-l G E N c R A t ~~S H~ AMdIC,~J I t Y  *
C *** FUNCTjJ~ A NiJ P L .JTS 1’4 T- I REE *

*** DIMENS IO NAL S P A C E .  *

C C M ?L E X  0,~~1CJM,B2cOM, QrtM p , ~ TcM~~,EX.L,EX2,CSU ~
S ,A ,TEM P
DI?~ENSIUN D (1~2 3~~,d iCOM (j2~~),-3 zCJM (I23), X(~~,~~1)

S ,MA SK (4001), OA TA( 2D6 )
S , O I ’~I ( j ~? 8 ) , T t M P (  4 3 ) , A ( 4 ~~, ] . 2 8)
Q F
~~IND 1

~~~IND 2

~E~~t’-1D 3
R E w IND 4
~E I ND 7
P E W I~~D 8
PEWIND ~P1.3, 141 5 D ~~3~~d~~

*** I — ——— S A M P L H O  T I M E  *C ~~** I — — — — NUMd E~ JF CJ~
)
~ L E N G T ~-f *

C *** MF —— -- NLJ M3ER JF LI’~~S F O~ E~~t~~Y *
C ~~** 2*PI/T 1I~~r~ 4 ’~~~ P 1011:0 *

P4~~A L L E L  TO f—I E ~
•I
~’L AX I S  *

C *** DIN —— R E A L  PAR T CF ~A Ci~ Cj~~E *

C * ** tL :MENT *
C ** s 0 — — — — CJ DE AR~~4 Y *

L a 1 2 3
Al  L
L 1~~L / 3 - i 1
L 2.11*2
L ’-i—L/2
L 2 M ~ (1—11*2—1

“ F • fi 4
NF2 .NF*2
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~Ft’~ NF *e
“~F~’I ‘NF— l

~~L 4L~~(2 ~~~~~
) ( D L ~~4 1) ,M.1,L)

i J  I’. M .1,1
MM. M *2—1

1” O (M ) s .MP L X (DI ’9(M) .0.0)
C S U M z C M P I X  (0 .0 ,0 ,0)
D~ 3C M.].,L

3~ C < U ~’s C SU’ 1+CO’~J G ( D ( M ) ) * D ( 1 )
S U M . R E A L ( C S U M )
S C A . S O R T ( A L / S’ JM )
00 ‘.1 Ms I,t ..

4~ E~’(~’)a5C A 4D (M)
.‘~ lIE IS, ICC

1~)I.~ F-i ’~MA T (/ ,3X, * ODE 0 *)
P d j p ~T * .(o M .M~~1.U
C~ -E aO.

*4 4  Su~~~AT I )~4 LM s IJ 1~~~) I~ A M BIGJI TY
— C *4 * F U M C T I O ~ IS  CL ~i P U I t )  B ’ FF1 , *

D l  7
) j  1 tP~~1,1
CALL. SECJNO (IIMt )
P -~I~~T * , ” T I M E  IS “,IIME
‘‘S I P — i
F.2*(IP+3N ~~)

I F ( N N F . E U . ,.,) ~3 hI 21

~~ 2 M~~1,~~~F
2 L D A T A ( M . C M P LX ( O . 0 , ) . 0 )

?~ ISs IP+IJME
IFCI S .GT .L ) C-] TJ 22
00 3 M~~IS~~L
‘~T ~M*2—142
DTt M P a 0 ( M ) * C ~~~J G ( D ( 1 — 1 I — J - ’ 4 t ) )

-) DATA (MI ) ~~EA L (DIEM .
?)

DAT A (M T+ 1 )*AIMAG (DTEM~’)
3 CONTINUE

~? Ll~~2*fL+1 )+1OP 18 M* L L , NF2
0814 ( M  )~~0. D

.‘~ C O h T I N U E
IF (L.LE .NF) GJ 13

*4 *  C - J M PUT E S ~Y NM ~SI~~ FF 1. 
. 

-

‘7 C ALL A FOU~~(O A TA , ,L,: ,t)
G~) Ii 25

2~’C A LL FOU R i (OA TA ,NF ,—1 )
~~o I F( I P .CT . L1) &~

) TJ 31
D L 6 M.1,MF
M I SM 4’ 2—1

~ A (IP ,M )aCM PLX (DA TA (MT ),LA TA (MT+ ~~) I
1F (IP,NE.Ll) CC 10 1
00 3~ flJa l,NF
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DC 33 MI .1,L1
33 TE?~P (Ml )zA(M1, MJ )

IF (K .E0.2 ) GO IC 35
WR IT E( 1, * )  TEMP
GO 1) 32

3z~ i~QITE (4,*) TtM P
3.~ COhIINUEGO ID I.
31 IF(IP .GT.L2) CC 10 43

IIP:IP—L1

~O 9 M s ]~,NF

~~- I • fr * 2 — i
‘J 61 IIP,M )SCM PLX (DATA( M Ih,OAT A( MT + L ))

IF (1IP.NE .L1) GD 101
— Od 3’-, M J—1 ,NF

DO 35 M1~~1.L1
35 I E M P ( M I  ) z A ( M 1 , M J )

IF (K.E0.2) GO 13 37
WR ITE (3,*) TEMP
GU TO 34

37 wPITE (7,*) TEMP
34 C O N T I N U E

GO TO 1
~.3 IIP .IP— L 2

CO 44 M.].,NF
MT . M*2—1

44 A l I I P , M ) ~~C M P L X ( D 4 T A ( M T ) , D A I A ( M T + i ) )
IF (IP.NE.L) GO TO I
00 45 MJ~~].,N F
00 45 M I ~~] , L 1

46 TE MP (M I )  • A C  MI, MJ
IF~~< .EQ .2; GU TO 4~
~RITE (8,4) TE MP
GO ID 45

4~ ~R I 1~~(9, *)  T E M P
4~ C O ” i T I M U E

1 C O N T I N U E
ON E ~~i.

7 CONTI NUE

C *** HIS PR JG RAM ~AS HE CAP A B ILITY UF *
C *** P13111MG FOR T ’-l c~ INT~~R~ AL 5*pj/T ID *
C ~~ * +6*PIII A LONG CME GA AXIS. *

C A LL P L O T S
ISTE Pz1C
I S T F P1~~ISIEP-s- 1
DEL T/ISTt .?
IPOINT sL *ISTiP
L2Ms (IPOINT*2+l)/1O
IP21~~IP0IMT*2+jL
NF 3PSN F 3+1
MFSPaN FS+j
N F D . ’ . 1F *5 + 1
I L IP~E ~0
C A L L  P L C T 3 D ( j Q , 0 , j ,  X . O , O , c ,.~i O 2 3 ,~~.,.,3I 25

49

‘I

:—_“_
~~

_ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- .  

~~~~~~~~~~~~



________ 
—

,—L ,.J3S~ ILI~~L, 1P21S ,—45.O,—2.).J, iJ.0..25,2O .O,MASK,~~)
P t w I ’~D I
P E w I N D  3
PE,.IND 4
REw IND 7
R EW I N D  8
PEWIND 9

C *** EV E ’~Y LIME IS DRAwN ?A ~~AL L E L  TO 1.11 *
C *** T I M E  A X I S .  T H E  L I N E S  ~rlIC,-t 5 - I J U L D  3c *
C *** ‘IIJOEM BY P~~EVIJ US LINES A~~ MASKED. *

DO 13 IuN F3P,NFD
IL IN E ~ I—NF 3
IR.N FSP+ 1—I
I I  • N F 3 + 1—I
1I•—II
OMC,— PI*1I*2 .I( N F *T)
EX i—CMPLX (J .j,OMG *T/~~. I
FX2zCM PLX(O ,O ,OMG*T )
IF (IR.LE.N F3 ) 63 TO 16
IND~~IR—I ,3AS E
IF (I ND .NE.1) GJ TO 12
IF (I.EQ .NF3P) GD TO 12
IBASE .I’3ASE —rl F
CL’ 1) 12

iS IN Da I— I3AS E
IF (INO.NE.NF) 63 1)12
1~~A SE • IBASE+N F12 I F ( I M O . N E . I I  GO 10 50
REwI ND 1
R EWI ND 3
R~~~IND 4
R E w I N D  7
R E W IND S
PEW IND 9

~ ) R E A D ( 1~,*) T E M P
O D 3B M . 1,L 1

3-_ i B 1 C O M ( M ) . T E M P ( M )
W E A D ( 3 . *)  T E M P
DC 39 M ’l , Lj
‘~T ~L I +M

3— ~ S1CO MC M T ) .TEM R (M )
RE 4D (8,*) TEMP
00 47 M~~i,L1
MT .L2+M

‘.7 81CUM (MT )~~TE M ,
~iM )R E A D ( 4 , *)  T E l ?

C O  4 L M~~1,Ll
42 B 2 C C M C M ) . T E M ? ( M )

Rt AD (7,*) TEM P
00 40 M~~j,Lj
Mis i  1+M

40 ~32CCM (MT ).TEM P (M )

~EAC (9, *) TEM P
D L )  4 B  M . l . L 1
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PT • L 2 + M
4-3 B2C3~~(MT )-TEMP(M )X T E M P Z T * C E X P ( E x . l ) * S I N C ( O ’ i C s T I 2 . ) * ö I C J M ( j )

X(I~~JIMT +1)aC43S (xTEMp)
DO lo J~~I~~L
JJ zJ—1
03 10 Ka 1 ,ISTEP
KK~~c
E X 1 . C M P L X ( O , 0 , Q M G * ( T — O E L * K K ) / 2 . )
EX 2sCMP LX (0,o,OMG*(2. .T—3~~L.KK)/2,)
XTE MP. (T— DEL*KK ) * C E X P ( ~~X i )

5 *SINC (OMG * (T—OEL*KK )/2 .)*BICOM (J )
S + D E L  * K K * C E X P ( E x 2 )
I *SIMC (OMG*)EL$’ (.(/2.)$57C3M ( J)
XX~~C 49S( X TEMP)
KTaJJ*ISTE P+I<
XC IFO INT+l— KT ) .XX
X( IPQINT+li’KT) •XX

10 C )NTINUE
CALL PLOT3D (LD~~O.0.X,U,O,C,Oij~~3,~),U312~

S ,—0.336,ILINE,IP2X
5 ,—45.0,—20.0, 10.0, .25,2.- .j,MAS K,c )
IF (I.NE .MF3P) GO 10 13

24 WRITE(b ,140)
140 F O R M A T ( / , 3 X , * Q M ECA a

DO 23 IM.1,L2M
BASE a10*( tM— i I
IBS~~’3A SE+ 1IBL~~3ASE+ 13
PR INT *,(X (M),Ma135,IBL )

23 CONTINUE

~3 CO NTINUE
CALL cFPL’JT
STOP
END
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SUi3R 1LJ T INE A F )UR (OATA ,NF,L ,ONE , T)

C 4*4 C)MPUTES FOJRI~~ TRA MSFJ~ M *

DI frIEMS ION DATA (256), OT (~~~6)
CO M PLEX tX ,SJM ,TMP
P 1. 3. 141592653 5898
00 1 IP~~l~ NF
I P P a I P * 2 — 1
‘‘Pul p—i
SU M*CMPLXCO.0 ,0.0)
LP .L+1
DO 2 N .2 , L P
II~~2*N—1
¼ 

~ s

TMPzCMPLX (O ,0,X )
E X ’CEXP (TMP )
TMPuCM PLX (DATA (II ),DATA (II+j ))
SUM~ TMP*EX +SUM

2 CO NTINUE
DT ( IPP )a R r A L  (SUM)
DT C IPP +1 ).AIMAG (SUI)

1 CflNTINU E
NF2zNF *2
03 3 I•1,MF2

3 DATA (I ) .DTCI )

END
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8.2 APPENDIX B

PSEUDO-OPTIMUM CODE ALGORITHM PROGR AM

P P D G R A ? ”  M A I N C  I N P U I , O U T . ? U 1 , T A ? c )~~I N P U I
S , T A P E S S J J T P U T
S . T A P E i , T 4 . ? t 2 , T A . ? r~3 )

C *4* THIS PRQG~ AM COM PUTeS THE OPTIMUM *
C *4* PULSE BURST COOL . *

COM MON R (255),N,NN,4N,Q (2~~5),OJ,N .?
D I M E N S I O N  D ( 1 2 7 ) , 0 0 ( [ 2 7 )  , P ( i ~~7 J , O T ( ~~2 7 )

S , S ( i 2 7 ) , ~~~ (2 5 5  ) , D I M (  127)
R EAL L A M

C *4* 0 — —— — CODE A RRAY *
C *** R — — — — CO~ REL 4TIJN ER RRO R AR RAY *

C *** N ——— — THE LA R G E ST I~~DEX OF C O D E
C THE LENGT H OF COD E IS N + 1 *
C **4’ -~ — — —— W E ICNTING FACT OR OF MEA N *
C SQU A R ERROR *
C 4*4 L A M  —— A DJUSTABLE FACT O R 1-3 ~ cT *
C *4 *  BETT ER EFFICIE NCY *
C *4 *  (~~EIGHTIN~ OF PE-~A LTY *
C *4 *  FUNCTIO NAL) *

*4* t~ET — — A D J U S T A B L E  F A C T O R  TO G E T  *
C *** B E T T E R  S.’I-(e T O SLDeRJ .3 t *
C *4* RATIO *

N i 2 7
N P sN + i

N P 2 a M + 2
NH .N/2
N ‘-I P aN H—i
A r4 .N
N N a 2 *N + j
L AMaO. 0
‘3FT z SO .

W R I T E ( b , 3 5 0 )  L A M
353 F O R M A T ( / , 3 X , * L A M B D A  • *, F 10 .5)

W R I I t ( 6 , 3 o 0 )  B E T
360 F O R M A T ( / , 3 X , * B E T A  •

340 F OPMA T (I, 3X , *~ MATRIX : 4 )

rCEAO * , (QCM),Msj,Zi)
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R E A D * , (DIM ) ,M.22,’.1)
DO 32 M.42,Pu-~

32 Q(M).1.
f)D 35 M. 1,NN

3!i C C ( M ) . Q ( M )
kE A O • ,00, ( D I M )  , M s ] , M )
SUM.DC*DC
00 60 M.],N

SC SUMaSUM+0 (M )*O (M )
FAC .(AN +t ,)/SUM
F AC .SQRT ( FAC )
DOaDO*FA C
00 61 Mal,N

Si. D (M)aD (M)*FAC
PEROaCOR i~E(0,S,LAM )
CALL PVEC (P,GRAD,O, LAM ,S )
I.0
CALL CO NVT (R,N )
.~RITE (6,1O3) I,PERO,GRAD
W R ITc (6,203)
C A L L  W R ( P , N )
~RIT ’~ (6, ~00)P R I N T  ~~~~
CALL WR C D,M )
wRIT~~(6,3lO)
CALL WR (R,NN )
C A L L  E FV A ( D 0 , D , R  (N+1 ),-~ )
C ALL CONV T(R,N )
DO 23 M a l , N

20 D D ( M ) a D ( M )
‘Si
M i a l

C *4* COMPUTES P VECTOR *

1 1 CALL PVEC (P,GRAD ,D,LAM ,S )
PERUaCQRRt (O, S, LAM )
P0 66 Ms 1 , N

So SU M .SUM+P (M )*P (M )
ALFa (AN+ 1 .) ISUM
A L FsSQRT (A L F )
IF (ALF .GT .2 . I ALF .2.0

C * 4* S E A R C H I N G  T HE S T E P  S IZE  *
55 DO 13 J~~1,10

PR INT *,AL F
DC 14 (ai, h4

14 O (K)~~DD (K)+ALF *P (K)
ER0~ CORREC0 ,S ,LAM )
IF (ERO.LE .PERG) GO TO 1~AL FsA L FF2.

13 CONTINUE
15 PERO aERO

DO 18 Mal , 1
13 D 0 ( M ) a D I M )

S U M u C .  
54
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I F ( A L F . L E . A L L )  GO Ti l l
I F ( G R A D . L T . . v O C i )  SO T J  17
IF (J.E 0.IO) GO TO 17
I F ( I . E Q . 5 0 )  3) TO 17
1 1+1
GO TO 11

C 4*4 ADJUSTS W E IGHTIN G J *

17 SU MsO .
00 33 M s l , N ’ 4

33 SUMaSUM+R (M)*R (M
00 34 M~ i,NN -

34 ~~~~~~~~~~~~~~~~~~~~~~~~~~~ / S U M
w~~ITE (6,iU3) I,PERO ,GRA D

10) FORMAT (//,i3x, *ITER. • *,1 3,5X,
S ~ E R R O R
ISX, *GRA DIENT a *,F2 0.5)
WRIt E (6, 20C)

2L ~ FJR MAT (1X, * P VECT OR ~*)
CAL L  WR (P,N )
,4RI T~ ( 6 , 3 0 0)

300 F - J R M A T ( / , L X , * C O D E  3 :4)
P Q I N T  *,00
C A L L  W R ( D , N )
C ALL CONVT (R,N)
W~~ lIE (6,310)

31,.. Faw(4A T (/,IK,* ORRELA TZON R :*~
CALL W R C R , N N )
C A L L  E F V A ( D O , 0 , R ( M + 1  ) , N )
w R I T E  ( 6 , 3 4 0 )
C A L L  W R ( 3 , N N )

C $*~ C - i M P U T E S  C O R R E L A T I O N  FO R T R U N CATE D *
C ‘‘$ C0D~ *

C A L L  ‘1RUNC ( D,,~~D,N)
P T R A a C D . R E ( D , ~~, L A M )
C A L L  C J N V T C R . N )
wRITE (b,3 10 )
C A L L  w R ( R , M M )
CALL CO NV T (R,N )
IF (~~1.Ej.4) GO T O 38 - -

I~~(M1.E 3.1) GO 10 38
M1 .Ml+l
CC TO 11

3 -~ S T O P
E N D
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S u B R O U T I N E  P V e C  ( P , G R A D . D , L A M . S )

C *$ *  COM PJTtS FREC ML T MA IRIX 4
C *44 AND FIN DS P VECT OR . 4

CO MMON R(255),N,NN,AN,0(255).D0,NP
OI ME N S IO ’N FRM (127,127),P ( 127),S (127),3 (127)

S ,D (l27)
R EAL LA M
DO 1 J~~1,N
US aN+ 1—J
UL.US +N
D S~~J+ 1
D L z D S + N
DO 2 I a ] . , N N
I F ( t . G T . U L )  50 13 3
III ~~I—US
I F (III) 3,4,5

3 UK~ 0.
GO T~J 6

4 UKaDO
GO 10 6

5 I I~~I — U S
U K a D ( I I )

o IF (I.LT.DS) SO TO 9
IiI .I—DL
IF (t1I ) 7.6,?

7 I I — O L — I
D K z D ( I I )
GO T J  10

~3 DK.D0
G fJ T O 1O

~ D’(aO.
iC I F ( I — N P )  38,39,2
3-S F R M ( I , J ) a U K + D K

GO T O 2
3-~ S ( J ) a U K + D K

~ C O N T I N U E
I C O N T I N U E

R E W I N D  1
DC 23 I~~1,M
DO 24 J.1,N
S U M ~~O.
DO 25 K a i . N

2 5  S UM . i . * F R M ( K ,  I )*FRM (K,J)$D (K )+SUM
PC J)~~SUM +3 (N+1 )*5 (fl*5 (J)

24 CONTINUE
PR IT~ (1) P

23 CONTINU E
00 26 I’l,N
S ! J M a ~
CO 27 K~ i,N

27 SU MaFRM (’ (, I ) * R ( K ) * Q ( , (  )*i.+SUM
B (I)aSUM+Q(N +j)$R (N+1)*5 (l)

2~ CONTINUE
RE wI ND 1
DO 36 I~~1,N 56
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R EA D ( 1 )  P
Di 37 J n 1 , N

37 FRM (I,J)ap (J)
3t C O N T I N U E

D’l 31 Ia1,N
31 FRM ( 1,1) .LAM+FRM ( I, I)

SU M~ C.
DC 32 I ’i ,M

32 S U M s S U M + 0 ( I ) * D ( I )
SU ~~~S Q R 1  C S U M / A N )
DC 33 I z 1,N

33 S (I)aSIGN (SUM,O (l)J

C *** COMPUTES GRADIE N T *
03 34 I~~1.N

31~ 3(I)~~B (I )— LAM *IDtI )—S (I ) )
S U M s O .
00 H I a J , N

1~3 SU M ~~S U M+ 8 ( I ) * ’3 ( I)
S UM a S U M *4
GRAD .SQRT (SJ M) IAN
C ALL SIMQ (FRM ,B,M , 1MG )
IF ( ING.~~U.O) GO TO 3
W R I T E  (5 , 101)

~j F O R~ AT (/,3X, *MATRIx IS SLMG LiLA R * )
35 03 17 I~~~~i,N
17 P (I)sB (I)

RETURN
END
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I

F t J N C T I J N  C O R R E ( D . S , L A M )

C *+* COMPUTES THE CO R R E LATION &1F CODE *
C * 4*  AND MEA N SQUAW ~~~~~~~~~ *

C O M M U N R ( 2 5 5 ) , M , M N ,A M , D ( 2 5 5 ) , 0 0 , N P
D I M E N S I O N  D C 1~~7 1, 5 ( 12 7 )
W EAL LAM
N ] a M — i
DO I I~~i,M1
I I  ~N + i + I
R C I I ) a D ( I ) * O i ~,
JJs~4+ 1—I—I
03 2 j a l , J J

2 P ( I I  ) a R C j j ) p D ( J ) * D ( J + j )
1 CONTINUE

0) 3 1 i ,N
3 P ( N + l ) s R ( r 4 + 1 ) + D ( I ) * D ( I )

~ (~4~~
) a~~(p~)*3c~

D;J 4 I~~L,NI I~~NN +1—I
4 R (I)z~~(Ij)

0) “ 1 1,N
I I  ~N 4 1 + t
R C I ) *—R (I)

‘L P (II)~~—R (II )
P( N+ l  ) . A M — R ( N +] )+1 .
E RUaD .
DO S I • 1 , N N

6 ERO C’( I )*RC I)*R (I )+ERU
SUM~ 0.
DO 7 Iai,N

7 SU MaSUM+(D (I)— SII ))*ID (I)— S (I)
ERO aERO +LAM *S’J M
CO PRE ERO
RETURN
END 
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S U B R O U T I N E  t F V A ( O O , D , R X , N )

C *4 *  C O M P U T E S  t F F I C Ie N4 CY AND CODE *
C *4* V A R IA N CE. *

D I M E N S I O N  0 ( 1 1
~N a N
O~ a DO $00
DO 2~
D O ~C- (M) * 0 (M)

?t P M a A M A X 1( DM,00 )
E F — ~~X / (  ( A N + 1. 14 D M )
WRITE (5,320) £F

3 2-i FORMA T (/,1CX , *tF F IC IEN C Y
F F . t F* DM
EF SQ RT (EF )
SUMa ( D O — F  F )**~
DO 25 M a l ,N
A BD aAB S (D (M ) I

~?b SUMS (A SD—E f)**2+ UM
V AR a SUM FRX
W R I T E ( b , 3 3 U )  V A R

330 FORMAT (/,1ux , *CODE VA R IA N C E • *,F10.7)
P~E T LRN
END

SUBROUTINE TRJNC (XL ,X, N )

C *** TR UMCA T~~S TH E C O D E .  *

DIMENSION X(j)
x1- aX ]- *100.
I x i a x i
X1.IXi/100.
00 1 Ia J , N
X ( I )  ~ X ( 11*100,
IX .X (I

I X (I )aIX/100.
R E T U R N
END
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~ur~W f) uT1NE C J N V I ( R , N )

C ~** CONV~~Rt ro C O R R E L A T I O N  F R O M  *
C *4 *  C O R R E L A T I O N  ER R OR OR V I C t  V t R S A .  *

D I M E N S I O N  R h )
A N a N
00 23 Mal,N
IIa2$N +2—M
R ( M ) a — R ( M )

23 ~c (II )zR (M ) 
- 

-

R E T U R N
END

SUbROUT iN E W R( XX , r4NM )

C 4*4 T H I S  S U B R O U T I N E  IS  U S E D  T O P R I N T  *
C *4 *  OUT THE RESULTS FOR C JNVEN IE!W CE. *

DI MENSION XXII )
N L A S a M N N / 1 O
DC 5 1 Ia l , N L A S
I S . 1 C$ (  I — i )  + 1
IL~~IS-I~9W R I T E ( S , 3 7 0 )  ( X X ( J ) , J a I S ,  I L )

370 F O R M A T C / , 3 X , 1 O ( t l l . 2 )  I
51. CJN T IML E

I lS~~NLA S*1O
IF (IIS .E O.MM’I ) GO TO 1 - - -

ISa NLAS*1O+1
w R I T~~(b,373) CXX (J ),JaIS ,r4MM )

I ~ETL’RNEND

60

~ 

- -
~~~~~~~~~

- ; _•~~~~~~] ~~ - ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - ~~~~~~~
-
~~~~~~~

• 

— - 

•
~~~~~ J



F-- - - - - - -
— --~-_-j_ TII I_ —

~~~~~~~

MISSION
of

Rome Air Development Center

RAX plan s and conducts research, exploratory and advanced
d.v.loj erit p rogrw in c’~,ur ”d, control . and c~~~ m-Loatiof la
(C 3) activities, and in the C3 areas of inf ormation sciences
and int lligel2ce . The pr incipal techeica.Z mission areas
are ccmauzLicatic123, .l.ctzoaiagnstLc guidance and control ,
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data collection and handling, inf ozuation agates technology,
ionospheric propagation, aolid stat. sciences, aict ’owsve
physics and electronic reliability, aaintiinabilitg and
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