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AN ALGEBRA FOR THE REALIZATION OF SWITCHING FUNCTIONS

USIN G A CERTAIN TYPE OF MOS PACKAGE

Ravindra Nair and Gerno t Metze

Abstract

Switching functions may be realized using a certain type of

MOSFET circuit package, similar to the Fairchild 3102 package. This

paper outlines the conditions that must be satisfied by a switching

function so that it may be realized in a series-parallel form or in a

bridge form using the least number of MOS elements in the package.

Algorithms are given to obtain near optimal realizations when minimal

realizations do not exist. 
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1. INTRODUCTION

This paper stud ies the r e a l i z a b i l i t y  of swi tch ing  f u n c t i o n s

using a MOSFET circuit package of the form shown in Fig. 1. This type

of paLkage is comercially available , e.g., as the Fairchild 3102 inte-

grated circuit where n=3 .

POWER
SUPPLY

LOAD P405
M05

0!1 
Zo

MOSJ
~
1

:
__P4OS~~~ 1 

-O Z PI _ 2

MOS i~ J ~~~~~~

~~ Z h

Fig .  1

The gates of the MOSFETs w i l l  be connected to the var ious input signals.

The sources and drains of the MOSFETs may be interconnected in any manner

with the restrictions that one of them must be connected to ground and that

terminal z
0 

must provide the output.

Interconnections of the pins z0,z1,...,z in various ways makes

it possible to realize a host of switching functions. The limitations to

realizing all switching functions of upto n variables arises from the fact

that

I
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a) the connection between gate i and gate i+1 , for

i = i ,2 , . . . ,n- l , is inseparable .

b)  the output  is res t r ic ted  to be at p in 20, i .e . ,  at one

end of the chain formed b y the MOSFETs.

Examp les of 2 d i f f e r e n t  func t ions  real ized by the package , wi th

n = 3 , are shown in the fo l lowing  Figure :

zr—H

Fi g. 2

The b i l a t e r a l  na tu re  of the MOS gates makes them similar in their behaviour

to b i l a t e r a l  switches or re lays .  If each gate were rep laced by a normally

open re lay  contac t , then the only d i f f e r e n c e  would be that the output of

the contac t network would realize the comp lement of the output of the MOS

gate network. We will now proceed to determine the kinds of functions

that can be realized using this package , and algorithms for realizing

functions using the package .

2. DEFINITIONS

The basic postulates and theorems of switch ing algebra (e.g.

fKOH 7~~) will be assumed. Letter variables a, b , c , ... will be used to
designate MOS gates (or contacts). Conjunction will be denoted by II • II or

simp ly by concatenation , disjunction by “+“, and complementation by tt _ II~

I
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Letter variables and their comp lements are literals, and a

I conjunction of two or more literals forms a term. A term may also con-

sist of a sing le literal. An expression may be a term , the conjunction

of two expressions , or the disjunction of two expressions. A function,

say F=F (a,b ) ,  indicates that the variable F takes the value 0 or 1 de-

pending on whether the expression F(a,b) in variables a and b takes on the

value 0 or the value 1.

A minimal form expression has the least numbet of literals among

all equivalent expressions . A least form expression of n variables is a

minima l form expression with exactly n li ter als , one for each variable.

A unate function has a minimal form expression with each van -

able expressed either in its true form only or in its complemented form onl y.

In a positive unate function , al l  variables are expr essed in the ir true

forms only.

A network N is series-parallel if through each eleme n t (gate or

relay) of N there is at least one path from the output terminal to the

ground , not touching any junction twice , and no two of these pa ths pass

through any element in opposite directions (this is a modification of the

definition in [RIO 42]). A network which is not a series parallel network

is a bridge network. A bridge element in a brid ge ne twork is an elemen t

belonging to a set of eleme nts , the removal of which reduces the network to

a series-parallel network , but the removal of any proper subset does not

yield a series-parallel network (Modified from [MIL 58J).

I
I
I
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In fu rther discussion , b i l a t e r al relay switching networks will

be considered. As seen already, the res u l ts may be app lied equa l l y

e f f ec tive ly for MOS gate networks. Further,for convenience ,the relay

contac t

ftp

w i l l  be dep icted as

x p

A function is P-realizable if it can be realized by a package of

the form shown in Fig. I. A function of k variables will be minimally

P-realizable if it can be realized by a package of the form shown in Fig. 1,

with no more than k elements in the chain , i.e., n = k . The function is

assumed to be expressed in the least form.

The f o l l o w i n g  observations can now be easily proved.

THEOREM 1:

~n > O , ~ k , O < k< n , such that all functions of k or fewer variables

are P-realizable with n elements in the package .

THEORE M 2 :

Vk>O , ~n , n>k , such tha t a ll fu nc tions of k or fewe r variables

are P-real izable with n elements in the package .

PROOF:

An algorithm will be provided to obtain such a realization .

Step 1: Express the function in a sum-of-products form. Clearly ,  the

total number of literals >k , say n(we will assume throughout that

a k-variable function is not invariant in any variable). Associate

one element with each literal.

I
I
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____________Step 2: For each term , connec t all  elements associa ted wi th l iterals

in this term in series.

Step 3: Connect all such series term chains in parallel , marking one

end as the output and the other as ground . :Note that we are

dealing with relay circuits. MOS circuits will be realized in

a similar manner , taking output comp lementation into account.)

Step 4: The required chain of n elements can now be easily id~ ntified ,

with the end of the chain grounded if the number of terms is

odd , or connec ted back to the head of the chain otherwise.

Q.E.D.

THE OREM 3:

A minimally P-realizable function must be unate. (Unateness is

onl y a necessary condition )

COROLLARY 1:

A minimally P-realizab le func t ion realized using only the true

form of the variables must be positive unate.

In future discussions , onl y positive unate functions will be

considered . The extension to the entire class of unate functions is

inenedia te , if both true and comp lemented forms are available for variables.

3. SERIES-PARALLE L C IRCUITS

A u s e f u l  a l t e rna t ive  d e f i n i t i o n  for  a s e r i e s -pa ra l l e l  c i r cu i t

[MIL 58] is:  A network is s e r i e s - p a r a l l e l  if it is either a series or a

para l le l  connection of two series-parallel networks. A single element

(gate or r e l ay )  is also a s e r i e s - p a r a l l e l  network .

I
I
I
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We will now try to motivate the need for an efficient but

systematic technique to determine the minimal P-realizability in the series

paralle l form of a positive unate function expressed in the least form.

Let us consider two sets P and C, where P consists of all the

realizations possible using the package under consideration, while C consists

of all the realizations possible in the conventional sense , without the two

restrictions mentioned in section 1. Clearly, we can associate a mapp ing

from the elements in P to those in C, in th e sense that if ~~‘ E P maps into

~~
‘ € C then both ~ and ~~~

‘ have ident ical  e lements  connected to every junc t ion .

In fac t  under the opera t ions  of series or pa ra l l e l  connection of elements in

P and e lements  in C, we may de f ine  a homomorp hism from P to C. Figure 3

e x e m p l i f i e s  these concepts .

The P-realizations in Figs. 3(b) and 3(c) may be mapped to the

convent ional  r ea l i za t ion  of Fig.  3 ( a ) .  Howeve r the conventional r ea l i za t ion

in Fi g. 3 ( d )  which r ea l i ze s  the same func t ion  has no corresponding P - r ea l i za t i on.

Further  the f u n c t i o n  r e a l i z e d  in Fig. 3(e ) has no corresponding P-rea l iza t ion

even though there are many conventional realizations for the function.

(In fact this function is the only such , for all positive unate functions

of 6 or fewer variables , expressed in the least form.) Obviously, some

method is needed to determine the minimal P-realizability of such functions

without  going through the  p a i n s t a k i n g  task of l i s t ing  a l l  possib le con-

ventional realizations.

We will attemp t to classify switching functions according to the

form that they assume in a P-realization. For instance , the functions

F
1 

= a , F2 = ab and F
3 

= abc w i l l  be assumed to have similar forms , distinct

I
I
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Fig. 3

f rom the form assumed by F
4 

= a + b .  This  is because , for  p r a c t i c a l  purposes ,

the behaviour of F1, F2 
and F in a more comp lex expression would be identical

and d i s t i n g u i s h a b le  from the behaviour  of F4 . For examp le , let us take the

funct ion  F = F . + d , where i may be 1,2,3 or 4. The final form would be

as shown in Fig. 4(a) if i = 1,2 or 3 and Fig. 4(b) if i = 4.

l
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(a) (b)

Fig. 4

Since every function in its least form is characterized by the

absence of repeating literals , we can proceed as follows.

We rep lace every literal in the switching expression by the letter

P. Thus F1 = P, F2 
= PP , F

3 
= PPP and F

4 
= P~~P. Further , P, PP and PPP

represent an equivalent functional form distinct from P+P = 5, say. Clear ly ,

it would be convenient to replace PP and PPP by P, an equivalent functional

form, without loss of structural equivalence. What we have done then is

simp ly to define a rule , which says , PP P. By a similar argument , we

notice that P+P+P = P+S has the same functional form as P, while P+P+P+P =

S+S has the same functional form as S.

We are now in a position to define a set of rules - let us call

it the P-S algebra - so that a unique minima l expression involving only P’s

I

I
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and S ’s may be obtained for a given switching expression in the least

form. The f ina l  expression obtained will characterize the structure of

the rea l i za t ion  for the function.

Let F1, F2, F3, etc. denote any expressions involving P and S.

The laws of commutativity and associativity carry over directly from Boolean

algebra to the P-S algebra.

1. Cominutativity : F
1 
+ F

2 
= F

2 
+ F

1

F
1
F
2 

= F
2
F
1

2. Associativity : F
1
+F

2
+F

3 
= (F

1
+F2)+F3 

= F 1+ ( F 2 + F 3
)

3. S-idempotency : SS = S

S+S = S

4. Partial P-idempotency: PP = P

5. Absorption : P + S P

6. Transformation : P + P S (This is more correctly a definition,
not a rule)

An example to illustrate the app lication of the above rules is

shown below : Let F = (a(b+c)+d)(e+f(g+h)+k)+L (m+n). If C denotes

the equivalent  funct iona l form then

G = ( P ( P + P ) + P ) ( P + P ( P + P ) ÷ P ) + P ( P + P )

= (PS+P)(P + PS +P)+PS by Rule 6

= (PS + P) ( P + P + P S ) + P S  by Rule 1

= (PS+P)((P+P)+PS)+PS by Rule 2

= (PS + P) (S + PS) + PS by Rule 6

No further simp lification is possib le.

We can now associate forms for P and S as shown in Fig. 5, and

observe that a P-realization is possible as long as there exists some

numbering of the forms 1,2,3,...,k such that the terminal y of form i is

I
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connected to the terminal x ol i + 1 , 1 < i ~ - k.

I
x 

I
x

P S

Fi g. 5

For examp le , the f u n c t i o n a l  fo rm (P S + P)P is realized as:

~ 2)p3

Fig. 6

We now define the modified f un c t  ioiial f o r m  for a swi t ch ing

express ion .  I f  the  min imized  f u n c t i o n a l  form for an express  ion is SC or

PC , then  the  mod i f i ed  f u n c t i o n a l  form is C. it  is important to note that

the suggested m o d i f i c a t i o n s  can be c a r r i ed  out only on the  e n t ir e  express ion

for  the f u n c t i o n  to be r e a l i z e d .  ii cannot be used to  reduce subexpress ions

w i t h i n  e x p r e s s i o n s .
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THEOREM 4: If the modified functional form for a switching expression is

p-r ea l i zab l e , then the ori g inal func t iona l  form, wi thout modif ications, is

also p - r ea l i zab le .

PROOF: A general  P-realizable form is shown in Fig. 7.

Fig. 7

Figure 8(a) and (b) show how the original functional form may be

realized.

C 
r—f

~~~~~~~~~~~h

Fig. 8
Q . E . D .

Figure 8(b) shows the special case where the x-y chain connection

mentioned earlier is violated . An example is in order to clarify this point .

H = (PS+P)S = GS is the functional form for the switching

expression F = ( a ( b + c ) + d ) ( e + f) .  C is realized as shown in Fig. 9(a),

CS is r eal ized as in 9 (b )  and the chain is c l a r i f ied  in Fig. 9(c) .

I
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(a)
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a
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b 1

(b)

I e~~~ ~ L a b I C~~~~~

(c)

Fi g. 9

THEOREM 5: A positive unate switching function expressed in the least form

is minimally P-realizab le if and only if there is no more than one occurrenc e

of PS in the modified functional form for the corresponding expression.

PROOF: Suffic iency: The modified functional forms with at most one PS

are P , S. PS+P and PS+S, each of which can be shown to be P-realizable

quite easily.  By Theorem 4 then the ori ginal funct ional  forms should also

be P-realizable , if the modified funct ional  forms have at most one PS.

Necessity: It su f f i ces  to show that the functional forms of the type

PS + P S +C  and (PS + H) ( P S . + R)  ar e not P-real izable, where G may be P ,S or

absen t, and H may be P or S. This can again quite easily be shown , by
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t r i a l  and error or otherwise. A l l  other func t iona l  forms with 2 or more

occurrences of PS “contain ” one or both of these forms and hence are not

P-rea l izable .

Q . E . D .

The examp le shown below indicates a sys temat ic  way in which one

would attempt to real ize a series paral le l  c i r cu i t .

Let F = (a+b+c)(d+e+f+g) + (kL + ( m + n ) ( o + p ) )  + r

C = (P 1+P 2 +~ ’3) ( P4 +I’5 + P 6 4 P7) + (P 8P9 ÷ ( P 10 + P 11
) ( P 12÷ P 13) ) + P 14 (1)

= 
~
)
l
+5

l
)(5

2
+ S

3
) ÷ (P 15 

4- S
4S5 ) + P14 

(2)

= 
~~l6)(56) + (P 15 +S7) + 

p
14 (3)

= P l6 S6 + P17 + P 14 (4)

= + 5
5 , 

which is indeed P-realizable. (5)

Figure 10(a) shows the P-realization for the relation (5). From this

realization, the realization of Fig. 10(b) is obtained for relation ( 3 ) .

We may proceed in this manner backwards to ob tain the f inal real iza tion of

the function as shown in Fig. 10(c).

Theorem 5 leads to many interes ting resul ts , some of which are

given below :

COROLLARY 2 :  Every posi t ive unate  func t ion  in the leas t form with 5 or fewe r

variables has a minimal P- rea l iza t ion  in the ser ies-paral le l  form.

COROLLARY 3: The onl y least form posit ive unate function of 6 variables

that cannot be realized in a minimal P form is a(b+c)+d(e+f).

Proof: The smallest  func t iona l  form that  is not P -real izable  is PS + PS.

I
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Fig. 10

COROLLARY 4: The least  form positive unate funct ions  of 7 variab les that

are not minimally P-real izable are :

ab (c + d ) + e ( f + g )

a(b(c +d) +e(f +g))

a ( b + c ) + d ( e+ f ) + g ,  and

a (bc ÷ d)  +e  (f + g)

thCOROLLARY 5: For a given package , the last , i.e . ,  n , gate in the chain is

grounded at its free end if and only if the minimized functional form for

the function it realizes is P.

I
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COROLLARY 6: For a given package , the last gate in the chain is connected

to the output at its free end , if and onl y if the minimized func t iona l

form for the funct ion it realizes is S.

Final ly,  it must be said that for switching expressions which are

not in the least form , similar  techni ques may be used to determine a P-

rea l iza t ion  in the series para l l e l  form. For instance , every dup l icate

occurrence of a variable may be considered a separate new va r i ab le .  How-

ever , there is often the possibility of obtaining a minimal P-realization

by us ing br idges.  Such real izat ions wi l l  be s tudied in the fol lowing section .

4. GENERAL C IRCUITS WITH BRIDGE S

A funct ion like F = ab + ( c + f ) d + a d e + b ( c + f ) e  is indeed in i ts

minima l form (the number of li te rals  cannot be reduced) but not in its least

form.  Nevertheless , there exists  a minima l P-real izat ion for the network.

This rea l iza t ion  is shown in Fig. 11 and the corresponding conventional form

is shown in Fig. 12.

I ~~~ I e
Fig. 11

e~~~4
L

~~~~~~~L 

I

Fi g. 12

I
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A c a r e f u l  stud y indicates  that  the P-S al gebra de f ined  ear l ier

I is not of much use in bridged rea l iza t ions .  Extensive modi f ica t ion  may

y ie ld a more usefu l , thoug h probab ly inconvenient , vehicle for  the algebraic

I ana lys is  of bridged c i r cu i t s. A more u se fu l  procedure involves concepts in

graph theory .

Switching networks may be dep icted as weighted Linear graphs.  The

weights  are Boolean funct ions  attached to the elements of the graph.

Following EMIL 58] ,  an element consis ts  of a line segment and its endpoints .

I A vertex is an endpoint of an element , and a linear graph is a collect ion

of elements so that  no two elements have a point in common which is not a

I ver tex .  A subgraph is a graph which contains a subset of the elements of

the graph. A vertex and an element are inc ident with each other if the

ver tex  is an end point of the e lement .  The t ransmission funct ion  represents

the t ransmission between two d i s t inguished  ver t ices  in the graph , namely the

output  vertex and the ground vertex.  Al l  other vertices of the graph w i l l  be

termed in ternal  ver t ices .

The switching network may also be represented by a connection

mat r ix  [ARA 49 , HOH 55) .  For a graph wi th  p ver t ices, the connection matr ix

is a p x p  matrix. The matr ix  entries are Boolean funct ions . An entry ~~~

represents  the connection from vertex i to vertex j .  The c~~j  entr ies  are

a l l  defined to be Boolean 1. If c . = 0 , no direct connection exists
ii

between vertices i and j .  If c~~. 0 , 1, a l i t e ra l , or a d i s junc t ion  of

li t e ra l s  for every c j j  of connection matr ix , then the matrix is called a

I primit ive connection matrix.

As shown in [MIL 57],  the transmission funct ion can be obtained

I as the output  de terminant  of the connection matr ix .

I
I
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An Eu le r  path (Euler  c i r cu i t)  is a pa th  ( c i r c u i t )  tha t  t r ave r ses

each edge in a graph exactly once. The degree of a ve r t ex  in a graph is

the number of edges inc ident with i t.

The fo l lowing  resu l t s , Theorems 6 and 7 , are famous results , the

proofs of which can be obtained from any s tandard  book d e a l i n g  w i t h  graph

theory [e.g. Lii) 68].

THE OREM 6: The sum of the degrees of the ve r t i ce s  in a graph is an even

number (self  1oops are ignored).

COROLLARY 7: In any graph , there is an even number of v e r t i c e s  of odd degree.

THE ORE M 7: An undirected graph possesses an Euler  path if and onl y i f  i t  is

connected and has no , or exact l y two , ver t i ces  of odd degree.

We are now in a posit ion to s t a te  the necessary and s u f f i c i e n t

conditions for determining the P-realizability of a given function.

THEOREM 8: A given positive unate function is minimally P-realizab le if

and only if

(a) it possesses at least one minimal conventional realization ,

and

(b) for some valid , minimal conventional realization , the : 1

number of internal vertices of odd degree is no more

than one.

PROOF: Suff ic iency:  It is clear that if there is an Euler path in the

conventional r ea l i za t ion  s t a r t ing  either at the output vertex or the ground

vertex , then a P- rea l iza t ion  is possible for the conventional r ea l i za t ion.

In the case where the Euler path starts from the ground vertex , the output

and ground must  be interchanged . In a graph which has an Euler path , snd

I

II
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which has nodes of odd degree , onl y the source and the d e s t i na t i o n  of the

Euler  path have odd degrees. In our case the destination could be an

interna l vertex and hence condition (b) is sufficient for a P-realization.

Necessity : Every P-realization is associated with a conventional realization .

Hence the necessity of condition (a). If there are more than two internal

ver tices of odd degree , then an Euler path cannot exist by Theorem 7. If

there are two internal  vert ices of odd degree , and both externa l vertices

are of odd degree, again an Euler path cannot exist. If there are two-

internal vertices of odd degree and none of the external vertices are of

odd degree , an Euler path exists but cannot start at a terminal vertex.

This concludes the proof of the necessity and sufficiency of the

conditions . Q . E . D .

COROLLARY 8

A given positive unate function is minimally P-realizable if and

only if in the primitive connection matrix for some realization of the

function

(a) a literal appears exactly twice , and

(b) at most one row from the rows corresponding to the interna l

vertices , has an odd number of literals.

Note: (i) Condition (a) implies the existence of a minima l realization.

(ii) Because of symmetry of the matrix , a limit for the rows is

also .~ limit for the columns.

An algorithm to determine a minimal P-realization for a given

function will consist of the following steps:

Step 1: Reduce the function in order to minimize the number of literals.
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Step 2: If the number of l i t e r a l s  equals the number of variables with

a li teral  corresponding to every variab le , then attempt a

series-parallel minimal P-realization .

Step 3: If the number of literals is greater than the number of variables

in the expression , then obtain a primitive connection matrix

for the function.

Step 4: If the pr imit ive  connect ion matr ix  s a t i s f i e s  Coro l la ry  8 , then

a minimal  r ea l i za t ion  is obtained , else obta in  another network

or primitive connection matrix and repeat Step 4.

Clearl y ,  Step 4 is a stumb ling block because of the large number

of matr ices that  can be assoc iated with a g iven funct ion . However , in most

cases , the number of variables is not too high , so that once a minimal

convent ional  r e a l i z a t i o n  is obtained , the r ea l i za t i on  sa t i s f y ing Theorem 8

may be obtained by a v i sua l  scan.

An illustra t ive examp le f o llows :

Le t F = af .~ + agL + aeh + aek ÷ b e f Z  + begL + bh +bk +cefL ÷ cegL
+ c h  + ck + def2  + deg2 + d h  + dk.

Us ing Mi l le r ’s technique [MIL 58] or otherwise , we obtain

F = e(aP + QR) + aR + PQ, where

P = h + k , Q = b + c + d , R ( f + g ) 2 , wh ich sat i s f ies Miller ’s brid ge

condi tion and ha s a connec tion matr ix as shown :

l i i  : : :
F = 2 a I e R wi th  terminal  ver t ices  I

and 4
3 Q e I P

4 0 R P 1

II
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The p r imi t ive  connec t ion  ma t r ix  for  R is:

5 6 ~~~~

5 1 2

R 6 2 1 f+g ’

7 0 f+g 1

A possible primitive connection matrix for F is:

1 2 2 ’  3 4

1 1 a 0 b+c+d

2 a I 2 e O~ ~ ith l a n d 4 a s
terminal vertices.

F =  2 ’ 0 £ 1 0 f+g~

3 b+c+d e 0 1 h+k~

4 0 0 f+g h+k i j

This matrix now satisfies bo th cond i t i ons of Corollary 8, there

being onl y one in ter nal ver t ex , vertex 2 ’, which has an odd number of literals.

Figures 13 and 14 show the minimal conventional realization and minimal P

real iza tion respec tively.

T~~~~~~~~~ 
oF

I b c d

I~~~~~~~~ T
Fig.  13

I 
--~--~~-- -
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L lI~1a~~lcy dih Ikle]~~~
Fig.  1.~+

5. CONVERS I ON TO REALIZAB LE CIRCUITS

Let us consider a function F = abc (d+e)+f (g+h ) which has a

functional form C = PS + PS and hence is not minimally P-realizable. With

the knowled ge that (P+ P)S+PS = SS + PS = S+PS is a realizable form , we

could dup licate 3 elements to transform the function to F = (abc + a b c ) ( d + e )

+ f(g+h). However P(S + P) 4- PS = PP + PS = P+PS is also a valid P-

realizable form which requires the dup lication of only one element , instead

of three , using the transformation F = abc (d+e+i )+ f(g+h).

The need is felt , hence , [or a technique which yields the best

P - r e a l i z a t i o n , given any f u n c t i o n .  U n f o r t u n a t e l y ,  such a techni que is not

known at this point , but the algorithm to be presented in this section does

provide optima l results in most cases and near optimal results in the others.

For the series—parall el case , the P-S algebra , as detailed in

Sect ion 3 is utilized , but each P and S is now subscripted by an integer

which indicates the least number of el~ m~ nts that need to be dup licated to

convert that S to a P or P to an S. When ab~-orbing P’ s and S ’s , the sub-

scripts will change according ~o the  fo11o ~.ing rul e s :

I

I
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a b  a+b

2. S S  = Sa b  a+b

3. S + S  = Sa b m i n ( a ,b)

4. P +S = P
a b min(a ,b)

5. P + P  = Sa b m in ( a , b)

The initial subscript for all P’s ~‘lll be 1. An examp le f o l l o w s :

F abc(d+e)+f(g+h)

~ G = P 1P 1P 1(P 1 + P 1) + P 1(P 1 + P 1)

= P 3S j_ + P 1S 1

it is thus seen instantl y that changing S1 
to P

1 
or P

1 
to S

1 
is

more p r o f i t a b l e  t han  changing P 3 to S
3
. The dup lication strategy is hence

suggested by this extension to the f u n c t i o n a l  form of the expression.

Algorithm to obtain an optimal or iiear-optimal P-realization for a positive

una t e  f u n c t i o n  in the leas t  form :

Step 1: In the switching expression for the function , replace every variable

by P
1
, retaining the “+“s and “~ “s.

Step 2: Reduce the number of P’s and S ’ s in the resulting expression using

commutativity, associativity and the preceding laws.

Step 3: Repeat step 2 until a stage is reached where none of the laws

red uce the expression any further .

Step 4: If the functional form obtained satisfies Theorem 5, a P-realization

is obtainable. Terminate the algorithm. Else step 5.

I

—4
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Step 5: Let ak (b k ) be the minimum :f (a 1,a2 , . . . ,a , b 1, b2 , . . . ,b ) ,  the

subscr ip ts  of the n PS ’ s in the expression , ordered a rb i t r a r i ly as

1 < ~ < n. Change P to S (S to P ) by duplicating theak ak b k bk
appropriate a, (b 1 ) elements involved in the term P (S ). Return  to step

ak bk
2 for fu r the r  reduct ion.

Example:

F = (a ( b + c ) ( d + e ) + gh ( i + j ) + k 2 m ( n - 4 - o ) ) ( p + q ) + n ( s + t ) ( u + v)

G = (P1(P1 + P1) (P1 + P1) + P1P1(P1 + P1) + P1P1 P1(P1 
+ P1))(P1 + P1) + P 1(P 1 + P 1) ( P 1 + P1)

=

= (P 1S2 + + P3S1)S 1 + P 1S2

= (S 1S2 + P 2 S1+ P ~ S 1)S 1+ P 1S2 ,  dup l icat ing ‘ a ’

= (S3 + P 2 S 1+ P 3S1)S 1 +P 1s 2
= (S 3 + P 2 P 1+F 3S 1)S 1 + P 1S2 ,  dup l ica t ing  ‘j ’
= (S

3
+P

3
+P

3
S
1)S1+P1S2

= (P3 + P 3S1)S 1 + P 1S2 .

There are 2 options available.

(i)  G = (P3 + P 3P 1)S 1+ P 1S2 ,  dup l ica t ing  ‘ o ’

= (P3 + P 4 )S 1+ P 1S2

= s3S1+ P 1S2

= S4 + P 1S2 ,  or

(ii) G = (P3+P3S1
)S1+S1S2, duplicating ‘r ’

= (P 3 + P 3S1)S 1+ S 3.

Both yield valid functional forms for a P-realization. Figure 15 shows the

conventional realization for approach (ii). The vertex marked ‘x ’ is the

only internal vertex having an odd degree.

I
I
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L J j

ri

Fig.  15

The chain fo r  the P - r ea l i z a t i on  would be :

r - s - u-v - t - r - a - b - d - e- c -a - g -h - i -j  -j -p -q-k -L -m -n -o .

Civen a spec i f i c  f u n c t i o n a l  form , an opt imal  r e a l i z a t i o n  can be

found by exhaust ing the various reduct ion poss ib i l i t i e s .  However , when the

f inal funct ional  form contains 3 or more PS ’ s the number of cases becomes

too large to merit  the search for o pt i m a l i t y .  In any case , the al gori thm

just described does lead to the optima l solution in most cases.

The situation is even more complex when the least form is not

available. We now have to deal with a bridged network. A ~ew heuristics

that may be employed on the conventional realization , to make it P-realizable ,

w i l l  now be given.
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Heuristic 1:

Determine the length of the shortest path [the length of a path

is the number of elements in the path] from an internal vertex of odd

degree to the terminal vertices. Duplicate the elements in this path.

Repeat for other internal vertices of odd degree.

Heuristic 2:

Perform heuristic 1 and then undo the dup lications in the path

which had the largest number of duplications.

[One internal vertex is allowed to have an odd degree by the

conditions of Theorem 8.]

Heuristic 3:

If while performing heurist ic  2, the shortest path from an internal

vertex a, passes through another internal vertex b , also of odd degree , then

do not duplicate the elements from b to the terminal vertex.

[Both a and b thus are converted to nodes of even degree at the

same t ime.]

Heuristic 4:

Let V = jv1,v2,...,v 3  be the set of internal vertices of odd

degree. Let v
0 
and Yg 

be the terminal vertices. Among the paths from v
~ 

to

v , v to v and v . to v. for some v . E V , and every v. € V , v v , find
0 i g i. j  1. J 3 i

the path with the shortest length. Duplicate the elements in that path ,

and eliminate v~ from V. If the terminating vertex of the path also belongs

to V, then eliminate that vertex from V also. Proceed in this manner with

the reduced set V until V is empty. Determine the longest path dup licated

terminating at one of the terminal vertices, and undo the duplications in

that path.

I
I
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Other heuristics may be constructed similar ly. As the heuristic

( becomes more sophisticated , the P-realization gets more optima l accompanied

by an increased cost of implementing the algorithm. A visual scan of the

network could often help in achieving this optimality. In most practical

situations, however, the mentioned heuristics would lead to an optimal

real iz at ion.

6. DISCUSSION

The central idea of this paper is to indicate systematic techniques

to realize functions using a specific organization described in Section 1.

While it is difficult to determine exactly what fraction of all possible

functions can be realized using the package minimally, it is clear from the

results of sections 3 and 4 that for a function with a small number of

variables , a large majority of the functions can indeed be realized using

the package.

Extensions to the study and combinatorial analysis may be simplified

by observing that the minimal series-parallel P-realizations that are possible

are actually the strings in the language generated by the following grammar :

= PlSlPS I PS+SIPS+PIP(PS+S)~
P(PS+P)IS(PS+S)lS (PS +P)

5: = p+pts+Stss

P: = P+S~PPl a

We notice then that the technique used to check the P-realizability

of a function in its least form is essentially a syntax-directed translation

schema LAHO 72] using a bottom-up parser. Extension of this technique to

the general bridge circuits does not seem possible.

I
I
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Another interesting observation that can be made is that , by

simply disconnecting the load MOSFET from the rest of the chain and pro-

viding an extra terminal in the package as shown in Fig. 16, the power of

the package may be increased considerab ly. The reason for the extra power

for the package arises from the fact that the output may now be taken from

any of the gates in the chain instead of from one end of the chain only.

POWER
SUPPLY
LOA D P409

_ _ _ _

z0 OUTPU T (SEPARATEO FROM
/4Q5 I THE CHA IN)

MOS Z J °Z~
~HL

_ _t40s 3

“105

/403

—a Z,I•Z

Fig. 16

With this restriction eliminated , the existence of an Euler path

between any two vertices will ensure the existence of a realization in the

new package (say, Q-realization). Theorem 8 may now be modified to:

TBEOREM 9: A given positive unate function is minimally Q-realizable if

and only if

(a) it possesses at least one minimal conventional realization, and

(b) for some valid, minimal conventional realization, the number of

vertices of odd degree is no more than two.

I
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It was mentioned earlier that when the number of variables

become s large , the procedures for giving a minima l P-real izat ion or for

obtaining an optimal transformation to a P-realizable form become quite

complex. In any case , implementation difficulties will generally forb id

the chaining of a large number of identical MOSFET gates , so that  there

is a limit placed on the number of variables that may exist in a function

to be realized. The practical limitations arise from:

(a) variation of voltage levels at the output, due to

variation of resistance in different network inter-

connections , and

(b) limitation on the number of pins in an integrated circuit

package.

Thus, it may be concluded that the systematic techniques developed

in the earlier sections are very useful for determining P-realizability in

almost every practical situation.

b H
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