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FOREWORD

This report extends a previously—
developed (Ref . ) gravimetric es::ma::on
algorithm by rernov:ng a data ength restric-
t ion associated with the earlier algorithm .
The origina:. method , whicc could efficientl y
process very large ~noun:s of data. requ:red
that measurements be available over an
interval much longer than the correlation
distances~ assc.cia:ed with the gravirnetr:c
quantities being measured . This restriction
could be significant in problems where long
correlation distances occur such as ~rocess:ng
geoid height data .

In the current study modern signa .
processing theory involving discrete Fourier
transforms is used to solve the fi::oe eng:h
estimation problem . The resu.: of tri e effort
is an efficient algorithm part:cu.ar y apo :-
cable to ~rocessing large qua:t:t~ es of data.
The new algorithm is called GEOFAST . an acr_o ym .-
for Geodetic Past Estimation .
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1 . I NTROD UCTION

BACKGROUND

Cont inuing developments an grav :metr~ c sensor tech—

nologv are resultang in the availability of arge amounts Cf

gravity f:eld data. In addi :fon cc greater dens:fica::on Cf

surface zravitv measurements. large hc :din~ s of GEDS-3

satell ite a t:me:r:c data are no~ availab.e. Measurements of

the ocean z~ c:o ;vil i n c r e a s e  in abun ian ce  ~ ::h the :r::t:ng

ci SEASAT-A . The advent of m ov : n g -b a se  gr ad :ome :ry  and
ut ilization cf satellite—to—satellite t r a c k :n g  m e a s u r e m e n t s
will add even more to the applicable data base.

The gravi: field quat:it:es which must be extracted

from th:s heterozeneous d a t a  base are ecua~~ y varied. Va ues

of the gravity disturbance vector are needed cc compensate

zerres:r:a:. :ner:ial naviga::or and zu :dance sy s tems . Gec:d
unhulac ions are needed f o r  charting ocean currents and for

i e terrn :n :ng  e e v at i o n  an g e o d e t i c  surve s - Est :ma:es of
spa t i a l  d e r i v a t i v e s  of g r av i ty  are r e q u i r e d  fo r  g r a vit y
gradiomecer testing and evaluation . A schemat ic  wh i c h  i~~~us-
:rates exam ples of gravity field measurements cf interest and

lists some of the gravimetric quantities cc be estimated from

such measurements is presented in Fig. 1.1—1. These and other
geophysical anclicacions have the recuirement for ranid. eff:—

o:ent  gr a v :m e tr i c  da ta  process ing .

Because of interrelations among all of the gravity

field cuantities . and because the value of the f:e d at each

p o i n t  is si g n i f i c a n t ly  cor re la ted  w: th  the gravity field at

9
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Figure  1.1-1 Grav:metric Sensors an~ st:mates

points considorably removed , at is possible to accurately

p r e d i c t  values  of gr av ime t r : c  v a r ia b .e s  wh e r e  l a c t Ic  or no
data exists. The t e c h n i q u e s  of c la s s i ca l  geodesy (Ref. )
~ r ov ide  f o r m u l a s  f o r  m a k i n g  such  i n fe r e n c e s  wh en n c : s e— f r e ~
data  is a v a i l a b l e .  For exam p le , given  g r a vit y  anOma ly  mea-
surements over the entire Earth s surface. the disturbance

potential is unicuely determined anywhere in space via Stokes

in tegra l .

10



More recentl y, st ati st acal :E-chn:cues cave beer.
appl :ed to opt:mally estimate grav:cy field q u a n t i t i e s  ( F e f .  )
and , in many anstances , have provided ccr.s:derable advantage

over classical methods (Refs. 4 and 7). One feature wh:ch

makes tce s t a t i s t i c a l  approach es  a : t ra z ’:l ve is “bu:~~-:n
error analysis~ which allows the Impact of data defic:encies
such as noise , discretization and f::i:e extent to be eas: . y
studied . For some problems invo vang grav:cy effects along P
a single crack (such as might be traversed by an inert:a~~y

nav igated terrestr :a veh:c:.e~~, recursive methods suob as

Kalman filtering have oroved useful f o r  process:ng large
amounts cf data ( R e f .  5~~. :-~~~ever , r~ curs:’.-e a:proa:nes
r e ly  cc s t a t e  space  i:rmula: :ons which are not eaSily apc :~~c

to macv gravimetric problems , cart iculaniv onose wh :cn :n;’o .ve

two or three dimensions. As a result , i:r most grav:t’:

q u a n t i t y  estimation problems , “class ical” east squares

techn iques must be apolied . 3ecause such me :bcds :nvc . ve

more). Of course a least scuares estimat:on :rcb em can
always be t r u n c a t ed  cc reduce  i t  to manageable sane (e.g.
?.ei. 6). but the error involved in such acrrco:imat :ccs can

be unacceptable. Evaluation of the error may a.so be d:f-

::cu .i.t.

Another approach to least squares gravimetric data

cro cessing as develoced in Ref. 1. The concent exolcits the

special structure of the gravity model covar:ance macraces

instead of annrcximazicg either the data or the antegral rela—

t i Of l S  among gravarnetric quantities . The formulat :cn takes

advantage of the computational efficiency of fast Four:er

transforms and results in an estimaticn algor:thm which is

suitable for processing gravimetric data sets containing ver

large numbers of measurements (:00 ,000 measurements ~rovide

11 



cc d : f f : cu l t v ) .  :~ . .s— ’;e r , the a gor:ccm developed an Ref . :
as s u bj e c t  to m:d-~rate leve s of error ~~en t he  o~~:a an :  erva
is not sagnif icantiv larger than t n e  corre a t :o n  d:~~t an c e  of
the gravity quantities be:ng measured .

1.2 PURPOSE .~.x: SCO P E OF T~~ S REP ORT

In t h a s  r e~~:rt . further de’:e opmen: of the irequec-
dcmaan gravimetr :c es:ama::cIn m~ :ncd  de velc~ ed a: Ref . 1 as
oresented. I: part acular . one alzori:hn :s ex:er.dea
cats errors due t an ao:rox :mat±or. whith :ezlecos :- -roa ::

ci me :an:te :sczm f data :n~~u t s .  T .  enhanced

algorithm. called CEOF~~ST Ceode : :c  Far :  s : :ma::on .~~
o~~t a m a l  and  sca n  r et a in s  t h e  n~~oe s s a r  c o n c c t a t i o n a l  soced
recuired t o so ’~ve very ha:h order gramme tric es::ma::oc
-r ob len s .  Of cou r se,  as w: t ro any  es :ima ::cn  :ech::~~u e .  e r r :r s
a ri s i n g  f r o m  :i :at e .  n o i s y  d a t a  o f  l i mi t e d  extent s t a l l  c a u s e
.sstamatacn errors. The merat ci t o e  es::matio: :ec:n:cue
d e s c r i b e d  in th i s  r e p o r t  is t h a t  no co nput at : : :a l  e r r o r s  an :
aided in t oe  course  oi p r o c e s s i ng  t h e  data.

.~~ OFAST fu ~~~ v and ex r l i c i t l v  t a k e s  :nc :  ac:c_ : :  t o e
f a n a c e  range  c i data  av a a l a b l e  iron  most  g r a v a n e t  r :: sur ve s
w : th o u t  l i m i t i n g  the g e n e r a l i t y  of p r o b ems t :  w h : c n  t h e
a l g or a t h n  as app l i cab l e .  Thus , t h e  a ugm en t e d  alzo : : :nm as

su i t e d  cc mu t a s en s o r  gr a v a m e t r : c  e s t am a c i o c  p r : b sms ~as w e l l
as t h o s e  i n v o l v in g  a sing :.e measured q u a n t i t y )  an e x a c t l y  t h e
same f a sh a c a  as t h e  e a r l i e r  a~ p r c a ch .  Sp e c i i ac a . lv . s u i t a b l e

x R e5~~~~ t s  in m i n i m u m  va r i ance  oi t oe  e s t i m a t i o n  e r ro r wh e n
c o r r e c t  st a t a st i c a l  gr av a m et r i c  mode l s  are  u t i l a z e d .

~The t e r n  g r a v in ecr i c  is used in t h e  b road  sense of r e l a : : n g
cc t e c h n i q u e s  f o r  m e a s u r i n g  or  e s t i m a t i n g  t h e  g r a vit a c i o n a : .
d a s tu r b a n c e  p o t e n t i a l  or any  ci i t s  d e r i v a t i v e s .

1’) 
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data inputs include a ny  gravime :rac qua : t : :y  av a i la b le  at
gr:d~o:nts on or above the earth’ s surface. The purpose of

ch as report is to describe enhancements to the frequency

d o m a a n  e s t im a t i o n  a lg o r i t h m  of Ref. 1 which result in a:
cytim al procedure fo r  e s t im a t in R  ~r i~~e t n i c  quactacc es from

mu l t a s en s o r  data.

In Chapter 2, the rr.a:hemat:ca d€-ve .opmect ~f
a g on i t h m  is oresented an some detail. Chanter 3 sum mar:zes

the  enhanced algcr::hm and indacates the lo~~:ca:, next steps

f o r  i t s  ex~~loi:a:ion . R e c o n .n e n d at a on s  f o r  u s e f u l  t es t s

~a~ : - ~c .  are a_ so  p r e s ec cec .

3 ~~C~~ TC~ L ~~~~~~~~

M i n a m u n  variance estimation as a~pl ied to  : rat - :metnic
cuant ities is descr:bed an Ref. I. ~:thout reneating chat

discussion , it is appropriate to review the rataona e f o r
ut: :zan g the frequency comaan formulation , name_p t oac  toe
burden of manipulating large covariance matraces associated

w i t h  the estimation process as eased. The d i s c r e t e  Four i e r
t r a n s f o r m a t i o n  takes  a d v a nt a g e  of t he  special  s t r u c t u r e  of
covar iance matrices involved in the estanataor . oroblen . The
matrices that requare inversion an the discrete Fourier

transform formulation are d a ag o n a  or band—diagOnal . : t h e
case of f i n i t e  da ta  l e n g t h s , t h e  number of superdiagocal
bands (and hence the computation e f f o r t  r equ i r ed  to e f f e c t  a
m a t r i x  i n v e r s e ),  is p r o p o r t i o n a l  to the  sidelobe energy of
t h e  f i n a t e  l e n g t h  data  spec t rum .. Th m i n i m i z e  t h i s  s :delobe
ener~ y ,  and thereby minimi ze the number of s u p e r d a a g o n al  bands
an the spectral density matrix , a data ‘ window ” is used. The

CEOFAST algorathm consasts of transforming the ~‘windowed” data

a nt o  t he  das c r e t e  f r e q u e n c y  domain and t h e r e  s o l v i n g  t h e

13
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es t ima t ion  equa t ions  using correspondingly wandowed and trans-

formed covariance f u n c t i o n s .  The a c t u a l  sc .lu::on of the

banded—diagonal set of equations in the frequency domain is

accomplished by the Choleskv decomposition technaque . A :

overview of the complete apr r o a c h is dep icted in Fag. 1.3—1.

SENSOR MULTIPLY TRANSFORM

VECT OR WIN DOW 
FOURIER TRAN SFORM

V
~~~~~~~~~ ~A?.3~~~ ~ I4~ Cr. A~ëS MA ~~ Qt~ E O uLTt O r ~S4 .

SOLVE EQUATIONS USIN,~CHOL ESX Y DECOMPOSITION

Y
MU.,~~ p _~ 8Y

5I~~OT~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1.3—1 GEOFAST Algor:thm
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2. FAST COMPUT A TIONAL METHODS FOR STIMAT!ON

2.1 CO~~t’TATIONAL E~~~~ YTS OF GEOFAST

The various statistical procedures for  gravimetric

es t imat ion  have  several mathematical operat ions in common .

The most important  example  of such a: operation is the so u—

tion of a system of equations involving the data covariarice

matrix. A second amnortant coeratcor. is the vector—matrax

mul:i~ lication typically carried cut after solvang the

covariance ecuations. These straightforward a ’ gebraac opera-

tions are significant because of the large amounts oi computer

time they can require. For many large gravity quantity

estimation problems, a convent ional implementation of the

estimation ecuations leads to orohibit_ ve computer orocessing

rec ’cj reme:t s.  The computational load occurs primarily because
standard algebraic algorithms do not take account of the

special mathematical structure found a: grav:ty ~uanc:ty
estimation problems. This chapter is concerned with fast

computat aonal methods fcr carry:ng out the fundamental mathe-

mat ical operations in gravity quant::y estimation . :: par-

ticular a techn ique which  explo i t s  the  special structure  of
the g r a v i t y  est amat ion covariarice mat r ices  is developed .

The class of statistical procedures for gravaty qua:—

city est imation to which the techniques of t h is  report  are most
a:olacab e, has been called the “method of least scuares

collocation ” (Ref. 3). This method utilizes minimum var:acce

estanat ion for a model of the form

z = H x — v ~

I
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where z is the data vector cf o b s e r v a t i o n s , x ,s the vector of

gravity quant ities to be e s tama ted , and v is the measurement

noise vector. The vector x may consist partly of decerm :nas::c

and partly of random variables which are related to the

observations through the measurement matrix

Three special cases of the method are defaced belo~ .

These cases are referred to as

• IMVE ( i m p lic it  m i n a m u m  va r : acce  ~stama: a :n)

• BLUE (best leas:—scuares a aaeei estanataon)

• EMVE (explicit m acamum :araac:e

If x is assumed to be a stochastac vector and H =

where I is the  uni t  ma t r ix , th en  an e s t a m a t i o n  p r o c e d u r e  as
obtained which is referred to here as implacit man amum :ar:azce

estimation (IMVE). The terminology emohasazes that :ne rela-
t ion between x and z is z iven  im~ li cit . v t h r c u zh  a cross—

covariance matrix C . If ~ is assum ed cc be a determ :nasticxz —

vector and H defines an exzlicit [linearazed ) funct:o:a. re-

lation between x and z, the i~roce dur c is t e rmed best
least-scuares unbiased estimation (BLUE). This as simnlv
anotner name for standard least-squares parameter estama~ aon .

Reference 3 shows that if x is partly stochastic and partly

deterministic , the estimation procedure decouples into the

two cases just defined. A third form of the nethod results if

x is assumed to be stochastic , but related explicatly to z
through the measurement matrix F.. This case , whac’n is desig-
nated !XPliCLt minimum variance estimation (E ~ VE ) ,  has been
shown (Ref . 6 ) ,  to be equ iva len t  to the first case if x is
given an a nr io r i  covariance  mat r i~: C and t h e  d i s t r i b u t i on

- xx
of z is defined through Eq. 2.1-1. This case corresponds to a

s tandard  Kalman f i l t e r  i m p l e m e n t a t i o n  ( R e f .  19) .

16 

- V . --— —



~~~~~~~
, 

w~~~~~~~~~~~~
—-_- -

~~~~~~~~~
_----V- .--- --V —-----— V V - -  -VV.’ V . V.V-~~~~- V .- ~~~~~~~~~~~ —r

2.1.1 IMVE

The mathematical operations of IMVE are representative

of those found in gravity quantity estimation in general . It.

th is formulation (Ref. 1), the estimate vector , ~~~ , is found

from the data vector , z, via

= ~~ c~~ ~ (2.1-2)

where C and C are covariance matrices obtained from azz xz
self—consist~ nt statistical gravity model. f the damens:ons

of x and z are m and n , respectively , then ~~~ and C
~

_ are

respectively ~~~~ and mx : matrices. The damensionalit:.- of

these ‘two matrices, and their analogs in. other formulat:ons ,

is the source of the computational burden in estimataon prob-

lems : for  lar ge : an d m , the implementation of Eq. 2.1-2

requires very large amounts of computer time and is subject to

severe processing errors . The calculation of the vector C~~
is the dominant part of this calculation. Efficient general

purpose algorithms for this operation require , at the minamum .

a number of numerical operations (multiplications and ad iat io n s )

which is approximately n3/3. Table 2.1—1 illustrates the rapad

growth of processing time with increasing data size chat thas

cubic law produces. The operation which completes Eq. 2.1-2

is , of course , the multiplication of the vector C~~ z by the

cross-covariance matrix 
~~~~ 

Straightforward implementation

of this operation requires mn multaplications and m (n—l) adda—

tions . When the number of quant ities to be estimated . m , is

small this operation is relatively inexpensive and may be

carried out by standard algorithms . When . m approaches or sur-

passes the order of n , a special purpose al gor ithm for  co-
variance matrix multiplication can significantly reduce the

cost of this operation . The first diagram in Fig. 2 .1—1

illustrates the decomposition of Eq. 2.1—2 into the operations

of covariance equation solution and covariance matrix multi-

pl ication .
17 
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TABLE 2.1-1

COMPUTATIONAL COST OF M:NIMU.1 VARIANCE :ST:MATION

OPTIMIST IC
DATA ESTI MATE OF
POINTS PROCESSING TIME

SINGLE TRACK 1000 15 mm

5 - TRACI~ 5000 30 hr

- TRACK 10000 10 days

2.1.2 t~!VE an d BLU E

The operations assocaated with the ex:licit measure-

ment e’q~ ation formulation of EMVE and with parametrac BLUE

are similar to those for IMVE . From Refs. 3 and 6, the

exnressions analogous to Eq. 2.1—2 are :

_ 1(:11v ) ‘
~~ = (- C — 

‘- C ) 
— .~-

‘ C — z (2 _ — )— vv xx vv —

(BLUE ) x = ~H ’ç; H) 1 
H Tç ~~~ z (2. - 4 )

where ~ is an nxm measurement matrix. is the n~: measure-
ment noise covariance matrix , and C is the rnxm a orionxx
covariance matrix for x. The superscript , T , indicates matrox

transpose . V

Equations 2.1—3 and 2.1—4 may both be oo:venientl:.

decomposed into three sequential operations :

• Computatacn of a = C~~ z

• Mult iplication to f o r m  b = H~ z

• Computation. of x = (H ~ C~~ H) 1 b , or

x = (H ’ C~~ H C~~~)
1 b

18 
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Figure 2.1-1 Block Diagrams of ~rav:me:ricEs t imat ion  A l g o r i t h m s

Block diagrams of the MV and BLUE processes are presented

in F ig .  2.1—1 . The first two of t he se  o p e r a t i o n s  are sub j e c t
to the  same considerations and the  same specia:. process::g
methods as are the operations of IMV . However , for many

problems 
~~~ 

is a diagonal matrix (although this is by no

means always the case), so that the solution of the corre-

sponding covariance equations is computationally inexpensive .

When , in conjunction with diagonal 
~~~~ 

the dimension of x is
not large . both the MVE and BLUE method may he effic~ ent y

implemented without special attention to compucationally fast

methods .

Special computational methods for the third opera-

ti~~ associated with the EMVE or BLUE procedures are outside

19 
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the scope of this report . When x is not of large dimension ,

as is ordinarily the case for these methods , the systems of

equa tions involv in g H ’ C 1 H or HTC;~ H + C~~ are not large
enough to require special numerical attention. However , the

e f f i c i e n t  computa t ion  of these matrices , which involves ~~~ V

is made possible by use of the techniques developed in this

chap te r  f o r  t he  so lu t ion  of covariance equat ions . M e t h o d s
for efficiently “inverting ” H T c~~ H or H T c~~ H — when

t h e  dimension of x is lar ge , remain a subject for future work .

2.1.3 ‘Solut ion Techniaues

The remaander of thas chapter is devoted to the

aescro~ t aon ano analysis of fast computat:onal methocs for

carrying out t h e  two p r i nc ipa l  opera t ions  which  have been
adentified above :

• Solut ion of large systems of ecuations
involving C or Czz vv

• Fast mu ltiolication of matrices C or

H when the damension of x is large

The methods discussed in this chanter are those anprooriate

fo r  g r a v i t y  q u a n t i t y  e s t ima t ion  prob~ ems . ~~ pica1~~y suco
crob ems entaii stationary statastica l models and an opera-
tor relating the  various g rav i ty  q u a n t i t i e s  which does not
change under spatial t r a n s l a t i o n s.

The method presented in the pages which follow for

solut ion of stationary covariance equations is new , and is
an ex tens ion  of the  c lass ical  f r e q u e n c y  domain  Wiener  m e t h o d .
The basic approach of generalized Wiener filtering is
described in Ref. 14 and depends for its success on the

fast Fourier transform (FFT ) technique (Ref. 13). The use

20 
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of classical Wiener filtering techniques in cor .~~u n c t a o n  w :t h

gravity data processing has been discussed in Ref. 1. This

report develops an extended computational technique which

retains the speed of the Wiener method , and , at the same

t ime , o f f e r s  the  high degree of accuracy recuared for gravity

q u a n t i t y  es t imat ion .

2.2 SPECTRAL REPRESENTATION OF TOE?L T MATRICES

The new computation methods about to be presented

herein are based on so—called Toeplitn macrices (Ref. l’s).

Toeolitz matrices consist of a class of ~~~~~~~ real-valued

matr ices which includes the covariance matrices from sca- - -

tionary random processes. More formally, a matr ix T is of
the Toeplitz type if there is a real—valued function , :. ,

such that the elements of T obey

0 < j ,  k < n—i C 2. 2— )

T is an autocovariance or a cross cov a r i an c e  m a t r o x .  t hen
-:, is t h e  corresponding covar iance  f u n c t i o n.  The m a t r i x  T
is symmetric i±~ the function is even .

V The relevance of Toenlitz matrices to statistical

e stamation nas aarea dv  been.  n in ced  at an the aefinatoon anove .

The covariance matrices (e.g., 
~~~~ ~~~~ ~~~~ 

C~~~) which

appear in the various expressions for IMV , EMV , an d BLUE
are of the Toeplitz type when the underlying statistical

models are s t a t i o n a ry . In add it ion , fo r  probl ems invol v an g

the estimation of gravity quantities , the measurement matr ix

H is either a Toeplicz matrix or a submatrix from a Toeplito

21
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matr ix. This follows from the fact that the geopoter~t ial

operators connecting the various gravity quanticaes such as

the Stokes , Vening Meinsez , and upward c o n t i n u a t i o n  opera-
tors , are invariant under spatial shifts (see , for instance

Ref. 2].). Toeplitz matrices result when operators with thas

proper ty  are reduced to f i n i t e  dimensions , typically by

discretization and truncation. As a consequence of sta-

tionary gravity models and shift-invariant measurement

operators , essent ially all large matrices appearing in the

gravity quantity estimation problem are of the Toeplitz type .

The study o~ fast computational methods f o r  g r a v i t y  q u a n t i t y
e s t i m a tio n  is largely the study of efficaent methods cc

handle equations definef by Toenlit: matrices .

2.2.1 Fourier Transformation of Circulant Macraces

Ci r cu l a n t  mat r ices  are a subset of T oe p l i t z  m a t r i c e s
w i t h  an espec ia lly  simple  form under Fourier transformation.
A Toep l i tz  m a t r a x  is a c i r c ulan t  ( R e f .  8 ) ,  i±~ t h e  f u n c t i o n
defined by Eq. 2.2— . obeys

— — — 1  1 f ’ ~ ,, -
-

~~~~~~~~ 

— 

~~~~~~~~~~~~~~~ 

— — ,  . . . , n— .

Matraces with this property may be identified by the fact

that each row is equal to the row preceding it shafted one

element  to the  r oght . wath the last e l e m e n t  “wrapped a round’
to t h e  f i r s t  place . For example , a c ir o u lan :  m a t r i x  with
the  iorst  row ( c 0 ,  : ,  . . . ‘ c 1) neces sa r i ly  has i t s  second
row given by ~~~~~~ ~0, ~~~~~~~ ~~~ _ 9 ) .  W h i l e  c a r cu l an t
matrices themselves do not appear frequently . their propertaes

are useful in dealing w i t h  the more general Toeplico matrices .

22 
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Circulant matrices have the special property that

they are diagonalized by the discrete Fourie~ orans form acion

(DFT). The n dimensional DFT matrix F is the n n . , symmetric
*complex-valued matr ix  whose elements are

~~~jk  = e~~ - 
2 j k  

, 0 < j ,  k < n-i ( 2 .2 - 3 )

and i ts  inverse is easily seen to be F .  The DFT of an

n — v e c t o r  of comp lex numbers , x , is defined by the relations

(Ref. 9)

X = F x , x = F ’X  (2.2-4)

The matrix similarity transformation corresponding to Eq. 2.2—4

is given by

C = FCF (2.2-5)

where C is an nxm  matrix of complex numbers and C is its

representation in the Fourier transform domain . The useful-

ness of the circulan t matrix definition depends largely on the

following result.

The Fourier transformation , Eq. 2.2—5 , of any circu—

lant matr ix C is the diagonal matrix

C = /F diag(c 0, . . . 
~~~~) 

(2.2—s)

~The symbol i denotes v’~~~, and the superscript (
~

) denotes the
complex conjugate transpose .
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where is th e  d isc r e te  power s p e c t r u m

= 

~~o n—1 ~ 
= F :  (2.2—7)

and 1 = 

~° o’ :~~~1
)
~ corresponds to  t h e  f i r s :  row of C.

Moreover , any diagonal matrix is the Fourier transform of a

circulan: matrix , def ined by Eqs. 2.2—6 and 2.2—7 . If the

matrix C is symmetric the inverse transform F ma :.’ be replaced

by F in Eq. 2.2—7 . A proof of this result may be found an

Ref. 9. This theorem is also equivalent to the well knowr
r e lat i o nsh in

V 
between discrete convolutions and discrete

Fourier transforms proved in Ref. 1~~.

2.2.2 Fast Toeplitz Matrix Multiolication

A comput a t ion allv  f as t  a l g o r i t h m  fo r  m u lt i~~lv ::g a
vector by a Toenlitz matrix may be obtained as a ccnsecuen:e

of the circulant matrix result presented in Section 2.2.1.

This method , together with the fast procedure for solvang

l inear  equa t ions  described in Sect ion 2.3. are the ma2cr
compon ents of an efficient gravity quantity est:mati:n a.::-

rithm . Together , the two algorithms provide a grav:ty data

processing method with computer time requirements proportoanal

to n log n , where n is the number of data points.

in gravity quantity estimation the need for an opera-

tiOn. equivalent to multipl ying a vector by a Toepli:z matrox

(or a partition of a Toeplitz matrix ) has been described in

Sectaor. 2.1. The matrix to be multiplied is either the cross

covariance matrix C . or the transpose of the measurement
T

matr ix , H . In both cases , the dimension of the matrix to
be multiplied , which will be denoted here by T , is mxr . where
m is the dimension of the vector to be estimated and r’. is the
dimension of the data vector . The computational cost of

24
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c a r ry i n g  out this vector—matrix multip lacatior . by standard

means is , of course , rim (sca ar) multap lacations and m (n— l )

additions. When in is small compared to n , an ordinar:.’ matrax
mult iplication procedure can be used without affectang toe

overall  e f f ~ ciencv of the estamation algorithm . When m as

an appreciable fraction of n , the cost of this simple opera-

tion may dominate the cost of the data processing procedure

unless a soecial-purpose algorathm is used. Such an algorathin

is presented below .

By assumPtion , the matrix to be mul tap l :ed . T , as a

Toeplit~ matrix or , ‘.vhen nvn , a partition of a :-e;l:t: matr ix.

:~ fc:.lo’.~.’s coat toe elements of C are of the form

= t.• 0 < j < m— l , 0 < k < n— I (2.2—8).,k ~~~~~~~~ 
— — — —

where t. is t h e  appropriate function . In the case that m<n ,

~ne matrox - must ne extencec so toat i~ as a (square) T-oep_ it :

matrox. This is acoomploshed by defining the nxn matrox T by

:E ’: .. = :~~. 0 < j ,  k < n—i (2.2—s’)
—

The mult iplication of an arbitrary vector , say b .  by the

Tc’eplitz matrix T may now be carried out , with the first m

elements of the result containing the desired produc t , Tb.

The problem then is simply one of developing an efficient

procedure for calculating Tb.

The means for fast multiplication of T follows from

the circulan : theorem of Section 2.2.1. The matrix T can be

ambedded in a 2nx2n corculant matrix C , as follows . The

funct ion t~ is extended to the range —(2n—l) < ~ < (2n-1 by

the definition

25



V . - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -V.—— - - -
_ _ _-

~ 

- V_ _ V

0 < 2 < ri— l

= 0, = r. (2. - l )

n+]. < Z < 2n— .
~—2n 

— —

and c - = c - for 1 < I < 2n—1. The matrix C with elements
—~~ 2n — .~ — —

( C] jk = (2.2-~~.,

is now a cir ~c ulan t .  Moreover , the  c i r c ulant  C has toe

addi t iona l  prop er ty  t h a t

/b \  / Tb\
C (

~~~ 
= (  ~ ~2 .2— .2)

\0) \ d J

where b is an arbitrary n—vector and 0 as the zero vector cf

lengt h n .  The vector  Tb is t he  desired ~ ro duc t  v e c t o r ,  wh a l e

the n— vector d is discarded . The result of Section 2.2.

applied ‘to carry  out the  m ult ip l l c a t :on  u s in g  f a s t  Four ae r

transforms.

De fine B and ~ to be the transforms

/ b \
B = F~~~~, (2.2—l3a )

\0 /
= Fc (2.2-l2b)

with the elements

B = (3g. B1 ~2n— l)
— (2.2—14)

— / ~~V .~— 

~~0’ ~l ~2n— l
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Then from Eqs. 2.2—5 to 2.2—7 the vector

C B  = ~~ (~0s0 . ~,B .  . . . , ~2~~ 1B2~~ 1) (2.2—15)

:s the DFT of ‘the product vector in Eq. 2.2-12 . An a p p l a c a t a on
of ‘the inverse  Fourier  t r a n s f o r m , F , produces  the  desired
result. The overall algorithm for fast matrix multap licatio r .

as d:agrammed in Fig. 2 .2—I . The cost of the entire or o ce d u r e
as icmir.ated by the cost of three ap~ l~ cac ion.s of the Fast

Fourier Tran ’sform algoritb_m. and is ~ropcrtional to n log

:~~~~~~~~~~~~~~~~~~~~~~~

T

~ M

:

2 VL~~ , FOuRIER
‘r RANSFORM

Figure 2.2—1 Overview cf Fast Toeplit: Matrix Mu.ti:licataor.

Thus , the mu ltiplication of a vector by a Toeplitz

matr ox is equavalen : to the convolution of two- discrete func-

tions of finite length. The a gorithm presented here for

Toepl itz matrix multiplication is , in fact . equivalent to a

well—kno wn fast convolution algorithm . which has been descrabed

an Refs. 9 and 10.
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2.0 .1 The Transform cf a Ceneral Toen ::z Ma tra x

In  the algorithm presented an Section. 2.3 for sclv:n :

systems of equations , it will be necessary to calculate the

Four aer transform of a Toeplitz matr:x and of a •~~,rdowed •V

Toeplitz matrix . An algorithm for accomplishing this wb:ch

involves approximately log n computer operations is derived

here from the result of Section 2.2.1, For the purposes cf

this section , a windowed Toeplitz matrix is one which has been

mult iplied by a diagonal matrix. W , to form

C = W T W (2 .2— .€~

The matrix W is defined by a window functa cn. w . . such that

W=diag(w0. w1 w0 4 )  ( 2 . 2 — 1 7)

The w i  odow function is related to the wa~ iVO wh:ch data is
prc-Vessed . and is described in the next sect:c-n . For  a g e n er a l
do s c u s s i o n  of window f u n c t i o n s  in f r e~ uency domaan data ~ro—

c e s s i n g .  see ? .e f .  17 . Chap te r  3. N o te  t h a t  one cho:ce  for

is ... im~ 1y

W = I (2.2—IE)

— 

where I is the ~~~~ un it matrix . Thus , the class cf windowed

Toeplitz matrices includes all Toeola’tz macrices.

The DFT of the windowed Toeplitz matrix in Eq. 2.2-16

is

T = FCF = F~VTWY (2.2—1~’)

-V . -  
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The ~~~~ of deriving a useful element—by—element expressaon for

:o:s m~ tr:x a s davided into two parts: first , obtaining an

expression for in terms of transforms of diagonal and c i r c u—
I a n :  m a t r i c e s  and , second , app ly ing  the  c i r c u l ant  theorem of
Section 2.2.1 to deduce an efficient computational formula.

The deta ils of this derivation , which is central to the presen .

‘technicue . are crovided in Appendix A.

The resul t  is the  expression

2n— 1

r T l  = 
~~~ 2~~~

’
r 9 ~~

t .  (2.2—20)

I
where the 2n dimensional vectors and are defined as

fo l lows . The complex vector ~ is the 2n dimensional t r ans fo rm

= (:~ , 
~~~~~~~~

. . , 2n— ) = 

~~~~~~ 

( 2 . 2 — 2 1 )

of the extended window function where

T
w = (w0. w1 (2.2—22 )

The real vector  is the  power spectrum corresponding to t he
extended circulant function c. de f i ned  in Eq .  2 . 2 — 1 0 .  That
as , is the 2n damen~ oonal transform

= = = ~~~ F2 C (2.2-22)

* The notation ~~ represents the complex conjugate of the
q u a n t i t y  1. .

*~ The 2n d o men s i o n a l  FT m a t r i x , F 2~~. is d e f i n e d  by Eq .  2 . 2 — 3
wath n replaced by 2n.
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where

c = (c0~ ci, . . . 
~~~~~~ 

(2.2—24)

Equation 2.2-20 displays the elements of T as

weighted sums of a power spectrum o . where the weights are

determined by a spectral window 0. Since T~ can be interpreted

as a frequency domain covariance matrix , Eq. 2.2.20 is analo-

gous to the integral formulas which hold in the spectral repre-

sentat ion of a stationary stochastic process (see , for exam:le.

Ref. ii , p. 200). The application of this formula for T to

the solut ion of ‘the systems of equations encountered in gravit::

cu a n ’t it v  e s t ima t ion  is described in the next section ,

2.3 EFFICIENT SOLUTION OF COVAR I ANCE EQLATI ON S

The requirement in gravaty cuantity estimation for

an algorithm to solve large systems of equations with coeffi-

coents given by covariance matrices has been discussed in

Sect ion 2.1. The solution of such equation sets is toe single

most expensive operation in the estimation process. For

problems involving large amounts of data , the use of standard

algorithms for solving the covariance equations results in

prohibitive computer time requirements. For gravity estima-

t ion problems , or any estimation problem involving stationary

models, the covariance matrix defining the system of equations

has a highly redundant , Toeplitz structure. The exploitation

of th is special mathematical structure makes it possible to

g r e a t ly  reduce ‘the computer  p roces s ing  t ime requi red  to solve
the covar iance equations. This increase in efficiency is

r e f l e cted in a decrease , by orders of magnitude , in ‘the pro-

cessing time required for the solution of the overall estima-

tion problem . This section presents a new highly efficient

30 
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algorithm for the solution of sys tems of e q u a t i o n s  w i t h
Toep l i tz  s t r u c t u r e .

2.3.1 Algorithm Overview

The new GEOFAST a lgo r i thm is based on the  t r a n s f o rm a -
tion of the system of covariance equations into the frequency

domain , and on the use of an appropriate data window to control

the  f r equency  domain ma t r ix  s t ruc tu re . Consider  the  s o l u t i o n
— of a system of equations

V Tu = z (2.3-1)

where T is an ~~~~ Toepl i tz  m a t r i x . For the  g r a v i t y  c u a n t i ty
estimation problem . T represents ‘the modeled data covariance

matrix and z is the data vector. The vector  u represents the
solution vector required for subsequent. stages of processing.

Note that Eq. 2.3— 1 may be solved using any convenient coordi-

nate transformations. I f  a nonsingular transformation . A , is

a p p r o p r i a t e l y  appl ied  to u and z the equivalent system

T ’ ’c ’ = z ’ ‘

is obtained , where

= (~~~)
_l 

u (2.3—2b)

0

V 

Once Eq. 2.3—2 is solved , the solut ion vector U IS simply

found from

u = A u ’ - (2.3—3)
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Of course , the objective in carrying out such a transfc-rmat :on

is to o b t a i n  a sy stem of e q u a t i o n s ,  Eq .  2 . 3 — 2 , whi c h i s
inexpensive to solve.

GEOFAST employs a transformation which is composed ,

first , of mult iplication by a data window and , second , cf
application of the DFT . Multiplication by a data window is

represented by an nxn diagonal matrix , def ined by Ec. 2.2—17.

The t r a n s f o r m a t i o n  A under  c o n s i d e r a t i o n  here is thus

A = FW (2.3—4 )

where ‘F is the DFT m a t r i x  of Eq .  2 . 2 — 3 .  ~Vith this choice

is identical to the matrix T defined in E q .  2.2—19 . The

main  advan tage  of t h i s  t r a n s f o r m a t i o n  is tha t  it can be made
to give the matrix T’ a very sparse structure , with only

oeglagib .v small elements outside a narrow band about the

maan diagonal. This special structure is discussed in detail

in Section 2.3.2. A second important advantage of the

windc.wed DFT is that it is very inexpensive to apply: wandow—

ing itself is a very simple operation , while the DFT can be
carroed out w ith the Fast Fourier Transform algorithm .

A block diagram for the overall algorithm is presented

in Fig. 2.3— 1. The transformation described by Eqs. 2.3—3 and

2.3—4 is used to produce a system of equations for which  the

matr ix T ’  is very  nearly band—diagonal . The matrix T’ is

then approximated b a m a t r i x  T : which is e x a c t l y  b a n d — d i a g o n a l
and which differs from T’ only in that it sets small out—of—

band elements to zero . The system of e q u a t ion s .  E q .  2 . 3 — 2 .
is then solved with T reolaced by T . . The matrox T .  has the
band—diagon al structure 

V
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x ... x . 0

T. = x . 
‘ x 1 (2.3—5)

- . 

.

0 X •” X J

where all~ the elements of T~ are zero except for those in a

diagonal  bane c o n s i s t i n g  of the  main d iagona l  and M~ sub— an d
superd iagonais .  The d i f f e r e n c e  between T an d T~~, consisting

of the out-of—band elements of T ’  , can be made as smal l as
desire~. by a d j u s t i n g  the  data window and s e l ec t ing  an appro’-
p r i a t e  m a t r i x  b a n d w i d t h , M~~. The r e l a t i onsh ip  between the
data window and the size of the neglected elements is explored

in Section 2.3.2.

O A A  VEC’rQR 1 SO L UT,ON

AP DLY Wt NDOW I SOt. v~ E OUAT?ON’~ ~~~~~ -“ 
VE C’~(~

m d  ~~ T L ~
‘ ,~ • ~~

- ~ INv~ qSE ~~~~-

A

COV A RI Ar ~CE
FUNCTION

USE WINDOW Os ” _________________

10 COMPUTE 1
6

Figure  2 . 3 — 1  Overview of GEOFAST A l g o r i t h m
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By applying the windowed DFT , the system of equa :ions

to be solved has been reduced to one w i t h  t he  b a n d — d i a g o n a l
m a t r i x  T 5 of Eq.  2 . 3 — 5 .  This  is extremely advantageous because
a band—diagonal system of this type , where M5 is much smaller
than the dimension , n , of T

~~
, can be so lved in f a r  fewer

numerical operations than a full system . Application of the

band—diagonal implementation of Cholesky decomposition (Ref . 12)

requires numerical operations proportional to only M2n , as

compared to n for a full system . The results presented an

Section 2.3.4 indicate that values of MB on ‘the order of 10 
may

be adequate for T .  For MB = 10 , the resultang reduction in

computer processing time is proportional- to (n/ .0)2 , which

amounts to several orders of magnitude for large gravity

quantity estimation problems . A consequence of the reduction

of the system of equations , Eq. 2.3—1 , to band—diagonal form

is thus a substantial reduction in the amount of computer time

required to obtain a solution .

The suostotutaon of the band—doagonal matrix ocr

the exactly transformed matrii~ T’ involves an approxomatfon

which , of course , effects the solution vector u. The magni-

tude of this error is controlled by the choice of data window .

the number of diagonal ban ds inclu ded in T~~. and the size of

a damping factor introduced in the Cholesky decomposition

process (Section 2.3.3). By appropriate choice of these con-

tro lling parameters , the approximation error in u can be made

as small as desired. It is to be emphasized that what is being

considered here is computational error in approximating T’ with

T~~, rather than statistical error in computing an estamate from

data~ Toe stat istical error is , of course. sub3ecz tc the usual

considerations , and not controlled in any way by the computa-

tional parameters discussed here . The computational error in

the new algorithm and mechanisms for controlling at are

analyzed in Section 2.3 .3.
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2.3.2 Computation of the Transformed Covariance Matrax

The computation of the transformed Toeplitz matrix ,

T , is a major portion of the new algorithm . This part of the

algorithm is particularly important for two reasons:

• The expression for T~ shows how the data
- window determines matrix bandwidth.

• Special computational methods are required
to keep the computer time required for
generating the elements of T~ to a m inimum .

Both reasons make the formulas for the elements of T. and the

rnar~ner in which they are implemented  cen t ra l  to the overall
algorithm .

As described in Section 2.3.1 , the matr ix T~ is

defined conceptually by a~~ lving a linear transformation given

in Eq. 2.3—4 to the matrix T to obtain the matrix T’ from
E c .  2 .3—3 , and sett ing to zero all elements of T’ outside a

predetermined bandwidth. The word ‘ conceptually ” is used

here because the detailed algor:tbm , explained below , modifies

the DYT matr ix F shown in Eq. 2.3—4 to use Ofli~ half of the

frequencies present. It will become apparent that this modi—

fication simply eliminates the redundancy which occurs because

the data are always real—valued. An expression for T’ , be f o r e
an y modification is made to F , is available directly from

Section 2.2.3. Since T’=T Eq. 2.2—20 provides

2n— 1
- - 

r~’ ’i = 
‘
~~

‘ —
—2k~~ — 2(k+m )’~

i=0
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where the subscripts of the elements of T’ have been arranged

so that t h e  elements

rT:1 0 k < n-m-1 (2.3-7)
L 

~~~k , k+m  
— —

re~.iresent the rn th  d iagona l  b a n d .  The f u n c t i o n s  ~~~. and t , are

defined by Eq. 2.2—21 and 2.2—23 as described in Section 2.2.3 .

The impact of the window function on the structure

of T’ can be V seen f rom Eq. 2.3— 6. The elements of the m ”

diagonal band are obtained by convolving the power spectrum

w i t h  t h e  w e i g h t in g  f u n c t i o n .

= 

~ i 
‘i— ~ rn (2.3—8 )

which consists of the transformed data window multiplied by

its conjugate shifted 2m elements to the right .

Two typical window functions and their transforms
are shown in Pig. 2.3—2 . These windows are special cases of

the  Kaiser  window f u n c t i o n  which has proved very u s e f u l  in
signal processing applications , and is defined in Refs. 17

and 18. Transforms of data windows are charac te r ized  by a
ma inlobe and a ser ies of sidelobes of cons iderabl y reduce d
levels . As can be seen from Fig. 2.3—2 , the disparity between

mainlobe and sidelobe levels becomes more pronounced as the

width of the mainiobe is increased. This behavior is reflected

in the numerical structure of the matrix T’ . The elements of

T’ corresponding to the shaded area of Fig. 2.3—3 cannot be

neglected because the mainlobes of . .  and overlan for

these elements. However , the elements of T’ outs ide the

shaded area of the fogure ~~~ the product of the s~ delo bes
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of 2. together w i t h  the power spectrum t . . When  t h e  s ide lobes
are made suff iciently small , these elements ma:,’ be neglected.

The key idea in the band—diagonal algorithm is the contro l of

out—of-band covariance elements by choice of a data window

with sufficiently small sidelobes.

R~3O299

MB + 1 cOLUMNS M8 1 cOLUMNS

M3 1 RONS {

MB 1
~~~~~~~~

{ N
L

Figure 2 . 3 — 3  St ructure  of Covariance Matr ix
Under Fourier Transformation

..~ final transformation must be anolied to form the

frequency aomaon covar~ ance matrix into a band—oiagona~ struc-

ture . This transformation corresponds to deleting from the

data redundant components at negative frequencies. The nega—

t iv e  f r e q u e n c y  components are redundant in a statistical

38
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sense because it is known that the data must a l w ay s  be rea . —
valued. Put another way , the sine—cosine transform coeffi-

cients are sufficient to describe the data , rather than the
f u l l , complex Set bf Fourier coefficients. The practical

importance of this last transformation is the elimination of

the elements in the  upper right and lower left corners of T’ as
shown in Fig. 2.3—3. With the elimination of these elements , a

s tandard  banded Cholesky a lgor i thm may be used to solve the
result ing system of covariance equations.

The t r a n s f o r m a t i o n  to sane— cosane coeffaoaent s

torresponds t~ mod :~~’an~ the tr .~n~ forma :a-: n matrix of
— -V.. r~ - . -

. ‘— ~~~ o ~~~~~~~

.A = h~
’.’ (2 .3—i’)

~~~~~~~

—

H = -

~~

- I~IIIII iII~Iii 111111 (2 3-_ C)

I i —i
.
. I

I •~~~1 : , . 2I i
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The first n/2—1 rows of H generate t h e  cos:ne c c e i f o c a e n t s

V 
of the data , while the last n j’2—l rows ~~nerate t h e  sine

coefficients. The r e su l t  of applying the mod ofied :ransior-
mation , Eq. 2.3—9 , to the definition of T’ is shown ~n Fig.

2.3—4 . The matrix T’ is now a sample band—diagonal matrix ,

n e g l e c t i n g  the  small e lements  due to the  sidelobes  of 2..  . The

s ine—cos ine  t r a n s f o r m a t i o n  has two a d d i t i o n a l  advan tages :

• The nonzero elements of T’ may be par-
titioned into blocks of dimension n/2-l
and n /2—1 corresponding to cosine and sine
coef facients. The dimensoon of the largest
system of equations to be sclved is t h u s
approx ima te ly  h a l v e d .

• The e l emen t s  of T ’  are r e a l — v a l u e d
- 

eliminating the need for c o mp l e x — v a l u e d
numerical opera ’t±cns.

Other than these modifications , the banded structure of the

transformed covariance matrix as unaffected by the introduction

of H.

2.3.2 ~lgor::hm Performanc e

The use c-i an appropriate data window gives the :~:
of t he  c cv a r a a n c e  m a t r i x  a numer ica l  s t ru c t u r e  which  may be
r e a d i l y  ex~~l o a t e d  in solvang e q u a t i o n s .  The a n a l y s i s  of
Section 2.3.2 shows that T~ will have the band—diagonal form

shown in Eq. 2.3—5 and Fig. 2.3—4 . The matrix T~ d a f f e r s
f r o m  the  exact  f r e q u e n c y  domain covar iance  m a t r i x  T ’
in that it neg lec t s  the  very small elements which fall out-

side the diagonal band. A very effacient approxamate solu-
tion to the covariance equations is found by r e p l a c i n g  th e

exact matr ix T’ by T~ in Eq .  2.3—2. The special structure cf

T is explooted by employing the band-diagonal imp l ementation

of the Cholesky decompos~~ ion algorithm (Ref. 12 , Se ction 2.3)

for the solution of linear equations. The resulting error in
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Figure 2.3—4 S t r u c tur e  -ci a s c r et e  S p e c t r a l  ~ en s :ty
:nder Earie— ’ :s:ne Transformation

the solution . due to the neglected out—c-f— band elements an

as controlled by ad:ust in: the matrax bandwidth ci . w : th  a

complementar :. onanse an ccc data wan-i o~ iunctac- n as descr:bed

below . 3ounds on the c :mouta:aonol error arasin : ircm

source are presented here.

The compu:a : :ona .  de t a i l s  of the banded Ch o l e sk y
decompositaon algorithm are provaded an Ref. 12, Only two

f e a t u r e s  oi the algorithm are omportant to t h e  present
a p p l i c a t i o n :

• The banded Chcleskv a lg o r i t hm  is an exact
procedure (within numerical error) for solving
a system of equations wi t h banded structure
of the form of Eq. 2 . 3 — 5 .
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V • The number of numeracal o~ erataons reau~ red

is approximately C(MB~
’
~
.)2n

~ 
where C cs a

sm all constant dependent on the  p a rt : c u ar
implementation .

For smal l values of MB (sa y .\~~ < 25 ) the numerical  work cf
solving Eq. 2.3—2 with the banded Cholesky procedure is actually

less than that required to compute the elements of T:.

The error bounds given in this section are narameter-

ized by a damping factor , ~~~, and a resulting quant_ ty which

will be called data dc—emphasis. In order to guarantee that

the error in reolacing T by TV. in E c .  2.3—2 oroduces a sma~~
error an the solution . it is necessary to modif T’ by antr :-

ducing a small amount of ficticious. white ncise. The sys:e~
of equa t ions , E c .  2 . 3 — 2 , is replaced by

( T ’  ÷ ~ I ) u ’ = z ’ ( 2 . 2 - Il )

When Ec . 2 .3—il is solved by Cholesk:.~ decom~ositaon T’ is

aooroxamated by T. and Ec . 2.3— Il becomes- -  

(T~ = ~I)u ’ (2.3- 2)

The number  as a small constant whach can be chosen to trade

of f computational effort for computat :onal error. The modif i—
cat con represented by Eqs. 2.3—11 and 2.3— .2 is necessary
because of the very small eigenvalues introduced a: T’ by the
use of h a g h l v  t apered  data  windows . I t  can be shown ~hat the

scuare of the smallest weight in the data window is an upper

bound to the smallest eigenvalue of T’ . These small eagen—

va.ues antroduce very large eigenvalues in (T’)~~~, which

greatly amplify the error (u ’ —u ” ) due to the dafference

between T’ and T.,.. That is , the system of Eq. 2.3—2 as
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ill—conditioned when windows are used. By contrast , the

m a t r i c e s  T ’  + SI and T; + SI can ha ve no eigenv a lues  smaller
than 5 so that Eqs. 2.3—11 and 2.3—12 are well—conditioned .

The actual impact of this modification on the error (u —u ”)

is reflected in the error bounds presented in this section.

The modification of T’ represented by Eq. 2.3—11

has an important interpretation in terms of the original

V estimation problem . The original system of equations involv—

ing T’ Ec. 2.3—2 , is simply the transform of the covariance

ecuations . E~~. 2.3—1. By inverting the  t r a n s f o rm a t a o n  pro-
cess , t he  sy stem of covariance equa t ions  cor responding  to
c . 2.3—Il is found to be

(T~~~ D ) u = z  (2.3- 3)

where D is the diagonal matrix

-2 -2 — “i’
D = S diag (w 0 , w1 , . . . , w

11~~~) (2.3— .4)

quat ior. 2.3—13 shows that the addition ci a mu ti~~le of toe

adenti:v matrix to T’ cor:esponds to the addition ci the sam e
m u l t ip l e  of t he  inverse  of the  window matrix squared tc

Thas may be anterpreted as a model for the addition of

corre .ated measurement noase to the data. (Note toat no n - c a s e
is actually added to the data.) The variance of this addi-

tional noise changes with location along the data track in
proportion to the square of the inverse of the window f u n c t i o n .
The variance of the added noise , which is large near the ends

of the track. and small near the center , is called the data

dc—emphasis function and is displayed in lag . 2.3—5 for a

t y p ical  Kaiser data window .

~Ill—conditioning is discussed in Ref. 20 and Appendix 3. 
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I.

I

NORMAL IZED DATA LENGTH NORMAL IZED DATA LENGTH

Figure 2.3-5 Data Window and Resulting Dc—Emphasis
(Kaiser Window , M3 6, 5 i 0~~~, n=128)

The modification represented by Eqs. 2.3—11 and

2.3-13 changes the estimation problem which is actually

solved by the numerical algori~ hm . In the modified problem

the quality of the data is gradually dc—emphasized as the
ends of the data track are approached. Points along the

track . f o r  which the signal—to—noise ratio

Sk = (2.3—15)

is less than one , may be regarded as having been lost due to

the introduction ci c o m p u t a t i o n a l  da ta  dc—emphas i s .  The frac—

t ional number of data points for which is less than one

de f ines a pe r fo rmance  index , the data dc—emphasis index . which

is associated with a given damping factor . 5 , and a given
window f u n c t i o n . The da ta  dc—emphasis  r e s u l t i n g  f rom a number
of combinations of dampang factc- r and matrix bandwidth is

presented an Fig. 2.3—6.
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Figure 2.3—6 Data Dc—Emphasis Resulting
from Computational Damping

An important concern in the use of an approximate

methoc  to compute estimates from data is toe expectec :ncrease

an estimation error due to the computational error. I: the

case cf t he  b a n d — d i a g o n a l  me thod  f o r  s o l v i n g  cc va r a a n c e  e :ua—
lions, computational error in the estimate arases because the

e r r o r  v e c t o r

= U ’ — u ’ (2.3—16)

is. in general . nonzero . Since the data vector a is a random

quantity. and the resulting increase in estimation error.

are also random . The magnitude of this error can be

measured by the ratio

E ( V S x ’ Sx )
V = 

E(~~ 

(2. 3—~~~)

~E denotes the ensemble expectation operator.
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which is the relative rms computational error an x .  A realistic

upper bound , which  may be readily computed , for the quant:tv

is derived in Appendix B. This bound , as well as the actual

value of c , is a function of the damping factor S and the

number of superd iagona l  bands . M5, used ifl T5 . Fagure 2.3-7

presen t s  a set of values for  the  error bound obta ined  when T
is generated by a third order Markov model f-or the gravity

anomaly (Ref. 13).

Figures 2.3—6 and 2.3—7 show the two major measures

Of performance , data dc—emphasis and computational error , as a
function of matrix bandwidth ~~~, which in turn determines the

amount of computataon recuarea. ror example. w:th seven super—
— 4 .  , ‘ Vc.aagonal  banas and a damp ang f a c t o r  o 10 toe error oounc. as

O .1~l. The resulting data dc—emphasis is about 22~l. It is

possible  to achieve the same error bound with a damping factor
of ~o _6 

by using nine super diagonal  bands and p e r f o r m i n g  mor e
computation . In this case the data dc—emphasis is reduced t O

l7~l. Ther e is thus a tradeoff , controlled by the damping

factor , between data dc—emphasis and computational effort. .~.

given level of computational accuracy ma:.’ be obtained wath as

small  a level  oi data de—emphasas as desared . at one expense

of a larger matrox bandwidth and increased computing time .

The e f f e c t  on computa t iona l  error and data dc—emphasis of
reduc ing  the  damping f a c t o r  is demonst ra ted  in F i g .  2 . 3 — 8 .

2.4 APPLICAT I ON DIS CU SSION

To provide perspective on the use of GEOFAST , a samp le
app l ica t ion  to gravity gradiometer data is outlined. For simp-

l i c i t v  the  example treats on ly  one of the five independent
elements of the gravity gradient tensor. In most actual app-

lications , however , all of the measured grad ien ts woul d be
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processed as multisensor measurements. Extensio:~ to  many 5 C 0-

sors is s t r a i g h t f o r w a r d  (Ref . 1) .

Suppose that 10 ,000 measurements of t h e  anoma lous , a l o n g —

t rack , a long - t r ack  g r a v i ty  g rad ien t  are ava i l ab l e  at 0.1 km inter-

vals , i.e. on a 1000 kin track. Such measurements could be the out-

puts of an airborne gradiometric survey which have the  reference
spheroid gravity gradient field removed and have been pre—

filtered (e.g. averaged). Optimal estimates of the vertical

deflection , at the earth~ s surface below the data track are

desired at a spacing corresponding to that of the airborne

measurements .

The optimal estimate of is given by Eq. 2,1-2 where

x = (2.4- .)

z = 1 v — V  (2.4—2)

where v is noise.  in Eqs .  2.4— : and 2 . 4 - 2 , g is gr av a tv , de-
notes the  a l o n g — t r a c k  d i rec t ion  and 

~~~~~~~~ 

is t ’n~ vec tor  ci anoma l ous
a long—track , along—track self—gradients. The covaraance m at r ac e s  of
Eq. 2.1—2 must be specified by a suitable statistical model. The
attenuated white noise (AWN) model , described in R e f s .  I and 21 ,

is appropriat e for computing the required covariances. Using the

AWN model , the autocovariance of the along-track gradient ,

C
~~~

(T), is given by

C
~~

( c )  = I2SD6c _ 2 (D+h )iL [o2—8(D+h)2] + [2 
R

V 4(D-~-h~~] 
- -

(2.4-3)

where h is the altitude at which the gradient measurements are
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taken , is the shift distance and R is the  measurement  err~~r
covariance mat r ix . The model parameters , o~~ (the rms along-

t rack , a long- t rack  gradient ) and D (a  measure of the  r a t e — o f —
decrease of the autocovariance function), are determined by s:atis—

tic.al analysis of the data as described in R e f .  21. Typica l  val-
*ues to be expected are 24 EU and 3o ~~ r e spec t ive ly .  The cross

covariance between the anomalous , along—track , along—track self-

gradient  at a l t i t ude , h , and the a long—track  gravity disturbance
on the  ground is given by the AWN model as

C (y ) = ~~ :D 6 :
~~

2 (2D~ h) 
7T2 [~

2-2 2D+h 2 1+ 1~
2 + 2D+: r

The e l ements  o±~ the  mat r ices  ~~~ and ~~~ are given by

Ic 1 - = r (-
~ 

) (~~.4-5)L ZZJ .jk ZZ ‘ 3k

= C~~ ~°jk~ 
( 2 . 4 - 6 )

( k  — j ) _  j .  k = 1 , 2 . . .  10.000 ( 2 . 4 — 7 )
L

and is tne data spacing , 0.1 km. The indices j and k are
data element counters .

In principle , Eq. 2.1—2 could now be solved d i r e c t l y
V for the desired deflection estimates . However , in practice ,

the 10,000 x 10,000 dimensionalizy of C
~~ 

would make the

operat ion computationaly prohibitive . In add i t ion . p r e m u l t i —
placation of c;~ by C~~ ‘~‘ould be exceed ingly  burdensome .

The i n i t i a l  ope ra t i on  of the  GEOFAST a l g o r i th m  is to

multiply the data vector , e l e m e n t -hy — e l e m e r t . ~~ the  Kaiser

9 —
..)

‘p 1.0 EU = 0.1 mgal/km = 10 sec - 



window exempl i f i ed  in the  lower r i g h t  graph of F ig .  2 .3 - 2 .
Note tha t  in the  windowing  opera t ion, as w i t h  all of the
opera tions involved in GEOFAST , the count of scalar arithmetic

.procedures is of the order of the number of elements in the data

vector (except FFTs which go as n log n). Following windowing ,

the  gradiorneter  data is fas t  Fourier t r ans fo rmed  into the
“intermediate ” frequency domain data vector , z.

The transform of the Kaiser window function , ., is

computed by Eq . 2.2—21 , an operation involving a F’FT and s c a l i ng .
The “window shape” variable , MB, is chosen from Fag. 2.3-7 to

provide acceptable  accuracy and reasonable  c omp u t a t a o n  tame .

Note ~hat the choice of M3 specifies the number ci bands ‘.vn aon

are u l t a m a t ely  r e t a ined  in the  mat r ix  inverse  c o mp u t a t ion .
Wh~ c M3 is selected , the value of the data  dc—emphas is  damping
factor , 5 . is also chosen from Fig . 2.3—8. Transformation of.

by the  ma t r ix  ~ (g iven  by Eq.  2.3—10) follows , i.e.

(2.4-8)

The circulant vector c ( f i r s t  colum n of t h e  c i r ou lan t

matrix . C) is formed using Eq . 2.2—10. The first 10 ,000 elements.

c~~. are given by the AWN model along-track self-gradient covar-
iance f u n c t i o n  of Eqs.  2 . 4 — 3  and 2 . 4 — 5  wi th  j =1 and k = , 2 ..  .

10 , 000. The FFT of c is computed using Eq.  2 . 2 — 2 3  which p rov ides
the  e lements  of the  gradient  auto-spect rum o .  Equa t ion  2 .3 -6
is now invoked to compute the MB diagonal b and elemen ts ,

[T5] k. k+m ’ which will be supplied to the inverse calculation .

In t h e  a pp l i c a t i o n  of Eq. 2.3—6 the ~~
- . elements used are taken

~In Fig. 2.3—2 only half of the window is depicted. In actual
f ac t , the  Kaiser window is symet r ic  over the  dat a  in t e rva l  and
weigh t s  data  in the center most heavily.
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from the transformed window function vector , ~~~~~~. To t h e  main
diagonal e lements  Of T

~~
, the value of the data dc—emphasis

f a c t o r , 5- , chosen at the  outset , is now added .

The equation set

= z’ (2.4—9)

where T .  is banded diagonal and z’ the windowed , trans formed

gradient  data vec tor , is now completely specified . Application

of the banded—Cholesky decomposition routine to Eq. (2.4-9)

provides  the  “ i n t e r m e d i a t e  s o l u t i on ” vector  U

To prenare  the  vector  u for the fast muioiolioati-on

portion of the estimation process (i.e. , acc ounting for the

elements of the cross correlation between gradients and de—

ilect:ons, C
~~~
) the transformation given by Eqs. 2.3-3 and 2.3— 9

must be applied , namely.

h = ~T H u  (2.4—10)— — 

—

Since toe ;vindow matrox , ~~~~, is daagona . and H has 2

sparse structure simi ar to that of H . Eq. 2.4— .0 as eas:ly
amp l ement ed  w i thou t  adverse e f f e c t  on t h e  eiiicaency of GEOFAST .

The vector . b .  as the solution to the anverse portarn

of the problem . Fast mu t ip lz c a t i o n  as now used to  o b t a i n  t oe
matr ix product ~~~ b. The gradient—deflectaon cross :ovaraance

roatrax defanat i-ons of cs . 2 4—3 and 2.4— 6 are usod ~ro-v :de el~ —

ments for the circulant vector , c. of Ec. 2.2— l- . Ecuatacn :.:—::-

is applied to Cxz an the same fashaco as :reva-ouslv atcomolasbed

fo r  ~~~ in t he  i nve r s ion  p o r t i o n  of GE OFA ST. The v e c to r  c
un dergoes the FFT operat:on as indicated an o . 2 . 2 — .3a to
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prov ide j~ . The solution vector. b , to the inverse portion

of the problem is augmented with zeros and fast Fourier trans-

formed by Eq. 2.2-13b . The result , B , is multiplied element— .

by—element by j~ and scaled as indicated in Eq. (2.2—15). This

result is inverse Fourier transformed ‘to complete the estima-

tion procedure. The first 10 ,000 elements of the inverse trans-

form are the desired along—track vertical deflection estimates ,

~~~~. It is appropr iat e  to emphasize tha t  the deflection estima-
tion problem outlined above was chosen only for conceptual

c l a r i t y .  The actual  so lu t ion  of t h i s  problem would not  pose a
severe test of GEOFAST ’s capabilities.
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3. CONCLUSIONS ~~ D RECOMMENDATION S

In Ref . 1, TASC derived a frequency domain algorithm

f o r  efficiently processing gravimetric sensor data. This
report presents significant alterations to the algorithm based

upon exp l ic i t  compensation fo r  the adverse computational effects

r e s u l t i n g  f r o m  the  f i n i t e  length  of ~r av ime t r i c  d a t a  records .
Using the new algorithm the accuracy of g rav i t: .- c u a n t i t y  esti-
mates  is im~ roved wi thou t  not icab le  sac r i f i ces  in computer
speed. As a result , the enhanced algorithm. GEOFAST. is

a~ p 1icable to a very broad class of g r a v ity  a u an t :t y  estima-
t ion  problems.

The keynote of GEOPAST is judicious application of

f a s t  Four ie r  t r ans fo rm techn iques . However , since these tech—
niques  ex~~lc-it ce r ta in  mathemat ica l  s t ruc tures , the gravity data

and the associated covariance models must exhibit these

structural forms . The requirements are

• Input data must be regularly spaced on ~
Cartesian grid. If the original data
not rec tangular ly  gridded it can be con
verted by an appropriate preprocessing
stage involving averaging or interpolation.

• Sta t ionary , s e l f — c o n s i s t e n t  s t a t i s t i c a l
gravirnetric models must be used.

Currently the algorithm is formulated in terms of

e s t i m a t i o n  along and above a one—dimens iona l  survey t rack .
Prelimanary investigation suggests that extension to a two—

dimensional region can be accomplished without fundamental

difficulty but will involve considerable  a t t e n t i o n  to mathe-
mat ical details. Prior to such extension , it is recon~~en ded 
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t h a t  a range of t e s t s  be conduc ted  w h i c h  exercise the algo-

r i t h m  w i t h  both s imula ted  and real g r av im et r i c  d a t a .  The

~urpose of the tes t s  is to 
V

• Va l ida t e  t he  al gor i thm by pe r fo rming
several “end— to—end” checks

• E s t a b l i s h  pe r fo rmance  fo r  very large
data samples

• Veraiv toeore: acal estamates of accuracy
and oom:’~t~-r st e e d

• identafy possab e sources of numerical
il — o o n i : t aon : o :  ar  dynamic  range

The new a g o r i t hm , when  f u l l y  t e st ed . can be expected to pro-

v ide  a ma tu re  tool fo r  e s t i m a t i ng  g r a v i t y  f i e l d  q u a n t i t i e s

from data. -
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APPENDIX A

THE TRANSFORM OF A WINDOWED T0EP :TZ MATRIX

Consider an ~~~~~ Toeplitz matrix T w i t h  e lements

[T] - = t~ V 0 < j ,  k < n—i (A—i),jh ~-j  — —

corresponding to the  f u n c t i o n  t -  where  - ( n — I )  ~ I (n—1).

Let t he  w andow f u n c t i o n  ~~~ - be g :ven f o r  C < I < n- . ,  and

d e f i n e, t he  ~~~~ matrix

w = dia g (w0, w1, . . . , w 1) (A-2)

A windowed Toeplitz m a t rix  is a m a t rix  of the  f a r m
WTW . The D i s c r e t e  Four i e r  T r a n s f o r m  ( DFT ) of such a matra :.

is given by

— r ” ’  -‘ -
= r ~~~~n n

where

EF O ]
jk  

= -i-- exp - 
2 i ~~k 

, 0 < j, k < n—i. (A—4 )

V 

*

V 
is t h e  n—dimens iona l  DFT mat r ix . The purpose  ci t h i s
appendix is to derive a computational.y efficient formula

f o r  T by express ion i t  in terms oi a circulant matrix.

*The symbol i stands for ~~~ and i nd i ca t e s  complex c o n j ug a t e
transpose .
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.~ circulant matrix (Ref. 8) is a Toeplitz matrix C

w i t h  = t~~~~1 . The f u n d a m e n ta l  p roper ty  of c ir c u l a n t
matr ices  is t h a t  they  are diagonal ized by the  DFT . That is ,

~~r 
CF~ = diag (d) (A—5)

d =  V~~~F t  (A-6 )

Ii C is a real symmetr ic  m a t r i x  then its e igenvalues , d , are
real and Eqs . A-5 and A-6 hold w i th  F0 and F interchanged .

Also if d defines an arbitrary diagonal matrix then its trans-

form is a circulant C. These p roper t i e s  are used below .

The matrix T is extended to a 2nx2n ciroulant matrix
T by the definitions

[T] j k 
= ck .  0 < j ,  k < 2n—l (A—7)

where
0 < I ‘( n—l

“V. — —
c , = 0 1 = n (A—S)

t. n~-1 < I <
— —

and c = c , fo r  1 < I < 2n- i .  The matr ox  T has the
—~~ 2n—L — —

p a r t i t i o n e d  form

rT T’l
T = I  (A— 9)

T ’  T J

where T’ is a Toeplitz matrix corresponding to the function

t I n  £ > 0

= 0 1 0 ( A — b )

t
V O + f l
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A 2 n x 2 n  extended version of W is defined by

/ W  0 \
(A-li)

\ 0  0/

The windowed Toeplitz matrix WTW may now be expressed in terms

of the diagonal matrix W and the c i r culant  m a t r i x  T by

/ WTW o\ ) = WTW ( A — ~~~)
0/

Introduc inz the nx2n sampling m a t r i x  S de f i ned  by

1 0 . .  . 0

0 0 1 .  . 0

S = I (A— 13)

0 1 0

~t may be ver~ iied that

T = SF WTW F S (A— 14 )
w 2n 2n

where F2 is the 2nX2n Discrete Fourier Transformation defined

by Eq.  A—4 w i th  n replaced by 2n .  Equat ion A— 14 expresses T
as t he  result of sampling every o ther  row and column of a
matr ix  which is the t r ans fo rm of a product of diagonal window
matr ices  and a cir cu lan t  m a t ri x .

The appl ica t ion  of the  circulant  proper t ies  stated
above produces the desired expression for T .  Equation A—14

may be w r i t t e n  as -

57

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_____ V-~~V . V  V V_~~~~~~~~~~~~~~~~ V. . _ V ~~~~~~~~~~ ~~~~~~~~~V. .,~~~~~,

T = s ~~~~~~~~ (A-15)

wher e W and T are the  t r ans fo rmed  matr ices

IV = F  W Y  (A- 16)2n 2n

T = F  T F  (A-17)2n 2n

Taking the conjugate  of Eqs . A— 5 and A— 6 shows that
the  f i r s t  of these mat r ices  is a c i rcu lant . w i th  the  elements

= . ,  0 < j ,  k < 2n— l  ( A — 8)
~~~~jk 

—

where is given by the transform

(~~ ~
‘l’ ‘ ‘ ‘ ‘ = = 

v~~n 
~~~ (!)  

(A-l9 )

and w is the n—vector defined by t he  window f u n c t i o n

= 

~~o ‘

~

‘
:‘ 

~~
‘ ‘ ~

‘
n—i~~

’ (A—20)

It  also fo l lows d i rec t ly  f rom Eqs . A—S and A— 6 tha t
the matrix T of Eq. A— 17 is diagonal , of the form

T = diag (t a, T 1, ‘ 
~2n— 1~ 

(A—2 1)

where a = (t 0 ,  t , . . , , 0~~~~1)
T is def ined  by the  vector c of

Eq. A-S via

= )/~~
‘
~~

‘ F20 c (A-22 )
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The expression of Eq . A-IS , together w i t h  the special

forms for  W and T described by Eqs . A — l B  and A—2 1 , is the
w

basic resu l t  of th is  appendix in mat r ix  form .

A useful element-by--element formula  fo r  T is a con-

sequence of Eq. A-15. Substitution of the definitions from

Eqs. A—13 , A-18, and A-21, with some simplification , produces
*t he  expression

2n —1

[T~1 ‘
~ —2j ~i—2k 

(A—23 )

where :~~6 is the  t r a n s f o r m  of the  window function . Eq. A—19 ,

and :~ is the  power spectrum of T , de f ined  by E q .  A—22 .
Equat ion  A-23 provides a computationally efficient formula
for  the  calculat ion of T . 

-

w

*The symbol ~.. represen ts  the  complex con juga t e of the
quantity ~
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APPENDIX B

ESTIMATION ERROR BOUNDS

In th i s  appendix an error boun d is derived fo r  least
squares estimation using an approximate measurement covariance

matrix. This bound is particularly useful in the design and

analysis of fast estimation techniques . Furthermore the bound

is relatively easy to compute in terms of known ma t r i ces . The
result is closely related to well—known error bounds for

deterministic linear systems (Ref . 12 , Section 8 and R e f .  20
Chapter 2). The derivation assumes that all matrices are rea~
but readi ly  extends to complex mat r ices  if ‘transpose ” is

replaced by “conjugate transpose .”

Consider  the  least squares e s t ima te

= C C~
1 z

— xz z z —

where z is the measurement vector of dimension n C as the
— zz

measurement covariance matrix , x is the estimate vector of

dimension m , and C is the  cross—covar iance  between x and z .xz — —

An approximate covariance matrix

= C ~
- 

~C (3—2)zz

V 
is c o n s t r u c t e d  and used to  ob ta in  an approximate  e s t i m a t e

= C CT 1 z (5—3 )
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It follows that

-‘ _ 1
6x = —C (I—C ~~’C )C z (3-4)

— xz zz zz—

where  t h e  m a t r i x

R = I — C
~
’CZZ 

(B—5 )

is cal led t h e  residual  mat r ix . Since x and z are random
v a r i a b l e s  an appropriate error measure is the relative rms

error given by

1Et ~x~~x ) 12
- (B—6 )

E fx ’ x] J
where E deno tes  t he  ensemble expectat ion opera tor .

Introducin g toe matrax trace rperatc-r , ~r. anc usang

E (zz T] = C (3-7)

E [x Tx] T: E [xx T] (5-8)

the following expressions are obtained .

E = Tr~ C zRC~~ R
T
Ckz } (5 9)

E [X X ]  = Tr~ C C 1C ~ (B-b )— —  ~~xz zz xz)
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Since C is pos it ive  d e f i n i t e  it has a un ique  symmetr ic
square root 

~~~ and Eq.  5—9 may be r e w r i t t e n

E [~~~~~ x] = Tr ~~~~~~~~~~~~~~~~~~~ ( B-i:)

where the  ma t r ix

R = C~~~RC~~ = I - C~ Z C~
1C~ Z (9- 12)

is a symmetric fo rm of the residual  ma t rix .

T~vo oroner ties  of t he  t race  on e r a t o r  are needed to-
compL~~ e the derivation. The first is the identify

Tr ~:A3 ;~ = Tr ‘ BA } and the  second the  i n e q u a l i t y

Tr ~AB~ < IA H 9 Tr ‘B )  (3— 13)

where the  euclidean ma t r ix  norm is def ined  by

HA I l  = : .  (~~~A ) (3-l4~- 2 max

and “ max~
3
~ 

denotes the maximum eigenval’ce of B. Applying

these  two propert ies  to Eq.  3—11 leads to the result

V 
E[~~~~

T
~~~~~~ < H R 2

~~2 Tr {C~~~C~~~C~ z} (B- IS)

C o m b i n i n g  E q s .  3—6 , 3—10 , and 5—15 with t he  e q u a l i t y
= t h e  f i n a l  bound becomes s imply

C 
~
, I I R ~~ (5—16)

*Fo r a general  discussion of m a t r i x  norms and t h e i r  p rope r t i e s
see R e f .  20 , Chapter 1 and R e f .  12 , Section 2 .
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The error bound in Eq. B—16 is awkward to compute

since it involves the square root C~~ an d the eigenvalues of
R through Eq. B—14 . For a symmetric matrix A , a simpler relation

can be written

h A i l 9 
x (A)I < I I A H 1 (5—17)

where the mat r ix  norm is def ined  by 
V

h A il 1 = max ~~~ a1~~l (3-18)
i=1

and a .  . are the elements of A (Ref. 20), It fo l lows that  a
J.3

sim ple,r error boun d is

C < i I P ’H~ ~ IIP~~
P 1 II 1 (3-19 )

where P is an arbi t rary  non—singu l a r  mat r ix  wbich may be
chosen to minimize  the bound.

A useful choice of P in Eq. 5—19 is P

where D is a diagonal  matr ix , s ince it leads to

C < iD!R D~~I I 1 ( 3— 2 0 )

which requires on ly  the computation of the residual matrix
V 

*
R . plus row and column scaling. For the norm in Eq. B—18

i t  is desirable to “balance ” the mat r ix  so tha t  all (absolute)
column sums are nearly equal . This is accomplished approxi-
mately by defining the diagonal matrix D to consist of the

di agonal elemen ts of C~~.

V 

*Scaling to reduce matrix norms is discussed in Ref. 12,
Sect ion ii.
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For illustration , suppose that C is obtained from
V 

~~~ by s t r i k i n g  out the  o f f — d i a g o n a l  elements . ( I n  t he  fas t
e s t ima t ion  a lgo r i t hm C is constructed to be ban d diagonal .)
Then since C is a covar iance ma tr ixzz

H D~ R D~~ ~ 
= H I - C C ~~~C~~ ~~

= max ~~~~i r 1~~ (i~ j )  (3-21)

where the r, . are correlation coefficients. Thus the column
13

sums in E q .  3—21 are all of the  same order of magnitude and
bounded by ( n - i ) .

Interestingly, the error bounds in Eqs . 3-16 and 3—20
are the  same as for  the  re la t ive  error in a deterministic
linear system . Also the dependence of the error on the con-

dition of the matrix C, is easily obtained . For examnle. set

P = in Eq. 3—19 and the  boun d can be wr i t t e n  (see E q .  3-2)

C < ~R H 2 = IC 2 5 C H 9  < ~2(C~~) ( 3 — 2 2 )

where

- ~~~~~~ 
= 

~C~~~H 2 ~~~~~ = 
~max j min~~~~ (5-23)

is the condition number of C. in the euclidean norm .
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