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SPECTRAL TRANSFORMATION OF
RANDOM WATER WAVES ON BEACIJ1~S

C. Y. Yang and Y .  H . Chen *

1. Introduction

This paper presents the mathematical derivation and physical in terpre ta tion

of the formula governing the change of energy as random waves propagate on beaches

from deep water towards the shoreline. The energy change is characterized by the

wave spectral density. The problem is limited to linear , one—dimensional steady

waves directed normally to a beach of constant slope. In the wave field it is

furthur assumed that there is no wave reflection from the shoreline ; no energy input

from wind and dissipation from turbulence and no wave—wave interaction .

In five parts the paper first reviews some relevant results of the dE.ter—

ministic wave theory and then examines the classical result of Longuet—Higgins (1)

on the transformation of a continuous wave spectrum based on the concept of

the conservation of energy flux and the concept of random noise by Rice (2).

To improve on Longuet—Higg ins ’ significant but approximate result where the

local slope of the beach is assumed to be horizon tal , the more accurate theory

byFriedrichs (3) for deterministic waves is used to. study the random wave problem.

The basic idea is to determine wave energy changes directly from the exac t

solution for the wave surface 
~~~
. This simple approach is possible because the

exact solution n for the sloping beach gives the spatial variation in wave ampli-

tude which is not provided by the wave solution for a flat bottom. It is shown

that for small beach slopes , the asymptotic solution of Friedrichs leads to

the formula governing the transformation of random wave spectrum that is in

complete agreement with that of the approximate theory by Longuet—Higg ins.

For beach slopes tha t are no t small , a new formula for the wave spectrum

*Professor (Senior Author) and Research Fellow respectively . Department of Civil
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transformation is derived by extending Stoker ’s (4)  e:~;u - t  solution for

deterministic waves to a random wave field. Numerical resul ts based on the new

formula are obtained and presented along with those by Longuet— }li gg ins.

2. Review of Deterministic Water Waves

Consider a one—dimensional , l inear , progressive single wave in water of

uniform depth Ii. The wave surface with amp li tude a , wav e numb er k , frequency

a , and phase angle 0 may be deno ted by

f l ( X , t )  = a Cos(kx + at + 0) (1)

The wave energy per unit horizontal surface area is

E = ~~ pga
2 (2)

When such a sing le wave steadily propagates from deep water , in a normal

direction , towards the beach with a uniform beach slope and when it is assumed

tha t there is no energy input from wind and no d iss ipation due to turbulence

within the wave field , then the energy flux must be conserved. That is ,

EC E C  (~~)

where C is the group velocity and the subscript denotes the quantity in deep

water.

The above results for a single wave can be extended to a multiple of n

single waves. Let the combined wave surface be denoted by r (x,t). Then the

wave surface and the energy equations are

~(x,t) = ~ a Cos(k x + a t  1- en) (4)

1 2
E~~~~~ pg~~ a

n (5)
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where the subs~’ r i pt  n denotes the nth component wave .

3. Longuet—Higg ins’Appr oximate Theory (1957)

Consider a random progressive wave surface n(x,t) denoted by the same

equation (1) except that in this case the phase angle 0 is a random variable ,

distrIbuted uniformly in (O ,21T). Thus n(x,t) is a random process. Note that

for this random wave model, however, Eqs. (2) and (3) remain valid since the

energy and the group velocity for each wave sample are independent of the random

phase. All wave samples have equal energy E and group velocity C so that these

quantities can be considered as ensemble mean values. The ensemble mean for the

random process n(x,t) is zero and the variance

2 1 2  (6)Var [~~(x , t ) ]  = r~ (x , -t) = a

where the bar over the symbol denotes ensemble average . Consequently , in view

of Eqs. (2) and (6) the variance or the ensemble mean square surface represents

the wave energy E excep t for the constant pg. This connection leads to the

familiar concept of an energy spectrum density. Thus if S(k) is defined by

S(k)Ak = Var[n(x,t)J - E (7)

it represents the energy density associated with random waves of wave number k, or

simply the wave number spect rum.  Using the equat ion  fo r  the conservat ion of

energy f l ux , Eq. (3), yields the following f ormula ,

S(k)~~kC = S ( k )A k c (8)

If it is assumed that the f r equency  a is constant , then the ra tio of the group

velocities C to C is equal to that of the wave number increment ~k to ~k

3 
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and in this way Longue t—I1 i ggins ‘ important Fe riuu I d  m a y  1)0 ob t a i ned (1)  as

S ( k)  = S ( k ) (9)

for  the conservat ion of wave number s p e ct r u m .  This c o n s e r va t i o n  f o r m u l a

fo r  the single random wave model , Eq.  ( 1) , w i t h  a s i n g l e  random p hase ang le ,

0, app lies to a multiple of a random waves d o t  m e d  by Eqs .  (4 )  and ( 5 ) ,

which can be show n as fo l lows .

Let it be assumed that the random phase angles 0 in Eq. (4) aro

independent ly  and un i fo rml y d i s t r i bu t ed  in (0 , 271) . Then fo r  the  cor ~bi ned

wave su r f ace  the ensemble mean is zero and the variance

V a rk ( x , t ) J  1 2 (x , t )  = Z~ a2 (10)

so tha t  the wave energy associated w i t h  the component  random wave of wave

number k is S(k )~~k.  It is again governed b y the r e l a t i o n  fo r  the conser-

vat ion of energy f l u x , Eq.  (8) , but  under  the a d d i t i o n a l  assumpt ion  of

independent propagat ion for  a l l  component waves . F ina l ly , under the  same

assumption of constant  f requency  a for  each component  wave , the same f o r m u la

Eq.  (9) for  the conservation of the  wave number spect rum ho lds .

Thus, it is shown that under the assumption of no wave—wave in terac t ion,

the spectrum transformation relation for the random multiple wave model can

be derived from a single random wave model. This simplification is used in

the following analysis.

The theory is considered approximate  because the  bas ic  wave s u r fa c e

Eq. ( 1) and the group velocity C are der ived under the a s s u m p tio n  of a f l a t

bo t tom.  This assumption is removed in the fo l lowing .
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4.  Random Waves on a S h a l l o w  Slop ing Beach

For a shallow slop ing beach , Friedrichs ’ a s y m p t o t i c  so lu t ion  (3 ,  p. 114) fo r  a

progressive wave is given b y ,  (Figure 1),

ri(x,t) 2k 1 A ( X ) S i n {w ~~~K ( A )  + a t  + 4
} ( 11)

where u is the small beach angle , A is the ra t io of pseudo wave length at x

to that at x -
~
- and

wxk = A t anh 1 A (12)

A(X) (13)

j (~~) = A + ( 1 — A 2 ) t a n h 1 A (14)

K ( X )  tanh ’ A + J tanh~~ ~~~ (15)

In deep wate r , ux

2
- n~x ,t )  = 2k 1

J~~~ Sin(k x + a t  + i— — 
~~

) (16)

The term pseudo wave length is used because the wave solution Eq.  (11) does not

have a wave number term. Consequently only an approximate or pseudo wave

length can be defined. Using such a definition for A in Eq. (12) leads to

the well—known dispersion relation for small beach angle , w.

Since the governing equation for the wave field and the boundary conditions are

linear and homogeneous , a phase angle 0 can be introduced in Eqs. (11) and (16)

to form the following modified solution ,

n (x,t) = 2k 1 
A ( A )  Sin {w ’ K ( A )  ± a t  + + o}  (17)

5
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and fo r  ux -
~

n (x,t) 2k~~ ~~~ Sin{k x + a t  + ~~
--  - - ( 18)

Cons ide r  now t h a t  t h e  phase a ng l o  is r ando m w i t  Ii m i n i  f o r m  d is t r i h u t  ion  in

(0 , 2 7 1 ) .  Then the  v a r i a n c e , t ime  spe~~t r t i m n  and the L r a h i s f o r n i , i t  ion for  t l i o  s p e c t r u m

can be derived as follows. From Eq. (17) and by definition ,

Var [~~(x ,t)1 = 4k
2 

A
2 ( A )  = S ( k ) A k  (19)

From Eq .  (18)

Var[q(x,t)] = 8k
2
irw = S ( k )Ak  (20)

Dividing Eq. (19) b y Eq.  (20) y ie lds

S(k)  = S ( k ) A 2 ( A )  (21)

Using the de f in i t ions  of A , A ( A ) , j ( A )  and Eq. (12) , the above equa t ion  i s

reduced to

S(k)  = S ( k ) ( 2 2 )

Thus it is shown that  based on Friedrichs ’ a sympto t i c  so lu t ion  fo r  a shz l low

slop ing beach , the transforma tion rela tion for  wave nu mber spectrum can he derived

directly without the assumption of a flat bottom. The result (Eq . (22)) for

shallow slopes agree completely with that from Longuet—H iggins ’ approximate

theory, Eq. (9). The condition of the energy flux conservation and thus the

group veloci ty are not needed in the der iva t ion .

5. Random Waves on Non—Shal low Slop ing Beach

For a non—shallow sloping beach of 4 50 , Stoker ’s exact  so lu t ion  (4 , p.  24 )

are given by two potential functions , a regular function tp1
(x ,0,t) and a singular

func t ion  mp 2 (x ,0 , t ) ,

6



mp (x,0,t) = ~~~~ 
~~~ [e

_ X  
+ Cos x — Sin xJ (23)

~2(x ,0,t) = 

~~~ 

(C .(x) [Sin x - Cosx] - + S .(x) }

[Cosx + Sin x]  — e ’
~E .(x) t (24)

where for simplicity all quantities in the above two equations and the following

equations up to Eq. (30) are dimensionless with x defined as the product of

the horizontal dimensional coordinate and the wave number , k ; and t as that

of the dimensional time and the frequency an,; S
~

(x) , Ci(x) and E.(x) are Sine ,

Cosine , and exponential integral functions, respectively.

From the potential functions two standing wave surface solutions are

selected . These are:

= R
e ~~~ 

= —iP1(x,0,0)Sin t (25)

= — ~~~ (e
_X 

+ Cos x — Sin x)Sin t

= = mP2
(x ,0,0)Cos t (26)

= ~-~1 {C..(x) [Sin x — Cos x]—t-~- + S.(x)] [Cos x + Sin xJ

—e~~ E1(x)}Cost

These standing waves can be comb ined as follows , using ip
1

(x) = ~p1
(x,0,O) and

= ~2
(x),

— -—i [— ‘b 1
( x ) S i n t )  — ~ [m~~(x)Cos t] (27)

which , as x -
~ ‘= , reduces  to a simp le progressive wave given by

n(x,t) = —
~~- (Cos x — Sin x)Sint + —k (Cos x + Sin x) Cost (28 —x-~~

= Sin(x + t +

7 
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As in the  previous  sec t ion , a 11 0150 ang le  It is now I n t r o d u c e d  to o b t a i n

the modified wave solutions ,

= —f- ~ 1
( x ) S i n ( t  + 0) ~ ~2

( x ) Cos ( t  + 0) (29 )

r i ( x , t )  = Sin (x + t + -
~~ + 0) (30)

Having es tab l i shed  the  wave s o l u t i o n s  in proper  fo rms , the  phase angle  0

is now considered to be a random v a r i a b l e  w i t h  u n i f o r m  d i s t r i b u t i o n  in (0, 271 ) .

Then from Eq.  (29)  and b y d e f i n i t i o n ,

Var (~~(x , t ) ]  = 4 [
~~~ ~~(x) + ~~ ~~ (x ) ] = S(k ) ~~k (31)

From Eq.  (30)

V a r [ n ( x , t) 1 = 4 = S ( k )Ak (32)

Hence S (k ) B ( x )  (33)
dk S

wher ~~~~ . = -
~~

-
~~

- [~p~ (x) + i~~ (xfl ( 34 )

The t rans format ion  re la t ion  of wave number spec t rum for  random w a t e r  waves

on a non—shallow sloping bea ch of 45 0 is thus es tab l i shed  by Eq .  ( 3 3 ) ,  based on

Stoker ’s exact solution. Again , as shown previously, the single random wave

solution is applicable to a sum of many random wave components  under  the

assumption of independent phase angles 0 and independent  w~ ve p ropaga t ion .

A comparison of Eq. (33) with Longuet—Higgins ’ solution , E q .  (9) , sh ows t ha t

the correction to the approximate theory is the product B(x) (dk ldk) .

Note that since only the ratio of the variances is relevant in

Eqs. (31) and (32), S(k), ~k, S(k), t~k and all quantities to be used

hereafter , with the exception of tLm 1(x) and ~2(x), 
can he considered as -- 

S

dimensional for  simpl e physical interpretation. T

8
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6. Numerical Rosults

Since the dispersion relation , k = k tanh kh where h is the water depth ,

is no longe r app l icab le in the exac t solu tion , i t  is very d i f f i c u l t  to calculate

accurately the term dk /dk in Eq.(33). Furthermore , in prac tical applications ,

the wave frequency spectrum S( ) is generally p r e f e r ab le  over the wave number

spec t rum.  T h e r e f o r e , i t  is u s e f u l  to examine the a lt e r n a t e  f o r m  S ( o ) .

Using the f r equency  spec t rum in Eqs. (31) and (32)  y ie lds

V a r [ r i ( x , t ) ]  = ~~~~ [m~~(x) + ~~~(x) ] = S ( a ) L ~a (35)

Var [ r i ( = , t ) ]  4 = S ( a ) A a  (36)

where the same assumption a = a is used as be fo re . From these equa t ions , the

alternate relation for wave energy transformation is obtained as

S(a)  = 
~~~~~ [m ~~(x) + ip~~(xfl S (a) = B(x)S (o) (37)

This form is clearly superior than that with the wave number spectrum S(k),

for the troublesome term dk /dk is no longer needed . In terms of S(a),

Longuet—Hi gg ins ’ approximate solut ion , Eq.  (9) , becomes

S(a)  = S (a)  = ~~
-
~~

-- S (o) (38)

where the term dk/dk can be easily calculated according to the dispersion

relation of the linear wave theory for a flat bottom , which is consistent

with the approximate theory .

The new transformation factor B(x) in Eq. (37) is plotted in Figure 1

together with the factor dk/dk in Eq. (38) which is equal to C / C  and also

to E/E according to the approximate theory .

9 

Ii
—-

~

- - 
~
—-- 

-~~~~~~~~~~~~ —-
~~
——.

~~~~~~~~~~~~~~~
.
- S.~~ ~~~~~~~~~~~~~~~ S- ~~~~ ~~~~~~~~~~~~~~~~~ 5 -- -~~~~---



7. Conc lus ion

A new f o r m a l a E q .  ( 37 )  is d e r i ve d  f o r  t l i t ~ cim an ~ t- o l  wave 1 - n ) - u ~~ v as random

waves f rom deep w a t e r  p rop m~~a t e  t~~ - .- i r d  t i m o  I l l - a c t i .  t h i s  f o r m u l a  i s  c o n si d e ro d

to be an improvem ent  to the  vo l  1— k n o w n  0110 by L o n g u e t — H i g~~ins  because  t h o

assumpt ion  of a f l a t  b o t t o m  l o c a l ly  is rur iov ~ d.  The b a s i c  ido~ is to use

the s p a t i a l  v a r i a t i o n  of the  wavo  amp lit  ude f r o m  the  e :-: t c t  solot on of

Stoker in the d e r i v a t i o n  of wave energy r : i t l o -r  r h :~n the  o on o ep t  o f  con-

servation of energy flux.

For a shal low slop ing beach , i t is shown t h a t  t h c -  forma l a derived from

Fr iedr ichs ’ asymptotic solution agrees completely wi th tha t by Longuet—Higgirs .

For a non—shal low slop ing beach of 45 0 , numerical rosults are computed from

the explicit new formula and compared with thot by Longuet-~liggins . The

comparison shows a general agreement in their spatial v:lr]at ions. The

quantitative difference between them is within about 8 percent.
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LINEAR RANDO~1 WAVES ON WATER OF NONUNIFORN DEPTH

SIJMMARY

Propagation of random gravity waves on water of variable depth is

examined to incorpora te nonuniform bo ttom e f f ec ts explici tly in to known

random wave models assuming a locally flat bottom. The methodology is

the same WKB approximation previously employed by Mei, et al. [1968] and

Chu and Mci [19701 in the caae of monochromatic waves. However, attention

is res tricted to the linear case and conc epts are ex tended to incoherent

random waves which admit an orthogonal spectral representation. This is

shown to be valid In a slowly vary ing inhomogeneous medium just as in a

homogeneous case. Nonuniformities in depth introduce a skewness in the

free surface whereas , to the same ord e:, the corr esponding spec tral dens ity

remains unchanged . Refractive transformation of continuous spectra is

re—examined emphasizing a simplified approach for applications. This is

demonstrated with an approximate closed form solution valid for spectral

pred ictions in shallow water. Finally, an inhomogeneous Gaussian wave

model is considered . Associated envelope and wave height distributions are

derived .

1.
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INTRODUCTION

As waves propagate from a homogeneous region such as deep water into

a region with uneven underwater topography, their characteristics vary

spatially. Prediction of such variations has been systematically Investi-

gated in the case of monochromatic waves by several Investigators using

an approach known as the WKB approximation [see, e.g., Mci , et al. 1968;
- 

Chu and Mel, 1970]. The basis of this approach is an asymptotic expansion

of the governing equations of wave motion in powers of a small parameter

c which characterizes the slow variation of the still water depth. Formally,

e is proportional to the fractional changes in water depth over a given

wavelength for steady state. Partial reflections that always occur at

changes in the medium are neglected . However, these are known to be

exponentially small. This approach leads to the derivation of a multitude

of results on the spatial variation of kinematic—dynamic wave properties

in a systematic manner directly through the governing equations of wave

motion in contrast with previous wave theories which consider the bottom

to be horizontal locally, dealing with the actual depth variation after-

wards indirectly through conservation of energy flux.

The motivation here is to apply the WKB approximation to incoherent

random waves. To establish the corresponding results in this case, ideas

due to Mei, et al. [1968] and Chu and Mel [19701 will be freely drawn on.

However, attention is focused to linear waves, and the primary emphasis

5 
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is probabilistic wi th  a view to e s t a b l i s h i n g  a s p a t i a l l y l i ihomogeneou s

random wave model. In the f i r s t  section , v a r i o i i ~ d e f i n i t i o n s  and formulation

of the WKB approxima tion is summarized , closely fo l lowing  the  work of

Chu and Mci [1970] with the free surface and the  appropriate velocity

potential expressed in a continuous spectral form. Subsequently, spat ial

variations of random amplitudes and free surface spectra , and the explicit

effect of an uneven bottom on the free surface and its probability struc—

ture are examined. Finally, the probabil i ty dis tr i b uti on of wave h e ig h t s

is derived for a Gaussian free surface without any inherent bandwidth

constraints on the associated spectral density.

DEFINITIONS AND ANALYSIS

Consider the steady state linear wave propagation—refraction problem ,

using a coordinate system in which x and y represent the hori200tal cartesian

coordinates fixed at still water level with the z—axis pointing upwards.

Letting 4(x,z,t), fl(x,t) and h(x), where x = (x,y) , d enote respectivel y the

velocity potential, the free surface and the still water depth , the problem

is governed by

V 2~~+~~~~~= O  , —h ( x)< z s O

z = O

z 0  
S

+ Vh = 0 , a = —h (x) (1 a,b,c,d)

,.- -- --- -—-- ---- -- — - - - -

~
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~
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In the above, V = (~/~x , a/ny, 0) represents the horizontal gradient operator,

and V2 = V • V. It is assumed that the still water depth h(x) varies slowly

over the distance of a given wavelength, A. This spatial variation is

formally characterized by a parameter c such tha t

= O ( I V h l / k h )  << 1 (2)

where k = 2 ir/X is the wave number. In this manner, we can introduce the

following slowly varying variables:

, z , ~~“ e t (3)

The governing equations can now be rewritten, after combining (lb) and (lc),

in the form

+ 4~
.. = 0 , —h (~) < ~ < 0

,

+ c 2~ h V4i 0 , = —h(~ ) (4 a,b,c)

where V = (V/ c)  = (~~/~~x , ~/ 2~y, 0).

A random wave field which is stationary in time, t , and inhomogeneous

in the horizontal space, x, can be represented by

= I dA (k ,w ,~~) exp(iX/c) (5a)

with an associated velocity potential in the form
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= J dB(k ,u,~~~) exp(i~/c) (5b)
k,w

The phase function

x (j ,~
) =f k . d~ — (6)

defines the horizontal vector wave number k = (k 1,k2) and frequency, ~

j5~~
) = , w = —

~~~~~ (7

such that

Vxk = 0 and Vu = 0 (8 a, b)

It is noted that A(k,u,x) and B(k,w,x,~ ) in (5 a,b) are random amplitude

processes which are of central importance to the specification of the wave

field. For a spatially homogeneous wave field , bo th A and B bec ome

independent of x and constitute the usual Fourier—Stieljes representations

for the free surface n and the velocity potential ~~. In particular, the

covariance matrices of the increments dA and dB are diagonal entirely as

a consequence of the homogeneity condition. This so—called orthogonality

property would not strictly be true for a spa tially Inhomogeneous wave

field unless the amplitudes A and B can be regarded as slowly vary ing

functions of ic such that, corresponding to a gradual variation in depth, h,

L~~
_
~ _ 

~~~~~~~~~~~~~~~~~~~~ --
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the fractional changes in A and B over a given wavelength are much smaller

than unity. The orthogonality property is then approximately valid so

that

R {dA Q,W ,x~ dA* Q 5 ,w~,.)} = ~j s,°,i) 6k do (I’ ~~ =

= 0 , otherwise (9)

where E(~ } denotes a probability or ensemble average for the argument, and

6k = dk 1 dk2 as a shorthand notation. The function ~ is the inhomogeneous

spectral density representing locally the density of contributions to the

mean square surface deformation, i.e.,

= f ~j,(k,0,ic) 6kdo (10)

It is assumed that the random differentials dA and dB admit the following

expansions of WKB type [see, e.g., Chu and Mei, 1970]:

dA = ~ c~ ~~~~~~~~~~~~~ , dB = ~ c~ ~~~~~~~~~~~~~ (11 a,b)
j=0 j=O

where, for a fixed j, dA~~~ and ~~~~~ are related to one another through (lb)

in the form

= i(w/g) dB~~~(k,0,~ ,O) (12)

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
______ - -
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Substitutions of (11) and (5) into (4 a,b,c) yields a series of pertur-

bation equations for the random differentials ~~~~~~ For j = 0 and 1, to

which the analysis will be restricted , we have

dB~ ) — k 2 dB (i) 
= ~~~~ , —h < < 0

gdB~~~ — W 2dB (i) 
= 0 , = o

dBS~~ = ~~~ , = —h (13 a,b ,c)

where

= ~(0) 0

R~
1
~ = —i { 

~~ VdB~°~ + dB~°~ ‘7 • k }

~(l) 
= —i .!h • ( 

.~~ dB~
0
~ ~~ = —h (14 a,b,c)

The corresponding solutions to (13a) and (13c) are in the form

( ( )
dB i)(k,0,~ ,~ ) = dC cosh Q + sinh Q

+ (sinh QJ ~~~~ cosh Q’ dQ

- cosh Qf ~~~~ sinh Q d Q }  (15)
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where Q = k(~ + li) and k = I ki . On substitution from (15), (13b) becomes

(k sinh q - k cosh q)tdCW - ~2f R~~ s:nh Q dQ}

+ (k cosh q — k sinh q) {~ + ~ 2f ~~~~ cosh Q dQ} = 0

(16)

in which k = w~/g and q 
= kh. In essence, (16) provides the explicit form

of the differential coefficient dC~-~~. For j  = 0, the system (13 a,b,c) is

homogeneous. In this case (lb) leads to the dispersion relation

k tanh q = k~, 
= w2/g, (17)

which requires that dA~°~ and dB~
0
~ be expressed as

dA~°~ = dA~
0
~~Q~,ic)

dB~°~ = dC~°~ cosh Q = —i(g/u) dA~°~ 
CO Q 

- (18 a,b)

For j  = 1, and using (14 b,c) and (15), the solution of the inhomogeneous

system (l3 a,b,c) yields dB~~~ in the form

dBW = dCW cosh Q - i dB~
°
~ F(k ,~~~~) (19)

~~~~~~~~~~~~~~~~~~ - _ _ ~~~~~~~~~~~~~~ S _J — 5- -—-- ~~~~~~~~~~~~~~~~ 5 - - -- ---- - -. --- —-- - --- -
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where

= Q(
~ 1 

+ tanh Q + (i
3 Q) (20 )

wi th
k

—

= 
~~~~~~ ~~~ ~ dA~°~ 

- Vq t anh  q

k V k
a
3 

= 
2k 3 (21 a,b ,c)

In this case, by vir ’-ue of the dispersion relation (17), (16) does not

provide a unique choice for  the d i f f eren tial coef f i c ient dC 0~~. This coeffi—

d e n t must , therefore, be chosen to give the proper limit in deep water , i.e.,

as q÷ w, we must have = 0 for n > 1. It can be shown then [see,

Appendix A] that this requirement leads to the conclusion dC~~~ = 0, and

(19) becomes

dBW = -i dB~
0
~ F(k ,~~~~) (22)

The preceding solution for dB~~~ differs from the corresponding one derived

by Chu and Mci [1970]. It is believed here that this is due to an erroneous

conicusion on their part as to the limiting values of the quantities

involved in (19) as q -* .

With the solution for dB~~~ at hand , it is immediate from (12) that

~~~~~- ~~~~~~~ - - -~~~~~~~~~—- - -~~~~~~~~~~ - - S -
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(1) (0) -

dA —i dA FQ~,x,0) (23)

and , therefore, up to the order O(c2):

/(1 - ie F(k,~~,0)j  dA~°~ exp (ix/c)

~ ($c,~~, E) = —ig 
k 
[1 — it F(k,i,~~)] ~ ~~~~~~~~ 

exp(ix/c) (24 a,b)

It will be expedient from now on to work with the original variables (x,z,t).

Noting that V = cV , we define n • = ~~ Ci = 1,2,3), F (k ,x,z) = c F(k,ic,2), and

(24 a,b) become

~(x,t) = J [ l  - iF(k,x,0)] c~~~°~ (k X) exp(i~)

~ (x ,z,t) = -ig Li - iF(k,x,z)] ~~~
0 Qc, cosh Q exp(i~) (25 a,b)

where

X (~ ,t) ..f k . dx — ut (26)

Now , by using a uni t vec tor in the a—direction , other relevant properties

of the wave field can be summarized up to O( JVh J 2 ) as follows :

Velocity Field

V~ + ~~~~ C
3 

= f(VdB + ik[l - iF~k,x,z)J dB~
0
~ + dB~

0
~ e3} exp(ix)

(27)

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-——

~~~~

—

~~~~~

---

~~~~~~~~~~~~~ 

-

~~~~~~~ 
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Acceleration Field

~~ (V~ + ~~ e
3
) = -i / w~ V 1 B ~

0
~ + ikEl . - 1~- ( I ~ , x ,~~) j  + dB (°) e3

lex p( IX )

(28)

Free Surface Gradient 
- -

V~~(x ,t) = f(VdA
(0) 

+ ik[l - iF(k,x,0)I dA~
°
~ } exp(L :) (29)

It is evident in the above results that the differential coefficient dA~°~

— and , therefore, dB~
0
~— is so far arbitrary in terms of a probability

structure and the explicit dependence on x. In the following, we will f i r st

discuss the spatial dependency of dA~
0
~ and the associa ted free surface

spectra since this can be done in a manner independent of any explicit

probabilistic constraints. S

SPAT IAL DEPENDENCY

The nature of x—dependency of the random amplitude dA~°~ is determined

by requiring that dB~
0
~ and dB~~~ satisfy the consis tency or solvab ility

condition for the inhomogeneous system (13 a,b,c). This condition corresponds

to (16), which becomes , on substitution from (14 b ,c) P .

Vh • [k dB~°~] = h + {2~ V dB~°~ + dB~
0
~ V . k } cosh Q dQ = 0

(30) 
- 

-

- -——~~~~~—- .-~~~~~~ —~~~~~~~~
- 

~~~~~- ---5- -- ~~~~~~~~~~~~~~ 5 ~~~~~~~~~ -~~~~~~ S S~~~~~~~ -—~~~~~~5-— -5 --
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Making use of (18b) and carry ing out the integration , we obtain

(0)1! ~ dA 
= 
2 (g tanh q — 1) ~ • Vq — -

~~
- V (31)k dA~°~ 

sinh 2q + 2q k — 2 — (ki

In principle, this equation together with the irrotationality condition. on

k, i.e. (8a), and boundary conditions associated with k and dA~°~ provides

the description for the spatial vari-~tion of dA~
0
~. However, realizing

that one is in fact dealing with an ersemble of amp litudes ~~~~~~ a numerical

approach which is implicitly required by this descr iption In its present

form above is highly undesirable. At the same time, a careful examination

of (31) suggests that it can be transformed further by a change of variables

from x = (x,y) to a curvilinear system (s,n) where s and n denote,

respectively, coordinates measured along the orthogonal trajectories (rays)

and the crests of a component wavelet as schematically illustra ted in

Figure 1. This transformation ieee, Appendix B] simplifies (31) to a form

which can be integrated to give

~l/2 Cg
l/2 dA~ °~~Q~,~~) = constant (32)

along a wave ray. In the above, p represents the separation distance between

adjacent rays, and C
8 
is the group speed given in general by

= = j sinh 2g + 2q (33)g ~k 2k1 sinh 2q

- ~~~~~
_ _

~~— . . _ _  
~~~~~

- — —
.~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _
~~~~~~~~~~~~~~~~
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Y ADJACENT RAY

p+(8 p /S S)ds  s
B+(8618n)p

A RAY

S x WAVE FRONTS

FIGURE 1. Definition Sketch

-— ~~~~~~~~~~ S~~~~~~~~~~~~~ 5S — ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
__ 
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It is evident that, for waves propagating from a homogeneous region such

as deep water into a spatially inhomogeneous regime, (32) implies

~~/2 (C
g
)~
’2 dA~°~ (J~,) = Pl~

’2 C
8
1/2 dA~

0
~ (k ,x) (34)

where the subscript C”) designates the constant values in the homogeneous

region. It is immediate from (34) that we have the desired relation

dA~
0
~ ( k )  = 

{

P 

}

l/2  
~ ~~~~ ~

l/2 
dA~°~ (k ) (35)

to describe the spatial modulation of the amplitude dA~°~. Obviously (35)

suggests, first, that dA~°~ is linearly proportional to dA~
0
~. However,

since the proportionality constant is real—valued, both dA~°~ and

have the same phase. Further , since the same constant is also deterministic ,

the probability structure of dA~
0
~ is readily obtained once that of

is specified. Finally, realizing tha t A,~°~(k) is a random process with

o—thogonal increments, the most fundamental result embedded in (35) is the

proof to the heuristic argument that the inhomogeneous amp litude A~°~ and ,

therefore, ~~~~ etc., have orthogonal increments if the medium is slowly

varying.

At this point, we may note that the ratios

8 =
PD.

—1/2 (P D.1l/2
K = 8 = ‘~ —j ’ (36 a,b)

— __~~~~~ S S__ ~~~~__ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~— -_ —------ - —-5-- -- -—-5- -- ---- .5-- —
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are recognized as the ray separaticn factor and the refraction factor ,

respectively. The spatial variation of ~ implicitly required in (35) is

governed by the equation of wave intensity, which has been previousl y

discussed in de tail by Munk and Ar thur [1952], and need not be further

elaborated on here. It suffices to point out that the determination of

~ in general requires numerical calculations, although approximate solutions

of the WKB type that may very well be of relevance here are indicated

also by the same authors.

IN1~OMOGENE OUS FREE SURFACE SPECTRA

By virtue of (9), (h a) and (17), the inhomogeneous free surface

spectrum can be expressed in the form

= ~ (0)~~~~~~ + ~p~
1
~ (k x) + 0 ( 1 V h 1 2 ) (37)

where

~~
0
~~(k X) = E{ I dA (°) 12 }/ ok

S1

1PW (k ,x) = EfdA~
0
~ dA*(l) + dA*(O) dA~’~ }/6k (38 a,b) -

Now, using (l8b), (23) and recognizing that F(k,x,O) is real , one can 1
verify that

~p~~~ (k x) 0 (39)

and , (27) becomes S 
- -

L

- --~~~~~~~~~~~~~~~~~~~~
- - — ~~—~~~~ -~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~ - --— -~~~~~~~ - - ~~~ -- - 

- —~~~~~~ ~~~ -— -— - -  - - - -~~~~~~~~
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= ~p
’
~
0
~ (k x) + 0 ( I V h I 2 ) (40)

Therefore, entirely as a consequence of the fact that the solutions of the

two leading orders ~~(0) and dA~~~ are out of phase by (~ /2 ) , the free

surface spectral density is characterized by ~(0) corresponding to a 
—

locally flat bottom correct up to the order O (jVh )2). Consequently, the

spatial transformation of ~(k,x),  which is of main Interest here, is described

to the order 0(
~)VhI2) in terms of the spatial modulation of dA~

0
~. It

follows then, by multiplying (32) by its complex conjugate and using (38a),

~ 
Cg ~~

0
~ (k,x) 6k = constant (41)

along a wave ray. This is obviously nothing but the conserva tion of energy

flux, and one can further simplify it as previously done by Longuet—Higg ins

[1956] to obtain the classical result that

~ (0) 
~~~~ 

~ (0) 
~~~ constant (42)

along the wave ray. Another way the same result is obtained is to follow

an approach that corresponds in essence to what Chit and Mei [1970] have

done in the case of monochromatic waves. In this case , we multiply (:0)

* (0)
by (dA /cosh q) and use the Leibriiz rule to obtain

S 

V •f kI dB(°)12 dz 0 (43)

Making use of (18b) and ensemble averaging, one can carry out the  integra-

tion to obtain

I 

--5 - . - - — - - — - --- - - -- - - -
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[C E{ j dA~~~~l 2 } ]  = 0 (44)

where = C~ k . Now, using (38a) and the fact that V (C ~k) = 0 [see,

e.g., Phillips, 1969, p. 147], (44) becomes

= 0 (45)

which is identical to (42) ,  recognizing that k • V =

In summarizing the preceding discussion , we observe that the spectral

amplitude remains invariant along a wave ray although the associated

wave space is distorted due to the spatial modulation of the magnitude and

the direction of k. Consequently, the complete spectral transf orma tion

(0)requires, in addition to the amplitude information ~ , a knowledge of

how the vector wave number k varies along a wave ray. This is embedded in

the well—known Hamiltonian properties of the wave f ield [ see , e .g . ,

Bretherton and Garrett, 1969], which can be expressed for the steady state

case of interest here as

1— = k and — — — (Vu) (46 a ,b)— 3s C — k cons t
g —

where, from (17),

(!w)k const 
= 

sinh 2q !~
h (47)

I

~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - - - -~~~~~~ S - — 5- ----- —- -S-
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It is seen that (46 a) obviously describes a wave ray, and (46a) characterizes

the variation of k along the same ray. In essence, (46 b) represents the

kinematical conservation of the vector wave number k. It is, therefore,

a restatement of (8 a,b) since we can show, by recognizing that w w(k,x),

- k = k(x) , and expanding (8 b) with V x k = 0, that

~~~ 
~~~~~~~~~~ 

(Vw)
k 0 (48)

where
3k r 3k 3k30 — i~~w 

— 3w —

3k a 
= L 3k 3x ‘ 3k 

• 
3y

Now, noting that (3w/3J~) = C
g
II and k • (3/3x) = 3/ 3s , (46 b) follows.

Consider now random waves propagating from a homogeneous region into

a nonuniform—depth regime. The spectral transformation at a point

x along a ray that originates at x in the homogeneous region where

k = j~, and *(0) = is described via (42) and (46 a,b), e.g., on setting

s0 where x = x for convenience, we have

~(0) (j
~,& 

= ~
(0) 

~~~

x(s)  = x +f k(x) ds

= i~ 
_f {(!w)k/Cg

} ds (49 e,b,c)

— —~~~~

.

—.—-— 
-~~
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The solution to the spatial transformation of ~p~
0
~ (k,x) via ray

training can involve excessive numerical computation in particular in

a situation which requires the determination of ~ (O) 
for ~;everal points

in the inhomogeneous region. An alternate approach is to solve (45)

together with (8 a) (i.e., Vxk = 0),  using a proper f ini te d i f f erence

schem e in the  x—plane .  The th i rd  and possibly best a l t e r n a t i v e  is to

take advantage of both of these and use the fact that the transformation

of really involves only the spatial modulation of k—space. Therefore,

the whole problem of pred icting ~p~~~ (k ,x) reduces to the prediction of a

k—space in the inhoinogeneous region corresponding to a specified j
~ 

in the

homogeneous reg ion , i.e., to the solution of Vxk = 0 subject to the

condition k = k along the homogeneous boundary. This then enables us

to set ~~
0
~ (k x) ~(0)~~~~ simp ly because tha t par ticular solu tion to

VX K = 0 implies tha t we car’ trace a wave ray s t a r t i ng  w i t h  k a t  point  x

in the inhomogeneous reg ion back in to the homogeneous boundary ~here

k -+ k . This approach is simplif ied f ur ther by working in a w ,O—space rather

than i t  k—space since, in this case , i~ is s p a tia l l y  i n v a r i a n t  by v i r t u e  of

(8 b) and , therefore , it would suffice to predict only the spatial tnodula—

tion of 0 in terms of a specif ied homogeneous boundary valu e ~~~~~. In doing

so, it is advantageous to Introduce the spectral density Q~
0
~ (O O x ) over

a w ,0—plane defined as

c~
0
~(w,o,x) = k -~~-~~~ 

~
°
~~( k )  (50)

so that dwdO = p~
0
~~k. Now, we can easily show, using k = k(cos 0, sin 0)

in Vxk = 0, expanding and utilizing the dispersion relatIon (17) for (3k/ax)

-, -, - —~~~~ - 
S S ~~~~~~~~ 5 - S S  ~~~~~

__ -. ____-- -~----—- ----,-——-~ 
.S- 5.4
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and (3k/a y) in the resulting expansion, that

c • ye  = — n • Vh (51)— slnh 2q — —

with n = (— sin 0, cos 0), is the required relation governing the spatial

modulation of 0. Therefore, (51) with 0 = 0 being prescribed along the

homogeneous boundary and the equation resulting from substitutions of (50)

and (33) into (42), i.e.,

I

(0) k (C )D. (Q)
~ (w ,0,x) = 

~ 
(w ,e )  (52)

D. g

are sufficient for the spectral prediction problem. The following example

will serve to illustrate this prediction for random waves propagating from

deep water into shallow water.

SPECTRAL PREDICTION IN SHALLOW WATER

Consider as an example an underwater topography illustrated in Figure 2.

We assume that waves propagate from deep water (i.e., x = — )  over an

intermediate region with parallel isobaths into shallow water where the

variation of the still water depth is described (in meters) by

h(x,y) = 2( 1 1O~~ x
2
[1 - e /2 /l0) 2]} ; x > 0 , (53)

I

~~~~ -. 5--—-— -— -- - -
-
~~~~~~~~ 
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The homogeneous deep water wave field is specified in terms of a spectral

density of the form

= f
1
(O~~ f (w) (54)

where —

= f- cos~ 0 , 10
00 1 < ~/2 (55)’

represents a directional spreading factor , and 
S

= (0.0081) g2w 5 
exp[— O.74(-I-)

~
] , w > 0 (56)

is the well—known Pierson—Moskowitz spectral form, with U representing the

overwater wind speed. We take (I = l.5g as a specific case here. The

corresponding directional spectral density, Q~
0
~
’(w,0), is illustrated in

Figure 3 showing various contours of = constan t.

In the region from deep water to x 00 0 where h = 2m, the wave field

is inhomogeneous only in the x—direction. Therefore , (51) or, more

simply, Vxk = 0, Implies that

k sin 0 = k sin 0 = const , (57)

which is Snell’s law of refraction appropriate to an underwater topography

with parallel isobaths. Therefore, it follows from (52) and (57) with

~~~~~~- - --
S __ .

__
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(C ) = w/2k that
00

= 

2

k

k~ Cg 
~2
(o)[w sin 1

f -~ sin o~] 
, 

x < 0, sin 01 < 1

(58)

For x > 0, the isobaths are no longer parallel. In this region, the

significant spectral components of the wave field , e.g., those for  wh ich

.4 < w < 1.2, are in shallow water , i.e., (w
2h/g) < (ir/lO) . Fur ther , it

is evident t:om (57) that propagation directions of these shallow water

components are very much focused towards the x—axis. These conditions will

enable us to der4
~~ an approximate closed form solution for  x > 0 as follows.

First, we expand (57) in the form

30 . 30 w 3h - ~Ii
C cos 0— + C sin 0— = (sin 0— — cos 0 — )  (59)
g 3x g 3y sinh 2q 3x 3y

Using small angle approximations , i.e., sin 0 0 and cos 0 1, and keep ing

terms of the first order in 0, (59) becomes

- ~o ~ ~h ~ 31C — — — — 0 = —  — t~60)
g 3x sinhi 2q 3x sinh 2q 3y

Fr om the de f in i tions of phase speed

C = u/k = (q tanh q)l/2/k (61)

and Cg given by (33), it follows that (60) simplifies to

I
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~
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S 2h

— -~~- 0 = —

Dx (~ ~~~~ (: ~
j -

~

or , simply

~~ 5J ~~~ = (6~ )

I n t egr a t i n g ,  we will obtain

— 

0(x,y) = c(x ,y)  { c
_2 

~~~~~ 

(~~- -~~j

Since C = [g h(x,y)J~~
2 in shallow water , ut.- can r t ~w r i t e  (~ 4)

O(x,y) ~ hh/2 (x ,y) ~f 
~~~~~~~~~~~ ~~~~~ >J X + (5

For ~~ ie example of inter est here , vi t~~i It deF1 cc~ b y  (~~J)  , t ! 1  ~ ~eco n~~s

O(x ,y) = by(l  + ~ ~~~~~~~~~~~~~~~~~~~~~ 

~~ sin~~~ - 
.~~~~l/2  

—

a (~ +

+ ~J~ 2’~~~ 1
lt2 O(’),y)

where a = 2 x 1O~~ and b = 0.5 x T O ” .

Figure 4 illustrates tiw spectral tra~~;focma t ions at t!r .- puin ts

R~ (14.14m, 0) , F~ (l5 .78in , lOm) and P3 (18.lbm , 2Dm) ot Fi~;t>re ~~~, w~~Lr C

h l.2m. It can be shown from (57) and (66) tii a t

~~~~~~~~~~~~~~~~ 

—
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k 
S

0(14.14,0) 0.775 0(O,y) = 0 .7 7 5  s I > t ~~ ( - ,

0(15.76,10) = —0.048 + 0(14.14 ,0)

0(18.76,20) = —0.036 + ~‘(14 .l4,O)

at R
1
, P2 

and P3, respectively. Consequently, the d c ~~i~~1Us a t  t - ~~ -~ t~~ee

points are identical  except for  a u n i f o r m  s h i f t  of a p p L-ox~ :- t I ~ --- 2.!5~ ~a

the  d i rec t ions  of spect ral  components  at P2. and a s f i ! f t  o~ a ~;-: i~ .~ ’~~ 1’-

— 2 .06 ° for  th~ se at P3 re la t ive  to the  cor responding  coI; un~cts a t  -~~

REAL REPRESENT ATIONS

In order to u t i l iz e  resu l t s  such as those given by (25 a , h )  re:~~ i 1- ,

it is appropriate to expre.~s them in terms of real—valued q >I-t ~tI ~~~~~~ 1

a real-valued random process n(x,t),

S 

( dA (O) (k ,x) }* = dA~
0
~ (—k ,x)

It follows then that we can d e f i n e  two real random prnccsse -i acd

such tha t

dU~ °~ dA~ °~ +

00 1[dA~
0
~- (dA (o) ) *J 

S

I t  is evident t h at  ~~~~ is even whereas ~~~ is odd , I.e.,

.~1

S — ---- --S—--—----. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-—

- .S- ~~~~~~~~~~~~~~~~~~~~~~~~~~ 5—- S - ~~~~~
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dU~
0
~ (—k,x) dU~

0
~ (k,x)

dV~
0
~(—k,x) (69 a,b)

Furthermore, we can sh ow

E {dU~°~ dV~°~ } = 0

E ( [ dU(°)]2}= E([dV~°~]
2}= 2 Et IdA~

°
~ I } = 2 ~~

0
~ (k X) ~~ 

(70 a,b)

Using (68 a,b), we can rewrite dA~
0
~ in the form

= 4 (d1J~~~ — i dV~
0
~) (71)

Makfng use of (71) and also the fact that

F(—k ,x,z) = — F(k ,x,z) (72)

one can transform all the results previously given in a complex form into

real representations. In particular , one can verify that the free surface

(25 a) becomes to the  order O( 1Vh 12) 
-

~(x ,t) = 4 f[(dU(0) - F dV~°~) cos x + {dV~°~ + F dU~°~} sin x]

$ 
— 

(73)

This can be further simplified if we express dA~°~ In terms of its amplitude

jdA~°~I and phase p, i.e.,

I

S
- U

- -
~
-- —
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(Il’ 
(0) 

00 

J : S

Correspondin~ , on w i>ld ~‘e t

2 ~~(0)

= — 2 ~~~ 
-

On s u b s t i t u t i o n  f r o m  (75  a ,b ) ,  (73 ) U e re r : ~e~

= /~~dA~ °~~ {c o s ( , . ~) f ~ i ( -
~~~~~

It should be enipL~sized t l :~r F Fe t h e  prcc~- - i i  - re

F ~~~,:~~O) = q + 0 2 t a r  ~

lk5r~ ~~~~~~~ 

~
- 2’ 

c~ are as prLv~t o u 5 51 / d~!: in~~ by ( ~~.L , 
-
~ , - . - -

V This function i i > r o r l  or a t es  r u n u i i i f o r i n  5 
~~

0(Vh~ ) ,  and constitutes a mo~ if~ cr tio~t R - h . . -

represented I - p’ t 2 e  cosine t e r m  in  (7~~) . liO~-:Cvr , 

S

the  f i r s t  two order so lu c i o n s  aee  ort o~- nrI H L

su r f ace  is modulated by the nonnni 0cm S b  - - Ii

no m o d i f i c a t i o n  to the  f r ee  sur~ J L ’~i r ~~c~~ ~L. L -~~

To examine the e f f e c t  of a s1op in ~ b ctt cm ~ 
-

explicitly, consider the  care  o~ pare Ilel bu t t - ~.

~ 0. Under these ~ondi t fons , it: can ~ -~~
- v -i - ! : S

(57) and ~A .4 a,15,c) tha t  ( 7 7 )  F;inlpll ~~~~~~~ i; to

_~~~~~~. —~~~~- - -~~~~~~~~~~~~~~~~~~~ - — -~---~~~ _ -5~~~—~~~~~~~~~~~~~ S-5  -—~~~~~~ - -—5-- --- - -~~-- - - - - —  5-- - -— -5 — -5----~~- -S- ~~~
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F(k,x,O) = 
g2 (3 sinh 2g +2g) p cos 0 (78)
(sinh 2q + 2q)

This is illustrated In Figure 5, which shows that the effect of a sloping

bottom initially increases at first as waves feel the bottom, then

monotonically decreases at shallower depths, both effects being most --

pronounced for components at normal incidence (i.e., 0 = 0°) to the bottom

contours as expected . Consider now the net effect of this modulation to

the locally flat bottom solution for the free surface regarded as a sum

of constituent wavelets of the form

cos(x + ji ) + F sin(~ + p) (79)

It is evident that F has the same sign as the local dh/dx. Hence, when dh/dx < 0,

as we move from a crest (e.g., x + p 0) of an elementary component cos(~ + 11)

to a following trough (x + ~.i i t ),  F sin(~ + p) < 0. On the other hand, as we

muve up from the same trough up to the next crest, i.e., r < x + p < 2r, we

see tb-at F sin(~ + ii) > 0. It follows, therefore, that the profile of an

elementary component, cos(~ + p), of the locally flat bottom solution becomes

assynimetrical by a suppression from a crest to the t rough followed by a magnifi-

cation from the trough to the next crest. Clearly, the same profile remains

unaffected at any crest or trough since sir, (x + i~) 
= 0 at such points. The

situation is exactly reversed when dh/dx > 0.

PROBABILITY STRUCTURE AND ENVELOPE PROCESS

The probability structure of a wave field such —is tha t dep icted by (76)

is embedded in the random character of the complex differential amplitude

I
q
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in general, in terms of both its amplitude dA~°~I and phase p.

However, any iational specification as to the explicit forms of these must

be guided by the probability structure of fl(x,t) itself. In this case it

Is widely accepted that this structure is Gaussian. This, therefore, leads

to a model of random phases for the amplitude process dA~°~ which is

well—known in theory and applications in the homogeneous cases. The model

of random phases simply means —as the name implies— that JdA~°~ j is a

deterministic function whereas the phases p are uniformly distributed over

(0, 2ir) and, therefore, independent. In the homogeneous case both IdA (0)I

and p are simply functions of k or, equivalently w and 0, without any depen-

dence on x. For example, in deep water

dA~°~ ( k )  00 [~~
0
~ ( k )  ~k )l/2 e~~~-~c) (80)

provides the explicit form required so that

E{ldA
(O)

1
2} = ip~~~~(k) tSk (81)

An obvious representation f or dA~
0
~ (k ,x) in the spatially inhomogeneous case

is In the same form, i.e.,

dA~°~Q~,x) = [~~°)(k ,x)6k]l1’2 ~~~~~~~ (82)

where, for each k, p(k,x) is distributed uniformly over (0, 2n). For a

wave field which originates from a homogeneous region, (35) implies that

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~- - - - — - - ——-—
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(83)

an a g e n er a l  Invar  p r o p er t y .  I n  t h i s  u n i t : - - t  S I l O  otu o b t a i n  f i e n  (7b~ , on

substitution I r e m  ( 8 2 ) ,  .1 sta t iall y in t a t  - t i e - i s  r ;eei m laI:c 1 b I d  me

i i  p r h i ~- i l i t y  structure [5-e S S. ’ , A~~ ;e : t s I t : ~ cJ , 1. e ,

f (u;x) du l’rob tu < 1(> : , t )  ii -+- du}

exp {- I (~~1 ) 2 )  du
o

n
iS 

5 
5 

fl

where

00 E {fl 2 (a~~t ) }  (85)

One of the usefo~ descriptions assocFit t - t ‘-~ith a random wave s u r f a c e

of the  form (25 a) is i t s  envelope process wej ch  is def in - -d , f o l  l ’n- .- i ng

Cramer and L e a d b e t t e r  [1967] ,  at a ~i::ed x as

(t) = { q 2 (x , t ) + n2 (
~~, t ) ] 1’’ 

~~b)

wher e ~~( t )  > Jn (x ,t )J and Z(t) = rl (x ,t) I i - h e n  nc ,3 ,~ 
0. ~r i-i

known [see , e. g. , Crtiwla 11 , 1970; Yang, 197 21 t l t i t  t i L~~~~ en v e~ r~~t e  d r - c inIt~ r n- , 
4 -

of (86) is e s s e n ti a l l y  the nIne as that due to Riec [ 1955 1 for ~ar’nv—-

band processes. In (86) , ~(x , t ) ,  which in ca i l  u-I the II i ’~-~~: transform of

tl(x , t ) ,  is obtained by passing  ri (x , t )  through a f !1t ’~r ‘ - ‘ i ~ i t  the ~~ t e ( l t l L I u ~~

response

— J

I

-S ~~ 5 -
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I , w < O

G(w) = 0 ,

(87)

or , simply G(u) = —i sgn(w), where sgn(w) designates the sign of u. Therefore, j
it follows i . jm (87) and (25 a) that

1~~

fl (X , t)  = -i fsgn(w) [1 - iF(k,~~~,O)] dA~
0
~ (k,~~~) exp(i~~) (88)

Now, by making use of (67) through (72), and associating —k with —w and +k

with i-u, we can rewrite (88) in the following equivalent real form:

fsgn(u) IdA~°~I {sin (x  + p) + F cos(~ + p ) }  (89)

Assume now that r~(x ,t) is Gaussian. It follows then that ri (x,t) is

also Gaussian. Furthermore, we can verify, from (76) and (89) with p beIng

uniformly distributed in (0, 2r) , that -

2 2 2o,
~ (2

~,
) = 

~~ 
= E{~ (x , t ) }

E(~~(x ,t) ~~~~~~ + T ) )  = E{~~(x ,t) ~~~~~~ + T ) }

-~~ I °~ (k,~~,) {cos ~ t + F sin wi)  ~~

E{n (~~,t) n(x ,t ) }  = fsgn(w)  F(k ,2~~,O) 0
~ (k~~~) ) 6k (90 a,b,c) S

- -  - S — -- 
-
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Letting,

Efn(x ,t) fl(x ,t ) }
2 

(91)
ci

Ti

the joint probability density of ri (x ,t) and r i (x , t )  br eot ie ;

2
1 T~ 2~~ n e~~~~~ n

f ~(rj,r~ ; x 2 1/2 
exp ~~

— 
2t i 1  2iv o (l— p )  2 o  (l — p 5-)

Ti fl

(92)

Now , we can use the fact

2 ~2 1/ 2Prob (  ( t )  < u} Proh { [~ + r~ I < u}

to show tha t the  d e n s i t y  of ( t )  is

f ( u ;x  ) — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ exp -~ -- - - -  

1 
- -

2ir o 2 (1 - ~~) 2 ~ 
2
(~ — 

~)11 Ti

.2 w  & 2/ exp 
p u sin 2v dv (93)1 2 ~ (1 —

Ti

R e c o g n i z i n g  f u r t h e r  tha t

I
- j

I
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d1 
exp -~ 

sin 2v 
~ dv 2-u I [ 2 2 1 (94)

2 a (1 - p ) °L2 a (1 — p

where I [.] represents the zero—order modified Bessel function of the first
0

kind , (5 3 ) bec~mes 
- -

2 2
f ~u;x ) 

o ( 1  ~2)l/2 
ex~{_ 

2 0 2(1 — 
2
)} 
I[ 
:2

(1 — p 2)]

O < u < c o  (95)

Finally, it can be verified that the j—tn moment of the envelope process

is in the form

E{~~~~) = 
_l/2

(20 )i(l — 
2 ) 2 re~~+ 1) r(~- + 4 ) F(4, + ‘-‘ ‘;

(96)

where r and Fare the gamma function and the hypergoemetric function, respec-

tively. The distribution of wave heights, H = 2.~ , follows intmediately from

(95), i.e.,

f 
H~~ ’~ O~ 

~ ~~ (97)

Hence, by recognizing that E{H
2) = H 2 

= 4 ~~
2
, we obtain
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-) 2
f ( v ;x ) ~~~~ —- 

V 
- ——-

~~
-5——- I —-

~~
-

~~~

‘ 
- iII - 

-
~
) - )  f / )  - 

- 
S

i1I5- (l  — p~~) 211 ( 1 .  - 2!l 5- (~ —

(1 0 V (98)

The only c o n st r a i n t  on t i i - p r c u e d i n n  r - - s t l  f t - i  i t  tlt : l c i s t i n p t  i n  t h a t

the  f r ee  s u r l i t e e  ~ (x , t )  is ( act ;ian. fri deep t -?n tor  ot 1 :: a re iO:l Of

uniform d e p t h  wil T-u F —p- p 0 -nid , t h r 5 ) t - e t o r t - , ( ( 1 : 1 )  ~~ l (99)  i S S e t t e e

t h e  1 L i y l o i gh  de-nc ;i cy ci d the a e s c n r i a t e c l  J— - :h  i co ’ on t , reap-ct Iv e l y, i.e.,

f
11
(v;x ) ~~~~ ea~

)
~~ 

-
~~~~~~

--  

, 0 v <

~~~~ } 00 (2  ~~~~~~~~~ t~~~ -1- 1) (100 a , i )

These r e s u l t s , which are widely USS S d in t: t e r m  and tippl i cation ; ‘-.‘ith oRe

inherent  cons t ra in t  t h a t  tint cii i - i 1v ~ t - 14 l i r e  su~ f a u e  op en f t  to  i-s n a r t  u - ~-—

band , a r e  in f a c t  vol i i  without 3tc V Roal 1:1 ’ 1 rest  r io  t i c -  -n-c . Tt  t5 5 -~ , there—

fore , not s u r p r i c t i n - ~ t h a t  most  ernp~ r i c : a ]  wave 5 
~~‘:~~

- - fr-~q- e ’tr’- t o -  - s

obtained In f ie ld  applt catienc; ~ t 5 ~~S S l ’ 1 O i 1  w ido--band sp o fr a  ‘o p o ”r o  this  - -

conclusion.  R o n u n i f o r i c  d e pt h  ccfierts oil o . . 14ifcctr:ilru tion r~~~f t- ’t i ~~e heights
5)

a re  c h a r a c t e r i z e d  to the or -b  PC H i !  5-) ;-
~~

-- :r , -. 11101 bc;  s Lt -.cp !’-  t i t o  rorecini [en

c o e f f i c i e n t  of n (x  , t )  and ~ (:u , t) . LIt Is :o roe ] .  at oli inti -oduceis a s ewiles;;
-

~~‘

in the Ray leigh form a p p r o p r i a t e  to a f i a t  L:itton t o - ;  ~ r ~o~-jer w .ivo b-to 2f f

values. For example , i L can 15_ u v on  Li o~1 li ‘ ‘ tA  C 9 9 )  01 ( l i l t )  f )  w i  t h t  j 1 t h a t

the rat io between t h e  c lone  ‘ ‘ o L i c r ~~c oh l I e  r t - r oo i c c t i d j n t  ~~ a ,‘: - i o i a l c l —  b o t t o m  I -

I

~
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and a f l a t  one is (1 — 

~
2)F(~ /4 ; 3/4; 1; p 2 ) ,  which is always less than

unity since p2 < 1.

CONCLUDING REMARK S

Propagation and refraction of linear waves in water of nonuniform

depth have been extended to the case of random waves characterized by a

two—dimens~ona1 spec tral distribution. Attention was focused to the

orthogonal representation of the free surface, its spec tral densi ty and to

the statistical distribution of wave heights with the primary objective

to incorporate nonuniform depth effects explicitly into well—known

solutions associated with a locally flat bottom. Although the methodology

employed corresponds exactly to the linear approximation of that developed

by Chu and Mel [1970] for the case of monochromatic waves, the solution

derived here for the order OdVh~) is different, and believed to be the

valid one. What is, however, more important is the extension of the results

to a random wave field and to a continuous spectral representation. This,

therefore, compliments and generalizes the deterministic concepts , lead ing

to various probabilistic descriptions of wave properties in spatially

S 
inhomogeneous media. The probabilistic description was also limited to the

free surface and its envelope. The extension of these to the surface gradient

and other kinematic and dynamic properties such as pressure , velocities, etc.

does not offer any special difficulty and need--s to be done. In particular ,

the predictions of wave breaking and breaker line for waves impinging on

a beach can be formulated as a smooth generalization to what Biesel ~l952]

and Gaughan and Komar [1975] have done in the case of one—dimensional

monochromatic waves. It must, however, be pointed out that a definite

- —~~~~~~~~~~~~~~ ~~~~~~ - - ~~~~~~ -
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discrepancy oxint a fet ’.-,oetc the sol i t i O c t  of  t h e  ord r 0( v i1 !  ) here arc h t h e

co r respond ing  one ct ;- -d j;~ ~~~~ a c i t h c ~ r t c  . i i i ; - ~~a an d  ‘Jar i c - i t ;  o~ i c r  c c . e pec t s

of the problem such at ;  an i x t c i i - ; I c - n  t o  110 c~ 
- a rm ! i Ic ar  j t I c - s  a; cons idered

for future stud y.
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APPENDIX A — Derivation of Coefficient dC~~~

To determine dCW , we use the condition that as q ~~- ~~, dB (1) =

Therefore, from (19) and (18 b),

dCW 00 u r n  ~~(g/4 dA~°~ F(k,~ ,z)~ (A.l)
q - ’- ” (  cosh q

or, on substitution from (20) and (21 a,b,c),

(w/g) dCW u r n  dA~
0
~(a 

Q + ~ Q tanL~ + ~ } (A.2)
q-÷ cosh q 2 cosh q 3 cosh q

We can now verify, by using (14 a,b) and (18 b) in (16) and integrating,

that

V dA~
0
~ k 2 V q (q tanh q — 1) Vk V • k 

a

k dA~
0
~ 

sinh 2q + 2q + :~:~} — (A.3)

where, f r om (17),

- 2k2 Vh
Y Y 0 0 _

sinh 2~~+2q

V • k = - 
2k3 ~~~~~ +! 

~~~~~~~ 

L— — sinh 2q + 2q k1 ~; 
k
2 ~~

Vq = k ~~~ ~Iz
1
~h
2
~g
4 2q~ 

(A.4 a,b,c)

1
a
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On the basis of the preceding and using the definitions of &.~, 
~2 

and

- 
a

3 
given by (21 a,b,c) it immediately follows that dC~

1
~ = 0. 
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APPENDIX B Coordinate Transformation and Derivation of Equation (32)

Consider a change of variables from x (x,y) to an orthogonal curvilinear

system (s,n), where s and n denote coordinates measured along and perpendicular

to the orthogonal trajectories (rays) of a component wavelet, as schematically

illustrated in Figure 1. Referring to the same figure, we see that

, k
= = (cos 0, sin 0)

n = (— sin 0, cos 0) (3.1 a,b)

represent unit vectors in the direction of a and n at x. Furthermore, desig-

nating the separation distance between two neighboring s trajectories by

p, we hav e

- -I
(B.2)

~n p a s

Now, for an arbitrary function f 00 f(x,y) ,  we can write 
j

~~~~~ k .V f = c o s 0~~~~ + sin 0~~~

P. af
• = — sin 0 -

~~
--

,
~

- + ~~~ 0 
~~~~~ (B.3 a,b) 

-

j 
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and , on solving for af/ax and af/ay

at ~f— =  cos 0— —  sin 0- ~---‘fl

= sin 0 -H- + cos 0 -
~
-

~~
- (B .4~ a ,b)

We can then use (B.4 a,b) for cos 0 and sin 0, respectively, to

obtain

(cos 0) = cos 0 -
~~

-
~~

- (cos 0)  — sin 0 -
~~

-
~~
- (cos 0)

(sin 0) = sin 0 -
~~

-
~~- (sin 0) + cos 0 -

~~
-
~~

- (sin 0) (B.5 a,b)

Combining (13.5 a) and (B.5 b), and utilizing (B.2) yields

(B.6)

The group velocity is defined by

00 Cg k 
00 

~~ e~~~n h 2 q 
2q) 

k (B.7)
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In deep water as q -
~ ~~~ , this becomes a constant Independent of x, i.e.,

~~~~ (C
g~ J~,, = (B.8)

Now, using the definitions (B.7) and (B.8), we can show that

~~~~~

—

~

- 
~in 

(Cg)00

} = 
2(g tanh q 1) 

(B 9)2 3q Cg sinh 2q + 2q

On the basis of the preceding results and definitions, (31) becomes
S 

I
~~ (O) ~~

“
~
‘ {dA~°~ } = (ln — (z.lo)

or, simply

dA~
0
~ 

~~ {dA~
0
~} 4 -~-~- (ln~~-~~~) — (B.ll)

Realizing that (C
g
)~ = constant for a fixed k, and integrating (B.ll),

we obtain the desired result that

~l/2 cg~
/2 dA~

0
~ (k ,x) = constant (B.12)

along a wave ray. 
S

I 
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APPENDIX C — Proof of Gaussian Property

A mean—zero random process is Gaussian if its log—characteristic function

possesses the following form: --

in M fT(~~~~t )}  = - ~ ff f/K 
~~l’ ~ 2’ 

t
1~ 

t
2
) T(X1, t

1
)

t (~~~
2

~~ t
2
) dx1 dx2 dt1 dt2 (C.l)

where

K ( x 1, 
~2’ 

t~ , t2
) = E{r~(x1, t1) rh *(x 2, t 2

)}  (c.2)

is the covariance function of n(x,-t). Recall from (76) that we have, to

O(I.!.h1
2)

n(x,t) = JIdA (0)I (cos (~ + ~) + F sin (x + u)) (C.3)

Hence, it follows from (C.3), (C.2) and the fact that ii ’s are independent

random variables uniformly distributed in (0, 2r) that

K~~(x1~ ~2’ t1, t2) = K ( x 1, 
~2’ ~2 

- t1
) 

~C. 4)

= ~ I JdA~°~ I dA~°~ (cos (x1 
- x2

) + (F
1 

- F
2
) sin (x

1 x 2
) }  

-- ~~~~~~~~~~~ ~~~~~~~-
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II

where

IdA~
°
~ I = IdA~

°
~ (k ,x1)J H

IdA~°~ I = IdA~°~(k,x2)I I
x l

_ x
2 = _ { f 2

~~~ . d ~~ _ w(t
2

_ t
1) }  -—

F
1 

— F
2 

= F(k,x1,O)— F(k,x2, Q) (C.5 a,b,c,d)

By definition

M~(r(x~t)} = E(ex p [I fffl (?C ,~) r(x,t) dx dt) (C.6) 1’
Now, we approximate (C.3) by a Riemann sum:

rT (x , t) = ~ )dA~
0
~ j{cos (x + ~~~) + F sin (x~~ + p ) }  (C.7)

n ,m

j t

where

IdA~°~ 
00 [~~°~ (k , x) i~k ~l/2  Iurn —tim — —tim

I..x
x 1 k d x — u  t
n r n J  -mm - nnt

F = F(k , x, O)mm —urn — 
-

u (j ~~~~, ~.) (C.8 a,b,c,d)

I
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From (C.6), (C.7) and the fact that u are uniformly distributed in

(O,2~r), it is immediate that

M tt(x,t)} = U Z~~ (C.9)
n,m

where

~ 
ç2-rr

Z = — I exp(i(a cos ii — b sin 
~
i )}  dptim 2r urn urn nm mm nm

a = If dA~~~ I (cos Xnm + F sin xmm} r(x,t) dx dt

b =ffldA
(0)

({sin Xnm 
— F Cos Xnm} T(x,t) dx dt (C.lO a,b,c)

Equation (C.lO a) can be integrated as follows:

Z 00 —i 

~ exp{i y cos(u — & )}  dii = J (y ) (C.ll)urn 271) o tim ~rn urn o nm

where J is the zero—order Bessel function and

y = [a2 + b 2 ~l/2
tint nat urn

~nm 
= tan~~ (~ 

nm
) (C.l2 a)

-l
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Therefore, it follows (C.9) and (C.ll) that

in N {T (x , t ) }  = ~ ln J (y ) (C.l3)
— 0 nm

n,m

Now, if we let ~k 
00 max m~k , which can be made as small as we please

r0U -am - -

by choosing 
~~~~ 

sufficiently small, it becomes evident from (C.8 a) and

(C.l0 b,c) that a and b would be ~(~~
1m~2) at the most. Therefore,

urn nm —mm

y , which is of the same order O(c~k
h/’2

)by virtue of (C.12 a), can be
nm —urn

made sufficiently small, enabling one to write

= 1 — 4 y
2 + 0~y

4 ) ~C.l4)

In this manner, we can rewrite (C.l3) as

in M {-r (x,t)} = ~~ ln{l — 

4 
y~ +

n,fli

= ~ { - 4 y
2 

+ O(y~~ )} (C.l5)
n,m

where the expansion

ln(l — 
4 

y
2 } = — 

4 
2 + 0(y4 ) (C.l6)

has been used.

With the substitution of y
2 , as defined through (c.12 a), and (C.l0 b,c),

into (C.l5), the log—characteristic function can be written as
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in M~(T} = - 

* !/!1 n~m 
~~~~~~~~~~~~~~ fcos(x1 

- 

~~~~~~

(F
1 

— F
2
)mm sin(X1 — X2)mm}]TCxl, ti)T(x2~ t2) d?c1 d~c2 dt1 dt2

+ ~ °(A!~~
) (c.17)

n,m S

Note that as max ~k = max ~k 
-

~ 0, the square—bracketed double sum inmm -amn,m x,n,m

(C.17) approaches 2 K~~(x1, x~, t~ , t 2) and (C.17) becomes identical with

(C.1). Therefore, n(~,t) is a Gaussian random process.
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RANDOM WAVE—CURRENT INTERACTIONS IN
WATER OF VARYING DEPTH

M. A. TAYFUN , R. A. DAL RYMPL E and C. Y. YANG*
I)eparimcnt of ( v i i  Engineering, Univer—~y of Delaware, Newark , Delaware 197 11 , U S A .

.&bstract - Refraction of incoherent random gravity s~as-es with currents and bottom topo-graphy result s in spatia l va riation- s in the spectral chara cter istics of the free surface. Prediction
of such variations based on the radiation transfer equation is in a simple analytic form for the
case of one dimensional itihomogeneitics in currents and topography. This analytic form is
esamined in terms of two-dimensional wave number- and polar frequency -direction spectra
along the associated dynamic and kinematic constraints relevant to wave breaking and
rct1ection. Results are specialized to the simplest case of horizontal shear currents in deep and
shallow scat e r sci th exp licit examples to illustrate the relative and combined effects of currents
and topography on free surface spectra.

I N T R O D U C T i O N
REFRACTION of surface waves interacting with currents and ’or underwater topograph y
results in spatial variations in their kinematic and dynamic properties. At present, a well-
known wave refraction theory exists to predict such variations for linear monochromatic
waves. However, description of the sea surface in terms of monochromatic waves is at best
an approximation since most realistic sea states have a more comp lex , randoml y irregular
structure. This structure is concisely characterized by a two-dimensional mean square
spectral distr ibution over a wave number space or a polar frequency d~ ection space.
Consequently , the application of the concepts developed for monochromatic waves inter-
acting with currents and underwater topograph y to the pt ediction of the spatial transforma-
tion of spectral characteristics is of interest in the stud y of random waves and related
phenomena. The earliest effort in this direction is by Longuet-Higgins (1956, ~957), who
derived the transformation of two-dimensional wave number spectra by refraction over a
general topography. Later, Philli ps (1966), l-lasselmann (1968) and others generaLized
Longuet-I-liggins’ results as a systematic energy balance formulation for the prediction of
spatiall y inhomogeneous spectra , taking into account current interactions , various dissi pa-
tive and generative effects as well. This formulation has been recently extended to nonlinear
random waves by Willebrand (1975). However, explicit solutions and applications of the
energy balance or radiation transfer equation have been demonstrated only in a few cases.

S Karlsson ’s (1969) numerical predictions of the refractive transformation of polar frequency—
direction spectra over topographies with parallel and irregular contours , Krasitskiy’s
(1974) closed form predictions of a similar  nature but restricted to parallel contours in
essence constitute further exp lorations and app lications on Longuet-Hi ggins’ (1957) depth—
refraction solution. Simil ar l y, by also t aking into account an approximate form of bottom
friction , Collins ( 1972) numericall y computed spatial variations in spectra due to depth
refraction. In the case of unidirectional waves interacting with an opposing or following

Plcase direct all correspondence to C. Y. Yang.
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current in deep w ate r . the explicit t ransformation of one-dime nsional frequency spectra
was given h\ Phillips (1966 , p. 60). The app lications of this to current measurements and
wave forces were demonstrated by Huang et a!. ( 1972 )  and Tung and Huang ( 1973).

The motivation here is to exp lore some strai ghtforward solutions of the radiation transfer
equation for a medium with one-dimensional variations in hor izontal current components
and topography. Attention is also restricted to linear waves , neg lecting various nonl inear
mechanisms , dissi pation and generation effects. Guided by analogous concepts on mono-
chromatic ss ayes , dynamic  and kinematic  constraints re lated tow~cs e break ingand reflection ts
are examined. Re su lt sare sp ecialized in detail to the simp lest case of horizontal shearcur rents
in deep and shallow water , and their salient features are illustrated with exp licit examp les-

D E F I N I T I O N S  A N D  A N A L Y S I S

An incoherent random wave field can be represented by

r~ (x . t )  - - ~ a,, (x , t )  cos (k~ - x (I)! ( I )

where z,, represents random phases uniforml y distributed over (0, 2 it ) :  k,, and co~ define
the vector svasc number and frequency, respectively; and a~ is a Fourier amplitude regarded
as a slowly sary ing function of time, t , and position , x (x. t-) in a horizontal co-ordinate
system fixed at still  water level. As the vector wave numbers , k ,,, are densel y distributed
over a k (k1, k2) plane , the corresponding amplitudes, a,,, tend to become dense and also
infinitesimal. Under this condition , the function , -.~~. represented by

~~( k ; x , i ) d k  ‘ a~, (2)

with dk -~~ dk 1 dk~ as a shorthand notation , is defined as the wave number spectral density,
describing the dis t r ibut ion of mean square surface deformation over k-space locally. i.e.

- i1~ (x t) _
~ - ~~~~~~ -~,(k:x, t)dk . (3)

I h i s  d i s t r ibu t ion  ~s i l l  he ohv iou sl\  diffe ren t if the def ini t ion of wave space is changed. For
i nstance , at an~ point x where m and k arc interrelated by a dispersion relation

to - _ i~ (k . X) (4)

in which the properties of the propagation medium arc characterized by the function ~ (x. 1).
we can write for the same mean square surface deformation

<112 (x , 1) f p (to, 0; x, t) to dw dO (5)
(0 ,0

—-5 ---5 - -5--- ~~~-----~-- - ~,__-5s_____-5 ____S _ __~~~~— _ - - 
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where 0, with (k 1, k2) = (k cos 0, k sin 0), is the direction of k relative to, say, x and the
distribution p represents the so-called directional spectral density. -

~~ and p are connected by

wct~-~- ( k : x , t )  = 
k !3k

p (
~

,
~~

; X
~

t) .  (6)

Consider now a medium with nonuniform still water depth h and moving with velocity U
relative to the fixed (x, z) co-ordinate system. It is assumed that the temporal and spatial
variations in h and U over any given period and wavelength, i.e. ‘~7h I!kh , (~thf~’t)/mh etc..
are much smaller than unity, and that the continuity equation for the mean flow is satisfied
(see, e.g. Bretherton and Garrett, 1969, p. 554). We can wri te (Phillips, 1966, p. 43)

(7)
where

to ’ = [gk tanh k/i] 1’2 (8)

represents the frequency reiative to a coordinate system moving with the current U. Further-
more, the equations for wave rays are given as (see, e.g. Bretherton and Garrett, 1969;
Kenyon, 1971)

dx i~ I dk
= — - - and - -  - = — - . (9)

dt c~k dt c?~ cx -

Of the preceding expressions , the first describe s a wave ray, i.e., the path traced out by an
observer moving with the absolute group velocity

C0 = = ;L (U . k) + C
’
0 

(10)
ck ~k

in which

C’0 =~~°)~ (I I )
ck k

denotes the group velocity relative to U, and the second of (9) describes the change in the
vector wave number, k, along the ray.

Under conservative conditions in which dissi pation , generation and wave—wave inter-
actions can be neglected , the energy balance reduces to (see, e.g., Willebrand , 1975 , p. 125)

(~
+ C0• .2 )  ( i,) = 0 (12)

where ~~ ~~~~ ~-Th’) represents the horizontal gradient operator.
Clearly (12) describes the propagation of the quantity (-~. to ’

), referred to as wat-e action
spectral density, in a genera1 time dependent inhomogeneous medium, and implies that

-; ( O( U  p
- = - - - —  = constant (13)

0) k i~k to
’

- 5 - 
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along a ssave ray. Therefore, this result together ssith (9) and the ini t ia l  values of -
~~ (or p).

x and k at onetime are sufficient to determine the spectral density -
~~ (k: x . /)or ~ (t o, 0; x . i ) .

An obvious alternative that avoids the exces-sis e numerical integration ,n so l s cd  in ray
tracing in general is to solve (12) by a finite difference approximation , th is time, together
with the irrotationality condition and the kinematical conse r - s i~~ I c n  equation for the sect or
wave number, k (see, e.g., Phillips , 1 966, p. 43).

In order to explore more explicitl y what is involved in (13) in the following, we consider
the simp le and interesting case of steady state conservative random waves propagating f ron t
a spatially homogeneous region such as deep watet into an inho mogeneous region with a
nonuniform depth rroflle /1 (x). and trasersing a steady nonuniform current field, U
[ U ( v ) ,  V (x) ,  W (x , :fl, as schematicall y illustrated in I- I :_’. I. Under these condit~on~. the

RAY = ORTH0GOH~ L

— — 

7

ORTHOGONAL ,~

/~ 
L~~ 

~~~~~~~~~

~~9 k4/S

4~$ “\ ___________ 

(upw ard s ,

iSOIMHS
—— -———  —~~~ --~~~~~~- -

,
,
, RAY=ORT HOGA r- ,AL

- __

Fio. I. Schemat ic diagram shoo ‘ng various dctinilions and (insert) the limit eas e , U ,h 0

spatial inhomogeneity of the problem is restricted only to the v-directncn with

k sin 0 constant. (I-I )

and the absolute frequency to is invar ian t .  The ang le . f t . relati se t i  the 5-a t i s  is taken to he
positive clockwise. It is now immediate , from (71 and (13) with I. , ,  - t x ~ . I I s). Oj . t h at

‘.~ (k) ti) t.t ‘~ ((‘ i . 0) - 
= cc ’f l s ( j t t t  (I ~ Ito —- U,, . k k ~k (it — t ,~ - k

in the x-direct ion. It is understood in (( 5) that ~ and ? ~nc independent ol’ t . and the
.v-dependcncy of both quant i t ies  arc kept imp licit for s~mp licit~. \lso. to speci(\ ‘ ar ious

I

-
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space-dependent quantities more exp licitl y, s~e ss i l l , Ir or n now on , designate deep water
value s that  are spatiall y homogeneous in the absence ol’ curren ts by the subscri pt (x~), those
in finite depth and in the absence ol ’ currents by the zero subscript and leave all values in
the presence of a current unsuhscri pted irrespective of any depth consideration. In this
manner, it is noted that the simp lest form ol the constant in (IS) is (‘~~ ,t o) ,  or (C 0 ‘~ k) ~~.
In terms ol these and t’rom (15) it  follows , therefore , that the inhomogeneous densities
-
~~ (k) and ‘~ ( ‘ . 0) are gis en by

/ 1 - - U ,, . k\
‘,~ (k) — 

,
~ 

-
~. , (k~ ) ( 16)

(I)

- - Ui/ . k)
(I)

? ( 1 1, 0) — - -  p~~ (t o , 0w). (17)
k w (,- U A-)

The general character of the preceding results indicates that the interaction between a
random ssave field and nonuniform current-depth effects involves a spatial transformation
of the spectral magnitudes , ‘~~~~~ . ‘~~~~~. and their respective wave spaces. However, before we
proceed to interpret  this  t ransformati on , it is appropriate to discuss various kinematical
and dynamical  constraints embedded iii  the above equations. First , note from (16) and ( 17)
that  the condition

(I  ~ U11. k) � o ( 18)

must  he s ,j( ~sfj ~d , in particular , by the components propagating in the direction of the local
current , U ,,. However , it is also noted that these components must locall y have sin 0 1 I .
The latter constraint can be expressed , using (7), (8) and (14), in the form

(i -- - 
U k) � [tanh (kh) sin 0~ 

J i / 2  (19)

Recognizing that  I -> tanh (kh) sin O~ 
-. 0, it becomes evident that the kinematical

constraint Imp lied by (19), on/ i - , is significant. In essence, this constraint is an extension of
that given by Longuet -f -f i ggins and Stew-art (1961 . p. 547) to the inclusion of the effect of
nonuniform - s - s a f e r  depth. At the low-er l imi t  where (19) becomes an equality, sin 0 ! 1 ,
and . ther ct ’ore. -sse assume in analogy with monochromatic wave behavior that the associated

- n eu t r a l  ciuliponun t is tota ll y reflected (see, e.g., Longuet-Hi ggins and Stewart , 1961
Kenyon. 1971 ) .

The quantity ~t2~~k in the denominator of( 17) represents the component oI’the transport
sclocI tv . C6. along the orth ogonal or , equi v alentl y, in the propagation direction (k-k) of a
component ss ase let.  liutciure. locall y, the condition

k -
= Ce ;. 

- 
C’ 

~ ~ U11~ k 
> 0 (20)

I
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must be satisfied. In other words, the local group velocity, C’0, must be opposite in direction
and larger in magnitude relative to the hor izontal  current component , tJ,, . (k k) ,  in the
direction of wave propagation. In the limit  condit ion when C’0 - - - - U ,, - (k , /5 ),
as schematicall y illustr ated in the insert to Fig. I , the associated spectral component can no
longer propagate against the current in that direction. Theoret ically. the local spectral
magnitude , p. becomes infinite.  As in the case of monochromatic waves (see, e.g.. Longuet-
Higgins and Stewart , 196 1). this suggests that these spectral components will tend to diminish
or attenuate by tt ’ai’e breaking and , possibl y, by a lateral stretching in the crest direction
before this  point is reached. Note from (16) that  the corresponding spectral magnitude,
‘~~, over k-space remains always bounded (i.e., 2). It is , however , evident that ( l6 )  as well
as all other results and definition s of the preceding anal ysis will lack va li dit ~ near the
critical point.

In summarizing the preceding discussion now , we may conclude that the spatial trans-
formations of the spectral magnitudes , ~ and r~~ via (16) and ( l7 )  are subject to the
reflection and breaking constraints (19) and (20), respectivel y. The transformations of the
incident densities , p~ and -

~~~~~ are , therefore , continuous in .v for all but the attenuated and
reflected components. The regions of the incident , k ,, -- - or to, 0 ,~-space that violate either
of these constraints at a point , x , are cut-off , or simp ly deleted beyond that point , assuming
the absence of any sort of interaction between the attenuated and/or reflected components
and those remaining. However , the ori ginal incident wave space is to be properly modified ,
as will be illustrated later with examp les , by the reflected components in a manner consistent
with the steady state assumption.

En general , the spatial transformation of the magnitude ‘~i~~~ is entire l y due to the current
interaction in contra st with the transformation of p~, that involves the combined current-
depth effects. The spectral magnitude , ‘~~ . relevant to components with a locall y opposing
ang le to the current (i.e. U ,, - k -

~~ 0) are amplified in comparison with ‘.~~~~~. and those
propagating with the current (i.e., U ,, - k ‘ 0) arc suppressed irrespective of any depth
considerat ion. In the case of ?. the current effect on components locall y opposing the current
is qualitativel y the same as in the case of ‘~i, i.e., amp lification. Howevre . for components
propagating with the current , the net effect of the combined current—depth interactions
could be an amp lification or suppression of ? relative to PD depending, from (17), on whether
the associated to, 0 values satisfy the condition

k(C0),D (I 
Uii . k) (2 1)

or not, respec tivel y.
The local k-space associated with the transforme d magnitude ‘.~ is distorted by the

combined current—depth effects in terms of the magnitude k as well as the direction 0 of the
wave number vector k. On the other hand the distortion in the polar to, 0-space is entirely
due to the spatial dependence of 0. Since the complete spectral transformations require the
mapping of the density ‘

~~ or p desirably in the form of contours in the local wave space, the
invariant nature of the frequency to makes the polar to, 0-space particularly advantageous
to work with. Therefore, the discussion will be restricted to this space from now on. 
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HORI ZONTAL SHEAR CURRENT CASE , E X A M P L L S , AND V A R I A T I O N
OF MEAN ENERG Y

Considering the simplest case of a horizontal shear current , U,, == 10, V (x), 0), and using
(7), (8), (10), (II) and (14) result in the following:

(~ 2 
[I — sin Ow] = gk tanh kh (22)

represents the dispersion relation, and

— 

c’ c~ [I — ~
‘
~~~ sin o~] 

1 
tanh k/i (23)

is the phase speed relative to the current. Also

sin 0 = (k~~/k) sin 0~ (24)

= (tanh kit 
[I 

— 
V (x) sin O w] 

2 
O w

k = k w [I — -~~~-~~~~ sin o~] 
(tanh kh)-1 (25)

= [,~ + (I — n) 
C~ 

~~ o~] 
(26)

where

- 
C’6 i l l  i _ 

2k/i 1 . ( 2 7 )

C’ 2L sinh 2khi

On substitution from these (13), (19) and (20) become, respectively,

k C Ii V (x) 
~~ ~ 1

? (to , 0) -- 
I ~~ ?‘~ 

(to , °w) (28)
2 k + o — “) 

V sin o
~]

LI 
-— sin Ow] [(tanh k/i) sin 1 OD > 0 (29)

-
. --— V ( x) sin Ow, Ow <0. (30)

(I — ii)

At this point, it is worthwhile to discuss some examples illustrating what is involved in
the preceding transformations and constraints. For simplicity in presentation the examples
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will be confined to deep and shallow water conditions where various key definitions involved
in the transformation (28) become analytically tractable. Furthermore, it will be convenient
to nondimensionalize various quantities in terms of the value V,,1 = max V (x) as follow s :

= 
WV m k* k V~ gh ~x), ~~ (V ~)Z~. (3 1)

g g V,,,2 g

The explicit form of the incident spatially homogeneous deep water spectral density in
both examples is assumed to be

II ; 1/2 � to* 3, 0~~j - - it/2.
?

* , (~~)*, 0,~,) = (32)

~0 ; otherwise

The incident w*, Ow-space has, therefore, a semi-annular shape as schematicall y illustrated in
Figs. 2 and 7 (continuous line boundary). A spectral density of the form (32 ) by no means

-

~~~~~~
Viu /

S - -
~~~

- - i . . - . / - - s

4 V 4

/

~
, ,h’~

Fro. 2. Example I :  Current interactions in deep water. Definition sketch showing the qualita-
tive effect of the shearing current on wave orthogonals for various angles of entry 9,.~. 
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characterizes any oceanic situation. This artificial form is of convenience here in that the
deformation of the incident to, Ow-space and contours of density amplifica tion or supp ression
can be followed easily. Also, because of the unity magnitude, the transformation of a more
realistic spectral density is readily obtained with a simple multiplication of amplitudes over
regions of to, Ow-space coincident with the one chosen here.

Exatnple 1: Current interactions in deep water
In deep water (24), (29), (30) and (28) become, respectively,

sin o = [i — ±::~c±C) 
~~~~ sin ow] 

2 
sin Ow (33)

-~~ to~ sin O~ < (1 — sin”2 Ow), Ow > 0 (34)

V (x) . -
— - to ”' sin O w < I , °w <0 (35)

V m

9* ~~~ O) I9 * w (to * , O
~

) A (36)

where the spectral amplification factor, A is in the form

A = 
[1 

— (~~4~ sin Ow][l + ~~~~~~~ i:o” sin Ow] 
‘

~ (37)

The shear current field, V (x), shown schematicall y in Fig. 2, consists of regions of mono-
tonic increase and decrease. It is evident from (37) and (33) tha

> I (O w <0)

A l(O w =0) (38)

< I (°w > 0)

and the con tours of density p”' A = constant, corresponding to various fixed values
of the product o t sin °w’ are straigh t lines parallel to the direction of normal incidence
(Ow = 0 0°) over both W~~, O~,- and o~ , 0-space. The breaking constraint (35) indicates
the regions of the incident w~, Ow-space to be deleted in a progressive manner dependent
on the ratio V (x)/ V,,, and whether dV/ dx > 0 or dV/dx <0. For instance, referring to
Fig. 2, the spectral components in the region AI3L of the incident w~, Ow-space are entirel y
eliminated by the time waves propagate to the section (2—2) where V (x) = 0.5 V,,1. Simi-
larly, the components in the region BCKL gradually dissipate as waves advance from (2—2)
to (3—3). However, beyond (3—3) where d V/dx <0, wave breaking has no influence on the
spectral components to the right of the line CK. For O~ > 0, the reflection constraint (34)
suggests that, as waves propagate from (I—I) to (2—2), the part IFGH of the incident to”,

-5 
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Ox -space be eliminated at (2-2). Similarly, from (2 2) to (3 3), the components in the
region EFIJ are reflected leaving only the part CE)EJK of the incident wave space beyond
(3—3) where breaking and reflection become immaterial. However, for a steady state, the
reflected spectral components must be properl y accounted for since they propagate back in
the direction (it — 0) locally and modify the incide nt wa ve space. I herefore, the deep water
den si ty ?w *( I)  and the associated tot , O~ -space must be mouified as shown in Fig. 2
by dash lines with the region Ge’J’H representing the mirror image of the part GEJH that
has been progressively rellected back as waves propagated from (I—I ) to (3-3).

Figures 3—5 correspond to a simp le mapping of the transformed densities os-er their
local to t , 0-spaces at any point along the lines (2—2), (3—3) and (4-4) of Fig. 2. respectivels- .
By the lettering in Fig. 2 and the corresponding ones in these fi gures , the local distortion
of the various regions of the incid ent wave space, and the amp lification or suppression of the
spectral magnitudes are easily observed. It is noted in each case that the spectral amplitude
of components with normal incidence to the current (OD = 0 ) traverse the current
unaffected, whe reas those wi th opposi ng (following ) angles of entry are amplified (sup-
pressed). In Fig. 3, the region FE ’J ’ I represents those components reflected back in between
(2—2) and (3— 3). Finall y, Fig. 6 illustrates the spectral density and the associated wave space
at any point on and beyond the line (5—5) where V( x) = 0. The spectral magnitudes
( _~ I) and the wave space in this figure are, therefore, exactly the same as the CDEJK part
of Fig. 2.
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Fio. 4. Example I Current interactions in deep water. Contours of~’ 
-

~ A -~~ coflst. and the
associated w , 0-space at any point along section 3— 3 .

0°

Fio. 5. Example I : Current intereactions in deep water. Contours of~ — A -~ const. and the
associated w”', 0-space at any point along section 4—4.
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Fiu . 6. Example 1 : Current int er sct ion~ in deep water- The dircctio nal spectral den~ t~
p~ ’ ( --~ I , within the dashed-line “-~und ary ) and the asso c iate d w ,0-~,p.icc w °, 0,

at any point on aj id beyond sectIon 5 5.

Example 2: Current interactiO nS If l shallo w :s’ater
By virtue of the delInitions (3I), we may rewrite the dispersion relation (22) ~~

(to t)2 [I — ~~~:
v) 

to t sin O w]
tanh ktht = 

- (39)
kt

U nder the shallow wa ter condi tion

ht (tot)2 [I — ~ ) 
to~ sin O w l  a 10 (40)

we find rsee, e.g., Longuet-Hi ggins , 1956]

tanh ktht to* (nt) 1 /2  [1 — tot sin O w] 
(41)

and
(tanh kt!:t) 2 to t (ht)’ - 2  [I — tot sin O~ ] - 

(42)

It is immediate from these approximat ions that

C’ a C ’0 a V,,, (h t ) ” (43)

and (24), (29), (30) and (28) become, respectively.

sin 0 a tot (ht)1’2 [I ~~~~ to t sin o~] 
sin O w (44)

-
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to ” sin O w ~ [I + (ht *) h /2 ] 1, °w > 0 (45)

V(x )  - n
— tot Si fl O w < a c / -, O w <0  (46)

I — n

A = pt (tot , °) IPw t (to t , O w ) a [I -- to
t sin O w] [2/i t (to)t9 ’. (47)

As a specific example here, consider a current 01’ the form schematicall y illustrated in
Fig. 7, together with the shallow water depth profile. We see that the breaking constraint

Deep Water Shallow Water

\
~~::~~~~~~

I
~~~~ T I

- ti°r .NI

PROFILE

Fio. 7. Example 2 : Current interactions in shallow water. Delini t~on sketch in plan vie\s (top)
and profile.

(46) is redundant in this case. That is to say, no com ponen t wi th fini te to” in the local tot ,

00-space just before the current (see Figs. 7 and 8) will ever attain a breaking condition on
account of excessive depth refraction which distorts and focuses the wave space in the
direction of normal incidence to the current. Note, from (IS) and (17) with 1 ,~ = 0, that
the spatial modification of spectral amplitudes due to depth effects is described by

A = = 
(C’61k)w (48)

p (C0/k)

I 
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Ftc . 8. Example 2: Current interactions in shallow v~ .Iter. Diagra m of contours of p,’ A
const. and the associated w , 0~-space at any point .ilong the line ( I — I ) ,  showi ng the dramatic
effect of pure depth refraction on the incident (ABCDEF) spectral components as well as on
those progressively reflected back (DF’E) by the shear current in between ( I — I )  and (2—2) of

Fig. 7 (h ’ — 0.004).

Evidently (48) represents a sli ght suppression (i.e., A -~~ I) at first as waves feel the bottom,
then becomes a monotonically increasing amplification (A > I), which is of the form (47)
with V (x) = 0 in shallow water. However, this characterization holds in general depending
on the local water depth only rather than on the nature of isobaths or any directional
consideration.

The lowest upper bound of the reflection constraint (45) (tot sin Ow 0.9572) is realized
at points along the line (2—2) beyond which no reflection takes place. This bound is
schematically illustrated with the dash line DF in Fig, 7. Therefore , as waves reach (2—2),
the components in the DFE region of tot , Ow-space are progressivel y reflected , propagating
back and locally modif y ing the incident wave field as in the previous example. Correspond-
ing ly, the steady state deep water wave space would be as shown in the same fi gure, with the
region DF’E bounded by dash lines representing the mirror image of DFE. Presented in the
subsequent Figs. 8—Il  are the local spectral contours and wave spaces corresponding to any
point ( I — I ) ,  (2—2), (3—3) and (4—4) of Fig. 7, respectively. In particular , Fig. 8 illustrates the
depth affects discussed in the preceding on the incident and reflected spectral components
just before entry to the shear current. Figures 9 and 10 present the combined current—depth
effects. Qualitativel y, components with an opposing angle of entry (O w <0)  are further
amplified and focused in the direction of normal incidence. Obviously, for components
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Ftc. 9. Example 2: Current interactions in shallow water. Contours of w A -= const. and
the associated o~, 0-space at any point on the line (2—2), showing the combined effects of depth

and current interactions (h” — 0.002).

0°

too

~~~~~~~~~~~~~~~~~~~~~~~~ ~“72 r
Fio. 10. Example 2: Current interactions in sha llow water. Contours of p’ 4 = const.
and the associated w , 0-space at any point on the line (3—3), showing again the combined effects

of depth and current interactions (h 0.001).
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0°

Flu. I I .  Example 2: Current interactions in shallow water. Contours of p,~ -~ A const .
and the associated w~, 00-space at any point on the line (4—4) and , beyond showing the effect of

pure depth refraction right after waves cross the current (h — 0.001).

following the current (Ow > 0), curre nt and depth interactions have an opposing influence
and their net effect is in general characterized by (47). Therefore , local spectral amplitudes
for whi ch tot , Ow values satisfy (viola te) the condi tion 2h (tot)2 < [I — ( V/ I ’m) to t sin 0w?
remain amplified (suppressed) relative to the corresponding amplitudes in deep water as
illustrated in Fi’ 1to the left (right) of unity contour line. Components dominated over by
the current (i.e., A < I )  are in effect swep t along wi th the current as they propagate from
(I—I) to (2—2). Between (2—2) and (3—3) where the current is uniform, only depth effects are
operative in amp lif y ing and focusing spectral components further relative to those at
(2—2). This is illustrated for any point along (3—3) in Fig. 10. Finally, beyond (3—3) where the
depth is uniform , onl y current effects are of concern , interacting with the wave field in a
reverse and dimin ishing manner , exactly as in the region from (3—3) to (5 -5) of the previous
example. Therefore, spectral contours and wave space would be as shown in Fig. I I  at any
point on and beyond (4—4).

Comments on mean energy . Mean total wave energy per unit hotizontal area is defined by
(Phillips, 1966, p. 27)

E pg <sr > = pgf p (to, 0) to dto dO. (49)

In order to comment briefly on the spatial variation of this quantity for the particular case
of interest , here, it will be expedient to write

p (to , 0) to dto dO = p (to. 0) to dto 
- 

dOw (50)
r O w

where, by virtue of (24),

= - -~~
._ (cos~ w — ( SI )

aew k cosO\ k aow/
and, from (25), 

-
~~~~~~~
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- 
k k w ~ (x) cos O~ (5~ )

- - 

n w [ i  
V~~X ) i O ]

On substitution ~roni (50), (5 !) and (52), (49) can be written as

E=pgj (~~~~2O pw (to,Ow)w dto dO~ (53)
n sin 20

~ R

wher e R represents the reg ion of the incident to, 0~ -space t hat is not deleted by wave
breaking and/or reflection as waves propagate to the point of interest. This expression is a
generalization of various well-known results associated with monochromati c waves and ,
of course, with a narrow-band random wave fie!d. For instance, in the case of mono-
chromatic waves with the incident hei ght , H ,,,, frequency to , direction °w’ and energy
Ew = (l/ 8)pg 112w, one can show from (53) that

E = c 2°
~
±
~ E - (54)

n sin 20

This obviousl y reduces to the familiar form

E, = 
(C~ cos 9) . E (55 )
(C~ cos 0)~

in the absence of any currents (see, e.g., Philli ps, 1966, p. 53), and to

E sin 20,,, E (56)
sin 2O

in deep water with the presence of currents (Longuet-Higg ins and Stewart , 1961 , p. 547).

CONCLUDING REMARKS
A mean-square spectral distribution constitutes a concise characterization for incoherent

random gravity waves. In the preceding, the spatial trans formation of this distribution by
refraction due to currents and bottom topography has been presented in closed form and with
exp licit examp les in the particular case of one-dimensional variations in currents and topo-
graphy. Clearl y, the omission of various other rea listic effects such as nonlinear mechanisms ,
frictional dissipation , generation , etc., requires a tentative judgment on the results here
as in the case of linear monochromatic waves. It is seen , however, that currents and under-
w ater  topography can have a dramatic influence on the spectral characterist ics of random
w,i sc~ Shear currents, in effect, act as a filter, dissi patiog and/or reflecting certain
- - mponcnt~ v~hile transmitting others with a substantial amplification or redu ction in

- - r l t u ~lc Thcsc interactions are, then , modificd further and become more complex in
- , -

- w - r  ,k-rihs with depth refraction and shoaling. Various aspects of these interactions.
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particul arl y kinemat ics , are well known in the case of deterministic mono chromatic waves.
The primary motivat ion in the extension of these concepts to incoherent random waves
lies in the more general character of results in terms of.a spatiall y inhomogeneous spectral
dis t r ibu tion and , therefore , in the fact that  it supp lements the statistical approach to the
descri ption of the real ocean surface. This approach is presentl y considered by many as a
more fruitful one than ~t deterministic theory based on a monochromatic wave t ra in .

.-lcAnow-/ edge,neio.s -Fin an cial support for this work was prov ided by the Geography Programs of the Office
of Naval Research under contract No. N0014-76.C-0412 with the University of Delaware. The authors
gratefully acknowledge the helpf ul comments by the referees and R. G. l)ean.
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