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This report p\.çvides coastal engineers with a procedure for calcmiat-
ing a limiting dept’h, to appreciable sand level changes seaward of a beach,
using an estimate of\extreme waves occurring at the locality. The re-
ported results are fro~n,~ an ongoing study of the seaward limit of effec t’ive
sediment transport, car’1~ied out under the sediment-hydraulic interaction
program of the U.S. Army ’çoastal Engineering Research Center (CERC).

The report was written by Dr. Robert J. Hallermeier, Oceanographer ,
under the general supervisioxi - ..of Dr. Cyril J. Galvin, Jr., Chief, Coastal
Processes Branch. The author appreciates the comments and cooperation
of Dr. Galvin , C.B. Chesnutt, and Dr. J.R. Weggel , CERC , and J.T. Jarrett ,
U.S. Army Engineer District, Wilmington.
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SYMBOLS AND DEFINITIONS

A wave-induced water orbit diameter near the bed

D sediment grain diameter

d water depth

d0 water depth at waive-caused cut into plane slope

d3 water depth at seaward limit of intense bed agitation

dt maximum water depth in wave tank

g acceleration due to gravity

H wave hei ght

Ho wave height in deep water

L wavelength

F L0 = gT2I2n wavelength in deep water

Lt maximum wavelength in wave tank

T wave period

maximum wave-induced horizontal velocity near the bed

ratio of density difference between sediment and fluid
to flui d density

e number less than one

v kinematic fluid viscosity

= 2’rd8/L dimensionless limit depth

ii transcendental number 3.14

= U~2/(sgy ’d) dimensionless sediment entrainment parameter

= Uj,,~/(g’y ’D) dimensionless sediment mobility parameter

w = 2ir/T wave frequency -

6

h_I - 

~~~~~~~~~

—
,.=-- - 

- ~~~~~~~~~~~~~~~~~~~~~~~ ~~

-
- ‘:.~ 

‘
~.



CALCULATI N G A YEARLY LIMIT DEPTh TO ThE ACTIVE BEACH PR OFILE

by
Robert J .  BaZler,neier

I. INTRODUCTION

Certain coastal zone activit ies require set t ing a seaward l imit to
the very active (littoral) zone of a sand beach ; e.g., sediment budget
calculations , submarine placement of beach fill , and design of coastal
structures such as jetties . In principle , repetitive measurements of
waves and bathymetry can define the seaward limit at a site by establish-
ing the water depth beyond which bottom changes caused by wave action are
negli gible. However , these data are costly and rare , so an estimate of
the limit depth must often be obtained from other evidence or experience.

Silvester (1974) discussed physical data showing that extreme surface
waves occasionally move bottom sands in water depths up to about 100
meters ; i.e., over much of the continental shelves. However, review ing
geomorphological evidence , Die tz and Fairb ridge (1968) ‘~oncluded that
waves intensively work fine , nearshore sands into a somewhat concave
equilibrium profile extending to a water depth of 10 to 20 meters . This
depth is the seaward limit to the active profile , supposedly related to
wave climate for a particular site. Offshore of this depth lies a zone
of less important sand transport by waves.

For these coastal zone activities , a calculation procedure using
known wave climate might provide a useful estimate of this limi t depth ,
in case definitive data are lack ing. This report proposes a procedure
giving a minimum value for the limit depth to the seasonal onshore-
offshore transport cycle on sand beaches . The development is based on
dimensional reasoning of the energetics of wave agitation of a sand bed ,
without detailed examination of sand transport processes. Although some-
what speculative , this approach arrives at a simple calculation procedure
giving a limit depth for a shoaling two-dimensional wave with a certain
height and period. Calculated depths agree with the published laboratory
and field evidence considered in Sections III and IV.

II. DEVELOPMENT OF THE CALCULATION PROCEDURE

This development considers wave energy density in terms of two dimen-
sionless parameters . The first parameter (eq. 1) has documented perti-
nence to the onset of sediment movement as a bedload. A second parameter
(eq. 2) , similar in form but numerically smaller, is hypothesized to
describe the onset of intense bed agitation , characterized by sediment
entrainment into the wave flow beyond a thin near-bed layer.

Silvester (1974) presented the empirical expressions derived by var-
ious investigators of the motion threshold on a flat sediment bed. An
important factor in each expression is the sediment mobility parameter:

7
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= (gy ’D) (1)

where

U
b 

= the maximum wave-induced horizontal  velocity near the bed

g = the accele ration due to gravi ty

D = the sediment diameter

= the ra-~io of the density dif ference between sediment and
fluid to the fluid density

Equat ion (1) gives the peak near-bottom wave energy per unit sediment
grain vo lume , divided by the energy required to raise an immersed grain
agains t gravity a distance equal to ha l f  i ts diameter (Nayak , 19 70) .
Although the motion threshold cannot be described so le ly  in terms of ~~~~~,

sediment generally beg ins to move when this  number becomes larger than
one (Komar and Mil ler , 1973) . Lofquist  (1975) observed that &j measured
the intensi ty of san d motion in his tests wi th  a ri ppled bed;  the motion
threshold was near = 2.4 , the ripple crests became less distinct for

> 10, approximately , and , for larger ~j ,  
vortices of fluid and en-

trained sediment became increasingly evident , indicating more intense
bed agitation. These results show that ~j 1 indi -ates the beginning
of sedi ment mobili ty by describing energetics in a t h in  l ayer near the
bed.

After sediment grains begin to move , wavy bed features form. These
features are caused by grain flow , but l iquid flow of hi gh iner t ia  can
scour these features from the bed (Bagnold , 1956) . Because a plane
(intensely agitated) bed usual ly  occurs in and near the surf zone (Inman
arid Bagnold, 1963), a criterion for the seaward l imit  to the act ive  beach
mi ght be b ased on a parameter measuring the energetics of intense bed
agitation . Available research results (reviewed brief l y in App . A) m di-
cat e th at grain diameter has a weak inf luence in intense agitation of
fine san d beds , suggesting that another  Froude n umber , l ike equation (1) ,
be used with a l arge r length scale replacing D. I t  is hypothesized that
intense bed agitation is described by the sediment en t ra inment  parameter :

— 

(cgy ’d) 
(2)

where c is a number less than one and d is water depth . (The choice
of the length scale replacing D is discussed in App . A . )  When
reaches one , the wave energy density is sufficient to raise a grain a
distance cd/2 , taken to be appreciable fraction of the water  depth and
much greater than D/2 for fine sands (D<0.4  mil l imeter) .
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Equation (2) and a coupled pair of quantitative assumptions pern~.it
ca lcu la t ing  a maximum water depth for intense bed agitation by shoaling
waves . Taking ~~ = 1 and using linear wave theory , equation (2) may be
wri t t en  as

/2ird3\ /2ird8\ f2ird3\ ~~ 1H12
s inh 

~

—

~

-——) cosh 
~r ,1= ~‘T LrJ (3)

where 11 is wave height , L is wavelength , and d6 is the limit depth .
To assist select ing a reasonable magnitude for c , the case of maximum
wave steepness (eq . 100 in Mads en , 1976) is examined:

(~-) = 0.14 tanh 

~~ 
(4)

max

Table 1 lists the d3/L solving equations (3) and (4) for four values of
c with  y ’ = 1.6 (quartz sand in freshwater or sal twater) . For the
present purpose , c = 0.03 seenis the proper magnitude . The l imi t  depth
then remains well beyond the breaker depth for a steep wave , and the
limi t to the active profile generally lies seaward of the brL akers. This
C is also large enough that the previous assumption of c d >> D can be
easily satisfied for fine sands . Based on these considerations , ~~ 1
with c = 0.03 is taken to indicate the limit depth of intense bed
agitation.

Table 1. Dimensionless water depth, d3/L , solving
equations (3) and (4) for four values of
C .

£ d8/L I-I/L H/cl8

0.10 0.0610 0.0512 0.8392

0.06 0.1211 0.0898 0.7422

0.03 0.1790 0.1133 0.633

0.01 0.2579 0.1296 0.503

1Calculated using Table C-2 in U.S. Army , Corp s
of Engineers , Coastal Engineering Res earch
Center (1975).

2Breaking wave , if bed slope is small (see eq.
102 in Madsen , 1976).

With these assumptions , equation (3) can be rewritten as

~ sinh 2 ~ tanh
2 

~ (i + 

~~~~ 2)~~ 
= 205.6 (H ~~

2
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where ~ = (2ii d~/L), (1 , is wave hei ght in deep water (d/L>0.5) , and
L~ = (gT2/2~i) is wavelength in deep water. The dashed curve in Fi gure 1
solves equation (5).

For wave steepness greater than 0.015 , the difference between H and
H0 is less than ~ 10 percent , according to linear w:tve theory . Ignoring
th is  shoa l ing  wave heig ht change , equation (5) takes the s imple r  form :

~ tanh ~ = 205.6 (~i._”~’ (6)
\ L o,/

Table 1 shows ~ remains less than 2 71(0. 179)~~9/8 , so Maclaurin expansions
for the transcendental functions in equation (6) yield the accurate alge-
braic approximation

+ L ~8 - j,. ~lO - ... = 205.6 (H )2 (7)

where the omitted terms are on the order of (0.002 ~~ 2). The sol id
straight line in Figure 1 shows the solution of equation (7) if only the
first term on the left-hand side is retained; the dotted cuf~ve shows the
solut ion of equation (7) where the other terms are appreciable; the solu-
tion of equation (6) lies between the dotted and solid curves . According
to this development , the maximum water depth for intense bed agitation
may be obtained for a certain wave condition by reading the corresponding
(2Tr dq /L) from Fi gure 1 , and multiplying by ((L0/2’~) tanh (271d3/L)} to
obtain d8.

This development has considered the ideal two-dimensional situation
of a monochromatic wave shoaling according to linear wave theory. Grace
and Rocheleau (1973) concluded that available field measurements indicate
linear wave theory “ ... provides an excellent prediction of the sample
mean , near-bottom water velocity beneath the crest of long desi gn-type
waves... .“ LeMehaute , Divoky, and Lin (1968) reported laboratory measure-
ments showing linear wave theory accurately gives Ub in near-breaking
waves . Thus, linear wave theory is a convenient and accurate first
approximation in the problem considered.

I I I . COMY ARISON OF CALCULATED RESULTS WITH LABORATORY PR OFI LES

The results from a laboratory test of profile development with a
constant wave condition incident on an initially plane slope of fine sand
are shown in Figure 2. Changes in profile shape become minor after a
large number of waves , and many “equilibrium profiles” have been published
for various test  condi t ions  (see App . B ) .  F requent ly ,  t h ese pr o f i l e s
exhibit a long, sli ghtly s loping terrace (as in Fig.  2) , caused by off-
shore deposition of sand eroded from the initial slope above a certain
depth .

Raman and liarattupuzha (1972) pointed out the existence of stable
points occurring in wave development of a sand bed profile. If the waves

10 
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Figure 1. Solutions of equations (5) (dashed curve) and (
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Figure 2. Definition of cut depth , d~ , in laboratory profile development;
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Fig. 7 in Chesnutt and Galvin , 1974).
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cut a terrace , the well-defined water depth , d~ , at the seawardmost
stable point indicates the elevation of the terrace (Fig. 2). Measured
values of U . from published profiles will be compared to d3, calcu-
lated using Figure 1 (eq. 5), because -d. has been hypothesi:ed to
indicate the limit depth of intense bed agitation , revealed h > th e
nearly horizontal profile feature developed at the cut depth.

Fi gure 3 plots the measured d
~ 

against the calculated dr for 27
published profiles from 7 laboratory studies including tests with fine
sands (D<0.4 millimeter ). (Twenty other p ro f i l e s  obtained in these
studies did not show an ideal terrace , al though test condi t ions  were
similar; see App . B.) There is some scatter, but the 27 pairs of cal-
culated and measured depths have a correlation coefficient of 0.936, im-
ply ing a linear relationship between dc and c13 is certain (Freund ,
1962). On the average , the calculated limit depth is 3.6 percent greater
than the water depth at the cut into the initial slope. This good agree-
ment between calculation and measurement occurs for a wide range of wave
conditions , with 0.0039 < H~/LQ < 0.071 (see App . B for test conditions).

The reduced scale of these laboratory tests , compared to natural pro-
totypes , should not be impor tant  for the present comparison , beca use the
threshold of intense bed agitation is evidently crossed in the terrace
zone of the laboratory tests . Also , the calcul ation procedure is based
on wave energy per unit sediment grain volume, and fine sand occurs both
in the laboratory tests and in the offshore region of natural beaches.
Limited verification of the un importance of scale effects  on the cut
depth in a plane sand slope is provided by several profiles obtained by
Saville (1957) in large-scale laboratory tests . Saville ’s test number 5
had the largest ratio of water depth to wavelength , with waves 4.8 feet
high in a 15-foot stiliwater depth and a 3.75-second wave p eriod; d~ =

8.3 feet is obtained for this condition . Figure 4 shows the unpublished
profiles developed with sand of 0.22- and 0.46-millimeter diameter . Al-
though there is no clear terrace development , the initial slope is eroded
onshore of water depths from 7.0 to 8.8 feet , wi th  offshore deposition
in both cases . Judging from this evidence , the calculation procedure
providec an accurate estimate for the l imi t  depth of intense agitation
of a fine sand bed by waves .

IV. APPLICATION TO NATURAL BEACHE S

The natural beach prof i le  adjusts  seasonally in response to wave
climate with relative ly little loss of sand from the nearshore over an
average yearly cycle. Subaerial profile erosion by storm waves can be
notable , but most eroded sand remains in relatively shallow water and is
carried onshore by less steep waves. Bruun (1954) and Winant , Inman, and
Nordstrom (1975) analyzed southern Califori~ia data showing that the sub-
marine profile beyond the 5- to 10-meter water depth is accurately
described throughout the year by a cons tant function.
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Figure 4. Unpublished prof i les  developed in Saville ’s (1957) large-scale  test
number 5.
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The limi t depth of interest is the offshore ed ge of the region par-
t ic ipat ing in the yearly onshore-offshore cycle of sand transport . With
the rationale that ext reme storm wave s w i l l  carry san d beyond the limit
depth , removing it from the cycling system , this yearly l imit depth can
be estimated using the previous development with a yearly extre me wave
condition typical of a spec ific site. A represen tative extreme might be
the hi gh waves expected to give extreme bottom velocity for 12 hours per
year.

Considering nearshore wave measurements in Thompson (1977) , the 10
des ign wave conditions in Table 2 were selected as a representative range
for exposed U.S. coasts. The table shows that the limit depths calculated ,
using equation (6), are all roughly twice the input wave height. This
direct dependence on wave he ight and the fine trends of the calcul ated
results are in agreement with an approximate form of equation (6). Re-
tam ing only the dominant first term on the left-hand side of equation
(7) leads to the expression :

2.28 H (1 - 4.78 H/L0) (8)

For the 10 conditions in Table 2, at a given wave he ight , the calculated
limit depth increas es above twice th e wave hei ght as wave per iod or L0
increases; at a given wave period , the calculated depth drops below twice
the decreasing wave height. Equation (8) gives a depth within 3 percent
of that obtained using equation (6) for these conditions.

The calculated results (Table 2) show general agreement with other
published conclusions concerning the limit depth to the active beach
(Bruun, 1954; Dietz and Fairbridge , 1968; Winant , Inman, and
Nords trom , 1975). Some unpublished bathymetry studies at the Coastal

F Engineer ing Re search Center (CERC) resulted in conclus ions summarized by
Duane (1976). Repetitive profiles superposed, reveal ing li ttle bed change
beyond these approximate depths : 15 feet for the Great Lakes, 20 feet
for the U.S. Atlantic coast, and 25 feet for the southern Cal ifo rnia
,Pacific coast. Design wave condi tions 2, 5, and 8 in Table 2 would be
reasonable first choices for these three locations , and the calculated
depths agree with the stated limit depths, so it appears the proposed
cal culation procedure may give an accurate estimate of the yearly sea-
ward limit to the active profile.

Further eval uation of the proposed calculation procedure can be made
using bottom changes offshore of La Joll a, Cal ifornia , which have been
intensively investigated by the Scripps Institution of Oceanography.
Shepard and Inman ( 1951) reported bath ymetric survey data establ ishing
sign i f icant  bed cut and f ill to water depths of at least 100 feet ; how-
ever , “On the outer shelf the movemen t takes plac e more parall el to the
shore than normal to i t . ” Inman and Rusnak (1956) measure d ranges in
sand level over a 3-year period. In mean water depths of 18, 30, 52 , and
70 feet, ranges were (~-2) , 0 .29 , 0. 16 , and 0.15 foot , respectively, and a
seasonal trend in sand leve l was detected at the 30-foot depth , but not
at the two deeper stations.
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Nordstrom and Inma r ’s (1975) conducted a study of wave c l imate  and beach
response at Torrey Pines Beach , north of La Jolla; beach profiles were
me asure d at approximate monthly in tervals  during Jun e 1972 to Apri l  1974.
Pawka , et al. (1976) reported the wave climate recorded by offshore pres-
sure sensors up to four times daily from February 1973 to May 1974. Dur-
ing the study , Torrey Pines Beach underwent seasonal changes in confi g-
uration related to changes in wave regime . High-energy winter waves re-
moved sand from the subaerial beach and deposited it offshore at depths
less than 30 feet below mean sea level (~tSL). Low-energy summer waves
returned sand to the subaerial beach from depths less than 20 feet be-
low ~1SL.

Figure 5 shows the offshore survey data along the three ranges dur-
ing theTorrey Pines Beach study (App . B in Nords t rom and inman , 1975) .
Measured sand level changes were less than 2 feet beyond a water  depth
of about 21 feet relative to MSL, and less than 1 foot beyond a water
depth of about 26 feet relative to ~~ L. These fathometer p r o f i l e  surveys
have a stated accuracy of ± 1 foot , so recorded changes less than 1 foot
indicate profi le closure . The re fe rence rod arrays at 24 feet below MSL
showed ranges in sand level of 1. 2 to 1.5 feet during the study ; arrays
at 33 feet below MSL showed ranges of 0.2 to 0.4 foot, with  a stated
measurement accuracy of 0.3 foot. These data show that  26 feet below
MSL is the l imi t  depth to the active profi le at the study site.

A characteristic yearly desi gn wave should be chosen considering
both the breaker observations tabulated in Appendix D of Nordstrom and
Innan (1975) , and the offshore wave me asurements tabulated in Appendix
D of Pawka , et al . (1976) . Among the 470 dai ly observations during 23
months , 10-foot-hi gh breakers were noted three times , with  a 14-second
period on 12 February 1973 , an 18-second period on 28 February 1973, and
a 10-second per iod on 18 April 1973. Among the 657 wave measurements dur-
ing 16 months, the mos t energetic cond ition was repor ted as 3,840 square
centimeters, centered at a period of 14.2 seconds on 12 February 1973;
this energy leve l corresponds to a sign if icant  deepwater hei ght of 7 .2
feet , and a si gni fi can t hei ght of 8.0 feet in a 33- foot depth . The den-
sity of either wave data set is not suff ic ient  to make the ext reme t ab-
ulated condition represent a 12-hour per year duration, so a h igher wave
should be chosen as the design condition . A nearshore height of 10 to
11 feet and a period of 10 to 18 seconds seem appropr iate des ign wave
conditions for this locali ty. For these condi tions , equation (6) gives
depths of 20.3 to 23.9 feet. At Torrey Pines Beach , mean lower low water
is -2.7 feet relative to M SL ;  adding this possible tidal effect to the
calculated depth results in a limit depth estimate of 23.0 to 26.6 feet
relative to ttSL . Thus, the proposed calculation procedure gives an ac-
curate estimate of the actual l imit  depth to the active profile in this
case.

V. CONCLUSION

Us ing the number introduced in equation (2) and several quantitative
assumptions, the water depth at a hypothetical seaward limit of intense
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bed agitation can be calculated using Figure 1 or equation (8) with a
given wave hei ght and period. Factors ignored in the presented develop-
ment , such as tidal currents , sand size , and bottom slop e , can clearly be
pertinent to the limit depth of the active beach , but wave he igh t and
period have long been recognized as dominant factors in beach processes .
Cruc ial and somewhat arb it rary cho ices are tak ing ~~~~ = 1 and c = 0.03
in using equation (2). Since the calculated limit depths for natural
beaches are about 30 feet , (cd3/2) is about 0.5 foot and the wave energy
car. raise b ed sand above l arge , natural ripples with heights up to 0.5
foot (Inman , 1957). Thus, the criterion used for intense bed agitation
is internally consistent with calculated results.

Calcula ted depths agree wi th measured wa ter depths over the terrace
frequently cut into plane slope of fine sand by constant laboratory wave
action . For hi gh waves expected 12 hours per year , calculated depths
agree with previously published conclusions on the yearly limit depth
to the active beach profile. With a more extreme wave condition as input ,
the calculation procedure could provide an estimate of the seaward limit
over a longer period; how ever , field data are not avai lab le to check such
an estimate. The present results encourage further evaluation of the
proposed calculation procedure.
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APPENDIX A

CHO ICE OF LENGTH SCALE I N SEDIMENT ENTRAIN MENT PARAMETER

Published results for osc i l latory  flow over ho r i zon ta l  sediment beds
indicate grain diameter , D, has a weak influence on the t r ans i t i on  from
a gently agitated , rippled bed to an intensely agitated bed with lesser
bed forms . Mogrid ge and Kamphuis (1972) reported wave tank and water
tunnel tests showing that  bed-form height  reaches a maximum and then
steadily decreases wi th  increasing A/D , where A is near-bot tom hor izon ta l
fluid orbit diameter; the maximum bed-form height depends primarily on
A and only sli ghtly on D. Chan , Baird , and Round (1972) reported tests
in a small-diameter pipe showing a well-defined transition from a rippled
bed to a regime of intense bed agitation with surface particles in motion
throughout the osci~ 1~ition cycle . The empirical expression for this
transition is

(y~g) 0.5 D°~~ 0.2 
= 6.6, (Al)

where w is oscil lat ion frequency , v is kinematic fluid viscosity, and
D occurs as a relatively weak factor.

The sediment mobili ty parameter (eq. 1) is a function of wave heigh t
and period , water depth , and grain diameter. In wr i t ing  the sediment
entrainment parameter (eq. 2 ) ,  replacing D by cd constitutes a direct
approach to clarifying the algebrai c dependence of the limi t depth , d8,
on wave height and period , combined in (H,,/L0). Because defi’~itive data
on sediment entrainment are lacking, any choice for the length scale in
the denominator of this Froude number must be tentat ive on physical
grounds . Four lengths naturally occur in a shoaling wave : H, d, L ,
and A. For the four possible expressions , Table A-i shows the resul t ing
functional dependence of limit depth on wave steepness (corresponding to
eq. 6), and the value of each expression at ~ = 0.9 divided by its val-
ue at ~ = 0 .3 , the important range of l imit  depth . Using €d for the
length scale gi ves calculated results in agreement with experimental ev-
idence ove r a wide range of ~ or H0/ L0 (Fi g. 3 arid App. B), so the other
possible choices cannot , because the other values in the last column
of Table A-l differ greatly from the first.
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‘~ble A-l .  Comparison of results with  four possible length scales .

Length Resul t ing dependence (Value at ~ = 0.9
scale on (H/ L0) 2 \Value at ~ 0 .3

Water depth , d ~ sinh 2 
~ tanh ~ 83.82

Wave height , H s inh~ ~ 129.12

Waveleng th , L sinh 2 ~ tanh ~ 27.94

Near-bottom orbit sinh2 ~ 11 .37
Diameter , A = H/ s inh ~
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APP ENEJ IX B

LABORATORY STUDIES OF PROFILE DEVELOPMENT

The data base for the comparison in Figure 3 is 47 pub l i shed  p r o f i l e s
from 7 laboratory studies w i t h  constant wave action on an initially plane
slope of fine sand. Table B-i lists these profiles from seven references.
Column 1 gives the original test identification . Column lists the slope
of the initial plane beach; values in parentheses indicate the slope was
truncated by a steeper offshore slope. Column 3 gives the sand di ameter ,
and column 4 gives the time elapsed in forming the profile. Columns 5
and 6 list the wave condition ; H0/L Q was calcul ated using linear wave
theory and the reported condition , where necessary. Column 7 l ists t he
maximum water depth in the test tank in the dimensionless form dt/Lt,
where Lt is the maximum wavelength in the tank. Column 8 gives the
limit depth calculated from equation (5) for the listed 110/ L0; value in
parentheses indicates the calcul ated depth is equa l to or greater than
the column 7 depth. Column 9 gives the calculated limit depth , d3,
unless parentheses occur in column 8. Column 10 gives the cut depth , d0;
value in parentheses indicates the cut depth is uncertain , and a dash
indicates no clear cut occurred. Column 11 gives the percentage d i f fe r-
ence between d3 and dc ; the 27 values not in parentheses are the tests
included in Figure 3. Column 12 lists subjective profile classification .
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