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SUMMARY
The statistical problem of constructing confidence limits for system reliability from

pass-fail data on the components is discussed. Usually such data are obtained from fixed
sample size tests on the components. Exact and approximate methods for dealing with
series systems are reviewed. A new approximate method is proposed and its performance
evaluated in a number of special cases.

An alternative approach that avoids some of the problems inherent in the above
methods is to use variable sample size testing of the components. A sequential experi-
mental design that is applicable to any coherent structure is given.
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1. INTRODUCTION
Consider a system with m components. Let y 1 (i = 1 , 2 m) be an indicator of the state

of component i (i.e. y, = I if component i is good and y~ 0 if component i fails). Similarl y
let y be an indicator of the state of the system. The boolean tran smission function

y — f ( y 1, y 2 , . . ., ym)

relates the performance of the system to the performance of its components , and is called the
“structure function ”.

The systems considered in this note are coherent systems whose components operate
independentl y and whose structure function is known.

The reliability of the system is

p = Pr{y = l}.

Some examples of types of systems are :
(i) Series system

A series system is good only if all its components are good. It has structure function
m

f (y ~ y2 y m) II y,.

(ii) Parallel system
A parallel system is good if any one of its components are good. It has structure

function
m

f (y ~, Y2 , . . . , Y m )  = I — 

- 

IT (I  .— v i) .

(iii) “k out of m” system
A “k out of m” system is good if any k of its rn components are good. The struc-

ture function cannot be expressed in simp le form.

In practice , systems are often composed of blocks where the components within a block
are linked together by an arrangement such as one of those given above , and the blocks themselves
are linked together by some other arrangement. Lloy d and Lipow ’ (p. 255) cite the case of a
space vehicle ’s temperature control system which consists of a number of “k out of m”
subsystems linked together in a series—parallel arrangement.

It is often too expensive to test the system a number of times to determine its reliability.
What can be done however , is to test the components indiv idually.  This note is concerned with
the problem of making inferences about system reliability on the basis of pass-fail data obtained
from tests on the components. Inferences generally fall into two classes, point estimates and
confidence limits. As pointed out by Easterling 2 , the construction of point estimates is relatively
strai ghtforward. If the results for component i are x • successes in n • tests (i = 1 , 2 m) an
estimate of the reliability of component I is

x ./n 1
and the maximum likelihood estimate of the system reliability p is

fi h ( f t 1 , f t 2 , . . . ,  pm)
where h(p 1,p 2, . . . , p m) is a function giving system reliabili ty in terms of the component
reliabilities.

Construction of confidence limits is by no means so straig htforward. The case tha t has
received the most attention is the case of a series system. Exact methods have been developed,



-~~

- 

l notably by Buehler 3, but these are generall y too cumbersome computationa lly, especiall y when
the number of components is greater than two and the sample sizes (ne ) are not all equal . A
nu mber of approximate methods have been proposed to overcome this difficulty. In our opinio n
the l est of these is the one due to Easterling 2 . A new appro ximate method is proposed in this
note and its performance evaluated in certain special cases. The indications are that this method
is comparable in overall performance to the method of Easter ling 2 , and has advantages in the
case when no failures are observed on the component with the smallest sample size.

The remarks above refer to fixed sample size testing of the components , i.e. cases where
the sample sizes are fixed in advance and do not depend on the results obtained in the tests.
An alternative approach was suggested by Winterbottom and Verra ll4 . They gave a sequential
testing method , applicable to series or parallel systems, t hat minimizes the number of component
tests needed and produces results in a form that enables easy construction of confidence limits.
This method was generalized by Preston 5 to deal with any syste m whose structure function is
known.

2. “EXACT” BINOMIAL CONFIDENCE LIMITS

In this section the theory of “exact” bi nomial confidence limits is outlined : for a futier
development the reader is referred to Mood and Graybill6 or Kendall and Stuart 7.

The binom ial probability function with sample size n and probability p is denoted by
B(n, p) and is given by

A lower confidence limit for p at a level of confidence ~ based on an observation x is denoted
by L2(x). The conditions that a set of numbers L2(x) (x = 0, 1, . .. , n) must obey in order to
constitute a reasonable set of lower confidence limits are :

Pr {L~(X) 
~ 

p} ~ ~ for all p i n  (0, 1), ( 1)

if x 1 < x1 L~(x 1) ~ L~(x 2), (2)

and L3( x)  should be as large as possible (3).

Condition ( I )  guarantees that the li mits do achieve the intended confidence ; condition (2) is
called the regularity condition and ensures that the greater the observed value of x. the greater
the confidence limit; and condition (3) states that , subject to conditio ns ( I )  and (2), the limits
should be as large as possible (after all L1(x) = 0 for all x obeys conditions ( I )  and (2)).

The limits generated by these conditions are given by the solutions of the eq uation
n

~~~ (ii
) 

(L ,( x ) ]  [I — L1(x)]” 1 = I — (4)
J

for x = 1, 2 pi

where L~(o) is defined to equal 0. An alternative to solving equation ( I )  for L3( v) is to use the
identity

~~~~~

‘ (‘
~
) [L~(x) Y f t  - L3( x)J ~~

1 = 1(L ~( x), x, n - x I )  ( 5)

where I( s , 
~~
. ~) is the incomplete beta funct ion

I(.c . ~~~ 
— 

l’(i ~ 1’t~ ’(l t) ~~’dtI’(x) U($) Jo
which is tabulated in Pearson 8.

2
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The limits generated by (4) are referred to as “exact ” because they obey condition (I ) .
The proof of this propositi on is given by Lloy d and Lipow ’ p. 209. They are exact in the sense
that they actuall y attain the confidence ~~, in contrast to such approximate limits as those based
on the normal appro ximation to the binomial (see Hogg and Craig 9 p. 196) which are not
guaranteed to do so. They are not exact in the sense, used by some authors , that they obey

Pr (L ~( X ) ~< p } =~~ (6)

for all p. It is only possible to construct a set of intervals that are exact in this sense by a
post-experiment randomization procedure (see Lloyd and Lipow p. 2 12) but this procedure
is not widel y used in practice.

Looking into this point a little further , Table I shows the values of L5 (x)  for x = 0, 1 n
when n = 10 and ~ = .9, and Fi gure I shows the achieved confidence level ~*(p)  where

= Pr{L 8( X )  ~ p},

as a function of p. It can be seen that ~~(p )  is equal to ~ for those values of p for which

L~(x)  = p . x 1, 2 10

and is greater than ~ for all other values of p. It can also be seen that L3 (x) constitute the greatest
set of numbers that  will achieve confidence ~: if any one of them was increased the confidence
would go below ~ for some p. For instance , if L. 9 (9) was increased from 0 6632 to 0~68 the
achieved confidence level (8*(p~) would be lower than 0~9 for p in the interval (0 6632, 0~68)
(see the dotted curve in Figure 1) .

It is unfortunate that the achieved level is so much higher than the intended level for most
values of p. This phenomenon is a consequence of the fact that the binomial is a discrete dis-
tribution. It does not occur with continuous distributions. In the next section some approximate
methods for finding confidence limits from binomial data on the components of a series system
will be discussed. One criterion for evaluating these methods that will be used is the comparison
of the intended and achieved confidence levels. To set the scene for this sort of comparison , in
the remainder of this section we will look at the confidence level achieved by one of the commonly
used approximate methods for constructing binomial confidence limits (see Hogg and Craig ’~
p. 196).

The binomial distr ibution B(n . p )  has mean op and variance npq. The binomial can be
approximated by the normal distribution by equa ting the mean and variance. Thus X — n p

‘4/ npq

is approximatel y normal with mean 0 and variance I .  An estimator of the variance is

7 X \f  X \  . X — np is asymptotically normal with mean
nl - 

~ 
I - - 

~
, and it can be shown that

\ f l/~ n/  ( xi ’ X\
n I I  I

\ n\ n J

0 and variance I .  Then , from tables of the normal distr ibution .

X pip
Pr ~ l - 2 8 2 ~ 0 9

X ( l  J\ “ ‘I

Tnat is Pr (x  1 282 1
~

(
~ 

X~~
) ~ p1 0-9( \ \  n ) _

Thus A 9(x) ( v I - 282 ‘
~~( I - 

~~~
\ \  ii ,! !

is an approximate 0 9  confidence l imi t  for p. Table I shos~s the exact (1 . I s ) )  and appro ximate

3 



(A.a(x)) limits when n = 10 , and Figure 2 shows the confidence levels achieved by these
approximate limits.

It should be noted that this demonstration is not intended to denigrate the method of
constructing confidence limits based on the normal approximation. The theory on which it is
based is asymptotic, and it is well known that it should onl y be used when n is reasonably large,
say 30 (see Crow , Davis and Maxfle ld ’° p. 51). The demonstration is intended to be a simp le
example of the sort of comparisons we shall be making in later sections.

3. EXACT CONFIDENCE LIMITS FOR SYSTEM RELIABILITY
Consider a system with m components linked in series. If the reliability (probability of

successful operation) of the ith component i sp ~, the system reliability p is given by

Suppose further that binomial testing has been carried out on each component giving x 1 successes
from n, tests on component 1(1 I , 2 m). The problem we address is the determination
of a lower confidence limit  for p on t h e  basis of these data. The theory of exact intervals as given
by Buehler 3 will be discussed in this section , and some of the better approximate methods will
be reviewed itt the next section.

A lower confidence limit for p based on the data x = (x ,, Xm), denoted by L~(x),
must obey a similar set of conditions to those given in the previous section for the case where
only one item has been tested. Certainl y it should obey

(7)

and also L~,(x) should be as large as possible , ‘8)

however , the appropriate regularity condition poses something of a problem. For one component
the regularity condition is straightforward, it amounts to ordering the possible outcomes of
the experiment in terms of extremeness. Certainl y the result x n (n successes in n tests) is
more extreme than the result x = n — I , and x = n — I is more extreme than x = n — 2, and
so on; thus one requires L~, (n) to be greater than L~,(n — I), and L~(n — 1) to be greater than
L8(n — 2). But with more than one component it is sometimes diffi cult to decide if one result
is more extreme than another. For instance , with two components each tested 10 times , is the
result x , = 9, x2 = 7 more or less extre~-~e than the result x , = 8, x 2 = 8?

The first step in constructing a set of limits L~,(x) for all x is to define an order for the vectors
x. Let us suppose for the moment that this has been done (three criteria for ordering that have
been suggested will be discussed later) and denote the order by x5, j  = 1 , 2 N, where

m
N = H (n , -

~ I) .

The regularity condition implied by this order is

L~(xj) ~ L1(xt) if j  < k. (9)

Given the conditions (7), (8) and (9) the set of largest limits are given by

N

L~(x j) = inf{p ~ Bk = I - - (10)
k - j

m / \
I ?lj 1 .7. fl -- .7

where Bk = II  ( J P ~ 
1~ ( I  — p s)

\X akJ

and Xj = (x ,j , X 21 VmJ ).

It can be seen that , in the case of one component (m -= I)  equation (10) gives the same solution
for L1(x) as equation (4), by noting that  the term

4
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re;.luces exactly to the lefthand side of equation (4). For a fuller explanation of the derivation
of equation (10) the reader is referred to Buehler 3 and Winterbottom ’’ .

There are two difficulties that arise when using this exact method in practice , one is defining
the order x5, and the other is solving equation (10). The latter problem can be illustrated with
an example. Suppose m = 2, n , = 10, n2 = 7, N = 88, and the first part of the order has been
defined to be:

x88 = (10, 7)
x87 =(9 , 7)
x86 = (10, 6)
x85 =(8,7)
x84 =( 9 , 6)
x83 = (7,7)
x 82 = (8, 6),

and that we wish to find L~(x 84), i .e. the lower confidence limit for p when 9 successes out of
10 tests were obtained on component I and 6 successes out of 7 tests were obtained on compo-
nent 2. Equation (10) gives

88

L~,(x 84) = inf{p I ~ Bk = I —

k - - 84

where P PIP2

and B84 =(~~)P~
9 (l _P,) (~)P2

6 (l — P2)

885 =(~°)Pi
8(l_ Pl 2

P2
7

B86 = ~ , ‘o 
(~)~~~

6 1 — P2)

B87

p — 10 7
88 —P i  P2~

88

Now ~ Bk can be written
k~~~84

~ Bt = 
~ ~ 

(lO)~~~~ — p ) 10
t(7) P i(l — P2)~~~ + B8 5 .  ( I I )

k 8 4 i 9  j 6  ~ J
N

The point to be noted here is that in general ~ B,,, cannot be written as a neat sum of the form
k — i

“ i ~2 111n
~~~~~~ 

— p ,)
8

1~~~i ... (‘i:)’~ 
“(1 — Pm) m

m]

II ‘lj i~ ‘21 *mj

but in general is a rather messy collection of binomial product terms (as is shown by the fact
that B85 cannot be included in the summation on the righthand side of equation (II)).  This
makes the minimization procedure needed to find

N

inf{p I 2 B k= l —
~~~~}

k - j

5
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a complicated computational exercise , and in fact effectively rules out its use in practice for
cases when in is greater than 3.

Turning now to the problem of ordering the vectors x , three methods have been suggested.
Buehler 3 noted that if L31 (x1) is an exact ai binomial lower confidence limit for p, then

m
H L,~(x~) (12)

i~~— l

is a lower limit for p with confidence at least 11 
~~~

. This limit in itself is not useful because

it is generally considerably smaller than it needs to be to achieve the confidence Ii 
~~~

.

However, if one takes

i=  1 , 2 in

one can order the x’s in such a way that the limits given by ( 12) form an increasing set. This
order , suggested by Buehler 3, was presumably the one used by Lipow and Ril ey ’2 in constructing
their tables using the exact method given by equation (t O).  The tables of Li pow and Riley provide
lower limits on the reliability of systems composed of one , two or three components when the
same number of tests has been carried out on each component.

The second method for ordering is based on the uniformly minimum variance estimate
ofp and will be referred to as the “UMVE” method (see Winterbottom h i )• The UMVE estimate
of p is

p

The vectors x can be ordered so that , if j  c k
Zn m
Ii x,j/ n ~ II Xt k~ ti

— I - - I

This order has intuit ive appeal in that if a set of data Xj give rise to a larger estimate of p than
another set Xk one would also expect it to give a large r lower confidence limit.

The third method for ordering is given by Winterbottom ~ ‘ and is called the largest possible
“LP” method. Here

x ,\ =- (n 1, n 2 n?fl)

and , given x ,~, xy - i is the vector x that gives the largest L2 (X x i) ,  and given X N and 
~~~~~~~~~ 

X .’~_ 2

is the vector giving the largest L ,(x .v 2), and so on. This method appears to give a set of limits
that are uniforml y large , but it involves even more computation than the other methods.

4. APPROXIMATE CONFIDENCE LIMITS FOR SYSTEM RELIABILITY
It can be seen from the comments made above that exact methods are usuall y too comp lex

to be used in practice , and so approximate methods must be resorted to. Some of the more
promising approximate methods that have been proposed are discussed in this section.

The first approximate method is attributed to Lindstrom and Madden and is given in Lloyd
and Li pow ’ p. 226. It will be refer red to as the LM method. The method is very simple and
runs as follows. Given the results .v~ successes from n 4 trials on component i. i = I , 2, . . ., m
one first estimates p by

~~= ~~~x ,/n 1

The collection of n , trials (i 1 , 2, . . ., in) on the components should at least be equivalent
to n mm (n 1) trials on the whole system. If one had carried out n * trials on the system
and had obtained x = n~ p successes one would have got the same estimate of p as given above.

6
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Thus the data x 8 successes in n t trials is taken as equivalent to the component data , and the LM
lower confidence limit is the exact binomial limit based on x 1’ and n~ . If x~ is not an integer
the limit is found by interpolation.

The LM method is attractive because it is simp le enough to be executed by hand with the
aid of a set of tables of binomial confidence limits.  However , it does appear to make rather
inefficient use of the data in some cases. For instance , when n, = n2 = 20, x 1 = 15 , x3 = 16
we have

p = 06
= 20

x * = l 2

and the LM lower 0~9 confidence limit is 0~433 which seems reasonable; however when n 1 = 40,
“2 = 20, x, = 30, x2 = 16 exactl y the same results are obtained , which seems unreasonable.

The second approximate method , due to Easter ling 2 , is similar in concept in that it deter-
mines system results that are deemed to be equivalent to the component results. It has the
advantage of apparentl y making better use of the data at the expense of being slightly more
comp licated. Easter ling begins with the estimate ofp given above and notes that , by the theory
of maximum likelihood est imat ion , it has asymptotic variance

02 = H p~
2 Var (~j) (13)

where j5, =

and Var (~~) = p 1q 1/ n 1, i = 1 , 2 

An estimate &2 of a2 can be constructed by replacing p by j3~ in (13).
Easter ling then defines the equivalent set of system results as those values .~ and ñ (repre-

senting ~ successes out of ñ trials on the system) that give rise to the same re liabi lity estimate ft
and the same variance estimate & 2 as the component data. System results .~~, #1 give a reliability

. estimate .~/ñ and a variance estimate (~/ fl ) (l— .~/ñ)/ñ . Thus ~ and ñ must obey:
TT1

= ft = U x /, i 1 (14)

and (.~~ñ) ( l —- .~ ,3)/ñ = & 2 = ~ H ft1
2 ft~(l —~~~~) n j . ( 1 5 )

I — I I =
I �)

These equations are easil y solved. From ( 15)

ñ = f t ( l f t) J&
2 ( 16)

and from ( 14)

( 17

The lower confidence limit  for system reliability is then taken as the exact binomial limit
obtained from ~ and ii. t f .~ and ii are not integers the limit  can be found either by interpolation
or by using values of .~ and ñ rounded up to the next integer. Follcwing the notation used by
both Easter ling 2 and Winterbottom ’’ the limits obtained by interpolation will be referred to
as “ M M Lj  limits and the limits obtained by rounding up as “MML I ’S limits.

As an examp le , with the data n 1 = 10, x1 = 8, n2 = ~~ .v 2 = 6, we have :

p = 0 686, p, = 0~8, ft 2 = 0~857l

= ft~~
2 ft2 (l — f t 2 ) / n 2 + ft2

2 
P1 (1 — f t ,)” t

= 0~02295



-

~~~~~~

From(16) ñ — 9~39

and from ( 17) ~ 6~44.

Then the MM L I  lower 0’9 limit , based on the rounded up values of 7 successes from 10 trials ,
is 0’448.

It should be noted that Easter ling 2 gave his theory in terms of a general system with known
reliability function

p = h(p , , p 2  pm),

and stated that the maximum likelihood estimate h ( j ~) has asymptotic variance

0 2 = 
[

~~ i(1~
)]2 Var (ft1). (18)

In the general case the method is approximate in the sense that the asymptotic variance is sub-
stituted for the exact variance. In the case under consideration . i. e. the case of a series system
where

h (p 1,p 2 , . ., p~n) =  J 1~~~ ,

equation (18) reduces to equation (13).
There are a number of other methods based on asymptotic approximation s to the distri-

butions of certain statistics. For instance , it can be shown that the maximum likelihood estimate

f t =

is asymptoticall y normall y distributed with mean p and variance 02 g ven by (13). This enables
one to construct confidence l imits  in the usual way using the norma .iistribution. This particular
method suffers from the fact that the normal distribution is symmetrical and unbounded and
for small samp le sizes is not a good approximation to the true dist r ibut k ~n of ft which is asym-
metrical (in general) and bounded on (0, I). The method sometimes gives confidence l imits  for
p which lie outside the interval (0, 1). This method is known as the asymptotic maximum like li-
hood method (AML ) .

Other methods based on approximating distr ibutions are given by Madans ky ’3 and Mann
et ~ / 14 While these appear to be superior to the normal approximation method mentioned
above the comparisons of Easterli ng 2 , Winterbottom ’ ~ . and Mann ci a!) 4 indicate that the
methods of Lindstrom and Madden , and East er ling have the most to offer in cases where the
component sample sizes are reasonably small.  Connor and Wells~~ proposed a method based
on similar princi ples to the LM method but requiring much more computation. Winterbottom ’’
indicates that it has no significant advantages over the LM method. The reader is referred to
Mann e a!.’~ for descriptions of these methods.

5. A NEW METHOD

In this section we propose a new approximate metho d for finding confidence limits for
the reliabili ty of series syste m s .

The method is similar to the LM and M M L J M M L I  methods in that , for the purpose of
constructing confidence l imi ts , the set of component results is rep laced by “equivalent ” 

~> ste m
results. Thus , by a series of operations , the data x , : n ,~ ~ 2 :  ~~ 

,~ : n~, are progressively
reduced to x : n, which is regarded as represen ’~ng .v successes from ii t r ials  on the sy stem.
The “exact ” binomial theory of section 2 is the ii  used o give the required confidence l im i t .

Two concepts need to be introduced in order to describe the operations involved in
ducing ” the component results to the equivalent system results. The first is the idea of a “sub-
stitute ” result. Given x 1 successes from ,i~ tr ia ls  on component i , represented h~ x 1 : ii i . a “sub-
stitute ” result is defined as a pair a : b, where a and b are any real numbers obeying

8
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b ii ,

and b < n 1.

For instance, 4 : 5 is a substitute result f or  S : 10. The second idea is the “combination ” of
two results x~: n, and xj :  nj to one “equivalent ” set c d. The results can be combined if

(i) x 1 = ,i1, in which case c = x5 and d = n• ,

or (ii) xj ii., in which case c = x• and d = n1.

For instance , 8 : 10 and 6 :8  can be combined to give 6 : 10; or 8 : 10 and 10 : 12 can be
combined to give 8 : 12.

Consider now the use of substitution and combination on a two component system. Given
the results .v,: n ,, and x2: n2 two courses are possible:

- 
- (A) comparing x , and 

~~2 three cases arise :
(i) x , > n2. Substitute n~ : n ,n2/ x , for x ,: n~

Then the results are n2 : n ,n2/x 1 and x2 : f l 2 .
Combine these to give x2 : n,n2/x , . Thus the equivalent system results are x : n where

x — x 2

and n = n,n2/ x ,

r (ii) x , < n2. Substitute x ,x2/n 2 : x , for x2 :
and combine x 1 : a , and x,x2/n 2 : x , to x,x2/n 2 : a ,

then x = x,x2/ n 2

and n = n , .

(ii i) x , = n2 . No substitution is necessary and the resul ts can immedia tely be combined
to x2 . n ,

Thus x= .v,

and n = n , .

(B) comparing 
~~2 and a , (omitting the details) we have :

(i) if x2 > ii , x = x , and a = n ,n2/ x 2
(ii) i fx 2 < i t , x = x ,x2/ n , a n d n = n 2 ,

( i i i )  if x2 =n , x = x , a n d n = n 2 .

Out of the two courses (A) and (B) we define the optimum one to the be one that produces
the greatest a. Assuming without loss of generality that n , ~ n 2, it is easy to see that course A
is optimum. Since n 1 ~ ~ x2 course (B) gives~~ = n2 which is less than the a that (A) gives,
irrespective of the size of v , .

Summarizing, for a two component system the results are first ordered so that n , ~ 113’
then a substitution is made so that x, = n2 or x2 = n ,, then the results are combined, giving

(i)  i fx , > n2 x = x2 and a = n,n2fx ,
(i i) if x , = ‘~2 .v = x2 and a = n ,

(ii i ) i f x 1 < n 2 x = x ,x 2/n 2 and n =

According to the rules of substitution and combination this method produces equivalent
system results with the largest possible sample size.

As an example consider the data 4 : 5 and 10 : 14. First we reorder to make it , ~ 113
giving 10 : 14 and 4 : 5. Comparing x , and 

~~ 
we find x , is greater than a2 and so we must

substi tu te to reduce x , to n2 . Thus 5 : 14 5/ 10 , i.e. 5 : 7, is subs t i tuted for 10 : 14. We now
have S : 7 and 4 : 5. These can be combined to give 4 : 7. Thus .s = 4 and n = 7, and the

9 
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approximate lower 0 9  confidence limit for p obtained from tables of exact binomial limits
given in Crow ci ~~~~ is 0’279.

As a second example, with the data 3’) : 41 , 30 : 36 substitution for the second component
gives 30 : 4l . 25 : 30 and combination gives 25 : 41 so tha t the lower 0’9 approximate limit
,~

The rationale behind the substitution procedure is that by substituting one is throwing
away information, and therefore inferences made from substituted data should be on the con-
servative side of the exact inferences. For instance, using the exact binomial theory given in
section 2, it can be shown that, wi th on l y one componen t, lower confidence limits from sub-
stituted data are always smaller than those derived from the original data.

The rationale behind the combination procedure is more dubious. It was suggested by the
work of Winterbottom and Verral which is discussed in section 7. The idea i: that the corn-
ponent results x,: n ,, .v 2 : n 2 where x , = a2 are exactly consistent with system results x2 : n ,
where, unknown to the system tester , n , — x , failures were caused by the first component , and
x, — x2 were caused by the second.

Intuitivel y one feels that this approximate method should give conservative limits. In all
cases investigated so far this has proved to be the case.

The procedure is easil y generalized to the case of in components. To begin with the order
of reduction is specified. Let us assume the oruer is 1, 2 m. First x , : n , and x2 : n2 are
reduced to give x2

1 :n 2 ’ then x2 1 :n 2 ’ and x3 :n 3 are reduced to give x3 1 : n 3 1 , and so on.
For instance , the results 4 : 5, 9 : 10, 5 : 6, 7 : 8 give , successively,

4 : 5,56 , 5 : 6 , 7 : 8
3 . 6 : 6 , 7 : 8
3.6 : 6.86.

That is, x = 3.6 and a = 6.86.

Different orders for reduction can give different final values of x and n. An optimal order
is one that gives the largest possible value of a. I t is proved in Appendix I that ~~ ~~ it2 ~~
is an optimal order (this has already been shown to be the case for in = 2). For instance, wi th
the da ta given above, starting with the order

9:10, 7 : 8 , 5 : 6 , 4 : 5

one gets

7 : 8.89, 5 : 6, 4 : 5
5 : 7,619, 4 : 5
4 : 7.619.

Thus the proposed method is to first reorder the component data so that fl , ~ ~~ ~~~~
‘ ‘ ‘  

~~

and then to reduce it using the rules of substitution and combination given above.
This method is the same as Lindstrom and Madden ’s method when the sample sizes are

equal (a, = = = flm). When the samp le sizes are not all equal it gives a gre~1ter value
of n in all cases except when .v, = a. , I = 1 ,2 — I , where a, ~ a2 ‘ ‘ ‘  am: and
therefore it gives larger lower confidence limits. As with Lindstrom and Madden ”. method it

is simp le enoug h to be executed by hand with the aid of tables of exact binomial liro its .

6. A COMPARISON OF COMPETING METHODS
Features considered desirable for approximate methods are:

( I )  they should give l imits  that are reasonably close to the exact limits ,
(2) the achieved confidence levels should be greater than the intended levels ,
(3) consistent with (2) above, the achieved confidence should be as small as possible ,
(4) the limits should be easy to calculate ,

Winterbottom ’’ gives some comparisons of l imits  obtained by the following approximate
methods:

10 
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‘ MMLI a version of the method of Easter ling outlined in section 4

LM the method of Lindstrom and Madden outlined in section 4
AML the asymptotic maximum likelihood ~nethod outlined in section 4
Mann the method given by Mann et a!.’4 and summarised in Winterbottom ’ ~~.

Madansky the method of Madansky ’3
CW the method of Connor and Wells ’5 ,

In addition to these we shall consider:
MML another version of the method of Easterling
SR the method of “successive reduction” proposed in Section 5.

Exact methods that will be referred to are:

UMVE the exact method based on ordering by the uniformly minimum variance unbiased
estimate of p.

LP the exact method based on the ordering that gives the “largest possible” limits
(see Section 3).

Lipow & Riley the exact limits tabulated in Lipow and Riley ’2.

Only systems with 2 components (m = 2) will be considered in this section. This is primarily
because this is by far the simp lest case computationa lly; the effort required rises enormously
as m increases. We believe that many features can be successfully illustrated by this case, however
more work needs to be done for higher values of m to validate some of the conclusions,

To begin the comparison we consider the question of which of these methods have feature
(2) ahoye , i.e. which methods actuall y achieve the confidence that they set out to achieve. Let
us look first at the confidence levels achieved by one of the exact methods , namel y the method
used by Lipow and Riley ’ 2 in constructing their tables. An extract from the Li pow and Riley
tables is shown in Table 2. For the case it , = a2 = ID, Table 2 gives the lower 0’9 confidence
limit L0.9 (x,, x2) for p as a function of x , and x2 . For fixed values of p ,  and P2 the confidence
level actually achieved is the sum of the probabilities of all pairs (x ,, v 2) such that

L0.9 (x ,, x2) ~ P ,P 2

where

(n , \ x n x I’n 2\ r n —
Pr {x,, v2} =

~ 
J p ,  1 ( ~ . p,) 1 1

~ 
j p 2  2 ( 1  — P2) 2 2 ,

\X ,J

The confidence level achieved depends on the values of p, and P2 and thus varies over the unit
square. Thus it requires a 3 dimensional graph to display the full range of values. To overcome
this problem the achieved confidence levels have been calculated for values of p ,  and P2 that
lie on the lines ‘ wn in Figure 3. The equation for this family of lines is

p 1 l _ K (l -_ ~~~p , p 2 )

where i (= I or 2) and K(0  ~ K ç 1) are parameters identify ing particular lines in the famil y .
Figure 4 shows the confidence levels achieved by the limits given in Table 2 along the lines
determined by i = I and ~ I , 0’8, O’l and 0’Ol. In these figures the abscissa p equal s P,P2

Figure 4 shows “cuts” through the surface of achieved confidence over he unit square.
It can be seen that the surface comes down and touches the plane of confidence 0’9 at a series
of points over the unit square, just as in the I dimensional case shown in Figure I the curve
comes down and touches the line of confidence 0~9. There is at least one such touch point in
the plane for each confidence limit shown in Table 2, and this point lies somewhere on the line

P I P 2  that limit .

For instance the value 0~5504 is a limit shown in Table 2 (it corresponds to x , 8, x2 = 10
and .v, = ID, x2 = 8). The line

P, P 2 0’5504

I I

~
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is shown in Figure 5 and the surface of achieved confidence touches the plane of confidence
O~9 at the poin ts p ,  0’5504, P2 = I and p, = 1 , P2 = 0’5504. Similarly the value 0’4l33
is another limit shown in ‘l’able 2, and surface touches the plane at the point p ,  P2 = 0’6429
which lies on the line

P I P 2  = 0’4133.

Some other touch points are also shown in Figure 5. Although this case gives the impression
that all the touch poin ts lie on one of the lines p ,  = 1 , P .  1 or Pi P 2~ this is not true; in
genera l they lie anywhere in the unit square.

Returning to the consideration of approximate methods, if the surface of achieved confidence
for a particular method goes down below the 0~9 plane at any point then it does not achieve the
desired confidence , i.e. it does not satisfy criterion 2. As an example consider the MMLI method
when a, = ID , n2 = 7. The cut given by K = I is shown in Figure 6. Clearly the MMLI method
does not guarantee to achieve the desired confidence.

To establish that a particular method does not guarantee the desired confidence , all one
needs is one examp le of it not doing so. To establish that a method does achieve the desired
confidence one need s to prove the tr uth of this proposi tion in all possible cases. As far as we
are aware no such proof exists for any of the approximate methods. However, after exami nat ion
of a number of cases it seems likel y that some methods do have this property.

Table I of Winterbottom ’’ provides examp les that show that the methods MMLI, AML
Mann and Madansky do not always achieve the desired level of confidence. This follows from
the fact that, with the same ordering as one of the exact methods (see Section 3 for a discussion
of ordering), there are cases where the approximate limits are greater than the exact limits.
These cases are given in Table 3.

The methods for which we do not know of any such examp les are MML. IM, CW and SR.
The LM and CW methods will not be considered furth er;  the LM method because, as was

poin ted out in Section 5, it is dominated by the SR method (dominated in the sense of always
giving equal or smaller limits than), and the CW method because the comparisons of Winter-
bottom ’’ show that it is very similar in performance to the LM method.

The MML and SR methods appear to be the two that give the largest limits consistent
with feature (2), which means of course that they are best in terms of feature (3). Both methods
genera te “equivalen t” system results, x successes ou t of n trials , where x and a are not
necessarily integers. . Therefore to obtain confidence limits from ordinary tables some
form of in terpol ation mu st be used . The one used to generate the results discussed below is as
follows, Let Er] be the integer part of ,y . Let L~(x , n) be the 2 lower confidence limit given by
equation (4) (the notation has been altered slightly from L1(.v ) to L~, (.v, it)). Then , if x and a
are not integers, the limit is equal to

a + ( n — [nJ) (b — a)

where a = (x  — —  [x]) (L~( [x] -
~~ I , [a]) — L8 ([ x] ,  [ n] ) )  + L1 ([ x J ,  [a] )

and /, = (x — [xJ) (L ~([ x]  + I , [a] + I) — L~( [ x ] ,  [ a] -
~~ I )) ~~

— La([X], [a] + I) .

An alternative form of interpolation would have been to use (5), since !(.c . 2, fi) is defi ned for
real val ues of s, 2 and ~~ .

To enable comparison with results given by Winterbottom ’’ some of the limits produced
by the MML and SR methods in the cases a, = 10. 

~~ 
= 7 and n , = ~~~~ ‘~2 -= ID are given in

Table 4. The limits given by the exact LP and VMVE methods are also given.
Easterling 2 pointed out that the MML method runs into difficulties in cases where no

failures are observed. In his analysis he used the rule “For the case of no failures the pseudo-
samp le size was taken to be mm (a,, a2) .This statement is sli gh t ly ambiguou s. i t could mean :

(a) if x , = n , and x2 n 2, let ~ mm (a,, n 2) ,
or

(b) i f x , = n , or x2 = n 2, let fr~ -=r min (n ,, a 2).

Interpretation (a) would certainl y lead to a rule where the achieved confidence was sometimes
less than the intended confidence. Taking an extreme example. wi th a , .:. 30, 112 2 the results

12
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x , = 29, x2 2 would give ~~~~~
— 29, n -~~ 30 and a lower 0’9 ccnfldence limit ot’ 0’876. Flow-

ever the exact limit must be less than or equal to that obtained from 2 successes in 2 trials,
viz. O’3l6.

For this reason we have used interpretation (b). Thus the results n , = 30, a 2 2, x , = 29
x2 =-- 2 give ñ 2, j3 0’967, .~ ~

-- l’933 and lower 0~9 limit of 0’298.
An investigation of the performance of the SR method was carried out. The cases investi-

gated are listed in Table 5. In no case was the achieved confidence level lower than the intended
level. As a typical example of the results achieved , Figure 7 shows four “cuts ” throug h the
confidence surface for the case n , = 20, n2 = 10. Figure 8 shows a comparison of three “cu ts”
for the SR and MML methods when a , = 10 , a2 = 7. For the case k = I the SR method is
better b r  values ofp above 0’S, the two methods are roughly equal for 0’17 

~ 
p ~ 0’S, and

the MML method is better for p less than 017. Since in practice one is rarely interested in
systems with p < 0’5 the SR method seems to have the edge on this comparison. In the case I = I ,
K = 0-01 the performances are virtuall y iden tical. When i = 2, K -= O’Ol (in this case P 2 ~
and p varies wi th p, from 0 to I) the MML method performs poorly. This case highlights the
difficulty encountered by the MML method when there are no failures on the component with
the smallest sample size.

Figure 9 shows a further comparison of the two methods when a , — a 2 = 10. The MML
method is superior in this case.

Based on a fairl~ small amount of evidence our tentative conclusions are that the MML
method performs better when the sample sizes are equal or nea rly so, and the SR method
performs better when the sample sizes differ signitIcantly. However more evidence is needed,
especially on structures with more than two components.

7. A SEQUENTIAL PROCEDURE FOR SERI ES AND PAR ALLEL SYSTEMS

The discussion in the previous sections has been concerned with the problem of constructing
conñdence limits for system reliability with data obtained from fixed sample size tests of the
components. Clearly this is a difficult problem. The problem can be asoided if the sample sizes
arc not fixed in advance, but are chosen sequentiall y throughout the testing of the components.
Winterbottom and Verrall 4 give such a scheme.

The scheme for testing the components of a series system is as follows. Test component I
a times giving x, successes and a, — x, failures. Test component 2 ‘~2 = X 1 times giving X2

successes and 
~~ 

— x2 failu res, and so on, with component i being tested a1 = x , . , t imes giving
x , successes and a1 — 

~~ , failures (I = 2, 3 in ).  Winterbottom and Verrall4 show that Xm is
an observation on a binomial random variable with probability p and sample size it. Confidence
limits for p can be constructed from X m and a by the me thod given in Section 2. Thus the rule
used for testing components linked in series is to use the number of successes obtained for
component i as the samp le size for component i + I .

Winterbottom and Verra ll4 give a s imilar  rule for testing a system whose components are
linked in parallel , i.e. a system with reliability

p = I — II ( I  — p ) .

The rule is that the sample size for component i is the number of failures obtained on com-
ponen t i - I .

These two rules can be combined for any system that can be broken down into blocks
consis ting of uni ts ar ranged in series or parallel. The results can still  be expressed as an obser-
vation on a binomial random variable wi th  samp le size a and probability p.

Often it is impossible for practical reasons to be able to run sequential tests of this type .
In those cases fixed sample size tests must be used and the methods discussed in the previous
sections apply. However, in cases where sequential tests can be used, the scheme of Winterbottom
and Verrall is efficient in the sense that it minimizes the number of tests required and it provides
data from which confidence intervals can E~e calcula ted easily by exact methods.
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S. A GENERAL SE QU E N TI A L  PROCEDURE

Winterbottom and Verrall ’s scheme was generalized by Preston 5 to deal wit h any coherent
system whose structure function is known. This procedure determines the number (a,) of tests
that must be performed on each component, and schedules these tests in such a way that the
results can be expressed as an observation on a binomial random variable with samp le size a
and probability p.

We set out to perform the equivalent of a tests on the whole system. It will be convenient
to refer to these as sing le tests on n identical ‘systems’. Thus if x 1 (= I or 0) is the result of
the j ilt test on the ilk component the vector (x ,j, x21 x1j, . . . ~~~~ will be the result of the
tests on ‘system ’ j .

It is not always necessary to carry out a tests on all components, for the following reason.
Suppose we have just finished testing component r and that the results of the tests on the com-
ponents of ‘system ’ j  so far obtained are (x ,j, x21, . . . ,  X rj ) .  If

f ( x ,j ,  x, 1 vrj ,  ~~~~~~~~~~ Zm) =

for all values of the vector (Z r + , , . . . , m) where :, = 0 or I , the n we know tha t ‘system’j will
be assessed as reliable, irrespective of the results of the tests on components r -— I m.
Thus it is not necessary to test these components for ‘system’ j. Similarl y, if

• f ( x ,;, X 2J Vrj, Zr ,, ... ,  :m) = 0
for all ~~~ :m) ‘system’j has failed the system test and its remaining components do not
need to be tested. Thus, at stage i of the sequential testing procedure we define three classes of
‘systems ’, those that have passed the test, those that have failed, and those whose outcome is
not yet determined. We denote these as follows:

‘systems ’ j , j  a A , have passed
‘systems’ j ,  j  a B,, have failed
‘systems’]. j  a C., need further testing.

The sequentia l procedure runs as f ol lows. Test component 1 ii times with results
x ,~ . A ,2  ~~~~~~ 

Let A , he the set of integers ] such that

f (x ,j ,  :,. Z 3 m) . . I

for all (:2 Z m) ~ and let B , be the set of integers j such that

f(r,;, :~ :m) = 0

for all (: 2 Z~m) (.4, and B, will often be null sets). Let C, be the set of integers in the range
1 ,2 a, not contained in A , or B ,. Let s , be the number of elements in C ,.

Test component 2 .s~ times and record the results as v21,]r C,. Let D 2 be the set of integers
j ,  j a  C, such that

f (x 15, X2j , _
~ rn )  =

for all (:3 ~~~ and le t E 2 be the set of integers], j  a C, such that

f (v ,5. .v25, :3 :~) 
-= 0

for all ( 3  Z m). Let

A , UD 2,
B2 B , UE 2,
C2~ C, — D 2 --- E2.

and let s2 be the number of’ elements i n C2.
Continuing in this manner, the ii!, step is as follows. Test component is , ,  times and record

the results x ,j , j  a C, . , . Let D , be the set of integers j , j  E C,. ,, such that  

,j, :~ ,,. . ..  :m ) I ( 19)

14
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for all (z ,~ , Z m), and let E, be the set of integers j , j e  C, , ,  such that

f (x ,j, . . ., x 11, Z ,~~, , . . .,  2,,,) 0

for all (z ,~~,, . . ., Zm). Let

A , =
B = B.. , UE,,
C = C , ,  — D , — E ,,

and let s , be the number of elements in C,. This procedure is followed for i = 2,3, . . . , m,
- . 

The probability of a ‘system’ being classified in the set Am on completion of testing is just
the probability of the system passing a system test , i.e. the probability p. Let x be the number
of elements in Am on completion of testing. Then x is an observation on a binomial random
variable with sample size a and probability p. The proof of this proposition is given in Appendix 2.
It is easy to show that this procedure reduces to the one given by Wi nterbottom and Verral l
for a series or parallel system.

Example: The structure function for a bridge network (see Figure 10) is

f ( y~, Y2 ’ ~V3. V4, )‘~) = I — (I — YIY2)( l — y3y4)(l — ;,y4,j ’5)( l —

This function is represented in tabular form in Table 6. The brackets indicate that the values
of the component indicators to the left determine the value of y irrespective of the values of
the component indicators to the right. For instance , fro m rows 2 l to 24, it can be seen that
if y, = 0, Y2 = I , and y~ = 0,

f(Y,, Y~’ ,V3 ’ -~~
, :5) = 0

for all (24, z 5) .

Su ppose a = 10 and the results f or  component I are 1 , 1 , 1 , 0, 1 , 1 , 0, 1, 1, 1, i.e.

x ,, = I, x ,2 = I , x ,3 = 1 . x,4 = 0 etc.

The sets A, and B, are null ,

C, = {l , 2, 3, 4, 5, 6, 7, 8, 9, 10)

and s, = ID.

Component 2 is tested 10 times giving 1 , 1 , 0, 0, 1 , I , 1 , 0, I , 1.
Pairing-off with the results for component I we have

j  1 2 3 4 5 6 7 8 9 10
x ,j l I I 0 I I 0 I I I
x25 I 1 0 0 I I 1 0 1 1

Then D 2 = {l , 2, 5, 6, 9, 10)
= D2

E2 is null
B2 is null
C2 == {3, 4, 7, 8)

and 
~2 4.

Component 3 is tested 4 times gi v ing 0, 0, 1 , 1. The results for the systems in C2 are
j  3 4 7 8
x ,1 I 0 0 1
x25 0 0 I 0
x31 0 0 I 1

15
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Thus D 3 is null

F t
E3 = {4)
B3 = (4)
C3 = (3,7,8)

and s3 == 3 .

Component 4 is tested three times giving I , I , 0. The results for the systems in C3 are
j  3 7 8
x,j- l 0 1
x2; 0 I 0
x3j0 I I
x4j l 1 0

Thus D4 = (7)
A,, .= (1 ,2, 5, 6, 7, 9, 10)
E4 is null

. 1 B4 =B 3
C4 ={3,8}

ands S4~ ”2.

Component 5 is tested twice giving 1 , 0. The results for the systems in C4 are

j  3 8
x ,j l I
x 25 0 0
x35 0 I
x4; 1 0
x 5j l 0

Thus D 5 = (3)
(I , 2, 3, 5, 6, 7, 9, JO)

and x =8.

This set of component results , namel y
component no. of trials no. of successes

i 10 8
2 10 7
3 4 2
4 3 2
5 2

gives the equivalent system result of 8 successes out of 10 trials. A 90~~, confidence interval forp,
calculated by the method given in Section 2, is (O’550, I.) .
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APPENDIX 1
Assuming without loss of generality that p~1 ~ ~ ~~~ in this appendix it is proved

that , using the methods of substitution and combination described in Section 5, 1 , 2, . . . ,  m
is an optimal order. That is, it gives the largest possible value of n.

The methods of substitution and combination , when applied together and in that order ,
will be referred to as the method of “reduction ”. Thus we speak of reducing x :  a,, x5: n; to
xk : nk , and n~ is called the “result ” of the reduction.

A general order will be denoted by i( l ), 1( 2) i(m) where (1(1), 1(2) 1(m)) is a per-
mutation of (1, 2, . . ., m). The set (a ,,,,, n ,127, . . ., n ,,,,,,) will be referred to as the sample size
vector. The reduction process is always carried out from left to right , so that successive sample
size vectors will be

N, = (n~111 , fl 1~2,, . . . flj i m >)
N 2 = (n 2’ fl j ( 3 )  n ,m,)
N3 = (n ’3, n~,4> ,.. ., fl~(m))

where N , has m components, N 2 has m .— I components; and so on , and a ’2 is the result of
red ucing x .(,): n ,( ,), x .(2) : n .(2 ) etc .

THEOREM I When m = 2 an optimal order is 1, 2 and the substitution rules are:
(i) i f x , > n2 substitute n 2 :n ,n2/x , for x , :n ,

(ii) if x, = n 2 no substitution is required
(i i i )  i f x , < ~~ subst itute x,x2/n 2 :x , for x2 :n 2 .

Proof: The proof is given in the text of Section 5.

THEOREM 2 The data x , : a ,, x2 : a2 give an equal or better result than .~~,: n ,, x2 : a2 where

~~-= ~~ - and n2 ~g n, ~ a ,.
a1 a ,

Proof:
(i) ~~~ > n 2, .~, :ñ ,, x2 :n2 give the result ñ = ñ , n2/x ,; and x,:n,, x2 :n 2 give the

result a = n,n2/x , > n.
(ii) If .

~~, 
=n 2, .~, : ñ ,, x2 :n 2 give ñ =  ñ , and x,:n ,, x2 :n2 give
= n,n2/x 1 (since x, > ~, = n2)
= n,i,/x ,
= a1
= n.

(iii) If I, < a2, .~, :ñ ,, x2 :n 2 give n = n, and x, :n ,, x2 :n 2 give
n ~ n~n2/x 1

—
, >

= nI
== n.

THEOREM 3 W hen m = 3 an optimal order is I , 2, 3.
Proof: An order wil l be said to dominate another order if it gives at least as great and possibl y
greater value of a. The possible orders are :

A 1, 2, 3
8 1 , 3, 2
C 2, 1 , 3
D 2, 3, 1
E 3, 1, 2
F 3, 2, 1

18 
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Now, from Theorem I the order 1, 2 dominates the order 2, I . A pplying theorem 2 it follows
that I, 2, 3 domina tes, 2, I , 3, i.e. C is dominated by A . Similarly E is dominated by B and F
by D. This leaves

A 1, 2, 3
B 1, 3, 2
D 2, 3, 1

An exhaustive anal ysis of the results obtained from each of these ordeis is given in Table 7.
Examination of every case shows that order A always gives a value of a as great as or greater
tha n orders B and 0.

THEOREM 4 For any m? 2 the order 1, 2 m i s an optimal order .
Proof: The proof is by induction. Theorems I and 3 have established its truth for in = 2 and

- m = 3. Assuming its truth for in — I components it will be shown to be true for m components ,
where m ~ 4.

It is obvious that at least one optimal order must exist. Let i(1), i (2)  1(m) be such an
order. Now consider the first in — 1 components 1(1), i(2), . . ., i(m — I) . These will be success-
ively reduced to give the result ~~‘m - j ’  However , by the inductive assumption, the order
1, 2 1(m)—I , i (m) +l , . . ., in must give at least as good a result. Further , by Theorem 2,
this must combine with component 1(m) to give at least as good a result for the whole system.
That is, the order 1 , 2 1(m)—I , i(m) +1 in , 1(m) must also be optimal. Now three
cases arise.

Case (a) i(m) > 2.
Beginning with the optimal order I , 2 1(m) — I , 1(m) +- I in . i(m) the first reduction

gives the sample size vector

(a ‘
~~~

, a3 fl1~m~_ 1, 11j~ p~~ -.~~~
,. - .‘ fl 7~ , 17 j~m~

)

where & 2 ~ 173. By the inductive assumption from here on the order 2, 3 in must be optimal.

But clearly the initial order 1 , 2 m would have given an identical result, so it too must be

optimal.

Case (b) i (m) = 2.
Beginning with the optimal order I , 3,4 m, 2 the first reduction gives samp le size

vector (17 1 2 , fl4 fl m, “2) . Depending on which of a’2 and a2 is largest, since there are now
in — I components , the order corresponding to ei ther (a 2 fl 2, 113 flm) or (a 2 . ~~ 2~
f l4 a m) is optimal. Continuing with the appropriate one of these, the next reduction gi\ cs

samp le size vector (a ’3, 114, . ., a m).  Now compare this with wha t would have been obtained
starting with the init ial  order I , 2 in. Then a ‘ 3 was obtained by reducing the first three com-
ponents in the order I , 3, 2. and by Theorem 3 this must give a result less than or equal to that
obtained from the order 1 , 2, 3. Repeated app lication of Theore m 2 then shows that the
final result obtained from 1, 2,..., m must be at least as good as that obtained from the
optimal order I , 3,4 in , 2. Thus I , 2 m must also be optimal.

Case (c) 1(m) = I .
Beginning with the optimal order 2 in, I the first reduction gives sample size vector

(a’,. a4, n 5 f l m, n,).

Since there are now in - I components the order corresponding to

(n ,, a’2, a4, a5, .,., flm )
must be optimal. The next reduction gives

(~~i
3 a4, n ç am).

Here a ’ was obtained from reducing the first three components in the order 2 . 3. I - By Theore m 3
the order I , 2, 3 must be at least as good. and repeated app lication of Theorem 2 shows that
the init ial  order 1 , 2 in must also be optimal.

Thus in every case the order I , 2. . . - ‘ is an optimal order. This completes the proof.

19 
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APPENDIX 2
Additional Notation

i,j ,  k, r , t in teger indices

F, binary vector; m elements; general element f ~
j ,  I = I , 2, . . . ,  m; the vectors F5,

= 1, 2 2m are arra nged i n lexicograp hic decreasing order i.e.
F , = (I , I I , I , I)

= (1 , 1, . . . ,  1 , 1 , 0)
F 3 = ( l , I 1 , 0, 1)
F4 = (I , I , ..., I ,0, O),..,

F ”1 binary vector; r elements; general element .1’
~;, I = 1, 2 r; F ”5 is the vector F~

tru ncated at the n h  place: FT, = ( f, ,  j’
~
j) and in particular F tm5 = F5.

H ,  binary vector; b(k)  elements: defined as follows:

H , = ( I ), 112 = (0), H 3 = (I , 1), H4 =

H 5 = (0, 1), H 6 (0, 0), H 7 = ( 1 , 1 , 1 ) , . . . :

i.e. the number of elements starts at 1 and increases in steps of I , and for a given
number of elements, all the binary vectors are listed in lexicographic decreasing orde r.

b(k) number of elements in H k ;  b (k )  is the integer part of log2(k -+- I).

G the set ofindicesj such thatf(Fj) = I (recall thatf( ) is the reliability function); i.e.

f ( F , ) = l ,j c G ; f ( F j ) = 0,j ~~G.

G , V,, p, the sets G., the vectors V~, and the scalars p,, I = 1, 2 h, are defined recursively
as follows: let k be the smallest integer such thatf(Hk, 2b ( k ) ~~ 1 Zm) = I for all
(Z~, , k , . ,  Zrn). (Al)
Define G, as the set of indices j  such that

4 - F~
W 

= Hk.  (A2)

Define p, = b(k) and V , = Hk~ Find the next smallest integer k such that (Al )
holds , define G2 as the set of indices j  such that (A2) holds, define P2 = b ( k )  and
V2 = H k;  and so on. As an example consider the 2-out-of-4 voting system given in
Sec. 8. From Table 6 we see that the smallest k such that (Al) holds is k = 3, and
H 3 = ( I , I ).

Then G, = [1 , 2, 3, 4, 5, 6, 7, 8J, p , 2 , V, = (I , 1).

The next smallest k such that (Al) holds is k = 12, H 12 = (0, 1, 0).

Then G2 = [21 , 22 , 23, 24). P2 = 3, V2 = (0, 1 , 0).

Prcce2ding in a similar fashion we find that
G4 = [ 9 . 10). p 4 4. V4 = ( 1 , 0, l , I )

= [ 11 , l2 J , p, = 4, V5 = ( 1 ,0. 1 .0)
G6 [ 1 5 . l 6] . p 6 4, V6 = ( l , O, 0, 0)

= [ l7 , l8J , p.~ = 4, V7 = (0, I , I , I), and so on .

h numbe r of sets (1,.

20
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elements of the vector V :  k = 1 , 2 p, ;  I = 1 , 2 h.

S, set of indices J such that pj = i fo r I 1 , 2 in . In the examp le given in the
defi nition of G,
S, is null , S2 = [1], S3 = [2, 3], S4 = [4, 5, 6, 7, 8, 9], S5 = [10, 11 , 12].

~/ i(p, z) pZ ( 1  p) I~~Z

Propositioa

The probability of a ‘system ’ being classified in the set Am is the probai lity of the system ’s
being good , i.e. the probability R.

Proof
The probability of the component configuration represented by any binary vector F5 is

m
Pr {Fj}= fl ~~(R k,f k5) .

• k~~~~~ t

G is the s~t of all componen t confi gurations that make the system good. The system reliability,
R, is the sum of the probabilities of all such component configura tions , i.e.

R =  ~~ P r { F j } .
j c G

It follows from the definitions that the sets G., I = I , 2, . . . ,  Ii, are a mutually exclusive and
exhaustive collection of subsets of G, i.e.

h

u G,.

Thus
h

R = ~ Pr(Fj }. (A3)
i 1  j E G 1

Further , from the definition of G , the vectors F5, j  E G., have their first p, elements in common ;
in fact these firs t p, elements constitute the vector V,, i.e.,

= Vk ,, k = I , 2,. . ., p, for j E  G,.
Thus

m —

~ P r {Fj}  = 2 H lf ’(Rk, fk ,)
j e G 1 j E Q 1 k I —

m

= ~ U ~~~~~~~ U ~b( R*~,ft j )
j c G , k I k-

in

= [1 ~~~~ i’~~ ) ~ I’ l/4 Rk.fk;)
k i k ~~ - i

ii
= II ~t ’(Rk , Vk,)  (A4)

k

The last step follows from the fact that , by the defi nition of G. , the vectors (f,~~~,, j  f m j) ,
j  c G,, constitute a comp lete enumeration of the binary vectors with in — p, elements , which
imp lies

[I c/ 4Rk,f kj ) — I .
~c G , k - i, - ‘-
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From (A3) and (A4)

h

R =  ~ U i,b (R~, v~,))~~~1 k~~~~~ i

= 
•~~ ,

Pr{V ,}. ( A S )

Now consider stage I of the sequential testing procedure (see Sec. 8) and compare (19)
with (Al). A ‘system’ j  will be classified into D ., i.f #

(x,j, x25 x,j) V, = (v ,,, 
~
‘2 v j , ) (A6)

for some value of t  in the range I , 2 Ii. Of course, for equation (A6) to hold, V, mus t have
the same number of elements as the vector of component results (x , j .  .v2 5 , . . ., x ,j ), i.e. p, must
eq ual i. 5, is the set of indices t such that p, I. In other words , S represents the set of vectors
of component results that would cause a ‘system ’ to be classified into D . at stage i. It follows
that the probab ilit y of a system being classified into D , is the sum of the probability of these
vectors, viz.,

~ P r ( V,}.
Si

Further, from the sequential testing procedure it is easily seen that
In

L i D 1.
i~~ I

Thus the probability that a ‘system ’ is in Am on completion of testing is the sum of the pro-
babilities of bei ng classified into D . over all values of I (i.e. over all stages), viz.,

m
Pr {‘system’ in A~ ) ~ ~ Pr { V,}. (A7)

t c s i

Now the sets S are mutuall y exclusive , and

m

~ S, = [1 , 2 hJ ,

so that
m 6

~ Pr { V,}= E P n ( V ,}. (A8)
I — I t

~~
5
~ 

i~~

From (AS), (A7) and (A8), we have

Pn {’system’ in A~ } = R. Q.E. D.

22 
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TABLE 1
Exact and approx imate lower 90 °V0 confidence limits for p when n = 10.

x L0.9( x) - 4 0.9 (x)

0 0 0’
1 0~0I05 0’
2 0 0545 0~038
3 0~I I S8 0 114

- 
I 4 0’ 1876 0~20l

5 0’2673 O~297
6 0~3542 0~4Ol
7 0’4483 0’5l4
8 0’5504 0 638
9 0 6632 

- 
0’778

10 
- 

0~7943 - l 000

ii.

23 
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TABLE 2
“Exact ” lower 0 9  confidence limits for p when n , = a2 = 10.

~~~ 

— - 
~ 2 L0.9 ( x ,, x2)

10 10 0~7943
9 10 0’663l

10 9 0~663l
9 9 0’607l
8 10 0’5504

10 - 8 0~5504
8 9 0~497I
9 8 - 0’49 11
7 10 0’4483

10 
- 

7 - O~4483
8 8 0’4457
7 9 0~4l33
9 7 0’4 133
6 10 0’3542

10 - 6 0 3542
7 - 8 0~3542
8 7
6 9 0•3439
9 6 0 3439
7 7 0’2673
6 8 0~2673
8 I 6 0~2673

24
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TABLE 3
Cases where the approximate lower 0 9  confidence limits are greater than the exact limits.

a2 
- 

x , - x2 Ordering t Exact Approximate Approximate
Limit Method Limit

10 7 - 9 5 LP - 0~388 MML I 0 40 1
10 7 10 5 LP - 0~404 AML 0’495
10 10 9 9 UMVE 0~607 Mann - 0’6 15

10 7 10 5 LP 
- 

0 404 Madansk y 0’475

* This column gives the ordering used in the determination of the exact limits (see Section 3
for a discussion of ordering).

25
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TABLE 4
Lower 0~9 confidence given by the LP and UMVE exact and MML and SR

approximate methods.
n 1 = 1 0  n2~~~~

x, x2 LP - UMVE MML SR

10 5 0 404 0 404 0’404 0’404
7 7 0~448 Q.4~4 0~39l O~448
8 6 0’447 -~ 0 404 ‘ 0’428 0 ’4I6
9 - 

5 0~388 - 0~388 0~365 
- 

0’358
7 6 0~385 0.354 O’354 0’354
6 - 7 0 .354 - 0~354 0’304 0’354

10 4 0~279 0’279 0’279 0’279

n 1 = l O  a2 = l O

x , 
I 

LP and UMVE MML SR

10 - 10 0 794 0’794 0~794
9 10 0’663 0’663 0~663
9 9 0’607 - 0’573 i 0’562
8 10 0~550 0~550 0~550
8 9 0.497 0’48 1 0~469
7 10 0’448 0’448 0~448
8 8 0’445 0~408 0~392
6 10 0 3 54 

- 
O~354 

- 

0.354

26
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TABLE 5
Cases for which the achieved confidence levels of the SR level were determined.

a1 a2 K

10 7 1
10 7 1 0~l

— 10 7 1 0 5
10 7 1 l~0
10 - 7 2 0 0 1
10 10 1 0~01
10 - t O l 0’I
10 10 1 0’5
10 -~ 10 1 1 ’O
20 10 1 - 0~0I
20 10 I 0 ’l
20 10 1 0~5
20 10 1 l ’ O
20 10 2 0 ’OI
20 10 2 0~ l

* i and K determine the “cut ” (see Figure 3).
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TABLE 6
Structure function for a bridge network.

row .Y~ 3)4

I I l 1 I 1 1
2 1 1 I I 0 :  1
3 1 1 1 0 1
4 1 1 1 0 0

- - 5 1 1 0 I I I
6 1 1 0 1 0 -  1
7 I 1 0 0 1 1
8 1 1 0 0 0 1
9 I 0 I I I I

10 I 0 1 1 0 1
11 1 0 1 0 1 0
12 1 - 0 1 0 0 0
13 1 0 0 - 1 I 1

-
~~~~~ 14 I 0 1 0  1 0 0

15 I 0 0 0 1 0
16 : 1 0 0 0 0 0
17 0 l I - I I  

- I 1
18 0 — I I I J  0
19 0 1 I 0 1 1
20 0 I 1 0 0 0
2 1 0 1 0 I 1 0
22 0 1 0 1 0 0
23 0 

- 
1 0 0 1 0

24 - 0 1 0 0 - 0 0
25 0 - 0 I l~ 

- I
26 — 0 0 1 l j  0
27 - 0 0 I 0~ 1 0
28 0 0 I 0J 0 0
29 0 0 0 1 I 0
30 0 0 0 I 0 0
31 0 0 0 0 I 0
32 0 0 0 0 0 0

28
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TABLE 7
Effect of the orders A, B, D when m = 3 (see the Appendix for details).

Condition Order First Reduction Second Reduction (= n)

X 1 ~ ‘ ~ 2 A n1n2/x , n,n2n3/x 1x2
~ n3 B n,n3/x , n ,n31x 1

n,n3/x , ~ D n2n3/ x 2 n 1n2n3/ x ,x 2

x 1 ~ n2 A n,n2/x , n1n2n3/x ,x2
X2 ~ fl 3 B fl 1fl 3/X 1
X 2 ~ fl 1 fl3/X 1 < fl2 0 ‘2’~3/x2 ~1,Ft 2Fi 3/X ,X 2

~ A n,n2/x 1 n1n2n3/x 1x2
x 2 ?‘ B n,n3/x 1 n,n2n3/x 1x2
n1n3/x , < x2 0 n2n3/x 2 n,n2n3/x ,x2

x1 ~ fl2 A n1n2/x , n,n2/x ,
< a3 8 n,n3/x , n,n3Jx ,

n1n3/x 1 ~ a2 0 n2 n1n2Jx 1

~ a2 A n1n2Jx , n1n2/x~
x2 < n3 13 n,n3/x ,
n,n3/x , < n2 0 n,n2/x 1

X 1 < fl2 A a1 n1n2n3/x ,x2
x,x2/n 2 ~ a3 B n,n3/x , n,n3/x 1
n1n3/x 1 ~ a2 0 n2n3/x2 n,n2n3/x ,x2

X 1 < fl2 A n1 n,n2n31x 1x2
x,x2/n2 ?~ B n,n3/x 1
x2 ~ n1n3/x 1 < n z D n2n3/x 2 ,i1n2n3/.v1.v2

X 1 < ‘~2 A a1 n1n2n3/x ,x2
x,x2/n2 ~ a3 B n,n3/x 1 n,n2n3/x ,x2
n1n3/x , < x2 D n2n3/x2 n1n2n3/x ,x2

x, < n 2 A a , a1
x,x2/n2 <a 3 B a1 -

D a1 

-~~~~ - . -  ~
_
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