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FOREWORD

This report extends a previously-
developed (Ref. 1) gravimetric estimation
algorithm by removing a data length restric-
tion associated with the earlier algorithm.
The original method, which could efficiently
process very large amounts of dazta, required
that measurements be available over an
interval much longer than the correlation
distances* asscciated with the gravimetric
quantities being measured. This restriction
could be significant in problems where long
correlation distances occur such as processin
geoid height data.

In the current study modern signal
processing theory involving discrete Fourier
transforms is used to solve the finite length
estimation proovlem. The result of the effort
is an efficient algorithm particularly appli-
cable to processing large quantities A
The new algorithm is called GEOFAST, an acroaym
for Geodetic Fast Estimation. Ltneits

xDistance at which the autocovariance function reduce -
of its value at zero shift.
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INTRODUCTION

4l BACKGROUND
Continuing developments in gravimetric sensor tech-
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Figure 1.1-1 Gravimetric Sensors and Estimates

points comnsiderably removed, it is possible to accurately

predict values of gravimetric variables where little or no
data exists. The techniques of classical geodesy (Ref. 2)

provide formulas for making such inferences whern noise-free

n

ata is available. TFor example, given gravity anomaly mea-
urements over the entire Earth's surface, the disturbance

n

potential is uniquely determined anywhere in space via Stokes'
n

10




More recently, statistical techniques have been

applied to optimally estimate gravity field gquantities (Ref. 3)
and, in many instances, have provided considerable advantage
over classical methods (Refs. 4 and 7). One feature which
makes the statistical approaches attractive is "built-in

error analysis'" which allows the impact of data deficiencies
such as noise, discretization and finite extent to be easilr
studied. For some problems involving gravity effects along

2 single track (such as might be traversed by an inertially
navigated terrestrial vehicle), recursive methods such as

L

Kalman filtering have proved useful for processing larg

moun

ot
n

m

of data (Ref. 5). However, the recursive approcaches
)

L5

state space formulations which are not easily applied
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;r gravimetric problems, particularly those wkich involve
two or three dimensions. As a result, for most gravity
quantity estimation problems, 'classical'" least squares

echniques must be applied. Because such methods involve
matrix inverses, excessive computational burdens result when
a large number of measurement points is used (say 1000 or

e). Of course 2 least sguares estimation problem can

S be truncated to reduce it to manageable size (e.g.,

ef. 6), but the error involved in such approximations can

be unacceptable. Evaluation of the error may also be dif-

Another approach to least squares gravimetric data
sing is developed in Ref. 1. The concept exploits the
1 structure of the gravity model covariance matrices
nstead of approximating either the data or the integral rela-
ons among gravimetric quantities. The formulation takes
ntage of the computational efficiency of fast Fourier
sforms and results in an estimation algorithm which is
able for processing gravimetric data sets containing very
ge numbers of measurements (100,000 measurements provide

1l
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no difficulty). However, the algorithm develcped in Ref. 1
is subject to moderate levels of error when the data interval
is not significantly larger than the correlation distance of
the gravity quantities being measured

1.2 PURPOSE AND SCOPE OF THIS REPORT

In this report, further developrment of the Ireguencry
domain gravimetric estimation method developed in Ref. 1 is
presented. In particular, the algorithm is extended to elimi-

aspects 0f the finite lensth of data inpucs The enhanced

zlgorithm. called GEOFAST (Ceodetic Fast Estimation). is fullvw
=

optimal and still reta

c s
problems. Of course, as with any estimation technigque, errors
sing from finite, noisy data of limited e

e . m 5 £ 3 <
estimation errors. The merit of the estimati

o
described in this report is that no computational
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ults in minimum variance of the estimation error when
t statistical gravimetric models are utilized.

erm gravimetric is used in the broad sense of relating
chniques for measuring or estimating the gravitational
rbance potential or any of its derivatives.
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data inputs include any gravimetric quantity available at
gridpoints on or above the earth's surface. The purpose of

this report is to describe enhancements to the frecuency

domain estimation algorithm of Ref. 1 which result in an

optimal procedure for estimating gravimetric guantities from

multisernsor data.

In Chapter 2, the mathematical development of the
algorithm is presented in some detail. Chapter 3 summarizes
the enhanced zlgorithm and indicates the logical next steps
for 1ts expléitation. Recommendations for useful tests o

0

tr)

QOFAST are also presented.

(

(=)
w

TECENICAL APPROACH

Minimum variance estimation as applied to gravimetric

guantities is described in Ref. 1. Without repeating that

ssion, it is appropriate to review the ratiorale for
tilizing the frequency domain formulation, namely that the
burden of manipulating large covariance matrices associated
with the estimation process is eased. The discrete rourier
transiormation takes advantage of the special structure of
covariance matrices involved in the estimation problem. The
matrices that require inversion in the discrete Fourier
transform formulation are diagonal or band-diagonal. In the
case of finite data lengths, the number of superdiagonzl
bands (and hence the computation effort required to effect 2
matrix inverse), is proportional to the sidelobe energy of
the finite length data spectrum. To minimize this sidelobe
energy, and thereby minimize the number of superdiagonal bands
in the spectral density matrix, a data "window' is used. The
GEOFAST algorithm consists of transforming the "'windowed'" data
into the discrete frequency domain and there solving the

13
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estimation equations using correspondingly windowed and trans-
formed covariance functions. The actual solution of the
banded-diagonal set of equations in the frequency domain is
accomplished by the Cholesky decomposition technique. An
overview of the complete approach is depicted in Fig. 1.3-1.
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2. FAST COMPUTATIONAL METHODS FOR ESTIMATION

2.1 COMPUTATIONAL ELEMENTS OF GEOFAST

The various statistical procedures for gravimetric
estimation have several mathematical operations in common.
The most important example of such zn operation is the solu-
tion of a system of equations involving the data covariance
matrix. A second important operation is the vector-matrix
multiplication typically carried outr after solving the
covariance equations. These straightforward algebraic opera-
tions are significant because of the large amounts of computer
time they can require. For many large gravity quantity
estimation problems, a conventional implementation of the
estimation equations leads to prohibitive computer processing
requirements. The computational load occurs primarily because
standard azlgebraic algorithms do not take account of the

ec

1 mathematical structure found in gravity quantity

>

ion problems. This chapter is concerned with fast

O ® 0

nal methods for carrying out the fundamental mathe-
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erations in gravity quantity estimation. In par-
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y estimation covariance matrices is developed.

3

The class of statistical procedures for gravity quan-

[

mation to which the techniques of this report are most

-
v

s

applicaktle, has been called the '"method of least squares
ation" (Ref. 3). This method utilizes minimum variance
T

ion for a model of the form

z2=Hx + v (2.1-1




where z is the data vector of observations, x is the vector of
gravity quantities to be estimated, and v is the measurement
noise vector. The vector X may consist partly of deterministic
and partly of random variables which are related to the
observations through the measurement matrix H.

Three special cases of the method are defined below.

These cases are referred to as

L IMVE (implicit minimum variance estimation)

. BLUE (best least-squares unbiased estimation)

e EMVE (explicit minimum variance estimation
[ = - - =
E If x is assumed to be a stochastic vector and HE = I,
B

where I is the unit matrix, then zan estimaticn procedure is
obtained which is referred to here as implicit minimum

estimation (IMVE). The terminol

(8]
m
b

]

3
‘U

(s}

0

n

"

R

[

n

ot

i3

i)

ot

ot

Tion between x and z is given implicitly througk a

covariance matrix sz. If x is assumed <o

vector and H defines
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least-squares unbiased estimation (BLUE s

another name for standard least-sguares parameter estimation.
Reference 3 shows that if x is partly stochastic and partly
deterministic, the estimation procedure decouples into e
two cases just defined. A third form of the method resu
X is assumed to be stochastic, but related explicitly to
through the measurement matrix H. This case, which is d
nated explicit minimum variance estimation (EMVI), has b
3 shown (Ref. 6), to be equivalent to the first case if x i
: given an a priori covariance matrix Cxx and the distribution
of z is defined through Eq. 2.1-1. This case corresponds o a

standard Kalman filter implementation (Ref. 19).
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2:1.1 IMVE

The mathematical operations of IMVE are representativ

o

of those found in gravity quantity estimation in general. In
this formulation (Ref. 1), the estimate vector, g. is found

from the data vector, z, via

(2.1-2)

17>
]
@
(@
N

where CZZ and sz are covariance matrices obtained from 2
self-consistent statistical gravity model. If the dimensions
of X and z are m and n, respectively, then sz and C__ are
respectively nxn and mxn matrices. The dimensionality of
these ‘two matrices, and their anzlogs in other formulations,
is the source of the computational burden in estimation prob-
lems: for large n and m, the implementation of Egq. 2.1-2
requires very large amounts of computer time and is subject tO

; z -1
severe processing errors. The calculation of the vector C

-

3]

-

Efficient general

purpose algorithms for this operation require, at the minimum,

is the dominant part of this calculatiorn.

(8]
s ]
mn

2 number of numerical operations (multiplications and adéizi

which is approximately n~ /3. Table 2.1-1 illustrates the rapid
S

growth of processing time with increasing data size that thi
cubic law produces. The operation which completes Egq. 2.1-2
; = i ; -1

is, of course, the multiplication of the vector sz Z by the

cross-covariance matrix sz. Straightforward implementation
of this operation requires mn multiplications and m(n-1) addi-
tions. When the number of quantities to be estimated, m, is
small this operation is relatively inexpensive and may be
carried out by standard algorithms. When m approaches or sur-
passes the order of n, a special purpose algorithm for co-
variance matrix multiplication can significantly reduce the
cost of this operation. The first diagram in Fig. 2.1-1
illustrates the decomposition of Eq. 2.1-2 into the operation
of covariance equation solution and covariance matrix multi-
plication.

v




TABLE 2.1-1
COMPUTATIONAL COST OF MINIMUM VARIANCE ESTIMATION

| opTmMISTIC
DATA | ESTIMATE OF
POINTS | PROCESSING TIME

SINGLE TRACK 1000 15 min

|
I
5 - TRACK 5000 | 30 br

10 - TRACK 10000 10 days
2.1.2 ‘EMVE and BLUE
The operations associated with the explicit measure-
ment equation formulation of EMVE and with parametric BLUE
are similar to those for IMVE. From Refs. 3 and 6, the
expressions analogous to Eq. 2.1-2 are:
(EMVE) X = ("Tc‘1 5 oo p=iy=1 ’Tc’l (2.1-3)
g = N ey ~xx’ 2 e i
—p— o -T —:. - —1. -T -l / - )
(BLUE) x = (E va ) H Cv‘ Zz (2.1-2)
where H is an aXm measurement matirix, va is the n*n measure-
ment noise covariance matrix, and CXX is the mxm a priori
covariance matrix for x. The superscript, T, indicates matrix

transpose.

Equations 2.1-3 and 2.1-4 may both be conveniently

decomposed into three seguential operations:

: -1
® Computation of a = C__. 2
T s . T
° Multiplication to form b = H 2
1 -1

<

omputation of

X = (HTci

- -l —_ v
H+ C_

X

dov =k
o

« H) T b, or

1> 0

= (H'C

18
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FPigure 2.1-1 Block Diagrams of Gravimetric

Estimation Algorithms

w
[
O
(@]
w
(o N

iagrams of the EMVE and BLUE processes zre preserntec
in Fig. 2.1-1. The first two of these operations are subject
To the same considerations and the same specizl processing
methods as are the operations of IMVE. However, for many
problems va is a diagonal matrix (although this is by no
means always the case), so that the solution of the corre-
sponding covariance equations is computationally inexpensive.
When, in conjunction with diagonal va, the dimension of X is
not large, both the EMVE and BLUE method may be efficiently
implemented without special attention to computationally fast

methods.

Special computational methods for the third opera-
tion associated with the EMVE or BLUE procedures are outside

19
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the scope of this report. When X is not of large dimension,
as is ordinarily the case for these methods, the svstems of

equations involving chzi H or HTc;i H + C;i are not large

enough to require special numerical attention. However, the
e . . ! : -1

efficient computation of these matrices, which involves C O,

is made possible by use of the techniques developed in this

chapter for the solution of covariance equations. Methods
ol : . T-1 T~=-1 -1

+ + & - " - 1 2

or efficiently "invertin H H el S

f c 3 erting va H or va R

the dimension of X is large, remain a subject for future work.

when

2.1.3 Solution Technigues

£ this chapter is devoted to the

<

d a of fast computational methods for
he two principal operations which have been

® Solution of large systems of eguations
involving sz or va

° Fast multiplication of matrices sz or
H when the dimension of x is large

The methcds discussed in this chapter are thos

for gravity quantity estimation problems. Typically such !
problems entail stationary statistical models and an opera-

tor relating the various gravity quantities which does not

change under spatial translationmns.

The method presented in the pages which fcollow for

solution of staticonary covariance equations is new, and is
an extension of the classical frequency domain Wiener method.
The btasic approach of generalized Wiener filtering is
described in Ref. 14 and depends for its success on the

fast Fourier transform (FFT) technique (Ref. 15). The use

20




gravity data processing has been discussed in Ref. 1. Thi
report deveiops an extended computational technigue which
retains the speed of the Wiener method, and, at the same

time, offers the high degree of accuracy required for gravi

quantity estimation.

o

<2 SPECTRAL REPRESENTATION OF TOEPLITZ MATRICES

The new computation methods about toc be presented
herein are based on so-czlled Toeplitz matric

Toeplitz matrices consist of a class of nxn, r
matrices which includes the covariance matrice
tionary random processes. More formally, a matrix T is of
the Toeplitz type if there is a rezl-valued function, S

such that the elements of T obey

tEl g5 = &

If T is an autocovariance or a cross covariance matrix, th
% is the correspondln; covariance function. The matrix T
is svmmet if the function ¢, is even.

A

The relevance of Toeplitz matrices to statistical
estimation has already been hinted at in the definition ab
The covariance matrices (e.g., Cxx‘ sz. sz, va) which
appear in the wvarious expressions for IMVE, EMVE, and BLUE
are of the Toeplitz type when the underlyving statistical
models are stationary. In addition, for problems involvin

the estimation of gravity quantities, the measurement

rO

-

ma
E is either a Toeplitz matrix or a submatrix from a Toeplit

21
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matrix. This follows from the fact that the geopotential
operators connecting the various gravity quantities such as
the Stokes, Vening Meinsez, and upward continuation opera-
tors, are invariant under spatial shifts (see, for instance
Ref. 21). Toeplitz matrices result when operators with this
property are reduced to finite dimensions, typically by
discretization and truncation. As a consequence of sta-
tionary gravity models and shift-invariant measurement

the

operators, essentially all large matrices appearing in

»

gravity quantity estimation problem are of the Toeplitz type

-

The study of fast computational methods for gravity quantity
estimation is la

- - - .y - Lo . 3 -
rgely the study of efficient methods to
d

handle equations

2.2.1 PFourier Transformation of Circulant Matrices

Circulant matrices are a subset of Toeplitz matrices
with an especizally simple form under Fourier transformation
A Toeplitz matrix is a circulant (Ref. 8), if the function ¢,
defined by Eq. 2.2-1 obeys
°_¢ cn-i‘ S= il , n=1 (2.2=1)

Matrices with this property may be identified by the fact
that each row is equal to the row preceding it g

element to the right, with the last element
to the first place. TFor example, a circulant matrix with

the first row (to, g vy On-l) necessarily has its secon
(o)

i @z QG Sardy @ DIl
H=dliemge s il n-2
matrices themselves do not appear frecguently, their properties

row given by (¢ While circulant

are useful in dealing with the more general Toeplitz matrices.




Circulant matrices have the special property that
they are diagonalized by the discrete Fourier transformation
(DFT). The n dimensional DFT matrix F is the nxn, symmetric

*
complex-valued matrix whose elements are

[Fl., = % exp - 2BL1E 45 . 4 k < p-1 (2.2-3)
jk Ve n — —
n
and its inverse is easily seen to be F-. The DFT of an

n-vector of complex numbers, X, is defined by the relations
(Ref. 9)

=F'X (2.2-4)

|4

=F§’

1%

The matrix similarity transformation correspoanding to Eq. 2.2-4
is given by

C FCF ' (2.2-5)

where C is an nxm matri: f complex numbers and Cw is its

X O
representation in the Fourier transform domain. The useful-
ness of the circulant matrix definition depends largely on the

following result.

The Fourier transformation, Eq. 2.2-5, of any circu-
lant matrix C is the diagonal matrix

C, = vn diag(éy, ..., © ) (2.2=6)

n-1

*The symbol i denotes v-1, and the superscript (+) denotes the
complex conjugate transpose.

23




where ¢ is the discrete power spectrum

-~ F'a (2 -7
¢ = (@o, e 'n-l) = F'o (2.2-7)
and ¢ = (oo, S On-l)T corresponds to the first row of C

S
Moreover, any diagonal matrix is the Fourier transform of a
circulant matrix, defined by Egs. 2.2-6 and 2.2-7. If the

matrix C is symmetric the inverse transform F may be replaced

by F in Eq. 2.2-7. A proof of this result may be found in
Ref. 9. This theorem is also equivalent to the well knowr
relationship between discrete ceonvoluticns and discrete

Fourier transforms proved in Ref. 10.

2.2.2 Fast Toeplitz Matrix Multiplication

vector ty
af The ¢ir
This method, together with the fast procedure for solving
linear equations described in Section 2.3, are the ma

components of an efficient gravity quantizty e o
rithm. Together, the two algorithms provide
processing method with computer time requirements proportional

to n log n, where n is the number of data points.

In gravity quantity estimation the need for an opera-

ct
’—‘.

on equivalent to multiplying a2 vector by a Toeplitz matrrix

~~

Oor a partition of a Toeplitz matrix) has been described in
Section 2.1. The matrix to be multiplied is either the cross
covariance matrix sz or the transpose of the measurement

HT

matrix, In both cases, the dimension of the matrix to

be multiplied, which will be denoted here by T, is mxn where
m is the dimension of the vector to be estimated and n is the

dimension of the data vector. The computational cost of

24




carrying out this vector-matrix multiplicatiorn by standar
means is, of course, mn (scalar) multiplications and m(n-1l)
additions. VWhen m is small compared to n, an ordinary matirix
multiplication procedure can be used without affecting the
overall efficiency of the estimation algorithm. When m is

an appreciable fraction of n, the cost of this simple opera-
tion may dominate the cost of the data processing procedure
unless a special-purpose algorithm is used. Such an algorithm
is presented below.

By assumption, the matrix to be multiplied, T, is a
Toeplitz matrix or, when m<n, a partition of a Toeplitz matrix
It follows that the elements of T are of the form
i T R e o < m-1, 0 < k < n-1 2.2-8
where T is the appropriate function. In the case that m<n,
The matrix T must be extended so that it is a (square) Toeplitz
matrix This is accomplished by defining the nxn matrix T by
[T].p = tp_ 57 053, k £ n-1 (2.2-9)
JE =J - -

n of an arbitrary vector, say b, by the

may now be carried out, with the first m

G
o
(1))
(@]
'J
(]
ct
N
o &
ct -
H
5o
]

¥
e result containing the desired product, Tb.
The problem then is simply one of developing an efficient

procedure for calculating Tb.

The means for fast multiplication of T follows from

.~

the circulant theorem of Section 2.2.1. The matrix T can be

a

imbedded in a2 2nx2n circulant matrix C, as follows. The
function 'cL is extended to the range -(2n-1) < & <

(2n-1) by

the definition




tl’ 0 < L < n-1 !
c, =40, 2 =n (2.2-10)
t£—2n’ n+l < £ < 2n-1

€l ;5. = - 2.2-11
( ]Jk Crj (
is now a circulant. Moreover, the circulant C has the
additional property that
. o
b Tb
c [T = i (2.2-12)
o d

where b is an arbitrary n-vector and O is the zero vecior ©

length n. The vector Tb is the desired product vector. while

L]
.l
n

the n-vector d is discarded. The result of Section 2.

applied to carry out the multiplication using fast Fourier

transforms.

Define B and gc 10 be the transiorms

b
B=F ) (2.2-133)
0
Ec = Fc (2.2=13b)
with the elements
£ (30’ Bl’ i BZn—l)
- (2.2-14)
|
- A~ :\
2o ('O' Yy 2n-1>
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Then from Egqs. 2.2-5 to 2.2-7 the vector

B iy M SBbAt (2.2-15)

(R
]

the DFT of the product vector in Eq. 2.2-12. An application
the inverse Fourier transform, FT, produces the desired

(0}
Hh

s ]

esult. The overall algorithm for fast matrix multiplication

[

diagrammed ir Fig. 2.2-1. The cost of the entire procedure
is dominated by the cost of three applications of the Fast

Fourier Transform algorithm, and is proportional to n log n.

B.307%a
DISCRETE
T ¢ —p FOURIER
TRANSFORM
INVERSE {T N
FOURIER — | &‘!‘L,b
TRANSFORM 19
b DISCRETE
02| ——d FOURIER
L2 TRANSFORM
Figure 2.2-% Overview of Fast Toeplitz Matrix Multiplication

Thus, the multiplication of a vector by a Toeplitz
matrix is equivalent to the convclution of two discrete func-
tions of finite length. The algorithm presented here for
oeplitz matrix multiplication is, in fact, equivalent to a
well-known fast convolution algorithm, which has been described
n Refs. 9 and 10.
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2.2.3 The Transform of a General Toeplitz Matrix

In the algorithm presented in Section 2.2 for scolving
systems of equations, it will be necessary to calculate the
Fourier transform of a Toeplitz matrix and of a "'windowed"
Toeplitz matrix. An algorithm for accomplishing this which
involves approximately n log n computer operations is derived
here from the result of Section 2.2.1. For the purposes of
this section, a windowed Toeplitz matrix is one which has been

multiplied by a diagonal matrix, W, to form
C=WTVW (2.2-16)
The matrix W is defined by a window function, w,, such that
A

W= diag(wo, LORIRERE n-l)

The window function is related to the way in which data is
processed, and is described in the next section. Fo
discussion of window functions in frequency domain da
cessing, see Ref. 17, Chapter 3. Note that one choice for W

is gimply
W =1 (2.2-18)

where I is the nxn unit matrix. Thus, the class of windowed

Toeplitz matrices includes all Toeplitz matrices.

The DFT of the windowed Toeplitz matrix in Eq. 2.2-16

is

T = FCF = FWTWF (2.2-19)




-
m
£
't
i
O
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eriving a useful element-by-element expression for
trix is divided into two parts: first, obtaining an
on for Tw in terms of transforms of diagonal and circu-
lant matrices and, second, applying the circulant theorem of
2.2.1 to deduce an efficient computational formula.
The details of this derivation, which is central to the present
technique, are provided in Appendix A.

*

The result is the expression

~

f-T ] o SRS e 2.2-20)
B w JK A."2._, —...l".

where the 2n dimensional vectors o and I are defined as

x x

follows. The complex vector §{i is the 2n dimensional transiorm

asl

- z W

~ ~ -~ - = / (> B

§ = (;a v Bwe vaws Mgty T (2.2-21)
\ O L _n--} ‘/,"‘—2:1 2n O

of the extended window function where
w = <WO’ Wy Wn-l) (2.2-22)

The real vector 1 is the power spectrum corresponding to the
extended circulant function cy defined in Eq. 2.2-10. That

is, 1 is the 2n dimensional transform

= v2n F C (2.2=23)

2n-l) 2n =

* The notationﬁ& represents the complex conjugate of the
quantity ii'

*xThe 2n dimensional DFT matrix, F, . is defined by Eq. 2.2-3 j
with n replaced by 2n. 3

-
19
-
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e = fep, ey, hiiieg ) (2.2-24)

Equation 2.2-20 displays the elements of T as
weighted sums of a power spectrum T, where the weights are
determined by a spectral window Q2. Since Tw can be interpreted
as a frequency domain covariance matrix, Eg. 2.2.20 is anzlo-
gous to the integral formulas which hold in the spectral repre-
sentation of a stationary stochastic process (see, for example,
Ref. 11, p. 200).- The application of this formula for Tu re{c
the solution of the systems of eguations encountered in graviztr

cuantity estimation is described in the next section.

2.3 EFFICIENT SOLUTION OF COVARIANCE EQUATIONS

The requirement in gravity quantity estimaticn for
an algorithm to solve large systems of equations with coeffi-
cients given by covariance matrices has been discusse

ection 2.1. The solution of such equation sets is the single

most expensive operation in the estimation process. For

‘0

roblems involving large amounts of data, the use of standard
algorithms for solving the covariance equations results in
prohibitive computer time requirements. For gravity estima-
tion problems, or any estimation problem involving stationary
models, the covariance matrix defining the system of eguations
has a highly redundant, Toeplitz structure. The exploitation
of this special mathematical structure makes it possible o
greatly reduce the computer processing time required to sclve
the covariance equations. This increase in efficiency is
reflected in a decrease, by orders of magnitude, in the pro-
cessing time required for the solution of the overall estima-

tion problem. This section presents a new highly efficient
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algorithm for the solution of systems of equations with

Toeplitz structure.

2.3.1 Algorithm Overview

The new GEOFAST algorithm is based on the transforma-
tion of the system of covariance equations into the frequency
domain, and on the use of an appropriate data window to control
the frequency domain matrix structure. Consider the soluticn
of a system of equations

Tu = 2z (2.3-1)

ct

where T is an nxn Toeplitz matrix. For the gravity quantity
estimation problem, T represents the modeled data covariance

matrix and z is the data vector. The vector u represents the
solution vector required for subsequent stages of processing.

Note that Eg. 2.3-1 may be solved using any convenient coordi-

nate transformations. If a nonsingular transformation, A&, is
appropriately applied to u and z the equivalent system

T'y" = g ' (2.3-22)
is obtained, where
1 ATA;
N e (2.3-2b)
z' = Az ‘

Once Eq. 2.3-2 is solved, the solution vector u is simply

found from

u=Au’ (2.3=3)
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B
— e
X e X . (5
T, = | X | . i (2.3-5)
2 » % Mg + 1
o TX .. X

where all the elements of 5 are zero except for those in a

diagonal band consisting of the main diagonal and MB sub- and
superdiagonals. The difference between T' and Té, consisting
of the out-of-band elements of T', can be made as small 2s
desired by adjusting the data window and selecting an appro-
priate matrix bandwidth, MB' The relationship between the

ta window and the size of the neglected elements is explored

=

a
in Section 2.3:.2.

R-30292

DATA VECTOR SOLUTION
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&= ang DFT Tagis 2t = INVERSE DFT | —
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COVARIANGE
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e TO COMPUTE T, >
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Figure 2.3-1 Overview of GEOFAST Algorithm
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By applying the windowed DFT, the system of equations
To be solved has been reduced to one with the band-diagonal
matrix T6 of Eq. 2.3-5. This is extremely advantageous because
a band-diagonal system of this type, where MB is much smaller
than the dimension, n, of Ts, can be solved in far fewer

numerical operations than a full system. Application of the

&

band-diagonal implementation of Cholesky decomposition (Ref. 12)
requires numerical operations proportional to only Mgn. as
compared to n3 for a full system. The results presented in
Section 2.3.4 indicate that values of MB on the order of 10 may
be adequate for T5~ For MB = 10, the resulting reduction in
computer processing time is proportional to (n/lO)z, which
amounts to several orders of magnitude for large gravity

quantity estimation problems. A consequence of the reduction

of the system of equations, Eq. 2.3-1, to band-diagonzl form

is thus a substantial reduction in the amount of computer time

required to obtain a solution. E

The substitution of the band-diagonal matrix T,
the exactly transiormed matrix T' involves an approximztion
which, of course, effects the solution vector u. The magni-
tude of this error is controlled by the choice of data window,
the number of diagonal bands includec in TS’ and the size of
a damping factor introduced in the Cholesky decomposition
process (Section 2.3.3). By appropriate choice of these con-

trolling parameters, the approximation error in u can be made

as small as desired. It is to be emphasized that what is being
considered here is computational error in approximating T' with
T., rather than statistical error in computing an estimate from
data« The statistical error is, of course, subject to the usual
considerations, and not controlled in any way by the computa-
tional parameters discussed here. The computational error in

the new algorithm and mechanisms for controlling it are

analyzed in Section 2.3.3.




2.3.2 Computation of the Transformed Covariance Matrix

The computation of the transformed Toeplitz matrix,
T., is a major portion of the new algorithm. This part of the

algorithm is particularly important for two reasons:

® The expression for T; shows how the data
window determines matrix bandwidth.

) Special computational methods are required
to keep the computer time required for

generating the elements of T, to a minimum.

~
Both reasons make the formulas for the elements of T

-

manner in which they are implemented central To the over

algorithm.

As described in Section 2.3.1, the matrix T5 is
defined conceptually by applyving a linear transformation given
in Eg. 2.3-4 to the matrix T to obtain the matrix T' from
Eg. 2.3-3, and setting to zero all elements of T' outside a
predetermined bandwidth. The word ''conceptually'" is used

here because the detaziled algorithm, explained below, modifies
the DFT matrix F shown in Eq. 2.3-4 to use only half of the

frequencies present. It will become apparent that this modi-
fication simply eliminates the redundancy which occurs because
the data are always real-valued. An expression for T', before
any modification is made to F, is available directly from

Section 2.2.3. Since T'=Tw Eq. 2.2-20 provides

2n-1

R Z Yp-2k*2-2(k+m) 2 (
2=0

86}
(&5}
|
(&)

(&3]
(8]




where the subscripts of the elements of T' have been arranged

so that the elements

rT:7 0 < k < n-m-1 (2. 3=7
I.. ‘Jk'k-{»-m = R
th

~

diagonal band. The functions 9 and T, are
defined by Eq. 2.2-21 and 2.2-23 as described in Section 2.2.3.

represent the m

of T' can be seen from Egq. 2.3-6. The elements of the m
diagonal band are obtained by convolving the power spectrum
T, with the weighting function.

-

(2.3-8)

which consists of the transformed data window multiplied by

its conjugate shifted 2m elements to the righet.

Two typical window functions and their transforms

re shown in Fig. 2.3-2. These windows are special cases of

-

™

ot
[on
(]
ol

aiser window function which has proved very useful in

n
[

{

ignal processing applications, and is defined in Refs. 1
Al

N
Q.
(0]

n . Transforms of data windows are characterized by a
mainlobe and a series of sidelobes of considerably reduced
levels. As can be seen from Fig. 2.3-2, the disparity between
mainlobe and sidelobe levels becomes more pronounced as the
width of the mainlobe is increased. This behavior is reflected
in the numerical structure of the matrix T'. The elements of

[aall]

T' corresponding to the shaded area of Fig. 2.3-3 cannot be
“L-2m
these elements. However, the elements of T' outside the

neglected because the mainlobes of :L and overlap for

shaded area of the figure are the product of the sidelobes
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of :i together with the power spectrum T When the sidelobes
are made sufficiently small, these elements may be neglected.
The key idea in the band-diagonal algorithm is the control of
out-of-band covariance elements by choice of a data window

with sufficiently small sidelobes. h

R-3C299

MB + 1 COLUMNS MB + 1 COLUMNS

(rm——

Figure 2.3=3 Structure of Covariance Matrix
Under Fourier Transformation

A final transformation must be applied to form the
frequency domain covariance matrix into a band-diagonal struc-
ture. This transformation corresponds to deleting from the
data redundant components at negative freguencies. The nega-

re frequency components are redundant in a statistical

<

i

ct
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sense because it is known that the data must always be real-
valued. Put another way, the sine-cosine transform coeffi-
cients are sufficient to describe the data, rather than the ‘
full, complex set 0f Fourier coefficients. The practical i
importance of this last transformation is the elimination of
the elements in the upper right and lower left corners of T' as
shown in Fig. 2.3-3. With the elimination of these elements, 2
standard banded Cholesky algorithm may be used to solve the

resulting system of covariance equations.

The transformation to sine-cosine coefficienzs
corresponds to modifying the transformation matrix A of
Eqg. 2.3-3 to the form
A = HFW (2.3-9)
where HE is an nxn mplex 1t rmation from Fourier coeffi-
cients to sine~-cosine ¢ T8 The elements of E are
defined Dby
= -1 = -1
- -
S ——————
iR I 9
b e s g v e sl o s e .
| -
J ;l " ; | .« = |
| | - f ¥ 1 n_.
: | = ! ] b * ; 2 o
-+ & | K - |
i | - ——— - —————— —— —————— & "
H = —; | ﬂ' 19 | (23—10)
T T S e ——
vn | i ; : : J
b, | : =1
P W AN . | } =1
| L ! ¢ 2
e I b ] =1 _!
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The first n/2+1 rows of HE generate the cosine coefficient

of the data, while the last n/2-1 rows generate the sine
coefficients. The result of applying the modified transfor-
mation, Eq. 2.3-9, to the definition of T' is shown in Fig.
2.3-4. The matrix T' is now a simple band-diagonal matrix,
neglecting the small elements due to the sidelobes of :L‘ The

Sine-cosine transformation has two additional advantages:

° The nonzero elements of T' may be par-
titioned into blocks of dimension n/2+1
and n/2-1 corresponding to cosine and sine
coefficients. The dimension of the largest
system of equations to be solved is thus
approximately halved.

® “he elements of T' are real-valued

eliminating the need for complex-valued
numerical operations.

Other than these modifications, the bande
transformed covariance matrix is unaffec

of H.

- ~ - - Bl

2.3.3 Algorithm Performance
™% e~ < S -~ 3 - P 3 . - - =T
The use of an appropriate data window gives the DFT

of the covarianc
readily e =
Section 2.3.2 shows that T, will have the band-diagonal form
shown in Eq. 2.3-5 and Fig. 2.3~4. The matrix T. differs
from the exact frequency domain covariance matrlx T' oenly

in that it neglects the very small elements which fall out-
side the diagonal band. A very efficient approximate solu-
tion to the covariance equations is found by replacing the
exact matrix T' by T5 in Eq. 2.8-2. 'Ihe special structure of
T 1is exploited by employving the band-diagonal implementation
of the Cholesky decomposition algorithm (Ref. 12, Section 2.3)

for the solution of linear equations. The resulting error in

40
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the solution, due to the neglscted out-of-band elemen
b

u
: is controlled usting the maitrix bandwidth of
: complementary change in the data wind

below. Bounds on the c¢
source are presented here.

The computational details of the banded Cholesky

decomposition algorithm are provided in Ref. 12. Only two

-

features of the algorithm are important to the present

application:

® The banded Cholesky algorithm is an exact
procedure (within numerical error) for solving
a system of equations with banded structure
of the form of Eq. 2.3=5.




e ———

° The number of numerical ooe*atiors required
is approximately C(MB+1)‘n, where C is a

small constant dependent on the particular
implementation.

For small values of MB (say MB < 25) the numerical work of

solving Eq. 2.3-2 with the banded Cholesky procedure is actually
less than that required to compute the elements of T..

The error bounds given in this section are parameter-

; ized by a damping factor, ¢, and a2 resulting guantity which
t will be czlled data de-emphasis. In order to guarantee tkbat
the error in replacing T' by T. in Eg. 2.3-2 produces 2 small

-~

r in the solution, it is necessary to modify T' by intro-
1 amount of ficticious, white no

guations, Eq. 2.3-2, is replaced by

(T* = sl)u' = ' (2.3=11)
When Eqg. 2.3-11 is solved by Ch sky decomposition T' is
approximated by T. and Eag. .3- becomes
v
(T, + 61" = 2’ (2.3-12)
g = =

| The number ¢ is a sm nt which can be chosen to trade

al S
off computational effort for
cation represe &

cessary

s S
| because of the very small eigenvalues introduced in T' by the

. use of highly tapered data windows. It can be shown that the
b
| sguare of the smallest weight in the data window is an upper
bound to the smallest eigenvalue of T'. These small eigen-
-1

values introduce very large eigenvalues in (T') , which

greatly amplify the error (u'-u") due to the difference

’

between T

and T.. That is, the system of Eq. 2.3-2 is




x
ill-conditioned when windows are used. By contrast, the

matrices T' + ¢I and T, + ¢I can have no eigenvalues smaller
than § so that Egs. 2.3-11 and 2.3-12 are well-conditioned.
The actual impact of this modification on the error (u'-u")

is reflected in the error bounds presented in this section.

The modification of T' represented by Eg. 2.3-11
has an important interpretation in terms of the original
estimation problem. The original system of equations involv-
ing T', Egq. 2.3-2, is simply the tramsform of the covariance

equations. Eg. 2.3-1. By inverting the transformation pro-

cess, the system of covariance equations corresponding to
Eg. 2.3-11 is found to be
(T +B) 8 =2 (2.3-13)
where D is the diagonal matrix
D = § diag (w62, wiz, s s W;EI) (2.3-14)
Equation 2.3-13 shows that the addition of a multiple of the

m™

identity matrix to T' corresponds to the addition of the

n
m

i
It

u ple of the inverse of the window matrix squared to T.

This may be interpreted as a model for the additio

rrelated measurement noise to the data. (Note that no noise
t

actually added to the data.) The variance of

tional noise changes with location along the data track in
oportion to the square of the inverse of the window function.

The variance of the added noise, which is large near the ends

of the track, and small near the center, is called the data

de-emphasis function and is displayed in Fig. 2.3-5 for a

typical Kaiser data window.

*I1l-conditioning is discussed in Ref. 20 and Appendix B.
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The modification representecd by Eqs. 2
2.3-13 changes the estimation problem which

1 i

0 1.0
NORMALIZED DATA LENGTH

ting De—;mnha51s

§=10-4, n=128)

solved by the numerical algorithm. In the modified problem

the quality o the data is gradually de-emphasized as the

ends of the data track are approached. Points along the
hic

is less than one

the

tional number of
defines a per

is associated

window

of combinations of damp’.g

introduetion

h the signal-to-

of computational

presented in Fig. 2.3-6.
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noise ratio

, may be regarded as having been lost

data de-emphasis.

(2.8-15)

data points for which Sk is less than one
formance index, the data de-emphasis index. which
with a given damping factor, ¢, and a given
function. The data de-emphasis resulting from a number
factor and matrix bandwidth is




R-3029%

100
% b
80 -
@
2 ot
g
z 80 - DAMPING FACTOR, &
< sor 102
<
(=}
- 40 -
2
5]
c 30
w
20 |
lOr
. ; ,
0 2. A CHRG L  C  E)
NUMBER OF SUPERDIAGONAL BANDS ( Mg )
Figure 2.3-6 Data De-Emphasis Resultin
g I

from Computational Damping

- - £ - . -— - -
stimates from data is the expec:

du = u' - u" (2.3-16)
is, in general, nonzero. Since the data vector z i1s a random
gquantity, du and the resulting increase in est

53, are also random. The magnitude of this error can
x
measured by the ratio

.|
o

E(SE‘ §x)
5 - (2.3-17)

t1
..'

1>

14>

p—a
L.

*E denotes the ensemble expectation operator.
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which is the relative rms computational error in

. upper bound, which may be readily computed, for t uantity

m

4
is derived in Appendix B. This bound, as well as the actual
value of e, is a function of the damping factor § d
number of superdiagonal bands, MB’ used in TS‘ Figure 2.3-7
presents a set of values for the error bound obtained when T
is generated by a third order Markov model for the gravity
anomaly (Ref. 13).

Figures 2.3-6 and 2.3-7 show the

of performance, data de-emphasis and comput T

function of matrix bandwidth M_,, which in tura determines the
-

amount of computation required. For examp

d e
0.1%. The resulting data de-emphasis is about 22%. It is
o)

ossible to achieve the same error bound with a damping factor
of 10_6 by using nine superdiagonzl bands and performing more
computation. In this case the data de-emphasis is reduced to
17% There is thus a tradeoff, controlled by the damping
factor, between data de-emphasis and computational effort. A
given level of computational accuracy may be obtained with 2s
small 2 level of data de-emphasis zs desired. 2t the expense
trix bandwidth and increased computing time.

ect on computational error and data de-emphasis of

reducing the damping factor is demonstrated in Fig. 2.3-8.

o
(8N

.4 APPLICATION DISCUSSION

To provide perspective on the use of GEQFAST, a sample
application to gravity gradiometer data is outlined. TFor simp-
licity the example treats only one of the five independent

elements of the gravity gradient tensor. In most actual app-

lications, however, all of the measured gradients would be
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processed as multisensor measurements. Extension to many sen-

sors is straightforward (Ref. 1).

Suppose that 10,000 measurements of the ancmalous, along-
track, along-track gravity gradient are available at 0.1 km inter-
vals, i.e. on a 1000 km track. Such measurements could be the out-
puts of an airborne gradiometric survey which have the reference
spheroid gravity gradient field removed and have been pre-
filtered (e.g. averaged). Optimal estimates of the vertical
deflection, at the earth's surface below the data track ar
desired at a spacing corresponding to that of the airborne
measurements.

The optimal estimate of is given by Eq. 2.1-2 where

fore

2 =
X =g (2.4-1)
il
ERg it Ll
where v is noise. In Egs. and 2.4=-2, ¢ is gravity, T de-

s a
notes the along-track direction and is the vector of ancmalous
along-track, along-track self-gradients. The covariance matricesof
Egq. 2.1-2 must be specified by a suitable statistical model. T
attenuated white noise (AWN) model, described in Refs. 1 and 21,

is appropriate for computing the required covariances. Using the

AWN model, the autocovariance of the along-track gradient

z(?), is given by

2

g~ 2 - PR SR

c,,(*) = 1280%__2 (D+m)IX [:2 =8(D+h) ]+ [:? = £(D+h) : A
' [<% + a(D+n)?]H?

(2.4=3)

where h is the altitude at which the gradient measurements are
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taken, T is the shift distance and R is the measurement error

covariance matrix. The model parameters, ¢ (the rms zalong-

-
.

track, along-track gradient) and D (a measure of the rate-of-

decrease of the autocovariance function), are determined by statis-
Tical analysis of the data as described in Ref. 21. Typical val-
ues to be expected are 24 EU* and 35 km respectively. The cross
covariance between the anomalous, along-track, along-track self-
gradient at altitude, h, and the along-track gravity disturbance
on the ground is given by the AWN model as

4 i N T 772 ‘[12—2(2D+h)2]+h [”._214/-(2D+h§2]

3 T [12 + (2D + h)‘] 1172

The elements of the matrices CZZ and Cx are given by

g 3
[sz] T 2z (~Jk) (2.4-5)
[CXZ] e Tl ) (2.4-6)
[rj,_}= (B wi33a j, k& 1, 2 ... 10,000 (2.4-7)

§

and A is the data spacing, O. The indices j and k are

data element counters.

In principle, Eq. 2.1-2 could now be solved directly
for the desired deflection estimates. However, in practice,
the 10,000 x 10,000 dimensionality of C_, would make the C;i
operation computationaly prohibitive. 1In addition, premulti-
plication of C;z v sz vould be exceedingly burdensome.

The initial operation of the GEOFAST algorithm is to

multiply the data vector, element-by-element, by the Kaiser

*1,0 EU = 0.1 mgal/km = 1079 sec”
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X
window exemplified in the lower right graph of Fig. 2.3-2.
Note that in the windowing operation., as with all of the
operations involved in GEOFAST, the count of scalar arithmetic

.procedures is of the order of the number of elements in the data

vector (except FFTs which go as n log n). Following windowirg,
the gradiometer data is fast Fourier transformed into the

"intermediate'" frequency domain data vector, zZ.

The transform of the Kaiser window function, 2, is
computed by.Eq. 2.2=21, an operation involving 2
The "'window shape' variable, MB’ is chosen from Fig. 2.3-
provide acceptable accuracy and reasonable computation time.
Note that the choice of MB specifies the number of bands whickh
are ultimately retained in the matrix inverse computati

B

o
When M_ is selected, the value of the data de-emphasis damping
factor, ¢, is also chosen from Fig. 2.3-8. Transformation

~ -7

, by the matrix H (given by Eq. 2.3-10) follows, i.e.

o) g = HQ (2.4-8)
The circulant vector ¢ (first ¢
magrix, €) is formed using Eqg. 2.2<10.
e are given by the AVWN model along~track self-gradient covar-
j=1 and k = 1, 2
10,000. The FFT of ¢ is computed using Eq. 2.2-23 which provides

£ ’
iance function of Egs. 2.4-3 and 2.4-5 with

the elements of the gradient auto-spectrum t. Equation 2.3-6
is now invoked to compute the MB diagonal band elements

T:] % ko which will be supplied to the inverse calculation.

in the application of Eq. 2.8-6 the @,

A

elements used are taken

*In Fig. 2.3-2 only half of the window is depicted. In actual
fact, he Kaiser window is symetric over the data interval and
weights data in the center most heavily.
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window function Sy

Txa
)
the outset,

from the transformed VeeTor,

diagonal elements of
factor, &,

chosen at is now added.

The equation set

To the main
the value of the data de-emphasis

T@ u = 2 (2.4-9)
where T. is banded diagonal and z the windowed, transformed
gradient data vector, is now completely specified. Application
0f the banded-Cholesky decomposition routine to Eg. (2.4-9)

. - 3 R :
the "intermediate solution" wvector u

roviaes

'

To prepare the vector u Zfor

portion of the estimation process (i.e.,

elements of the cross correlation

flections, sz) the transformation given by Egs.
must be applied, namely,
b = WE'H:u

window matrix, W, is diagonal and H' has

ture similar o

0
r
1SN

U
[
o

that of H, &
n

ithout adverse effect on the efficien

The vector, b, is the solution to
o

n 0

between gradients and de-
2.3-3 and 2.3=9

Hh

o
W
[/]]
}‘
[
<4

(®)]
td
O
'1'
U
wn
]

the inverse portion

I st multiplication is now used to obtain the
matrix product sz b. The gradient-deflection cross covariance
matrix definitions of Egs. 2.4-3 and 2.4-6 are used provide ele-
ments f{or the circulant vector, ¢, of Eq. 2.2-10 Equation 2.2-10
is applied to sz in the same fashion as previously accomplished
for CZz in the inversion portion of GEOFAST. The vector ¢
undergoes the FFT operation as indicated in Egq. 2.2-<13a to




provide gc. The solution vector, b, to the inverse portion

of the problem is augmented with zercs and fast Four@er trans-
formed by Eq. 2.2-13b. The result, B, is multiplied element~
byv-element by Ec and scaled as indicated in Eq. (2.2-15). This
result is inverse Fourier transformed to complete the estima-
tion procedure. The first 10,000 elements of the inverse trans-
form are the desired along-track vertical deflection estimates,
i. It is appropriate to emphasize that the deflection estima-
tion problem outlined above was chosen only for conceptual
clarity. The actual solution of this problem would not pose 2z
severe test of GEOFAST's capabilities.
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L

S CONCLUSIONS AND RECOMMENDATIONS

In Ref. 1, TASC derived a frequency domain algorithm
for efficiently processing gravimetric sensor data. This

report presents significant alterations to the algorithm based

upon explicit compensation for the adverse computational effects

resulting from the finite length of gravimetric data records.

Using the new algorithm the accuracy of gravity cuantity esti-
m

mates is improved without noticable sacrifices in computer

speed. As a result, the enhanced algorithm, CEOFAST, is
T

L
applicable to a very broad c¢lass of gravitv guantitiy estima-

tion problems.

The keynote of GEOFAST is judicious application of
fast Fourier transform technigques. However, since these tech-
gues exploit certain mathematical structures, the gravity data
and the associated covariance models must exhibit these

structural forms. The requirements are

) Input data must be regularly spaced on 2
Cartesian grid. If the original data
not rectangularly gridded it can be con
verted by an appropriate preprocessing
stage involving averaging or interpolation.

£ tationary, self-consistent statistical
gravimetric models must be used.

Currently the algorithm is formulated in terms of

on along and above a one-dimensional survey track.
Preliminary investigation suggests that extension to a two-

d sional region can be accomplished without fundamental
difficulty but will involve considerable attention to mathe-
a

1l details. Prior to such extension, it is recommended
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that a range of tests be conducted which exercise the algo-
rithm with both simulated and real gravimetric data. The

purpose of the tests is to
) Validate the algorithm by performing
several ''end-to-end'" checks

° Establish performance for very large
data samples

® Verify theoretical estimates of accuracy
and comput&r speed

e ° Identify possible sources of numerical
ill-conditioning or dynamic range

limitation.
The new algorithm, when fully tested, can be expected to pro-
vide a mature tool for estimating gravity field quantities
from data.

[d]]
15N




APPENDIX A

THE TRANSFORM OF A WINDOWED TOEPLITZ MATRIX

Consider an nxn Toeplitz matrix T with elements

i SRR O P ¢ U DR S -
corresponding to the function t; where -(n-1) < £ < (n-1).
Let the window Zfunction w, be given for O < & < n-1, and
define the nxn matrix

w = di Wo, W KA ) -2)

diag (wgy, Wq, » W1 (A-2)

A windowed Toeplitz matrix is 2 matirix of the form
WTW. The Discretie Fourier Transform (DFT) of such a matrix

is given by

T, = FDWTWF; (A=3)
where
PEas
[F_‘]J.k=%ex -2HE . 0 <. k£ on-1 (4-4)
n

x
is the n-dimensional DFT matrix. The purpose of this
appendix is to derive a computationally efficient formula

for T by expression it in terms of a circulant matrix.

*The symbol i stands for v-1 and * indicates complex conjugat
transpose.




A circulant matrix (Ref. 8) is a Toeplitz matrix C

with = -
tht_, =1,
matrices is that they are diagonalized by the DFT. That is,

The fundamental property of circulant

F_CF. = diag (d) (A-3)

d=vnF (4-8)

|ct

n

=
Hh
(@]

is a real symmetric matrix then its eigenvalues, d are

. £’
real and Egs. 4-5 and A-6 hold with F_ and Fﬁ interchanged.
Also if d defines an arbitrary diagonal matrix then its trans-

form is a circulant C. These properties are used below.

The matrix T is extended to a 2nx2n circulant matrix

T by the definitions

[T]jk = ck—j Q@ € 3, kK £ 2n-1 (A=T)
where
T, 0 £ 2 < n-1
c, = 0 £ =n (A=-8)
Ti_on n+l < 2 < 2n-1
and ¢_; = o o for 1 € & £ 2n-1l. The matrix T has the

partitioned form

(4-9)

2
|
= e

t: =10 £ =0 (4-10)




A 2nx2n extended version of W is defined by

W 0]
e ( > (a-11)
0 (0]

The windowed Toeplitz matrix WTW may now be expressed in terms

of the diagonal matrix W and the circulant matrix T by

Wiw 0 o
= WTW (A-12)

0 0

Introducing the nx2n sampling matrix S defined by

1 0
(] " {0}l 0
S = (A-13)
@ 3l @
it may be verified that |
T = SF._ WiW FL S (A-14)
w 2n =2n ; g
where an is the 2nx2n Discrete Fourier Transformation defined
by Eq. A-4 with n replaced by 2n. Equation A-14 expresses T

-

as the result of sampling every other row and column of a
matrix which is the transform of a product of diagonal window

matrices and a circulant matrix.

The application of the circulant properties stated

above produces the desired expression for Tw. Equation A-14

may be written as
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T =SWTWS?T (A-15)
w ww

w

where W, and T are the transformed matrices

“w = an W an (A-16)
Tw = F2n 2t an (A-17)

Taking the conjugate of Ecs. A-5 and A-6 shows that

the first of these matrices is a cireculant, with the elements

R
r 5 .

LW 2 . 029 &< an-1 (A-18)

L “dik i

where (Q, is given by the transform

b A, Lo (20 2
(52 W I L SR F (4-19)
0 1 2n -> /o5 en 9-/
and w is tbhe n-vector defined by the window function
- - T o > 9 -I. A—
E\_ (‘}‘OJ ‘Rl,- » V‘n_l) (-'1 20)

It also follows directly from Egqs. A-5 and A-6 that
o

the matrix Tm of Eg. A-17 is diagonal, of the form
T“ = diag (TO, Tgs oo T2n-1) (A-21)
where 7 = (7 T RO el )T is defined by the vector ¢ oif
M R *or2n-1 . =
Eq. A-8 via

T = on
5 v2n an

c (a-22)




TR

The expression of Egq. A-15, together with the special
forms for WU and Tw described by Egs. A-18 and A-21, is the
basic result of this appendix in matrix form.

A useful element-by-element formula for Tu is a con-
sequence of Eg. A~15. Substitution of the definitions Zfrom
Egs. A-13, A-18, and A-21, with some simplification, produces
the expression*

2n-1
[ = 0 Q - —DgiN
LTu] K Y2-2j T4-2k 2 (=259
5 9=0

where :2, is the transform of the window function, Eg. A-19,

i A-22.
Equation A-23 provides a computationally efficient formula
for the calculation of Tw.

and t, is the power spectrum of T, defined by Eq.
~

*The symbol 51

quantity Cl.

represents the complex conjugate of the




APPENDIX B

ESTIMATION ERROR BOUNDS

In this appendix an error bound is derived for least
squares estimation using an approximate measurement co
matrix. This bound is particularly useful in the design and
analysis of fast estimation technigues. Furthermore th

-
s relatively easy to compute in terms of known matrices. The

(=]

-

esult is closely related to well-known error bounds for
e

]

deterministic linear systems (Ref. 12, Section 8 and R
Chapter 2). The derivation assumes that all m
but readily extends to complex matrices if

replaced by '"conjugate transpose."

A~ _1 B
X = E e e (B=-1)
= xZ &es -

where z is the measurement vector of dimension n, C is the

zz
measurement covariance matrix, X is the estimate vector of

dimension m, and sz is the cross-covariance between X and Z.

An approximate covariance matrix

C. = € __ 4 &6C (B-2)

[OR

is constructe

and used to obtain an approximate estimate

(8 + 88) = C__C

2 (B=3)
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It follows that

o -1
6x = -CXZ(I C5 sz)szE (B-4)
where the matrix
R=1-Clic (B-5)
6 ZZ

s called the residual matrix. Since Xx and z are random
variables an appropriate error measure is the relative rms

error given by

E = ATA (B°6)
E[(x xI]
where E denotes the ensemble expectation operator.
Introducing the matrix trace operator, Tr, and using
B
= (B=-7
E lze] = € (B-7)
£ [x'x] = Tr Elxx) (B-8) |
;
|
the following expressions are obtained. |
|
Eo e = m = T~T } i 1
: E [éx'6x] Tr{CXZRCZZR Ceo (B-9)
= iy =17 }
E | = T -
E [x'x] *r<szszCXz (B-10)
E;‘
{ .




Rl S e g o Caa o ko o B by el e b >

Since Cz- is positive definite it has a unique

<~

> .
square root Céz and Eq. B-9 may be rewritten

R e -2>2 -3 T }
E [¢&x 8X] Tr {szczzR et

where the matrix

LR 3 -1.3%
oG, =% ¢ Czz

is a symmetric form of the residual matrix.

Two properties of the trace operator a
complete the derivation. The first is the iden

Tr {AB} = Tr {BA} and the second the inequality

symmetric

(B-11)

(B-12)

re needead to

tify

Tr {48} < [lall, Tr {B} (B-13)
. . . * . - . - -
where the euclidean matrix norm is defined by
T, T
Hall, = 4 4°A (B-14)
bSO Yimax ¢ ) s s
and krax(B) denotes the maximum eigenvalue of B. Applying
these two properties to Eq. B-1ll leads to the result
.."T.."-1 1|~°|| { -1 T -
Bl oX ox | <€ RS TrSE (B-13)
[ Ve | VS A0 x2°22 %z 5
Combining Egs. B-6, B-10, and B-15 with the egquality
il 1 e i %R :
f‘Rz_o = ':3“2 the final bound becomes simply
e < ||R]] (B-18)

*For a general discussion of matrix norms and their properties

see Ref. 20, Chapter 1 and Ref. 12, Section 2.
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The error bound in Eq. B-16 is awkward to compute
fince it involves the square root sz and the eigenvalues of
R through Eq. B-14. For a symmetric matrix A, a simpler relation
can be written

Hally = |2 (2] < l[all (B-17)

A
max 1

where the L1 matrix norm is defined by

n

1all, = max > fa,l (5-18)

Jod=1

and aij are the elements of A (Ref. 20). It follows that a
simpler error bound is

(B-19)

where P is an arbitrary non-singular matrix which may be

chosen to minimize the bound.

A useful choice of P in Eg. B-19 is P = D’c;g,

where D is a diagonal matrix, since it leads to
(B-20)

which requires only the computation of the residual matrix

R, plus row and column scaling.* For the norm in Eg. B-18

it is desirable to ''balance" the matrix so that all (absolute)
column sums are nearly equal. This is accomplished approxi-
mately by defining the diagonal matrix D to consist of the

diagonal elements of C,.
~

[
[3S)

*Scaling to reduce matrix norms is discussed in Ref.
Se¢tion 11l.




For illustration, suppose that C 1is obtained from
sz by striking out the off-diagonal elements. (In the fast
estimation algorithm C 1is constructed to be band diagonal.) ]

Then since sz is a covariance matrix

=g

(B-21)

n
=}
)
"
1
.
(SN
N
-
~#
(&)
~

where the r.. are correlation coefficients. Thus the column
sums in Eg. B-21 are z2ll of the same order of magnitude and

boundéd by (n-1).

Interestingly, the error bounds in Egs. B-16 and B-20
are the same as for the relative error in a deterministic
linear system. Also the dependence of the error on the con-

(D
v

xample, set

dition of the matrix C. is easily obtained. For
- v

m
see Eg. B-2)

s

~

a
P = C;; in Eq. B-19 and the bournd can be written

thacll
= . l."cu
e < |[Rll5 = [IC5™ scily 2 ky(Cy) e (B-22)
! o2
where
= a He=s e 1 o= 5 / RO
RegtCe) C Tilg lCsllg = Apax(Ce)/Ansn(Ce) (B-23)

is the condition number of C. in the euclidean norm.
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