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Introduction r ~ 
- :

An issue of considerable interest in the fracture of high strength

alloys concerns the role of microstructure and how its behavior influences

the failure process. As delineated by Cox and Low [1], for example, control

of microstructure in selected steels can have a pronounced effect on fracture

toughness. One of the features of the process whereby this influence is

exerted is strain localization , as it has come to be designated, reference

here being made to behavior in the vicinity of and between inclusions and

particulates, which are otherwise intended to enhance the bulk properties

of the material .

This issue has attracted the attention of metallurgists in the past

few years; and Thompson, for one, has made a careful review [2] of this and

allied literature. Several contributions, too many to enumerate here, were

made at the recent International Conference on Fracture [3]. Other confer-

ences and symposia within the metals community itself are similarly dedicated.

In effect, a great deal of attention has been devoted to creating, observing,

describing, and characterizing the processes involved.

At the same time , this issue has captured the imagination of a few

mechanicists. In simplified terms , strain localizat ion is related to stress

concentration which historically is the object of such analysis. Of course

the relation is complex in that stress analysis tends to presume straight-

forward geometric and load configurations as well as material response,

whereas strain localization occurs under circumstances far more difficult

to model. Nonetheless the effort goes forward, and careful contributions

by such people as Drucker [4] and RIce [5] are to be found. These and other

works are most provocative in that they carefully examine the metallurgical
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literature and seek to draw therefrom issues deemed both essential to the

problem and workable in terms of available techniques.

Such literature, however, tends to be slightly pessimistic. The mech-

anics problems associated with metallurgical observation are subtle, complex,

and hard to define. In a sense, the problem almost becomes defining the

problem. Moreover, the behavior involved in the processes leading to material

failure are ones which remain to be resolved satisfactorily on the macroscale,

where the continuum assumptions seem most reasonable, and transferring atten-

tion to a niicroscale is in some respects most trying.

We have chosen to address these issues in a slightly different manner.

(Although discussing this point tends to become a bit philosophical , perhaps

a few words are in order.) The information most evident to the mechanicist

is his own capacity to set and solve problems, and broadly, the nature of the

metallurgical findings. With respect to problem-solving, one develops the

same sense that, given enough time on a big enough computer and adequate

material data, the mechanicist can eventually solve any problem to some

degree of accuracy. This is not so much a braggadocio as it is a reflection

of the growth of computational mechanics over the last decade.

The metallurgical findings are - for the inechanicist - less easily char-
acterized. If the discussion is limited to fracture, however, certain matters

stand out. Material rupture in the presence of considerable yielding have

yet to be well characterized by the engineer, even though efforts utilizing

such measures as J and COD continue to be pressed. Metallographic examination

of such failures is in any event still highly qualitative , and the tools re-

garded increasingly effective are those associated with fractography and

certain types of microscopy (SEM , TEM, e.g.). Conclusions are perforce

. ~~~~~~~~~~~~~~~~~~~~~ , .  _ _ _  _ _ _ _ _
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inferential, but their growing reliability depends upon the emergence of

certain similarities of behavior, or patterns of behavior. These develop-

ments have led to semi-quantitative techniques (which often draw upon cor-

relative information as opposed to basic physics) and even a language of

sorts to describe the observations. For example, the term “strain localiza-

tion” is one whose popularity is but recent.

To the mechanicist the striking feature of these and allied developments

is the physical size scale over which they operate. Observations are made

of events ranging from sub-micron behavior to sizes on the order of lO~ji.

This range is dictated of course by use of various forms of microscopy ;

it is in sharp contrast to more traditional scales. Dislocation mechanics

was for years regarded as the starting point for ultimate solution of frac-

ture (or failure or rupture) problems and, while it still provides critical

information, has apparently not succeeded in achieving answers at the multi-

micron size scale. Continuum mechanics, on the other hand, has proven success-

ful on the macroscale - there is an immense literature hardly in need of dis-

cussion here - but the resolving power of such techniques is also limited .

That is, continuum mechanics on a macroscale breaks down or contains demon-

strable error on the scale typical of the microscopy used in failure analysis.

In a phrase, then, neither (theoretical) end of the size scale quite

reaches the middle range (ca. l~i - lOOp). Moreover, it is apparent that

behavior at this intermediate scale is one which in some manner jumps from

its lower end to its upper, and then to a larger one; there appears here to

be the linkage between micro and macroscale behavior.

How does this occur? In mechanics, where the reflexive attitude is that

size scale of any problem governs the scale of the response, this apparent 
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jump in size scale is certainly an intriguing question to investigate. In

addition the significance of the problem makes it an important issue to

pursue. What we need, then, is to contrive a problem or sequence of problems

in which this jump is both unlikely and inevitable and them to seek means

for articulating the event(s) involved.

How we have proceeded forms the basis of this report. Certain points

should be noted at this stage, so that the context for the work is clear.

We view the metallographic information depicted in Figure 1 as typifying a

certain microstructure comprising a matrix having well defined inclusions .

We know in advance that a modest degree of external load will produce con-

centrations of stress in the region of each inclusion-matrix interface; by

association there will also be strain concentrations. Moreover, we antici-

pate that this behavior will be localized to each inclusion in that the

range overwhich this occurs is demonstrably limited [6,7]. As external

loading grows, we would hope to see evidence of local behavior linking up,

from, one inclusion to another, so that a zone of yield or plastic flow occurs

over a pathway which is both extensive in one direction and limited in the

other. Damage is expected to accrue in this pathway , by various means, and

it becomes the precursor to the failure surface itself.

Given this framework, there is need to do the work at reasonable cost

in terms both of peoplepower and computation . While the field in Figure 1

could be modeled in toto, doing so would be prohibitive and somewhat limited

in what it tells us. Since the issue is interaction , however, we have chosen

to consider only two inclusions at the outset, to identify their individual

behavior with some care, to document their response under controlled condi-

tions, and to interpret the results with due caution. 



We have done this and report here what are considered to be our central

findings. The modeling and the mechanics are discussed first, and then we

describe the results of two sets of analyses, for each of two models. While

obviously our “solutions’1 are in the form of extensive numerical printouts,

we seek here to emphasize the nature and character of our findings. An

extensive numerical data base is of course in hand, and we plan to use it in

designing and interpreting other analyses as this work is carried forward. 

~~- .  —- .-.— .“-- — .-. . —--‘-- .~~~~---- -



MODELING OF INCLUSIONS

The overwhelming evidence from metallographic observations is that

neighboring inclusions tend to interact. By the term, inclusion , we refer

here to any material embedded in a matrix of another material, the elastic

and plastic behavior of the two being different in some respects. Inter-

action, on the other hand, is less well defined* in that observations suggest

a range of events from strain localization in some visible form, to void initi-

ation, growth, and coalescence . The type(s) of interaction we would be able

to discern would perforce depend upon what is admitted by a particular compu-

tational model. It was decided , therefore, to proceed on a step-by-step and

necessarily cautious basis, taking conservative models at the outset.

Since the issue is interaction between inclusions , the model must include

a minimu i. In order to reflect the actual physical situation the two

inclu’~ be spaced several diameters apart; adopting a conservative

line , ~e have taken a center-to-center spacing of l1-~ diameters. This pre-

cludes elastic interaction, to judge from related studies [6,7]. Further,

they should be arranged so that their orientation with respect to load direc-

tion is easily varied. This notion stems from the inference that interaction

may be sensitive to the relative direction of the loading and the axis con-

necting the two inclusions. Finally, we are aware that the detai l of any

computed result may be sensitive to the particular element map used; an in-

ternal consistency is required to permit comparable bases for interpreting

numerical data.

An element map was then constructed such that a central circular region

containing the two inclusions could, be rotated to several positions within

*Trial definitions are being formulated and are being tested against data
of the sort presented here. A report on this portion of the work is deferred
pending development of further baseline data.

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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an overall square element map . Relative to the vertical , the axis connecting

the inclusions could assume the directions of 0, 22.5, 45, 67.5, and 90 deg.

At the inclusion-matrix interface , a total of 24 clements was used to pro-

vide a modest degree of angular resolution , both for strains (or stresses)

and for their gradients. The element size is graduated toward the interior

of the inclusions , as well as to the exterior, first gradually and then more

rapidly.* Mapping was facilitated by use of bipolar coordinates locally - see

Figure 2. As may be seen in Figures 3a-3e, the intent outlined above to cap-

ture indications of inclusion interaction was provided for without creating

an excessively complex element map that would be costly in initial analyses.

Loading conditions are another important but subtle aspect of modeling,

and there are two primary characteristics to consider. One is the overall

pattern involved , and the other is the specifics of its representation .

While it is true that we need not at this stage assign a size scale to the

model , we nonetheless regard it as physically small , with the inclusion

spacing on the order of 100pm. Unless, therefore, the area of material under

analysis is in a position of extremely high stress or strain gradients , as

in the vicinity of a crack tip, it is sufficient to limit attention to uni-

form fields such as simple tension. Indeed, the results we report correspond

to such a state. Lateral loading, however, is not so easily resolved. It is

possible to have a lateral constraint such that no motion normal to the direc-

tion of loading occurs; on the other hand , there may be no lateral constraint

whatever. Third, there may be an intermediate case which could involve lateral

motion associated with a Poisson field of some sort. We felt that it would be

useful to consider all three cases, for two reasons. First, there appeared to

*7~1apping was checked by certain elastic analyses. The inclusions were repre-
sented as holes , and a patch test was performed. The results were satisfactory
and will be reported separately.

I
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be no clear basis for selecting one over the other two and , second, we

deemed it advisable to develop some sense of the importance of lateral

constraint.

The specific representation of the excitation was in terms of dis-

placements along the boundary. In this manner, one could infer that some

basic call is under analysis, and it is compatible with like neighbors .

In addition , computational experience wojld suggest that the analysis would

be more stable were we subsequently to extend excitation to high strains.

Thus if the overall domain is characteri’ed by the dimensions - a < x < a,

- a < y < a, three sets of boundary conditions are designated as follows :

full constraint: x = 
~ a, u = 0

.r = 0xy

y = ~~~a, v = + v

~r = 0xy

Poissofl constraint: x = + a, u = ÷ vv
- 0

t = 0xy

y = + a, v = ± v0
Txy

nil constraint: x = + a, c = = 0
- x xy

y = ± a, V = ±

-r = 0xy

where (u,v) are the displacement components in the (x,y) frame, and

are stress components. Several detailed matters deserve comment. No shear

loading is included , the effect of shear being in some measure .taken into

account by changing orientation of the inclusion-inclusion axis. The pre-

scribed value v0 is meant to indicate an accumulation of displacement as a —

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~---~~ ~~ —~~~-—-.-~~~~~~~
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result of successive increments of excitation . Thus , v0 = E6v
0
. Further

discussion on this follows. The Poisson constraint corresponds to a plane

stress displacement field for the overall domain , although the analysis

itself presumes plane strain. In this manner we view the material within

the element map as being part of a larger specimen ; local behavior , however,

is tuned to the fact that the dimensions of the inclusions are relatively

quite small.

Material characterization is the third part of ~he model ing.  Ideally,

we would prefer to have actual tensile data for the two Ti phases presumed

to comprise this model. In practice , however, such information is difficult

to obtain and some degree of approximation is virtually unavoidable.* For-

tunately, a companion research activity has been in progress , and we were

able to obtain suitable representations of the material charactt:ristics

from it [8]. The results are shown in Figures 4a and b , and one observes

certain differences between the a and 8 phases of this alloy . Elastically,

the a phase (inclusion) is somewhat stiffer, but begins to yield at a lower

stress. Once yield initiates , the 8 phase is noticeably more compliant

in that the flatness of the stress-strain curve will allow strain to ac-

cumulate rapidly with a very moderate rise in stress. The 8 phase (matri x)

is seen to work-harden to a greater degree and will thereby require greater

excitation to reach a point of rapid strain accumulation .

It is thus with some care that the geometry , loading, and material have

been described for these computations. Obviously, there is room for eventual

improvement in the sense of specializing the analysis to one or more specific

cases as in Figure 1. It should be noted , however, that our objective at

this stage is to develop a data base whereby more specific and thereby complex

*Note that the computational scheme we use is fully capable of accepting tensile
data, subject only to correction for effects of necking, and no curve-fitting is
required. It has been remarked elsewhere that this tends to enhance the accuracy
of the computations [9.10]
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situations may be modeled , analyzed , and understood. Again , the issue here

of direct interest is inclusion-inclusion interaction , how it is manifested

and best described. And this interest stems from the basic notion that in-

teraction is the mechanism whereby strain localization and associated phe-

nomena jump in size scale from that of a single inclusion to inter-inclusion

spacing; it is this event which is believed to allow behavior on a micro-

structural scale to grow to macroscale proportions.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~..- -~~~~--..—~~~~~~~~~~~~~~~ 
- -



O&TLINE OF COMPLiTATI OIIAL MECHANICS

The basic approach to the - computations has been reported in detail

elsewhere [10,11] and a description here need only be brief. Strains are

separated into elastic and plastic parts, the first obeying Hooke’s law

(isotropic). The plastic strains accumulate from increments which are the

results of excitation itself being applied incrementally, i.e., in a step-

by-step manner. These plastic strain increments are linearly related to

the stress increments through-a flow rule. Many such flow rules exist , and

we have chosen to use the so-called Prandtl-Reuss flow rule which necessarily

presumes that the material yields according to the von Mises criterion .

Thus if the octahedral Stress ~ 5 given by the general formula

/ 2 2 2
-r ~[(2/9)(c + 0  + 0  - 0 0  0 0  - 0 0o x y z y z  x z  x y

2 2 2
+ 3t + 3i- + 3 T  ) ]yz xz xy

and, in plane strain, the particular form

/ 2 2 2 2
t i[(2/9)(~ + ç j  +~~~ - a o  ~~~~~~~~~~~~ ~~~~~~~~~~~~ + 3-c )o x y z y z  x z  x y  xy

we have a basis for measuring the extent of yield or plastic flow. (The

usual stress notation is used above.) It is relatively straightforward to

demonstrate that the general flow rule is

(
~

) 
‘~ 26c. . = ~a s..s /6p~~~T ; s.. = 0. .  - 0

kL i~ kP. 0 0 ij  ij  rr ij

where 6 denotes a small increment in the quantity to which it is attached, and

standard indicial notation is employed. Note that the incremental 6 is dis-

tinct from the Kronecker S~~ . Other notation is described explicitly below .

In order to achieve the flow rule for plane strain , the elastic strain incre-

ments 6c
~r 

are added to the foregoing expression , and the through-thickness

strain increments (i.e., 6c.3) are set to zero. The result is , in (x,y) 

. ... - , . - . . - - —.—- —-
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cartesian coordinates,

E(l+s
~
2/s0

2)6c
~ 

= [1 - ~,2 ~ (s
2+2vs s +s 2)/s 2]6a

+ [-v (l+v) + (5x5y
_2
~
)5z

2
)
~
/5o

2160y 
+ 2[(5x

+V5
z)Txy/5o

2
]6Txy

E(1+5
z
2
/S
o
2
)6C

y 
= [-v(1+v) + (S

y
S
x
_2VS

z
2
)/So

2
JôO

x

+ [1 - + (Sy
2+2V5ySz

+5z
2)/So

2]óOy + 2E (5y+vSz)Txy/5o
2]6Txy

E(l+Sz
2
/5o

2
)óYxy = 2[Txy(5x

+V5z)/So
2

JtSOx + 2ETxy(5y
+V5 z)/5o

2]ôOy

+ 2{(l+v) + 2 [T~~
2 

+

where

s~ = (20x
_a
y
_c
z)/3

= (2a
~~

-c1
~~

-a
~~

) /3

= (20z
_a
x
_a
y)/3

s0
2 

= 6T 2
~.1~

1
~ /E

= p~~~~~ ( i )  = dt0/dy~~

Two further considerations now are incorporated. The strain increments

relate to the displacement increments

= 36u/ax, 6C
y 

=

6
~xy 

= ~6u/~ y +

which is tantamount to restricting the process to infinitesimal strains,

operationally limiting the analysis to accumulated strains of several percent.

Second, the full flow rule is inverted to give stress increments in terms of

strain increments, viz.

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _ _ _ _ _  _ _ _ _
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(1+v)6a
~
/E = [(1-v)/(1-2v) - Qs1

2/s0
2
Jac

~ 
+ Ev/(l-2v) - Qs

~
s
~

Is 0
2 ] 6 c

~
- 

~
5xTx/5o ]6Yxy

(1+V)60
y
/E = [v/(l-2v) - Qs

~
s
~

/s0
2
]6e

~ 
+ [(l-v)/(1-2v) - Q5y

2
/50

2
]66y

2
- 

~
5yTxy~

5o 16~xy

(1+u)&Txy/E = - [QT~ y
s
~

/so
2

]tSc
~ 

- [QT xy5y/5o
2
]ISC

y 
+ [1/2 - QT xy

2
/50

2
]óY xy

where

l/Q = (l+v)(l+p/p~~~)

and we require that the stress increments be equilibrated against one another

and external loads. Without writing the result in detail , it should be evi-

dent that the basic requirements of kinematic compatibility , material behavior,

and equilibrium are all fully incorporated.

An analytic solution to these equations is unattainable except in the

simplest of cases, e.g., pure bending of a beam . We therefore revert to

computational techniques , and the finite element method is most attractive

in its ability to accommodate the geometry involved , plus other features in-

dicated below . Basically, the method works as follows . The domain of in-

terest is modeled by a large number of small pieces - called elements - con-

nected at well defined points - called nodes. Each element is permitted to

deform in a prescribed manner, e.g., linear distribution of the (incremental)

displacements. The corresponding (incremental) strains are computed and,

using an analogue to the theorem of minimum potential energy, one determines

the (incremental) forces at the nodes required to maintain external equilibrium

and the internal strains. These forces will depend upon the degree of yield

in that the material is increasingly compliant as it goes further along the

stress-strain curve. The relationship between the incremen -l displacements

~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ..
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and incremental forces is linear, in that the flow rule relating incremental

strains and stresses is linear , and this relationship is algebraic rather

than in terms of derivatives. Using finite elements , the requirement to

solve complicated differential equations is therefore replaced by a need to

solve a set of linear algebraic equations.

All that is left is to perform the computation successively in a manner

such that (a) the material tracks its own stre~s-strain curve, and (b) in-

ternal strains and stresses accrue as external excitation builds . We have

devised computational procedures to perform this task which prove to be

efficient and accurate [9,10]. It is these techniques which have been used

in the present work, and the computational results are believed to be of the

same calibre as those reported in other efforts. 

-~~~~~~~~--~~~~~~~



V

COHERENT MODEL

From the standpoint of developing an initial baseline of data , the

simplest problem class to consider is that in which the material is fully

coherent. That is to say, no flaws, fissures, or other discontinuities

exist within the domain under analysis , Figures 3a-3e . While of course

this does not represent ful ly  the range of metallurgical observations ,

it nonetheless provides an indication of the effect of inclusions by them—

aelves; we also have a basis for evaluating the influence of alternate

models.

We have therefore performed the following initial computation. Assum-

ing full coherence of the material, excitation was applied in terms of dis-

placements as indicated above, using the following scheme. The initial

“load” increment necessarily elicits (linear) elastic response, and its

magnitude is scaled to ttring the most highly stressed element just beyond

the brink of y ield. The next increment is adj usted to be 5 percent of the

first, the third is 5 percent of the accumulated sum, and so on. A total

of 25 “load” increments was applied.

This procedure was followed for each of 15 cases, involving five orien-

tations of the inclusion-inclusion axis and three types of lateral constraint.

Since the constraint affects the magnitude of excitation required to initiate

yield ,* the final level of excitation was different for each of the three

types of lateral constraint . For reference we list them below in terms of

the (vertical) axial strain imposed and the representative octahedral strain

level achieved , far from the inclusions. Clearly, excitation was not excessive ,

*Orientation of the inclusion-inclusion axis has only a marginal effect
on this, owing to the smallness of the inclusions. 

~--.- .- -.— -~ - - - ,—- — --- - - - - --
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representative value of
accumulated v0/a accumulated

full constraint 0.0322 2.48

Poisson constraint 0.0270 2.46

nil constraint 0.0252 2.87

but did reach a levc~ ‘~n1- re field had yielded. Since the strain

values shown refer to ~~
- - material, it is clear by comparison to

Figure 4b that this phase n~ rou~.ded the knee of the stress-strain curve

but did not reach the point where strain could accumulate rapidly with only

minor increase in stress level. The same is not true of the a phase.

The results* are interesting in several respects. Throughout the

excitation cycle, the stress and strain fields in the a phase showed very

little directional character, for all orientations of the inclusion-inclusion

axis. The one distinguishing characteristic of the response interior to the

inclusion was a high degree of hydrostatic tension accompanying the yield

process. Typically, the hydrostatic stress was 4-14 times the yield stress

of the a phase. We return to the implications of this information below .

In the matrix material , near the a-8 interface , response was both dir-

ectionally oriented and mixed. On the right and left sides** of the inclu-

sions, stress tended to concentrate just as might be expected from classi-

cal analysis of the related problem of a hole in a plate under tension [6].

Above and below the inclusions, however, strain tended to concentrate. One

must be more specific in making these statements , however, to avoid misin-

terpretation. The stress concentration on the sides of the inclusion is in

terms of a hoop stress, just as is used to gauge the effect of a hole in a

classical elastic stress analysis. Owing to the presence of the inclusion,

*As a pract ical  matter , we note that each of the 15 computer runs required
16 secs on the Univac 1108, so that cost of these analyses is not excessive .

**Recall that excitation is vertical , constraint lateral or horizontal.



however, and to the hydrostatic state in its interior, the normal stress on

the inclusion ’s sides is important . The combination of the two, plus the

through-thickness stress characteristic of plane strain , tends to inhibit

growth of the effective or octahedral stress. On the other hand , the strains

above and below the inclusion tend to differ by greater amounts, and we

observe a relatively larger amount of the type of strain associated with

yield. This situation is depicted in Figures 5a to Se, in which octahedral

strain around the inclusion (but measured just within the matrix) is shown

for one type of constraint. The four excitation levels correspond to (1) in-

itiation of yield in the inclusion , (ii) initiation of yield in the matrix

(far field), (iii) matrix strain roughly equal to the 0.2 percent offset,

and, (iv) about twice the third level (achieving the values shown in the table

above).

Such is the response in the inclusion and just outside the a-8 inter-

face. The question now arises as to whether the influence of the inclusion

spreads beyond its immediate vicinity . The answer here is a little dis-

appointing, and we are obliged to stretch the credibility of the numerical

data to demonstrate the trend. The expectation is as follows . Once initial

concentrations of a given stress component have been relaxed by attendant

yield , the zones over which plas tic flow should be most pronounced wi l l

lie at about * 45 deg from the direction of excitation. Indeed such be-

havior is observed and is most apparent in terms of either octahedral or

effective strains We show in Figures 6a-6e an inference of this behavior,

having darkened those elements for which 
~o’~lim is at least 1 percent

greater than the far field value . The trouble, however, is that the eleva-

tion of this strain - relative to the far-field value - is small , and one is

somewhat pressed to use such information as a meaningful guide . It is nonetheless

~



true that the greatest tendency for interactions between inclusions occurs

when their connecting axis is at ± 45 deg to the vertical and , moreover, both

octahedral and effective strains appear to be the most sensitive measures of

this effect.

Hence we are able to make limited inferences as to response of the co-

herent model at modest levels of excitation. What information can be ex-

tracted from the computational results is nonetheless consistent with ex-

pectation, at least on the basis of the problem ’s mechanics, but the be-

havior is less definitive than might be hoped.
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BURST MODEL

Since one of the major features of the coherent model is the high hydro-

static tension within the inclusion , it is natural to create a second model

which responds to this information in a suitable manner. Were we to proceed

solely on the basis of microstructural observation, debonding at the cz-8

interface would be the obvious extension to the coherent model. From the

standpoint of the analysis, however, this has a serious drawback and we

again prefer a more cautious approach .

The difficulty lies in choosing the region of debonding, and it is con-

ceptual . One must in some manner decide

• the position along the interface where debonding occurs

• the extent (length) of the debonded interface

• the timing within the exci tation cycle when debonding

takes place.

In effect one is asked to insert a micro-fracture criterion , and then to

separate out its influence from other factors. Pursuing such a course is

clearly in conflict with our objective at this stage, to utilize computa-

tional mechanics to infer such information. Subsequent work will address

these matters.

Accordingly, we have chosen to allow the inclusion to burst from

within, i.e., to let the interior open up. This has the overall effects

of relieving the hydrostatic tension which otherwise builds up, and of

making the inclusion - taken as a piece - considerably more compliant . The

non-directionality of the inclusion ’s apparent properties is preserved and ,

while this type of behavior may not be frequencly observed, the essential

feature of relaxing inclusion-ma~trix integrity is in some measure replicated. 

-- .. - - - —. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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W~ remark in passing that such alteration is altogether stra ightforward

in finite element analysis; one need only modify the connectivity of the

elements rather than construct a new element map from the outset.

With this modification , the type of analysis described above was re-

peated. For comparison , we record the final levels of excitation for the

three types of lateral constraint.

accumulated v/a representative value of
accumul ated 

~o”~ lim

full constraint 0.0181 1.40

Poisson constraint 0.0177 1.62

nil constraint 0.0165 1.76

It is to be observed that considerably lower levels of excitation initiated

plastic flow for all types of constraint, in that the final excitation

levels are less than in the coherent model , even though the same algorithm

for step sizing and the same number of steps were used in the computations.

The results, too, are quite different. We show first the angular dis-

tribution of octahedral strain for each of the inclusion-inclusion axis

orientations, and for each of the types of constraint in Figures 7a to 7e,

8a to 8e, and 9a to 9e. Whereas the coherent model (Figures 5a-5e) showed

a fair degree of angular sensitivity, the effect now is magnified. Moreover,

the strains achieved can greatly exceed those for the coherent model even

though far-field excitation is lower by nearly half.

It is also evident that the regions of highest (octahedral) strain con-

centration have shifted from positions above and below the inclusions to ones

which are roughly on the right and left sides . These sites are not d i s t i nc t ly

positioned for all cases (see, e.g., Figure 7e), and range from a narrow part

of the interface to a fairly extensive region along the interface . (Compare,

~~~~~~~~~~~~ - -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -  - -~~~~~~~~~~~~~~~~~ - —~~-- -~~~~—~~~~~~~~~~~ --~~~~~~ .-- A
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e.g., Figures 8e and 9b.) In viewing these figures, it is evident that the

data tend to be noisy in some respects; while we acknowledge this behavior ,

we recognize also that the maps are not of a nature to accommodate the high

gradients that occur in certain of these results. Nonetheless the sense

of the data is taken to be acceptable , and we proceed to draw certain

conclusions from the sets of Figures 7, 8, and 9.

It is clear that the magnitude of peak values of ‘
~o”~lim 

is quite sen-

sitive to lateral constraint, with the greatest values occurring at the

greatest constraint. (Note the change in scale between Figures 5a-5e and

7a-7e, et seq. In the latter, data are shown only for the highest “load”

level. It is Figures 9a-9e that compare directly to the upper values in

Figures 5a-5e.) Whereas, in the coherent model , maximum and minimum values

ofy ‘~l~ 
are about +20 per cent and -10 percent of the far-field level ,

the burst mode l shows very different behavior. Maxima are several times the

far field level of y0/y1~~ (exceeding 8x in some instances), and minima are

below yield. Clearly, we have evidence of strain localization in these data

alone. Of further interest, tendency of interaction is enhanced by constraint .

Looking, for example at Figures 7d, 8d, and 9d , it is observed that the pre-

sence of a neighboring inclusion affects the relative magnitude of peak

strains at this exci tation level in a manner that reflec ts the growing degree

of constraint among the three cases. Finally, and somewhat of a surprise , the

degree of interaction - as inferred from relative peaks in 
~o’~ lim is roughly

is proportion to the angle of the inclusion-inclusion axis. This suggests

that over- and-under inclusions are v i r tua l ly  unaffected by one another,

whereas side-by-side configurations, would tend toward much hi gher degrees

of interaction, at least to judge from behavior at the matrix-inclusion

interface . Information presented below modifies this inference , but the 

~~~~~~~~~~~~~~~~~~~~~



pattern of strain localization and its sensitivity to parameters included

in this study are nonetheless distinct.

Not shown , but apparent from the numerical printout , are two further

points. The hydrostatic stress within the inclusion has been reduced which ,

after all , was the intent of th is  exercise. In addition , a considerable

degree of angularity in the magnitude of yielding wi th in the inclus ion is

to be seen.

Finally, we examine the tendency of higher strains at one inclusion to

reach outward and thereby to interact with strains at the neighboring inclu-

sion. Here we need not stretch the numerical data, as in the coherent model.

It is relatively simple to identify those elements for which the octahedral

strain exceeds S per cent and 10 per cent of the fa r - f ie ld  value;  the corre-

sponding sketches are shown in Figures lOa-lOe , lla-lle , and 12a-l2e. The

shapes of the result ing zones are somewhat d i f ferent  for the 0 and 90 deg

orientations of the inclusion-inclusion axis , relative to Figures 6a-6e;

otherwise , some similari ty is to be noted. In add ition , we observe that,

apart from the 0 and 90 deg orientations, sensi t ivi ty to constraint is modest.

What does emerge most clearly is the degree to which the two inclusions tend

to interact over the space separating them. In all cases the larger plastic

strains tend to reach outward at about 
~ 

45 deg to .the line of loading so

that , in the case where the inclusion-inclusion axis itself is at 45 deg,

these zones of higher plastic strain actually connect; see Figures lOc ,

lic , and 12c. Such is not the case for other orientations so that the in-

tense strain localization indicated in Figures 9a to 9e is effective in

promoting interaction only when other conditions permit. Indeed , this

point is borne out by the pattern in Figures lOa- lOe. Al though strain

local izat ion at the interface is much less intense , connectivi ty of the

higher strain zones is still to be seen in Figure lOc.
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In this model , the inc lus ion  is made much more compl i an t  than in the co-

herent case and , as a result , t~’e see that the strains in the matri x (near the

interface) can become d rama t i ca l ly  increased. This behavior can be confined

to a small portion of the in terf ace region or it may be spread out , depending

on ex ternal factors wh ich , frankly, is a little surprising. Even so, the

tendency for these intense strains to spread and thereby to interact with

those emanating from another inclusion appears to depend primarily on the

relative location of that other inclusion and only to a lesser degree on

other factors. To the extent that the computation is directed toward iden-

tifying those features which lead to inclusion-inclusion interaction , the

data presented and discussed in this section are revealing, and the resul ts

prompt further and more detai led analysis .  - 
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CONCLUDING REMARKS

It is clear that the question of strain localization , posed in terms

of inclusion-inclusion interaction , may be addressed with existing computa-

tional techniques. With some care in modeling, one need not generate ex-

cessive strain levels  no r encounter grad ien ts which press computational

methods grea tly beyond the extremes of their  capab i l ity. What we have done

here is fol low this route for two simple cases , proceeding with caution in

the modeling process. While some of the analyses produced higher gradients

than were anticipated, the results remain credible.

The observations to be made are that inclusion-inclusion interaction

will develop , given a reasonable set of circumstances , and that the process

can be quite rapid in what is otherwise an innocuous setting. Accounting

for plas tic flow , however, is a critical part of the overall  approach , in

that linear elastic analysis would not presage the type of behavior observed

here .

Inferenti a l l y ,  the quantitative details will depend upon inclusion-

inclusion spacing - we have chosen a large value in this work - and upon

relative material properties . One could of course test these parame ters

but the computational cost rap idly grows l arge .

More spec i f i ca l ly ,  we have shown that the response w i t h i n  a given

model is sensit ive to both or ienta t ion of the inc lus ion- inc lus ion  axis ,

relative to the direction of loading, and to the type of lateral constraint

imposed. Of these two parameters , the first indicates which of a set in-

clusions will “find” and another; the second influences the rate of the

attendant process , perhaps owing to the in tens i ty  of strain local to the

interface .

——--S.- -—-- 
~~~~~~~~~~~~•



As a result, we deduce that the next steps in thi s program of resea rch

will involve improvements to the model , emphasis being given to the following

items :

• more accurate material data;

• more likely break-up of the inclusion , incl uding debonding

with the matrix to create potential voids ;

• initiation of voids elsewhere within the matrix owing,

perhaps, to sub-micron inclusions , grain boundaries,

and other features of real materials; and

• tracking the growth of these voids.

Two methods for pursuing this efforf are evident. One is to utilize specific

experimental data directly, i.e., forcing the analysis to follow a pre-arranged

track . It is a happy circumstance that the simple finite elements we employ

allow this. The other would involve one or more of several likely local

failure criteria, e.g., max imum tensil e or octahed ral strain or stress , and

to determ ine which gives the most mean ing ful result in terms of experimental

observation . We shall consider both , the end being to move toward creation

of a computational simulation of experiment.

4
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Figure 1 . An example of the microstructure used in the present study.
Ti-6A1-4V at 500x. Note elongated a particles , or “stringers ,” in
nearly isotrnp ic ~ matrix. Model is taken to be transverse to longest
dimension of par t ic les , hence j u s t i f y i n g  use of plane strain in analyses;
cross-section of particles is taken to be equi-axed .
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Figure 2. Central region of finite element map showing refinement at a-8
interface (through dense regions of elements) and coarsening further away,
via use of bipolar coordinates. This array was used in all analyses . as
indicated in Figures 3a-3e. 
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Figure 7a (for burst model)
8.0- Octahedra l strain at inclusi on-matrix

interface as a function of angular
position , at highest excitation level
only. Nil constraint , rotation is
0.0 deg.
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Fi gure 7b (for burst model):

8 0 
Octahedra l ‘train at inclusion-m atrix
interface as a function of angular
position , at hi ghest excitation leve l
only. Nil constraint , rotation is
22.5 deg.
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8.0 . Figure 7c (for burst model):
Octahedral strain at inclusion -matrix
interface as a funct ion of angular
pos i t ion , at h i ghest e x c i t a t i o n  level
only. Nil constraint , rotation is
45 deg.
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8.0 Fi gure 7d (for burst model) :
Octahedra l strain at incl usion- matri x
interface as a function of angular

- position , at hi ghest  e x c i t a t i o n  leve l
on l y .  Nil constraint , rotation is
67. 5 deg.
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Figure 7e (for burst model):
8.0- Octahedra l strain at inclusion-rIat~ ix

interface as a function of angular
position , at h ighest excitatio n leve l

- only. Nil constraint , rotat ion is
90 deg.

I
~ 5.0 .
-e
0)
.0
Cl
4~3
U
0
0)
U
Cl

‘+4
5,

4.0
— position of tensile axis

I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— _ _ _ _

0app roxiinate angular position , beginning at connection ax i s, clockwise for ]ower inclusi~ fl 

- -~~~~~~~---- - --- I 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - —-—--— —-— S. --- -



8.0- Fi gure 8a (fo r hurst m o d e l ) :
- Octahedra l strain at i n c l u s i o n - r i a t r i x

interface as a funct ion of an~’,ilar
position , at hig hest excit ation leve l
o n l y .  Poisson constraint , rotation
is 0 dog .
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8.0. Figure 8h (for burst model):
Octahedra l strain at inclusion-matrix
interface as a function of angul ar
position , at hig hest excitation level
only .  Poisson constraint , rotation is

4) 22.5 deg.
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8.0- Figure 8c (for burst model):
Octahedra ! strain at inclusion-matrix
interface as a function of angular

- position , at highest excitation leve l
o n l y .  Poisson c o n s t r a i n t , r o t a t i o n
is 45 dog.

I
~ 6.0
0
5, 0p.
41
Cl

C
.5-4 

-Cl
s-I
4)
“~ 5.0

4 . 0- 

. 0

0 

0

0

3.0-

0 o
Cl

-e
— 

- -

2.0- 

position of tens:l: axis

0 0 0
0 0

0
1.0 .

0 0 00

approximate angul ar position , beginning at connection axis , clockwise for lower inc lus i~’n

L _
__ 

I - ~~~~~~~~~~~ . - -- ~~~~~~~~~~~~~~



-;~~~~~~~

_ _ _ ___

~~~~~

_____ __ - - —- - S.--—- - --—----— _- — —---—--

~
-— ------ - --•---- -. —-- . - ---- -- --—_ -

--

8.0 Fi gure Sd (for burst m o d e l ) :
Octahedra l st ra in at inc I u~

; i o n —  ma t  F l  ~
interface as a fini -~ ion of angii l ar
p O S ]  t ion , at hi ~u - s t  e x c it  at ion lev e l
only. Poisson constraint , rotation
is 67.5 dog.
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8.0- Fi gure 8e (for burst model)
Octao -dra l s tr a i n  at i n c l u s i o n - m a t r i x
interface as a function of a n g u l a r
position , at highest excitation l e v e l
only. Poisson constraint , rotat ion
is 90 deg.
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8.0 - 0 0 Figure 9a (for burst model):
Octahedral strain at inclusion — matrix
interface as a funct ion of :Cn~ ul ar
position , at highest ex c it itio n leve l
on ly .  F u l l  cons t r a in t , r o t a t i o n  i s
0 dog.
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Fi gure 9h (for burst m o d e l ) :8.0 - 
Octahedra l strain at inclus ior l-matrix
intet-face as a function of angular
position , at highest excitation level
only .  Full constraint , rotation is
22.5 dog.
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Figure 9c (for burst model):
- Octahedral strain at inclusion-

matrix interface as a function
0 of angular position , at hi ghest

o exci tat ion leve l onl y. Fu l l
7.0 - constraint , rotation is 45 dog.
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8.0 - Fi gure 9d (for burst model): -

Octahedra l strain at inclusion-
mat rix interface as a func t ion
of angula r position , at highest
excitation leve l onl~’. h u l l
constraint , rotation is 67.5 dog .
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Fi gure 9e (for burst model)
8.0 - 

Octahedra l strain at inclusion-
matrix interface as a funct i on
of angular position at hi ghest

- 
excitation leve l only. Fu l l
constraint , rotation is 90 dog.
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Figure lOa. Cross-hatched area shows octahedra l strain exceeding far- field value by
5 percen t , and sol id area by 10 percent; nil constraint , rotation is 0 deg, burs t model 
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Fi gure lOb . Cross-hatched area shows octahedral strain exceeding far- field value by
S perce nt , and sol id area by 10 percent; nil constraint , rotation is 22.5 dog, burst model 
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Fi gure lOc. Cross-hatched area shows octahedral strain exceeding far- field value by
5 percent , and solid area by 10 percent; nil constraint , rotation is 45 deg, burs t model
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Figure lOd. Cross-hatched m-~ shows octahedra l stra in exceeding far-field value by -

5 percent , and sol id arc a by 10 percent ; nil constraint , rotation is 67.5 deg, bu rst model -
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Figure h a .  Cross-h:itched area shows octahedral strain exceeding far-field value by
5 percen t, and sol i d area by 10 percent ; Poisson constraint , rotation is ~ dog,burst mode l 
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Fi gure l l c .  C r o s s - h a t c h e d  are a shows oc tahedra l s t r a i n  exceeding f a r - f i e l d  value by
5 percen t , mid solid area by 10 pci-cent ; Poisson constraint , rotation is -15 deg,
hti r~ t model
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Fi gure lId. Cross-hatched area shows oc tahedra l  s t r a in  exceeding far- f i e ld  value by
5 percent , and solid area by 10 percent ; Poisson constraint , rotation is 675 deg,
burst model
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Figure lie. Cross-hatched area shows octahedral strain exceeding far- field value by
5 percent , and solid area by 10 percent ; Poisson constraint , rotati on is  90 dog ,
burs t mod e l - 
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Figure 12a. Cross-hatched area shows octahedra l strain exceeding far- field va l ue by
5 percent , and solid area by 10 percen t , full constraint , rotation is 0 dog, burst model
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Figure IZb . Cross-hatched area shows octahedral strain exceeding far-field value by

5 percen t , and solid area by 10 percent; full constraint , rotation is 22. 5  deg ,

bur st mod el
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Figure 12c. Cross-hatched area shows octahedral strain exceeding far-field value by
5 percent, and solid area by 10 percen t ; fu l l  constra int, rotati on is 45 deg,
burst model 
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Fi gure 12d. Cross-hatched area shows octahedral strain exceeding far- field v a l u e  by
5 percent , and solid area by 10 percen t ; f u l l  cons t rai nt , rotat i on is 67.5 dog,
burst model 
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Fi gure 12e. Cross-hatched area shows octahedra l strain exceeding far-field value by
5 percent , and solid area by 10 percent ; full constraint , rotation is 90 dog,
burst mO (Iel
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