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SUMMARY
Charts are derived for the determination of the power spectrum parameters A and N~ , $

for vertical acceleration , at an aircraf t ’s centre of gravity, due to atmospheric turbulence.
The method takes account of spanwise variations in gust loading, and so overcomes the
paradox of an infinite N~ which is found with a one-dimensional gust model.
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I
NOTATION

A (Ty/ ( Y w

A Coefficient

a Reference time

A~. Aspect ratio

B Coeffic ien t

CL Li ft coefficient

C(w) Theodorsen function

c Wing chord

D Coefficient

E Coeffi cient

F(w) Factor to allow for transverse variation in wing loadin g

F[] Operator denoting Fourier transform

f  Frequency c/ s

f  Interpolation fract ion

g(y) W ing loading at transverse section y

H Transfer function

H 1 Transfer function for 1-D gust field

H 2 Transfer function for 2-D gust field

H~~
2
~(w) Hanke l function

J~(w) Bessel fu nction
Non-dimensiona l measure of A

k 0 Non-dimension al measure of N 0
L Integral scale of turbulence

N 0 Rate of level crossings of mean value

Pw Power spectral density of w

Power spectral density of y

S Wing area

5(w) Sears function

s Distance travelled in time t

Time

U Longitudinal velocity component of aircraft

W Aircraft weight

Wg Vertical component of gust velocity

Y,~(w) Bessel function



y General response of aircraft , and in particular y is often taken to be the vertical
acceleration at the aircraft centre of gravity

y Transverse co-ordinate

Z F(z)

z Elevation of aircraft

Angle of attack

Coefficient

Coefficient

Coeffi cient

8 Coefficient

Coefficient
Aircraft mass parameter

p Ai r density

Distance travelled in time r

Standard deviation of w

ay Standard deviation of y

1 Time
4(s) Wagner function

‘I’(s) Küssner function

w Non-dimensional frequency

Cut-off frequency

Note: A dot denotes differentiation w.r .t . ti me
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1. INTRODU CTION

The power spectral method of analysing gust loads on an aircraft (see ref. I) requires the
evaluation of two parameters , A and N0. If y(t) is the output of some transducer (in the present
case we consider the vertical acceleration measured at the aircraft ’s centre of gravity), wQ) is
the vertical gust velocity, P~( f )  is the power spectrum of the gust velocity and P1,. (f )  is the
power spectrum of yQ), we define

A = 

~~ [ f :
r

~~
f ) d f]  

i~ 2 

(1.1)

I
N 0 -~—== ~~~~~ (1.2)

Up

Py ( f ) d f
J o

where Pw (f) is assumed to follow the von Karman
expression:

2 ‘~~r i 8 i, ~ 2
p — ~~W LITL~ -i- 

~ ~aj,w”J ) 
ir U [l+(af)2J U/6

a = l ’ 3 3 9 x 2 i r x - ~ ( 1. 4)

where

U is the aircraft forward velocity and
L is the integral scale of turbulence ;

asymptotically P w (f )  behaves asf— 3 ’3 .
The transfer function of the aircraft is

H ( f )  = F [y(t ) ] / F[w(t)]  (1.5)
where F[. . .1 denotes the Fourier transform of the quantity in brackets. We have

Py ( f ) = I H ( f ) l 2 P w (f )  (1.6)

The transfer function may be derived by obtaining the response of the aircraft to a
sinusoidal gust of arbitrary frequency. For the simple case of an aircraft with one degree of
freedom (heave), and a one dimensional variation of gust (gust velocity varies sinusoidall y along
the flight path but is invariant in the spanwise or vertical direction) the transfer function is well
known. it is given (see Appendix) by

U
2—iwS(w)

H 1 (f )  (1.7)
(2~ +~ ) ,w+ C(w)

where the Sears function , S(w), is a complex expression which represents the unsteady wake
effect caused by gust , and the Theodorsen function , C(w), is another complex expression repre-
senting the unsteady wake effect caused by a change in the angle of attack. (Note that a vertical
velocity of the aircraft produces an aerod ynamic effect equivalent to a change in angle of attack.)
The parameter w is the reduced frequency

______ 
_ _  _ _  ~~~~~~~~~ --.- 



2irf(c/2) (1 8)
U

measured in radians per semi-chord , and ~i is the mass parameter

2(W/ S)

~~~~pcg (dCz./ d8) 
(1.9)

The transfer function (1.7), in combination with , say, the von Karman power spectrum
-leads to an infinite value for N 0. This is basically because of the limitations of the one-
dimensional gust model, as th e hi gh freq uencies which contribute largely to the numerator of
equation 1.2 are not realistically modelled by a gust which is invariant across the span. In the
next section we consider a gust structure which varies sinusoidall y in the spanwise direction as
well as the axial direction. At high wave numbers (isotropic turbulence is simulated by making
the wave numbers in the axial and spanwise directions equal) the upgusts and downgusts on the
wing cancel and a realistic value is obtained for N 0.

2. THE EFFECT OF SPANWISE VARIATIONS IN THE GUST STRUCTURE
Consider a gust which varies sinusoidall y across the span according to the equation

w = w g cos~ (2.1)

(This equation involves the simp lification that the gust is symmetrical across the span , but this
simplification is without loss of generality as rolling motions caused by an asymmetry would not
affect the vertical acceleration at the centre of gravity.)

Using the “strip theory” assumption that each chordwise element behaves as a two-
dimensional aerofoil , we obtai n the total lift on the wing as the lift corresponding to the upd raft
at the centre-section , multip l ied by the factor

(‘span/ 2

F(w) = g(y) cos ~~~ dy (2.2)
—HpSflf 2

where g(y) is the wing loading at the section y. The precise form of the function g(y) is onl y of
secondary importa nce, and we have made the simple assumption that the wing load ing at any
section is proportional to the chord at that section. We have also assumed that the wing plan
form varies from a delta wing at aspect ratios of two or less, th rough trapezoidal to rectangular
at aspect ratios of eight or greater. The formula for the chord of a trapezoidal wing is

ch ord = mean chord [I ±~(~ — (2.3)

where y is the spanwise co-ordinate measured from the centre of the fuselage , and y varies from
o at an aspect ratio of 8 or larger , to 4 (corresponding to a delta wing) at an aspect ratio of 2 or
less, according to the formula

v = 4I -

L 6 (2.4)

2 < A ~~< 8

Accordingly the factor in equation 2.2 becomes

i’span- - 2

F(w) = I 1l +~(~ — 
; )1 2irf v 

dy (2.5)
spa n~ L ~4 span j  U

I) —s pflfl ! 2

= (I — ~ ~~~~ 
(~~~~12 (2.6)

\, 4/ wA~ 4[ (wA~/ 2)  j

2



and so for trapezoidal or rectangular wings (y ~ 4), F(w)~
2 behaves asymptotically as w~ 

2

whilst for delta wings (y 4), IF(w)12 behaves asymptotically as or4.
Still using the “strip theory ”, we can now write the transfer function for two-dimensional

gusts as
ff 2 (w) j = H j(w ) 1 2  . F(w)~ (2.7)

= I H o(w) ~
2 
. S(w)I~ IF(w)~

2 (2.8)

Figures 3 and 4 show graphs of the transfer functions 1H 0( f) 12 , I H 1 (f ) ~, and H2( f)~
2

together with input and output spectra. Figure 4 differs from Figure 3 onl y in the formulae
used to evaluate the effects of the non-steady aerod ynamics. Figure 3 is based on the exact
equatio ns A.20 and A.2l (see Appendi x), whereas Figure 4 is based on the fitted curves, A.20a
and A.2la , which , it may be seen , depa rt from the former equations at non-dimensional frequen-
cies above 10.

3. THE EVALUATION OF A AND N0
The integrals which arise in a numerical evaluation of A and N 0 are

lie
M 0 = ( H ( f ) I 2 P~( f ) d f  (3. 1)

J o

(“ C

M 2 = f 2 J H ( f ) I 2 P~( f ) d f  
- 

(3. 2)
J o

and the first of these will converge to a limit with increasingf ~ because the integrand converges
much faster than f ’. However the integrand in the second integral will onl y give rise to a
convergent expression if the transfer function corresponding to a two-dimensional gust structure
is used ; the simp le one-di mensional gust model gives rise to a non-convergent (infinite) integral.
The fact has sometimes led to an implicit assumption that N 0 is theo retically infinite , and that
some arb itrary procedure is necessary to obtair a realistic finite value of N 0. Recentl y
Houbo lt (ref. 2) has given a method for evaluating N 0 based on a two-dimensional gust
str ucture model , but ea rlier work (Houbolt (re fs. 3, 4)) in which a design manual for vertical
gusts had been given , was based on a one-dimensional gust model. Tn ere, it was recommended
that a cut-off frequency, f ~. be chosen such that equation 3.1 was within a small fraction (2° ,,)
of its limit value , and that the same cut-off frequency be applied to equation 3.2. It so happens
that this procedure gives approximately the ri ght answe r for the most common cases with an
aspect ratio around 4 to 8 and the mass parameter , ~~ , in the range t O to 50. Houbolt remarks
that the N 0 value deriv ed from the model should be increased by a factor of the order of 2 to
allow for flexibility effects , and si milarly the A value should be increased by about b 0 -0 . Houbolt
states “th is factor may be adjusted upward or downward if some additional insig ht relative to
the aeroplane response characteristics is on hand” . The method proposed here takes account
of aspect ratio effects in a definite way which would otherwise be merel y left to the eng ineer ’s
j udgement.

The transfer function of the aircraft vertical acceleration from two dimensional vertical
gusts is a function of the aspect ratio , ,4~, and th e non-dimensional frequency, w, where

2irf (c/ 2) (3.3)

However , the von Karma n power spectrum equation is a function of a different form of non-
dimensional frequency, af, where

a f =  
2irf l 339L 

- l ’339 . w (3.4)

and so the solutions to equations I. I and 1.2 will  have , as pa rameter , 2L/ c. Using equations 2. 7,
2.6 and A.29 we may convenientl y obtain the solutions in the non-dimens ional form

3
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U K 4,A = — — —  (3.5)cg ~

N 0 =- ~~k0 (3.6)

where
8 2L 2

2 IF(w)12 IS(w)12 (2o,)2 2L 
1 + (1.339 w)

(-
~~
-) 

= 

10 

R~~ +k)i w +C( w) ~
2 c

[ I + ( 1 339 
~~ 

)2]i 
i1Sw (3.7)

h I F (w) i2 I s( w) 12 (2o,)2 I + ~(l .339 
~~~ 

)2 

2

J 

K2~ +~ )iw +C(w)I2 
i i(l.339~~YT~ 

w dw

° L \ C J jk 0 — 

~‘-wc 8/ 2L \2  
(3.8)

I F(w)~ IS(w)12 (2w)2 
I + ~~l ‘339 —

J 

(2~.i+~)iw+C(w)I2 
[

~~~~~~~~ 2L 
o,)2] I

~i~7~~ 
dw

The convergence of K4,/~i and k0 towards a limit as the cut-off non-dimensional frequency,
w~, is raised as shown in Figure 5. It may be seen that A (or K4,/j~) attains its limit (or nearly attains

- 
t)  at a slightly lower cut-off frequency than does N 0 (or k0) .

SSION
g equations 3.7 and 3:8 charts have been derived for the determination of A (see Fig.

~d N 0 (see Fig. 7). Houbolt ’s chart for A is, as would be expected, very similar to the charts
presented here for the low aspect ratio case. There is more variation in the charts for N0, and
Figure 8 shows how both A and N 0 are affected by variat ions in aspect ratio. A is little affected
except at large aspect ratio and low values of ~~ . However N0 is strongly affected by aspect ratio,
and this variation seems to be nearly independent of~w and 2L/ c except at quite large aspect ratio.

The method proposed here is most likely to be in error at low aspect ratios where the “strip
theory” is at best uncertain , but the followin g exa mple (Table I) shows that even for an aspect
ratio as low as 2 the method produces reasonable agreement with observation.

4
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TABLE I
Basic Data
Aircraft Mirage 1110
Altitude 600 m
Speed 232 m ’s
Aspect ratio 1 •97
Aerodynamic mean chord 5~25 m

32
2L/ c 88
K4,/~ 0’022

A O~l g
rn/sec

Determination of No by rario us Methods
(a)  One-dimensional gust model (as modified by k 0 = 0.073

Houbo lt , refs. 3 to 5)  N 0 = 1 Hz

(b) Two-dimensional gust model (Fig. 7) k 0 = o~l3
N 0 = I ~8 Hz

(c)  Experimental — Ri gid aircraft N 0 = 2 Hz

( d )  Experimenta l—Flexible aircraft N 0 = 3~4 Hz

For this examp le, the experim ental determination of N 0 has been described by Sherman
(ref. 6). In brief the power spectrum was calculated out to a N yquist frequency of 30 Hz , using
a 100 second record of vertical acceleration during fairly severe turbulence. (Part of fli ght 2- 135
as described by Ride r et a!. (ref. 7).) The principal structural flexibility effect was due to a funda-
mental wing bending mode at about 11 Hz. The N 0 val ue was determined from equation 1. 2
modified to have a fi nite cut-off frequency. For the flexible aircraft N 0 was determined by
integrat ing right up to 30 J-Iz; whilst an estimate of N 0 fo r a rig id aircraft was obtained by
red ucing the cut-off frequency to 9 Hz , which eliminated most of the fundamental structural
resonance mode. The ri gid (one-dimensional gust) model of Houbolt estimates an N 0 of onl y
1 Hz , whereas the rig id (two-dimensional gust) model on which Figure 7 is based estimates
an N 0 of I ~8 Hz, which compares well with the experimental determination of 2 Hz for a ri gid
aircraft. The effect of structura l flexibility increased N 0 to 3~4 Hz , which agrees well with
Houbolt ’s suggested 100% increase to allow for structural flexibility.

This one set of results does not of itself validate the strip theory at low aspect ratios, but it
does provide support for the method proposed herein for estimating N 0.

5. CONCLUSION
The charts for determ in ation of A and N 0 presented here appear to give more realistic values

of N 0 than some of the other charts presentl y in 

use.5
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APPEN DIX
The Transfer Function for 1-D Gusts

Consider a rigid aircraft , constrained against rotation or latera l motion , f lying at a constant
speed , U, and altitude , z, with a li ft force L = 4P U 2SCL. If the aircraft now encounters a vertical
gust velocity, Wg, and rises with a vertical velocity, ±, the pseudo-steady (i.e. if dynamic effects
were to be neglected) increment in lift would be

= ~P U 2 S~~~~
[

~~~ _] (A .I)

= Lift due to gust—Lift due to vertical motion

The two components in this equation are both modified by the dynamic response of the system ,
but each in a di fferent way because the change in incidence due to gust is felt first at the leading
edge of the wing, and progresses across the wing at speed U, whereas the change in incidence
due to airc raft vertical motion affects the whole wing simultaneousl y.

When an aerofoil changes its incidence by an amount 6~ at time I = 0, th.. extra lift 8CL
builds up grad ually to its final value , tSCL OO . We denote by s the (non-dim er: ional) distance
travelled since the time t = 0, in units of the semi-chord , so that

S
~~~~~ 72 

(A.2)

We have

6C~ = 6CLcO . ~I~(s) (A.3)

where ~P(s) is known as the Wagner function in the case of the two-dimensional wing, and ,
accord ing to Jones (ref. 8) may be approximated in the three-dimensional case by the formula

s ..z O: ~I ’(s)=0
(A.4)

s > 0: 1(s) I —D  . exp (—8s) —E . exp (— € s )

where D. 8, E and € are functions of aspect ratio.
Similarly when an aerofoil penet rates a unit step gust at t = 0, the lift builds up as

SCL = 8C~c~’F (s) (A S)

where ‘} ?(s) is known as the KUssner function in the case of the two-dimensio nal wing and may
be approxi mated in the three-dimensi onal (finite span) case by the formula

s < 0: ‘F (s)=O
(A.6)

s > 0: ‘F (s) I — A  . exp (— ~xs)— B.  exp (— as)

where A , ~~, B and ~ are fu nctions of aspect ratio , as in the following table (see Zbrozek (ref. 9)
and Bisp linghoff et a!. (ref. 10)):

7
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Aspect Küssner function ‘F (s) Wagner function 11 (s)
Ratio -_______ — - —______ ________ —

~~~~~~~~~~

A B D 8 E E

a 0~5 013 0~5 l~0 O~335 O~3 0165 0~O455
6 0~48 0~294 0~334 0~965 O~36l 0~38l 0
3 0’679 O~558 O•227 3~20 0~283 0’54 0

For calculation purposes we need an interpolation formula to give the value of 4~ or ‘F at
other aspect ratios than the ones given in the table. If AU and AU are two of the aspect ratios
for which the ‘P and ‘F functions are known , and A~ is some intermediate aspect ratio with
AU < A~. < AU, then the interpolation formula used here is

— 

v’l/AU — Vt/AU
(A.7)

~D~~~= f d ~~~1 + ( l —f ) D~~ 2
‘F ~~=f ’v~ 1 +(l—f)’F~~2

To extrapolate the values of ‘I’ and ‘F for aspect ratios below 3 (it should be noted that a strip
theory such as we will use later is not an accurate approximation at such low aspect ratios) we
have extended the above table by assuming that for aspect ratios of 0~ I or less the val ues of A,
B, D and E attain their limiting values of zero.

The theory on which the expressions for 1~(s) and ‘F (s) have been derived is a linear one, so
the effect of complex motions can be built up by a process of superposition. The result , as we
now show, is a convol ution (also called Duhamel or superposition) integral. If the vertical air-
craft velocity changes from ~ to ±+8± whilst the aircraft position changes from s = a to
s = a-F&r , the i ncrement in lift at some later position , s (see Fig. 2), is

dCL 6~SCL = 8Ct~o~D( s—a) = —- •—
dx U

~o the total increment in lift since time I = 0 is

L~ CL = JS~t~ ~1 tt(s_ a) da (A.8)

and with
UI Ui

s =—  a = —  (A .9)
c/2 c/2

we obtain

.~c1. = 

~~~ ~ [ ~-~~(t_ r)] dr  (A .lO)

and si m ila r l y for changes 8Wg in the vertical gust velocity we obtain

= 
J ’ F~~~~(t_T)]dI~ ( A l l )  

-—- - - -~~. -~~~~~—~~—.. -- -- - 
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The convolution integrals (equation A. JO and A. I 1) can convenientl y be solved by Fourier
transformation , and for this purpose we will need the Fourier transforms (possibly requiring to
be understood in the sense of generalised functions) of the fun tions ~ and ‘F. To this end , con-
sider the case of the harmonic oscillations

± = ± 0 exp (2ir~fr) (A.l 2)
or

Wg = W 0 eXp (2ir~ft) (A .l3)

The solutions to these two cases have been given by Sears (ref. I I )  as

E~Ca = 2ir[C(w)+~ iw1 exp (2irtft ) (A.l4)

and

L?iCa ~J 2ii’S(w) exp (2ir~fl) (A.15)

respective, where

S(co) = [J o(cu) —iJ i(w)] C( cu) +1J 1(w) (A.l6)

H ‘2 ’I w’~C(w) = - - -- ‘-- -‘-~~~~~~~ - - —  (A. l7)
~~~~

,
o 2 ‘(~ )+ iH0’ 2 ’(w)

H~° 2 °(w) = Jn(w) —I Y n(cu) (A. l 8)

in which S(w) has become known as the Sears function , and C(w) is the Theodorsen function.
H~~2’(w) is the Hankel function of the second kind , and w is the non-dimensional frequency
based on the wing semi-chord ,

2ir f(c/2)
(A .l9)

Sears considered a Jou kowsk i aerofoil for which dCL/do~ = 2ir. With this substitution we may
equate lsC1.. from equation 10 or I I  with the value of t.ICL in equation 14 or 15. Then using
equations 12 and 13 and taking the (formal) Fourier transform we obtain

Frcbl — 
C(w)+~ iw 

A 20L i  2~ f

F [ ’F] = 
S(w) 

(A.2l )2ir:f
The first of these equations differs a littl e from the result usuall y quoted , i n the inclusion of the
ter m jiw, which includes the effect of virtual mass (the so-called non-circulating lift].

As an alternative to equations A.20 and A .2 l we may use the numerica l approximations in
equations A.4 and A.6 to obtain

= 
J [1  

— D exp (_~ ~
_L~ — E e xP (_ E  ~~ 

1)]
. exp

D E
= 

2ir(f 
I I + 8 I + € (A.20a)

1w 1w

9
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(A.21a)

Ia,

However, using these equations it will be necessary to account separately for the effect of virtual
mass.

Equation A. I can now be modified to take account of dynamic effects :

i~L = Lift due to gusts—Lift due to a/c vertical motion

= ~p U 2 S ~~
‘_
L( 1J~ J! W[~~{ (t—i.)] dr — 

~~~~~~~~~~~~~~~~ ~ 
(t_ .r)] dl.

} 
(A.22)

and the vertical equation of motion may be written

= (A.23)
g

which with
2 W/S (A.24)

pcgdC a/ dox

becomes

~ + ~~~~~ (1 _~)] di. = J~
i~7) ~ (t _ .r)] d.r (A.25)

Denoting by Z and Wg the Fourier transforms of z and Wg respectively, this equation becomes,
under Fourier transformation

= 2~~f W,F [’F] (A.26)

and since the Fourier transform of the aircraft acceleration is

F [ zJ = (21r(f) 2 Z

the transfer function of the aircraft becomes, for two-dimensional gusts,

H — 
F(i)  

— 
(2i~’(f)F[’F] A 27

= (2iw U~~2 f ) ,~~ J (A.28)
2~&w i+(2Tr(f)F[tD]

On substituting the expressions A.20 and A.2 1 we obtain

2 — 
(~~)2 2w) 2 I S(w)I2 (A.29)

— 

J(2~&+1)iw+C(w)I2

= IH 0( f)I2I S(w)~
2 (A.30)

where

10
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H0(f) = 

(~~~~2iw) 
(A .3 l )

(2~+ ~)iw + C(w)

is the transfer function obtained by neglecting the effect of unsteady aerodynamics of gust
penetration (but not of the less important effect of unsteady aerodynamics of the vertical motion
of the aircraft).

It may be seen that the effect of the virtual mass is, as would be expected, the same as a slight
increase in the mass parameter, ~, equivalent to incraasing the aircraft mass by the mass of a
cylinder of air of diameter equal to the wing chord.

The function C(w) behaves asymptotically as a non-zero constant , S(w)!2 behaves as
1/( 1 +2’~w) (the Liepman approximation) and so IH0(f) 2 behaves asymptoticall y as w

11
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