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SECTION I
INTRO DU CT ION

Propagation of infrared laser radiation through the atmosphere is to

a greater or lesser extent hindered by the presence of water vapor. Spe-

c~ fical1y , molecular absorption on the various rotational-vibrational

leve ls  of water give rise to signifi cant atmospheric attenuation of hi gh-

intensity laser radiation at CU2, CO. and HF frequencies and to a lesser

extent at OF frequencies. A detailed examination of the molecular struc-

ture of water vapor indicates that the following vibrational bands are of

importance:  the ground s t a t e , ~O lO )  , J0O) , (001) ,  (020) as w e l l  as

mixed s t a tes  (l1~ ) and 10 11) . D i f f e r e n t  reg ions of th~ w ate r

vapor absorption spectrum involve  d i f f e r e n t  v i b r a t i o n a l  bands .

Furthermore , due to the extreme asymmetry of this molecule as well as its

large rotation constants , the level structure is sufficiently complex that

often transitions from the same band cover different regions of the spec-

trum . For example , ground to o- transitions arise in both the CO2 and

CO regions of t.e spectrum , and this in conjunction with the extreme

centrifugal distortion that occurs in cater demands t h at  cnc treat the

mo lecular rotations wi th great care. Furthermore , as notcd above , the

different regions of the spectrum involve different vibrational bands ,

and the different vibrational states interact. (See Tables I and .)

Consequently, a muL timo de mode l of the water molecule is re~juired

for a proper description of tnose regions of the ).ater va:’or ~:‘ectr~:m

t :at are of interest. In this report we describe t h r e e  d i f f c r e n t  :Ip-

p roaches used in dev e1or tin ~ ,‘ mult im ode mo del of cater vapor along w:tn

_ _ _ _ _  
.-~~~~- .  — - --
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Table 1

Spectrum of Water Vapor from 2 to 10.6 ~.m

Frequency Wave length Description

_________ 
(~im) 

_________________________

CO2 10.6 kinetic cooling, V-V rates

of N 2 off H,O water vapor
continuum

CO 4.8-3.0 water vapor continuum

DF 3-4 water vapor continuum and
UDO

HF 2 - 3  water vapor lines

Table 2

Vibrational Characteristics of CO and CO~

CO CO2

Numerous hot band transitions Hot band trmnsitions at 9.28 ~m:
at 5 um ‘2 -

~

Many cross-band transitions Ground to v~ dorn~nates 10.6 ..m
involving the hot band:

‘2

0:

G round to ~ transitions Ground to ‘2 dominates 9.25 on

Pure rotational transitions at
9.2S ma :

At 4 .5  l l~~ 12 3

— 2;2 l3~ ’~ 14.3

-
~ l 5_ ~



—-~ -,-- .-.-— . -- -
~~
--—

~~~~~~~~
. — -  — - — -

~ 
. - -

relevan t resu l t s .  The f ir s t  involves the use of a sing le coordinate that

is so desi gned to si mula te  a l l  three  v ib ra t iona l  degrees of freedom and

is app lied to the ground and (010) vibrational states . l’hese states

p lay a si gn i f i can t role for CU 2 ,  CU , and DF frequencies. The second

approach involves  t r ea t ing  a l l  three v ib ra t i ona l  coordinates  as w e l l  as

their interactions . Finally, a third anproach that is motivated by a

vibrational analysIs is presented. This techniqu e is phenomenolog ical

in nature and offers excellent hope for a global (1 to 20 on) model of

ca ter  vapor that  is h i g h l y  accurate  and r e l i a b l e .

I n Sect ion I I  we pres ent  our r e su l t s  for  the c o r r e l at e d  bender

app roach to ~cater and discuss the ph y s i c a l  content  of our model .  In

Section III ~.e discus s our predi ctive phenomenology for a m u l t i m o d e

treatment of water and d~sp1av preliminary results . Finally , in Sect:on

l~ we present  a m u l t i n o d e  t r ea tmen t  of t he  w a te r  m o l e c u l e , d e s c r i b e  th e

com pute r  p ro grams , eu t i i n e  the  phys i ca l  content  of th e  model and oxh ~~~iz

i t s  results.

0



SECTION I I

CORRELATED BENDER MODEL OF WATER VAPOR

In this  sec t ion  we present  a model for  t r e a t i ng  the r o t a t i o n a l -

v i b r a t i o n a l  s t ruc ture  and spe cra tha t  arise from bond ang le  f l u c t u a t i o n s

in molecu la r  sys tems  and app ly i t  to the s p e c i f i c  cas e of w a t e r .  Our

model is based on the  mot ion  of the  bond ang le and the  c o r r e l a t i o n  of t h i s

motion w i t h  t ao  s t r e t c h  modes and i n v o l v e s  the  descri ption of a s i n g l e

i n t e r n u c l e a r  coord ina te  Ibut  is m u l t i m o d e  n a t u r e~

Sp e c i f c c a l i v , we p resen t  a model  of the  ~t e r  m o l e c u l e  t h a t  is based

on tne r e l a t i v e  mo t ion  of th e  t w o  or o t o n s , w i t h  respect  to each o the r , and

the  coupl ing  of t h i s  no t ion  to the m o l e c u l a r  r o t a t i o n . In t h i s  mo de l , the

c l a s s i c a l  t o n i  e ct o r y  of the  t w o  p ro tons  is a s t r a i ght  oath. This imp l i e s

tnat  the OH bond l eng th  is no longer  f ixed  at some average va lue , bu t  is

aUowed  to f l u c t u a t e  a long  w i t h  the  bond ang le . S ince  we are d e s c r a b i n g

tn i s  m o t a o n  b y :neans of a s i n gl e  c o o r d i n at e , i t  is c l e a r  t h a t  such  a model

con tains  co r r e l a t i ons  b e t w e e n  the  OFf bond l e n g t h  and the  b ond angle  f luc-

t u a t i o n s .  Th e mos t  i n t e r e s t i ng  f e a tu r e  of t h i s  m o d e l , :ch~ cn we s h a l l  re fe r

to as a c or r e l a t e d  r e n d er  mo del , is t h a t  i t  v ie  ids  a more a ccu ra t e  de scr ~ a-

t i on  of t h e  r o t a : a o n a l — v i b r a t i o n ~t 1 lo~.e l s t r u c t ’ . :r e of the ~r omnd  and (010)

v i b r a t i o n a l  s ta t e s  in the  Son~~c t h a t  its ored~ cte d  ene rg ies and mo1ocu ~~ar

go . , : e tr ~ are an r o t t e r  a g r e e m e n t  w i t n  experL::eat t m a n  p r e v i o u s  ~~~~ Fyr-

i ca ~ v a lu e s  are  w i t h i n  0 .  3~ for  a l l  r o t a t i . ,r a l  s t a t e s  t h r ou g h  J 10 and

~ t a r e a g n  J = 15. In c o n s t r u c t  t ag  toas n odel  , t h e  o n ly  e x oe r i m e a : ,~. d a t a

ased w e r e  th e  f i r s t  taree (J 0) b e n d i n g  mode i b r a t  t o n a l  e n o r g ’ . iC ’ O I

s o a c i n g s  as w e l l  as the  .•\ and B r o t a t i on  c o n s t a n t s  a s s o c i a t e d  .~ t h e

4
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ground vibrational state. Note that the C rotation constant of the ground

state as well as all of the rotation constants of the (010) vibrational

state are predicted quantities . It is found that the correlated bender

predic ts a ground state C-rotation constant that lies within 0.01 cm~~ of

the measured value . Furthermore , the excited state rotation constants are

foun d to lie within l’I of the experimental values .

In Section IIA we present our model of water vapor and discus s its

physical characteristics . Specifically, we beg in with the Dar l ing-Denn i son

rotational-vibrat ional Hamiltonian for a polyatomic molecule (ref. I) and

in a series of eteps reduce it to two different forms that are appropriate

for treating ~r t w O  models of water. Following this we present a detailed

descriptaon of tao ‘;abrational structure of F1 20 that our mode l predic ts .

Specificall y, we presen t ttt e potential energy surface , the characteristic

structure of the proton-proton motion , and the rotation-constant matrices

associated with this model .

I n Section I I B  we consider the rota t ional  level structure within the

ground and (010) vibrational bands . Soecifically , we obtain the vibra-

tional-rotational energies and~ ~ca~’ e functions us ing  a m o d i f i e d  theory  of

the asymmetr ic rotor. ln pa r t i cu l a r , we d i agor .a l i : e  the vibrational —

rotational energies together , not indtvidu allv as is usually done. This

combined d i a g on a l i :a t i n is p a r t i c u l ar l y  i mp o r t a n t  for H 20 inasnuch as

tne  r o t a t i o n a l - vib r a t i o n a l  I n t e r a c t i o n  is extremely strong and consequently

p l a y s  an importar .t role in the  r o t a t i o n a l - v i br a t io n a l  l eve l  s t r uc tu re .

We p r e sen t  t ab l e s  of or ed ic t e d  v er s u s  ex o e r i m e n t a l  va l u e s  of t h e  v a r i o u s

rot a t t o r .d s t a t e s  of h~ C .  To d e t e r m t a e  h ow much of the ro tat tonal -

v i b r a t i o n a l  i n t e r a c t i o n  is ac e o u n t e e  far in .)~xr m o d e l s , we a l s o  ~n c I u d e

3
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in these tables  the values  of th e  ri g id r o t or  en e rg ies . The se w e r e

obtai ned by rep lacing a l l  o f f - d i a g o n a l  e l e m e n t s  of t h e  r o t a t i o n  m a t r j c e s

with :ero (ref. .1). .\ comparison of the  various energ ies demonstrat es

t~iat for the l0~~ state , abou t 9O °~ of the r o t a t i o n a l - v i b r a t i o n a l  i n t e r ~

a c t i o n  is accounted fo r  in the correlated bender mo del.

In Sect ion [IC w e  discuss the symm etric :sot m os D~O and t~O. This

enables  us to examine c e r t a a n  f e a t u r e s  of t O e  r : ’c t t e d  bond er model t h at

are mass dep endent , s p e c i f i c a l l y , t ue  d e g r e e  of cer:r.fu~ .il Ji sto rtio n ,

the molecular structure , and tae Oorre 1 :aa ~~~ ~~~~~ t e  bond og le t i i i C —

tuations and the OH stretch notion .

A. Foundations for_~ uant : :m .\ f l L 1\ s : s

In this sec ti on  ~e ore~ cn t  our m o d e l  oi t o~ .. a : .  r m o l e c u l e  t h a t  i s

based on the fluctuations of a si:lg lo coord :aate . For cenven i er~ce , we

have subdiv ided  t h i s  sec t  ion  j u t  a t 0 u  ~~L r t s  . In Sect an I l .\— I we con-

struct the quantum mccnanical iani ltontan t e a t  ~~ use t o  :mulel the

r o t a t i o n a l — v i b r a t t o n a l  s t r u c tu r e  m d  .~p e c t r u n  of  t h e  w a t e r  : : ;e lec:1c .  I n

Sect ion 1 13 — 1  we use th e  bana l t o n i  an to do r v a r :  ens o r op e r t  ics of H O

t i m a t  depend on the i n tr a n u c le ar  m o t i o n .

1. R o t a t i o n a l — V  ~b r a t ~ o nci I h e a t  1 t o n .  an

Our starting point L5 toe Darl.ing-L .onn:soa (ref . 1) r o t a t : o a a -

t h r a t t o n a l  I i a n i : 1 t o n ~~t n for  a n o n l i n e a r  e e l .  a t o m i c  m o l e e m i e

= - ) ~~~~~ a~~~ ( - m )..~~

+ P
k U

~ 
V j I )

— k
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In Equat io n  11) , V is the molecu la r  p o t e n t i a l  energy sur face , w h i c h  is a func-

t i o n  of all the normal coordinates {Q1Jk = 1 , . . . ~~ P~ is the correspon-

ding conjugate momenta , il is the ath component of the  total rotational-

an u l a r  momentum of the molecule , and m is the a t h  component of the

vib ra t iona l - angu la r  momentum.  is the  (a ,~~) component of t h e  effec-

tive reciprocal moment of inertia tensor , and is its determinant. These

quantities are determined by the molecular  confi gurat ion and therefore

are functions of the norma l coordinates.

Watso n ( r e f .  3) has demons t r a t ed  that for  n o n l i n e a r  molecu les  t h e

Darling-Dtnnison Fiamiltonian can be cast in the following ver useful form

(2)
at k

where U is g iven b y

U = -~—-~~ oS -

It follows f r o m  E qun t en (
~) t h a t  U L lepon d .~ o n lv ~~~n t h e  n u c l e a r  masses • t h e

molecu la r  g e o m e t ry , and t h e  n o r m a l  c o o r d i n a t e s . Hence , it is independ ent

of t h e  v a r i o u s  inotienta toot .w:’ear in  h : L n i t  ion l~ . and as no t ed  by h a t . ~on .

can n e regarded as O i l  C ffect ive nass-derendont p otential t h a t  we formall y

inc lude  in  V. he note  t h a t  • when a m olecul e assumes a l t n e ar  c o n f t g u r a -

tlon , tue nuclear moment of inertia associated i i t h  that direct t on  v a n i s h e s

and as m consequence ,

T~ie presence of an infinitely attractive term :n a molec ular limi n il t o n ta n

disturh:ng ma d on oh s ic a l  g r ounds  ~‘oa’JJ not he prese nt. The reso lution

_ _ _  - - - - ,
~~~~ -~~- — - ---4



of this difficulty can be obtained by no t i ng  that  for l inear  molecu les

the ro t a t i ona l -v ib ra t i ona l  Hami l ton ian  can be written as (ref. 4)

= + 

~ ~~~
)
~‘~

-
~~

)- ~~~~~~~~~ + .
~
- 

~(n >._ m
~. - .4. i~~~~~~~~

)

~ (ti ~.—~~~ + 
~~ 

i~~~ ) + 
~ 

+ V , (5)

where  the q u a n t i t i e s  
~~ 

and are defined in Reference 4 and do not directi

concern us here . The i m p o r t a n t  f ea tu re  of E q u a t i o n  (5) is the absence of the

e f f e c t i v e  po t en t i a l  U.  We note that Equations (.2) and (5) differ considerabl y

in form , particularly w i t h  regard to the rotational structure [1I_ is no t

presen t  in (5 )]  and the fact  tha t  linear molecu le s  have an additional

vibrational degree w i t h  respect to non l inea r  molecules .  These features

are well known ; our only purpose in  discussing them is to point out that

t u e  m o l e c u l a r  Hami l ton i an  is w e l l  behaved in the sense th at  it  does not

contain terms that diverge to minus infinity (ref. 1) . In the remainder

of this paper we sha l l  group the e ffective potential U w i t h  the  ac tual

p o t e n t i a l  V and r e fe r  to the sum , U + V , as V . I t  is t h i s  q u a n t i t y  tha t

w i l l  be ob ta ined  by a leas t -squares  f i t t i n g  t echni 4ue . W~ n o t e , as a

consequence , that  the  p o t e n t i a l  energy tha t  we e v e n t u a l l y  ob ta in  is mass

dependent. We can investi gate this mass dependence by examining the iso-

topic species D 20 and 1-0. This is done in Section rIG . Thus , E q u a t i on

(
~ now reads

Fl = 

a~ 

(: - ) a (: . - )  ~ 
p ,~ + (a)

For a symme tr ical molecu l e  suc h as H20, it is easy to d e m o n s t r a t e

taat  t u e  rec iproca l  moment  of i n er t i a  t ensor  is d iag onal , thus the

S
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molecular rotational-vibrational 1-lamiltonian reduces to

H = 4 ~ ~ ~k 
+ V (6)

Furthe rmore , we shall neg lect both Coriolis forces as well as vibrational-

angular momentum . This approximation is justified on the grounds that the

bulk of the rotational -vibrational interaction in the (000) and (010)

bands ar ises from c e n t r i f u g a l  d i s t o r t i o n . Thus , our molecu la r  H a m i lt on i a n

reduces to

H = (a c
2/~ aa)+ 4~~~Pk

2 + V  (_)

Next , we cons ider  the k i n e t i c  energy associa ted  w i t h  the bending

mode vibration , i.e., fluctuations in t h e  bond ang le e. We begin by n o t i n g

that the moment of inertia I (9) associated w i t h  the b e n d i n g  node is

1(3) = m~r ~m0 
+ m1~(l 

+ cos9~ ~~~~~~~~ 
(S)

where  r is the OH bond l e n g t h , niH ,  in , and M the atomic hydrogen , owe_
0 H 2O

gem , and m o l e c u l a r  w a t e r  masses , r e s p e c t i v e l y .  We note that I (9) depends

only  w e a k l y  on the bond ang le  ~ and in Sec t ion  j I B , we demonstrate that

the c o n t r i b u t i o n  to the  v i b r a t i o n a l  energy t h a t  a r i ses  from f l u c t u a t i o n s

in 1( i )  amounts to less than  0 . 0 S~~. No w , the Borm-O p eeuiheim er theorem

( r e f .  3) s t a t e s  t h a t  the  coup l i n g  b e tw e e n  t he  e l e c t r o n  and nu cl e a r  m o t i on

i s  on toe order of ( i n  M J 2 , : .here M is some s u i t a b l e  n u c l e a r  muss . Thus ,

e r ro rs  encountered  in neg l e c t i n g  f l u c t u a t i o n s  of I ( 9 )  appear  to he of the

s ame order  of magni tude  as co r r e c t i o n s  t ha t  ar ise  from d e v i at i o n s  f rom an

ad i aba t i c  m o d e l .  F u r t h e rm o r e , as w e s h a l l  demons t r a t e  in Section IlL , th is

ene rgy  is an order  of magn i tude  s m a l l e r  than any o the r  t ha t  a r i s e s  f rom

approximations made in this paPer. Consequently, we s h a l l  i gnore the 



angular dependence of 1(8) and use for the kinetic energy of the bending

mode

h2 ~2
= 21(8~) ~~~

where I~ is the moment of inertia evaluated at a fixed ang
le 9~ (se e

below).

Next , we note that for situations involving large amplitude changes

in the bond angle , as occurs in water , it is more convenient to work with

a length than an angle . Thus, we define

x = 2r sin9/2 , (9)

which varies from :ero to 2r as 3 varies from :ero to ~r . Defining the

dimensionless coordinate q as x/r, we find that the kinetic energy asso-

ciated w i t h  fluctuations of the bond angle is

- 2 ,  dt 1 d ~ (10)
T - 

~yç- 
1 - q , 4]~~~~~-~~- q ~~~~

Fixing the OH bond length at r, we obtain the following Hami lton ian

2 ’
H1 = - 

~~~~ 
- ~~~~~~ ~ - 4 q + (q) (11)

where V1 (cu~) will be taken to be a power series of the form

V 1(q) = ~ a~ [q~qo]’ (12)
n= 2

Note  tha t  E qua t io n ( l~~ c rrespond s to an e xp a n s i o n  in Legendre no l ’on omia l s ,

Pn (C OS9 )
~ 

:•Jiich form a comp le te  set where  q :  =

B . Vibrational Structure

In our correlated bender model , we w i s h  to constrain the classical

trajectory in such a way that  the two protons w i l l  trave l in s trai ght

10



--

paths . Now , the variation of the kinetic energy operator with q as well

a~ the presence of the first derivative term q(d/dq) in Equation (10) reflect

~hat the classical trajectcry of the two protons is along the

cle of radius r. Thus , if we neglect the first derivative

to ni ~. .ci ~i 
‘ q to a value q

~ 
(discussed below) , then classically we are

describing the motion of two particles of mass a

r /
+ ni

H 
1 - ~q0/2)

u = mi_i 
— r 1 2 .398 mi_i (13)

- ~qo/2)1 
t
~2o

traveling along a straight path. The molecular Hamultonian H for this

model is

1 .~ 2 dH = ~~~~~~~~~~~~~~~~~~~~~~~ (14)

where

/ \n
~(q) = ~ a1 ~~~~ 

(la)
n= 2

= 2 sin80/2 , r and a are so chosen that the eigenvalues and eigen-

vectors of H will least-squares fit the A and B rotation constants of

the g round v ibra t iona l  s ta te  as w e l l  as the s~ acings between ground and

first three excited bending mode states . This comp letely defines our

model.

At fi rs t g lance , one mig h t  suppose t ha t  our model as mani-

fested in E q u a t ion  ~. 14) r e p r e s e n t s  an . i p n r o o i m a t  ~on .  T h i s , h o w e t  or , is not

tue case . Specif ically, we are now includtng correlation s between fluc-

tuations of t he  OH bond length and the bond angle. This f o l l o w s  inricdi-

a tel y i f  one cons ide r s  the s t r u c t u r e  of the m o t i o n  of the  protons . Spe-

cifically , for  conf i gurations in ~hich the protons extend beyond the

11
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equilibrium distance q0 the OH bond distance increases whereas if q < q0,

this distance decreases . Thus, the fluctuations in the bond angle and

bond length are strongly correlated in our model . Note, however , that we

do not take into account the complete motion of the 01-I bond length . Thus,

this correlated bender model should be regarded as an alternative descrip-

tion of the water molecule. This interpretation is clearly justified by

the fact that our model renders a highly accurate description of the 1-120

molecule.

1. Vibration Structure of the Water Molecule

In this  section we present the vibrational properties of the water

molecule  that are predicted by our model. Specifically, we disp lay tables

of (1) the potent ia l  energy constants , (2) expectation values of various

moments of the vibrational coordinate , (3) the A , B, and C rotation con-

stant matrices , and (4) the geometric structure of the molecule. For

convenience , these properties are disp layed in separate sections . Before

doing so, we first describe our least-squares (self-consistent) fitting

technique . Our basic approach is to first determine the J = 0 bending

mode vibration eigenfunctions and eigenvalues . This is done by iterating

the fo l lowing  steps s e l f - c o n s i s t e n t ly.

The vibrational eigenvalues (En) and eigenfunctions u~~(q) are deter-

mined by first solving the Schr~dinger equation

[1 - (qo/2)2] 
~~~ 

+ 

n = 2  
an (q - 

q;} 
u1(q)

= E 1u~~(q) (16)

12
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Taking these eigenfunctions , we then evaluate the A and B rotation

constants in the ground and (0,1,0) states . ;ce then determine the opti-

mum q.~, mean OH bond length , and a1 by demanding that the eigen-

values and eigenfunctions of (16) and (17) least-squares fit the above-

mentioned energy spacings and rotational constants (refs. 1,2,6).

Potential Energy Function. In Table 3 we display the various poten-

tial energy constants for our model. Note that the bending mode (de-

scribed by 0) does not undergo simple harmonic motion since the bond angle

~ is related to q by means of

0 = 2 sin~~ (q/2)

Table 3

Potential Energy Constants Disp lay [cm ’}

Parameter Correlated Bender

a~ 45510

a3 0

a~ -30833

35 0

a; - 3663

37 0

1520

We note that includ ing terms of the form a9(q-q~)
9 and a10 (q-q5)~~ did

not si~ ntficantly improve th e fit. At first glance , one might suppose

that a power series expansion in (q-ql) would be sufficient to fit three

lev el spacings. However , our scheme requi res that the ground state A and

13



p.- - . —__-------———

B rotation constants be accounted for as well , and this affects the fitting

to the vibrational energy level structure , particularly since the greatest

deviation appears in the ground to first transition frequency .

Proton-Proton Motion. Next , we examine the ground state expectation

values of the even monents of (q-q~) (Table 4). The first of these quan-

tities is related to fluctuations in the dipole moment and all play a

role in the rotation constants.
Table 4

Ground State Even Moments of (q-q~ )

Momen t Correlated Bender

0.910 x 10 2

(q-qDY 0.250 ~ l0~~
0.114 ~ lO~~

(q-q0) 0.721 x 10~~
(q-qo)

~~ 
0.578 x lO~

’

Rotational Constants. It is well known that  the rotational level

structure within a given band is determined by the rotational constant

matrix. In Table 5 we disp lay the A , B, and C rotational constant matrices

that are obtained from a correlated bender model of H20. Finally, in

Table 6 we disp lay the measured experimental values for the diagonal ele-

ments of the A , B and C rotational constants (ref . 6).

A very interesting feature of this state is that both the .A and B

rotational constants increase relative to the ground state. Now , on naive

grounds one might expect that as the molecule opens up (i.e., the bo n d

angle increases) the B-rotational constant should decrease. The fact

t h u t  i t  does n o t  is ind ica tive  of a c o rr e l a t i o n  b e tw e e n  the  grou n d  st .te

14
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Table  5

Rotational Constant Matrix for Correlated Bender

A Rotation Constants =

0 27.876 -6.358 2.504

1 -6.358 31 .470 -ll .1b7

2 2.504 -11 .167 36.394

B Rotation Constants =

0 14.510 1.781 0.227

1 l . 7Sl 14.837 2.632

2 (‘.227 2.632 15.136

C Rotation Constants =

0 9.29 0.081 -0.009

1 1 1 084 9.284 0.143

2 -( ‘.009 0. 1-13 9 .214

b ale a

:. ~:~ar i : : i o n t a 1  R o t a t :  ~ai Constants

A R o t , t t  i o n  Cons t  .~n t  B h o t a t i on  Constan t C R o t a t i o n  Constant

- -  1 4 . P l 2  - -  9 .2 85  - —

- -  3 1 . 1 2  - -  14 . 6 6  - -  9 . 1 5

15



OH stretch mode and the first excited bending mode . This interpretation

is underscored by our calculation . Specifically, the correlated bender ,

which does include this typ e of correlation , predicts a larger B rota-

tional constant , which is in agreement with experiment .

Next , we note that the streng th of the r o t a t i o n a l - v i b r a t i o n a l

interaction is set by the size of the off-diagonal matrix elements of the

rotational constants. For example , from the correlated bender model we

have for the A-rotational constan t

= 0.22 <1 A 2> 
= 0.36<0~ A 0 >  < 1 A 1>

where for the B constant ,

<0 B~ 1> 
= ~~ 

<l IB~2> - o is<0 B 1 0> 
— < l j B~l> 

—

and

<o~ci~ > 
= 0.01 <l~ C~:> = 0 02<0~ C~ 0> <1~~C l >

for the C constant . Note the dramatic increase in these ratios as we go

from the ground to the f i r s t  exci ted s t a t e , which  is to be exp ected as

the molecule opens up and becomes less rig id.

.\ lo l ecular  Geo metry .  F i n a l l y ,  we examine the geometric structure

t h a t  our models of t h e  w a t e r  molecule int~1v . We recall t h a t  t h e  struc-

tu r e  p a r a m e t e r s  are so chosen t: ’wi t t: -~e model reproduces tue exner~mentally

ob ta ined  ground s t a t e  A and B r o t a t i o n a l  c o n s t a n t s .  ~e take the  s ta t i c

bond an g l e  (bond angle in the  absence of zero p o i n t  v i h r a t ~~ons )  and

ground s t a t e  bond ang le from th e  r e l at : on s

lb
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= 2 sin - ( q . j / 2 )  ( 5 7 )

<0!e~0> = 2 < O l s i n - ’  ~~
- q~0> (18)

In Table 7 we present pred ic t ed  versus ne asured  values for the bond

l e n g t h , bo n d ang le , and ~~ for  tue  model . An e x a m i n a t i o n  of the data re-

veals t h at  the correlated bender y ie lds  a static bond ang le tha t  lies

wLthin 0.05~ of the  e x p e r i m e n t a l  va lue . Fur thermore , the  equ i l i b r i um be n O

ang le is within ~~~. oo~ of the measured value.

Table 7

G e o m e t r i c  S t r u c t u r e  of Wate r

~‘arameter Observed Correlated Bender  D e v i a t i o n
• O ~~

)

r 0.9T~ .~~ 0 . 9c 0  .~~ 0. 31

104 .50 ° 104 . 4 1° 0 .09

103.9 0 103 .95 0 0.03

~~ can a l s o  dem on s t r at e  t h a t  f l u c t u a t i o n s  of the  mo m ent  of i n er t i a ,

associ ated a:th the bending motion a r e r et  s: gn~~f~ can t .  The s~ :e

of t h i s  e f f e c t  is set by the  r a t i o

— I H ~~1 _ 1.
_ _ _ _  _ _ _  = ~~~~10

~h i s  corresponds to an energy of 0.32 ~~~~~~~~ ( t h ~- g n u n d  ~~~~~~ - t o  ene rgy of

-1-0 is about 850 cir I ) and does net  ~~~~~~~~~~~ a s l g r : r  l e a n t  r f f : c t  in t u e

i-orat ional-vjbrat: onal structure of t o e  m e l e - o l e  - F i n i l  ~~ - t o e  hy droge n -

b’. i r o g e n  s o ’  i r a t : o n  for  the  ~or r e l a t e d  b e n d er  i~ .33 ~~~.

_ _ _ _
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C. R o t a t i o n a l - V i b r a t i o n a l  Structure of Water

As we discussed in Sections h A  and IIB , the rotational structure of

the wa te r  molecule  is dominated by centrifugal distortion. Since our

mode l directly incort~orates this feature of H2O , an excellent test of its

accuracy is the rotational-vibrational energy levels themselves . In this

section , we or o se n t  t h e o re t i c a l  c a l c u l a t i o n s  th roug h J = 10 of the ground

and first xcited bending mode states using our model of w a t e r .  In gen-

eral , we find that the correlated bender disp lays  a r e l i ab l e  p ic ture of

water as its predicted energy levels lie quite close to experimental find-

ings . Furthermore , to measure t h e  significance of the off-diagonal rota-

tional const ant matrix elements , we also present predicted rotational

ene rgies f o r  a model in whic h t h o s e  matrix elements ‘nave  been set equal

to zero . We note taut toese :oat :-:x elem ents represent the coupling

between toe vario us v : b r it i o n a l  states and i> a measure of t h e  importance

of c c n t r i f a o , al d . eto rt~~.. n on the sti-uctu:- . at th e mo 1.-ecule . These

coo he r e g u r u ~~u is r g i d  rot or energ ies desuit e the fact that

the romt~ oual constants are 4i~. en by t~:e rac :urocal moment of inertia

temoor aier-iged e~ er th e  groone or f rs: v m o r~~t : o n a l  state.

In Too le S a-c di sp iur toe p r e d i c t e d  r e t .~t i e n a i — v i b r a t i e n a l  l e v e l

s t r u c t u r e  1:1 t a o  ~r e .o i d  vibrat ional S t o t O  thrmo~~h J (‘ ref. 7). As

we are specif :ca i y ~r.tere~ taJ :n toe effect- ~f c~ otrifeo . ~1 d i s t o r t  mor.

on the  st r u c t u r e  of th e  m o l e c u l e , -~e i ’ r e > e n t  e n l e  toc~.e st6tes with 0.

I t  j 5 -~ C i .  r~flCl~Ti t O a t  sac:. s tat e s  :n ’.o l v e  r e t a t  I C  0 i C  ot th e  small mo-

m e n t s  of i n e r t i a  A and B). On p h y s a c a l  g m o u m o s  i t  is c l e a  r t n o t  the

c o u n l i a g  be t . ~eeri nol o c u l a r  r o t i t  l en  and v i b r a t  :on s t r o n g e > t  for  to-mo e

This  f e at u r e  is r e f l e c t e d  in t u e  a r e d :~ t e d  level stru cture.
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t a b l e  S

Cc: oar~ son of R o t a t ~ omo l - V i b t - at t r o a l  h n e r g ’  L e .  e l S  in .CO 0~ State

Rig id Correlated
r Observed Rotor  ~ D c v .  bender  ~. D ev.

42 .37 4 2 . 3 8  0.00 42 .3 7  o o o
9 5 . I S  95. 30 0.0 2 95 .2! 0.0 3

2 2 136.16 136.53 0 .28  136.I S 0.01
3~ 206.30 206.69 0.33 206 .48 0 .09
33 235.41 237 .26 0 .63  2 8 5.52 0.~.’4
.10 315.73 316 .45 0.12 3 16.1 0.11

0 . 3 k  384.36 0 .1-I
4~ 4 88 .13 494.49 i.~o 4S 8 .3S 0.07

503.97 506.17  0 . 4 4  305.02 0 .21
5 3 610.34 616 . 13 l .eo  6u.ss 0.20
5~ 742.07 757.39 2.09 743.0-I 0.13

661.5 5 664 .S0 0 .49 663.14 0.::
6~ 757.78 Th4.17 0.84 taO.0S 0.30

8 S S . 6 3  903. 43 1 . ô~ 891.2 4 0 . 2 9
6 4 1045.06 10T( ~.03 C O b  104~~.30 0 . 2 1

9 2 7 . 73 933.U O. ’9 931.30 0.38

73 1059 .33 1074 .39 1.34 1964 .10 0.40

~ 
1.30.19 124o.2S 2. 12 1.05 3.13

7- 1394 .81 1450 .41 
~~~ 1399.3 ’S 0.32

83 1131 .77 1141.34 0.-So 1136.37 3 . 1’

3~ 411 .aS l - 1 . b 1  2.13 1419.50 0.5o
S~ 17S9.12 1830. 50 5 . 0 7 i :~7.43 0.4o
9-~ 147b.99 ~~~~~ L i i  1484 .00 0.47
9~ 1810 .59 1S~~ .32 2 . 80 1323.60 0.72
9 7 2 0 1 0 . 0  2 0 0 0 . l o  L 1 2 3 . S S  0.60

9o 2 223 .53  236~ .37 6.33 .339.60 0.63
lO
~ 

1721.71 1 ’~4’.54 1.32 1736.16
IOL 2034.37 3109.03 .bo 2072.37 0.88
106 225-I So 2342.81 3.92 2.3~4.71 0.90

10~ 2471 .3) 609.39 55 7  2193.26 0.88

10~~ 2 7 9 2 . 0 1)  )07 u7 5 7 .~~ 2724 .24 0.82
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Specifically, an examination of Table S reveals that deviations between

the model without centrifugal distortion and experiment increase dras-

t i c a l l y  wi th  increasing rotational energy . For examp le , the Y~ and 10.~

states deviate from the experimentall y derived v a l u e s  by c-r.ly l .l1~ and

1 .32 °~ whereas for the 9~ and 10 19 s t a t e s , the d e v i a t i o n  is 6 . 5 2 1  .iod 7 .o h .

Next we consider the predicted leve l  s t ru c t u r e  of the c o r r e l . ~t ed

bender . bOo first note that all values t h r e u ej i  J = 10 lie ‘cii w~~to~~~. I l

of the experimental values. As some of t h e s e  l i e  above t h e  0lO~ J = 0

vibrational state , it is clear t h a t  th:s mod-e l presents :~n accurat e n c-

ture of the strucz~~re of the m olecule. To obtain a more dot :iiled aC: u n t

of t h e model ’s success , - c agaIn examine centrifugal d :stort :cn. For t h e

83 state , the co rrelat ed bender accounts fo r  85.12 cm~~ or 9CL9 °~ of toe

effe cts of centrifugal distortion. Similarl y , for the 1013 State , it

accounts fa r  183.71 cm or S9.2’~ of the energy . Thus , th e correlated

bender accounts for about 90°3 of the  effects of centr~ fugai distort ion

in I i~ O . In Table 9 we summarize t h e s e  cons  i d e r r i t  ions for the i ::~noi-tont

high energy states .

An exwaination of Table 9 reveals that the correlated bender accounts

for 85 to 90~ of the energy due to rotational dist ortion except for tue

anomalous states: S~~, 9;, 1014 and l0~ , i.e., t he  relativel y low : state s .

To accoun t for- this discrepancy , we note  t h a t  w e  ha ’. e not :ncl-oded doria-

u s  fo rces , w h i c h  lead to energy changes  t h a t  va ry  w : th  t h e  r o t a t : c n a :

st ate. Furthermore , this rotationa 1-vibrat~ on a1 interaction ente rs into

the molecular Hamiltonian by means of terms of t~ a fo rm T — . Re--
~ ~a a

wr iting this iS  a somewhat more transparent fashion ,

1’ Cor

20 
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where can ‘e .ipp t-oximated as a d i a g o n a l  , r~ g id i’n sor for the sake of

sim pl ic ity - Here Q. and P . r e f e r  to t lie vibr ation al ::iodes . Sin c e  t li~

bending mode I n~-olves the greatc~- t OLu- l o t  ion , we can take Q to be j ’or a l  —

id to the hydrogen-h ydrogen separa tion , taking I’~ as one of the Oil

stretch modes , it immed iatel y follows t h a t  th e  component of J t h o t  is

p arallel to the C—rotation a x i s  is of g r o a t e~~t :m: ’c r t a l i cL ’ . l ewe v e r , J

is parallel to t h i s  axis o n ly  fo r  the low states , and t h e r e f o r e  ~t is

th ese states that we describe most PL)e n e  wit h r e sp e c t  to the Coniol :s

i : i t - er act  ion -

Tab l e  9

Effects of C e n t r i f u g a l  D i s t o r t i o n

C e n t r i f u g a l  D i s tor t i on  Corre l .i:ed P en d e  r Amo un t

30.97 .18 73 92 . ~ (‘

75 30.09 2o.23 Sa SS

5 5 .0 0  5 1 . 0 4  9 1. 8 0

8 , 29.98 22 .19 3 .02

S-i 91.40 83 .12 90.94

5 3 . 7 3  lU. 2

9 - -  80.10 3.3l 81 . ~0

9) 110 .82 12oii 90.02

10 .. 5-4.oo So.oo

Rh. 88.43 uS. i t O

l0~ 15 .u il~~.o9

10 i~ 0 5 . S u  1 8 3 , 1 89,24

aol  I c  • in 1.0’ Ic 10 we hove cen:’’ared reo r\ and e x:’t’ I. I me at  to r

0 tat r c n a l — ’;iiu - i t : o n a l  levels t h a t  l i e  . ‘ceond 0 19 . \:: L’ .\~ o u n a t i o n  of

:lr ~ s t . i b 1e  rc ’’. e o i ’  t h a t  t h e  mo de l  of  .i c, ’~~r e l a t c d  l ’e i t a e r  a c c o u n t s  t o o

t : i c s e  ~ t . i t e 5  w i t h i n  I to 1.5~ R~eiir ,Lc \ . in  i. ow of the fiet that we are
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Table  10

Comparison of i li gh - E n er g y  9~otatioiial-Vibrational Levels in ~00O) State
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~

.

J Observed Correlated Bender ~o D c v .

11 9 2 143 .01  2 l o l . -l 0 . 87

11 5 2522.4o 2349. 4 1 .08

11 9 29 3 8 . 3 o 29 7 3 .0 1.18

l1 j~ 3160.9 32l~ .b0

l2~ 243 .b2 24~0.Su 0.93

122 2 o 1 2 . 9 - 1  2u42 .o3 1.14

12i, 2 8 1 3 . e l  284S.u 1.25

l3~ 292 .38 29~ 3.20 1.22

13 3 3128ii3 5 l 1 .3n l.3S

13~ 331 5.20 3398 .2o 1 . 5 0

13~ 35S -1 .00 3o40.19 1.5

14 6 2880.94 2900.34

l4~~ 3i0i.5~ 3133 .S1 1.0-I

l4~ 32uu.3u 3309 .54 1.32

l5_ .3 3083.02 3111 .93 0.91

- ..--- ~~ ~-- _ _ _ _ _ _ _ _



dea l ing  w i t h  a four  parameter model that has been fit to only f i v e  pieces

of data , the d e m o n s t r a t ed  accu racy  is sa t i s f y i n g . Note  that many- of these

r o t a t i o n a l - v i b r a t i o n a l  s ta tes  l i e  ab ove 3000 c m - , which is about equa l

to  the  (020) s t a t e  ( r e f .  S~~.

We note tha t  t he  o f f - d i a g o n a l  m a t r i x  e lements  of the  r o t a t i o n  con-

s ta nt s  govern  the coup l i n g  b etween  the va r ious  v i b r a t i o n a l  s ta tes  tha t

a r i se  rr eni molecul ar rotation. Furthermore , these quan tities cannot be

d i r e c t l y  measured  and y i e l d  v a l u a b l e  in f o r m a t i o n  on the v i b r a t i o n a l  wave

functions as the. v a r y  son s  i t i v L ’ l v  w i t h  the  h y d r o g e n — h y drogen mot ion .

For example , for -n) .\ 1 - one has

<U~ A~ l = C dL i -~ 0 ( ~~) i-~~~~T~ ~~~ 
(19)

where e3R1) is the ground [(010) ] s t a t e  v i b r a t ion a l  wave functior. and C

is a constant  t ha t  does not concern us h e r e .  No te , that for <O lB~ l> one

has

<O I B~ l> = C 
~4~ D (~i) 

~T~~): a :~~q) (20)

F i n a l l y ,  in Tab le  11 we have  compared theot-y uid exper iment  f o r  the

(010) s t a t e .  The o v e r a l l  accuracy for  the c o r r e l a t e d  bender  is on the

orde r of 1 to 1 .5’~ ( r e f .  9 .

0. The R ole  of t h e  N u c l e a r  ~Jasse~

In this section we examine the si gn ificance of the nuclear masses in

our cor r e l at e d  bender model of w a t er .  This is bes t  done by invest :gating

the r o t i t i o n ; t L - v i b r a t i o n a l  spec t ra  and s t ruc tu re  of the symm et r i c  isotopes

— -)
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Table 11

Comparison of R o t a t i o n a l - V i b r a t i o n a l  Energy Levels  in ~0l0) State

Correlated
Observed bender Dcv . ~

43. 89 46 .4 1 1.13

- 2  99.03  100 . 26 1 .24

149.03 150.77 1.15

2 1 9 . 2 8  2 2 2 . 2 3  1.35

3 3 3 15.01 31 6 .52  1.12

4~ 325. 45 332 .85 1.34

4~ 411.33 4 l ó . 70 1.26

4 14 535.01 539 .77  0.S9

5~ 531 .83 539 .-IS 0.68

5~ 637.08  664 .91  1.19

55 8 11.65 S l6 .S3  0 .64

687.9 687.4S 0.07

62 S04 .6S 8 14 . 82  1.26

b e 959.39 969.77 0.98

6 6 1139.65 1141 .59 0 .43

7 9 97 5.07 9S9 .S2  1.31
1129 . 71 1143.9 5 1.26
1310.84 l32l .9S 0.85

1515.43 1520.38 0 .33

s 2 1177.16 119u .23 1 .62
130 o . u 9  1324.39 1.17
1936.4u 194 1.97 0 . 2 S

154 5.06 1570. 72 1.66

1932 .1S 1944.05 1.13

97 21 57 .99 2173.90

93 2399.80 -106.75 0.29

10~ 1793.08 1825.12 1 .79

10., 2!76.3o 2207.98 1.45

106 2103.21 2450.1)2 1.14

10; 2646.41 2ou7 .14 0.78

24
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I

D~ O and 120 . Spec i f i ca l ly ,  we present calculations of the A , B , and C

rotation matrices as well as the rotational-vibrational energy levels.

By comparing these results with 1120 a de ta i led  p ic ture  of the ro le  of

the nuclear masses in the motion of the two hydrogen atoms can be

obtained .

Before presenting these results , we f i r s t note  tha t  our e f f e c t i v e

potential V (q) depends on the  nuc lear  mas s in two wa;.-s : (1) th rough the

quan t i ty

U = - —y
~~ 

1
~
1
a~

and (2) the corre la ted  bender  coordina te . j .  The dependence of the u ’s on

the n u c l e a r  masses is obvious and need not be discussed in detai l here ,

al thoug h we w i l l  p resent an order of magnitude estimate of i ts  mass-

dependence be low . On the o the r  hand , the  de re r .dence  of q on the n u c l e a r

mass is i n t e r e s t i n g  and c h a r act e r i s t i c  of the t echn i~~uc we are us ing  to

model w a t e r  and t h e r e f o r e  must be d i s c u s  sed.  I~e beg in by n o t i n g  t ha t  for

any model of wa te r , q corresponds to a on e - d im e n s i o n a l  pa th  throug h the

p o t e n t i a l  energy s u r f a c e  of t he  m o l e c u l e .  Thi s  p a t h  may be e i t he r  l i n e a r

or curved.  For the  r i4 t d  bender , q is mere ly  the bend in g  ceo r d i n a t e

itself and can be identified w i t h  the b e n d i n g  mode axis  (see F i g .  1) .  On

the  o ther  hand , in the  correlated bender model of water , q represents a

curved p a t h  such -as that disp I a’.-ed ~.c h e m a t a c a l  y ;n  I - i  gor e  2 .  The degr ee

in which this coordinate Jenarts from a straight line parallel to the

be nding mode ax i s  depends on the c o r r e l a t i o n  between the b en d i n g  tiede

and the OH stretch modes.

_ a

. .
~~~~~
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q
3

_______________________ 

~~~~~~~~~~~~~~~S I CAL ORB I I

q
2

E Q U I L I B R I U M
C ON F I G U R A T I O N

Fi gure 1. q coincides with the bending mode ::ci-Jinate in  t h e
case of a rigid bender.

26
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q

3

CLASSICAL ORBIT

EQUILIBRIUM
C O N F I G U R A T I O N

q 1

F i g u r e  2 .  q is regarded as a cui- ’~- I I inear  p a t h  th roug h t h e
p o t e n t i a l  energy  s u r fa c e  of the  m o l e c u l e  for  the
case of a co r r e l a ted bender .

_ -  ~~~~~-
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To est imate the contribution of the f i rs t  effect  we again use the

rigid bender model as a t e s t .  Spec if i ca l l y ,  we apply the nuclear poten-

tial energy V(4) generated in Section 113 for U 20 and calculate the first

transition frequency of D~O. We f ind  a deviation of -11 crn 1 from the

correct  t r a n s i t i o n  f requency . Thus , t ak ing  into account U , the mass

dependence of the q coordinate amounts to about O.S’i of the transition

fr equency .

Our procedure then , is to rede termine  the  p o t e n t i a l  energy func t ion

for both D 20 and T 20 so as to f i t  the f i r s t  bending mode t r ansi t ion  fre-

quency . The resul ts are displayed in Table 12. (The resul ts  for  1120 are

included for convenience . )  We note tha t  the f i r s t  two terms , i . e . ,  a 2

and ae , which  dominate  the s truc ture  of the molecu le , vary by l~i from

the 11,0 to D 20. The remain ing  term s d i s p l a y  a g rea t e r  va r i a t i on ;  however ,

they represent  less than O .1 ’~ of the energy associated with the a2 and

a~ terms . Finally, all the odd parameters  were  zero and ‘c2 traitsition

was fit exactl y.

Nex t, we examine the various rotation matrices. As the ro t a t ion -

vibration interaction is manifested in the  o f f - d i a g o n a l  components  of

the r o t a t i o n  m a t r i c e s , we confine our attention to these terms . Specif-

i c a l lv , w e  e x a m i n e  toe v ar e ou s  r a t i o s  A ‘A. - , B. ./B. - , and C. - C. . , where
iLl 11. 11 11 i~ I i

A . .  < i I A I j > ~

which are d~ snl ay ed in Table  13.



Table 12

Potential Energy Constants Display [cm ~
]

Parame ter D~O T-,0

45510 46610 46590

a14 -30833 -325-80 - 3 2 l 4~
a6 -23663 -20508 -15002

a3 1820 - 6568 -2273e

Table 13

on yat r i ces

P a r a m e t e r  H - U  b- -U T —0

0 . 2 2  0 . 1 9

0 C ~~) 0.cb 0.05

0.35 0 2 8 0.25

0.12 0 . 1 0  0 .0 9

B32!300 0.02 0.01 0.31

B~ 2 / B~~1 0 .18  0 .15  0 .13

0.01 0.01 0.01

C - ~~, C~ ,j ~U 0 -O

C 2 C 1 0.02 
• 

0 . 02 0 . 3 2

-.. -, .. ---- --~~~~ --
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An examination of 1. ‘ c 13 r e v e a l s  th a t there is a systematic trend ,

in par ticul ar , the c o r r e s p o n d i n g  o f f - d i a g o n a l  matrix elements of HzO , D20,

and T2 0 a l l  decrease  w i t h  in c r e a s e s  in the nuclear masses. Furthermore ,

these decreases are systematic , as each successive molecule decreases

by 8O°o , i.e.,

(Ao1/A oo)T o  
- 0.8(A 01 A o o ) D 20 0 . 6 4 ( A o~~/A~ 0) 1 1 0.

F i n a l l y ,  in Table  14 we compare theory and experiment for 10

rotational-vibrational energy levels in the ground and (010) excited

vibrational states. In general , agreement w i t h  the e x p e r i m e n t a l l y

derived values is on the order of 0.e~~, which is satisfactory in view

of the  fac t  the  o n i > - exper imental  data  used in c o n s t r uct i n g  th i s  model

of D~ 0 were the  f i r s t  t r a n s i t i o n  f r equency  ( i . e . ,  ‘
~:) and the  A and B

ground state rotation constants (ref. 9) -

Table 1~

Rotational-Vibratio nal Energy Level Structure in 020 [cm ’]
- _ _ _ _ _

v Obser-;ed Theory ~l Dev .

0 10 2 908.19 911.83 +0.40

0 10~ 1002 .S5 1007.65 +0.47

0 l0i.~ 1114 .85 1120.84 ÷0.53

1 10 14 l l~ o .85  117Th64  ~C . 9 2

0 l0~ 124 1.93 1249 .16

1 10 6 130 .o 7  13L 7 . IS  ~-0 . S0

0 10 3 1382.69 1390 .97

1 10~ 1464 .2  147 0 .2  ~0 . 4 l

0 10 1.1 1535.84 1543 .14

1 10~~~~ 1636.79 1635.11 -0.10
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SECTION I I I

A PREDICTIVE pHENO~IE~OLOGICAL MODEL OF WATER VAPOR

As we have d iscussed  in ea r l i e r  sec t ions  of t h i s  rep ort , c e n t ri f u g a l

dis tortion dominates the rotational-vibrational level structure of light

asymmetr ic  m o l e c u l e s .  For such me l o cu l a r  Sy s tems , o n ly  t he  lowest

ro t a t iona l  s t a t e s  can be described w i t h i n  the  c o n f i n e s  of a r i g id ro tor

m o d e l .  Hi gher  r o t at  l o n a l  s t a t e s  are s tr o n g l y coupled  to t h e  v ib r a t ion a 1

degrees of f r eedom , and n o n r i g id  e f f e c t s  beco m e an i :rpoi -t amt  component

of t he  m o l e c u l e ’ s i n t e r n a l  s t r u c tu r e .  For cx~ cp 1 e , in w a t e r  vapor , the

r i g id r o t o r  a p p r o x I n a t  :o: b :ea~ s dow n b -  J 1 , and one must  i n c l u d e

c e n t r i f u g a l  d i s t o r t i o n  .~ L t in  soni c ~— e l 1  J u s t i f i e d  s c h e m e .

From t h e  d i s c u s s i on  pr e s en t e d  ab ove , i t  is  c l ea r  t ha t  i f  one w i s h e s

to characterize th e  hi gh-r esolution infrared spectral data t -~at are avail-

a b l e  fo r  such  m o l e cu l ar  sy s t e m s , a s c h e m e  t h a t  read~~1y i n c o r p o rat e s  non-

ri g i d  e f f e c t s  mus t b -a e m p l o y e d .  One such a np r o a c h  is the  h a t s o n  r o t a t i o n a l

H ami l  t on i a n , w h i c h  is a se r ee s  e x p a n s i o n  in t h e  v a r i o u s  c o m p o n e n t s  of toe

molecul ar a n g u i a i -  moinentor . This is essentially a n e r t ~~r b a t i v e  arproach

that is beset a I t i  a n u a h e r  of difficulties that render  i t  m ann ranri ate

for curi-ent Air Force r.eeds

In  th : s  s ec t i on , x e  : u t l i ne  a new phenomen o log i . c a l  anu r o ach  to

c c n t r l f u 4 a i  d i s t o rt i o n  in 1 L g h t  a s y m m e t r i c  m o l e c u l e s , p a r t i c u l a r l y -  H~ O

T h i s  t e c h n i q u e  does not  in v o l .  e a s e r i es  \1 a n s l o r l  in p ow e r s  of t h e  a n gu l a r

m o m e n t u m ;  i n s t e a d  et  is bas e d  on tne  n o t i o n  of t i t t i a g  the  r h c l l  r o t a t i o n a l

inatrj.\ ld~ a4 o n a l  and o : f — d  Lag ~ i~ i 1 covponent s~ to t h e  sp e c t r a l  auto - d c v

a p or o a c h . ; i - u c h  is no n e v t . . i - I - a t  i v e  ~:i n a t - e re , ha~- t he ~ddit iona1 a c \ a : i t a g e

31
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tha t  the ph e n o m en o l og i c a l  p a r a me t e r s  ob t a ined  to  c h a v i c : e i ’~ :e t h e  snec-

t r u m  are related to the p o t e n t i a l  ene rgy  s u r fa ce  of t a c  m o l e c u l e  ~n a

straightforward fashion. Furthermore , as we s h a l l  e x p l i c i t l y  dy : : , o n s t r a t e .

our m ethod  is p r e d i c t iv e  in the  sense t h a t  it w i l t  d e t o r m ,n e  the r o s : t i o n

of rotat Lonal levels that l ie  fa r  above those u s e d  ~n t h e  f~ t t  : ng  s ~h ema .

F~ n a1l y ,  as we shall discuss in Section IIIE , our te-ehn~ aue e:fc~-e t a .

possib ility of constructing hi gh i  accura te  p o t e n t l a l  energy sun:aces

ext ending over reg ions of many thousands of a~ ve n u m b e r s .  I h L s  in t a r n

will enable us to construct spectroscop ically accurate t r an s~~t t c n  d i p o l e

moment m a t r i x  e l e m e n t s  t h a t  are requ i red  for  a comp l e t e  de sc  r :p t on

the absorp tLon snectrum .

A. Theoretical Foundation

For simp li city, we sha l l  c o n f i n e  o u r s e l v e s  t o  sv r a n e t r , c a l  n o n i L n e u r

molecules , in p a r t i c u la r  h O , in w h i c h  t h e  i - e c i n r e c_ i  I moncr .t of in e r t i a

t e n s o r  ,s d . ago na l  ; i . e . ,  — . = . F u r t h e r m o r e , .~e sha l su n ” o s e.~: ~~

t h a t  both Coriolis forces as well as . ib r a t i o n a  I angulan mo : .en tum are of

li ttle sig n i f i c anc e and can be n e g l e c t e a .  I n  t h a t  c a s e ,  t he  Ha m i  I t o n i a n

redu ces  to

i-i = + 7 p 2 + ~20)— a ...t o  ~
- k

F o r  s i t n a t  t e n s  in w h i c h  one cennot neg lect t i e effects of v i b r a t i o n L i

s i -  o o m e n t u m  on Cor ~ o u s  f e  i-~ , our m e t hod  can be su~ t a}c l’~- e x t e n d - ad -

ae defe i -  d t s c u s s i on  on t he  n u i r i t un t i i  t h e  end  of t h i s  s e c t i o n .

i e  can b e s t  d i s p l a y  our  approach  a> f i  e s t  out l i n i n g  the  u s u a l  tech-

:iia, ue t a u t  one u ses  to s o l v e  eq u a t i o n  L 0 ) .  Let k > and 
~~~~~~~~ - 

he 

--- . - —-— -



the  eigenvectors and eigenvalues when the molecule is in the stat-. J = 0,

but w i t h  v i b rat i o n a l  quantum numbers (k , . . . ) . We emp h a s i : e  t h a t  t h e s e

eigenstates are unknown to us , as is the  p o t e n t i al  V.  We s h a l l  a l su m e ,

however , t ha t  the  v i b r a t i o n a l  ene r gy - l e v el s  ck i . . 
are known . If the

m o l e c u l e  is r o t a t i n g ,  cen t r i fuga l  d i s to r t ion  w i l l  g i v e  rise to a coup11r.~

betw een the d i f f - c i-ent v ib ra t iona l  e ig en st a t e s .  As a conse~:uen ce , the

r o t at i o n a l- : ib r a t i o n a l  ave f u n c t i on  can be w r i t t en  as

J
—J :M 1, n ,...> = 
~ .i CK k 1 

k1 ,...> (21)

where JK~~~:- are  the  r a g i d  s~~~~et r ~ ro to r  wav e t a n c t i o n s  and toe expansion

c o e f f i c i e n t s  arc o b t a i n e d  from a m a t r i x  C i a g o u a i i : at i o n .

The energy associated witu t he  e l g en s t a : e  (2 1)  is

J J:, n~~, . . .  -r ,n ,...
F — + C , ,  C ._J , n , . . .  n , . . .  -

~~~ k,~. ,. ..  K ,k j , .. .

K : , . . .

<j~~~~ 2~~j~~~~~<~~1 .. H k i ,...> (22)I a

where  the m a t r i x  e l em e n t s  :JK ~ 
2 JK .‘ ui -c Liii lv  tabulated. h c a a t i o r ; s

(21)  and 22)  r e p r e s e n t  a compl : t e  uu i n t u n  :iech ~ r i i c a I  s o l u t o o n  to  the

H a r n i l t o n i a n  ~:0 ) , and demand that  the i n t r a m u c le a r  p o t e nt ~ al  e n e r g y

su r face  I be k n o w n .  In genera l , t h i s  is not t he  case .  I n s t e a d , o b s er v e d

soectral data vIe tO the ei~ enenerc ies E (and ) . We now- - J r , n 1 , . . .  n i , . . .
w i sh  to exam ine Equation (~22) as :1 scans of c at a l - e c jn g  s” e ot r a l  l i n e s  as s e l l

is deduc ing  a p o t e n t i a l  energy- su r f ace  V.  To t a i s  end , we n o t e  t h a t  t h e

Jo



only unknown quantities that appear in (22) are the matrix elements of

the inverse of the moment of inertia tensor , i.e., <k 1 ,... I -~i Iki,...> .

These matrix elements along with <JKH 21JK > appear in the 1-Ianiiltonian

matrix that  is d iagona l ized  to obtain the E . On the other handJ -r ; n 1, .

all matrix elements of the vibrational Hamjltonian H
~ 

are

= 
~k 1,. ..

so that onl y a knowled ge of the vib rational energy spacings , e t c . ,  is

required . Of greatest  importance are the quan t i t i e s  <k 1 , . . . f a j k 1 , . . . > .

This sugges ts  an interesting and pract ical  approach to generating high-

reso lu t ion  l ine spectra for molecular systems . In particular , we propose

to use the observed spectral l ine  data to obtain the diagonal  and o f f -

diagonal  m a t r i x  e l emen t s  of a a by a least  squares f i t t i n g  procedure . As

noted above , m a t r i x  d i a g o n al i za t i o n  y i e ld s  the required coe f f i c i en t s

C . Using  E q u a t i o n  (22)  , we can catalog the  r o t a t i o n a l - v i b r a t i o n a l

energy levels , and in add i t ion , predic t  man y new hi gh-l ying states that

are not used in the fitting scheme . This po in t  w i l l  be e x p l i c i t l y-  demon-

strated bel ow . Before d i scuss ing  simp lify ing approximations that car t be

used in the above scheme , we first note that the diagonal matrix elements

of the a ar-a simp ly related to the various molcc-olar rotation constants
cia

tha t  are o f t e n  known . This can reduce t h e  number of unknown parameters

required for  de sc r ib ing  the spectrum . We note tha t  the o f f - d i a g o n a l  m a t r i x

e ements  are not d i r e c t ly  obse rvab le .

Next , we determine t he  e f f e c t  of the various matrix elements of the

a on a given rotational-vibrational band . This is essential i f  we at e
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3. The phenomenolugical Watson Itamiltonian
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is f i t t e d  to the ob s e r v e d  r o t o r  10001 sn e c t r u m  of w a t e r  fo r a

sp e c i f i c  v i b r a t i o n a l  b a n d .  The ‘.- a r i ou s  c o e f f i c i e n t s

P ,

~~~~~~~~~~ 

vary in a st ~ ik i n g  m a n n e r  f ron t  v i b r a t i o na l  s t a t e  to

vibrational s t a t e .  Is :i con Sequ en ce , one must  re-do the  f i t t i n g

procedure for different spoct ral reg ions .

The fi rst approach , a l t h o u g h  f i r s t  1)1~i 11ciples in n a t u r e , is l i m i t e d

to accurac ies on the order of 0. 1 eV; j .e ., s e ver a l  hundred  wave

number s .  h ence , i t  canno t he used for  h i g h - r e s o l u t i o n  work . F u r th e r -

tore , the comp uter t i m e  for  such p roj ccl: is truly enormous , and in te i-ms

of cost eff octiveness , is to t ult: Lnann roaniu.t e. i ’ i n a l l y - , su ch  f : rs t  n r u u -

o ip les stLld les t a k e  i n c h  too long fot - A i r  Force  n e e d s .

We have used the  second anproac h  succ es s tu I t o  t o  model the  00 ,, CO .

and DF i-eg ions  of t h e  w a t e r  vapor s p e c t r u n  in  se c t i o n  I V .  In  genera l ,

such a t e c h n i que y i e l d s  a p r e d i c t i v e , r e l i a b l e  model  of w a t e r , w h i c h

‘.‘ields levels t h a t  are  a c c u r a t e  to about  0 .  1 cm~~ . Such a model y i e l d s

0(11
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much useful  informa t ion on wa ter vapor absorp t ion.  However , for ul tra-

high resolution studies that are currently required , they must be rep laced

by a somewhat more phenomenolog ical model. As we shall discuss in

Section 1110 , the present approach that we w i l l  use f or HF ca n be r egarded

as a f i r s t  genera t ion  descendant of the second technique .

The th i rd  approach is totally unsuitable for Kirtland ’s needs. The

reasons fo r  t h i s  have  been d i s c u s s e d  in a previous  t echn ica l  repor t  ( r e f .  10)

C. P r e l i m i n a r y  R e s u l t s  on the Bending Mode V i b r a t i o n a l  Bands

In this sect ion we present some preliminary results that illustrate

our techni que.  These resu l t s  can be considerably improved w i t h  new i ter-

a t ive  t echn i ques tha t  we ‘.5iii incorpora te  in to  our programs . Fur the rmore ,

this work did not include enough of the  -,- ib r a t i on a l  s t a t e s .  D e s a i t e -  t h i s ,

our results are i m p r e s s i v e .  In p a r t i c u l a r , we are concerned w i t h  the

ground , (0 10) ,  and (020)  r o t a t l o n r l - v i b r a t i o n a l  bands of water  v ap o r .

Accordingly, we hav e l eas t  square s fit the ‘. ar i o u s  r ot a t i o n a l  :oa t r lx  ele-

inents  to a t o t a l  of ~~ r o t a t i o n a l  L e v e l s  t h a t  l i e  w i t h i n  t he se  bands .

The specific states used in  r h o  f i  t t i P g  seh -n e are exhibited in Table 15 ,

along w i t h  the  associated en 2~ -g  s d o::  .~t ~-cr:s - In  obt a~ n :ng  t h i s

f i t , our H a m i l t o n i a n  m a t r i x  cove red  t h ~ sp :i:c s : ’ a :n o d  by r a e  f o l l o w i n g

six vibra tional states: (000) , ~fll0) , 1020) , (03:), (100), an d . (110) .

i-c e.’nphasi :e th a t  r o t a t i o na l  d a t  a f r o n  ot: ly the fu :-st t o ree  of these

bands was used . Since the r O t a t i o n  :::otr is e l e m e  m 5 r s  are all symmetric ,

in the sense that

<k 1,... ~~~~~~~~~~~ = k 1 , . .  . ~ k , . . . >

-.5’ “ 5 . - ’- _ _5-
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there are 63 rotation constants that enter into the problem . As the ground

and first excited diagonal elements are already known , this leaves 5~
’

parameters to be chosen to least squares fit 72 rotational levels. As we

shall see, most of these are not significant.

An examination of Table 15 reveals that our fitting procedure was

successful , espec ia l ly  in view of the severe limitations placed on the

states used and the fact that the Coriolis force was not included . ~‘e

feel that this  is adequate consider ing the fact  tha t  we are f i t t i ng  to

three different bands wi th  energies up to 5403 cm~~. The fit could be

considerably improved (especially wi th regard to the (020) state) by

including the following vibrational states in our Hilbert space: (040) ,

( 2 0 0) , (002), (1 2 0) . (Note, it is not necessary to have the level

values for these states.)

Next , we demonstrate that our technique is predictive in the sense

that  it y i e ld s  the  c o nr e c t  r o t a t i o n a l  levels  for s tates that  l ie  w e l l

beyond those used for fitting purposes. In Table  16 , we have d i sp layed

the predic ted  versus observed ro t a t i ona l  l e v e l s  for  s ta tes  that  l ie  at

J = 10 and higher in the ground , (010), and (020) v i b r a t i o n a l  s t a t e s .

Typ ical accuracies range from 0.0l0~ to 1°o of the rotational energy . Note

tha t  many- of the levels in the ground t-ibrationa l state have rotational

energ ies tha t are greater than 3000 cm~~ and therefore will couple strongly

to the (020) state. Furthermore , the predicted results for t he  (020)

s t a t e  arc exce l l en t . In ~art i cu1ar , the  12 _ 5  level  has a r o t a t i o n a l  enc rg ~.’

of 224 2  cm~~~, and the  p r e d i c t e d  level  p o s i t i o n  dev ia ted  by onl y 0 .2 1  of the

exper imen ta l  v a l u e . To our k n o w l e d ge , t h e r e  does not e x i s t  a s i n g le r h m e c r v

that accounts for all of these states as well as t h a t  p r e sen ted  he r e
38
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Table 13

Comparison of Observed and Calculated
Rotational-Vibrational Energy hovels

Obs . Ca l .  Lw’ v . Obs . Cal. Do ’: .
V J t 

~~ ±) ~~Jj V J t ~crn~~) (cm~~) (cm i)

o 1 -1 23. 79 23. 9 0.00 1 7 -3 2309.89 2311. 72 1.33

0 1 0 37 . 14 37.13 0 .01 1 7 -3 239 2 .3 3  2392 . 79 0.41

o i 1 42.37  4 2 . 3 ’  0.00 1 7 -l 2- 1o2 .37 24 6C S0 2.03

1 1 —l 161S. 4 1 1613.40 0 .01  1 7 3 2 7 2 4 .30 ~ ‘24 . 4 1 0.11

1 1 0 1o34 .93 1 6 3 4 . 3 3  0 . 0 1  1 7 5 2905 . 43 2909 . 72 4 .29
1 1 1 1640. -IS 16 4 0 . 4 1  0 .07  2 7 -7 3733.60 3738.54 0.06

2 1 -1 3F5 44 3l ’~5 .5o 0 .12 2 7 —5 3379,34 3880.25 0.91

0 3 -3 13~ .7O 136.72 0.04 2 7 -3 39ô7 .43 3969.34 1.36

0 3 0 206.30 201 .33 0.0 5 2 7 — 1 4052.S3 4052.01 O .S2

o 3 3 2S5 .41 2 3 5 . 7 2  0.3 1 2 7 3 436S.e4 43o4.37 3.77

1 3 -3 1731.02 1731 .92 Q 0 U  2 7 5 157S .9 7 4 57 3 .2 7  3 . 7 0
1 3 0 1813.37 1~t 13 .6 0.25 0 9 —7 10 7 0 .0 7  1077 . 49 1 .~ 0
1 3 3 1 u7. 71 lcCs .35 O S ~ 0 9 -5 1201.91 1201. 64 0 . 2 7
2 3 —3 32So. 2- 1 32S9 o1 0.37 0 9 -3 12S2.91 12S2...’8 0.23

2 3 0 3337 .63 33 51 .37 3, 27 0 9 1 1 4 7 .29 147 7 3o 0.07

0 5 -5 32 3 .34  32-I On 0. 10 0 9 3 1631.33 1632 .11 u . 73

o 5 0 S03.97 Sel lS 0.18 0 9 5 2009.S3 2008.79 L09

0 3 3 74 2 .07 15.74 1. 07 1 9 -9 25~ 2.37 2511. -It Q .Oo

1 5 -5 1920. 70 102 1 . t t  0.-14 1 9 —S 2S 18. 40 2822.55 4.13

1 S 0 2 12~ . - 4t 2 1 2 5 . 9 3  0.51 1 9 — 3 200.1.82 904.3S 0.44

2 5 — 5 3473.93 3~~6 .i0 0.21 1 9 3 3321.1 3313.9 2 .2

2 5 0 3719.3 0 3” I S . 5 1  1.3 1 1 9 n 373 2 .SS 3732 .33 0.05
0 7 -3 78 2 . 41 7~ 2 . t2  0.01 1 9 9 5994 .39 39SS.60 3 . 7 9
o 7 -1 8 2 3 5  3- 12 .29 0.06 2 0 -9 4 0 ’ S . 7 0  4067 .44 1 2 6

0 7 3 1059.83 1212.38 1.05 2 0 -7 42n3 .1-1 3263.7o 0.12

o 7 5 1216.19 1213 .15 1. 9-1 2 9 ~~~ 
.1.493.31 4$9~~~.23

0 7 7 1 39-1 .31 1 3 0 .07 2 . 2 6  2 9 1 -17S4 .67 4 S2 .2S 2.39

1 7 ~~1 2130.08 21 5 0.04  012n 2 9 3 499 2 .13  4095.10 2.06

2 9 6 5 - 1 3 3 . 3 4  5 4 3 1 . 9 6  1 .38

3t:)
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Table 16

Comparison of High-Lying Levels to Experiment

Obs . Cal . 0ev . Ob s. C a l :  2ev .
V J ‘r (cm 1) (crn 1) (cm 1) V. J r (cm 1) (c~~ (~~~~~~~)

0 10 -6 1437. 19 1437.19 0.78 0 14 2 3~65.$ 3457 .06 8 .34
0 10 -2 1616.45 1615.73 0. 72 0 15 -3 3083.92 3 077 .2 3  6.59
0 10 2 1S75 .45 1874.94 0.51 1 10 -6 3053.6 3065. 49 ~.89
0 10 6 2254 .36 2 2 3 2 . 2 3  2.12 1 10 —2 3253.91 3250. 6 5 3 .2o
0 10 10 2702.0 9 2682.14 19.95 1 10 2 3565. 3 356 0.52 3 .7S
0 11 — 5 1313. 47 1812. 64 0.83 1 10 6 3997.3 3993. 2 4 .53

o ii -3 1599.21 1898.01 1.20 1 10 8 42-U.0 4230.98 10 ’J 2

o 11 1 2144. 46 2142.98 1.48 1 Il — S 3323.33 3322.33 8.53

0 11 5 2522. 46 2519.04 3.42 1 11 -3 3487.59 3491.54 4 .05

0 12 -6 2105.87 2104.76 1.11 1 11 1 3660.2 3634.9 5.3

o 12 -2 2300.67 2298.61 2.06 1 11 5 4266.05 .1257 .96 3.09

o 12 2 2612.94 2610.54 2.40 2 10 -10 4260.36 4256 .08 3 .53

0 12 4 2813.61 2808.95 4.66 2 10 -s 4480.39 44S0 .37 0. -IS

o 13 -7 2413.95 2412.62 1.33 2 10 -4 4732. 74 4755.71 2.07

0 13 ~ .1 2586.5 2584.09 2.41 2 10 0 5030.04 5033. 4 3.40

0 13 +0 2 92 7 .3 3  2923 .S3~ 3.55 2 10 2 5237 .79 3240 .42 2.03

0 13 3 3128 .25 3121.70 6.55 2 11 9 -1714 .32 12.5.0~ 1.14
o 13 5 3348.2 3336 .15 12.03 2 11 — 7 49O5.~ 4 -P~00.35 3 . 1

o 14 -7 2745.3 2741.67 3.33  2 11 -3 3034 .39 5333.05 3 . S o

0 14 -3 3085.0 30S0.59 4 .41 2 11 -3 5144 .41 5141 .05 2.7o

0 14 +0 3266.35 3260.62 5 .74 2 12 - 10 496~ .~ 4 -19u5.69 0.55

2 12 -5 5388.9’” 0333.59 4.62

40
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The least squares fitting of the rotational constant matrix eiemt-nts

to obtain rotational-vibrational levels for ground , (010) and (020)

states matrix diagonali:ation automaticall y yields the energy level struc-

ture for other bands . It is of interest then to compare these values to

experiment . In Table 17 , we have d isp layed  the p red i c t ed  versus the

experimental values for the low-lying rotationa l levels in the (110) state.

~e emphasi:e that outside of the vibrational spacings of these states ,

no experimental information was used . Fina lly , in F:ihies iS t h r o u g h  20 w~ have

compared predicted versus experimental frequencies in the CO2. CO . and

DF regions . In Table 21 results for the 001 band are exhibited.

D . Present  Data  Bas e, V i b r a t i o n a l  Ba n Lis of Si gn i f i c ance
for  HF T rans i t i ons,  and an I t e r a t i v e  Data L ink

At the present  t ime there ex i s t s  a number of sources of data on

water  vapor t r ans i t i ons . By fa r , the  most accurate are those of Rao

( r e f .  ~
) and 12 r dv ‘ s groan  r e f .  6) . O t h e r  d at a  h a s e s  inc  la de  H a l l  and

Dowl i m g ( r e f .  0 .) ,  lad B e n e d i c t  ( r eF .  1 1) .  R:~~ ’ s n c - s a l t s  i n c l u d e  rota-

t iona l  s ta tes  th roug h J = 15 fo r  the f o l l o w i n g  vibrational bands : (000),

(020) , (100) , (001) ,  (011) ,  (110) , and (030) .  Leve l  pos i t i ons  are

reported to an accuracy of 10 -- cm 12 and are e x t e n s i v e .  No data were

reported w i t h  respect  to the  (0 10) v i b r a t i o n a l  band by t h i s  group .

N e v e r t h e l e s s , l e v e l  p o s i t i o n s  of l0 2 cm~~ are a v a i l a b l e .

HF t r a n s i t i o n s  occur from 2 to 3 .5 rn , i . e . ,  they span the spectrum from

abou t 3000 t 3~ i~ cnr . Th e Fe 1 1owui ~ v i br :~ 7 ~en ,i 1 h a n d s  ar c  of in e r o s

:1) ground ; -.2) -
~~~~

; (3) 2w ’; (4) ~~~~ , 5) —~~ ; (6) ~~~; (7)  ~. — .
~~~; 

and

(8) 
~~~ “ .  An e x a m i n a t i o n  of Benedic t ’ s ESSA t ab l e s  reveals that rota-

41
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tional states th rough  J = 15 appear for the transitions involving 12~ 12

+ ‘~: 
and v~ - -.

~~~~
, a l thoug h the  b u l k  are in the J = 10 , 11 range.

Table 17

Comparison of Low-Lying Rotational-Vibrational
Levels in the (110) Bands

~~Dev .
Obs . Pred. Dev . of rot .

.3 (em~~~) (cm) (cm i )  energy

110 1 -l 5235 .40 5258.42 0.02 0.09

110 1 0 5274 .16 5274.12 0.04 0.1

110 1 1 5279.67 5279.3S 0.29 0.6

110 2 -2 3304.01 5304.47 0. 46 0.67

110 2 0 5332.01 5331.70 0.31 0.32

110 2 2 5379.95 5380.41 0.46 0 .3 2

42
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Table 18

Comparison of Model to Experiment for CO’ Laser Wavelengths

LIt’IE

Upper State i~ wer State 
________ 

Calculated Deviat ion

(0 ,1,0) ;  7 7 (0 ,0,0); 81 925.49 925.68 0.19

(0 ,1,0); 
~—2 

(0 ,0,0); 10 1 
923 .94 928.11 2 .07

(0 ,1,0) ;  (0 ,0,); 103 
944.3.3 9 4 4 . 4 5  0.07

(0 ,1 ,0) ;  8~ (0 ,0,0) ; 9 , 961.08 964 .5  2 . 4 2

(0,1,0); 10 10 
(0,0,0); 10 0 9 8 0 .4  960.92 2 .52

(0 , 1,0 ) ;  9 9 (0 ,0,0 ) ;  103 5. 14 1125.86 0.03

(0 ,1,0);  106 ~0,0 ,0) ;  9 4 
1033.07 1042.3’i ‘1.30

(0 ,1,0) ;  
~ —8 (0 ,0 ,0,,  10 6 

1072 .19 1072 . 1 .2 2

(0 ,1,0 ) ;  8
7 

(0 , 0 , 0 ) ;  9~~. 19,0.68 1077.07 7.69

(0,1,0 ) ;  10
7 

(0 , 0 , 0 ) ;  11 5 109 1.21 1003.67 2.43

(0 ,2 ,0 ) ;  7
7 

(0,1,0); 8
3 

~.108 .38 1108.73 0 . 3 5

(0 ,2 ,0); 4
3 

(0 ,1,0 ) ;  53 
1129.67 1130.31 .44

(0 ,2 ,0); 6
4 

(0 ,1,0); 1143.54 1115.86 1.82

(0,0,0); 11 , (0 ,1,0); 12
6 

1116.56 1122.39 3.83

4-3
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Table  19

Comparison of Model to Experiment at CO Laser Navelen gth s

LINE

Uppar State Lower State Observed Calculated Deviation

(0,0,1); (0,1,0); 10 7 1913.24 1913.75 0.51

(0 ,2 ,0 ) ;  (0 ,1,0); 6o 1903.87 1904.18 1231

(0 ,0,1); 8
4 

(0 ,1,0 ) ;  9
5 

1906.65 1909.37 2 .72

(0 ,2,0); 5o (0 , 1, 0 ) ;  4
3 

1920.05 1921.38 0 . 5 3

(0 ,1,0 ) ;  10
2 (0 ,0,0) ;  l1

~~~~ 
1926.63 1929.62 2.90

(0 ,0,1); 11_li (0 ,1,0); 12 12 1917.4 1919.41 2.01

(0 ,1,0); 6 i (0,0,0 ) ;  5
5 1946.03 1947.94 1.59

(0 ,1,0); 73 (0 ,0,0); 6i 1957.01 1957.08 2.07

(0,0,1); 5
~ 

(0 ,1,0 ) ;  6
o 

1965.59 1969.45 3.86

(0 ,0,1);  86 (0 ,1,0 ) ;  8~ 1983.71 1985.75 2.04

(0 ,0,1) ; 
~ — 2 

(0 ,1,0); 6 3 2004.17 2005.75 1.58

(0 ,0,1); 8~~ (0 ,1,0 ) ;  8
2 

2070.24 2071.69 1.45

(0 ,2 ,0); 8
6 

(0 ,1,0); 74 2103.08 2106.67 3.59

(0 , 0 , 1) ;  
~~2 (0 ,1,0); 23 2122.44 2123.14 2 .70

(0 , 0 , 1) ;  2 2 (0 ,1,0); 1 1 2206.67 2206.67 120

(0,1,0); (0,0,0); 9 7 2241.93 2242.53 2 .6

(0 ,0,1); 8
3 

(0 ,1,0) ;  7
4 2301.06 2001.63 0.57

44
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Tab le  20

Comparison of Model to Experimen t in the OF

Upper Level Lower Level Observed Calculated 
_______

(0 ,0,1);  
~—2 

(0 ,1,0); 6_5 2510.50 2512.83 2.33

(0 ,1,0 ) ;  l4
io (0 ,0,0); 13 2555.38 2550.81 4.43

(0 , 1, 0 ) ;  10
~ 

(0 , 0 , 0 ) ;  
~2 2609. 72 2618 . 72 9 . 2

(0 , 0 , 1 ) ;  S (0 , 1, 0 ) ;  7 2 5 4 4 . 4 3  547. l3 2 .73
—

~~ —7

(3 , 1, 0 ) ;  101 (0 , 0 , 0 ) ;  
~~~~~
, 269 0. 38 7 c - 0 7 . 4 6  2 . 9

(0 , 1 , 0 ) ;  113 (0 ,0,0 ) ;  5 .  2 7 4 4 . 7 7  2 7 - 1 0 . 3 7  4.4

( - . 1, 0 ) ;  i i  - (0 , 0 , 0 ) ;  12 - 20r ,; . 15  2~ 12.45 8.0
a —

~~

(0 , , 0) ,~~ (0 , 0 , 0 ) ;  0 , 2 5 4 3 . 7 5  2 5 : 5 .76  2.1

(0 , 0 , 7 ) ;  7 (0 , 1, 0 ) ;  0. 7197 .9 0  2-0 -~3 . 3 h  1.280

(0 , 1, 0 ) ;  10 , (0 , 0 , 0 ) ;  9 .  2690.38 2 90-1 .50 4 . 2

45
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Table 21

Rotational-Vibrational Level Structure for (001) State

Observed Calcula ted 
- 

Dcv .
J energy (cm ~~ ) energy (cn -)  (cm )

1 1 3 0 t . 9 S  3 7 9b . 9 S  0 . 0

2 0 3 540 .3 8  3849.36 0 . 0 2

.3 3 4030.31 4030 .41 0.10

4 0 4 0 6 o . l l  4063 . 75  0 .33

5 -3 4149. S9 4150.08 0.19

5 3 4345.5 4343.49 0 . 0 8

-2  4350 . 7 0  4350.9 8 0 . 2 8

6 4 7 3 0 . 8 5  4 7 o 2 . O S  2 . 2 3

7 -5 4 4 4 5 . 9 5  444 8 .85  0.13

7 1 46~ 4 .16  46 63 .15 0 . 0 2
— 5 4 9 2 9 . 0 7  4 9 2 S . 4 4  0 .63

S -5 4~ 23.04 4623.99 0.03

S 0 4861.80 4S63.53 1.73

9 -9 1n61.43 4660.52 0.91

9 0 5 l9 3 . 4 e  310 4 .05  0 .50

9 3o04 .09 5 o 0 3 . 2 5  0 . 8 1

10 -6 517 1.05 517 1.11 0 .06

10 0 3 44 2 . 0 9  54 4 1 . 5 1  0 . 3 5

10 0 6355.63 n3~ 5. 12 9 .3 1

11 -11 506 1200 3 0 o 0 . 3 2  1. -iS

11 —9 3 2 5 5 . 2 3  5253.02 2 . 2 1

46
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We env i s ion  th e  calcul ation of th e HF t r a n s i t i o n  l in e s  to proceed

as f o l l o w s :

(1) Initial val ues for the rotational constant n at r ice s  are

taken from our old codes.

(2)  The r o t a t i o n a l - v i b r a t i o n a l  snec t r a l  line structure is calcu-

la ted  and coaeaned to existing data or new hirtland data.

(3) An iterative loop is set up in ;chich the rotational matrices

are va r i ed  u n t i  1 the  best  va lue s fo r  the  sn e c t r a l  l ines are

o b t a i ne d .

(4) A Cor io l i s  m a t r i x  is in c l a c ed  to further refire the corn’ut ed

s r ec tr ~~l 1i:~e~- .

(5) A nea iterative procedure is set up u n t i l  t h e  d e s i r e d

c on v e r 4 e n c e  is r eached .

See Fi 4ure 3 For a f1:.~chai- t oF this n~
-
~ -c -oducc.

.1~
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Comparison to Ca1cu1~ tion o~

Existing Data and New

Kirtland Data Levels

latrices 1
dc.0ciL: Matrix

F i gur e  3. Flouchart for iteratt ’~e c a l c u l a t ion
of ~F transiti on lines.

-Is 
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8. Future A~p1icatt0

In this section , xc discuss the manner in which our water  vapor

model can be ex tended  to ob t a in  the de ra i l e d  c h a r a c ter i s t i c s  of t h e  h F

abso rption region; i .e., line shape , line shift and line intensity . We

f i r s t  n o t e  t h a t  the  l ine  share  and l i n e  s h i f t  e s s e n t i a l ly  a r i s e  from

ro t a t i ona l  quenchin g by means of long range mu lti pole forces. Hence ,

t h e s e  f e a t u r e s  of the absorption spect rum dema nd  a d e t a i l e d  know led ge

of the r o t a t i o n a l  wave f u n c t i o n s  as w e l l  as the  nu l t i po le  f o r ce s .  The

basic features of these forces can be obtained from classical electro-

dynamics  and s h ou l d  not give r ise  to  any diffic u lties. Furthermore, the

r o t at i o n a l  ei g e n f un c t ~ ons are g en e r a t e d  fr-o n our computer  packag e  and

th e r e f or e  pose no probic::;. In t O -c event  t h a t  4uantu in d~ sp e r s i o n  forces

are stgnL ficant , a suitable phenonenology can be dCVL loped.

L in e  in t e n s i t i e s  demand a k n o w l e d ge of t h e  t r a n s i t i o n  d ipole  moment

m a t r l ,\ e l o u r u t s  b e t w e e n  d i f f e r e n t  v i b r a t ion a l  s ta t e s . Th us , a knoa led~ e

of the  various vLbra:ional. w av e f-.ni ct :ons , ~n d t h e r e f o re of the r o t e nt i a l

e n e r g y  sa :f:ic :- , t s  r e c u i r e d .  T~ t h i s  en d , we n o t e  t h a t  t h e  var ious

rotatio n c e -u s t a n t  m a t r i x  ele :, : - o n t s  ar e  S e n s i t i - .’ e fu n c t i o n s  o~ the  v i o r t —

t i o n a l  p o t o n t ~ a 1. [-or cx p lc , the  d L a g o n a l  m d  o f f — d i a g o n a l  : nat r ix  o l e —

t en t s  of t h e  .~~ r o t a t i o n a l  m a t r ix  are g iven  by

1 _~~~~~~~

(1 + q : 2, 2

~k2 I 
-,

co s~-e -

40
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where C is a known constant , q~ is the dimensionless vibrational constant

for the stretch mode , and 9 is the bond ang le. The fact that the A rota-

tional constant varies so much from state to state implies that it depends

strong ly on the vibrational wave function and therefore is a sensitive

probe of the potentia l energy surface. Furthermore , the large size of o f f -

d iagona l  m a t r i x  e l emen t s  such as <020!A~ 1O 0> is a sensitive probe of node-

mode i n t e r a c t i o n  p ieces of the  p o t e n t i a l  energy s u r f a c e .  Thus , by c o m b i n i n g

the var ious  r o t a t i o n a l  cons tan t s  gene ra to d  by our f i t t i n g  t echn i que w i t h

the J = 0 vibrational energy level spacings , we should obtain a very

comp le te  picture of the potential energy surface and therefore of the

vibrational wave .~un ct i o n s .

Other  mol ecu l - i r sy s t e m s  of i n t e r e s t  tha t  we f e e l  can be approached

by means of th i s  t ic h ni que are 1100 , 0 3, N 0  and CP u .

50

—---—.5- - .~~~— - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 



_ _ _  -. 5  - — -~~~~~~~~~~~~- - 
.5

SECTION IV
~‘IULTIMODE MODEL OF THE hATER MOLECULE

In this  sect ion , we describe our multi:node model of the  water

molecule  and present  resul t s . In  Section IVA we derive the :au lt im ode

Hamiltonian of water. In Section IVL we describe the computer program

that is used to describe H-T O , and in Section IVC we present  r e su l t s .

A. Mui t i rno de Ihara i i t o n i  an of O u t e r

Neg lecting Coriolis forces and vibrational angular momentum , the

molecular Hamiltonian is g iven by Equation 2L). henow derive the d e t a i l e d

form of the k inet ic  energy T = 
~ ~~~ 

Since true vibrations must

be r e s t r i c t ed  to th e  p l ane of the molecule , one need consider only dis-

placemen ts 1x~ , ~y:, 
. IX , , 2y ,  Lx~~, and 0v~ to describe them. Through

the use of symmetry , a combina tion of the above displacements mi gh t be

more convenient . In  p a r t i c u l a r , we are looking  fo r  combina t ions  that

are symmetric or antisymu -otric with respect to refiectior. in the y-:

p lane of symmetry  c-f the  m o l e c u l e .  The combina t ions  ;cust also preserve

a fixed center of mass , which requ i res  that

+ M~ (2.Xo + 1x ~ ) 0
(23)

~ hy ( y~ + _
~~~~

) = 0

Each of th e  three v~ b r a t t o n s  i l~ u s t rat ed  in 0 )  o u r e  4 can F e  d~ sc r ~ Fed ~~v

a d i s p l a c e m e n t , S~ . In  El g or e  12 , i f  bo th  ~~~ m a s se s  moved Jcu~nwlrd a

dis tance S .  ~~ must move according toE qua’ion ‘23) t o  rreser’.e the center-

of-mas s po:i :ion : 

- ( -y : 1y~~ ~~~ 
2S~ = 2 

+ 
S ;

_  -
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(
~ .~~ / ,  ~~~ !. 

~~,

- -  o ~~~

~ ~~ , ~ ~~,•

~ , = o ~~~~

_ _ _ _ _;% :: ~ :::m y
If

&r ~~~~~~~~~~~~~~~ ~ :‘ -~ o
(C) 

~~ ~~~~ (~
) “ ~ 

C’ - -, (~‘)
/
/ N. ~~~~~ 

_
~~~o~(~) ~if, = _Sa cc~ (~)

Fi gure 4. Vibrational displacement coordinates for a
nonl inear  symmet r i c  molecu le .
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A l l  o,x~ = 0 in Fi gure  4a . and the  coordinate  S1 is symmetric with respect

to reflection in the y-: plane (“fli pp ing ” the molecule over does not

disturb the direction of the deflections). In Fi gure 4b , 2x2 = - S ;

= 
~~2 ,  and from Equation (23)

M
= - ;;j

�_ (-5 + S0) = 0

all 2Yj = 0 , and S ,~ is a l so  a symmetric coordinate .  In the th i rd  vibra-

tion , X2 1 3 will be some fraction , a, of So ; 0 y 3  w ill be a fraction ,

b , such that

-ix’ = -aS 3 ; 1x~ = -aS3

= bS3; Ly~ = -bS 3

Therefore , E q u a t i o n s  ( 2 3 )  y i e l d

2M
V

= -~-‘-aS-
x

= 0

Since angular momentum about the = axis must be zero , it can be shown

for s;nall vibrations that the Ms ’s move along the  x -y  bonds , and

a = si n  ; b = cos ~~
- (24)

S~ is antisvmnietric with respect to reflection. bow an Y  a rb i t r a r y

bration of the m olecule can be expressed as a linear comb i nation of the

symmetry displacements , S~ :

2M , - 
2M .

Ox ’ = S~ sin = -
~~~~

-- S1

= -
~ t - S~ s in  ~ = -S 1 + 5; cos

00
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a a
= S2 - S3 Sifl -

~~ 
..y3 = -5~ - 53 cos -

~~

and since

dx1 d2~x1 2M
1 = = —at.— = 

~~ 
S 3 SJ.fl 

~

and l ikew ise for yi , Yt etc., the vibrational kinetic energy becomes

2Tvib = M~~(~~’ °~ v~
2 ) + My (x 22+Y2 - ÷x32+Y32)

= 2M~(3S o +S~
2+iS3 )  (26)

where
2M 2N

3 = l~~~-~-~- ;  ‘( = l + _ ~l.s in 2~~ . .

Common practice has been to express the potential energy function

of the molecule in terms of bond length stretching and bond angle

bending . In F i g u r e  3 3r 1 and i,r~ are the changes in the equi l ibr ium

bond length 12 3a is the change in the ang le , - a .

— r

Fi gure 5. Example ~f the than
in the 0(1011 ibrium uonJ
i en ~~t h .
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I

In the limit of small vibrations ,

= 3S 1 cos - S2 sin -
~
- -

- a - a
= aS cos -

~
- - S 51fl -~~- + -(S~ ( 2 . )

-23S’ sina/2 - 2S~ cosa/2
iCL =

Let us now define a set of three dimensionless coordinates , in terms

of ir-,, 5r-i , and Sa , which will serve to describe the sye:;aetric stretch ,

the bending  mode , and the asymmet r ic  s t r e t ch , r e s p e c t i v e l y :

+ i r e  iS cosa/ 2  - S2 s ina/ 2
= 2~ 

= _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-2 i S i  s in ~~/ 2  - 25 2 cosa/2 (28)
= I t  =

-

q3 = 
- - 

. 
=

Solve for S j in  t er m s  of t h e

a 1 - -S~ — q~ cos 
~~

- -
~
- q— sifl -

~
-

/ - -~ 1S- = - 
~~q s in— ~- + -

~~ q: cos -
~
-

S 3 = ~~ q .

R e c a l l i n g  the  k i n e t i c  energy . L1u a t i o n  . 3w ) , xc  ~: t l c n l a t o

-~~~~~ 2 / . , ~~~~ a -
= —3-- qr  cos — ~:e - 

~Lq2 
cos -

~
- sin -

~
- 

~ ~~
- 4~ 

sin

- 
~1~ - - -

‘ 
. . - i. 1 -

= ~-~~~qi ~ 
sin— -~~- ~- q ; q 2  s:n ~~

- COS -
~

- + ~ q~~ cos

and from haua on 2(~

00

- ~~~~~~~~~~~~~ -
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= \~~~)[(
cos a / _  

+ ~~~~ 42

+ 4 sinct 1 - - q:q 2 + 
1 (sin

2a/2 
+ cos~*) 4 2  +

= M~~L (a 114~ ’ + 2a124 q~ + a224t + a33q3 2 ) (29)

where
“vi

a~ i = -~~ (cos 2 4 +  s s in2 4 )  = ~~~(i+~~~~~
. ~~~~~~~~~~~~~~~~ 

2_

7
= 

T sina(l  - m-)  =

1 - -
~ ~~~ f 

2M~f.~ —

= ~~~~~ (sin- ~ + cos~ -
~
-) = 

~~~ 
~ i + cos- =

1a - 3  —

and

h .~~~~a
= 1 - —

~
—- Slf l ’

‘ 0 -

2M~
y = l + - ~— cos~~~ 

(30)

Next , calculate the conjugat e momenta = 3T/ 3 q 1:

P. = -
~

-
~~~ = 21 0 (a 1q + a;~ q~)

iT
= = ..J0(a 1~~q3 + 0 2 2 q —

)

P 3 = = 2I0a~~43

here

I v.~ 
. (31)

0

and solve  for  the in terms of P . :

:0)

- -
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1 a - P .  —

q~ =
- _ 1~ a1~ a2- ) - a1 - -

]~ 
a~ 3p2 a12p

- o  a

= 
1 p

where

a a - ’ a -~ -

;cith i on-tI on. ( 2~ in t i  ud ,

- 1 a - P 2 — 2a : a 2 2 P . p 2  + a ; : — P 2 --
= _________________________

‘.5 -.5 -

a P2 - 2a a : - P - P -  +

L i - ’- = ~~
-
~
-—--- - -

• 1 a - a P P -  — ~~~~~~ ~~~~ — a 1 - a — P  + a;- P1 P2
q • . = .5 -- __________________________

U

Subs tituting the above into holu tt l O t  ) 2 S )  . c o l l e c t  t h e  c c w f f c L c r : t s  of the

momen tum type  term s :

a - i  2 a - - a - -7 - 2 a ’ -~~a - - = a - - a - -  - a 1 - ~~a 2 2

= a- -
~~~

P - : a~~a — 2 a .~ - 2a~~- a - ~~
2 = a~~2 a - 1 - a

= a - 1 ,~

P ’ P - :  - 2 a • - a - - a - - . 3 a - . a - - , 1 ’ - + 2 a - - a : j .~~. ’a , , 3

= -a-

so t h a t

~ / ~1~~~2 P~~~ - .a - - P -F’ - + a P -  P 3

a

H —- - -~~~~~~



Simpli fying a ,

/ M 1.j \
2

L — - s in

= 
~~~~~ 

(~ 
- ~~ sin~a)

i n  ~~~~~~~ 
- )

= 1 -
~ 2-~ sifl -

~
-) ~l + 2’~ cos’- -

~~) 
- -

~~
- sin’a

1 1 2 ~~~~~~~ - a  -‘

= -
~
—

~
- - 

~i + - , + 4~ ~~n- -
~
- cos- -

~
- - :c sifl~ a

2 1
= —

~
--

~
-

~
- (1 + ..\~) =

-+0

therefore

i = ~~~~~ (a~~-p ; 2 - 2ar0P 1 P7 + a . P ~ 2 )  + (32)

This is the final form of the kinetic energy for a multimode c a l cu l a t i o n

where the ajj are given in Equation ~30) . N o t i c e  t h a t  i f  d In e r  mode one or

two is considered separatel y, so that no interaction exists , a~ ’ = 0 ,

and

a- -a ’2 - a-~~
2 = a11 a-

Therefore , -

/a~ ’Pl - 2a’~ P~P-- + a - P ’ 2 P.-
T = _J_ i ____

~~~ \

/ ~~ P. P.-’ \
= 

~
+— (~~

_ __ + _ + _  ) (33)

0 a - 1 ~~ a

1. Rotation Constants

The inverse moments of in e r t i a  ( roat ~ -on con s t~~n t s )  i re  c a l c u l a t e d

as follows:

--- .5— 

~~~~~~~~

—- - - -- — - - - - J



1 = ~ t] x . = ~ - i C~ = 2~L (r  s i n  -
~~yy 1 1 1 X 1 \  —

= .~~-~~~
i-- s~ n -~~ = M.1 r- - (l  — cos-~) 1 54 ,-

I = M v . = 2~~ b + M (a - b)-xx ~
- j .’ i i-I 0
1

\l \1
3 -= ~~~

— r - ( 1  + cos1-)
no 1

I = 1 + 1  (3oXX 
~~
‘

- -- h e r e

- ,  
= +c m l  - U

I f  o . 2 sj~~(0/ ) 7 : a l t o :  n a t e  des~~r : r - t  ~oa of t h - - l’~-nJin - - ae - , Inc -n

= r ’~~2 -

(~3~~)

= 7- i r -  
~~j 3--

~~, . 3 -

In o o t n  E-o..tt ion~ 13.! -~-:d (33- - t  ‘cn ~e .  7 : . - :c r to ’- v , i f  the s \ c - ’ e t r i c

or ow -- -::’.c.et:- strct n I i  ic I t t ; ‘~~~i ! - - ..~~ 2- 2 ci . I C 1 1  !~~ tOt O ~~\ er a g e  r as

th e  a~ erase of the  S U O o O C s  of t h e  s- - t r i t e  i’~~nd l ngths ,

- 
r - - + r 2~r- = , -

- i• ; — .~ ‘ r ) • r- -- 1

= — —— -, —— -~3S)

‘.~here

= — —

_ _ _ _ _ _ _ _ _ _ _ _ _
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Therefore , E qu at i o n  (38) y i e l d s

r 2 = ~~ + 2 2 ( q l - q 3 )  + .3 2 ( q ; +q3fl  + 
~~~

— 
~~~~~ 

+ 2~~~q + q - )

+ 
~~~ (q: 2 - 2q~ q~ + q~~~ ) = 2 2 (1 + + q - - + q3 4)

In any calculation involving either node one or mode three , the moment

of inert ia  i-iay be fac tored  into bending and s t r e t ch i n g  i n t e g r a l s :

< ik
~~
Iv\J j l >  = <i R (q1 3)~~i >  * — k ~~(l - cos Sr H >

where

R(q2 )  = N~ 2 2 (l 2q~ + q 2)

R ( q 3 )  = \1.~~— ( l  + q 3 — )

Thus a two-mode calculation w i t h  either stretch requires two one-

dimensional integrals. A three-mode calculation would require a two-

dimensional integral over R (q7,q3). Finall y,

A.. = <i~~~~~ j >  (39)

B . .  < i .1.!-~
_ j

~ (30)

C . .  = <~~~L- 
~

> (41)

o 0
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B. Descrirtion of Computer Code

The r . i u l t i v :b r a t i on a l  mo d o molecular phyaics pro gram known as M IS E RE

is current l y c ap ab l e  of producing full three-mode Vibrational wave

func t ions  for  H- i0 and s i m i l a r  n o n l in e a r  symmet r i c  t n i a t o m i c  mo~~~ca~ es .

The ro ta t ion cons tan t s , f ro m which  i s  c a l c u l a te d  the r o t a t i o n a l  ene rgy

spectrum , are present ly res t r ic ted  to two-mode analyses , m a i n ly  fu r

convenience .  ~Vh i le  several  of the  rout ines  compris ing t h i s  program are

general  and may be app l ied to much more comp lex systems , others  are

e n t i r e l-’- p rob lem der e n den t .  The modulari zation of the code , ho w ev er ,

enables  a v e r s a t i l i ty  t ha t  tu~ es l~-oa tment of more coanlox models a

r e l a t i v o l o  eas~- t o s h .

In t i e di scu ssion that foll~,-.~-s , t h e  t: rce main products of the cal-

c u l a t i o n  ( v i b r at i o n a l  ei g e n f u nc t i c n s , rot t i o n  c o n s t a n t s  and r o t a t i o n v i

energ ies)  w i l l  be b r m g e n  down in t er m s  ot ~ t o-c i n d i v i  thai  r o u t i n e~ it

produce t h e a .

1. \~~br atlonai icavo Functi0n :-

The main  root  Inc f i r s t  c o i l : ;  SL L F7-I , :shcch a lmos t  e a t ir e l ’.- dofi::t-~

the c u r r e n t  p r o b l o . ! . I t  se ts  up the m o l e c u l a r  ge o m e t r y  Im a s s e s , ang les ,

and bo nd  l e n ~ t n ~) , chooses a co-o r d i n a t e  ~‘.- st e :c , and d e f i n e s  t i:e h I l l e l  10

crier ;’-; oper ators  in t e rm s  of toe  chosen c o o r d i n a t e s .  ~ - \ N  t h e n  c a l l s

.\  l i - N - ii Ich ;v i l i  a r adue  the  c i  ,en f u n c t i ~~ns fo r  t i e  no I ecu 1 e i l lS  t

set up.  2-V. LI -b f i rs t  needs the  i t t e g r a l s  t h a t  w i l l  compr i se  t h e

Hami I t on i a n  ::‘atri x , so i t  c a l l s  i h i G i l T  to  c a l c ul a t e  ( 1)  the  k i n e t i c

i n t eg r a l s  (~ t~ pe t e r m s )  ; ~~~ t he  P typ e  t er m s  t h a t  w i l l  par t  i c i t i a t e

in kinetic i n t e r a c t i o n s  ~~~~~~~~~~~~~~~~~~~ ( S t  t h e  p o t en t i a l  matrix elements

L - - . 5 - - ,  - - - - -. 5 - -



(choice of power series or Morse potentials); and (4) the matrix of

various coordinate moments (<i~q~~j>) that  w i l l  describe the in terac t ions

of the potentials between modes . These integrals are calculated and

stored for each normal mode. INTGRT will presently produce up to 10

basis funct ions  (U armon .~~: or Morse) per mode , but is pract ica l ly l i m i t e d

only by storage and some minor adjustments. Harmonic oscillator matrix

elements are analytically derived using raising and lowering operators .

Morse eigenenergies are also analytically calculated , but P typ e terms

and coordinate moments are integrated using a Gauss-Hermite 12-point

numerical integration. INTGRT is virtually problem independent .

Having at hand the  in t eg ra l s  needed for  the H a m ilt o n i a n  and the

parameters controlling the sites of the potential terms and interactions

(from input or fitting procedure) , one needs onl y to assemble the various

terms into a coherent Ilamiltonian . This is the job of ORGAN . ORGAN

takes the matrix of integrals produced by INTGRT and stores then

wherever required in the tlll titode 1-lamiltonian . This routine is also

prob lem independent , and theoreticall y will handle any number of modes .

;~e discuss here only fundamental limitations .

All that remains of the vibrational calculation is to diagonali:e

the H am i l t o n i a n .  We use a variable threshold Jacobi method , J -\CVAT ,

w h i c h  g i v e s  r easonab ly  f a s t  and accurate eigenvalues and vectors for

medium site matrices . The vibrational energy spectrum that has now

been produced nay be compared to experiment and , if desired , an iteration

ta’: be set ‘in to f I t  the ca lcu la ted  en e r g y  spacings tc  experimental

values, if so instructed , ~AVEFN will call a nonlinear function m m m i -

o2 
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:ation routine , S T E P I F , w h i c h  w i l l  f i t  the  energy spacings to r : :cas t i red

values by s i m u l t a n e o u s l y  varying the pote ntial parameters . aLIT

is a standard routine using a direct search method (no derivatives) w i t h

automatic step site adjustment and neceleration. . \lso ud 2 ’ o s t e d  d u r i n g

the  fit procedure is the f r o u e n c v  of t he  ground st ; t - o  v i h r . t t  i o n .  B

min im i : ing  t h e  g r oun d  s t a t e  lLim~ it o : ;  i o n , one i a e~ ft;t oat mi :~-s t oe

choice of ba s i s  s e t .

2. R o t a t i o n  Coru ; t int : ;

I f  de s i r e d , ~‘U\lN s . i l l  nex t  c a l l  ROTI’L-\T , w h i c h  c a l c u l a t e;  s i n g l e  cr

double  co-Ce r o t a t ~~an oo i i s ; t t i t s  ( the  b e n d i n g  mode a lone , or in c o nj u n c —

n i  t h  e i t 1~ei - s t  t e t c h !tiOLi- O~ . The ccn ven ~ enee  of t h e  p resen t  s e t u p

is Cu . ’ t o  t h e  f . t c z  7 . ; t t  t o o  -i- -u~’ie tooL - c o i c u i ~~t ion can be f o t o r c d

m ;t o 1.- c  o n e — o t : n e : o , i~~n _~l ::it~ - ; r o t -. or ~s . A  tht OL - —uede alial sis - .~othd

r oan  i rc -‘ -‘ - U i ten sion. t i  i n t - c  t o  I - ci - t i e  st n et  oh C o r n ; : ! . ; t o  - l\0T~ L \L

i : r ;t  ~ . t l I ~~ I.\~ .- L , i Se~ ) J O  i t o  e n I r ’~ ;‘C L t m I i n  i 7 , 1 - h 1 7 , t o  g e t  t o e  in-

verse l a o  r t ~ : c: n i l  s . 3-he l i l t  - - ;
~ 

i-n I.; do f t  nec in IN TGII T

arc  prohi -c a i- -ron -i -nI (on  go a -
~~ i’; a-i-i co~- r d ; t i ; t t e  system) , but eth er -

wise the 1 2 — ’ e j : i t  Uaus-~—i ier : :1 ;IL - i;l tc glat ;005 are ;oner:il . Mor se  or

larnio n Ic b a s i s  set  - arc -‘ l i i i - ’  I c .  ho I ~-t \ l  t h e n  as scab les the  i n t e g r a l s

i n t o  i- e l  i t i  i t t  cat  r i  ces , reduces - r I IL to con ta  in e ands  of .~ at c r e s t

to s u h s o - o . e n t  ~.i i -:th i i on s ,  0 . . s i . t i 1 I l - i t O  t r i u s r o r m s  t h e  r euu eed

-::at r i .~ to  t he  e t g en v e : l . ::- b . i ; i~~ f- .’u nl in b -\VH-b .

.\t th i s no i at  , ‘L\ IN ‘sill opt :ona l Ie tit u s t the no l e cu l  ar geoiae t  rv

to  f i t  s e l e c t e d  r o t a t i o n  - O O f l S t . t f l t S .  .\t 3rL ’ : -ent  , SF1 13 1 l arie s toe bond

a n g l e  and c o o :  1 i hr  l ot:: 0 - l i  ;oad iL - f l  gth t o  f i t  -e \ . L L  t I  a t h e  etLj ’e r~ mental

ground t it A t :id B r ot  at  :on  c o n s t an t

0.)



3. Rotat ional  Energies

If rotation constants have been calculated , ~L~IN w i l l  op t iona l ly

use them to derive the rotational energy spectrum for the vibrational

bands sp ecified in the  previous step . ROTENG will call WAN G , which

forms the vibrational-rotational Hamiltonian . WAN G utilizes the WAN G

transformation , which factors the Hamiltonian into four smaller matrices

that can be diagonalized separately by JACVAT . This saves much time

and space, but r e s t r i c t s  the ana lys i s  to asymmetric ro tor  type molecules .

C. Molecular Potential Surface and Geometry

It was decided that tile following form of the potential will pro-

duce wav e~ u n e t i or - s t h a t  w ill best reproduce the rotational—vibrational

spectrum of IL-U:

D . [l - exp ( - i~ q~ fl + D:[l - exp ( - : ’c ~’) j

- exn (-i.qgfl~ ÷ D’:c1 [l -

This potential involves six free parameters tha t  were least-squares

fi t to four fu n i ; i m c n t o l  i100 ,200 ,O10 ,020) and two combination (110, l d ,~

vibra tional bands. In addition , the g o em e t r ~ c parameters of t h e mole-

cule rID and -

~~~ 
were vari ed se1f-cons~ stontly during the vibrational fit ,

so that the around s t i t - o  A an d B c c a s t - ;n t s  m a t c h e d  the  ext ’ er i c i en t  . Th e

static geometry of t he  m o l e c u l e  is

r0 = 0.~ Si 2 A = 1d4 ,33°

The v i b r a t i o n al  ~1ia c ings  w e t - c cons idered  f i t  whe n w it h i n  1 cm of

experiment . The f i n a l  v a l u e s  of the  p o t e n t i a l  parameters are tin ccr~):

(3 -4
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= 65234 q~ = 2.46 = -24559

= 36073 q~ = 0.7095 = -5326

A stability analysis was performed to see the e f f ec t  of expanding

the origina l basis set of t h r e e  Morse functions per mode. It was

apparent tha t  no s i g n i f i c a nt  d i f f e r e n c e  occurred t ha t  w oulu  war ran t

a larger set , and indeed , t I e  p r e d i c t ed  030 v i b r a t i o n a l  spacing  was

within 0.Ob~ of experL.,:ent.

Table 20 shows 101 rotat :ona i energies , calculated from rotation

constants predicted by the  a b ov e  p o t e n t i a l .
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Table 22
Rotational Energies Calculated from Rotation Constants

Calculated Observed
Ba nd J -c (cm~~ ) (cm- 1 ) 0ev. (~‘~)

C:) — —  __.— _ _  ——

000 1 — I  23.78’) 23.1100 0 .04
000 1 0 31’. 001 87. (‘0 C . IC .

L. 
00!) 1 1 62.337 <-2.370 0 .00
100 1 — 1  3680 . 056 36110.453 0 . 0 1
100 1 0 3692 .C1 ’  8693 .293  0 . 0 1
100 1 1 36914 . 002 3L~”8 .  ~!-1i’) 0 . 0 1
0 10  I — I  16 1 1 3 . 3 1 1 3  1 ( 1 1 1 . 0 0 0  0 . 0 2
010 1 0 I ( ,34 . 757  163 1 .00 0 0 .o i
010 1 1 1G- ~- O . 3 1 7  16- 10 . 00 0  ~~.02
1 1 0  1 1 r 9 . 0 5 5  5208.001)
1 1 0  1 0 5275 . 193 52 - t . 000  0 .02
t b  1 1 5282 .718  5220 . 000 0 .05
020 1 — I  3 1 75 .2 82  3175 . 000 0 . 0 1
020 1 0 3 1 9 4. 13 7  3 1 9 6 .0 0 0  0 .00
020 1 1 3 2 0 1 . 0 22  3202.000 0 .00
000 2 —2 70.009 70.090 0 . 12

.~~ 000 2 — 1  79.4-70 79 .490  0 . 0 3
01 -0 2 0 95.  166 95 .  175 0 . 0 1

~~~
- -=J 10-0 2 -‘2 3725.4-90 3725.943 0 . 0 1

____ 10~ 2 — 1  8734.4-37 8734.894 0 . 0 1
100 2 0 3750. 123  3750.466 0 . 0 1
1C ’ O 2 1 3737.753 37C 3.694 0 .02
100 2 2 3739 .064 3 3 9~~~74 0 . 02
010 2 —2 1 6 6 4 . 6 70  J 6 G n .000 0 .02
010 2 — 1  16 7 5 .9 1 0  1677.000 0 . 0 1
010 2 0 1698. 1-63  1098.020 0 . 0 1
010 2 1 17 4 t . ”-44 1743.00~?
010  2 2 1742 .623 1742.640
1 10  2 —2 5307.803  580t .0.ti0 0 .07
1 10  2 — 1  53 1 7 . 531 3 3 1 0 . 0 0 0  0 . 05
110  2 0 53 4 0 . 1 3 1  33’~~~~~0r ,9 0 . 1 5
110  2 1 53~? 5. ’127 3 3 7 9 . O e O  0 .14 .
110  2 2 3-383.734  55C t ) . 000 )  0 . 1 6
02:) 2 —2 8222.0 -1- 2  3222.000 0 .00
020 2 ~~ ~~~~~~. 8o’3 8233.01)0 0 . 0 1
02(1 2 0 3 23 5 . 3 5 0  3 2 5 5 . C I ~~i 0 . 0 1
020 2 1 3320 .026  3316.000 0. 12
020 2 2 3 3 2 1 . 06 7  8 8 1 7 . 00 0  9 . 1 2
000 3 — 3 136.504 12 6 . 75 3  0 . 1 8
100 3 —3 3790.831)  3 79 1 . 3 7 5  0 . 0 1
100 3 0 2338 . 131  3 8 5 3 . C T )  0 .0 !
100 3 3 3932.6-14 3c~33,3.-.c~ 0 . 0 7
010 13 — 2 1 73 1 .3 2 5  1732.009 0 . 0 4
0 10 3 0 1 ( 3 1 3 . 4 1 3 3 18 14 . 0 (3 0  0 . 03
1 1 0  3 — 3 53 7 z ; . 1 9 5  53 Ot . Oi , )  0 . 1 0
02) .3 — 3 3290 .089  3239 . 000 0 .03
020 3 0 3396. . ’i7 3388 000 0 0 7
100 4 ~~4 3374 3.27 3 3 7 3 . U ! 7  0. 02
103 4 0 2966.697 cooo. nno 0 .00
010 -J ~4 1 8 1 6 . 3 0 2  1 3 1 7 . 000 0 . 0 2
c,~~o 4 0 1 92 1. 8 1 3  1 9 20 . 0 0 0  “ .04
I 8) 4 —4 5459.  764 5<ti - 1- .000 0 .  1 1
020 —4 3377.240 3375 . ft OO 0 .07
02 .0 4- 0 8- 199.713 3496.0~~ri c i .  i i
10: _ i 5 —5 5975.101- 39i~~.804 0.a l
in s 0 4 1 5 0 .3 0 5  4 15 0 .2 1 1 3  0 .0 0
0 19  5 — 5 1919. 376 1 9 2 1 . C: T 0 0 .07
010 3 0 2 1 2 4 . 9 1 1  2127 . 0 0 ’)  0 . 1 0
1 1 0  5 —5 534, I .  12 1  1(55.1 . 00- i  0. 11
020 5 — 5 3~-82 . 079 3~.7’) . ( !nO 0 .09

_ _ _ _ _ _  - - -- — .5 - - - - ---
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B~st :~r~v:~.]-.:-:--~ 
COPY

Table 22 . Cont inued

Calcula ted Observed
J a (cnr 1) lcm* 0ev . (~~)

000 6 —6 4 15 . 6 15  4-46 .695  0 . 20
100 6 — 6 4095 .078  4 09 5 . 3 13  0 . 0 1
100 6 0 4-305.230 43 0 11.213  0.05
0 10 6 — 6 2040.829 2062.00 ’) 0.03
010 6 0 2278.4.45 22( 13.000 0 .20
1 1 0  6 —6 5 6 79. 63 5  56 7 3. 0 0 0  0 . 1 2

02(3 6 -6 3 604.352  3000.000 0 . 1 2
000 7 — 7 53.1 . 181) 586 .006 0. 15
100 7 —7 4231 . 1173  ‘1-2:12.CeO 0 .0 0
100 7 —3 4347.725 4248.000 0 . 0 !
100 7 — 3 4-123. 526 442~1 .0-CI ;  0 .06
100 7 — i  4 4 - B 1 . l o c .  “~~,93.OOO 0.0’)
100 7 1 45 1)9 .960  4-572.000 0 .05
tOO 7 3 <(.113.41)3 46 9 6 .0 0 ’ 0.  15
010 7 —7 2 11’3.925 2 1 4 1 1 . C 0 0  0 . 1 0
11 0 1’ —7 5315 .620 5310 .0-00 0.10
02fl 7 —7 37-t4.8a7 8739.020 0.14
000 3 —8 742.64(3 741.000 0. IC
101) (3 —3 4367.97c’ 4-337.000 0.02
100 8 —4 4523.759 4524.0110 0.01
1110 8 —4 4619.137 <623.000 0.08
10) 8 — 2 4624 .877 ‘:~ so. ooo
160 11 0 4-762. 003 4-7’ ‘. u00 0. 02
100 3 2 1364 . ‘1(.3 433) .000 0.05
01 ( 3  8 — 13 233 5.  1 o I  23113 .000 0. 11
1 10  8 —3 5919 .20 1 3 O 6 3 . 0 C ~

) 0 . 1 0
02.) 11 —3 3902. -I -; i 8825 . ’ : 9  0 . 1 0
ooO 0 — 9 9 1 3 . 3 5 2  92:~ . C 0  0. TO
100 9 —9 4561.4106 .1060.000
100 9 --7 4-717.  -1-0 7 4- 0’16 - 0.03
100 ‘3 — -s <8 ’:- . : ;:j l 4 2 3 3 . , - 0 : ~ 0 . C C
TOO 9 —3 ‘ 12 1 8 . 0 - I - ’) < -913. 11:00 0.19
10) 9 — 1  4 9 9 1 . 1 0 3  < - 9 9 5 . 0 - C r ’  0 .0 ( 1
10’) 9 1 5168.0-1- 0 5 1r3.CeO 0 _ C O
010 9 —‘3 2 09.977 2513 .00’) 0.12
11 0 Cl —0 6160 .620 61 10 .3 0 ) 0.09
i c’o 10 —10 4754.13.’ -:-70~~.87o 0.03
100 10 --8 4929 . 231’ -10 :10.811? 0 .07
1110 10 — 6 5 00 6 . 8 1 3  5069.  COO 0 .04
10() 10 — 4 5161.5k :- ’- 31(03.033 0 . 1 5
100 10 — 2 C240.t1 - 5 5246 .602 0 . 1 1
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