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SUMMARY

The work described in this report was done under two separate but related tasks.
One task is that of generating radar image simulations of various types of terrain. To
adeq uately simulate a radar image , appropriate radar scattering models are needed to
determine the final image gray tone. The particular model developed in this report is
that of a tilted, sligh tly rough surface. A surface such as this could simulate a road ,
runway, desert , or any other surface that meets the constraints of the solution. The
second task is obtaining military geographic information using radar. I I a calibrated
radar were used to provide appropriate radar measurements of terrain and if these
measurements were coupled with an applicable scattering theory , then physica l and
elect romagnetic parameters that characterize the surface could be calculated.

Therefore , this report presents the necessary mathematics to solve the problem of
electromagnetic wave scattering from a tilted , slightly rough surface . The polarization
of the incident wave is allowed to be arbitra ry, and specific results are shown for
horizontal , vertical , circu lar, and elliptical polarizations.
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LI A( KSCATTEKIN G OF RAI )A R WA~ I S  I R OM

A t ILTED , SLIGHTLY ROUGH SURF ACE

IN’! R( )l )L J( i  l( )~ \

Purpose. [his report develops .i ni et luat ion f u r  th e  rad ar hu~kscatter coefficient
from ,i tilted , slightly rough surface. [he basic t~clinique eiitployed in t h e  solution i~the sm all perturbation m ethod , along wi th  the I ouri er t ra n slonu .

Background. The problem oh t r e a t ing  radar wave scattering f ront random r ough
surfaces has been studied for many rears. There are mans practica l applicat ions for  a

theory which could explain this problem. One application is the development ol the
basic under standing of scattering phenomena. Another applicat ion uses scat t et in g
theories , along with certain radar incasur emeiits . to determine qu a n t i t a tm se l ~ ~ariuu s
physical parameters of the surface its elf. I-o r instance , if one has experimentally mea-
sured the radar back scatter coefficient at sc’.era l  po lar ii.it ions or fre quenc ies  over a

particular terrain surface , one may, by using an appropriate theory, he able to calculate
surface roughness properties. moisture con me nt , or other  surface characteri sti cs . Still
another application is the area of radar image simulations . II one is interested in
waking a radar image simulation of a particular fea tu re , then theor et ical radar
scattering models can be used, along with the radar ra nge equation , to obtain quant i t a -
tive expressions for the simulated radar image gray tones. ‘[ he above-mentioned appli-
cations provide incentive for finding solutions to various radar scattering problems.

A problem in radar scattering that needs theoretical development is that  of
scattering from a tilted , slightly rough surface. One solution to this problem has been
developed by Valenzuela. ’ However , his final result considers only the effect of a
surface that is tilted in the direction orthogonal to the plane of incidence. In general.
there will be two components of slope that must he considered , one component of
slope in the plane of incidence and the other component in a direction orthogonal to
the plane of incidence. The following derivation will consider the scattering of electro-
magnetic waves from a slightly rough surface tha t  has an arb i t rary  t i l t .  The derivation
w ill  be confined to a consideration of waves in the backscatter direction only : however .
the incident polarization will be taken as arbitra ry . The final result of the derivation
will be an equation for the radar backscatter coefficient in term s of the two slopes.
[he small perturbation technique will be used , and results up to f; t order will  be
considered. The derivation uses the rationalized MKS system of units.  Also. res ults
published previously will be used to obtain a final solution . 2

(;. K.  Valenzuela, “ Scatterin g ot t kctr omagnet ic Wave s from a Tilted . Slight ly P~ ugh Surface .” Rd] ! Seicncr .
2 ~ oi. 3 , No. Ii , November 1968.

K. . \.  itevenor , Backsca:tcring ot !:Icctromagnetic t~’aves from a Surface Composed of Two T s p c s  .ii Surface
/ ? ‘ .*g?nneSs , F TL-fR -7 1-4 . V S .  ,\nilly I ngineer Topographic 1.ah.,nat.uies , t o r i  ilcivisir . VA , .  (Xtilbt’T 1)  ‘I .
S t ) 7  31 675.



AN AL Y S IS

The geometry ot the problem to be studied in this report is gi%en in l igure I .
A right handed rectangular cart es ian coordinate s~ st emlI ( x . y , /1 is set up ~ it hn the xi
plane coinciding with the plane of ’ the paper. The y axis is perpendicula r to the plane
of the paper and pointing into it.

zz ,

Figure I . Scattering Geometry

A plane wave with a time harmonic of exp(j~.,t) is incident from free space onto a
dielectric surface S. The xz plane will be taken as the plane of inc dence with n 1 a
unit vector in the direction of propagation. An equation for !li can be written as
follows:

Ut a~~s i n O - d ~~cos O ( I )

where is a unit  vector in the x direction.
a7 is a unit vector in the z direction.
0 is the angle of incidence measured with respect to the z axis.

The line underneath a symbol shall be used to represent a vector quan t i ty .  The
surface S will be considered equal to the sum of two surfaces; one of which is a plane
and the other of which is a random , slightly rough surface. If we represent the z co-
ordinate of the surface S by p (x , y), then we can write the following expression for
p (x , y) :

7
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p ( x ,~~) / . ( x, y ) +  s ( s , y  ( 2 b

where L ( x . y )  represents an expression for the i co ordi t ia t e  of a plane that has an
arbitrary tilt , and s (x , y represents an expression for the / coordinate of a random .
slightly rough surface.

The surface function s (x , y 1 will  be considered as being generated by a wide
sense stationary gaussian random process with a zero mean, a variance o~, and a
correlation function 0 (r~ , r5 1. ‘l’hc unit vector ~~ is in the direction of the receiver.
For the case of a n tunos ta t i c  radar system. ~~ is sit t iph equal to the negat ive of fli -
The unit  vector n is an outward normal to the plane . / (s, h and can be written as

n =  ~~~~~~~ (3)
V’I ÷ Z ~ 

4.

where Z~ = and represents the slope of the plane in the x direction.

Z = and represents the slope of the plane in the ~ direction.
~

~~~~
, a~, a nd a~ are uni t  vectors in the x , y, and z directions , respectively.

The local angle of incidence , 0 ’, is defined as the angle between n and ~~~ and can
be calculated as follows:

cos0’ = ~~~ (4 )

The incident electric field (Ei ) can be written as

= e~ e~
’°~

’
~~ (~~)

where is an arbitrary unit  polarization vector and , in general, is complex.

u s  i~~ .
k 0 is the free space propagation constant.

~ is a position vector equal to x~~ + ya ,, +

The polarization vector is chosen as arbitra ry to consider the results for a number of
different incident polarizations , such as horizontal , vertical , and circular. The time
harmonic portion of the wave has been suppressed and will not he needed in the rest
of the analysis.

3
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A local rectangular coordinate system (x ’y ’i ’) is set up such that the ,‘ ax is coin
cides with the uni t  normal 

~~
. I lie y’ axis  (into the paper ) is placed such t hat it is per-

pendicular to the local plan e of’ incidence formed by n and U i An equation for a unit
vector in the y ’ direction tj  ) would be as 1olIo~

= flXfl u /( 18 x fl 11 ) (6)

When the definitions for g 1 and n as giseii by equations ( I )  and i3 .me placed in U~i
the following expression for ~; resu lt ’s

la~ /~ cos O + (sin 0 / ~ c o s O )  + j l7 t~ sin 0~ D 1 ( 7 )

where

I)1 = ~ + (sin 0 - /~ cos0)
2 } 

~Since the direction of the z’ ax i s  coincides with ~~ , a unit  vector ( a )  in the direction of
z’ will simply be equal to 

~~ , 
and a uni t  vector in x ’ can now he calculated easily

= 

~; 
x a (~~b

= { 
~~~~ 

Isin 0 - Z~ cos 0 + sin 01 -

~~~~~ 

1.,, I c o s o + / ,, sin 0 1

+ IZ ( s i n  0 - Z
~ 
cosO) - Z~ cos0j } D0 D , (9)

where

D0 = I + Z~ +

The problem of electromagnetic wave scattering fron t  a sligh t ly  rough surface
with no ti l t  has been developed for both horizontally and s .’rtical ly polarized incident
waves. If the electri c field incident onto the tilted slightly rough sur f ac e  is ~-rokcn up
into local horizontal and vertically polarized compon ent s . then existing results can be
used to obtain a solution. The local hori zontally polarized compon~’nt can he found
by computing the dot product of l~ with

-jk n , - rF - = ~~; e1 e ° 1 ) )

In general , the polarization vector is made up of thre e ort ho V on.t l  comf ~onc nts.

= e1~ 
a~ + e1~ a~, + t

$ 7 47 
( I l l

4



The local hor iz ont a l ly  polarized component of the incident field then becomes

= a~ e
*~~ ~ (12)

~ here

a i = l/ ~ t e ,,, cos 0 + C,, s i l t  0) + e,~ (sin 0 — /~ cos 0)1 O~

Equation ( 1 2 )  now prov ides an ex press ion f o r  the local hori zontally p u f a r i i ed  incident
electric field in term s of the two slopes of the plane , the angle of incidence and the
components of the polarization ~ cL (1) 1

To compute the local s e r t i e a f f ~ polarized component . we wil l  s~ork with the
magnetic field. The incident t i . iVr le t i e  field (Ii ) can he calculated as follows:

k n~ x L
hi = —

~ - — ( 13 )

where w = 2ir f and f is frequency.
= magnetic permeability of free space.

The local vertically polarized component of the incident wa’.e can be determined h~
computing ~

[J~ - a , = a2 C 0 ’ ( 14 )

where

a 2 = 
~~~~~~~ [Z~ e1~ - (sin 0 -  Z 5 cos O ) ( e 15 sin 0 + e1~ cos0 )I D~

The components of the total electric field in the free space med ium for the case of the
local horizontally polarized incident wave were taken from ETL-7R-7l-4 and are pro-
vided below :

E
~

. 
=f f

A~ 1 (k~.k~ )exp~~k~x’+ jk~y’ -jk 1 z’ ) dk
~~

dk
~ 

(IS)

K. A. Hevenor , Backscattering of Electromagnetic Waves from a Surface Composed of Two Types of Surface
Roughness. FTL-TR.71-4 . U.S. Army Engineer Topographic Laboratories. Fort Reivo ir, VA , October 1971 ,
At’-737-675.
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= a i exp ( -jk x ’ sin 0’) I c  + e I +

- 

JJA Y I (k 5 , k~ ) exp (jk ,, x ’ + Jk~ 
y ’ -jk, /) dk5 Jk~ (lu)

E5’ = 
J JA I (k~

, k~ ) exp ~ k~ x ’ + ik ~ y ’ - j k ,/ ’ f dk 5 dk~ ( 17)

where

k
~ 

= \/k~~_ k ~~- k~

k cos 0’ -V’k ’2 - k 2 sin 2 0’
R -  ° _ _ _ _ _

k0 cos 0~ +Vk~
2 -k ~ sin 20 ’

k ’ =

A
~1 (k~~

k
~
) = a, k~

k
~ 0

’

A~1 (k u , k~) = — a1 (k~ 
+ k 7 k~) Q’

A51 (k u , ky ) = — a , ky k Q’

jT1 (k ’2 - k)~~ S (k~ + k0 si~i 0~ k)~~
2ir (k 5 + k ~) (k~~+ k ~,, + k5 k~)

T1 = I + R1

k~~= V k~
2 _ k ~~ _ k ~,

6
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S (k , k~ ) = 
l

f f s ( x ~ y ’) e~~~ e’~~ dy ’ dx ’

The definition of’ the various parameters given above are provided in the back of this
report. The terms with the double integrals in equations ( I  5) through (17 )  represent
the scattered fields , however , the term in equation ( lo)  without double integrals repre-
sents an incident wave plus a specular component. The parameter s (x ’, y’) is the
expression for the slightly rough surface in the primed or local coordinate system.

The components of the total electric field in the free space medium for the case
of the local vertically polarized incident wave are taken from ETL-TR-7 1-4 and given
as follows: 4

• 5 -j k 0z ’ cos o ’ jk 0z ’cosO ’
E
~
. = a2 i~ e cos 0 R e — e

+ ff A , (k r , k~ ) exp ~ k~ x ’ +jk ~ y’ - jk 5 z’) dk~ dk~ ( 18)

E~’ =f f
Ay2 (k r , ky ) exp (ik~ x’ +jk y y’ :jk5 z’)dk dk~ ( 19)

E5. — a2 ,~ 
e

_ik o~
( ’5m0 ’ sin o ’ ‘~ e~

l
~0

5’ C010 ’ 
+ R 11 e~

k 05’
~

0t8 ’}

+ f f  A22 (k r , k~ ) exp ~~~ x
’ + ik~ y’ - jk 5 z’) dk~ dk~ (20)

where

k~
2 cos o’ _ k 0 V’k12 - k 2 sin 2 0 ’

R 11 
= ° —

k ’2 cos 0’ + k0 Vk
’2 - k~ sin

2 0’

K. A. Hevenor , Backscatrerlng of Electromagnetic Waves f rom a Surface Composed of Two Types of Surface
Roughness, ETL’TR-7 1-4 , U.S. Army Engineer Topographic Laboratories, Fort Belvoir , VA , October 1971 ,

AD-737-675.
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11 =

a2i~A
~2 

(k5 .k~) = k, (~ (k ~ , k~ ) + k ~ F5 (k~ . k~ )}

A~2 (k~~k~) = - 
~~~~ 

~ k5 D~ (k
~
,k
~

) +  k
~ 
F5 (k~~

k
~)}

A52 (k~~k~) = ~~~~~~~~~~ .{k~ G~ (k
~
,k
~
)-k

~ D~ (kx~ ky)}

The three quantities D~ (k s , kr ), G~ (k r , k~ )~ and F5 (k r , k y ) are derived in detail up
to firs t order in perturbation in ETL-TR-7 1-4 and are stated below: t

B a 11 — A  a21D~ (k~~k~) = 
0

a u a22 — a 12 a 21

A a2 2 — B  a i2G~ (k~
,k

~
) = °

a 11 a22 — a 12 a21

F5 (k x~
ky) = 

k~ G~ (k~ .k~
) +  k

~ 
D

~ 
(k
~
, k)
~~

where

A0 = - 

~ k k~ k5 Q5 +~~ k5 k~ k~ Q1 + k
~ 

k~ k0 k ’2 W + k5 k k , k ’2 V~

Bo = k 5 k ’5 k0 k ’2 s0 _ n k
~~k~ k~~k Q 1

a 11 = 7? k~ k~ k
’2 + ~~~ k~ k

’2 + ~~~ k~ k5 + i7k~ k~~k

a 12 = fl k~ k~ k~ k
~ 

+ i~ k~ k~ k5 k
~

a2 1 = t~k ’2 k k’ k + r~k2 k k k

R. A. Hevenor, Backscauering of Electromagnetic Waves from a Surface Composed of Two T~’pes o Surface
Roughness, ETL’TR-71-4 , U.S. Army Engineer Topographic Laboratories , Fort Iteivoir, VA , October 1971 ,
AD-i 37.675.
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a22 = r~ Ik ’2 k k ~ + k ’2 k~, k ’
5 + k~~k5 k~ + k~~k~~k , J

— 
j (k~ -k ’2) ( I  - R 11 ) c os0 ’

_S( k ~ + k0 sin 0 ’, k~- 
2ir k0

V = — j T ~1 n k 0 sin 2 0 ’ (k~~_ k ’2 ) S ( k ~ + k0 sin 0’
~ k~ ) / ( 2 ~~k ’~ )

W = j (k ,~ + k0 sin 0’) i~T~ sin 0’ (k~ — k ’2 ) S (k 2 + k0 sin 0’, k~ ) I (2 ir k 2

= ~ ky ~~T 11 sin 0’ (k~ -k ’2 ) S ( k ~ + k 0 sin 0’
~ky ) / ( 2 i r k ’2 )

T 11 = I + R 1~

S (k u , k~ ) = -L f f  s (x ’, y ’) e~~
k x X ’ 

~~~~~ dx ’ dy ’

The parameter R 11 is tne Fresnel reflection coefficient for a vertic ally polarized wave.
The backscattered far field (~~) can be calculated by evaluating the scattered fields
using the method of stationary phase. This approach is given by Collin and Zucker . 6
The same result can be obtained by placing the total fields given by equations ( 1 5 )
through (20) into the Stratton-Chu integral and evaluating it.

-jk R
( j k ) e  °

F5 = (27r)2 2 cos 0 ’ 
4irR {a ~ A~ 

(k 0 sin 0’ . O )  + a~ A~ (k 0 sin 0 ’, O ) ÷

a~~A5 (k0 sin 0’,O)} ( 2 1)

where

A ,( (k 0 sin 0’, 0) = A
~ 1 (k 0 sin 0 ’, 0) + A~2 (k 0 sin 0 ’, 0) (22)

A~ (k 0 sin 0 ’, 0) = A~ 1 (k 0 sin 0 ’, 0) ÷ A~2 (k 0 sin 0 ’, 0) (23 1

A 5 (k 0 sin 0 ’, 0) = A51 (k 0 sin 0 ’, 0) + A 52 (k , sin 0 ’. 0) ( 2 4 )

6 Robert 1 . Cnlljn and I rancis J. Zuckcr , Anten,za T/u ’orv Part !, New York . SkGraw-fiifl h ook (u . . 1969.
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The parameter K in equation (21 )  is simply the distance from the origin of the local
coordina te system (x ’y’z’) to the receiver in the far field. Equations(22) through (24)
can easily be evaluated using previous results.

A~ 1 (k 0 sin 0 ’, 0) = 0 ( 2 5 )

A~2 (k0 s in 0 ’ ,O) = a2 i lAcos O ’ S ( 2 k 0 sin 0’, O) (26 )

where

A = - { k 5 k~ k~
2 

C
0 

÷ k5 k ’
5 k0 k ’2 C 1 + k5 k~ k 0 k ’2 C2 } / (k k; k 2 + k~ k~~k 5

C0 . j ( k~~— k ’2 ) ( l — R 11
) cos 0’/(2i r k 0 )

= j (2k 0 sin 2 0’) T 1, (k~ — k ’2 )/ (2 i r k ’2 )

C2 -j T~, k0 sin 2 0’ (k~ - k
’2 )/ (2 ir  k ’2 )

A~1 (k 0 sin 0’, O) = j a 1 T1(k~ — k ’2 ) S ( 2 k  sin 0 ’, 0 ) / ( 2 i r ( k 5 + k ’ ) l (2 7)

A~2 (k 0 sin 0’ , 0) = 0 (28 )

A51 (k 0 sin 0 ’. 0) = 0 ( 2 9 )

A~2 (k 0 sin 0 ’, 0) = a 2 i~ A sin 0 ’ S (2k 0 sin 0 ’, 0) (30)

The backscattered far field can now be written as follows:

-jk K0

= (~~ )~ 2 cos 0 ’ 
{ 

a~ A 11 + a’s, A 22 + ~~ A33} S (2k 0 sin 0 ’, 0) (31 )

where

A 11 = a 2~~~A cos O ’

A 22 = j a i T~ (k~ - k ’2 ) / [2~ (k 5 + k~ )]

A33 = a 2 ~? A sin 0 ’

By using previously derived results , one can now write I~ in terms of the un i t  vectors of
the original reference coordinate system (x , y, z) .

10



r - - - -
~

-—
~~~

.

(jk ) e~~0R

F5 = (2,1)2 2 cos O ’ — -
~~~~

-
~~~~

--— -- — {A ~ a ,, + A ~ a1, + A , a,) . S ( 2 k , sIn O ’, O) (32 )

A5 = A 11 a~1 + A 22 ay 1  + A 33 a,1

= A 11 a~2 + A 22 ay2  + A 33 a52

A 5 = A ,, a,~ + A 22 ay 3 + A 33 ~~

= a 51 a ,, +a 5, 4y + a~ 3 ~z

axi 
= (sin 0 - cos 0 + Z~ sin 0)  D0 D 1

Ctx2 
= - Z~, (cos 0 + sin 0)  D0 D 1

ax3 = [Z 5 (sin 0 - Z 5 c o s 0) - Z ~ cos 0 j  D0 D~

a = + a~~ ~~, + a~3 ~

= Z~,, D 1 cos 0

= (sin 0 - cos 0)  D 1

= Z~, D , sin 0

a 5 = a51 ~~ 
+ a 2 a + a53 ~

a51 = - Z,, D0

a52 = - Z~, D~

a53 = D0

If the radar receiver is sensitive to an electric field , which has a uni t  polarization vector
then the received field (E R ) will he

1
R ~ r 

‘ (~~
)

I l



The unit  polarization vector C r will be allowed to have complex components in all
three dimensions.

e e a + e  ~ + e— r rx —x ry y u - ,

The received electric field can now be wri t ten as

(j k )
E = 2 (~ ,1)2 cos 0 ’ -

~~~
—

~~~
-

~~ AN, S (2 k 0 sin 0’, W (34)

where

= Ax Crx + A~ C1y + A, Cr,

The radar backscatter coefficient ~~0 can be computed t’rom the received electric field
as follows:

1~ I::.

= 
4~rR i i  (35)
A0 F~ ’F ~

The quantity A0 is the area of the surface S which is i l luminated by the radar beam.
The brackets around E~E~ are used to indicate the calculation of a statistical average.
The random portion of Er comes from S(2k 0sin0 ’, 0) since the surface function
s (x ’, y ’) is random.

2 2 2 &4ir k cos
<E r E~> = R2 ~~~ A;~ < S(2k 0 sin 0 ’, O) S4 (2k ,) sin 0 ’. 0)>

It remains now to calculate the statistical average indicated in the above equation.

<S (k5 , k y ) S~ (k r , k r )> <S (k 5 , k~ ) S (- k~~, - k
r

)> = ~,1~f f f  f
-jk (x ’-x ”) ~k (y ’-y ’)

<s  (x ’, y ’) s (x ”, y ”)>  e X e ~‘ dy ’ dx ’ dy ” dx ”

If we let = x ’ — x ” arid r ,, = y ’ — y ” and we realize that <s (x ’, y ’) s (x ”, y ”)>  is the
correlation function of the surface , then we have

l 2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ---——— — -
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k S - k ,,,- k 5 )> = 

4
1 , f d \

f  
d~~f 

dr ~~f  
tlr~ x

) e~~~’~’ c
1
’~~

The integrals in ~~
‘ and ~ at fi rst appear to be meaningles s , however , the result of the

two integrals can he repres ented approximatel y by the i l luminated area A , a~ long as
the dimensions of this area are much greater than  the correl ation distances associated
with  0 ( r , r I. The other two inte gr als  iri and r > cai~ be used to define the  surface
roug hness spectrum , W (k ,, . k~ ) :

\V (k ,,. k~ ) = 

~ 
f  dr ,, f  dr~ C ( r ,, , r~ ) e~~~~\

T 5 
~~~ ~

where

~~(T ,,~~Ty ) = o~ 
(‘ (r ,,.r , )

The result f~r the needed average can now he written as

2A c
<S( k 5 . k ) ) S * ( k \ , k~ )> = ~~~~~~~ W k ,,. k~~)

The radar backscatt er coefficient can now he wri t ten  in its final form :

= 8ir~ k
2 q~ cos2 0 ’ 

~~~ A ’ W (2k 0 sin 0 ’, 0) (3~ )

This answer is a function of two slopes (Z~ and Z~ ) and the surface roughness spec-
trum. In the next section . we will pick a specific form for the correlation function ,
and the roughness spectrum will he computed. This in turn will allow us to calculate
o° as a function ol’ the incidence angle , 0. Before we do this , however , two special
cases of slope must be considered separately so that computational difficulties will not
arise. The fi rst special case occurs when Z,~ 0 and Z~ = 0. It can be seen from the
equation for 

~~~~ 

(equation 7) that  at 0 00 we will encounter a zero over zero condi-
tion when both slopes vanish. Therefore , for this case we will need to calculate new
values for a ’,, , a ’

~. a~ , a , ,  and a 2 .  In this special case, the unit vectors ~~

‘

, 
and ii are both

equal to a , . The quan t i t y  ~ then becomes

a; =

13



This makes a ’,, equal to 
~~~~~

. The parameters a 1 and a 2 can be calculated easily:

a, = 
~~

‘ 

{ 
e~ ~ 

+ e,~, ~ + e,, a, =

k
a2 = - ~~~ (e 15 sin 0 + c~ cos0)

The second special case occurs when Z,, = 0 and = tan 0. It can be seen from equa-
tion 7 that this condition again yields an indeterminant zero over zero situation. We
will define a unit vector n 3 that will be used to calculate a , :

= cos 0 + a , sin 0

The quantity a;, will now be defined in the following expression for this special case :

n x n 3a =
~
‘ I f l x f l,3 1

n x n 3 i i ~

Since is equivalent to ~ , we can now calculate ii’,, for this special case.

a + a t a n o
= _________

Vi + tan2 0

The only remaining computation that needs to be performed is to determine a i and a2 :

a i {c~ ~i,c +e1~ ~

a2 = - (e1, sin 0 + e ,~ cos0)
wij o

It can now be seen that the solutions for a , and a 2 for this special case are identical
to the solutions for a~ and a 2 for the first special case given previously, which was not
obvious. This completes the derivation of the radar b a ckscatt er coef ’ficient as a (uri c-
tion of the two slopes Z ,, and Z~, . The final result does not consider depolari z ation
due to the sli ght ly rough surface itself , since only first order t ern is in perturbat io n were



used. However , depolarization due to the tilted plane is considered. In the next
section , sam ple calculations will be made (‘or the specific case where C’ (r 5 , r 1 ) h as a
gaussian t’onn .

RESULTS

The purpose of this section is to evaluate the radar backscatter coefficient (equa-
tion 36) for a particular surface correlation function. There are two correlation func-
tions that are used most often in theoretical scattering work , and these are the
exponential and the gaussian functions. If we use a gaussian correlation function , then
C (r ,, , r~ ) will have the following form :

C ( r 5~ r~ ) = e~~
T
~ 

+

where Q is the correlation distance.

In using the above expression for C (r5. r~ ) , we hav e assumed an isotropic correlation
function. This assumption would not be valid for surfaces that contain some ty pe of
periodic structure in one direction , i.e. a plowed field. Recalling the definition of the
surface roughness spectrum W (k ~ , k~ ) and inserting equation 37 into that expression
will yield

~2 ‘(k ’ +k ’ 1c 2/ 4
W ( k ~ , k~ ) =  -

~~
- e ‘ ~

A computer program was written for the calculation of equation 36 using the surface
roughness spectrum given above. The computer program listing for a vertical polariza-
tion solution is provided in the appendix. A set of numeric a l  results for four different
polarizations is given in figures 2 through I 3. Each figure presents two graphs of radar
backscatter coefficient in decibels versus angle of ir!. idence in degrees. The backscatter
coefficient in decibels is related to equation 36 as follows:

a~ (in decibels ) = 10 log,0 a°

The backscatter coefficient on the right side of the above equation is computed from
equation 36. The numerical values used for frequency, correlation length , standard
deviation , and relative dielectric constant were held fixed throughout all calculations
and are given on each figure.

The four polarizations considered were horizontal , ver t i c a l ,  circular . and elliptical.
The unit polarization vectors for each ol’ the four cases are given below:

For horizontal polarization = e~ =

15
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-

l or  vertical polarization 
~i = 

~“ r = - (~~ cos 0 + ~ sin 0 )

-J~
I,

For circular polarization = 

~~~~~

_. ~~~ - e “ I a ,,, cos 0 + a, sin 0

For circular polarization = ~~~~~
_ - {

~ 
- e~

’
~ (a ,, cos 0 + sin 0) ) .

For elliptical polarization c, = ~~ L {L, - e~~ (a ,, ens 0 + sin 0) ) .

Jw/4
For elliptical polarization ~~~ = -

~~~~~~~

- { a~ - e (a ,, cos 0 + sin 0 )

There are three figures associated with each polarization. One figure shows tile effect
of changing only the slope in the plane of incidence (Z 5 ). The next figure shows the
effect of changing only the slope in the plane orthogonal to the plane of incidence
(Z r ). The third figure shows the effect of having an equal slope in both the x and y
directions. For all figures , a curv e is plotted for the case where no slopes exist (Z = 0,
Zy = 0). The results for each polarization will be discussed separately below.

The horizontal polarization results are presented in figures 2 through 4. By com-
paring figures 2 and 3, it can be seen that  Z~ influences horizontal polarization much
more than Z~, . The value of slope , which is used in all calculations , is equal to 1.2.  in
figure 2 . adding a large slope in x lowers the value of o° over a range of inciJence
angles extending from 0° to approximately 25°. For angles of incidence greater than
25 °, the o° curve for zero slope drops off much faster th~”i the curve associated with  a
slope in x. The crossover point in figure 2 occurs at the point where 0’ = 0. The cross-
over point in figures 3 and 4 are more difficult to interpret since both local vertical
and local horizontal polarization components exist. Figure 4 shows the result of com-
puting the backscatter coefficient for a surface that  has a large slope in both x and y .

The vertical polarization results are given in figures 5 through 7. By comparing
figures 5 and 6, one sees that Z has a much greater influence on 00 than does Z,,.
This influence , however , is almost a bias as we see that the two curves in figure t have
essentially the same shape. Figure 7 presents the results for a surface that has slopes in
both x and y. In this figure , we see that  making Z ,~ = 1.2 and = 1.2 lowers the
curve over the  range of inc id~ nce angles extending from 0° to app rox i m ate l y ( 3 ° .

The results of the circular polar itatio n calculat ions are presented in f igu res  5
through 10. Figure S shows the influence of ’ a la rge slope in s and no slope in ~ It
can he seen tha t  again we have a crossover po int  at approx imate l y  0 = 25 °. i - ig ur e  )

shows t i le  i n f l u e n c e  of a l arg e slope in y an d no slape in s I he o° curve for  t \ I

I 6
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5 ‘ POLARIZATION: HORIZONTAL = 16 GH Z

k 01 = 1.0
k 0c r =  0.4

0

.—‘ Z~=1.2 Z~=O
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Figure 2. Study of Z,~ Variations
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5 POLARIZATION: HORIZONTAL f = 16 GHZ
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Figure 3. Study of Z~, Variations
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5 , POLARIZATION: HORIZONTAL f 16 Gui

k 01 i . o
0.4
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Figure 4. Study of Z,~ and Z ,, Variations
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5 - POLARIZATION: VERTICAL I = 16 GHi

k 0 € = 1.0
k 0a, 0.4

—5 -

zx =0 Zy =0
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—25 -

—30 -
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Figure 5. Study of Z,~ Variations
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5 - POLARIZATION: VERTICAL f = 16 GHz
IIo€ = 1.0

k ~~ 
= 0.4
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Figure 6. Study of Z~, Variations
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5 - POLARIZATION: VERTICAL I = 16 GHz
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5 POlARIZATION : CIRCULAR I = 16 GHz
= 1.0

k 0a , = 0.4
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Figure 8. Study of Z,~ Variations
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- POLARIZATION: CIRCULAR I = 16 GHz
k 0 e= i .o
k 0a~~ 0.4
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Figu re 9. Study of Z~ Variations
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5 POLARIZATION: CIRCULAR I = 16 GHZ
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k 0cr1 0.4
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Figure 10. Stud y of Z,, and Z~, Variations
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- POLARIZATION: ELLIPTICAL I = 16 GHZ
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Figure I I .  Study of Z,~ Variations
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5 - POLARIZATION: ELLIPTICAL I = 16 GHZ
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Figure 12. Study of Z~, Variations
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5 - POLARIZATION: ELLIPTICAL I = 16 GHZ
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Figure 13, Study of Z,~ and Z~, Variations
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and I,,, = 0 i s seen to be much lower than the curve associated with no slope . a l thoug h
it does have approximately the same shape. The effe ct of Z~, given in Figure ‘) ~~

similar to t h e  effect exhibited in figure 6 for vertical polarization. In figure 10. tile
result of ’ having a larg e slope in both the x and the y directions is seen. N o w . we see

that the crossover point is located at 0 = 40° .

in t’igures I I  through 13 , the results for one type of elliptical polarization are
seen. Figure 11 shows the influence of a large slope in x and no slope in y. Once again
we have a crossover point at 0 = 25° . Figure 12 shows the effect ot’ a slope in y and no
slope in x. We can see that even though there is no crossover point the two curves do
not have the same shape. Figure 1 3 presents the result of having a large slope in both
x and y. In this figure , tile crossover point now occurs at approximately 0 = 42° .

In this section , we have considered the influence of surface slopes on tile calcula-
tions of the radar backscatter coefficient for four different polarizations. It was clearly
evident that Z,, influences the calculation of 00 in a different manner than Z~, - Also ,
we were able to see that the various effects of slope changed from one polarization to
another . Since the influence of slope changes with polarization and also with the direc-
tion of the slope , any simple hueristic approach probably could not be developed to
adequately explain the effect of slope on radar scattering in a correct manner.

CONCLUSIONS

The following conclusions can be made from the analysis and the curves presented
in the last section.

I .  A theory has been developed to explain radar backscattering from a slightly
rough surface that has an arbitrary tilt .  The effect of depolarization due to the til ted
plane was considered , but depolarization due to the slightly rough surface itself was
not considered,

2. The slope in the plane of incidence (Z~ ) influences the calculation of the
radar backscatter coefficient in an entirely different manner than a slope in a plane
orthogonal to the plane of incidence (Z r ) for a given polarization.

3. The influence of a given slope of the tilted rough surface upon the calcula-
tion of the radar backscatter coefficient depends upon the polarization of the incident
electromagnetic wave.

4. The results of this mathematical model derived for electromagnetic ~~ave
scattering from a ti l ted , slightly rough surface indicates that significant error could
occur if only a single slope mathematical  solution is applied to radar image simulat ion
problems.

29
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AP PENDIX

A COMPUTER PROGRAM LISTING FOR THE CALCULATION
OF THE RADAR BACKSCA T~ER COEFFI CIENT

P~ uC~ A M  Sj G ~~~~(I UT ,O UTw uT , rA PEt ~=t ~~PuT ,TA PE6 = OU T P UT )
C flat S P,<OGP~,M c o’1PUTE.~ TH E RA Q 4 R I IA CK SCA T ( UR COEFF I ~~IE N T
C FOP~ ~ .~1 T ’ )iT ..Y t.) U~ H T I LT ~ u SU~<FAi.. E

COM PLEX ~J,QEIX ,QEIZ,QAj ,(.tA21,QA2,~2CO,QCt ,1QC2,QA 1t, t~A2!,OA33,QA4 (.,QA ,QAA1~~,QAA22,Q1I ,J3,
2 0 AX ’ 1 . uA V ~4 , Q A Z H , Q 4 L P ,QALP c , . . I5TGO4,QERX ,QE~~7

1’ 1)F, lAp , ZYP , X )(OL, x~ oSIG, ER
101 ~Ij~ I 1AT (6 ~~13.t)

Pj:3.j ‘.15926535898
Uz 4 . O E — 7
uo =p I’ u
EO=S.8~ ’.F—12
XK:2.’PT ’S~ RT (UO’EO)
XL :XKOL/ (K
SII t :xr~OSTGI* (
W =2 .‘P I’~TH~ T4 0.0

WP1T (F~,20 1)~
201 FO~ M~ TIIH ,2X .2’1F= ,F15.2)

W F ~I r ~ I
20 ’. FO i~MAT UI l  , 2Y ,~~ HK L = , F 7 . 5)

W r.IT~ (b,2 0’)~~’(OSTG
20~~ 

F( i R M AT ( I H  ,2x, cthKsIG1~~,F7.5)
14k t I E I b , 2 0  1) P

201. FO~~ M4 T ( 1 R  , 2 X ,3 HEt ~~~ , F ? .5 )

L1~~’.
NN=’.
no i~ I :1 , L L
00 13
WF1T~ (6,.?C2)Z’(P

202 FCRMAT (IH ,2X, ’.H7XP ,F7.5)
Wp1Tc’I6 ,2fl~ )7YP

203 FOP,MAT II4 , 2X , 4H ZY P~~,F7 .5)
00 11. N~~j , K.i(
rH2~ r~~~Y A ’ PT / 1  ~G
T I T ~~T ilN(1~ I2)
OC0~ 1~ /$~‘ ) RT ( t  • +Z XP ” .~+ZY P’ ’ 2 )
QJ~ (0  • C. i.C)
QE I X~ —C0S (T H2 )

E i’r o • C
f l E I Z~ —S l~i (TH2)
COS 1~’r(ZXP’3I N (1H2)~~COS(TH2)3’D~ O
SN~ SIN (1”i?)
CN C0~ (P12)
S I NT i :SQ~~ T (1 • — C O S T ° ’  ‘21
I F ( Z f t ~) 2 5 u , 2 ~~’ .2 50

25u D1~~ 1 . / S O~~~T ( ? Y P ” 2 + ( S N —Z X P ’ C H )  ‘ 2 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
0.121:1  S N — Z X P ’ C N )  ‘ ( QE IZ ’ S N e  ~0 E IX ’ ~~ N)

QA2=XK’(ZV~.’T Y—4~..~1) D1/(W’UO)
A L X 1 :0 U 04 D1 ’( S I~ — Z X ~~ ’ C N 4 SN4Z Y P ’ ~~ Z )

AL X 2 : — C O O 4 D t ’ Z Y P (CM~ ZX P’ SN )
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A Lt  ae~ ’ o l ’ ( L x p ’ ( S ~4 — ZxP~ CNI — C p4•ZY p” 2 )

A L V . ~ = 01.’ I SN—i XP’CN)
ALY3 :1  1’ ZV ~-’SN
ALL t~ — ZX P ’ C O O

~L Z 2 : —  Z YI ’ ’O0’)
AL Z S :  L) C0
GO 1’l iTn

?c,u I F(ZY P)2 61 ,2o2 ,261
262 QA1:~~IY

Q. 1 2:- Xi (’ (Q EIi’SN4Q EtX C14)/ (W ’UO)
ALX1 :1 .0
ALX2= 0 .0
ALX3:0 .0
A L Y I r O  .0
A LY 2 :1 .0
A L Y 3 : Q  .0
A171:0. fl

t .t.Z 2 0 .0
.11.73:1.0

GO TO 270
26 1 I F (ZX ~’— T A N T ) ~~b3,2b ’ .,263
263 SNAJ~~

( S N — Z X P ’ C N I / A B S ( S N — 2XP ’CN)
t4A1 =~~IY ’S NA9
QA2=—XK ’(QEIZ~~SH+QEIxecN)’SNAB/tw’uO )
A L X 1 :S N A a /S Q ~~ T ( 1 . +Z X P ~~ 42 )

At.X 2 = 0  .0
AL X3 :Z XP ~~S NA3/SQR T (j . +ZX p~~ 2)
AL YX =0 .0
ALY2 :SN.1~.11(3:3 .0
A LL1 :_ ZX P/~~RT (1.+ZXP”Z )
.1112:0
.1113:1 ./S O PT(  1 .i’ZX P”2)
GO TO 270

264. QA1:~’ tY
042: XK’(O!IZ*SH+QEP (’CN)/LW’UO)
ALX I:1 •/S ORT ( i . . TA ~4T ’’2 )
ALX Z :  0 .0
A L X 3 = T A N r / S Q R T  (1.+TANT”2 )
A LYI :Q .0
81(2:1.0
AIY3 :0 .0
ALZ1:~~IANT/SQPTl1.,TANI3~ 2)
A LZ2:J.0
ALL3:1./SOPr(1.,TA~.lT~~~2)

270 X KP:W ’SQ0T ((JO E0~~EQI
P1:CaSTP~ X<P”2— ’SQPT(XKP”2— (XK’StNT1))’’2)
R2 C O S T P ’X K P ” 2+ X! ( ’ S Q R T (X K P” 2— (X K ’ S IN I P ) ” 2 )
RPP:Pi/I~2
TPP=1. sPPP
QCO=~ J ’ (X K”—XK p” 2)’(1.— RPP ’r ,OSTP/ (2 .’PI’xk)
QCi2QJ 4( 2. ’X<’ SD4TP’ SIP.TP ) ’ TP P ’ (XP ~” 2 X I ~P” 2 1 / t 2 . ’P1’X KP ’42)

31

p - . . . -. -- ~~~~~~~~~. -~~ - , -~~ 
.— -

~ 
-

~~~~~~~



F’ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

t r A :~~~~t ( uu/y.) )
AK i :X< r’~~ST ~
X K ? r ’ S U ’~T ( X K ’ ’ ’ 2 — ( X K ’ S !MT H) ’ ’2 )
QC2 :— ~~J’ r ’ tX S I N r P ’ S I N T P ’ ( X X ’ ’ 2 — X K P ” 2 ) / ( 2 . ’PZ ’XK P” 2)
Q8j1:_XKL~~((XK YKL~~)~~~2)e Q(’.O
Q8 2 2 : — X < / ’ X ~~~~ 4 X ’ ’ X KP’Xi( ”i3Cj
Q A 3 i: —X V Z ’ . .L ~~’ •

Q t . ~ A i 1+ 22, .~ 3 ) / O 1 L .~.

Q A A t j : Q A 2 ’ [ T ’ ~*Q4 ’ CJ~ T P
Qfr1~~XK ’ C O~~TP —SCRT1t t ( P” 2 UK’STNTP)”2)

RP:~~ I /°°2
TPr j~ ~ OP
U A A 2 2 : — ’3J ’ Q A I ’ T P ’ (X K P ’ ’ Z — ~~K 2 )/ (2 . ’PP( X K Z + X K Z P ) )
Q A A 3 T :  GA ? ‘LA’ E T A ’  51)4T H
Q AX H = 4.1 11 ‘AL X 1. + LI, A 22 ‘ AL V 1 • Q A A 33’  A L Z I
Q A Y H ~~l’~ 441 A ’AL  X 2 . Q A 4 2 2 ’ A LY 2 . Q A A 3  S ’AL Z 2
Q A Z ~4 l1’ALt~~~ 3A A 2 2 ’ A L Y 3+ i ,~A A 3 3 ’ A L Z 3
QF PX
E RY=~~. 0

—

QA 1 P C i X k ’ r E ~~ X + ,, Y H ’ E RY + QA L H ’ Q E R Z
LA, pr’.= r o MJ G ( .~ A t p )

~~~~~~~~ 5 ’ . ( L ’ YL ’~~ Y ’
~~( (X X ’ X L ’S I NT P)  “ 2)

(
~S1~~.)A 3 . ’(Pt’XK’ SIGt’COSTP)”2’UALP’Q4LPC’WS
STGO.1 PEAL(QSI~-~~ )S I L t , ’ l = l O . ’A L ’J . ., I O t S I G O A )
W~~I r ( ~~, 2 a 7 1T 1 E t A ,~~ZGDa

207 FO~ ; 1 5 T ( / 2 X ,6 l l T H ET A = , F 5 . 2 , t Q X ,j 7 H S I G M A  Z ERO IN O6: ,F? . 2)
T - )~~r A : T ~4 E T A + 1 . C .
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LIST OF SYMBOLS

is t h e  square root of i I l i i l U s  One (

I Is t re quei lc y .
is 2,rf,
is t ime in secoilds.

Di  is a u n i t  ‘.ecto r  in the direction of propa gation.
4) is the angle of incidence.

a are L i l l i t  ~eelors Ifi the x.  y , and z directions , respect iv el y

0 ’ is t ile local angle of ’ incidence.
/ ~x . ~ ) is tile expression for the til ted plane.

( x . ~ I is the expression for the random slight ly rough surface.
is a unit  vector which is normal to tile surface Z (x .  Y I.

112 is a uni t  vector in the direction of the receiver.
Z 5 is the slope of the tilted plane in the x direction.
Z~ is the slope of’ the tilted plane in tile y direction.

is the incident electric field.
k 0 is ‘he free space propagation constant .

r is a position vector.

~~~~~ 
a , . are uni t  vectors in the x ’. y ’, and z ’ directions , respectivel y.

is the uni t  polarization vector for the incident wave.

~~~ e1~ . e11 are the components of ’ e 1 in the x , y , and z, directions re spect ively.
is the incident magnetic field vector.
is the permeability of free space.

k~ , k~ are the Fourier transform variable s.

~~~ (k~ . k r ). A~ (k~ , k r ). A~1 (k~ , k~ ) are the amplitudes of the scattered waves in
Fourier transfo rm variables for a local horizontall y polarized incident

wave.
R 1 is the Fresnel reflection coefficient for a horizontall y polarized incident

wave.
k ’ is the propagation constant in the medium below the surface.

is the rela tive d ielectric constan t of the medium below the surface.
is the permittivity of free space.

T 1 is the transmission coefficient for a horizontally polarized incident
wave.
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A , (k . k 1, A • 1k 
, 

k ), A,, (k , k~ ) are tile ampli tudes of the  scattered waves in
Fourier  t ransfo nl l  variabl es for  a local vertically polarized incident wa~e.

is tile intrinsic impedance of ’ f ree  spa ce.
C is tile speed of ’ lig ht in free space.

IS tile Fresnel reflection coef ’flcient for a vertically polarized incident
wave.

T~ is the transmission coef ’ficici;t for a vertically polarized incident wave.

is the backscattered far field.
R is ti le distance from the origin of the local coordinate system (x ’, y ’. I ’ )

tO tile receiver in tile far field.
is the uni t  polarization vector f’or tile received wave,

A~, is the area on the surface which is illuminated.

~ (r 5 , r~ ) is the correlation function of the random roug h surface.
is the variance of the undulations of the random rough surface.

C ( r 5 . r~ ) is the normalized correlation f’uncti on of the random rough surface.
W (k 5 , k~ ) is the surface roughness spectrum equal to tile Fourier transform of ’

C (r ,,, , r~~) .

Q is the correlation distance associated with C (r 5 , r ,, ).
0° IS tile radar backscatter coefficient.
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